QUADRATIC SIEGEL DISKS WITH SMOOTH BOUNDARIES.

XAVIER BUFF AND ARNAUD CHERITAT

ABSTRACT. We show the existence of angles @ € R/Z such that the quadratic
polynomial P, (z) = €272 +22 has a Siegel disk with smooth (C*°) boundary.
This result was first announced by R. Pérez-Marco in 1993.

INTRODUCTION.

Assume U is an open subset of C and f : U — C is a holomorphic map which fixes
0 with derivative e?™® o € R/Z. We say that f is linearizable if it is topologically
conjugate to the rotation z + €2z in a neighborhood of 0. If f : U — C is
linearizable, there is a largest f-invariant connected domain A C U containing 0 on
which f is conjugate to the rotation z + €2"%z. This domain is simply connected
and is called the Siegel disk of f. A basic but remarkable fact, is that the conjugacy
can be taken holomorphic.

In this article, we are mainly concerned with the dynamics of the quadratic
polynomials P, : z + €2z 4+ 22 with @« € R\ Q. They have z = 0 as an
indifferent fixed point. In part II, we will extend our results to periodic points of
quadratic-like maps.

For every o € R\ Q, there exists a unique formal power series ¢, of the form
ba(2) = 2 + bo2? + b3z® + ..., such that

¢a(62maz) = Pa(¢a(z))'

We denote by r, > 0 the radius of convergence of the series ¢,. It is known (see
[Y] for example) that r, > 0 for Lebesgue almost every a € R, and more precisely,
ro > 0 if and only if « satisfies the Bruno condition (see definition 3 below).

From now on, we assume that r, > 0. In that case, the map ¢, : B(0,7,) — C
is univalent, and it is well known that its image A, coincides with the Siegel disk
of P, associated to the point 0. The number r, is called the conformal radius of
the Siegel disk. The Siegel disk is also the connected component of C\ J(P,) which
contains 0, where J(P,) is the Julia set of P,, i.e., the closure of the set of repelling
periodic points. Figure 1 shows the Julia sets of the quadratic polynomials P,, for
a =+/2 and o = v/10. Both polynomials have a Siegel disk colored grey.

In this article, we investigate the structure of the boundary of the Siegel disk. It
is known since Fatou that this boundary is contained in the closure of the forward
orbit of the critical point w, = —e?™® /2 (for example, see [Mi] Theorem 11.17 or
[Mi] Corollary 14.4). By plotting a large number of points in the forward orbit
of w,, we should therefore get a good idea of what those boundaries look like.
In practice, that works only when « is sufficiently well-behaved, the number of
iterations needed being otherwise enormous.

In 1983, Herman [Hel] proved that when « satisfies the Herman condition (this is
the optimal arithmetic condition to ensure that all analytic circle diffeomorphisms
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FIGURE 1. Left: the Julia set of the polynomial z — e2imV2, 4 22,
Right: the Julia set of the polynomial z — e2™V10; 4+ 22 n both
cases, there is a Siegel disk.

with rotation number « are analytically linearizable in a neighborhood of the circle),
then the critical point actually belongs to the boundary of the Siegel disk. We
will not define this condition in this article. Using a construction due to Ghys,
Herman [He2] also proved the existence of quadratic polynomials P, for which the
boundary of the Siegel disk is a quasi-circle which does not contain the critical point.
Afterwards, following an idea by Douady [D] and using work by Swiatek [S] (see
also [P2]), he proved that when « is Diophantine of exponent 2, the boundary of
the Siegel disk is a quasi-circle containing the critical point. In [McM1], McMullen
shows that the corresponding Julia sets have Hausdorff dimension less than 2 and
that when « is a quadratic irrational, the boundary of the Siegel disk is self-similar
about the critical point. More recently, Petersen and Zakeri [PZ] proved that for
Lebesgue almost every o € R/Z, the boundary is a Jordan curve containing the
critical point. Moreover, when « is not Diophantine of exponent 2, this Jordan
curve is not a quasi-circle (see [PZ]).

In [PM], Pérez-Marco proves that there exist maps univalent in I having Siegel
disks compactly contained in D whose boundaries are smooth (C'*°) Jordan curves.
This result is very surprising and very few people suspected that such a result could
be true. As Pérez-Marco notices in [PM], the boundary cannot be an analytic Jor-
dan curve since the linearizing map would extend across the boundary by Schwarz
reflection. Pérez-Marco even produces examples where an uncountable number of
intrinsic rotations extend univalently in a neighborhood of the closure of the Siegel
disk. Pérez-Marco’s results have several nice corollaries (see [PM]). For example, it
follows that there exist analytic circle diffeomorphisms which are C°° linearizable
but not analytically linearizable. This answers a question posed by Katok in 1970.

In 1993, in a seminar at Orsay, Pérez-Marco announced the existence of quadratic
polynomials having Siegel disks with smooth boundaries. According to Pérez-
Marco, his proof is rather technical. In this article, we will present a different
approach to the existence of such quadratic polynomials.

Definition 1. We say that the boundary of a Siegel disk A, is accumulated by
small cycles if any neighborhood of A, contains a (whole) periodic cycle of P,.
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Theorem A. Assume a € R is a Bruno number, £ > 0 is an integer, r € |0,74],
n > 0 and € > 0 are real numbers. Let u, : R — C be the Z-periodic function
t = ¢o(re?™). Then there exists a Bruno number o such that the following
properties hold:

° |al - a| < "77

® Ty =T,

o the linearizing map ¢o : B(0,7) — Ay extends continuously to a function
dor = B(0,7) — Ay mapping the boundary of B(0,r) to the boundary of
Aa’;

e the Z-periodic function uq : R — C defined by uqs (t) = ¢or (re?™t) is C>,
injective and its derivative does not vanish (thus the boundary of the Siegel
disk is a smooth Jordan curve) and

e the functions u, and uy are close in the following sense:

ajua’( ) 8jua
sup su . .
j:o,.I.).x teﬂg otJ oti

)] <e.

Finally, we may choose o so that the boundary of the Siegel disk A is accumulated
by small cycles.

Remark. When the polynomial P, is not linearizable, i.e., r, = 0, it is known
that 0 is accumulated by small cycles. It may be the case that the boundary of the
Siegel disk of a quadratic polynomial is always accumulated by small cycles.

Corollary 1. There exist quadratic polynomials with Siegel disks whose boundaries
do not contain the critical point.

Proof. Let a be any Bruno number, choose r € ]0,7,[ sufficiently small so that
0o (0B(0,7)) C B(0,1/10) and then choose ¢ < 1/10. Then, the boundary of
the Siegel disk A, given by Theorem A is contained in B(0,1/5). Therefore, the
critical point wy = —e2ima /2 cannot belong to the boundary of the Siegel disk
Ay

One may also argue that Theorem A asserts that there exist quadratic polynomi-
als with Siegel disks whose boundaries are smooth Jordan curves. But an invariant
Jordan curve cannot be smooth at both the critical point and the critical value. W

Remark. Our proof of existence of quadratic Siegel disks whose boundaries do
not contain critical points is totally different from Herman’s proof.

Corollary 2. The set S C R of real numbers o for which P, has a Siegel disk with
smooth boundary is dense in R and has uncountable intersection with any open

subset of R.

Proof. Given any Bruno number « and any n > 0, the conformal radius r, is an
arbitrary real number in the interval ]0,7,[ and so, the intersection of & with the
interval Ja — 1, a+n[ is uncountable. The proof is completed since the set of Bruno
numbers is dense in R. [

Moreover, a theorem of Mané asserts that the boundary of a Siegel disk of any
rational map is contained in the accumulation set of some recurrent critical point
(see for example [ST]). Thus, a critical point with orbit falling on the boundary of
a fixed Siegel disk must belong itself to this boundary. As a consequence, if P, has
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a Siegel disk A, with smooth boundary, the orbit of the critical point avoids A,
and thus all the preimages of the Siegel disk also have smooth boundaries.
The following theorem will be proved in part II.

Theorem B. There exists a dense uncountable set of angles o € R/Z such that
every quadratic-like map with a fized point of multiplier €™ has a Siegel disk with
smooth (C*°) boundary accumulated by small cycles.

Remark. This implies that quadratic-like maps having a cycle with multiplier
e?'™ also have Siegel disks with smooth boundaries. Indeed, if we note n the
smallest period, Douady and Hubbard (see [P3] appendix A for a detailed proof)
have proved that there are bounded domains U and V' containing some point zg in
the cycle such that U ¢ V, fo*(U) = V and f°" : U — V is a quadratic-like map.
This applies in particular to all quadratic polynomials.

The straightening theorem of Douady and Hubbard (see [DH2]) states that
quadratic-like maps are topologically conjugated to polynomials on a neighbor-
hood of the non-escaping set so that Mané’s theorem applies. Thus in this case
also, every preimage of the Siegel disk has smooth boundary.

Let us now give an informal description of the construction in theorem A. The
main tool is a perturbation lemma.

Lemma 1. Given any Bruno number a with Siegel disk A, of conformal radius
ro and for any radius r1 such that r < ry < ro, there exists a sequence an] — «
such that

(a) the Siegel disk associated to aln| tends to the P,-invariant subdisk of A,
with conformal radius r1, for the Carathéodory topology on simply connected
domains containing 0 and

(b) there is a cycle of P,y with period depending on n which tends to the
boundary of this subdisk for the Hausdorff topology on compact sets.

The proof of (a) consists in estimating the size of the Siegel disk of a map which
is close to a rotation as done in [C] part 2, and is given in sections 3 and 4. The
proof of (b) is based on the work performed in [C] part 1, and is given in section 5.

Now, the conformal map ¢, tends to ¢, on the closed ball of radius r for all
C* norms. We fix a n big enough, and do the same procedure again with « replaced
by a(1) = aln], and so on to define a(2), «(3), ... The angle &’ in theorem A is
produced by a diagonal argument: we arrange so that the restriction of ¢,;) to
the closed ball of radius r is a Cauchy sequence for all C* norms. We also take
perturbations a(j + 1) of a(j) small enough so that the cycles we created when
defining (1), ..., a(j) almost do not move. As a consequence, ¢, (0B(0,r)) is
accumulated by these cycles, which proves it is the boundary of A, .

The proof of theorem B goes along the same lines. We first restrict to compact
classes Cy,, of quadratic-like maps. They are chosen so that C,, C C,,4+1 and so that
the union covers all analytic conjugacy classes. The only new difficulty consists in
getting a uniform control on the construction. We then do a diagonal argument as
for Theorem A. Let us mention that controlling the cycles is also a bit more subtle.

The purpose of Figure 2 is to illustrate this construction. We have drawn the
boundary of three quadratic Siegel disks, for

a=W5+1)/2=[1,1,1,1,...], o(1)=[1,1,1,1,1,1,25,1,1,1,.. ]
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and
a2) =[1,1,1,1,1,1,25,10'% 1,1,1,..].

For a(1), there is a periodic cycle of period 8 that forces the boundary of the Siegel
disk to oscillate slightly. For a(2), there is an additional cycle (of period 205) that
forces the boundary to oscillate much more. We have not been able to produce a
picture for a possible choice of a(3). The number of iterates of the critical point
required to get a relevant picture was much too large. Note also that to be honest,
we should have put a big amount of 1’s between 25 and 10! in «(2).

0A« 0A«(1)

dAa(2)

FIGURE 2. The first steps in the construction of a Siegel disk with
smooth boundary. In the last frame, we plotted the period 8 cycle
that creates the first order oscillation. The period 205 cycle that
creates the stronger oscillation is too close to 0A«(2) to be clearly
represented here.
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We would like to make an observation. In the same way one produces C'*° func-
tions which are nowhere analytic with lacunary Fourier series, our Siegel disks are
produced with rotation numbers whose continued fractions have large coeflicients
(in a certain sense) which are more and more spaced out. This is not completely
surprising. Indeed, if ¢ : D — A is a linearizing map, then the coefficients by, of the
power series of ¢ are the Fourier coefficients of the angular parametrization of the
boundary of A. Those coefficients are also related to the arithmetic nature of a.
Indeed, they are defined by the recursive formula

1 n
by =r, and b = — i E bibni1—;.
1 o n+1 62“"1(62””0‘ — 1) v iIn+1—i

If the entry k£ + 1 in the continued fraction of « is large, e2"%*® — 1 is close to 0
and b4, is large.

Acknowledgments. We wish to express our gratitude to A. Douady, C. Henriksen,
R. Pérez-Marco, L. Tan, J. Rivera and J.C. Yoccoz, for helpful discussions and
suggestions.

1. ARITHMETICAL PRELIMINARIES.

This section gives a short account of a very classical theory. See for instance
[HW] or [Mi].

If (ar)r>0 are integers, we use the notation [ag, a1, ..., ak, .. .| for the continued
fraction
1
[ag,a1,... ak,...] =ao+ .
ay +
L 1

TR

ap+ -

We will say that ag is entry 0 of the continued fraction, a; is entry 1 of the continued
fraction, and ay is the entry k of the continued fraction. The entry 0 may be any
integer in Z, but we require the other to be positive. Then the sequence of finite
fractions converges, and the notation refers to it’s limit. We define two sequences
(Pk)k>—1 and (qx)k>—1 recursively by

p-1=1, po=ao, pr=arPr—1+ Pr—2;
4G-1=0, =1, qr=arqr-1+ qr—2.
The numbers pg, qr satisfy

qkPk—1 — Pkqk—1 = (—1)k-

In particular, px and g are coprime. Moreover, if a1, as, ... are positive integers,

then for all £ > 0, we have
Pk
— =lag,a1,...,a.
qk

The number py /gy is called the k-th approzimant to a.
For any irrational number a € R\ Q, we denote by |« € Z the integer part of
a, i.e., the largest integer n < «, by {a} = a— |« the fractional part of a, and we
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define two sequences (ar)r>0 and (o )k>0 recursively by setting
o] fo) Ll and :
ap = |« ag = {a agi1=|—| and api1 =4 —
0 e » o Okl o k+1 o[
so that
—=a Qt1-
o k+1 T Qg1
We then set _1 =1 and B = agay ... ag.
It is well known that
a=lag,at,...,ak...]
More precisely, we have the following formulas.

Proposition 1. Let a be an irrational number and define the sequences (ax)g>o0,
(ar)k>0, (Br)k>—1, (Pr)e>—1 and (qx)k>—1 as above, so that
Pr
gk
Then, for k > 0, we have the formulas

Pk Dr—10
o= 2T PE—1%k

= [ag,a1,...,ag.

are — pr = (—1)" By,

T+ Qo1
1
Got1Bk + @uBis1 =1 and ——— <G < .
" - Gk+1 T Gk Qr+1
The last inequalities imply, for & > 0,
1 1
! . \a | |
2qkqk+1 qr qrQr+1

Moreover, for all k > 0,
ap = [07 A+1, Qk+25 - - ]
2. THE PROOF OF THEOREM A.

In this section, we give a proof of Theorem A assuming two propositions. The
first proposition corresponds to assertion (a) of lemma 1. The second proposition
corresponds to assertion (b).

2.1. Two key propositions.

Definition 2. Given any Bruno number o = [ag,a1,...], any real number A > 1
and any integer n > 1, we set

T(a,A,n) = [ag, a1y ..y an, Ap, 1,1, ]
where A, = | A% | is the integer part of A%,
We can now state the two propositions.

Proposition 2. Let o € R be a Bruno number and A > 1 be a real number. For
each n > 0, set a[n] = T (o, A,n). Then,

<

«

>7
ml =

liminf r,,
n—oo

and the linearizing parametrizations ¢, converge uniformly to ¢ on every com-
pact subset of B(0,74/A).

This proposition is proved as proposition 13 in section 6.
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Proposition 3. Under the same assumptions as in proposition 2, Py[,) has a cycle
O,, such that we have the following limit for the Hausdorff topology on compact sets:

r
lim Oy = ¢ (aB (o, i‘)) :
n—oo A
This proposition is proved as proposition 14 in section 6. The next statement
will not be used stricto sensu in the proof of theorem A, but it is worth mentioning.

Corollary 3. Under the same assumptions,
Ta

Talnl T30 A

and Aq,,,, tends to ¢o (B (0, %)) for the Carathéodory topology on simply connected

domains with basepoint 0.

2.2. Some C* norms. Now, and in the next section, we fix o an arbitrary Bruno
number, r a real number in |0,7,[, 7 > 0 and £ > 0 small real numbers and
fy > 1 an integer. We want to exhibit a Bruno number o’ such that |o/ — «a| < 7,
the conformal radius of the Siegel disk A, of P, is ros = 7, and the linearizing
parametrization ¢, : B(0,7) — A, has a continuous extension to the boundary,
such that the Z-periodic function uy : R — C defined by uy (t) = lim  ¢qr(2)

z—re2int
is O and satisfies

sup su Oty (t) — & e ) <e
P ich | ot ot ’

§=0,...,o teR

where u, : R — C is the Z-periodic analytic curve t — ¢, (re%™).

In order to prove this result, let us introduce the following definition. If ¢ :
0B(0,7) — C is a C* function and ¢ > 0 is an integer, we denote by
u

55 (1)

)

[éllce = sup sup

§=0,...,0 teR

where u : R — C is the function t — ¢(re?™t). The same definition holds when

¢ is defined on a bigger set. Note that if a sequence of functions ¢;, defined and

holomorphic on B(0,7’) with ' > r, converge uniformly to a limit ¢, then, for all
£ > 0, we have

I3 = Sller — 0.

Note also that when a sequence of functions ¢;, holomorphic in a possibly varying

neighborhood of B(0,r), is a Cauchy sequence for the norm ||.||co we just defined,
then by the maximum modulus principle, it is a Cauchy sequence for the norm ||.|/sup

as a sequence of functions from B(0,r) — C and so, it has a limit ¢ : B(0,7) — C
which is holomorphic in B(0,r) and continuous in B(0, 7).

Finally, we recall the definition of the Hausdorff metric: if K and L are two
compact subsets of C, then

d(K, L) = max (d*(K, L), d* (L, K))

where

dt(K,L) = sup dist(z, L)
reK
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2.3. The diagonal argument. Now, set «(0) = « and let [ag, a1, a2, ...] be the
continued fraction of a. Moreover, let 7y = 74(9) be the conformal radius of the
Siegel disk of P,. We are about to construct by induction sequences a(j) € R\ Q
for j >0, r} €]r, 00 for j > 0, rj €]r,00 for j > 1, n; € N for j > 0, C; a cycle
of P, for j > 1, and C’ij a cycle of P, ;) for 0 <i < j, of the same period as Cj,
with C7 = C;.

Choose a radius 71 € |r,r{[ sufficiently close to r so that the Hausdorff distance
between the Jordan curves ¢ (g)(9B(0,71)) and ¢4 (0)(0B(0,7)) is less than /2.
Define the sequence

a(0)n] =T (a(O), T%) .

T1

By propositions 2 and 3, we know that choosing ng sufficiently large, we have
n €
|2(0) = a(O)mo]] < 55 Ta@mol > [Pa©)mel = Pa©)llon < 3

and Py (0)[n,] has a periodic cycle C7 = C{ = 0,,, whose Hausdorff distance to the
Jordan curve ¢, 0)(0B(0,71)) is less than /2. We then define a(1) = a(0)[no],
] =7qq1) and we let A} be the entry ng + 1 in the continued fraction of a/(1):

a(l) = [ag, a1,a2, -« Ang—1,Ang, A, 1,1,1, ...

Inductively, we construct a sequence «(j). At each step, we choose a radius
7j+1 € |r,rj[ sufficiently close to r so that the Hausdorff distance between the

Jordan curves ¢o ;) (0B(0,7;41)) and ¢oj)(0B(0,7)) is less than £/27+1. We define
the sequence

o)) =7 () =)

Tj+1
We choose n; sufficiently large so that
. . n £
() =]l < gz TaGim) > 7 [9atim) = Sathllcros < 3710

Pu(j)in,) has a periodic cycle Cjyq = C;_tll = O,}_i whose Hausdorff distance to the
Jordan curve ¢o(jy(9B(0,7j11)) is less than £/27+! and for all i < j, Py(j)[n,) has a
periodic cycle C/1! whose Hausdorff distance to €7 is less than /277! and whose
period is equal to the one of C7. We then define a(j +1) = a(j)[n;], 7511 = ragi+1)
and we let A’ ; be the entry n; + 1 in the continued fraction of a(j + 1):

a(j +1) = [ao, a1, .., Gng—1,0ng, A, 1,1, 1,1, AL 1,10

By construction, the sequence «(j) is a Cauchy sequence and the limit o’ satisfies
|o/ — a| < n. Let pr/qx be its approximants. The continued fraction expansion of
o is

o =lag, ... ang, A, 1,1, 1,1, AL 1,1, .00, 1,1, AL 1,1, ]

where A’ | is the integer part of (r)/r;1)?" and is the entry n;+1 of the continued
fraction.
Also by construction, the sequence ¢4 ;) : B(0,7) — C is a Cauchy sequence

for all the norms ||.||ce, £ > 0. In particular, it has a limit ¢ : B(0,r) — C



10 X. BUFF AND A. CHERITAT

which is holomorphic in B(0,r) and continuous in B(0,r). Moreover, the function

u:t— ¢(re?t) is C*°. By construction and as required, we have
0y A ug
— o = sup sup|—=—=(f) — — <e.
||¢ ¢0¢||C[0 j:O,_P7ZO teﬂlg at] ( at] ( )

Since the map ¢ : B(0,r) — C is the limit of the linearizing parametrizations ¢, ;)
for P,(jy, it is a linearizing parametrization for P,,. Thus, P, has a Siegel disk
Ay which contains ¢(B(0,1)).

Let us now prove that ¢(0B(0,r)) is accumulated by small cycles, which shows
that Ay, = ¢(B(0,r)). For any given ¢ > 0, we have constructed a periodic cycle
C; for P,;), and sequence of periodic cycles C’f , j > 1, whose periods are equal
to the one of C;. By construction, those cycles converge to a periodic cycle C! for
P, whose Hausdorff distance to C; is less than /2. Now, the Hausdorff distance
between C; and ¢o(;—1)(0B(0,7;)) is less than £/2" and the Hausdorff distance
between ¢q(;—1)(0B(0,7;)) and ¢o;—1)(0B(0,7)) is also less than /2%, Finally, by
construction, the Hausdorff distance between ¢ ;—1)(9B(0,7)) and ¢(0B(0,7)) is
less than £/2'=t. Therefore, for any i > 0, the Hausdorff distance between C! and
#(OB(0,7)) is less than 5¢/2¢.

Finally, since ¢,/ is a homeomorphism between D(0,7) and A,., and since it
extends continuously by ¢ to the closure D(0,r) which is compact, it follows that
d(0D(0,7)) = OA, . Thus, the boundary of the Siegel disk is locally connected. It
follows that it must be a Jordan curve (see [Mi], Lemma 18.7).

Remark. We did not require that r; — 7 but this is true, as can be deduced, for
instance from the condition that the Hausdorff distance between ¢q(;)(0B(0,7;11))
and ¢q(;)(0B(0,7)) is less than £/2/11, the latter converging to ¢(0B(0,r)).

Now, the conjugacy u(t + o’) = P, (u(t)) implies that if ' vanished at some
point t € R/Z, it would vanish at all the points t + na for n € N, which forms
a dense set in R/Z, and thus u would be constant, thus ¢ would be constant on
B(0,r) by the maximum principle, which is absurd since ¢'(0) = 1. Thus dA, is
a smooth curve.

Remark. The same conjugacy implies that if u(¢) were a critical point, then
u'(t + «) would cancel, which we just saw was impossible. Thus there is no critical
point on JA,.. This gives another proof of corollary 1.

Remark. Alternately, we could prove directly, by controlling the norms ||.||co and
[I-llcr of ¢ — ¢y, that u' does not vanish, u is injective and the critical point does
not belong to u(R/Z).

3. THE YOCCOZ FUNCTION.

Definition 3 (The Bruno function). If « is an irrational number, we set

+oo

B(Oé) _ Z log qk‘+1 )

o I

If a is a rational number we set B(a) = +00. The Bruno numbers are those a € R
for which B(a) < +o0.
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Remark. The set of Bruno numbers has full measure in R. It contains the set of
all Diophantine numbers, i.e., numbers for which log gi+1 = O(log q).

We can give an equivalent definition of Bruno numbers via the Yoccoz function.

Definition 4 (The Yoccoz function). If a is an irrational number, we set
+o0 1
(o) = —1log —.
(@) kzzoﬁk 11og o

If a is a rational number we set ®(a) = +00. The Bruno numbers are those o € R
for which ®(a) < +o0.

Remark. Observe that for any kg > 1, and all « irrational, we have
k}ofl

1
(I)(a) = Z ﬂk—l log 017]9 + ﬁko_l(b(ako).
k=0

In [Y], Yoccoz uses a modified version of continued fractions but we won’t need
those modifications. The function ® we will use is not exactly the same as the one
introduced by Yoccoz, but the difference between the two functions is bounded (see
[Y], page 14).

The reason why the two definitions of Bruno numbers are equivalent is contained
in the following proposition. The proof is essentially given in [Y], page 14.

Proposition 4. There exists a universal constant C such that for all kg > 0, and
all o irrational, we have

ko 1 1o
Zﬂk_llog— —ZM <C.
k=0 =

The Yoccoz function is highly discontinuous since it takes the value +o0o on a
dense set containing Q and takes finite values on a set of full measure. Let us now
see what we can control.

Proposition 5. The Yoccoz function is lower semi-continuous.

Proof. We must show that
liminf ®(a’) > ®(a).

o' —a
Without loss of generality, we may assume that o’ is irrational, so that the sequence
a}v is well defined for all £ > 0. Let us first assume that « is an integer. On the
one hand, as o/ — a with o/ > a, we have afy — 0. Thus,

1
P(a’) > log — — +o0.
@
On the other hand, as o/ — a with o/ < a, we have af — 1 with «f < 1, and
oy ={1/ap} — 0. Thus,
1 1
(o) > log — + aglog — — +o0.

/
Qg ag

Now, if « belongs to Q \ Z, we may define oy = {a}, a1 = {1/ap} and so on,
until we get to ag,+1 = {1/ar,} = 0. Then, we cannot define the sequence ay
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further. When o/ — «, we may also define af = {&'}, of = {1/af} up to at least
41 = {1/a}, } Then, af — ag, @] — a1, and so on, until we get to aj — ag,.
Depending on whether o), < ag, or o) > ay, we have aj, ; — loraj ,; — 0.
In both cases, ®(a}, ) — +o0 and

Do) > ag - ap, P, 1) — +oo.

Now, assume « is irrational. Since &’ — «a, it follows that o) — oy and 8}, — k.
As a consequence, for all & > 0, we have

1 1
B ylog —5 — Bh_1log —.
O[k a’'—a (677

Since those terms are positive, we get

“+o0 +oo
1 1
®(a) = Y liminf <ﬂ,’€_1 log ,) < liminf Z Bi_1log — | = liminf ®(a).
o' —a o 0 Qg

a'—a a'—a
k=0

For the next proposition, we will have to approximate « by sequences of irrational
numbers. In order to avoid the confusion between such a sequence and the sequence
(o) k>0 introduced previously, we will denote the new sequence by («[n]),>0. One
corollary of the following proposition is that the graph of ® contains all the points
(a, t) with t > ®(«).

Proposition 6. Let o € R be a Bruno number and A > 1 be a real number. For
each integer n > 0, set a[n] = T (o, A,n). Then, an] — « and

D (afn]) = ®(a) + log A.

Proof. Simple convergence of the entries in the continued fraction ensures con-
vergence of the number, because the difference between a number and it’s k-th
approximant py/qx is less than 1/qgqr+1 which is less than 1/FyFj11 where F} is
the k-th Fibonacci number (Fy = 1, Fy = 1, Fyy2 = Fr11 + Fy). For each integer
n > 0, let us denote by (ay[n])k>0 and (Bk[n])k>—1 the sequences associated to
aln]. For each fixed k, we have

lim ag[n] =car and lim Sg[n] = Sk.

n—oo n—oo
In particular,
. 1 1
lim fy_1[n]log —— = Br_1log —.
n—oo ag[n) ay
Observe that for k < n, the approximants of a[n] and « are the same: py/qx.
Hence, if 0 < k£ < n — 1, we have

1
Bralnl < an and ag[n] = Brln]

It follows that when £ < n — 1, we have

< 2qk+1-

1 log2 lo
Bi1[n)log —— < —2= 4 BIEL
ag[n] ak q

The right terms form a convergent series since « is a Bruno number. Thus, as
a function of k, the pointwise convergence with respect to n of the summand
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Br—1[n]log 1/ay[n] is dominated. Therefore we have

(1) Zﬂk 1[n]log 1[ THOOZBk 1log—f ().

We will now estimate the term (,_1[n]log(1/ay[n]) in the Yoccoz function.
First, observe that
1 1

= An o
ap[n] *a

where § = (v/5 4 1)/2 is the golden mean. As n — oo, we have log A4,, ~ ¢, log A
and thus,

B[] log %M ~ Bualnlgalog A,

We know that 3, _1[n]g, €]1/2,1[ and we would like to prove that in our case, this
sequence tends to 1. Observe that

Bn-1lnlgn =1 = Bulnlgn—1-

1
1
dn <An + > +qn71
0
Pn Pn—-1 1 qn 1 1 1
= —— 1 - -
qn< T A4 a Aﬁo(An))

= p”+(_1)n+(’)(1>.

o A, A2

Moreover,

It follows that

1y 1 g
bl = bl = = - (10 (5 )).
Since ¢, ~ log A,,/log A, we have ¢2 = o(A,,) and

1
(2) Bnln] ~ =

and since ¢n—1 < ¢n, we get G,[nlg,—1 — 0 as n — oco. As a consequence,
Bn-1[n]gn, — 1 and thus,

(3) Bn-1ln]log —— — log A.

ap[n] n—oo

Finally, we have au,41[n] = 1/6 and thus

(4) S o] log —— O (;)—w.

n—oo
k=n-+1

Combining inequalities (1), (3) and (4) gives the required result. [ ]

Remark. Instead of using a sequence of the form a[n] = 7 («, A, n), we could have
taken any sequence a[n] = [ag, . .., G, An, 8(n)], where A,, are positive integers such
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that
Al A

and 0(n) > 1 are Bruno numbers such that

@(1/9(71)) = O(QnAn)'

4. SEMI-CONTINUITY WITH LOSS FOR SIEGEL DISKS.

4.1. Normalized statements. We will first study perturbations of rotations on
the unit disk. We will generalize two theorems due to Yoccoz [Y] for the first and
independently to Risler [R] and Chéritat [C] for the second.

Definition 5. For any real number o, we denote by R, the rotation z — 2™z,

Definition 6. For any irrational « €]0, 1[, we denote by O, the set of holomorphic
functions f defined in an open subset of D containing 0, which satisfy f(0) =0 and
f(0) = €™, We denote by S, the set of functions f € O, which are defined and
univalent on D.

Given a map f in O,, we can define Ky to be the set of points z € D whose
infinite forward orbit under iteration of f is well defined. The map f is linearizable
at 0 if and only if 0 belongs to the interior of K¢, and in that case, the connected
component of the interior of Ky which contains 0 is the Siegel disk A for f (whose
definition was given at the beginning of the introduction). We denote by inrad(Ay)
the radius of the largest disk centered at 0 and contained in Ay.

Theorem 1 (Yoccoz). There exists a universal constant Cy such that for any Bruno
number a and any function f € Sg,

inrad(Ayf) > exp(—®(a) — Cp).

Remark. As mentioned earlier, the function ® defined by Yoccoz in [Y] is not
exactly the same as the one we defined in this article, but the difference of the two
functions is bounded by a universal constant, so that the result is true as stated
here.

In the following, when we say that a sequence of functions f,, converges uniformly
on every compact subset of D to a function f, we do not require the maps f,, to be
defined on D. We only ask that any compact set K C D is contained in the domain
of f,, for n large enough. We will use the notation f,, = f on D.

Theorem 2 (Risler-Chéritat). Assume a is a Bruno number and let f, € Oq
be a sequence of functions which converges uniformly to the rotation R, on every
compact subset of D. Then,

lim inrad(Ay,) =1.

n—oo

Our goal is to generalize those results as follows.

Theorem 3. Assume (a[n])n,>0 is a sequence of Bruno numbers converging to a
Bruno number o such that

limsup ®(a[n]) < ®(a) +C

n—oo
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for some constant C > 0. Assume f, € Oqyn) s a sequence of functions which
converges uniformly to the rotation R, on every compact subset of D. Then,
lim inf inrad(A ;) > .

n—oo

The proof will be given in section 4.3.

4.2. Douady-Ghys’s renormalization. In this section, we describe a renormal-
ization construction introduced by Douady [D] and Ghys. This construction is the
heart of Yoccoz’s proof of theorem 1. We adapt this construction to our settings,
i.e, to maps which are univalent on D and close to a rotation.

Step 1. Construction of a Riemann surface. Consider a map f € S,. Let H
be the upper half plane. There exists a unique lift F': H — C of f such that

2™ FZ) — f(e¥™2) and F(Z)=Z + a+u(Z),
where u is holomorphic, Z-periodic and |u(Z)| — 0 as Im(Z) — oo.

Definition 7. For § > 0, and 0 < a < 1 we denote by S the set of functions
f € S, such that for all Z € H,

[uw(Z)| < da and |u/(Z)] < 6.

Remark. If § <1, the condition |u'(Z)| < § implies that F' has a continuous and

injective extension to H, and so, f has a continuous and injective extension to .

Remark. Given § > 0, if f € S,, and if |f(2) — e*™z| and |f/(2) — e*™| are
sufficiently small on I, then f € S2.

We now assume that 0 < § < 1/2 and f € S3. Then, we set Ly = iRT and
Ly = F(Lg). Note that for all Z € H, F(Z) belongs to the disk centered at
Z + a with radius da. It follows that the angle between the horizontal and the
segment [Z, F(Z)] is less than arcsin(d) < 7/6. Moreover, for all Z € H, we have
|arg(F'(Z))| < arcsin(d). So L is a smooth curve and its tangents make an angle
less than /6 with the vertical. This implies that the union LyU[0, F(0)]JULyU{oco}
forms a Jordan curve in the Riemann sphere P! bounding a region U such that for
Y > 0, the segment [iY, F(iY)] is contained in U. We set U = U U Ly.

Denote by By the half-strip

By={Ze€H|0<Re(Z2) <1}
and consider the map H : By — U defined by
H(Z)=(1-X)iaY + XF(iaY)
where Z = X +3Y, (X,Y) € [0,1] x [0, +o0[. Then,
H(Z)=aZ + Xu(iaY)

Thus,
OH 1 (0H OHY\ 1, . i
35 =2 <6X ZGY) = i(u(zaY) —aXu'(iaY))
and

=a+ 1(u(iaY) + aXu'(iaY)).

oH 1 (8H ‘8H>
2

2z ~2\ox oy
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It follows that

OH 5 q OH
BZ’ <« an ' 97
and since § < 1/2, H is a Ks-quasiconformal homeomorphism between By and U,
with K5 =1/(1 — 20).

If we glue the sides Ly and Lj) of U via F', we obtain a topological surface V. We
denote by ¢ : U — V the canonical projection. The space V is a topological surface
with boundary, whose boundary ¢([0, F(0)]) is denoted 9V. We set V = V \ V.
Since the gluing map F' is analytic, the surface V has a canonical analytic structure
induced by the one of U (see [C] page 70 or [Y] for details).

When Z € iR*, H(Z 4+ 1) = F(H(Z)), and so, the quasiconformal homeomor-
phism H : By — U induces a homeomorphism between the half cylinder H/Z and
the Riemann surface V. This homeomorphism is clearly quasiconformal on the im-
age of By in H/Z, i.e., outside an R-analytic curve. It is therefore quasiconformal in
the whole half cylinder (R-analytic curves are removable for quasiconformal home-
omorphisms). Therefore, there exists an isomorphism between V and D*, which,
by a theorem of Carathéodory, extends to a homeomorphism between 0V and JD.
Let ¢ : ¥V — D" be such an isomorphism and let K : & — H be a lift of ¢ o ¢
by the exponential map Z — exp(2inZ) : H — D". The map K is unique up to
post-composition with a real translation. We choose ¢ and K such that K(0) = 0.
By construction, if Z € Ly, then

> a1l —9)

Step 2. The renormalized map. Let us now set
U ={ZcU|Im(Z)>5}, V =uU)

and let V' be the interior of V.
Let us consider a point Z € U’. The segment [Z — 1, Z] intersects neither Lj nor
[0, F(0)]. So either Z —1 € U or Re(Z — 1) < 0. For m > 0, the iterates

Zpn & Fom(Z 1)
stay above the line starting at Z — 1 and going down with a slope tan(arcsin(d))
(< 26 when 6 < 1/2), aslong as Z,,, € H. Since Re(Z—1) > —1 and Im(Z—1) > 50,
there exists a least integer n > 0 such that Re(Z,,) > 0 and Z,, is defined.

Let us show that Z,, e U. If Z—1 € U, then n = 0 and there is nothing to prove.
Otherwise, n > 1 and Re(Z,,—1) < 0. Since Z,_; is above the line starting at Z — 1
and going down with a slope 24, we have Im(Z,,_1) > 3J. Consider the horizontal
segment I joining Z,_1 to Lg. Let J be its image. Since |[F'(Z) — 1| <d§ < 1/2, J
is a curve whose tangents make an angle less than 7/6 with the horizontal. Thus,
J is to the right of Z,, and in particular, to the right of Ly. Moreover, the tangents
of L{ make an angle less than /6 with the vertical. So, J joins Z, to L{ and
remains to the left of Lj. Finally, points in I have imaginary part greater than
34, and since |F(Z) — Z — a] < da < §, points in J have imaginary part greater
than 2. Thus, J does not hit the segment [0, F(0)]. It follows that Z, € U and
we set G(Z) = Z,. This defines a ”first-return map” G : U’ — U. Note that G is
discontinuous. Figure 3 shows the construction of the map G.

The map G : U’ — U induces a univalent map g : ¢(V') — D* such that
godor=q¢doro@G. The fact that g is univalent is not completely obvious (see [Y]
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O /\O/NO/A‘O

Lo |
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F
(J F [ )
71 O%/\ A
G(Z)
H u
-1 0

FIGURE 3. The regions U, U’ and the map G : U’ — U.

for details). The renormalized map of f is the map

R(f): 2z~ g(z).
By the removable singularity theorem, this map extends holomorphically to the
origin by R(f)(0) = 0, and it is possible to show that [R(f)]’(0) = e*7/® (again,
see [Y] for details). Thus, R(f) € O, where o’ denotes the fractional part of 1/c.
This completes the description of the renormalization operator.

4.3. The proof of Theorem 3. Let us now assume that («[n]),>0 is a sequence

of Bruno numbers converging to a Bruno number a such that

lim sup ®(a[n]) < ¢(a) + C

n—0o0

for some constant C' > 0. We define the sequences (a)r>0, (Bk)k>—1, (@k[n])k>0
and (Bk[n])k>—1 as in section 1.

Lemma 2. For all k > 0, we have

lim sup ®(ag[n]) < ®(ay) +

n—00 /Bk—l '
Proof. We have
At 1 1
ol - 2@ = 3 (ﬁj_l[n] 108 = 1ogaj)

+Bk-1[n]®(ak[n]) — Br-1P(ak).

For each fixed j > 0, we have a;[n] — «; as n — oo, and so,

1 1
lim 8;_1[n]log —— = B;_11log —.
g, o] ~ OB
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Thus,
C > limsup®(a[n]) — ¢(«)

n—oo

= limsup fy—1[n]®(ar[n]) — Br-1P(ar)

n—oo

= By <limsup<1>(ak[n]) - ‘I)(ak)> .

n—oo

Now, for all £ > 0, we set

pr = inf {hnﬂ_l)loléf inrad(Afn)} ,

where the infimum is taken over all sequences ( fn € Oak[n])n>0 such that f,, = R,
on D. Similarly, we set -

n—oo

pr, = inf {hm inf inrad(Afn)} ,

where the infimum is taken over all sequences ( fn € Siz [n]) N such that §,, — 0
n>0
(which implies f, =% R,, on D). It is easy to check that each infimum is realized

for some sequence f,. We will show that

log pg > —C,
which is a restatement of Theorem 3.
Lemma 3. For all k > 0, we have py = pj,.

Proof. We clearly have pj;, > pj. since there are fewer functions in S, [, than in
Oayin)- Now, assume (6, )n>0 and (fn € Oq, [n])n>0 are sequences such that &, — 0
and f, = R,, on D. Then, we can find a sequence of real numbers A, < 1 such

that A\,, — 1 and

1
Jn 2 )\—fn()\nz)

n

belongs to Siz (n- The Siegel disk Ay, contains Ap,Ag, . Therefore

gn*

lim inf inrad(Ay, ) > lim inf A, inrad(Ag,) > pj.

n—0oo

This shows that pg > p). ]

Lemma 4. For all k > 0, we have

log pr. > —® (o) — — Co,

C
Br—1
where Cy is the universal constant provided by theorem 1.
Proof. Indeed, theorem 1 implies that when f,, € S, [, then

loginrad(Ay,) > —®(ax[n]) — Co.
Since

lim sup ®(ag[n]) < ®(ag) + ,
n—00 ﬂk—l

the lemma follows. [
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Let us now fix some k > 0. Assume that ( fn € Si: [n]> - is a sequence of
g n>0

functions such that 6, — 0. Then, f, = R,, on D. Moreover, when n is large
enough, 4, < 1/2. So, we can perform Douady-Ghys renormalization. We lift
fon:D — Ctoamap F, : H — C. We define U,,, U,, Vu, tn : Uy — Vn,
H, : By — U,, ¢n :Vinaﬁ* and K,, : U, — H. Remind that ¢, 0 t,, = 70 K,
where 7(Z) = exp(2inZ). Then, we define a "first-return map” G, : U, — U,
which induces a univalent map g, such that g, o ¢, o t,, = ¢ 0t © G,,. The
renormalized map is

R(fn) : 2 = gn(Z).
Remember that R(f,) belongs to O not to S

apt1[n]s ap41n]

Lemma 5. The maps ¢, 0ty : Uy, — D" converge to Z +— e 2/ yniformly on
every compact subset of By, ={Z € H | 0 <Re(Z) < ay}-

Proof. The lifts F}, converge to the translation Z — Z 4+ «j. It follows that the
K3, -quasiconformal homeomorphisms H,, : By — U,, converge to the map Z —
o, Z uniformly on By. Moreover, K, o H,, : By — K, (Z/Tn) is a K, -quasiconformal
homeomorphism which satisfies K, o H,(Z + 1) = K,, 0o H,(Z) + 1 for Z € iR*
and sends 0 to 0. Therefore, it extends by periodicity to a Kj;,-quasiconformal
automorphism of H fixing 0, 1 and oo (we know that the extension is quasiconformal
outside Z + iR™, and thus, it is quasiconformal on H since R-analytic curves are
removable for quasiconformal homeomorphisms). Since K5, = 1/(1 —2§,,) — 1 as
n — oo, we see that K, o H, converges uniformly on every compact subset of H
to the identity as n — co. As a consequence, the maps K, converge to Z — Z/ay
uniformly on every compact subset of B, . So, the maps ¢, 0ty : Uy, — D converge
to Z — €274/ uniformly on every compact subset of B,,. [ ]

Lemma 6. For all kK > 0, we have
log pr. > i log pr+1.
Proof. Let us assume that p; < 1 since otherwise, the result is obvious. Let us

choose a sequence §,, — 0 and a sequence of functions f, € Si: ] which converges
to the rotation z — 2™ and such that

pr = lim inrad(Ay, ).

Then, we can find a sequence of points z, € D with |z,| — p and the orbit of z,
under iteration of f,, escapes from D. Without loss of generality, conjugating f,
with a rotation fixing 0 if necessary, we may assume that z,, €]0,1[. Let us consider
the points Z,, € iR* such that e?™#» = z,,. Then, Im(Z,,) — —log(px)/27 and for
n large enough, Z,, € U,.

Now, note that by lemma 4, we have p;, > 0. So Z,, remains in a compact subset
of By, = {Z € H| 0 < Re(Z) < ag}. Thus, lemma 5 implies that for n large

enough, the point 2/, = ¢, 0 1,(Z,) is close to e2imZn/k In particular, we see that
for n large enough, |z}| — p,lc/ “*  Moreover, since the orbit of z, escapes from D

under iteration of f,, the orbit of Z, under iteration of F,, escapes from H and
thus the orbit of z], under iteration of R(f,) escapes from D. It follows that

log pr = lim log|z,| = ay lim log|z},| > ay liminf log inrad (AR(fn)) .
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Finally, lemma 5 also implies that the sequence (R(f.))n>0 converges to the
rotation z — e?7+1z uniformly on every compact subset of D. The definition of
Pr+1 implies that

lim inf log inrad(Axrf,)) > log pry1-

n—oo

The proof of theorem 3 is now completed easily. Indeed, we see by induction
that for all £ > 0, we have

log po > g - - - o log pii1 = B log pry1-
And by lemma 4, we get

log po > —Br® (k1) — C — BrCo.

We immediately have
klim BkCO =0.

Moreover, the first term in the right side is the rest of the series defining ®(«) (see
the remark following definition 4). This series converges, and so,

leH;O ,Bk‘I)(OékJrl) =0.

4.4. Application to quadratic polynomials. Let us now see how to apply this
result to the family of quadratic polynomials P, : z + €2z + 22, Remember that
P, has a Siegel disk A, if and only if ' is a Bruno number and in that case, the
conformal isomorphism ¢, : B(0,7,) — A, fixing 0 with derivative 1 linearizes P,:

G0 (€2™2) = Py 0 ¢po(2).
The map ¢4 : B(0,74) — A, is called a linearizing parametrization.

Proposition 7. Assume « is a Bruno number and «[n] is a sequence of Bruno
numbers such that
limsup ®(a[n]) < ®(a) + C,

n—oo
for some constant C. Then,

liminfryp, > roe”C,
n—oo

and the linearizing parametrizations o[, converge uniformly to ¢ on every com-
pact subset of B(0,r,e~%).

Proof. Since a[n] — a, we have P,},) — P, uniformly on every compact subset
of C. Let us consider the maps

1
fn(z) = 7¢;1 0 Pa[”] 0 Pa(ra?).

Then, f, € Oypn) and fn, = R,. It therefore follows from Theorem 3 that for any

n > 0, if n is sufficiently large, the Siegel disk of f,, contains the disk B(0,e~¢~").
Thus, for n sufficiently large, Ay, contains ba(B(0,7,e~¢~")). As a conse-

quence, the map gb;[ln] 0 ¢, is defined on the whole disk B(0,7,e~¢~") and takes its

values in the disk B(0,7,[,)). Since [qb;[z] 0 ¢a)'(0) = 1, it follows from Schwarz’s

lemma that for n large enough, ryp,) > ree~ ¢~ and thus

C—n

liminfryp, > rae”
n—oo
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Letting n tend to 0 shows that liminf 7, > ree”C.

Let us now deal with the linearizing parametrizations. The map ¢, is defined
on the disk B(0,74[,). Since liminf ryp,) > ree” ¢, we see that for any r < roe ¢,
the map ¢, is defined on B(0,r) as soon as n is greater than some integer n,.
For n > n,, the map ¢q[, : B(0,7) — C takes its values in the filled-in Julia set
K(Pypn)) C B(0,2) and so, the family {¢s[n) : B(0,7) — C}n>p, is normal. We
must show that any limit value ¢ : B(0,r) — C coincides with ¢, : B(0,7) — C.
Since ¢(0) = 0 and ¢'(0) = 1, it is sufficient, by uniqueness of the linearizing
parametrization, to show that ¢ linearizes P,. This is immediate by passing to the
limit, as n — oo, on the equation

¢o¢[n] o Ra[n] = Pa[n] o ¢a[n]'

5. PARABOLIC EXPLOSION FOR QUADRATIC POLYNOMIALS.

From now on, every time we use the notation p/q for a rational number, we mean
that p and g are coprime with ¢ > 0.

Let us fix a rational number p/q. Then, 0 is a parabolic fixed point of the
quadratic polynomial P,,, : z e?m/4y 4 22, Tt is known (see [DH1], chapter IX)
that there exists a complex number A € C* such that

P;/qq(z) =24+ A2 4 O(2912).

This number shall not be mistaken for the formal invariant of the parabolic germ.
Following [C], we introduce the notion of asymptotic size.
Definition 8. If f : (C,0) — (C,0) is a germ such that f(z) = z+Az"T14+0(2"2),
then the asymptotic size of f at 0 is the positive number
1

La(f,0) = W
Remark. This quantity measures how fast orbits attracted by 0 under iteration
of f will converge to 0:

VZ such that fon(z) ? 0’ |fon(2)| ~ M.

n—oo nl/r
It follows immediately that if f : (C,0) — (C,0) and g : (C,0) — (C,0) are
conjugate by a germ ¢ : (C,0) — (C,0), i.e., g=do fop~! and ¢'(0) # 0, then

La(g,0) = 1¢(0)|La(£,0)-

Definition 9. For each rational number p/q, let us denote by
o A(p/q) the coefficient of 2971 in the power series at 0 of P;/qq and

e L,(p/q) the asymptotic size of P;/qq at 0:

1
Lalp/a) = lqA(p/q)|V/a”

Definition 10. Let P, be the set of parameters o € C such that P39 has a parabolic
fized point with multiplier 1. For each rational number p/q, set

sy 2):
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When a # p/q is a small perturbation of p/q, 0 becomes a simple fixed point of
P, and P27 has ¢ other fixed points close to 0. The dependence of those fixed points
on « is locally holomorphic for a not in P, 4. If we add p/q, we get a holomorphic
dependence in terms of the g-th root of the perturbation o — p/q. The following
proposition corresponds to proposition 2.2 in [C].

Proposition 8. For each rational number p/q,

(1) there exists a function x : B = B(0, R;?Z) — C such that
e x(0) =0,
e X'(0) #0,
e V) € B, <X((5),X(§5),...,x((q_16)> forms a cycle of period q of P,

with ¢ = e*7™/9 and
a="L447.
q

This understands the following relation: ¥ € B,

X(€6) = Pa(x(d)) -
(2) Any function satisfying these conditions is of the form & +— x(¢*8) for some
ke{0,...,q—1}.
(3) A computation yields
2imq
"0)4 —
Y (0) = -
) Alp/q)
We prefer in this article to normalize y differently. We will use the symbol ¢ for
the new function, and define it by ¥(§) = x(6/x’(§)) wherever it is defined. This
amounts to replace the relation o = % + 07 by

_p_ AW/ 5
q 2imq

There are two advantages to do this. First, this function does not depend on
the choice of x among the ¢ possibilities. Second, is to give a nice statement of
proposition 12. Let

2mq Ry /a

Alp/q)

and let us give the version of proposition 8 that we will use here.

Tp/q =

Proposition 9. For each rational number p/q, there exists a unique holomorphic
function ¢ : B(0,7,,4) — C such that

(1) ¥(0) =0,
(2) ¢'(0)=1,
(3) for any 6 € B(0,7y/4),

(6(8),6(¢8), B(C30), ..., w(CT'9))
forms a cycle of period q of P, with ( = e2™/ and
_p_AD/9) s,

q 2imq
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In particular, ¥6 € B(0,7y/4),
¥(¢6) = Pu(¥(9)).

Remark. Note that we consider complex perturbations of p/q.

Proof. Set A= A(p/q) and r =r,,,. Let us write
D A
0)==—

(%) q 2imq
The function from B(0,7) x C to C defined by (6,2) — Pao?d)(z) — z vanishes at
(0,0). Thus it factors into P;’?&)(z) — 2z = z-h(d,z) where h : B(0,7r) x C — C is
analytic. One computes that h(d,0) = e=4%" — 1. Let us consider the subset M of
B(0,7) x C that consists in pairs (4, z) for which h(4,z) = 0. For all (4,z) € M, z
is a periodic point of P, ) of period dividing q. Let 7 : B(0,7) x C — B(0,r) be
the projection to the first coordinate: (6, z) = 6. Let 73 : B(0,7) x C — C be the
projection to the second coordinate: ma(d, z) = z.

04

Lemma 7. The restriction w1 : M — B(0,r) is proper.

Proof. Let us take a sequence (0,,2,) € M such that 4, converges to some
§ € B(0,7). Observe that if |z| > 1 + [e%™%|, then

|Pa(2)] = I2] - X7 + 2] > |2,

and so, z cannot be a periodic point of P,. As a consequence, |z,| < 14 |e™(@n)|,
Now, since 6,, € B(0,r), we have a(d,,) € B(p/q, R,/q). Moreover R/, < 1, since
Z C P, for every q. As a consequence, the sequence z, is bounded (it belongs to
B(0,1+¢™)) and so, extracting a subsequence if necessary, we may assume that z,
converges to some point z € C. Passing to the limit in the equation Pg‘({;”) (2n) = 2n,

we obtain Ps(qé) (2) = z. Thus (4,z) € M and m; : M — B(0,r) is proper. O

At points (4, 2) € M\ {(0,0)}, the derivative of h(d, z) with respect to z is equal

to
m—1

#0,
z

where m = (Poéo?&))’(z)7 which in the case the periodic point z has period ¢ is it’s
multiplier. Thus, by the implicit function theorem, § is a local coordinate for M.
The point (0,0) belongs to M and for (4, z) close to (0,0), a computation yields
the following expansion

h(d,z) = A+ (27 — 67) + higher order terms.

More precisely, “higher order terms”= O(§9z) + O(z9F1). Thus M is locally the
union of ¢ smooth manifolds through (4,2) = (0,0), for which ¢ is a local pa-
rameter, as can be proved by introducing the new variable A = z/6. This gives
a new chart (0, ), with (§,\) € B(0,7) x C, that extends the complex mani-
fold “(d,z) € B(0,r) x C — {(0,0)}” into some complex manifold C. Note that
the projection 7 from C back to B(0,r) x C is well defined and analytic. We let
71 =mon:C — B(0,r). The manifold M \ {(0,0)} extends in the chart (5, \)
into a complex submanifold M (the proper transform of M) by adding the ¢ points
(0,A) = (0,exp(i2wk/q)) for k € Z. The map 7 is proper from M to M, and we
have seen that the map m is proper from M to B(0,r), thus their composition 7
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is proper from M to B(0,7). The fact that ¢ is always a local coordinate translates
in “7| 54 is locally invertible”. Thus 71|5; is a covering. Since B(0,7) is simply
connected, this is a trivial covering. This means M is a disjoint union of graphs
of functions of § over B(0,r). More rigorously, we mean that there exist m > 0
and, for j = 1,...,m, analytic functions o; : B(0,r) mapping into C, such that
Vo € B(0,r), 1 00;(6) =4, and M is the disjoint union of the images of the oj.
We may suppose o7 is the one whose image goes through (4, \) = (0, 1).

For uniqueness, let us consider a candidate function v: by hypothesis, we have
¥(0) = 0, '(0) = 1 and for every § € B(0,r), the point (4, 2) = (d,%(5)) belongs
to M. Since

¥(9)

— 1
5 -0

)

the map & — (6, 2) = (8,1(5)) lifts to a continuous function ¢ from B(0,r) to M
mapping 0 to (4, A) = (0,1). Since the union of leaves composing M is disjoint,
and zZ(O) = 01(0), we have by continuity 1; = ¢1. This proves uniqueness.

For existence, we just take ) = my on o o;. There remains to prove that ¥V €
B(0,7), ¢(e?mP/dz) = Pos)(¥(9)). For this, let g(8) = Pa((;)(¢(e_2”p/q6)). This
function satisfies conditions (1), (2) and (3) of the statement, thus by uniqueness
it is equal to 1. |

The function 1 depends on p/q and from now on, we will denote it by v,/,. Our
goal is to understand how the maps 1/, behave when p/q tends to some irrational
number o € R\ Q. In order to be able to say something, we must first understand
how the numbers R, and r,,, behave as ¢ — oo. This is the object of the following
two propositions.

Proposition 10. There exists a constant C such that for every rational number
p/q, we have

Rp/q 2 (73
Proof. The proof relies on Douady’s landing theorem and the Yoccoz inequality
(see [Hu] or [P1]).

Let us choose a rational number p/q, and assume that o € P, \ {p/q}. In
other words, assume a # p/q and P2? has a multiple fixed point zy. Then, P,
has a parabolic cycle (2o, 21, . .., 24,—1) of period ¢; dividing ¢, and the immediate
basin of this parabolic cycle contains the critical point wy = —e*7*/2 of P,. As a
consequence, the Julia set J(P,) is connected and all other periodic cycles of P,
are repelling.

It follows that the fixed point 0 is either parabolic or repelling.

In the first case, a = p’/q with p’ € Z not necessarily prime to ¢q. Then, the
distance between a and p/q is trivially bounded from below by 1/q.

In the second case, o belongs to the lower half-plane {Im(a) < 0}. At this point,
we need combinatorial arguments. We will refer mainly to [GM]. (The reader may
also look at [Hu], [DH1], and to further work of these authors and also Branner,
Kiwi, Mc Mullen, Sullivan, Thurston, and others.) Since the Julia set is connected,
Douady’s landing theorem asserts that there are finitely many (let’s say s) external
rays landing at the repelling point z = 0. Those s rays can be ordered cyclically
with respect to their arguments. They are permuted by P, and each ray is mapped
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to the one which is r further counter-clockwise for some r < s and prime to s
(see [GM], Lemma 2.2 and the remark that follows). Then, the Yoccoz inequality
implies that a belongs to the closed disk of radius (log2)/(2ms) tangent to the
real axis at r/s (see for example [Hu]). A key result depending on the fact we are
working with quadratic polynomials is that we necessarily have ¢ > s (see also [C],
subsection 6.2 pages 54-55). Indeed, the s rays together with their common end
point divide the complex plane into s connected components called sectors. Let us
call Sy the one that contains the critical point, and Si, ..., Ss_1 the others, in the
order given by the external argument of their bounding rays. According to [GM],
lemma 2.5, for ¢ # 0, f maps S; homeomorphically to S; where j = i + r mod s,
whereas Sy is mapped to all of C. Moreover, the critical point is mapped in S,
(because otherwise, the preimage of S, in Sy would be all of Sy, and thus P would
be an isomorphism from Sy to S,). It follows that P~!(S,) has only one connected
component U, contained in Sy. The critical point belongs to the immediate basin
of a point zg in the parabolic cycle. It follows that zg € U. Thus, the first ¢ iterates
fo¥(20) for k =0,...,q — 1 visit each sector, before f9(z,) falls back into Sy. This
implies it has period > s, thus ¢ > s.

Let us now assume by contradiction that ¢ = s. Then zy has period s and
multiplier 1. Moreover, f°% : U — Sy is weakly polynomial-like of degree 2 according
to definition 3.6 in [GM]. According to lemma 3.7 in [GM] (a version of the Lefschetz
Fixed Point Theorem), the sum of Lefschetz indices (which are positive integers) of
the fixed points of this map is equal to 2. However, the index of zg is at least 2, and
there is at least another fixed point which is z = 0. This leads to contradiction.

Thus ¢ > s. Pythagoras theorem then gives

2 2
e o) (5
q 27 s q s ]
Since s < ¢, an elementary computation gives
0 Pl> 2m
ql 2
q3log 2 +1+1
qlog2
As ¢ tends to oo, this last term is equivalent to 7/(¢®log2), which proves the
proposition. [ |

Definition 11. For each irrational number o, we define
e v, =0 if P, is not linearizable and
e 1, is the conformal radius of the Siegel disk of P, otherwise.

Proposition 11. Assume « is an irrational number such that P, has a Siegel disk
and pi/qi are the approzimants to «. Then,

hkn_l)iorolfrpk/qk 2 Ta-
Proof. The following lemma appears in Jellouli’s thesis [J1] (compare also with
[J2] Theorem 1).

Lemma 8. Assume o € R\ Q is chosen so that P, has a Siegel disk A, and let
Pr/qr — « be the approximants to « given by the continued fraction. Then, P;:}"qk
converges uniformly to the identity on every compact subset of A, .
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Proof. Let ¢, : B(0,7,) — A, be the isomorphism that fixes 0 with derivative 1
and let r < r,, be an arbitrary radius (in the end, we will let 7 tend to o). For each
o' € C, consider the map g, = ¢, !0 P, 0¢, which is defined on a neighborhood of
0 in B(0,r,). As & — «a, P, converges to P, uniformly on every compact subset
of A,. Tt follows that ga(2)/(e%™ z) converges uniformly to 1 on every compact
subset of B*(0,7,). By the maximum modulus principle, the convergence is in fact
uniform on B(0,7,). Let us choose ¢ > 0 sufficiently small so that
9o (2)

621'770/2, o

Vo' € B(a,g), go is defined on B(0,r) and

1’ <1
Under this condition, we may define a function u analytic on B(a, &) x B(0,r) by

o, 2) =tog (22250
(&) z

where log : B(1,1) — C is the branch of logarithm that sends 1 to 0. Note that the
function Z — u(ca/, e?"?) is Z-periodic.
Without loss of generality, we may assume that v is analytic on a neighborhood
of B(a,e) x B(0,r), and thus, bounded by some constant M on B(a,€) x B(0,r).
Let us now consider the upper half-plane

1.1
HT:{ZGC’Im(Z)>27rlogT}.

We then define a function G,/ : H, — H by
Ga/(Z) -7 + al +u(a1762i7rZ).
We have
G (62171'2) _ €2z7rGa/(Z).
Thus, we have lifted g : B(0,r) — B(0,7,) to a map G, : H,, — H. Since
P, — P, as &’ — «, we have u(a, z) = 0 for every z € B(0,r). It follows from the
maximum modulus principle that Vo' € B(a,¢), Vz € B(0,r),

u(c’,z) —ula,z)| _ M

/ —
u(a/,z) —u(a, z) < max
o’ €dB(a,e)

o —« o —a €
Thus, setting K = M/e, we get
Vo' € B(a,¢e), Vz € B(0,r), |u(d/,2)|] < Kla' —al.

We will now use a fundamental property of the approximants py/qx of a:

‘a— P < iz
gk (%58
If pr/qx € B(a,e), we therefore have
Pk Dk K
G Zy—Z ——|<K|——-a| < —.
’ Pk/%( ) ar ar ' qz

1 1 K
It follows by induction that if py/q; € B(a,e) and Im(Z) > Py log - + " then
T k

for any m =0, ..., qr, we have: G’I"):”/qk (Z) is defined and
K

<m-—.
a

om Pk
Z)— 24 —m—
’ Pk/Qk( ) T
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1 1 K
As a consequence, if pr/qx € B(a,¢) and Im(Z) > o log — + —, then
TOOr g

K
o4k
ka/‘Zk(Z) —Z=pK| = qik’

and when k is sufficiently large, g;Z’;qk is uniformly close to the identity on a disk
centered at 0 of radius arbitrarily close to r. The lemma follows since r can be

chosen arbitrarily close to 7. O

Again, let ¢, : B(0,7,) — Ay be the linearizing map which fixes 0 with deriva-
tive 1. For each k > 0, set

gk = (ba o Ppk/q;C o (b(;l.
Then, since ¢/ (0) = 1, an elementary computation gives

G =z 4 Alpr/qr)z" T4 + O(|2*T%).

The previous lemma implies that g;?* converges uniformly to the identity on every

compact subset of B(0,7,). For any radius r» < r,, we may find an integer N so
that g;%" is defined on B(0,7) for n > N. Since g, takes its values in B(0,7q),

we have
1 . (2) Ta
A = k dz| < .
Ao = 5| [ B < T
Therefore,
1 /rg\ Y aw 1
Alpfao)V < < ()T —
r\r n—oo r
Finally, since R/, > C/q*, we see that
[27qup/q]1/q — 1,
q—00
and so 1
lim inf =liminf ——+— >
%crgg.} Tpr/ak gggé |A(pk/(Jk)|l/qk >
The result follows by letting r — 7. [ |

We may now study the asymptotic behavior of the functions 1y, 4, as k — oo.

Proposition 12. Assume a € R is an irrational number such that P, has a Siegel
disk Ao, and py/qr are the approximants to . Then,
e lim 1y, /4 =7a and
k—o0
e the sequence of functions vy, q, : B(0,7}, /q,) — C converges uniformly on
every compact subset of B(0,r,) to the isomorphism ¢q : B(0,74) — Ag
which fizes 0 with derivative 1.

Proof. We have just seen that

likrggf Tpi/ar = Ta-

Therefore, given any radius r < r4, the function ¢, /,, is defined on the disk B(0, )
for k > k, large enough. If a € B(p/q, R),/4) and z is a periodic point of P, then,
as mentioned in Lemma 7, |z| < 1+ e?". Therefore, the functions v, /q, 1l take

their values in the disk B(0,1 + €27). It follows that the sequence of functions
(wpk/le : B(0,7) — B(0,1+ 62”))k2kr
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is normal. Let ¢ : B(0,7) — C be a limit value. We have
wpk/% (eziﬂpk/qk 6) = Ppk/Qk ° w[)k/‘]k (6)-

Passing to the limit as k& — oo, we see that for any § € B(0,r), we have

»(e*'™8) = Po 0 9(8).

Therefore, 1 coincides with the linearizing parametrization of P, that fixes 0 with
derivative 1. As a consequence, the whole sequence § — 1), /4, (0) converges on
compact subsets of B(0,7,) to the isomorphism ¢, : B(0,7r,) — A, which fixes 0
with derivative 1.
Now, let  be defined by
r = limsupry, /q,-

k—oco
Extracting a subsequence if necessary, we may assume that the sequence r,, /o,
converges to r. Then, the same argument as above shows that the extracted sub-
sequence 1, /4, converges on compact subsets of B(0,r) to a holomorphic map
¢ : B(0,7) — C which fixes 0 with derivative 1 and linearizes P,. In particular,
the linearizing parametrization ¢, : B(0,7,) — A, is holomorphic on the disk of
radius r and so,

r <7,

Corollary 4. Assume « is an irrational number such that P, has a Siegel disk and
Pr/qk are the approxzimants to «. Then,

lim Lq(pr/qr) = Ta-
k—o0

Proof. Since C/¢* < R,,, <1 and

Tp/qg = [27Tq2Rp/q}1/qLa(p/Q)v

we see that the quantities r,,, and Lq(p/q) are equivalent as ¢ — oo. ]

P/q

Corollary 5. Assume « is a Bruno number and let py/qx be the approzimants to «
defined by the continued fraction. Assume aln] is a sequence of real numbers such

that

1 n
Pa /a

n

— A< 1.

n—oo

afn] -
Then, the sequence of compact sets
On = wpn/Qn {6n62iﬂk/qn k= 17 cee 7Qn}

converges to ¢o(0B(0,Ary)) for the Hausdorff topology on compact subsets of C.
Moreover, the conformal radii ro[n) of the Siegel disks of the quadratic polynomials
Pun) satisfy:

limsup ro ) < Arg.

n—oo
Proof. For each n, let §,, be a complex number such that

Py AP/ )

0ln = aln).
qn 2mqn [ ]
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Asn — oo,

1/qn 1/qn

Pn 27 qn
qn A(pn/Qn)
Moreover, the sequence v, /4 converges to the linearizing parametrization ¢, :
B(0,r4) — A,. Therefore, the sequence of compact sets

On = wp"/q” {6n62iﬂ—k/qn k = 1, e 7Q'rl}

converges to ¢, (0B(0, Ary)) for the Hausdorff topology on compact subsets of C.
Let us assume that 7 is a limit value of a subsequence 74,(p,). Then, for any
r’ < r, if k is sufficiently large, ¢q(n,) is defined on the disk B(0,7). The maps
ba(ny) + B(0,7") — C are univalent, fix 0 and have derivative 1 at the origin.
Therefore, extracting a further subsequence if necessary, we may assume that the
sequence @q(n,) @ B(0,7") = Aq(n,) converges to a limit ¢ : B(0,7') — C. The
map @q(n,) take its values in the Siegel disk A,(,,), and so, it omits the periodic
cycle Oy, of Pyppy. As a consequence, the limit map ¢ must omit ¢, (9B(0, Ary)).
Therefore, the map ¢,! o ¢ sends B(0,r’) into B(0,\r,), it fixes 0 and has
derivative 1 at 0. Thus, by Schwarz’s lemma, r’ < Ar,,. Letting ’ — r shows that
any limit value of a subsequence 7y, is less or equal than Ar,, q.e.d. [

|0n] = |a[n] — : — Arg.

6. MAIN LEMMA

In this section, a € R is any Bruno number, and A any real number such that
A > 1. Let us recall the following definition: for n > 1,

T(O[7A, n) = [a07a17 . 'aanaAna 17 17 o ]

where A, = | A% | is the integer part of A%,
Let us emphasize two properties of the sequence a[n] =7 (a, A, N) :

() P(an]) — ®(a) +log 4,
pu |71
(6) an] — . — -

The first is proved in proposition 12, the second follows for instance from equation
(2) page 13:

‘a[n] Pl _1Ba] 1
n an  GpAn
Proposition 13. For each n > 0, set a[n] = T («, A,n). Then,
T

lminf 7y, > -2
o aln] = T

and the linearizing parametrizations ¢, converge uniformly to ¢, on every com-
pact subset of B(0,74/A).

This is just corollary 7, which applies according to (5).

Proposition 14. For each n > 0, set aln] = T (a, A,n). Then, Py, has a cycle
O,, with the following limit for the Hausdorff topology on compact sets:

lim O, = b, (63 (0, ’"ﬁ)) .

n—oo A
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The result follows from corollary 5 with A = 1/A, which applies according to (6).
Figure 4 shows the boundary of the Siegel disks for a = (v/5+1)/2 = [1,1,1,.. ],
and a[n], n = 5,...,8 with A, = |1.5%]. The reader should try and convince
himself that as n grows, this boundary oscillates more and more between dA, and

2
o <38B(0, ra)> which both appear in the last frame.

7. CONCLUSION.

As mentioned in the introduction, Zakeri and Petersen proved that there exists
quadratic Siegel disks whose boundaries are Jordan curve containing the critical
point but that are not quasicircles. They even have an arithmetical condition for
this to be true: when « = [ag, a1, az, ...] with a,, unbounded but loga,, = O(\/n)
as n — 0o.

The examples of quadratic Siegel disks constructed by Herman and which do not
contain the critical point in their boundaries are quasicircles. The authors do not
know if one can control the regularity of this boundary with Herman’s methods.

The techniques we developed in this article are very flexible. We think that we
can apply them in order to prove the existence of Siegel disks whose boundaries are
Jordan curves avoiding the critical point but are not quasicircles. More generally,
we ask the following.

Problem 1. Given an integer k > 0, does there exist a quadratic Siegel disk whose
boundary is C* but not C*+1?

We think our techniques yield a positive answer.

We can also ask about the Hausdorff dimension of the boundaries of Siegel disks.
It is known that when o = [ag, a1, as, . . .] with a,, bounded, the Hausdorff dimension
is greater then 1 (Graczyk-Jones [GJ]) and less than 2 (because it is a quasi-circle).
In the case of Siegel disks with smooth boundaries, the Hausdorff dimension is
obviously equal to 1. This naturally yields the following.

Problem 2. Does there exist a quadratic Siegel disk whose boundary is a Jordan
curve with Hausdorff dimension 27

Remark. We think we can produce a quadratic Siegel disk whose boundary does
not contain the critical point and has packing dimension 2 and Hausdorff dimen-
sion 1. The problem of producing a Siegel disk whose boundary has Hausdorff
dimension 2 seems more tricky.

Next, the quadratic Siegel disks we produce are accumulated by small cycles.
This is the way we control that the Siegel disk is not larger than expected. Pérez-
Marco has produced maps which are univalent in the unit disk, have Siegel disks
with smooth boundaries, but without small cycles.

Problem 3. Does there exist a quadratic polynomial having a Siegel disk whose
boundary is not accumulated by small cycles?

Finally, it is known that when « satisfies an arithmetical condition H, called the
Herman condition, the critical point is on the boundary of the Siegel disk. It would
be interesting to quantify the construction we give in this article.
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6Aa[5]

8Aa[6]

5Aa[7]

8Aa[8]

0A, and ¢, (§3B(O,ra)>

FIGURE 4. Some boundaries of Siegel disks for a sequence a[n].
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Problem 4. Give an arithmetical condition which ensures that the critical point
is not on the boundary of the Siegel disk. Or, give an arithmetical condition which
ensures that the boundary of the Siegel disk is smooth.
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