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The Brjuno function continuously
estimates the size of quadratic Siegel disks

By XAVIER BUFF and ARNAUD CHERITAT

Abstract

If « is an irrational number, Yoccoz defined the Brjuno function ¢ by

1
d(a) = Z Qo - Q1 log oo

n>0 n

where «q is the fractional part of a and ;41 is the fractional part of 1/a,.
The numbers « such that ®(a) < 400 are called the Brjuno numbers.

The quadratic polynomial P, : z — 2™z + 22 has an indifferent fixed
point at the origin. If P, is linearizable, we let r(«) be the conformal radius
of the Siegel disk and we set r(a) = 0 otherwise.

Yoccoz [Y] proved that ®(«) = +o0 if and only if (o) = 0 and that the
restriction of o — ®(a) + logr(a) to the set of Brjuno numbers is bounded
from below by a universal constant. In [BC2], we proved that it is also bounded
from above by a universal constant. In fact, Marmi, Moussa and Yoccoz [MMY]
conjecture that this function extends to R as a Hoélder function of exponent
1/2. In this article, we prove that there is a continuous extension to R.
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1. Introduction.

For any irrational number a € R\ Q, we denote by (pn/¢n)n>0 the approx-

imants to « given by its continued fraction expansion (by convention, pg = |«
is the integer part of  and gg = 1).

Remark. Every time we use the notation p/q for a rational number, we

mean that ¢ > 0 and p and ¢ are coprime.

We denote by |«] € Z the integer part of «, i.e., the largest integer

n < «, by {a} = a — |«a] the fractional part of «, and we define (a,)n>0
recursively by setting ag = {a} and apq1 = {1/, }. We then define 1 =1
and 3, = agaq - - - ay.

Definition 1 (Yoccoz’s Brjuno function). If ais an irrational number, we

define

+00 1
P(a) = Z Bn—1log o
n=0 n
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If v is a rational number we define ®(a) = +o00. Irrational numbers for which
®(a) < oo are called Brjuno numbers. Other irrational numbers are called
Cremer numbers.

Remark. In terms of a,, the definition reads

P(o) =log — + aplog — + apovg log — + - -
@o aq (0%

Remark. The set B of Brjuno numbers has full measure in R. It con-
tains the set of all Diophantine numbers, i.e., numbers for which logg,11 =

O(log gn).

We study the quadratic polynomials
P,z 2™y 4 52

for a € R. It is known that such P, is linearizable — and so, has a Siegel disk
— if and only if « is a Brjuno number.

Definition 2. If U ¢ C is a simply connected domain containing 0, we
denote by rad(U) the conformal radius of U at 0, i.e., rad(U) = |¢/(0)| where
¢ : (D,0) — (U,0) is any conformal representation.

Definition 3. For any Brjuno number a € B, we denote by r(a) the confor-
mal radius at 0 of the Siegel disk of the quadratic polynomial P,. If « € R\ B,
we define r(a) = 0.

Remark. The functions o — ®(«) and « — logr(«), defined on B, are
highly discontinuous: for instance they respectively tend to +co and —oo at
every rational number.

It is known that there exists a constant Cy such that for any Brjuno
number « € B and any univalent map f : D — C which fixes 0 with derivative
e?™ f has a Siegel disk Ay which contains B(0,7) with ®(a) 4 logr > —Cp.
In particular, for all o € B, we have
(1) ®(a) +logr(a) > —Cp —log 2.

Indeed, P, is injective on B(0,1/2).

Remark. The existence of Ay is due to Brjuno [Brj]. The lower bound
(1) is due to Yoccoz [Y].

In [BC2], we proved that there exists a universal constant C; such that
for all @ € B, we have

(2) ®(a) +logr(a) < Ch.
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Inequalities (1) and (2) imply that ®(«) 4 logr(«) is uniformly bounded
on B:

(3) (3C € R), (Va € B), |®(a)+logr(a)| < C.

Figure 1: The graph of the function o — ®(a) + logr(«) with « € [0, 1]. The
range is [0, log(2m)].

In this article we prove the following result which was conjectured by
Marmi [Ma).

THEOREM 1 (Main Theorem). The function o — @®(a) + logr(a) ex-
tends to R as a continuous function.

In fact, Marmi, Moussa and Yoccoz made the following stronger conjecture
(IMMY] and [Cal).

CONJECTURE 1. The function a — ®(«a)+log r(a) —which is well-defined
on B— is Holder of exponent 1/2.

Remark. Since B is dense in R, being 1/2-Holder on B and having a
1/2-Holder extension to R are equivalent, and the extension is unique.

Remark. 1In [Y], Yoccoz uses a modified version of continued fractions.
He defines a sequence &, defined by ag = d(a,Z) and a1 = d(1/ap, Z). The
corresponding function ® defined by

~ ~ ~ 1
O(a) = Zao ce Q1 log&—

n>0 n

has the additional property that ®(1 — o) = ®(cv). Figure 2 shows the graph
of the function @ — ®(a) + logr (). Theorem 4.6 in [MMY] asserts that the
restriction of ® — ® to B extends to R as a 1 /2-Hélder continuous periodic
function with period one. It has two consequences: first, the Marmi-Moussa-
Yoccoz conjecture is equivalent with ® replaced by P. Second, with Theorem 1
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Figure 2: The graph of the function o — ®(a) + log 7(a) with a € [0,1]. The
range is [0, log(2m)].

it implies that the function a — ®(a) + logr(a) extends to R as a continuous
function.

2. Statement of results

The function ®(a) + logr(«) is defined on the set of Brjuno numbers 5.
In this section, we will define an extension T : R — R and in the rest of the
article, we will show that for all o € R,
lim  ®(a’) +logr(a) = T(a).
o' —a, a’€B

It is an easy exercise to prove that Y is then continuous.
Remark. For a € Q, we will give an explicit formula for Y(a).

Definition 4. For o € B, we set
T(o) = ¢(a) + logr(a).

2.1. The value of T at rational numbers. A rational number o = p/q € Q
has two finite continued fraction expansions, corresponding to two sequences
of approximants p,/q,, two sequences «,, and two sequences (3,. One of
the sequences «, is provided by the usual algorithm: oy = {a} and ay41 =
{1/a,}, which eventually gives «,, = 0 for some m € N, after which the
sequence is not defined any more. The other has the same «y for k < m, its
am = 1, and has one more term, a1 = 0.1

In both cases, the sequence ( is defined by 8_1 =1 and G, = ag - - .
Let ng = m or m+1 be the last index of the sequence «, of p/q that we chose.

!A number o' tending to p/q has its a} that tends to the ay of p/q for all k < m.
According to whether o’ tends to p/q from the left or the right, o, tends to one of the
two values defined above, that is 0 or 1, the correspondence depending on the parity of m.
Moreover, if it is 1, then o), tends to 0. This motivates the two definitions we made.
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We have a;,, = 0. We can form the finite sum

no—l

(I)trunc p/q Z /Bn 1 IOg —_

(with the convention that a sum Y . —; 1., is equal to 0). It turns out to
be independent of the choice between the two values of ng, as can easily be
checked.

(I)trunc(o/l) = 0
Dirunc(1/2) = log2
Ezamples.
Dirunc(1/3) = log3
Dirunc(2/3) = log % + % log 2

The following two definitions and their relations with the conformal radii
of Siegel disks appear in [Ch].

Definition 5. Assume f : (C,0) — (C,0) is a germ having a multiple fixed
point at the origin whose Taylor expansion is

f(z) =2+ AR 4 O(zk+2), with A e C*.

The asymptotic size of f at 0 is defined by

1 [V

La£0) = | 5

The map P,/, fixes 0 with derivative e2imp/4_ Therefore, its g-th iterate is
tangent to the identity, and we make the following definition.

Definition 6. Assume p/q € Q is a rational number. Then, we define
La(p/q) = La(P,},,0).
For P, /4, it turns out that k = ¢ (see [DH, Ch. IX]).

Definition 7. For all rational number p/q, we define

log 2
T <}—7> — Bprune <2) +log Ly, <]—?) 4 28T
q q q q
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Ezamples (approximate values rounded to the nearest decimal).

L.(0/1) = ! T(0/1) = log 2 — 1.8379...
La(1/2) = Y(1/2) = °g27r = 0.9189...
1 1 1 log 2
LOf3) =~ X0/3) = 053— °§7+ Oiﬁ — 0.8376...
1 log3 log7 logm
La(2/3) = —— T(2/3) = - = 0.6066... .

@) = Ty = B2 LET, L

2.2. The value of T at Cremer numbers.

Definition 8. For all irrational number a and all integer n > 0, we define
= 1
Py () = kzoﬂk—l log a_k

We recall that a domain U C C is hyperbolic if and only if its univer-
sal cover is isomorphic to D as a Riemann surface. We also recall that it is
equivalent to C \ U containing at least two points.

Definition 9. If U C C is a hyperbolic connected domain containing 0, we
denote by rad(U) the conformal radius of U at 0, i.e., rad(U) = |#’(0)| where
7 :(D,0) — (U,0) is any universal covering.

Remark. This definition of conformal radius coincides with the one given
in the introduction in the case of simply connected domains.

Definition 10. For all « € R\ Q and all integer n > 0, we define
Xn(a) ={z € C* | z is a periodic point of P, of period < ¢,}
where p,, /¢, are the approximants to «,
rn(a) =rad(C\ X, («)) and dy(a) = d(0, X,(a)).

Remark. If n > 2, then ¢, > 2, X,,(«) contains at least two points and
rn(a) €]0,400[. Moreover, for n > 2, the function a — logr,(a) is well-
defined and continuous in a neighborhood of every point o € R\ Q.

For all irrational number «, the sequence (7,(c))p>0 is decreasing and
converges to r(a) as n — oo. Indeed, if 0 is not linearizable, it is accumulated
by periodic points of P,.2 If 0 is linearizable, the Siegel disk A, is contained
in C\ X,,(«) for all n > 0 and the boundary of A, is accumulated by periodic

2In fact, Yoccoz proved that 0 is accumulated by whole cycles.
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points of P,.? Since P, is tangent the rotation of angle o and « is irrational,
if 0 is not linearizable, then

If v is a Brjuno number, then
lim @, («a) + logr,(a) = T(«a).
n—oo

In Section 3, we will prove the following theorem.

THEOREM 2. For all Cremer numbers «, the sequence
®,(a) +logr,(a)

has a finite limit when n — —+o00.

Definition 11. For all Cremer numbers «a, we define

T(a) - ngrf_loo (I)n(a) + log T‘n(&)

Remark. This definition is equivalent to

T(a) = lim_@,(0) + logdn(a)

2.3. Strategy of the proof. Our goal is to prove that for all a € R, the
value of T («) defined previously (see Definitions 4, 7 and 11) is the limit of
®(a’) 4+ logr(a’) as o € B tends to . The strategy consists in bounding
P(a’) +logr(a’) from above and from below as o € B tends to a.

The upper bound follows from techniques of parabolic explosion developed
in [Ch] and [BC2]. We present them in Section 3, and in Section 4 we show
that for all a € R,

(4) limsup ®(a’) +logr(a’) < T(a).
a'—a, a'€B

The lower bound essentially follows from techniques of renormalization
introduced by Yoccoz in [Y]. He uses estimates which are valid for all maps
which are univalent in D and fix 0 with derivative of modulus 1. In our case,
we will need to improve those estimates for maps which are close to rotations
and maps which have at most one fixed point in D* (see §5). In Sections 6 and
7 we show that for all a € R,

(5) liminf ®(a’) 4+ logr(a’) > T(a).
a'—a, a'€B

Let us mention that inequality (4) without inequality (5) (respectively
inequality (5) without inequality (4)) is not sufficient to conclude that Y is
upper semi-continuous (respectively lower semi-continuous) since we only con-
sider approximating « by sequences of Brjuno numbers.

3It is not known whether OA,, is always accumulated by whole cycles.
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3. Parabolic explosion

In this section, we first present the techniques of parabolic explosion. We
then apply those techniques in order to prove Theorem 2.

3.1. Outline. Here, we informally describe what will be done in Section 3.
Let a be irrational. Recall that r,_1(«) is the conformal radius at 0 of the
complement of X,,_1(«), the set of non zero periodic points of period < ¢,—1.
When we increment n — 1 to n, X,_1(«) contains more periodic points, hence
rn—1(a) decreases. Among the points removed from C\ X,,_;(a), we single
out a particular cycle C. We will prove that this cycle induces a decrease in
conformal radius, of at least 3,,_1 log O%, up to a tame error term.

What is this cycle C? The approximant p, /g, is close to a. Therefore P,
is a perturbation of P, ,, . The latter has a parabolic fixed point at 0. The
perturbations of B, ,, have a cycle C of period g, close to 0.

Why a decrease of 3,1 log é? The points in the cycle turn out to de-
pend analytically on the g,-th root of the perturbation. It follows from a ver-
sion of Schwarz’s lemma that the cycle cannot go significantly farther than
| — pp/qn|"?® times the conformal radius of the region where the explo-
sion takes place. We will see that the cycle cannot collide with the points
of X,,_1(c). In terms of logarithms of conformal radii, this implies that there
must be a decrease of ;—1 log|a — pn/qn|- The theory of continued fractions
approximates this value by (,_1 log i

Unfortunately there are several technical difficulties. They will induce
error terms of order i log g,,. Among them:

e One needs p, /¢, to be a good enough approximant to a. When it is not,
the claimed decrease may not be true, but it is then small enough to be
swallowed by the error term.

e The set X,,_1(a) depends on « and thus, during the explosion, the cycle
avoids a set which moves with . We have to show that this motion
is small (by proving that there is a holomorphic motion defined on a
domain in the parameter space much bigger than the domain on which
the explosion is defined). And we have to prove that this small motion
induces a small error term.

Other technical difficulties are addressed in this section.

3.2. Definitions. Assume p/q € Q is a rational number. The origin is a
parabolic fixed point for the quadratic polynomial P, /.. It is known (see [DH,
Ch. IX]) that there exists a complex number A € C* such that

P;/qq(z) = 24 A7+ O(2972).
Thus, P;/qq has a fixed point of multiplicity ¢ + 1 at the origin. By Rouché’s
theorem, when « is close to p/q, the polynomial Py? has q + 1 fixed points
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close to 0. One coincides with 0. The others form a cycle of period ¢ for P,.
More precisely, we have the following proposition (see [Ch] or [BC2, Prop. 1]
for a proof).

PROPOSITION 1. Let p/q be a rational number, and ( = e2m/4_ There
exists an analytic function x : B(0,1/¢%9) — C such that x(0) = 0 and for
any & € B(0,1/¢% )\ {0}, x(6) # 0 and the set

(X()X(€9), X(¢%); . x(¢T19) )

forms a cycle of period q of P,/qy5:. We will note x = X4, since it depends
on p/q.

In other words, the points of the cycles depend analytically, not on the
perturbation oo —p/q but on its g-th root 6. Moreover, these ¢ points are given
by a single analytic function x, applied to the ¢ values of the ¢-th root. The
proposition also gives a lower bound on the size of the disk on which this holds.

Remark.  Observe that 6 € B(0,1/¢%9) if and only if & = p/q + 69 €
B(p/a,1/q%).

In the following definition, note that « is a complex number.

Definition 12. For all p/q € Q and all o € B(p/q,1/¢>), we define

Cp/q(a) = Xp/q { \/q o — p/Q} ,
where /z denotes the set of complex g-th roots of z.

The set Cp,4 () is a cycle of period g for Py, except when a = p/q, in which
case it is reduced to {0}. In particular, if « is irrational, p/q = pn/qn is an
approximant to o and |o — p,/qn| < 1/3, then C, /, (a) C Xp(a). Note that

when |ag — p/q| < 1/2¢°, the cycle Cp,(a) is defined for all o € B(ao, 1/2¢°),
and not reduced to {0}.

3.3. A preliminary lemma: Getting some room for holomorphic motions.
Recall the following classical fact: a periodic point of P, can be locally followed
holomorphically in terms of « as long as its multiplier is different from 1 (as
can be proved using the Implicit Function Theorem). The following lemma
gives us room to do that.

LEMMA 1. Assume ag € R\ Q and let p,/qn be an approximant to g
with g, > 2. Assume o € C, o # pn/qn, ¢ < g and P! has a multiple fized

point. Then,
1
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Proof. Either a = p/q for some integer p. Within the disk B(ao,1/2¢3),
the only possibility is p/q = pn/qn. Or a belongs to a Yoccoz disk of radius
log2/(2mq") < 1/8¢' tangent to the real axis at p//¢’ for some rational number
p'/q with ¢ < q < ¢, (see [Ch, Part I, §6.2], or [BC1, Lemma 1], or [BC2,
Lemma 1]). By a well-known property of approximants, we have

ld' a0 = p'| > |gn-100 = pp1| > _ L -1
- T qntGn-1 " 2Gn

Moreover, by Pythagoras’ theorem,
1
a—aalz 5 (Vi -+ (197 - 178)
1 2
> — 1/(2¢,)" +1/82 -1 8)
= (Vireay v s -1

_ 1/(2qn)?
an(V/1/ ) +1/82 +1/8)
1 1 1

> > .
2q; 2( 1/42+1/82 +1/8) 2¢,

COROLLARY 1. Assume ag € R\ Q and let p,/qn be an approximant to
ag with g, > 2. The set

X(a) ={z € C" | z is a periodic point of P, of period < gy}

moves holomorphically with respect to o € B(av, 1/2q$’L+1).

Proof. If the set X («) fails to move holomorphically at a point « € C, then,
for some integer ¢ < ¢, P! has a multiple fixed point. Either o = p,, /¢y, and
(according to a property of approximants) |« — ag| > 1/(2¢nqn+1) > 1/2q;°;+1.
Or a # pn/gn, and by the previous lemma | — ap| > 1/2¢3 > 1/2¢3 ;. O

3.4. The loss of conformal radius when one removes the exploding cycle.
In the next lemma we investigate the loss of conformal radius of a domain
when we remove the cycle C,/,(ap) from it. It mainly concerns the case when
p/q is a good enough approximant of o but for convenience with respect to
the next chapters, we made a statement valid for all p/q.

LEMMA 2. There exists C € R such that for all ag € R\Q and allp/q € Q
with ¢ > 2, the following holds. Assume V(a) 3 0 is an open set that moves
holomorphically with respect to o € B(ag, 1/2¢3).

o If lag —p/q| > 1/2¢3, set V(o) = V().

o If lag —p/q| < 1/2¢°, assume Cp/q(e) C V(a) for all a € B(ag,1/2¢°)
and set V'(ag) = V(ap) \Cp/q(ao).
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Then,

rad(Vi(ao)) _ loglao —p/g| | logq
rad(V (o)) q q
Remark. The first case will turn out to be trivial. For the second case,

before giving the proof, let us informally explain what happens. The explosion
of the multiple fixed point coming from o = p/q is analytic with respect to the

log

g-th roots 0 of a«—p/q, and is defined on a disk of radius almost 1 (up to a tame
error term). When o = aq, the ¢ parameters § have modulus |ag — p/q|/9.
Now the explosion takes place in V' («). When ¢ is big, there are many values
of &, tightly packed on the circle of radius |og — p/q|'/9. If V(a) did not
depend on «, if it were simply connected, if the parameters ¢ covered all the
circle, and if the explosion were defined for all § € D, Schwarz’s lemma would
imply that removing the cycle from V(«g) decreases its conformal conformal
radius of at least a factor |ag — p/q|'/9, which in terms of logarithms means
log(rad(V'(a)) < log(rad(V'(aw)) + % log |ovg —p/q| (the last term is negative).
None of these 4 assumptions are true, but in each case, we can prove that the
error we make is of order %logq (this is done in [BC2], and we copied here in
the appendix the statements of the relevant theorems).

Proof of Lemma 2. Let us first assume that |ag — p/q| > 1/2¢* > 1/¢°
(this comprises the case V'(ag) = V(ayp)). Then,

log |ag — p/q| +5logq > 0

and the lemma follows trivially with C' = 5 since

rad(V'(ayp))
rad(Viag) =

So, let us assume that g — p/q| < 1/2¢*. Then,

log

def

B = B(p/q,1/2q") € B(aw, 1/¢*) € B(ag,1/2¢%).
We set
U={0€C|p/g+dé"e€B} and S={6€U|p/qg+0?=ap}.

Note that x,/4(S) = Cp/q(0)-

The radius of the disk U is 1/(2¢*)"/9 and the set S consists in ¢ points
equidistributed on a circle of radius |ag — p/q|'/9. So, according to Proposi-
tion 11 (see the appendix), we have

dU\ S —p/ql/1  C
log ™ CATS log lao — p/4q L C
rad(U) e g
for some universal constant C.
According to Proposition 12 (see the appendix), there exists for a €

B(ag,1/2¢%) an analytic family of universal coverings 7, : V(a) — V(a),
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where V(a) are open subsets of B(0,4), and V(ag) = D. The set V(a) moves
holomorphically with a € B(ap, 1/2¢®) and when § € U, a(d) = p/q + 6 be-
longs to B C B(ag,1/¢*). For o € B, the sets V(a) are all contained in some
ball B(0, p) with

log o — 2logd  logl6
BT g T 1t g2
1+ 12
1/q

The map X,/ “lifts” to a map ¢ : U — B(0, p) such that ¢(d) € V(a(5)).
It follows from the definitions that,

rad(V'(« rad(V(ag) \ Cp/q(ax
log ractli((“//((a(?)))) =log ( r;d(zi/\(agg(;( 2
™ (Vo) \ 7 (ya(S)))
rad(V(ap))
Now V(ag) =D and ¢(S) C 5! (xp/q(S)), thus
rad(V'(ayp))

8 ad(V(ag)) = 108 rad(D 6(5)) < lograd(B(0, p) \ $(5))-

The range of the function ¢ needs not to be a subset of I, but we know from

Proposition 10 (see the appendix), that
rad(U \ 5)
1 d(B(0 S)) <log ————~
ograd(B(0, p) \ ¢(5)) <log rad (D)
< log |ag — p/q| +4logq N log 2 N c n log 16
q q q qg 1+4¢q/2
< log |ag — p/q| L oo
q q
for some universal constant C”. O

+logp

3.5. A short remark: Denominators of convergents and Fibonacci num-
bers. Let F, be the smallest possible value of ¢, over all irrationals «, where
Pn/Gn is the n-th approximant to a. Then F,, is the Fibonacci sequence defined
by

F1=0,Fo=1, Fpp1=F,+ Fp1.

The first terms are
F1=0 =1 =1 FK=2 F3=3, Fy=5, ....

The function x +— log(z)/x is decreasing on [e, +oo[, thus

log gn < log F,
7 '
For n =1 and 2, the biggest possible value of log(q,)/qn is log(3)/3.

for all n > 3,
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3.6. The key inequality for the upper bound. The next proposition tells us
that for all irrational «, the sequence ®,,(a)+logr, () is essentially decreasing,
in the sense that it cannot increase too fast.

PROPOSITION 2. There exists a constant C' € R such that for all a € R\Q
and all n > 1 such that g, > 2 (with p,/qn, the approximants to «), we have

log gn
(®n41(0) +10grnsa () = (Bula) +logra(a)) < C%.

Proof. Let us fix ap € R\ Q and choose n so that ¢, > 2. We want to
apply Lemma 2 with p/q = pnt1/gn+1 and

V(a) =C\ {z € C* | z is a periodic point of P, of period < g,}.

By definition, 0 € V(«) and by Corollary 1, the set V() moves holomorphi-
cally with respect to a € B(ap,1/2¢>, ). Also, V(c) contains the periodic
cycles of P, of period gnq1 and so, if |ag — p/q| < 1/2¢%, then Cp /() C V(a)
for all @ € B(ap,1/2¢%). As in Lemma 2, if |ag — p/q| > 1/2¢3, we set
V'(ap) = V(ap) and otherwise, we set V'(ag) = V(o) \ Cp/q(c0). Then,

ro(ap) = rad(V(ag)) and  741(ap) < rad(V'(ap)).

So, Lemma 2 implies that

I - 1
log 11 () — log () < og oo — pn+1/qn+1| L ologann
In+1 An+1
lo lo
_ log fnt1 +(C— 1)M'
In+1 In+1

Since Bn11 < apyr and 1/gyq1 > B

lo
log n+1(ap) — logrn () < —fy log 1 (0 - 1) B0t
Anp+1 dn+1
lo
=—®,11(ag) + Pp(ap) + (C — 1)M
dn+1
for some universal constant C'. O

The bound we gave depends on «, but for each n, the supremum over all
a € R\ Q is exponentially decreasing with respect to n (according to §3.5).

3.7. Application to the proof of Theorem 2: T at Cremer numbers. Yoc-
coz’s work [Y] implies that there exists a constant C{y such that for all « € R\Q
and all n > 0,

P, () + log () > Cy,

(compare with inequality (1)). Now assume « is a Cremer number, and define
up = Pp(a) + logry(a). Then u, is bounded from below.
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The sequence u,, is not decreasing, but it is “essentially decreasing”, in
the sense that Proposition 2 gives us

lo
dn+1

and (log gn+1)/gn+1 decreases exponentially fast. Therefore the sequence
~ _log g
Up = Up — Z c———=
s dk
is decreasing and bounded from below, thus convergent. It follows that wu,

converges.

4. Proof of inequality (4) (the upper bound)
4.1. Irrational numbers. We will now show that for all « € R\ Q,

limsup ®(a’) +logr(a’) < T(a).
a'—a, a'EB
Let us fix ¢ > 0. We must show that for o/ € B sufficiently close to «,
®(a’) +logr(a) < T(a)+e. Remember that as n — oo, @, () +logr, () —
T (). So, let us choose ng large enough so that

By, (@) + log Ty (@) < T(a) + /3.

Increasing ng if necessary, we may also assume that ng > 2 and

log F,

F,
n>ne n+1

where C'is the constant in Proposition 2. In a neighborhood of «, the functions
®,,, and logr,, are continuous. So, if o is sufficiently close to a,

q)no (O/) + 1Og Tno (a/) S (I)no (Oé) + 1Og Tno (a) + 5/3

and summing the inequality of Proposition 2 from n = ng to n = +oco yields
®(a’) +logr(a) < T(a) +e. O

4.2. Rational numbers: Outline. We will show that

limsup ®(a’) +logr(a’) < T(p/q).
a'—p/q, &’€EB
Suppose o — p/q from one side (either left or right). Then for
close enough to p/q the continued fraction expansion of o starts with
[20, ... ,an,,...]. Here [ag,...,a,,] is one of the two finite continued frac-
tion expansions of the rational number p/q (see §2.1). The other expan-
sion is produced by o' converging to p/q from the other side. The cycle

Cp. /g, (@) tends to 0, and according to Section 3, its distance to 0 is roughly
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d = La(p/q)|2m¢*(a’ —p/q)|"/9. This cycle is approximately on a regular poly-
gon centered at 0. Therefore, the logarithm of 7, (a’), the conformal radius
of C\ X,,(c), is essentially bounded from above by logd = log L,(p/q) +
%log(qzs) + %, where ¢ = |’ — p/q|. Now, in the sum defining the
Brjuno function, the partial sum of the terms from rank 0 up to ng—1 (that we
denoted ®,,,_1(a’)) tends to Pirunc(p/q). The term of rank ng has expansion
—% log(q?¢) 4 o(1) as ¢ — 0. Thus,

log 2
By () +108 1y () < Birunc(p/q) + % +1log La(p/q) + o(1).

Then, we add the inequalities of Proposition 2, for n from ng to 400 and obtain

(B(o') +10g(0")) ~ (5, (") + logry, (o)) < "800t
Any+1
where C” is a universal constant. Now, remark that ¢,,+1 — 400 when
o/ — p/q. This yields the announced upper bound Y(p/q).

In the simplified explanation above, we cheated when we claimed that the
logarithm of the conformal radius of C\ X, (a/) is less than logd + o(1). In
reality, for each g, it is less than logd + Cy + o(1), with Cy > 0. So, we add
to Xp,(a') the external rays landing at the cycle Cp, /o (o). We then prove
that the logarithm of the conformal radius of the complement of the rays is
less than logd + o(1).

Remark. We do not use the theory of parabolic enrichment (geometric
limits, Lavaurs maps, Ecalle maps, horn maps and Fatou coordinates).

4.3. Rational numbers. In the whole section, we will use the notation

e=d —p/q.

For o € C and 0 € R, we will also denote by R, (6) the external ray of
argument 0 of P,,. The external rays for the Mandelbrot set will be denoted
by Ry (6).

The polynomial P, is conjugate to the quadratic polynomial z — 22 + ¢
with ¢ = e2m@ /9 — %™ /4 When Im(a) — —oo and Re(a) — 6, then
le| — +00 and argc — 260 + % mod 1. Given 6 € R, we will denote by R(6)
the connected component of the preimage of RM(2§ +1/2) by a — ¢, whose
real part tends to 0.

When « is real, the parameter c¢ is on the boundary of the main cardioid
of the Mandelbrot set. If « = p/q ¢ Z, then ¢ # 1/4 and there are two
external rays of M landing at c. We denote by 8~ < 6% their arguments in
]0,1[. The arguments 6 and 6~ are periodic of period ¢ under multiplication
by 2 modulo 1. They belong to the same orbit ©. In the dynamical plane of
P, /q, the rays R, /,(0), 0 € ©, form a periodic cycle of rays which land at 0.
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If p/q € Z, the dynamical ray of argument 0 is fixed and lands at 0. We set
0~ =0T =0 and © = {0}.

Let us recall the following rule: the ray R, (f) moves holomorphically
with o/ as long as ¢ does not belong to the closure of the union of the Rj;(2%6)
for k € N*.

Definition 13. When o’ € R is close to p/q, the rays R, (), 6 € ©, form
a cycle of rays which land on the cycle Cp/4(a’). We denote by Y (') the union
of Cpq(@’) and this cycle of rays.

Figure 3 shows the rays of argument 1/7, 2/7 and 4/7 and the boundary of
the Siegel disk for the polynomial Py /3),. for € = v/2/1000 and & = +/2/10000.

i

i

S B

~—

Figure 3: The rays of argument 1/7, 2/7 and 4/7 and the boundary of the
Siegel disk for the polynomial Pj/3);.: left for ¢ = v/2/1000 and right for
e = /2/10000.

If € is irrational and is close enough to 0, then p/q is an approximant

P, /n, to o, and its index ng is the same number as in Section 2.1 and
depends on the sign of e. As o/ — p/q, lograd(C \ Y(¢/)) — —oo and
., _1log(1/a;, ) — —oo. We postpone the proof of the following lemma to

Section 4.4.

LEMMA 3. We have

1 log 2
limsup lograd(C\ Y ()) + ﬂ;o_l log —— < log L, <Z_)) + o8 T
o’ —p/q, ' €ER\Q Qg q q

When o is close to p/q but not necessarily real, the dynamical rays of
argument 6 € © may bifurcate. In a neighborhood of p/q, this precisely occurs
when ¢ = €27 /2 — 4™’ /4 helongs to Ry (07) or Ry (67).
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LEMMA 4. There exists a constant ¢ €0, 1|, which depends on p/q, such
that the following holds. Assume o’ € R\ Q and p/q is an approzimant to .
Let ng be its index. Let p), \1/q),, 11 be o'’s next approximant. Then, for
all o € B(d,c/(q),+1)%), the dynamical rays of argument 6 € © do not
bifurcate. In particular, Y (') moves holomorphically with respect to o €

B(d/, e/(an,11)%)-

Proof. There is exactly one pair 6~ < 6%, with with 20+ + 1/2 = 6+
(mod 1) and 20~ + 1/2 = §~ (mod 1) such that R(6") and R(6~) land on
p/q. The rays R(6+) and R(6) are separated from the upper half plane (that
corresponds to the cardioid by « +— ¢), by a smooth curve having a contact
of order 2 with the real line, at p/q. Also, the other external rays Ry (") for
¢’ € ©\{6",0"} do not land on the cardioid. Therefore, there exists a constant
¢’ > 0 such that the dynamical rays of argument # € © do not bifurcate when
o' € B(d/, |/ —p/q|?). The result follows since

o =L

2>< ! )2— ! 0
N 2%0%0“ 4‘12(%0“)2.

Let us choose ¢ as in Lemma 4 and o/ € B sufficiently close to p/q so
that ), ,; > 1/2c (we denote by p;, /q;, the approximants to a’). Then, the set
Y (") moves holomorphically with respect to o € B(o/,1/2(q),,;1)?). Let us
also assume that ¢, | > 2

LEMMA 5. Under the assumptions above, we have

log ¢,

/ )

®(a) +logr(a’) < ®p, (o) +lograd(C\ Y (o)) + (C = 1) Y _ ;

n>ng+1

where C' is the constant provided by Lemma 2.

Proof. For o € B(a/,1/2(q},, +1)%), let us define V,,, (o) = C\ Y (') and
by induction, for n > ng + 1 and o € B(c/,1/2(q),11)?), let us define

o Va(a) = Voea (&) \ Cpy g, (&) if |/ =l /a5, | < 1/2(qp)* and
o V(o) =Vu_1(a) otherwise.

Then, the hypotheses of Lemma 2 are satisfied and (as in Proposition 2), we
have

< log |o/ *,pim/qh\ N Clogqiz

an an
<&, () + Pp_1(d) +(C - 1)

log rad(V;,(a')) — lograd(V,,—1(a))

log q;,
/ )

n



THE BRJUNO FUNCTION AND THE SIZE OF SIEGEL DISKS 19

where C is the constant provided by Lemma 2. The Siegel disk A, is contained
in the intersection of the sets V;,(a/), and so,

log r(c) — lograd(Vy, (o)) < —®(a) + ®p, () + (C — 1) Z log q;L‘

!
n>no+1

an
O

As o' tends to p/q, each g, ,, (for k > 1) tends to oo, thus the ng + k-th
summand tends to 0. Since the sum is dominated by a summable sequence

(log(F)/F,), this yields
log g,
) In 0.

n>ng+1 In

Moreover, ®,,,_1(a’) converges to ®iunc(p/q) and by Lemma 3,

limsup ~ ®,,(a’) +lograd(C\ Y () < YT(p/q).
o’'—p/q, o’ €ER\Q

This completes the proof of inequality (4).

4.4. Proof of Lemma 3: Removing external rays for a close to p/q. We
recall that o/ = p/q + € is real, and that ng depends on the sign of .

LEMMA 6. For e € R* small enough, let z. be a periodic point of Py in
the cycle Cpq(a’). Then,

1 log 2
log ] + 1 log — = log L, (g) + B2 Ol

No
Proof. By definition of the asymptotic size, we have
1/q

1 [e]
La(p/q) = ‘q—A with P (2) = 2 + A2TH + O(212),

Moreover, Pp/qq +€(O) 0 and (P, : /q+€)’(()) o2 G

P;/qurE(Z) = 2y 4 A1 4 O(e2?).

We know that 2. — 0 and that P°7 a+e (2¢) = 2. Therefore, we have
1 — e?imas —2imqe
= (1+0(z)) = —

Thus, z. = O(e!/9) and

(14 0(ze) + O(¢e)).

2
7216 + O(eV9),

log |z:| = 10g

Observe that

1
— log
q

2mqe

log 2 1
= log L, <£> + 227y ~log ¢*[e].
q q q
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Now, if o' is sufficiently close to p/q, then the no-th approximant pj, /g, to
o is p/q, and therefore when ¢’s sign is fixed, ng is fixed, and the numbers ¢,
and ¢, _; are constants. We have

ﬁéo—l = ’q;zo—la/ - Plno—1| =

p
qgo—1(qn0 +5> — Pyt

o

1
- + Q;zoflg
No

1
T + O(e), and

Nno

By =, lel,  thus

= (ah,)*|el (1 + O(e)).

/
r no
ano —

'r‘Lo—l

Thus, we have

1 1
B, 1 loglas, | = (5 + @(6)) log (¢*[e](1+ O(e))) = 4 Lo ¢l + O(elog |e)).
0

Let us now study the dynamical behaviour of P,/ . at the scale of z..
For this purpose, we rescale the dynamical plane. More precisely, we introduce
the conjugate polynomial

1
Q- :w— Z—Pp/quE(zaw).
€

This polynomial is conjugate to F,/q4.. It fixes 0 with derivative e2im(p/ate)
and has a cycle of period ¢ containing 1.

As e — 0, Q. converges uniformly on every compact subset of C to the
rotation w — e%™/4yw. Hence, Q9 converges uniformly on every compact
subset of C to the identity. However, the limit of the dynamics of Q. is richer
than the dynamics of the identity. In some sense, it contains the real flow of
the vector field 2imqw(1 — wq)%.

LEMMA 7. We have
c(w) =w+ 2imqgew(l — w?) + R (w),
with Re — 0 uniformly on every compact subset of C as ¢ — 0.

Proof. Since

P;/‘]q+€(z) = 2y 4 AT 4 O(e2?),

we have

1 i
Z—EPp/(Jq+8(zgw) = 2™y + Azlwt + O(ez.w?)

=w + 2imge(w — wi) + O 9w?) + O(2w). O
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Figure 4 shows some trajectories of the real flow of the vector field
2irqu (1 — wq)% for ¢ = 3. The origin is a center and its basin €2 is col-
ored light grey.

Figure 4: Some trajectories of the real flow of the vector field 2imrqw(1 — wq)%
for ¢ = 3.

Let us now define
1
Yo=Y (1—7 + s) .
Ze q
The set Y. contains 1 and we have
lograd(C\ Y(p/q + ¢)) = lograd(Yz) + log|z|.
Thus, we must show that

limsup lograd(C\ Yz) < 0.
e—0, eeR
Set Y. = Y. U {oo}. This set is compact in P!. Without loss of generality,
extracting a subsequence if necessary, we may assume that it converges for the
Hausdorff topology on compact subsets of P! to some limit Yy as ¢ — 0. We
define Yy = Y\ {oo}. Each Y. is connected and contains 1 and co. Passing to
the limit, we see that Y} is also connected and contains 1 and co. Moreover,
Q- converges uniformly on compact subsets of C to the rotation w — e2™/4y.
Since Q:(Yz) = Yz, we see that Yj is invariant under this rotation. Note that
c(Y:) C Yz and

c(w) = w + 2imgew(l — w?) + eR(w)

with R, — 0 uniformly on compact subsets of C as € — 0. It follows that Yj

is forward invariant under the real flow of the vector field 2imqw(1 — wq)%.
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Consider the map ¢ : w — ¢ = w?/(w? — 1). It is the composition of w — w?,
(which identifies the quotient of P! under the rotation of angle 1/q with P!),
with a Moebius transformation fixing 0, sending 1 to oo, and oo to 1. It sends
the above vector field to the circular vector field (2mq?)i¢ 8%. It follows that Yj

contains the set ¢~ (C\ D). Thus, we have

limsup lograd(C \ Yz) < lograd(¢~ (D)) = 0.

e—0, eeR

The proof of Lemma 3 is completed.

5. Yoccoz’s renormalization techniques

In this section, we present the techniques of renormalization developed by
Yoccoz [Y].

5.1. Qutline. This outline is somewhat informal, rigorous treatment is
made in the other subsections of Section 5. The proof of the lower bound
being technical, we think it is useful to present some of the ideas in a lighter
way.

5.1.1. The renormalization. Assume ap €]0,1[ and let fo : D — C be a
univalent holomorphic map fixing 0 with derivative e . We would like to
make the following construction: take a sector Uy between the segment [0, 1]
and its image by fp (the one with angle o at the vertex 0). The Riemann
surface Vy obtained as the quotient of Uy with [0, 1] identified with its image
by fo is a punctured disk. The first-return map to U associated to fy induces
a holomorphic map ¢ : V) — Vy with Vj C Vy. We can identify Vy with
B(0,50) \ {0} where Sy is chosen so that D* C V. Then, g is univalent and
extends at the origin by g(0) = 0 and ¢/(0) = e 2™ with a; = {1/ag}.
The renormalized map f; is defined as the restriction to D of ﬁ, which has
derivative e?™ at the origin.

One problem that may happen is that the curve f([0,1]) may cross its
image, preventing the Riemann surface to be well defined. For the renormal-
ization to be well defined, we need to assume that f is close enough to the
rotation R,. Or we can make the construction with a sector of smaller radius.
Therefore, we introduce a radius pg < 1, and consider only the sector Uy be-
tween the segment [0, po] and its image by fo. In this theory, the control on pg
is central. We will not try to associate a canonical value of pg to a given map
fo- In fact the choice will depend on the setting.

If the map fy : B(0,p0) — C were the rotation of angle ap, we could
choose Sy = 1 and the canonical map from Uy to Vy would be z — (z/po)l/ao.
We will always choose pg such that Sy can be taken close to 1 and that the
canonical map from Vy to Uy is close to z — (z/pg)Y/*.



THE BRJUNO FUNCTION AND THE SIZE OF SIEGEL DISKS 23

Vo

2(2/po) /0

R

DCV;

Figure 5: The construction of the renormalized map.

Given a fixed ag €]0,1[, if f : D — C is a map fixing 0 (its multiplier
may be # e%m) if f — R, , then we can take pg — 1. Moreover, its
renormalization tends to R, .

5.1.2. The size of Siegel disks. We can repeat inductively the renormal-
ization construction: given a univalent map f, : D — C which fixes 0 with
derivative e?™» we choose p,, and we let f,,o1 be the renormalization of f,.

The crux of the matter is that essentially, fy can be iterated infinitely
many times on the disk B(0, 0¢) with

Qo

a0 = po - p1° * Py
(it follows easily that B(0,0¢) is contained in the Siegel disk of fj). Indeed,
since fy is close to a rotation on the disk B(0, po), if |20| < 00 < po, its forward
orbit under iteration of fy intersects Uy at a point z{. The image of z{, in Vy is
a point z; of modulus close to

(03103

120/ po|M/% < a1 = p1 - p3* - p§
Then, the forward orbit of z; under iteration of f; intersects U; at a point 2]
and the image of z] in Vs is a point zo with modulus close to

Q203

|Zl/p1|1/a1<02:p2-p§2~p4 cee

and so on ... Since f, is a n-th renormalization of fy, being able to iterate f,
at z, means that we can iterate fy at zp many times, and since n is arbitrarily
large, we can iterate fy at zg infinitely many times.

5.1.3. Yoccoz’s lower bound. In order to bound the conformal radius of a
Siegel disk from below, we must find a good enough lower bound for p,. The
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set of univalent maps f : D — C such that f(0) = 0 and |f/(0)| = 1 is compact.
It follows rather easily than one can always take p, = ca,, for some universal
constant c. This gives

log o9 =log(cap) + aplog(cay) + apa log(cag) + ...
=—P(ag) + (1 + o+ apag +...)loge
> —®(ap) +4loge.

This is essentially how Yoccoz proves inequality (1): the Siegel disk of a uni-
valent map fo : D — C fixing 0 with derivative 2™ contains a disk B(0, oq)
with

log a0 > —(I)(Ot()) — C()

for some universal constant Cj.

5.1.4. Perturbing a Siegel disk. Assume « is a Brjuno number. Let
¢ : D — A(a) be the linearization. Conjugating by ¢!, the family P,
becomes a family g, of maps tending to R,, uniformly on every compact
subset of D, as o/ — «a. We will give a lower bound on the size the Siegel
disks A(go/). Conjugating back by ¢ multiplies conformal radii by r(«), and
the Siegel disk of P, must contain ¢(A(ga)).

Consider the sequence of renormalized maps (fy)n>0 With fo = gor. As
o' — «a, fo — Rg, uniformly on every compact subset of D. Thus, we can
choose pg close to 1 and as o’ — «, the renormalized map f; converges to
the rotation R, uniformly on every compact subset of D.

Given n > 0, if o/ is sufficiently close to «, we can repeat this argument
n times: we can take pg = p1 = pn_1 e 1 —o(1). Afterwards, we can take

Pn = €Oy, Ppy1 = €Ay 1, - .. , for some universal constant c, as in Section 5.1.3.
The Siegel disk of g, contains B(0,c) with

+oo
logo = —(1+ By + ...+ B, 2)o(1) + > Bi_ylogay + (B, + B +...)loge.

k=n

It follows that
+oo 1
logr(a’) > logr(a) — 3 Bf_y log = — By_,Co + (1)
k=n ak

with a universal constant Cj as in Section 5.1.3. Adding ®(a’) on both sides
yields

n—1
1
T(o') > logr(e) + Y Bi_ylog — — B, 1Co +o(1).
k=0 X
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For all k < n, the term 3} log o%/ tends to G log aik as o/ — a. Thus,
k

n—1
1
liminf Y(a) > 1 E _1log — — 3,-1C).
a%rergga (a)_og?“(oz)—l—k_o,@klogak Bn-1Co

Recall that a is a Brjuno number, thus passing to the limit n — +oo (whence
Bn—l B 0)

+oo
1
lim inf Y(a/) > 1 _1log — = T(«).
I inf (o) > ogr(a)+k§_:_05k 1log = (@)

5.1.5. Perturbation of a parabolic point. Assume o/ — p/q on one side.
This corresponds to one of the two continued fractions of p/q (see Section 2.1):
[ag, ... ,an,]. Recall that we defined

Y(p/q) = log La(p/q) + Pirunc(p/q) + logq%.

The cycle Cp,/q(a’) (see Definition 12) tends to 0. This cycle is approximately on
a regular polygon centered at 0, and of radius d, where (according to Section 3):

log 27

logd =log Lq(p/q) + 5;0,1 log oz;LO + +0(1).

When we rescale by a factor d, we conjugate P, to a polynomial (), such
that Q57 tends to the identity along an explicit and fixed vector field (which
depends only on ¢). This vector field has a center at 0. The maximal domain
of linearization turns out to have conformal radius 1. Consider the change of
variable which sends this domain to the unit disk.

In this new coordinate, the polynomials P, are conjugate to maps gu
which converge to the rotation R, uniformly on every compact subset of .
As in Section 5.1.4, we can construct the sequence of renormalizations (fy,)n>0
with fo = go, taking po, p1, ... pny—1 close to 1. This time, o], — an, =0
and as o/ — «a. The ng-th renormalization f,, tends to the identity uniformly
on every compact subset of D. It tends to the identity along a vector field of
rotation, which allows us to take p,, close to 1. Then, we take p, = cal, for
n > ng.

As in Section 5.1.4 it follows that as o' — p/q,

“+o00
1
logr(a’) >logd — Y Bi_ylog — — B, Co+o(1).
k:n0+1 ak

Adding ®(o/) on both sides, using the expansion of logd, and using 3, —
Bn, = 0 yields

TL[)—]. 1

log 27
Y(o') > log La(p/q) + > Br_1log — + &
k=0 &

q

+o(1) = Y(p/q) + o(1).
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5.1.6. Perturbing a Cremer point under the Pérez-Marco condition. In
this case, we will construct the sequence of renormalized maps ( f,,)n>0 without
changing coordinates, i.e., with fo = P, .

We first consider the case @/ — «a with

>~ -1 loglog — < +o.
Qg

Remember that 7,(«) stands for the conformal radius of C \ X, («), where
X, () is the set of non zero periodic points of period < ¢,. We have r,(a) ~
dn(«) where d, () is the distance of 0 to X, ().

We will choose pg = d,,, (a) for some large ny. As ny — oo, dy, (o) — 0.
Thus, given ng, if ny is large enough and o' is sufficiently close to «, the
renormalized maps fi, f2,... , fn, Will be close to rotations on D, and we can
take p1,p2,...,pn, close to 1. Since the map fy does not have periodic cycles
of period < g, on B(0,pp), it turns out that the maps fn,+1, fno+2, --- fn
do not have fixed points in D*. In that case, Pérez-Marco proved that we can
take p, = ¢/log(e/ay) for ng +1 < n < n; and for some universal constant c.
As usual, for n > ny, we can take p, = cay,.

It follows that

logr(a') > logd,, (a Z B 1loglog—— Z B 1log —8,,Co

k=no+1 k=ni+1

with o(1) — 0 as @’ — «a. Adding ®(a/) on both sides and letting o/ — «
yields

liminf Y(a/) > logd, d, (« loglog < — B,
liminf T(c’) > log dn, (&) + P, ( k;+1/3k10g0g B, Co-

Since the series ) (k1 loglog O% is convergent, letting first n; — oo and then
ng — 00 gives

liminf Y(a/) > T(a) — lim Z Br—1 log log— + 6n,Co | = Y(a).

o’ EB—a no—00
k‘ n0+1

5.1.7. Perturbation of a Cremer point with good approximants. The last
case is the most difficult. In all the cases which have not been covered yet, we
have

sup Bpn—1 log N = +o00.
On
When G,,—1 log ai is large, we say that p, /g, is a good approximant.
Consider ng such that p,, /qgn, is a good approximant. For n # ng we will
take p, = ca,. We will now explain how we choose p,,. On the one hand,
it follows from our techniques of parabolic explosion that the distance d,,,(a)
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between 0 and C,,, /,, () satisfies log dy, (') < —®p,(a’) +Cp. On the other
hand, it follows from Yoccoz’s lower bound on the size of Siegel disks and from
parabolic explosion that the other cycles of period < g, lie outside a disk
B(0, 05, (/) with log oy, (/) = =®p,,—1(c’) — Cp. Note that

1
log oy, (o) — log dp, (&) > B, —1log — — 2C.

No

Thus, if pn,/qn, is a good approximant, the cycle C, (o) is very close to
0 compared to the other cycles of period < gp,.

We will see that the (ng — 1)-th renormalization of fy = P,/ is a univalent
map fp,—1 : D — C having only two fixed points in D: 0 and a point (,,,

the (ng — 1)-th renormalization of the cycle C,, /o (/). Since for n < ng the

no/dno

. . ’
canonical map from U, to V, is close to z s (2/p,)"/ %, we have
, o o\ O
an071) "0_2) )

We will show that instead of taking p,, = ca, , we can take py, close to [(p,|
so that log pp, ~ log |(p,|. It will follow that

dn, (') ~ po <p1 e <pn02 (pn(rl |Cno

’ ’ /B; _ /
= popte oyt P G [P0

log po + By log p1 + ... + B, 1108 pp, = 10g dn, ().
As a consequence

liminf Y(a') > logdy, () + ®p, () — By Co-

o’ EB—a

Again, we conclude that

liminf Y(a') > T ()

o'eEB—a
by letting ng — +oo with 3,,-1 log QL - o0,
o

5.2. Renormalization principle. Here, we recall what Pérez-Marco writes
in [PM, §III], adapting it to the setting of maps which are close to translations.

Remark. There will be many constants in the discussion. Their sharp
value is not important for the application we will make here, so we did not try
to optimize them. Moreover, in many estimates where C§ appears, it can be
weakened to £(d), where e(x) _—; 0, while still applying to our proof.

We denote by T the translation Z — Z +1, by S(«) the space of univalent
mappings F': H — C such that F o7l =T o F and such that F(Z) —Z — « as
Im(Z) — 4o00. This space is compact for the topology of uniform convergence
on compact subsets of H.
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Given § > 0, we denote by Ss(«) the space of maps F' € S(«) such that
(6) (VZ € H) |\F(Z)—Z —a] <da and |F'(Z)-1|<6.
Such a function F' extends continuously to H U R.

Step 1. Assume F € Ss(c) and define | = iR* and I’ = [0, F(0)]. If
§ is sufficiently small (for example § < 1/10), U’ U F(l) bounds an open
strip ¢ in C. Gluing the curves [ and F(I) in the boundary of U via F, we
obtain a surface V', whose remaining boundary corresponds to the segment [’.
Its interior is a Riemann surface for the complex structure inherited from U
(the gluing is analytic). It is biholomorphic to the punctured disk D*. Lifting
via Z — z = €*™ we get an injective holomorphic map L : &/ — H which
extends continuously to I/ and such that

(VZ €l) L(F(Z))=L(Z)+1.
We normalize L by requiring L(0) = 0.

PROPOSITION 3. For all 6 €]0,1/10[, all « €]0,1[, all F € Ss(a), and
all Z €,

(7) Im(Z) — 2§ < alm(L(Z)) < Im(Z) + 24.
Proposition 3 will be proved in section 5.3.

PROPOSITION 4. Under the same assumptions, the map L extends to a
univalent map on

W=UU{ZeC; —1<Re(Z)<0 andIm(Z) > 45}
and for all Z € W,
(8) Im(Z) — 56 < odm(L(Z)) < Im(Z) + 56.

From now on, L will refer to this extension. The definition of W is so that
any point Z € W is eventually mapped to U under iteration of F: F¥(Z) =
Z' € U for some k € N. Then, one defines L(Z) = L(Z') — k. In particular, L
conjugates F' to the translation T (see Figure 6).

Step 2. Given § €]0,1/10[ and F' € S(«a), we can define inductively a
sequence of univalent maps (Fy)n>0 such that F,, € S(a,). The construction
depends on the choice at each step of some real number ¢, > 0. We start with
Fy = F — ap (where ag = |a]) and we assume that F,, is constructed. We
choose t,, such that the fundamental estimates (6) hold for Im(Z) > ¢, (which
is always possible). It follows that G,, : Z — F,(Z + it,) — it, belongs to
Ss(ay,). For G, we construct U,, W, and L,, as above. Let H, be defined
on L,{Z € U ; Tm(Z) > 46} by H,(Z) = L, oT o L;!. Note that, by
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1 ~o | ~l/a [ 1

N

Fo(Z) F) L(Z)+1

l/
0 0 1

Figure 6: Construction of the map L : W — H.

Proposition 3, for all z € H, if Im(Z) > 6/, then there exists an integer k
such that Z — k belongs to D, the domain of definition of H,,.

Then, D+Z contains the half plane “Im(Z) > 65/a,,”. Moreover, the map
H,, commutes with the translation 7" on the set of points in L, (¢[0, +00[) whose
imaginary part is > 66/a,. This set being analytically removable, this implies
H, extends univalently to the upper half-plane {Z € C | Im(Z) > 65/, }.
Moreover, as Im(Z) — +oo, Hy(Z) — Z — —1/ay, = —apt1 — Qpyi.

We set

W =W, +it,
and we define K, : W/, — C by
K, (Z) =so L,(Z —it,) — 26—5

n

where s(z + iy) = —x + iy, and F,,11 € S(ay41) defined on H by
Fop1=K,oT ' oK' —a,,.

Note that on W/, N E; (W), K,, conjugates F,, to T—1. The construction of
F,,+1 is summarized on Figure 7.

Step 3. Next, to a point Z € H, we associate a sequence (Zy)p>0 as
follows. We define Zy = Z. If d,, = Im(Z,,) > 46 + t,,, we choose Z! such that
Zn— 2, € Z and —1 < Re(Z])) < 0, and we define

Znt1 = Kn(Z;z)

The sequence (Z,,)n>0 may be finite or infinite. The estimates of Proposition 3
imply that for n > 0 such that Z,,4+1 is defined,

Im(Z,) —t, — 110 < ap,Im(Zy11) < Im(Z,) — t,, — 0.
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Z—Z—it,
R /Y .
T
Ne L
[ ]
o Ne
Fon
G"an+1

A

Zi—s(Z)—i2%

Figure 7: The construction of Fj, .

For ng > 0:
no—1 no—1

(9) Z /Bn—l(tn + 6) S dO - B’no—ldno S Z ﬁn—l(tn + 115)a
n=0 n=0

which implies

no—1 no—1

(10) > Buitn < do = fuy-1dn, <446+ D By 1ty
n=0 n=0

Indeed, 14 g + -+ Br—2 < 4since f1 =1, o = ag < 1 and, Bny2 < Bn/2.
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PRrROPOSITION 5. If Z € H and if there exists m > 0 such that F°"(Z)
¢ H, then the sequence (Zy)n>0 is finite.

Proof. Let H, be the half plane defined by “ImZ > t,,”. If Z, is defined,
let 1+ k, (with k, > 0) be the rank of the first iterate of Z,, under F, :
H — C that leaves H,. Note that if k, = 0, then Z,,;1 is not defined. Now,
if Z,4+1 is defined and k,41 > 0, this means that Z, — k,41 is eventually
mapped back to U, by iteration of F,,, without leaving H,,. Therefore (since
|FW(Z) — (Z + ap)| < iy /10 on Hy,),

11
kn+1 < Eankn
Since apap+1 < 1/2 this implies ko < %k‘n whenever defined, from which
the proposition follows. O

We can now reformulate Theorem III.1.1 in [PM] as follows.

PROPOSITION 6. Assume we can choose the sequence (t,)n>0 so that the
n-th renormalization F, satisfies the fundamental estimates (6) when
Im(Z) > t,, and so that

+oo
b = Zﬁn—ltn < +00.
n=0
Then F' is linearizable and its Siegel disk contains the following upper half-

plane:
{Ze€C|Im(Z) > o+ 446} .

Proof. It is enough to prove that all point Z in the half plane has infinite
orbit. By Proposition 5, this follows from the sequence Z, being infinite.
Indeed, assume Z,, is defined. According to the previous computations,

n—1

Bn1dn>do = Braty — (14 + B 2)115
k=0

+oo
= (do— @ —440) + Bpatn + Y Beatk +
k=n-+1

(4= (14 + Bn-1))110 + Br_1116
> ﬁnfl(tn + 115)
Therefore, d,, > t, + 116. Since 11 > 4, this implies Z,,+1 is defined. O

Also, there is a correspondence between periodic orbits for F' and for F,.
Given a map F' : H — C that commutes with 7', we will say that Z € C is
periodic with rotation number p/q when F(Z) = Z + p. In this case, p and ¢
need not to be coprime.
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PROPOSITION 7. Letng > 0. If F,, has a fized point with rotation number
0/1 and imaginary part hy,, then F' has a periodic orbit with rotation number
Pno/Qn, contained in the strip

no—1
{Z€C; H<Im(Z) < H+446} with H =Py 1hn, + Y Bu-1tn.
n=0
Reciprocally, if F has a periodic orbit with rotation number pn,/qn, whose
TL(]—I
imaginary part hg satisfies hg > Z On—1tn + 449, then F,, has a fized point
n=0
of rotation number 0/1, and height hy,, satisfying
’ﬂo*l
ho — 446 < Bug—1hn, + ) Ba-ita < ho.
n=0
Proof. Same as in [PM, annex 2.e]. O

In the previous proposition, the reader should be aware that F,, (Z) =
Z +k with k € Z* is not considered as a fixed point with rotation number 0/1.

5.3. Proof of Proposition 3: The uniformization L is close to a linear
map. Since F(Z) — Z — « is periodic of period 1, we have
\F(Z) — Z — a| < ae ™) and  |F/(Z) — 1] < de2mm(4),

Let B be the half-band {Z € H | 0 < Re(Z) < 1}. Let H : B — U be the map
defined by

(11) H(X +1iY) =iaY + X [F(iaY) —iaY].
An elementary computation shows that |[0H/0H || < 1 and if we set
1+ |0H/0H|
"1 9H/oH|

One computes that
‘8H — a‘ < ade 2
|0H| < ade” 2oV

And therefore?

. 1
Kpg(X +1iY) < 1 9g0—2may "

Then, using § < 1/10, we have the inequality

5
Kuy(X 4+iY) <1+ §5ef2mY.

4A quick majoration yields a 4, having a 2 requires more care.
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In particular, H is a (1 + 35)—quasiconformal homeomorphism. Moreover, by
definition

Im(H(Z)) —ad < alm(Z) <Im(H(Z)) + af,
and thus for all Z € U, since o < 1:
Im(Z) — 6 < alm(H1(Z)) <Im(Z) + 6.

Since L is conformal, the map G = L o H is quasiconformal with the same
dilatation as H. Moreover, G(iY +1) = G(iY) 4 1 and so, since the imaginary
axis is quasiconformally removable, G extends to a quasiconformal homeomor-
phism H — H. We will show that for all Z € H,

alm(Z) — 6 < alm(G(Z2)) < alm(Z) + 6.
It follows that
Im(Z)—26 < alm(H 1(Z))=6 < oIm(L(Z)) < odm(H 1(Z))+0 < Im(Z)+26.

LEMMA 8. Assume ¢ : (D,0) — (D,0) is a K-quasiconformal homeomor-
phism. Then, for all z € D,

AR < Jg(z)] < 417 VE [ VK

Proof. To prove the upper bound, note that ¢ sends the annulus D\ [0, 2]
to an annulus separating 0 and 1(z) from S'. The modulus is divided by at

most K. So,
e <t (MEL)),

where, for r €]0,1[, p(r) is the modulus of the annulus D \ [0,7] (it is a
decreasing function). The estimate

M—l (/JI(;)) < 4I-VE /K

can be found in [AVV, Cor. 5.44].
The lower bound is obtained by applying the upper bound to ~! which
is K-quasiconformal. O

LEMMA 9. If ¥ : H — H is a K-quasiconformal homeomorphism such
that WoT =T oW, then
1 K-—1 K—-1

?Im(Z) ST logd <Im(¥(Z)) < KIm(Z) +

log 4.

Proof. W is the lift, via Z — z = €?7% of a K-quasiconformal homeomor-
phism 1 : (D,0) — (D, 0) as in the previous lemma. O
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We now come to the control of the quasiconformal homeomorphism G.

LEMMA 10. Let € and n be any two positive real numbers. Assume G :
H — H is a (1 + &)-quasiconformal homeomorphism such that GoT =T oG

and
Ko(X +iY) < 1+4ee .

Then,

Im(Z) — < ;lo 4 <Im(G(Z)) <Im(Z) + € + ilo 4

N 2w(lte) o7 = ot oy losd,
which yields
e €
Im(G(2)) - Im(Z)| < o+ gy loed

Proof. We can write G = G4 o (G1 with

! <Y—Ee_’7y+§).
1+e¢ n 7

An elementary computation shows that

) 1+e¢ 1 €

G (X +iY) =X +i

So, we can apply the previous lemma to G2 with K = 1 + ¢, which yields the
upper bound for Im(G(2)).
To get the lower bound, we use the same argument, writing G = G4 o G3

with v
1 1+ee™
G3(X +1Y) =X +14(1 Y+ -log—— .
3(X +14Y) +i( +z—:)< +nog 1oz >
We have
. 1+4¢ €
Kg, (X +1iY) = Tr e and Im(G3(Z2)) > (1+¢)(Im(Z) — )

O

To conclude the proof of the proposition, we apply the previous lemma to
€= %5 and 7 = 2wa. Using a < 1, we have
€ 56§ )

logd = — (1 log4) < —.
2T 8 47'('04( +olog )_a

€
-+
Ul
5.4. Controlling the height of renormalization. In this section, we deter-
mine an upper bound for the height ¢ above which the fundamental estimates
(6) are satisfied. The first result is due to Yoccoz (it easily follows from the
compactness of S(0) , but the interested reader can find sharper bounds in [Y],
in the lemma of §3.2, p. 26).
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PROPOSITION 8. For alld €]0,1/10[, there exists a constant Cs such that
for all F € S(a),

m(Z)>Cs = |F'(Z)-1]<0

and
1 1
Im(Z) > 2—log——|—05 = |F(Z2)—-Z—a| <da.
T«

(Of course, C5 — 400 when 6 — 0.)
Remark. In particular, F' can not have fixed points above % logé plus
some universal constant.

The next result is a slight generalization of a result of Pérez-Marco.

PROPOSITION 9. For alld €]0,1/10], there exists a constant Cs such that
the following holds. Assume Im(Zy) € H, a €]0,1[ and F € S(«) has no fized
point except possibly Zy and its translates by an integer. If

1
Im(2) = (%) + 5 (108 log © — log(1 + 27lm(Z0)) ) + Cs
n

then
|\F(Z) — Z — a| < da.

One can rewrite

1+ log(a™!)

1+ 271'1111(20) '

Thus for Im(Zp) < log(a~!)/2x, this number is positive. From this, and the

remark following Proposition 8, it follows that we can take the same constants
Cs in propositions 8 and 9.

loglog - log(1 + 27Im(Zp)) = log
a

Remark. It follows that if F' has no fixed point, the fundamental estimates
(6) are satisfied as soon as

1
Im(Z) > — loglog Sy Cs.
27 «

This result is due to Pérez-Marco [PM]. This is the form we will use in Sec-
tion 6.

1 1 1
Remark. 1f Im(Zp) > 3 on log —, it follows from the two propositions and
T«

an elementary computation that the fundamental estimates (6) are satisfied as

soon as
Im(Z) > Im(Zy) + 1+ Cs.

This is the form® we will use in Section 7.

®The assumption Im(Zo) > 1 - -Llog 2 can be replaced by Im(Zo) > p - 5= log 2 with
u €]0,1[, giving the condition Im(Z) > Im(Zo) + log(u™') /27 + Cs.
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Proof of Proposition 9. Without loss of generality, we may assume that
1
2
since otherwise, the result follows from Proposition 8. Let usset r = e

if F' has a fixed point at Zy and » = 1 if F' has no fixed point. Then, o < 7.
Let us now define u(Z) = F(Z) — Z. Since u is Z-periodic, there exists
a function ¢ : D* — C such that u(Z) = g(e?"#). The map g extends holo-
morphically at 0 by ¢g(0) = o. We need now to find an upper bound on |z|
which ensures that |g(z) — a| < ad. By compactness of S(0), we can find a

Im(Zo) < log —
(0%

—27Im(Zo)

(universal) radius r9 < 1 such that on B(0,79), g takes its values in B(0,e).
Moreover, if F has a fixed point at Zy, we define (y = €%, Then g(¢y) = 0
and g does not vanish in D\ {{p}. If F' has no fixed point, g does not vanish
in D. In both cases, the map g : B(0,r9) \ {¢Co} — B(0,¢) \ {0} is contracting
for the hyperbolic metrics.

The coefficient of the hyperbolic metrics of B(0,¢e) \ {0} at the point « is
equal to 1/(alog(e/a)), so at first approximation, points at hyperbolic distance
of order ¢/log(e/a) should be at Euclidean distance of order da. The lemma
below makes a rigorous statement.

LEMMA 11. (V6 €]0,1/10]), (Vo €]0,1]),
)
< o] < da.
dB(O,e)\{O}(a7z)_2loge/a =  |z—a| <da

Proof. For x < a, let p(x) be the infimum of the coefficient of the hyper-
bolic metric on the Euclidean circle of center o and radius z. If |z — a] > da,
then the hyperbolic geodesic in B(0,¢e) \ {0} from « to z is longer than

da
/ p(x)dx.
0
Let us introduce the function
f(x):mlogle/m 0<z<1
flz)=1 1<z<e
Then f is decreasing, and p(z) = f(z +«a). Moreover, f is C! and convex, and

therefore above its tangents. Therefore
a+da

dp(0,e)\foy (@ 2) > / f(z)dz

o

a+da
> / (F(@) + (& — a)f'(a))da

) d 1 )
= 1-2(1——— ) ) >e—2—
loge/a ( 2< log(e/a))) - Cloge/a
with ¢ =19/20 > 1/2. O
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The next lemma is also motivated by a hyperbolic metrics coefficient com-
putation.

LEMMA 12. (Vro < 1), (3y>0), (V§ €]0,1/10]), if 0 < a <17 <1, then

loge/r 0
/ = dB(O,’ro)\{r} (07 Z) <

<~0 _—
|| < yor ~ 2loge/a

loge/a
Proof. First case: v > ro/2. When |z| < drp, then

14 2|z|/ro _ 5|z]

dB(0,r)\{r}(0,2) < dB(0,re/2)(0,2) = log T—22|/ro < o

Thus, when r > r¢/2, we can take any v such that

. /) 1
< — ,
7= reﬁl/%,l} 10rloge/r  10loge/rg

Second case: r < 19/2. We first solve the problem when ro = 1. Let
p(z)|dz| be the element of hyperbolic metric on D\ {r}. A computation gives

1— 72

I1—rz|-|z—7r| log ('17”')'

lz—7]

(2) =

A majoration gives, for |z| < r/10, p(z) < 10/(9rlog|s|~!) with
s=(z—7)/(1 —rz). Then, |s| < 117/(10 + r?) < 117/10. Thus

r 12
M 0,1/2], Vz with < — <
r€]0,1/2[, Yz with [2] < g5, p(e) < o

Therefore, for rg = 1, we can take v = =1, with
v = 12.

For ro €]0,1[, we rescale the problem by the factor 1/rg, and according to
what we did above, a sufficient condition on z is that

z r logery/r
ro loge/a’
Then, using r < ro/2, we can take
log 2e

O

< .
7 _7110g26+10gr51

The two previous lemmas show that there exists v > 0 such that for all
5 €]0,1/10][,

1
2] < e BEIT

— <a.
T/ 9() — al < da
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As a consequence,

1 1 1 loge/a
Im(Z) > — [ log — +log — +1 F(Z) -7 —al <da.
m( )_27r<og’y§+ ogr—i- Ogloge/r) = |F(2) al <da

O

6. Proof of inequality (5) (the lower bound) in most cases

6.1. Renormalizing a map close to a translation. Let us recall this in-
equality:
lim inf BCD(O/) +logr(a’) > Y(a).

o' —a, a’'€

Let us also recall a few notations from Section 5.2. Let F, € S(d/).
Assume we are given § €]0,1/10[ and t > 0 such that the map

Gy : Z— Fo(Z +it) — it
belongs to Ss(a’). Then, for G we can construct Uy, Wy and L, as in
Section 5.2. We then define W/, = W, +it, K, : W, — C by

69
Ko (Z)=so0Ly(Z —it) —i—
a

where s(Z) = —Z and F, 1 € S(a}) by

1
Fa/71 = Ka/ Oz-‘_1 OKO;l — \‘—J .

a/

We will use the following fact several times:

LEMMA 13. Assume o/ €]0,1[ tends to a €]0,1[ and F,, € S(¢) tends
to the translation Ty, : Z — Z + o uniformly on every compact subset of H.
Then,

(1) Given § €]0,1/10[ and t > 0, if F, is sufficiently close to Ty, the map
Gor : Z > Fo(Z +it) — it

belongs to Ss(c’) (it is important that o # 0), and thus Ko and Fy
are defined.

(2) The map Ko tends to Z +— (s(Z) — it —i60)/a uniformly on every
compact subset of W., and Fy 1 tends to the translation Z — Z + aq
uniformly on every compact subset of H.

Proof. The convergence of F,» to Z + « is uniform on every upper half-
plane of the form “Im(Z) >t > 07, and F!, — 1 uniformly on these half-
planes, whence the first claim. As F,  tends to Ty, Lo tends to Z — Z/«
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uniformly on every compact subset of W. Indeed, as in Section 5.3, we can
write L = G o H~! where H is defined by equation (11) page 32. Then, H
converges to Z +— aZ uniformly on B and G : H — H is a K-quasiconformal
homeomorphism such that G(0) =0 and GoT =T o G. Moreover, K — 1
as Fpo — Ty,. Thus G converges to the identity uniformly on every compact
subset of H. O

6.2. Brjuno numbers. Assume « €]0,1[ is a Brjuno number and let
¢a : D — A, be a linearizing parameterization. Note that |¢/,(0)| = r(«). For
o’ close to a, let us define

for = ot 0 Por 0 g

on ¢ (An NP (AL)). Since Po(Ay) = Ay and Py — Py as o/ — a, we
see that when o/ — «, f, converges uniformly on every compact subset of D
to the rotation of angle . Note that when o/ is a Brjuno number, f, has a
Siegel disk of radius p(a/) < r(a’)/r(«). Indeed, the image of this Siegel disk
by ¢4 is contained in the Siegel disk of P,.. Finally, let F,, be the lift of fu
via Z + €*™Z which satisfies |F(Z) — Z — /| — 0 when Im(Z) — +oo.

Let us now fix n > 0, 6 €]0,1/10[ and ny > 1. For n > 0, we will
define a sequence of heights ¢/, and a sequence of maps Fu/ 41 € S(aj,,;) as
in Section 5.2.

According to the fact mentioned at the beginning of Section 6, and using
induction on ng, we know that provided o/ € R\ Q is sufficiently close to «,
we can take

to=...=t,, =n/(ng+1).

By Proposition 8, for n > ng + 1, we can take
1 1
t = —log — + C,
n= on %8 al, +Gs
for some constant Cs which only depends on §.

It follows from Proposition 6 that if o’ € B is sufficiently close to a, we
have

(o) 1 S VA
log o < IOg m S 27'(' <nzz;) ﬁnfltn + 445)

< B(0) — By, (o) + 2(n + 48, Cs + 44)

(we used B, + 3,411 + ... < 48, which follows from ), < 8, and §,, <
B,./2). Let us rewrite it

(o) +logr(a) > @y, (a') + logr(a) — 2m(n + 46, Cs + 444).
Letting o/ — o« and using @, (/) — @, (o) and £}, — B,

liminf ®(a) +logr(a’) > ®,,(a) +logr(a) — 27(n + 46,,Cs + 449).

o' —a, o’EB
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Now, as ng — +00, ¢y, (a) — ®(«) and F,, — 0. Thus

liminf ®(a) + logr(a’) > ®(a) + logr(a) — 27m(n + 449).

o' —a, o'EB
Since this is valid for all n > 0 and § €]0,1/10], it implies
lim inf B(I)(O/) +logr(a’) > ®(a) +logr(a) = Y(a).

o' —a, o'

6.3. Rational numbers. We consider a rational number o« = p/q and a
Brjuno number o’ close to p/q. Let us note ), and ], the sequences associated
to o’. According to the sign of ¢ = o/ — p/q, we associated in Section 2.1 to
a = p/q an integer ng € N, and finite sequences «ag, a1, ..., ap, = 0, and
P0/40, P1/q1s - - - 5 Pny/n, = p/q such that for all k& < ng, o), — ag, P, — P&
and ¢;, — ¢qx when o/ — o on one side.

We will use the notation of Section 4.3. Let z. be a point of the cycle

C

p /q(o/ ). To study the dynamics of P, Jq+e ab the scale of z;, we defined

1
Qe :w i —Ppy i (2ew).
Ze
Lemma 7 asserts that
(12) QY (w) = w + 2irgew (1l — w?) + e R (w),
with R, — 0 uniformly on every compact subset of C as ¢ — 0.

Set ¢p(w) = wi/(1 —w?) and Q = ¢~ (D). It is the preimage by w +— w?
of the half plane “Re(z) < 1/2” and is illustrated as a gray set for ¢ = 3 in
Figure 4, p. 21. Let ¢ : © — D be a holomorphic map satisfying ¢ (w)? = ¢(w).
Then, (0) = 0, |[¢'(0)] = 1 and ¢ is a conformal representation between (2

and . It sends the vector field 2imqw(1 — wq)% to the vector field 2i7rq(8%.
We define

fs=¢0QeO¢_1

on ¥(QNQ-HN)). Ase — 0, f- converges uniformly on every compact subset
of D to the rotation of angle p/q. Moreover by (12) we see that when ¢ — 0,

£o9(2) = 2 4 2imqgez + ege(2),

with g. — 0 uniformly on every compact subset of D. Note that when
o’ = p/q+ ¢ is a Brjuno number, f. has a Siegel disk of conformal radius

pe) < r(d)/lz].

Let F. be the lift of f. via Z +— €2 which satisfies |F.(Z) — Z — o/| — 0
when Im(Z) — +o00. When ¢ — 0,

FE1oT(Z) = Z + qe +2G.(2)

with G2 — 0 uniformly on every compact subset of H.
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Let us fix § €]0,1/10[ and n > 0. For n > 0, we will define a sequence of
heights ¢;, and a sequence of maps F; 41 € S(a;, ).

As ¢ tends to 0, F. converges uniformly to the translation by p/q on the
upper half-plane {Z € C | Im(Z) > n/(no + 1)}. Moreover, for n < ny — 1, as
e — 0, al, — a, # 0. Thus, if € is sufficiently close to 0, we can take

def
th=th=...=t, _1=t=n/(no+1).

We will call W, and K, : W.,, — C the objects corresponding to W), and
K, defined in Section 5.2. When ¢ — 0, the interior of W, tends to the
interior of a set W ,, which is the union of two half strips “ —1 < Re(Z) <0
and Im(Z) > 40 +t” and “0 < Re(Z) < ay, and Im(Z) > t”. For n < ng — 1,
as € tends to 0, K., tends to Z +— (s(Z) — it — i6J)/c, uniformly on every
compact subset of W ,,, where s(Z) = —Z.

Now, when ¢ — 0, F;,, converges uniformly to the translation Z —

Z + ap, = Z+0, ie., to the identity.
LEMMA 14. If € is small enough, we can take t;, =n/(ng+1).

Proof. Let us now consider the map
V., =K.py—10...0K.p.
Its set of definition eventually contains every compact subset of the interior of
W'={ZeC; —Bp—1 < (-1)"Re(Z) < Bpy—2 and Im(Z) > t' — 268,,—2},

with ¢/ = (¢t +68)(1 + B1 4+ ...+ Bny—2). On every of these compact subsets,
V. eventually conjugates F£%o TP to Fyp,.

As € tends to 0, U, converges to Z — (s™(Z) — it")/Bp,—1, uniformly on
every compact subset of the interior of WW”. Thus, since s™ oW, is holomorphic,
the derivative of s o W, converges to 1/3,,-1, uniformly on every compact
subset of the interior of W’. Therefore

qle|

’I'L()fl

FE?”O (Z) = Z +

+eH.(Z)

with H. — 0 uniformly on every compact subset of H. Since oy, = gle|/5;,,_;
= qle|/Bro—1 + O(?), |Fepno(Z) — Z — o, | = o I.(Z) with I.(Z) — 0
uniformly on every compact subset of ¥o(W"). This set contains “ — 1 <
Re(Z) < 1 and Im(Z) > 0”. Since F;,, commutes with 7', this implies that
|Feno(Z) = Z — o, | = o, I(Z) with I.(Z) — 0 uniformly on every compact
subset of H. As a consequence |F.,, (Z)—1| — 0 uniformly on every compact
subset of H. O

Finally, for n > ng + 1, we can take

1 1
= —log — + Cs
o

t,
"2 .
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where Cjs is the constant in Proposition 8. So, if € is sufficiently small, we have

‘Zg‘ / / / / /
<27 E 5} + 44 <P(a)— P, (o) +27n(n+ 48 +449).
g 7’(04/) = n—1tn o< ( ) o( ) (77 n005 5)

Reordering the terms, we obtain
®() +logr(a’) > log|ze| + @y, (') — 27(n + 457'106’5 + 449).

As e — 0, log|z:| 4+ ®p,(a’) tends to Y(p/q) and 3, tends to 0. We therefore
have (see Lemma 6)

n=0

liminf ®(a/) +logr(a/) > T <£> — 27 (n + 440)
o’ —p/q, a’'€B q

and the proof of inequality (5) at rational numbers is completed since n and §

can be chosen arbitrarily small.

6.4. Cremer numbers whose Pérez-Marco sum converges. 1t is possible
to give a proof that works for all Cremer numbers at the same time, but for
clarity, we prefer to study two cases (which overlap) separately. Here, we will
assume « is a Cremer number such that

> e
Zﬁn_l loglog — < o0.

On

n=0
We will call this sum the Pérez-Marco sum, since it was introduced by Pérez-
Marco in [PM]. There, he proves that, under this condition, every germ that
fixes 0 with derivative €™ is linearizable or has small cycles.
Let us fix n > 0, § €]0,1/10] and ng > 1. For n; > ng, we set

dp, (&) = d(0, X,,, (o))

(see Definition 10 for X,,). Since a Cremer point of a polynomial is accumulated
by periodic points, and because we defined X, («) as the set of all periodic
points of period < g, except 0, we have d,,, (o) — 0 when n; — +o00. Thus,
provided nq is big enough, we see that for all o/ close enough to «, F, is injec-
tive on B(0,dp, (/). Let F, € S(a') be the lift of P, via Z — d,, (a/)e?™%,
This amounts to restrict the polynomial P, to the disk B(0,d,,(¢’)) where
there are no periodic cycle of period less than or equal to ¢, , except 0. Note
that when o’ is a Brjuno number, this restriction has a Siegel disk of conformal
radius < r(a/).

For n > 0, we will define a sequence of heights ¢/, and a sequence of maps
Fa’,n—l—l € S(a;l_H).

LEMMA 15. If nq is sufficiently large and o is sufficiently close to o, we
can take

th=th=...=t, =n/(no+1).
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Proof. Let us choose ¢ sufficiently small so that a # 0, ..., a;,, # 0 for
all o/ € [a—e,a+c¢]. Asng — o0, (¢, 2) — Fo(Z) — Z — o' converges
uniformly to 0 on [ —e,a+¢] x {Z € C | Im(Z) > n/(no + 1)}. If n; is
sufficiently large, we can therefore take tj =t) = ... =1, =n/(ng+1). O

By construction, the maps F,s have no periodic cycle of period less than
or equal to gp,. So, by Proposition 7, for n < ny, the renormalizations F, ,
have no fixed point in H. Thus, by Proposition 9, we can take

!/

1
b1 = o log log

1
+Cs ... t :—loglogi+05
2 o

1
no+1 ny

for some constant Cs which only depends on ¢. Finally, by Proposition 8, for
n > nq + 1, we can take

1 1
t = —log — .
nT on %y +Cs

n

Now, Proposition 6 yields
1 dp,

2 7(

Zﬂn 1, + 445,

n=0

Using the value of t], chosen above, we get

®() +logr(a’) > ®,, () +logd,, (« Z B 1log10g
n=ng+1

—2m(n + 44,,,Cs + 449).
Let o tend to a:

lim inf <I>( ) +logr(a) > ®,, (a) + logdy, (a Z Bn— 1loglog—

a’'—a, a'€B .
—2m(n + 46,,Cs + 446).

Let ny tend to +00. Recall that d,,, () ~ 7y, («), and by Definition 11 Y(«) =
lim @, (a)+ ry, («). Thus,

n,——-+400

liminf ®(a) +logr(a’) > Y (« Z Brn— 1loglog—

o' —a, a’EB
n=no+1
—27(n + 48,,Cs + 440).
Let ng tend to 4+o0. Since B,, — 0 and the Pérez-Marco sum of o was
assumed to be convergent, we have

liminf ®(a) + logr(a’) > T (a) — 2m(n + 446).

a’'—a, o'€EB

Since this is valid for arbitrarily small i and §, this concludes the proof for the
case when the Pérez-Marco sum of o converges.
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7. Proof of inequality (5) when the Pérez-Marco sum diverges

In this section, we assume that « is a Cremer number such that
sup B,—1 log 1 = o0.
n an

To deal with this case, we will have to combine techniques of parabolic explo-
sion and techniques of renormalization.

Note that if 5,1 log1/a,, < C' < oo for all n > 0, then 3,,_; loglog(e/aw,)
< Bp-1log(1+ C/By—1) decreases exponentially fast, and « belongs to the set
of Cremer numbers studied in Section 6.4.

7.1. Parabolic explosion. The techniques of parabolic explosion are used to
have a precise control on the position of some periodic points of P, for o/ close
to a. The maps P, for o real, are injective on B(0,1/2). We let F,, € S(<)
be the lift of Py via Z — %ezmz. Let us recall that we called a periodic point
of a map F' that commutes with 7', a point Z such that F'9(Z) = p for integers
g € N* and p € Z (p and ¢ need not be coprime). Then ¢ is called the period,
and p/q the rotation number.

LEMMA 16. There exists a constant By, > 0 such that for all Brjuno num-
ber o sufficiently close to o and all integer n > 2,

a) if %@n(o/) — B, > 0, then Py has a periodic point with period < g, and
modulus e~ ™0 with h{y > 5= ®,,(a/) — Ba;

b) for all Z in the upper half-plane
1
{Z eC|Im(2) > 2—<I>n,1(o/) +Ba}
T

the first q, iterates of Z under iteration of Fy have imaginary part >
L®, (/) + 446 and if Z is periodic with period < g, then Z comes

2r 4
from C () (in the sense that 3e*™% € C, /. (o).

pn/q-n
Proof. For n > 2 and for o/ € R\ Q, let us define
Xn(a) = Xn(&)\ Cp, g, (@), 1h(d) = rad(X;(a)),

dn(a') = d(0, X, (), and d}(a’) =d(0,X;()).

By Proposition 2 (since g2 > 2), we have for o/ close enough to a,

1
®,(a’) +logry(a’) < ®o(a’) +logra(a)) + CZ 8k,
s Ik
As o/ — «, the right hand term is bounded independently of n. So, there
exists a constant C, such that for all n > 2 and all o/ € B sufficiently close

to a,
D, () +logdy,(a') < @, () + logr,(a) < 2rC,.
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Thus, if o is sufficiently close to a, P, has a periodic point with modulus
/ 1 log 2
Le 2 with b > —®y(a) = Ca = %8
i
This proves part a).
Part b) follows from [PM, annex 2.f] and the following observation. By

when the right hand is positive.

Lemma 1, in B(a/,1/2¢3), the only cycle of period less than or equal to g, that
does not move holomorphically is the cycle C,, /, (a'). So, as in Lemma 5, for
all n > 2, we have

1 /
() + logr(a') < By (o) +logri(@’) +(C—1) Y Oj,q’f,
k>n k

where C' is the constant provided by Lemma 2. By inequality (1), ®(a/) +
log r(a’) is universally bounded from below. So, there exists a constant C’
such that for all n > 2 and all o/ sufficiently close to «,

,_1(a’) +1logri(a) > —C".

Finally, we claim that there exists a constant C!, such that for all n > 2
and all o/ sufficiently close to «, we have

log () > logr(a) — C,.

Part b) follows easily. To prove the claim, let p/ = €*™ and p = e¥™.
Let ng be such that d}, (o) < |p — 1|/4 (this is possible since « is a Cremer
number). For o’ close enough to a, d;; (o) < [p’ —1|/2. For each fixed value
of n < ng, logd} (/) —logr) (o) — logd} () —logr} (o) when o/ — . For
n > no, let z € X} (a/) be a point that realizes the distance d}(a/) and set

w = Py (2) = p'z+ 2. Then, |z| = dj(¢/) < d (a/) < |p —1|/2 and
ri(e) < 1ad(C\ {z,w}) = d3(a") -1ad (C\ {1, w/2}).

As o tends to «, w/z = p/ + 2z remains in a compact subset of C\ {1} and so,
rad(C \ {1,w/z}) is bounded. O

7.2. Renormalization. Let us now fix 0 €]0,1/10[. For n > 0, we will
define a sequence of heights ¢/, and a sequence of maps Fy , € S(a),) as in
Section 5.2.

Let us set

C' = 2m(Bqy + 4Cj5 + 449),

where B,, is the constant in Lemma 16.
Now, let us choose ng so that [£,,—1log1l/a,, > 4C’ (this is possible
because sup (3,-11og1/a;, = o0). If o is sufficiently close to «, we have

Br,_1logl/a, >4C".

By Proposition 8, we can take

1 1 1 1
th=-—log—+Cs ... t, _;=-—log + Cs.
07 21 7 af " 2 T ag
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By Lemma 16 part a), Py has a periodic point 1e%7%

1
satisfying Im(Zj) = h > %(I)no (') — B,. Note that

with period < gy,

1 1 4C’ 1
— 'Y= By > —®,, —fB

By Lemma 16 part b), Z| is periodic for Fi,, and comes from Cpro /s (), and

q)nofl(o/) —+ Ba.

thus has rotation number p,,/¢,,. By Proposition 7, Fi p, has a fixed point
Z,,, with Im(Z}, ) = hy,, satisfying

no—1

hy — 446 < Bl _ihi + > B, 1ty < B

(see inequality (10) page 30). So,
1 1 B 4Cs +446 3 1
Wy > 5-log — - a ¥+ A0 9
an, ﬁno_l 4 o

If Z # Z,, is another fixed point of Fi ,,, then Proposition 7 and Lemma 16
imply that

1
TL

ne—1 no—1

1
Bro—11m(Z) + Z Bty <o Z B 110g— + Ba.

Thus,
B 1 1 1
= < = — log — -

Im(Z) <
m(Z) g 1w B,

1 1
So, there is a gap of height greater than 3 o log —— that separates the fixed
no

point Z;Lo of Fy p, from the other fixed pomts of Fy m,. According to the
second remark after Proposition 9, we can therefore take

t Zh;LO—Fl—‘y-C(;.

o

Finally, for n > ng + 1, we can take

1 1
t :—loga—,—i—Cg.

/
"2 "

As in the previous section, Proposition 6 we have

1 o
log —— <2 !t 4445
o8 2r(a) = ™ (nz:oﬁn—l n T )
no—1
@ (Z ﬁ%—lt%‘f‘ﬁ%—lh;@o) Z Bp—1log —,
n=0

n=no+1 On
+2m(3y,,_1(4C5 + 1) + 446)
<2mhy 4+ ®(o) — Ppy (o) + 27(B,,,_1(4Cs5 + 1) + 449).
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Note that 2mh( < —log(2dy,(a’)) where dy, (¢/') = d(0, X,,(a)). So, reorder-
ing the terms and simplifying by log 2, we get
O(af) +1logr(a’) = Py (a) + log dn, (o) — 27 (5,1 (AC5 + 1) + 449).

We can now conclude as in Section 6.4.
Appendix: Extracts from [BC2]

The following proposition is Proposition 10 from [BC2].

PropoSITION 10. Assume U,V C C are two hyperbolic domains contain-
ing 0 and x : U — V is a holomorphic map fixing 0. Let S be a finite subset
of U avoiding 0, such that x(S) avoids 0. Then,

rad(V '\ x(95)) < rad(U \ 5)
rad(V) = rad(U)

Given an integer g > 1, set
U, = {e%rk/q ‘ k=0,... ,q—l}.
The following proposition is Proposition 12 from [BC2].

PROPOSITION 11. There exists a constant C' > 0 such that for ¢ > 2 and
r < 1, we have

C
lograd(D \ rU,) < logr + T
One can take C' = log4 + 2log(1 + v/2).

Let V) be hyperbolic subdomains of C which contain 0 and move holo-
morphically with respect to A € D. The following proposition is Proposition
13 from [BC2].

PROPOSITION 12. There exists a family of simply connected open sets 17)\
and of universal coverings my : Va — V) such that Vo = D, the set

ﬁz{(k,z)EDxC‘zefz\}

is open, and 11 : (X, z) € V v m(2) is analytic. For all X € D,

~ ) 2 log4
V\ C B(0, th logp = ————.
» C B(0,p) with logp T
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