ASYMPTOTICS OF ONE-DIMENSIONAL FOREST FIRE PROCESSES

XAVIER BRESSAUD!, NICOLAS FOURNIER?

ABSTRACT. We consider the so-called one-dimensional forest-fire process. At each site
of Z, a tree appears at rate 1. At each site of Z a fire starts at rate A > 0, destroy-
ing immediately the whole corresponding connected component of trees. We show that
when making A tend to 0, with a correct normalization, the forest-fire process tends to
a uniquely defined process, of which we describe precisely the dynamics. The normal-
ization consists of accelerating time by a factor log(1/\) and of compressing space by a
factor Alog(1/\). The limit process is quite simple: it can be built using a graphical con-
struction, and can be perfectly simulated. Finally, we derive some asymptotic estimates
(when XA — 0) for the cluster-size distribution of the forest-fire process.
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1. INTRODUCTION AND MAIN RESULTS

1.1. The model. Consider two independent families of independent Poisson processes N =
(Ni(i))i>0.5ez and M» = (M (i))i>0.icz, with respective rates 1 and A > 0. Denote by

ftN’Mk = 0 (Ng(i), Mi),s < t,i € Z). For a,b € Z, with a < b, we set [a,b] = {a,...,b}.

Definition 1. Consider a {0,1}%-valued (ft]V’MA)tZO—adapted process () )i>0, such that
(0} (3))i>0 is a.s. cadlag for all i € Z.
We say that (n})i>0 is a A\-FFP (forest-fire process) if a.s., for allt >0, all i € Z,

t t
(i) = / Lipx (iy—opdNs (i) — Z/ Liec> (i) dM2 (k)
0 kez 0
where C (i) = 0 if (i) = 0, while C2 (i) = [12(3), r2(1)] if 2 (i) = 1, with
12Mi) = sup{k < i;n)(k) =0} +1 and r)(i) = inf{k > i;n} (k) = 0} — 1.

Formally, saying that 7\ (i) = 0 if there is no tree at site 7 at time ¢ and 7 (i) = 1 else,
C (i) stands for the connected component of occupied sites around i at time ¢. Thus the
forest-fire process starts from an empty initial configuration, trees appear on vacant sites
at rate 1 (according to N), and a fire starts on each site at rate A > 0 (according to M?*),
burning immediately the corresponding connected component of occupied sites.

This process can be shown to exist and to be unique (for almost every realization of N, M*),
by using a graphical construction. Indeed, to build the process until a given time 7' > 0,
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it suffices to work between sites ¢ which are vacant until time 7' (because Nr(i) = 0).
Interaction cannot cross such sites. Since such sites are a.s. infinitely many, this allows us
to handle a graphical construction. We refer to Van den Berg-Jarai [4], see also Liggett [15]
for many examples of graphical constructions. Let us observe that this construction works
only in dimension 1.

1.2. Motivation and references. The study of self-organized critical (SOC) systems has
become rather popular in physics since the end of the 80’s. SOC systems are simple models
supposed to illuminate temporal and spatial randomness observed in a variety of natural
phenomena showing long range correlations, like sand piles, avalanches, earthquakes, stock
market crashes, forest fires, shapes of mountains, clouds, ... Roughly, the idea, present in
Bak-Tang-Wiesenfeld [1] about sand piles, is that of systems growing towards a critical state
and relaxing through catastrophic events (avalanches, crashes, fires, ...). The most classical
model is the sand pile model introduced in 1987 in [I], but a lot of variants or related models
have been proposed and studied more or less rigorously, describing earthquakes (Olami-
Feder-Christensen, [16]) or forest fire (Henley [13], Drossel-Schwabl, [§]). For surveys on the
subject, see Bak-Tang-Wiesenfeld [T}, 2], Jensen [14], and the references therein.

From the point of view of SOC systems, the forest-fire model is interesting in the asymptotic
regime A — 0. Indeed fires are less frequent, but when they occur, destroyed clusters may be
huge. This model has been subject to a lot of numerical and heuristic studies, see Drossel-
Clar-Schwabl [9] and Grassberger [I2] for references. But there are few rigorous results.
Even existence of the (time-dependent) process for a multidimensionnal lattice and given
A > 0 has been proved only recently [I0, [[1], and uniqueness is known to hold only for
A large enough. The existence, uniqueness of an invariant distribution (as well as other
qualitative properties) even in dimension 1, have been proved only recently in [5] for A = 1.
These last results can probably be extended to the case where A > 1, but the method in [f]
completely breaks down for small values of \.

The asymptotic behaviour of the \-FFP as A — 0 has been studied numerically and heuris-
tically [8, O, [7, 2. To our knowledge, the only mathematical rigorous results are the
following.

(a) Van den Berg and Jarai [4] have proved that for ¢ > 3, P[nt)‘log(l/” (0) = 0] ~ 1/log(1/X),
thus giving an idea of the density of vacant sites. This result was conjectured by Drossel-
Clar-Schwabl [].

(b) Van den Berg and Brouwer [3] have obtained some results in the two-dimensional case
concerning the behaviour of clusters near the critical time. However, these results are not
completely rigorous, since they are based on a percolation-like assumption, which is not
rigorously proved.

(¢) Brouwer and Pennanen [6] have proved the existence of an invariant distribution for
each fixed A > 0, as well as a precise version of the following estimate, which extends (a):
for A € (0,1), at equilibrium P[#(C*(0)) = x] =~ ¢/[zlog(1/\)] for x € {1,...,(1/\)/3}. Tt
was conjectured in [9 that this actually holds for z € {1,...,1/(Alog(1/\))}, but this was
rejected in [4].

In this paper, we derive rigorously a limit theorem, which shows that the A-FFP converges,
under rescaling, to some limit forest-fire process (LFFP). We describe precisely the dynamics
of the LFFP, and show that it is quite simple: in particular, it is unique, can be built by
using a graphical construction, and thus can be perfectly simulated. Our result allows us to



FOREST FIRE PROCESSES 3

prove a very weak version of (c) for z € {1,...,(1/A\)17¢}, for any € > 0, see Corollary
below.

1.3. Notation. We denote by #(I) the number of elements of a set I.

For a,b € Z, with a < b, we set [a,b] = {a,...,b} C Z.

For I = [a,b] C Z and o > 0, we will set ol := [aa, ab] C R. For o > 0, we of course take
the convention that af) = 0.

For J = [a,b] an interval of R, |J| = b — a stands for the length of J, and for o > 0, we set
aJ = [aa, abl.

For x € R, |z] stands for the integer part of .

1.4. Heuristic scales and relevant quantities. Our aim is to find some time scale for
which tree clusters see about one fire per unit of time. But for A very small, clusters will
be very large just before they burn. We thus also have to rescale space, in order that just
before burning, clusters have a size of order 1.

Time scale. Consider the cluster C(z) around some site x at time ¢. It is quite clear that
for A > 0 very small and for ¢ not too large, one can neglect fires, so that roughly, each
site is occupied with probability 1 —e~*, and thus C}(z) ~ [z — X,z + Y], where X,Y are
geometric random variables with parameter 1 —e~!. As a consequence, #(C{(x)) ~ e for ¢
not too large. On the other hand, the cluster C(x) burns at rate \#(C} (z)) (at time ¢), so

that we decide to accelerate time by a factor log(1/)). By this way, )\#(Cl)c‘)g(l/)\) (x)) ~ 1.

Space scale. Now we rescale space in such a way that during a time interval of order log(1/)),
something like one fire starts per unit of (space) length. Since fires occur at rate A, our space
scale has to be of order Alog(1/)): this means that we will identify [0, |1/(Alog(1/A))]] C Z
with [0,1] C R.

Rescaled clusters. We thus set, for A € (0,1), t > 0, x € R, recalling Subsection [3]
(1) D} () := Mog(1/A)Cigg(1/n (L2/(Alog(1/N))]) € R.

However, this makes appear an immediate difficulty: recalling that #(C}(z)) ~ e* for ¢ not
too large, we see that for all site z, | D} (2)] ~ Alog(1/X)et1°8(1/2) = X1=t1og(1/)), of which
the limit as A — 0is 0 for ¢ < 1 and +oo for t > 1.

For t > 1, there might be fires in effect, and one hopes that this will make finite the possible
limit of | D (x)|. But fires can only reduce the size of clusters, so that for ¢ < 1, the limit of
| D} ()| will really be 0. Thus, for a possible limit |D(z)| of | D*(z)|, we should observe some
paths of the following form: |D;(x)| = 0 for t < 1, |Dy(z)| > 0 for some times ¢ € (1,7),
then it might be killed by a fire and thus come back to 0, then it remains at 0 during a time
interval of length 1, and so on...

This cannot be a Markov process because |D(x)| always remains at 0 during a time interval
of lenght exactly 1. We thus have to keep in mind more information, in order to control
when it exits from 0.

Degree of smallness. As said previously, we hope that for t < 1, |D} ()] ~ A~ log(1/)) ~
A=t Thus we will try to keep in mind the degree of smallness. We will denote, for A € (0, 1),
reR,t>0,

log |1+ # (Cogq1 ) (L2/(Alog(1/))])
R aaa UL L LI




4 XAVIER BRESSAUD, NICOLAS FOURNIER

Final description. We will study the \-FFP through (D} (), Z}(%))zer.+>0. The main idea
is that for A > 0 very small:

(i) if ZMz) = 2z € (0,1), then |D}(z)| ~ 0, and the (rescaled) cluster containing = is
microscopic, but we control its smallness, in the sense that | D (z)| ~ A~ in a very unprecise
way;

(ii) if Z}(z) = 1 (we will show below that Z}(z) will never exceed 1 in the limit A — 0),
then automatically the (rescaled) cluster containing x is macroscopic, and has a length equal
to |D}(z)| € (0, 00).

1.5. The limit process. We now describe the limit process. We want this process to be
Markov, and this forces us add some variables.

We consider a Poisson measure M (dt, dz) on [0, 0c0) X R, with intensity measure dtdz. Again,
we denote by FM = o(M(A), A € B([0,t] x R)). We also denote by Z := {[a,b],a < b} the
set of all closed finite intervals of R.

Definition 2. A (FM);>0-adapted process (Z(x), Dy(z), Hy(x))i>0.zer with values in Ry x
T x Ry is a limit forest-fire process (LFFP) if a.s., for allt >0, all x € R,

t t
/ﬂ{zs<m><1}d8—/ /ﬂ{zsf<z>:1,yeDsf<m>}M(d8=dy)=
Ot 0 R

t
Hy(z) = /0Zs—(iﬂ)]l{zs,(z)<1}M(d8X{HC})—/Ol{Hs(m)>o}d87

where Dy(x) = [L(x), Ry(x)], with
Li(z) = sup{y < x; Z(y) <1 or Hi(y) >0},
Ri(z) = inf{y > z; Zi(y) <1 or Hy(y) > 0}.

Zt (JJ)
(3)

A typical path of the finite box-version of the LFFP (see Section B is drawn and commented
on Figure 2, and a simulation algorithm is explained in the proof of Proposition R

Let us explain the dynamics of this process. We consider T' > 0 fixed, and set By = {x €
R; M([0,T] x {x}) > 0}. For each t > 0, z € R, D;(x) stands for the occupied cluster
containing x. We call this cluster microscopic if Di(x) = {x}. We also have D;(x) = D(y)
for all y in the interior of Dy(x): if Dy(x) = [a,b], then Dy(y) = [a,b] for all y € (a, b).

1. Initial condition. We have Zy(z) = Ho(xz) = 0 and Do(x) = {z} for all z € R.

2. Occupation of vacant zones. We consider here € R\By. Then we have H,(z) = 0 for all
t € [0,T]. When Z,(z) < 1, then Dy(z) = {z}, and Z,(z) stands for the degree of smallness
of the cluster containing x. Then Z;(z) grows linearly until it reaches 1, as described by
the first term on the RHS of the first equation in @). When Z;(x) = 1, then the cluster
containing z is macroscopic, and is described by D;(x).

3. Microscopic fires. Here we assume that € By, and that the corresponding mark of M
happens at some time ¢ where z := Z;_(x) < 1. In such a case, the cluster containing z
is microscopic. Then we set Hi(x) = Z;_(z), as described by the first term on the RHS of
the second equation of @), and we leave unchanged the value of Z;(z). We then let H,(x)
decrease linearly until it reaches 0, see the second term on the RHS of the second equation
in @). At all times where Hy(x) > 0, i.e. during [t,¢ + z), the site z acts like a barrier (see
Point 5. below).

4. Macroscopic fires. Here we assume that x € Bp, and that the corresponding mark of
M happens at some time ¢ where Z;_(x) = 1. This means that the cluster containing x
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is macroscopic, and thus this mark destroys the whole component D;_(x), that is for all
y € Dy_(x), we set Dy(y) = {y}, Zi(y) = 0. This is described by the second term on the
RHS of the first equation in @]).

5. Clusters. Finally the definition of the clusters (Di(x))zer becomes more clear: these
clusters are delimited by zones with microscopic sites (i.e. Z;(y) < 1) or by sites where their
has (recently) been a microscopic fire (i.e. H;(y) > 0).

1.6. Main results. First of all, it is not quite clear that the limit process exists.

Theorem 3. For any Poisson measure M, there a.s. ezists an unique LFFP, recall Defini-
tion[A Furthermore, it can be constructed graphically, and thus its restriction to any finite
box [0,T] x [—n,n] can be perfectly simulated.

To describe the convergence of the \-FFP to the LFFP, we need some more notation. Let
D([0, T], E) denote the space of right continuous and left limited functions from the interval
[0,T] to a topological space E.

Notation 4. (i) For two intervals [a,b] and [c,d], we set §([a,b],[c,d]) = |a —c| + |b—d|.
We also set by convention §([a,b],D) = |b — al.
(i1) For (z,1),(y,J) in D([0,T],R x ZU {0}), let

T
or((z, 1), (y,J)) = sup |z(t) — y(t)] +/O S(1(t), J(t))dt.

[0,7]
We are finally in a position to state our main result.

Theorem 5. Consider, for all A > 0, the processes (Z;(x), D}(x))i>0.2er associated to
some the A\-FFP, see Definition and {@)-@). Let (Z¢(x), Di(x), Hi(2))t>0,2cr be a LFFP
as in Definition A

(a) For any T > 0, any finite subset {x1,...,xp} C R, (Z}(x:), D}MNa:))ie(0,1]i=1,....p JO€S in
law to (Z(x:), Di(4))eefo,1),i=1,....p» i D([0, T],RXZI)P, as X tends to 0. Here D([0, 00), R x
T) is endowed with the distance ér, see Notation [

(b) For any finite subset {(t1,21), ..., (tp,zp)} C Ry X R, (Z} (;), D (%;))i=1,...p goes in
law to (Zy;(xs), Dy, (%:))i=1,...p in (R X I)P.

Observe that the process H does not appear in the limit, since for each z € R, a.s., for all
t >0, H(z) = 0. (Of course, it is false that a.s., for all z € R, all ¢ > 0, H(z) = 0).
We obtain the convergence of D* to D only when integrating in time. We cannot hope for
a Skorokhod convergence, since the limit process D(z) jumps instantaneously from {z} to
some interval with positive length, while D*(x) needs many small jumps (in a very short
time interval) to become macroscopic.

As a matter of fact, we will obtain some convergence in probability, using a coupling argu-
ment. Essentially, we will consider a Poisson measure M (dt,dx) as in Subsection [LH, and
set, for A € (0,1) and i € Z,

MMi) = M([O,t/ log(1/A)] x [iAlog(1/A), (i + 1))\log(1/)\))).

Then (M (i))i>0.iez is an i.i.d. family of Poisson processes with rate \.
The i.i.d. family of Poisson processes (N¢(i))i>0.icz with rate 1 can be chosen arbitrarily,
but we will decide to choose the same family for all values of A € (0,1).
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1.7. Heuristic arguments. Let us explain here roughly the reasons why Theorem H holds.
We consider a A-FFP (");>0, and the associated process (Z(x), D} ())¢>0.zcr. We assume
below that A is very small.

0. Scales. With our scales, there are 1/(Alog(1/A)) sites per unit of length; about one fire
starts per unit of time per unit of length; a vacant site becomes occupied at rate log(1/\).

1. Initial condition. We have, for all z € R, (Z3(z), D} (x)) = (0,0) ~ (0, {z}).

2. Occupation of vacant zones. Assume that a zone [a,b] (which corresponds to the zone
[La/(Alog(1/A))],b/(Alog(1/X))]] before rescaling) becomes completely vacant at some time
t (or tlog(1/)) before rescaling) because it has been destroyed by a fire.

(i) For s € [0,1), and if no fire starts on [a, b] during [t,¢ + s], we have D,  (z) ~ [z £ A1 7*]
and thus Z,  (z) ~ s for all z € [a, b).

Indeed, D}, () ~ [z —Alog(1/A) X, z+ Alog(1/A)Y], where X and Y are geometric random
variables with parameter 1 — e=*1°8(1/*) = 1 — X\s_ This comes from the fact that each site
of [a, b] is vacant at time ¢, and becomes occupied at rate log(1/\).

(i) If no fire starts on [a,b] during [t,¢ + 1], then Z ;(z) ~ 1 and all the sites in [a,b] are
occupied (with very high probability) at time ¢ + 1. Indeed, we have (b — a)/(Alog(1/)))
sites, and each of them is occupied at time t + 1 with probability 1 — e~ 108(1/2) =1 — )\,
so that all of them are occupied with probability (1 — \)(0=@)/(A108(1/A) ~ ¢=(b=a)/log(1/)
which goes to 1 as A — 0.

3. Microscopic fires. Assume that a fire starts at some location = (i.e. |[z/(Alog(1/)N))]
before rescaling) at some time ¢ (or ¢log(1/A) before rescaling), with Z} (z) = 2 € (0,1).
Then the possible clusters on the left and right of x cannot be connected during (approxi-
mately) [t,t + z], but can be connected after (approximately) ¢t + z. In other words, x acts
like a barrier during [t,t + z].

Indeed, the fire makes vacant a zone A of approximate length \'~% around z, which thus
contains approximately A'7%/(Alog(1/\)) ~ A\™* sites. The probability that a fire starts
again in A after ¢ is very small. Thus, using the same computation as in Point 2-(ii), we
observe that P[A is completely occupied at time t+s] ~ (1-A*)* " ~ e *" . When A — 0,
this quantity tends to 0 if s < z and to 1 if s > z.

4. Macroscopic fires. Assume now that a fire starts at some place = (i.e. |z/(Alog(1/)))]
before rescaling) at some time ¢ (or tlog(1/\) before rescaling), and that Z}(x) ~ 1. Thus
D} (x) is macroscopic (that is its length is of order 1 in our scales). This will thus make
vacant the zone D} (x). Such a (macroscopic) zone needs a time of order 1 to be completely
occupied, as explained in Point 2-(ii).

5. Clusters. For t > 0, x € R, the cluster D} (z) resembles [x + \17%] ~ {2} if Z}(z) = z €
(0,1). We then say that x is microscopic. Now macroscopic clusters are delimited either by
microscopic zones, or by sites where their has been a microscopic fire (see Point 3).

Comparing the arguments above to the rough description of the LFFP, see Subsection [C3
we hope that the A\-FFP resembles the LFFP for A > 0 very small.

1.8. Decay of correlations. A by-product of our result is an estimate on the decay of corre-
lations in the LFFP, for finite times. We refer to Proposition[[dlbelow for a precise statement.
The main idea is that for all T > 0, there are some constants Cp > 0, ap > 0 such that for
all A € (0,1), all A > 0, the values of the \-FFP inside [-A/(Alog(1/))), A/(Alog(1/)))]
are independent of the values outside [—2A/(Alog(1/))),2A4/(Alog(1/X))] during the time
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interval [0, T'log(1/A)], up to a probability smaller that Cre~*74. In other words, for times
of order log(1/)), the range of correlations is at most of order 1/(Alog(1/X)).

1.9. Cluster-size distribution. We finally give results on the cluster-size distribution,
which are to be compared with [, [6], see Subsection above.

Corollary 6. For each A\ > 0, consider a \-FFP process (1n})i>0-
(i) For some 0 < ¢ < C, for allt >5/2, all0 <a<b<1,

c(b—a) < fim P (#(Ct)\log(l/)\)(o)) e, )\_b]> < C(b—a).
(i) For some 0 < ¢ < C and some 0 < k1 < Ka, for all t > 3/2, all B > 0,
ce™B < lim P (#(Clioga/)(0)) = B/(Nlog(1/A) ) < Ce™1 5.

Point (i) says approximately that for ¢ large enough (say at equilibrium), for z << 1/ (say
for z < (1/A\)17¢), choosing a = log(x)/log(1/A) and b = log(z + 1)/ log(1/)),

P(#(C*(0)) = &) = P(#(C(0)) € [,z +1]) = P(#(C*(0)) € A%, A7")
~((b—a)~

—| = —

xlog(1/A)’

Thus it is a very weak form of the result of [G], but it holds for a much wider class of z: here
we allow 2 < 1/A'~¢, while z < 1/A'/3 was imposed in [6]. Another advantage of our result
is that we can prove that the limit exists in (i).

Point (ii) describes roughly the cluster-size distribution of macroscopic components, that is
of components of which the size is of order 1/(Alog(1/))). Here again, rough computations
show that for z > e/(Alog(1/)\)), for t large enough (say at equilibrium),

]P)(#(Ck(o)) — CE) ~ /\log(l/)\)e—nm)\log(l/k)'

Thus there is clearly a phase transition near the critical size 1/(Alog(1/))). See Figure 1
for an illustration.

1.10. Organization of the paper. The paper is organized as follows. In Section Bl we
give the proof of Theorem Bl We show in Section B that in some sense, the A-FFP can be
localized in finite box, uniformly in A > 0. Section Ml is devoted to the proof of Theorem
Finally, we check Corollary B in Section Bl

1.11. Acknoweldgments. We are grateful to the referee who helped us make the proof
more readable and, indeed, correct. The second author was supported during this work by
the grant from the Agence Nationale de la Recherche with reference ANR-08-BLAN-0220-01.

2. EXISTENCE AND UNIQUENESS OF THE LIMIT PROCESS

The goal of this section is to show that the LFFP is well-defined, unique, and that it can be
obtained from a graphical construction. First of all, we show that when working on a finite
space interval, the LFPP is somewhat discrete.

We consider a Poisson measure M (dt,dz) on [0,00) x R, with intensity measure dtdz. We
denote by FM* = o(M(B), B € B([0,1] x [-A, A))).
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Definition 7. A (ftM’A)tZO—adapted process (Z{*(z), Di* (x), H{*(2))1>0,0e[—a,4] With values
in Ry X Z x Ry is called a A-LFFP if a.s., for allt >0, all x € [—A, A],

t t
Zfz) = / Liza)<1yds —/ / liza (@)=1yepA ()M (ds, dy),
0 0o Ji—aa U S
Hi(z) = /()Zf—(f)]l{zj(z)a}M(dS x {z}) _/o Liga)>0yds,
where D (x) = [L{ (z), R (x)], with
(4) Lifz) = (—A)vsup{y € [-Az]; Z (y) <1 or Hf(y) > 0}
R x) = AAinf{y € [z, A]; ZA (y) <1 or HA(y) > 0}.

A typical path of (Z{*(z), D*(x), H{*(%));>0c[- 4, 4] is drawn on Figure 2.

The following proposition is actually almost obvious, but its proof shows the construction
of the A-LFFP in an algorithmic way.

Proposition 8. Consider a Poisson measure M (dt,dx) on [0,00) x R, with intensity mea-
sure dtdx. For any A > 0, there a.s. exists an unique A-LFFP, and it can be perfeclty
simulated.

Proof. We omit the superscript A in this proof. We consider the marks (7}, X;);>1 of
M|[0,00)x[-4,4], With 0 < T1 < Ty < .... We set Ty = 0 for convenience. We describe the
construction through an algorithm, which also shows uniqueness in the sense that there is
no choice for the construction.

Step 0. First, we set Zy(z) = Ho(x) =0 and Do(x) = {z} for all x € [- A4, A].

Step n+ 1. Assume that the process has been built until 7}, for some n > 0, that is we know
the values of (Z;(z), D¢(x), Hi(2))tec(0,1,],0e[—A,A]-

We build (Z(z), Di(x), Hi(2))te(T, ,Tps1),z€[-A,4] in the following way: for ¢ € (Tn,TnH),
€ [-A, A], we set Z,(z) = min(1, Zp, (x)+t—T,), we set H;(z) = max(0, Hy, (x)—(t—T}))
and we define Dy(z) = [Li(x), Ri(x)] as in (@).

Next we build (Z7,,,, (%), D1, ., (z), Hr,, (%)) 2] A, A]-

(i) If Zg, ,—(Xpng1) = 1, set Hp,, ,(x) = Hrp, ,—(x) for all z € [-A, A] and consider
la,b] := D, ., —(Xp41). Set Zp,.,(x) = 0 for all x € (a,b) and Z7, () = Z7,,,—(x)
for all € [-A,A] \ [a,b]. Set finally Zr,,,(a) = 0 if Z7,,,_(a) = 1 and Z7,,,(a) =
ZTnJrl_(a) if ZTn+1_(a) <1, and ZTn+1 (b) =0if ZTn+1—(b) =1 and ZTn+1 (b) = ZTn+1—(b)
if Z, ., _(b) < 1.

(i) If Zp,,,—(Xnt1) < 1, we set Hr,,, (Xnt1) = Z1, 1~ (Xng1), we set Zp, (Xpg1) =
ZT71+1_('X771+1) and (ZTn+1 (x)7HTn+1 (‘T)) = (ZT7L+1_(‘T)7HT7L+1_(‘T)) for all z € [_A7A]\
{Xn-l—l}-

(iii) Using the values of (Z7,,,(x), Hr,,,())ze[-a,4], We finally compute the values of
(‘DTn+1 (x))xe[fA,A]- O

In case (i) above, we detailed precisely what to do at the boundary of burning macroscopic
components. This is not so important: it does not affect the uniqueness statement but
corresponds to taking a slightly different definition of the process; we could have made other
choices for this.

We now prove a refined version of Theorem
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Proposition 9. Consider a Poisson measure M (dt,dx) on [0,00) x R, with intensity mea-
sure dtdz. For A > 0, consider the A-LFFP (Z{(x), D{*(z), H{*(%))i>0,0e[—a,4] built in
Proposition 8 (using M ).

There a.s. exists an unique LFFP (Z,(x), Di(z), Hi(2))i>0,0er (corresponding to M ), and
it furthermore satisfies: for all T > 0, there are some constants ap > 0 and Cp > 0 such
that for all A > 2,

(5) P|(Zi(x),De(x), Hi(2))iefo,1),0c[-A/2,4/2]
= (Z{(z), D (z), H(2))scio,r)0c[-A/2,4/9) | = 1 — Cre T4,

Proof. We divide the proof into several steps. We fix T' > 0, and work on [0, T].

Step 1. For a € Z, we define the event 2, in the following way (see Figure 3 for an
illustration): the Poisson measure M has exactly 3n marks in [0,7T] X [a,a + 1], for some
n > 1, and it is possible to call them (T, X&)k=1,...n; (Tkan)k:I,...n and (Sk, Yi)k=1,...n In
such a way that we have the following properties for all k = 1,...,n (we set Ty = To=5Sy=0
and Xy = a, XO = a + 1 for convenience).
(1) Ty and Tk belong to (Sk,1 + 1/2, Sk_1+ 1) and Xp_1 < X < Xk < kaﬁ
(ii) Sk € (Sk—l + 1,51+ Q(Tk A Tk — Skfl)) and Yy € (Xk,j(k);
(iii) Sp, > T — 1.
Step 2. Then we observe that if the LFFP exists, then necessarily,

Q, C{Vte[0,T], Iz € (a,a+1), H(x) >0 or Z,(z) < 1}.

Indeed, Z;(z) =t < 1for allt € [0,1), all x € R. Then Hp, (X1) = Zp,(X1) = T3, whence
Hy(X1) > 0 on [T},2Ty], and Hy(X1) > 0 on [T1,27T1]. As a consequence, we know that for
all z € (X1,X,), all t € [1,8)), Dy(x) = [X1,X;]. Since now 1 < Sy < 2(Ty A Ty), and
since Y3 € (X1, X1), we deduce that Zg, (z) = 0 for all z € (X1, X1), and as a consequence,
Z(x) =t—51 <1lforallte[S,S +1). But now Hi(X2) > 0 on [Ts, 1o + (T2 — S1)), and
H(X3) > 0on [Ty, To+ (To — S1)). As a consequence, we know that for all z € (Xz, X5), all
te[S1+1,5), Di(x) = [Xo, XQ]. Since now S1+1 < S < S1+2(T1 A T — S1), and since
Yy € (X2, X3), we deduce that Zs,(z) = 0 for all z € (X3, X3), and thus Z;(z) =t — Sy < 1
for all t € [S2, 52+ 1). And so on...

Step 3. We deduce that for all a € Z, conditionally on €, clusters on the left of a are never
connected (during [0,7]) to clusters on the right of a + 1. Thus on €,, fires starting on
the left of a do not affect the zone [a + 1,00), and fires starting on the right of a + 1 do
not affect the zone (—oo,a]. Since furthermore 2, concerns the Poisson measure M only
in [0,T] x [a, a4+ 1], we deduce that on €, the processes (Z:(x), D¢(x), H¢())>0,2€[a+1,00)
and (Z;(x), D¢(x), Ht(2))1>0,0e(—o0,q] Can be constructed separately.

Step 4. Clearly, gr = P[Q,] does not depend on a, by invariance by translation (of the law
of M), and obviously gr > 0. Thus a.s., there are infinitely many a € Z such that Q, is
realized. This allows a graphical construction: it suffices to work between such a’s (i.e. in
finite boxes) as in Proposition B

Step 5. Using the same arguments, we easily deduce that for A > 2, the LFFP and the
A-LFFP coincide on [—A/2, A/2] during [0, T as soon as there are a; € [-A4, —A/2—1] and
az € [A/2, A — 1] with Qq, N Qy, realized. Furthermore, since M is a Poisson measure, {2,
is independent of €, for all a # b (with a,b € Z). Thus the probability on the LHS of ) is
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bounded below, for A > 2, by
1= PlNaezni—a,—a/2-11%] — PNaezniajz,a-1Q8] > 1 —2(1 — qr)?/*72,
whence ([B) with ar = —log(1 — qr)/2 > 0 and Cr = 2/(1 — qr)%. O
3. LOCALIZATION OF THE FFP.

We first introduce the (A, A)-FFP. We consider two independent families of i.i.d. Poisson
processes N = (Ny(i))i>0.iez and M* = (M} (i))i>0.icz, With respective rates 1 and A > 0.
For A > 0 and A > 0, we define

(6) Ay = [A/(Mog(1/3)] and I3 i= [~ Ay, A],
and we set .7:tN’MA’A i= 0 (Ns(i), M) i), s < t,i € I}).
Definition 10. Consider a (f;V’MA’A)tZO-adapted process (nt)"A)tZO with values in {0, 1}13,

such that (1" (i))i>0 is a.s. cadlag for all i € I.
We say that (0} )0 is a (A, A)-FFP if a.s., for all t >0, all i € I},

t t
ng\,A(i) :/0 ]l{n:;A(i):O}dNS(i)_ Z /0 ]]'{kGC;\LA(i)}dMS)\(k)’

kel}
where CMA(i) = 0 if n) (i) = 0, while CMA(i) = [INA(), v (0)] if A @G) = 1, where
134(0) = (—Ax) V (sup{k < i3m0 (k) = 0} + 1),
ra (i) = Ay A (inf{k > ;)4 (k) =0} — 1).

For x € [—A, A] and t > 0, we introduce

(7) D () = Mog(1/ NG |/ (Aog(1/M)]) € [-4, 4],
log |1+ # (CM(Lo/(Mog(1/3))))
(®) 2} @) = ol > 0.

We now prove the following result, which is similar to Proposition [l for the A-FFP.

Proposition 11. Let T > 0 and X € (0,1). Consider two families of Poisson processes
N = (Ny(i))i>0.icz and M> = (M}i))i>0,icz, with respective rates 1 and A\ > 0. Let
(nt)‘)tzo be the corresponding \-FFP, and for each A > 0, let (ng\’A)tZO be the corresponding
(A, A)-FFP. Recall {@)-@@) and {A)-@8). There are some constant ap > 0 and Cr > 0, not
depending on \ € (0,1), A > 2, such that, recall (@),

. A, —a
P {(nt)\(l))te[O,Tlog(l/A)],iel;\l/z = (771:A (Z))te[o,T1og(1/>\)],i612/2 >1-Cre TA,

AA A A
P {(Z?(w)aD?(fv))te[o,T],me[fA/z,A/z] = (27 (), Dy (2))iejo,1),0c|-A/2,4/2)
>1- OTeiaTA.

Proof. The proof is similar (but more complicated) to that of Proposition @ Consider
the true \-FFP (1(i))i>0.4cz. Assume for a moment that for a € R, there is an event
Q2 depending only on the Poisson processes N;(i) and M(i) for t € [0,Tlog(1/)\)] and
i€ J) = [la/(Mog(1/N)], | (a+1)/(Alog(1/X))]], such that

(i) on Q) a.s., for all t € [0, T'log(1/))], there is some i € J such that (i) = 0;
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(ii) there is gz > 0 such that for all @ € R, all A € (0,1), P(Q) > qr.

Then we conclude using similar arguments to Steps 3, 4, 5 of the proof of Proposition [
Fix some a > 0 and some e > 0 small enough, say o = 0.01 and ep = 1/(32T). Let Ay > 0
be such that for A € (0, ), we have 1 < A*~! < e /(Xlog(1/))).

For A € [Ar,1) and a € R, we set Q) = {Nriog1/5)(la/(Alog(1/X))]) = 0}, on which of
course 1, (i) = 0 for all ¢ € [0, T log(1/\)] with i = |a/(Alog(1/A))]| € J). Then we observe
that ¢ = infyep,,1) P(Q)) = infrepng 1y e 7080/ = (Ap)T > 0.

For A € (0,\7) and a € R, we define the event (2} on which points 1, 2, 3 below are
satisfied.

1. The family of Poisson processes (Mt’\(i))te[oj1Og(1/>\)]7i€J3 has exactly 3n marks, for
some 1 < n < |T], and it is possible to call them (T}, X)k=1, ..n, (T,i‘,f(,i‘)k:ln and
(S’,i‘, Yé\)k:L...n in such a way that we have the following properties for all k = 1,...,n (we
set T = T3 = 53 =0 and X = [a/(Aog(1/\)], X3 = |(a+1)/(Alog(1/\)]).

(la) X, < X <Y < XP < X, with min{ X — X} |,V = X, X -V, X, —
X} > der/(Mog(1/N));

(1b) T and T} belong to [Sp_; + (1 + a)log(1/A), Sp_, + (1 — a)log(1/N\)];

(Le) Sp € [Spoy + (L +a)log(L/A), Sy +2(T) AT = Sp_y) — alog(L/A)];

(1d) S} > (T — 1+ ) log(1/X).

2. We now set, for k = 1,...,n, 70 = (S — S} ;)/(2log(1/))), which belongs to [(1 +
a)/2,1 — a] due to 1 We consider the intervals

I =X} — (A7) X2+ (A
R_ =X} — [N — ex/Alog(1/N)], X2 — A7 | — 1],
Ry =X+ N + 1L, X2 + (A7 + [er/Alog(1/0)]],
Ly = [X2 + [N ] + |er/Aog(1/A)] + 1, X2 — [\ | — [er/Alog(1/X)] — 1],

and we consider similar intervals I ,j, I ,jﬁ, I ,j around X ,i‘ For all £ =1,...,n the family

of Poisson processes (N¢(i))¢>0,ics> satisﬁesy?u
(2a) Vi € I}, Npp (i) = Ngy_ (i) > 0 and Vi € I, Nga (i) — Ny (i) > 0;

(2b) Ji € I} _, Npa(i)=Ngy (1) = 0,3 € I, Npa(i)=Nga (i) =0,Fi e I}, N (i)~
Ngy (i)=0and3Jiel},, Nz (i) = Ngy_ (i) = 0;

(2¢) 3i € I}, Ngx (i) = Npa(i) = 0 and 3i € I}, Nga (i) — N (i) = 0;

(2d) Vi € L}, Nga (i) — Ngy (i) > 0.

3. We finally assume that 3i € L)\, Nrpiog/a (i) — Nga (i) =0.

To show that on ), a.s., for all t € [0, T'log(1/\)], there is some i € J;* such that 7, (i) = 0,
we proceed recursively. At time 0 all sites are vacant. Fix k € {1,...,n}. Assume that, for
t < Sp |, there is some i € J, such that n*(i) = 0 and that, at time S} _,, all sites in the
interval Lg_l are vacant.

Then, for S} | <t < T (resp. Sp , <t < T}), (2b) shows that there are vacant sites
both in I,?# and in I,i_ (resp. both in in fé‘)+ and in f,?_) This together with (2a) shows
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that, at time T — (resp. T,?—), all the sites in the intervals I} and I 2 are occupied (no fire
may burn those sites, because they are protected by the vacant sites in I,i"Jr, I,jﬁ, INIQJF, 12‘7)
Hence the interval I)* (resp. ;') becomes completely vacant at time T} (resp. 7). Between
time T} (resp. Tk)‘) and time S}, since I} (resp. I 1) is completely vacant at time T} (resp.
TY), (2c) shows that there is a vacant site in I} (resp. I})).

At time Sj—, the interval Ly is completely occupied thanks to (2d) and since it cannot be
burnt, because it is protected by vacant sites in I ,;\ + (resp. I ,;\7) between S;_, and T} (resp.
TY) and in I} resp I} between TQ (resp. T}) and Sp. As a consequence, since Y;* € L3,
the interval L7 becomes completely vacant at time S —.

All this shows that on (2, there are vacant sites in J2 for all ¢ € [0, 5], and L is com-
pletely vacant at time ;). Finally, 3 implies that there are vacant sites in L)} C J during
(S, Tlog(1/A)].

It remains to prove that there is ¢J. > 0 such that for all € R, all A € (0, A7), P(Q}) > ¢/
We treat separately the conditions 1 on M* and 2 on N (conditionally on M?) and use
independence of these two families of Poisson processes to conclude.

Firstly, for A € (0, A7), we observe that we can construct M?* using a Poisson measure M
on [0,00) x R with intensity dtdx, by setting, for all i € Z :

MMi) = M([O,t/ log(1/A\)] x [iMlog(1/N), (i + 1)/\log(1/)\))).

Hence (since e7/(Alog(1/A)) > 1) the event on which M?* satisfies 1 contains the event €2/,
on which M has exactly 3n marks in [0,7T] X [a,a + 1], for some 1 < n < |T'| which can be
called (T, Xk)k=1,...n; (Tk,Xk)k:L...n and (Sk, Yk)k=1,..n in such a way that we have the
following properties (we set Ty = To = So =0 and X, = a, Xo=a+1 for convenience) for
allk=1,...,n:

° min({Xk - Xp_1, Y — Xk,Xk — Ylka—l — Xk}) > ber.

e T}, and T} belong to (Sk—1+1/2+a,S;-1+1—a)

oS € (Sk—1+14+a,S—1+2(Tk A Tk — Sk—1) — ).

¢S, >(T-1)+a.

Then we have P(2,) > 0 (as in the proof of Proposition @ and since e and « are suffi-
ciently small), and this probability does not depend on a (by invariance of the law of M by
translation) nor on A € (0, Ar) (since it concerns only M).

Then, we use basic computations on i.i.d. Poisson processes with rate 1 to show that there is
a (deterministic) constant ¢ > 0 such that for all k =1,...,n, all A € (0, A\r), conditionally
on M*, (we write Py; for the conditional probability w.r.t. M?*),

e since T — Sp | > (17 + /2) log(1/A) due to (1c) and since #(I}) = 2L/\’T?J +1,

A
2277k |+1
Par(Vi € I}, Npa(i) — Nga (i) > 0) = (1 - e*<Tf?*Sr?—1>)
A
Z (1_>\‘r,§‘+a/2)2\‘)\ kJ"'l >C

(it tends to 1 as A — 0) and the same computation works for I N
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e since TP — Sp ; < (1 —a)log(1/A) by (1b), and since #(I,i‘)+) = |ler/(Alog(1/N))],
ler/Alog(1/X)]
Par(3i € I} o Npa(i) — Ny (1) =0)=1— (1 - e*<Tf?*5?—1>) e

51 (1 = AL /ORI

and the same computation works for I ,;\7_, I ,;\ s I ,i‘)_;

e since Sp — T < (17 — a/2)log(1/A) due to (1c) (use that Sp < 2T — S | — alog(1/)),
whence 257 < 2T + Sp — Sy, — alog(1/A) = 2T + 2(1 — a/2)log(1/))), and since
#(IP) =2+ 1,

A
2|27k |41
P (Ji € IR, Ngp (i) = Ny (i) = 0) = 1 — (1 _ e*(SQ*TkA))

T

C

and this also holds for I, ,;\;
e since Sp — Sp_; > (1 +«a)log(1/\) thanks to (1c), and since #(L3) < [(1/Alog(1/A))],

o , , _(sr—sp )\ HED
Par(Vi € L}, Nga (i) = Nga (i) > 0) = (1 — e~ (St =S, )

> (1- )\1+a)L1/>\10g(1/>\)J > ¢

e since T'log(1/A) — S} < (1 — a)log(1/A) by (1d) and #(L}) > 4e7/(Alog(1/))) by (1a),
#(L7)
Par(3i € Ly, Nriog(a/a) (i) — Nsa(i) = 0) = 1 — (1 - e‘”“g“/*)‘“’)

2 1— (1 _ )\l—a)45T/()‘lOg(1/)‘)) > ¢

We observe that the domains I x (Sp_y, Tp], I x (Sp_y, Tpl, I x (Sp_, TP, I _ x
(Sli\—lleg\]v fli\,-i- x (SI?—DT]@)\]? fli\,— x (Sli\—l’ Tk)\]’ Ili\ x (Tlg\’ SI?]? jli\ X (Tk)\v Sli\]’ L? x (Sli\—lv Sli\]a
for k = 1,...,n, and L) x (S}, Tlog(1/)\)] are pairwise disjoint thanks to 1 and to the
smallness of 7 and Ar: we have [A~™ | < A*~1 < e7/(Alog(1/A)).

Since n < T, we deduce from all the previous estimates the existence of ¢7. > 0 such that
for all @ € R, all A € (0, A7), P(Q2) > ¢4. We conclude choosing gr = min(g, ¢). |

4. CONVERGENCE PROOF

The goal of this section is to check Theorem

4.1. Coupling. We introduce a coupling between the \-FFP, the LFFP, and their localized
versions.

Notation 12. We consider a Poisson measure M (dt,dx) on [0,00) x R with intensity
measure dtdx. We consider an independent family of Poisson processes (Ny(i))i>0,icz with
rate 1. For A € (0,1) and i € Z, we set

M (i) = M [0,/ 1og(1/X)] x [iAlog(1/A), (i + D)Alog(1/A) ).

Then (M{\(i))tzmiez 18 a family of independent Poisson processes with rate . We con-
sider, for all A € (0,1), the \-FFP (n});>0 (see Definition ), and for all A > 0, the
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(A, A)-FFP (U?’A)tzo (see DefinitionID) built with N, M*. We also introduce the processes

(Z}x), D}M@))iz0.0er as in @)-@) and (2, (x), D" (@))i20,0e(-a,4) as in ()-(8).
We denote by (Zi(x), Di(x), H(z))t>0,20er the LEFFP built with M (see Definition @), and
by (Z{(z), D! (x), H{*(2))t>0,0e—,4] the A-LFFP built with M (see Definition[]).

4.2. Localization. Assume for a moment that the following result holds.

Proposition 13. Adopt Notation[IQ as well as Notation [4)
(a) For any T > 0, any A > 0, any xo € (—A, A), in probability, as A — 0,

5 (22 (x0), DM (20)), (2% (20), D (w0))) tends to 0.
(b) For any t € [0,00), any A >0, any xg € (—A, A), in probability, as A\ — 0,
1204 o) = Z{(w0)| + 8 (D (20)), DA o)) tends to 0.
Then we are in a position to give the

Proof of Theorem [A. We only prove point (a), (b) being similarly checked. Let T" > 0
and {z1,...,zn} C [-B, B] C R be fixed. Consider the coupling introduced in Notation
Proposition [3 ensures us that for any € > 0, any 4 > B,

) AA A A A _
lim P [Zl:dT (28 (i), DY), (24 (), D™ (24))) >€] = 0.
Let now
i pi= {Vi=1,n,VEE[0T], (Z)(w:), DXM(wi) = (21 (@), DM (2)
and (Zy(2:), Di(w:)) = (2 (@), DM :)) }-
Now for all A > 2B,
A A A AA A
QarC {(Zt (), Dy (2))iefo,1),0el-Ay2,4/2) = (Z;77 (), DF () icjo,1),0e[—A/2,4/2)
and (Z;(x), D¢())iepo, 1),0e[-A/2,4/2] = (Z?(x)aD?(x))te[O,T],xe[fA/Q,Aﬂ]}-

But Propositions [@ and [Tl yield that P[(QQ)T)C] < 20re~*74, Thus for any A > 2B,

lim sup P [i or ((ZMxi), DMx1)), (D(2:), Z(2:))) > €| < 0+ 2Cre T4

A—0

Making A tend to infinity, we deduce that Y., 67((Z*(z;), D*(x;)), (D(x:), Z(x;))) tends
to 0 in probability as A — 0, whence the result. O

4.3. Heart of the proof. The aim of this subsection is to prove Proposition We fix
T >0 and A > 0. We consider the (A, A)-FFP and the A-LFFP coupled as in Notation
and we use the notation introduced in (@). Along this proof we will omit the superscript A,
and we do not take into account the possible dependences in A and T'.

For J = (a,b) an open interval of (—A4, A), A € (0,1) and p € (0, 1], we consider

. a /J‘ b — M
9) T = |H)\log(1//\) + /\logz(l/z\)J ’ blog(l/k) Alog2(1//\)H] <%
_ log(l + #{k € J>\7M7 ng\log(l/k) (k) = O})
log(1 + #(Jau))

ZMM(T) =1
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Observe that Z*(J) = 1 if and only if all the sites of Jx,u are occupied at time ¢log(1/M\).
The quantity Z;"*(J) is a function of the density of vacant clusters in the (rescaled) zone
J. Under some exhangeability properties, it should be closely related to the size of occupied
clusters in that zone, i.e. to Z}(x), for x € J.

For z € (—A,A), A € (0,1) and p € (0, 1], we introduce

_ z . M T I B
(10 o= |H)‘10g(1/)\) /\log2(1/)\)J +1 L\log(l/)\) + )\log2(1/)\)J 1“ cz,
gk,u( ) = log(1 + #{k € zr, ntAlog(l/A)(k) =0})
T log(1+ #(2x.))

Here again, H;""(z) = 0 if and only if all the sites of x,, are occupied at time ¢log(1/M\).

Assume that a microscopic fires starts at some x. Then the process I}t)‘ H(z) will allow us
to quantify the duration for which this fire will be in effect.

Observe that we always have log(1 + #(zx,)) ~ log(1 + #(Jxu)) ~ log(1/A) as A — 0.
Observe also that if Z;"*(.J) = z, then there are (1+ #(Jxu)) 7% —1 2~ A*~! vacant sites in
Jx,u at time tlog(1/X). By the same way, H}(x) = h says that there are (14+#(zx ) =1 ~
A" vacant sites in xy , at time tlog(1/)).

We work conditionally to M. We denote Py; the conditional probability given M. We recall
that conditionally to M, (Z:(x), D¢(x), Ht(2))ic[0,1],0€[-A,4] 15 deterministic. We denote
by n = M([0,T] x [—A; A]), which is a.s. finite. We set Ty = 0 and consider the marks
(Xq,Tq)1<q<n of M, ordered in such a way that Tp < Ty < ... < T, < T.

We set By = 0, and for ¢ = 1,...,n, we consider By, = {X1,..., Xy}, as well as the set C, of
connected components of (—A4, A) \ B, (sometimes referred to as cells).

Observe that by construction, we have, for ¢ € C; and z,y € ¢, Zi(z) = Zi(y) for all
t € [0,T441), thus we can introduce Z;(c).

We consider A, > 0 (which depends on M) such that for all A € (0,A,), (X;)x,, # 0 and
(Xi)apu N (X )ap, =0 for all i # j with ¢,j € {1,...,n}.

Then we observe that for A € (0,),), for each ¢ =0, ...,n, {zx 4,z € Bg} U{eapu,c € Cqlis
a partition of [—Ay ., Ay ], where Ay, = [A/(Mog(1/N)) — u/(Alog?(1/N))].

With our coupling, for the (A, A)-FFP (1{\);>0, for each i = 1,...,n, a fire starts at the site
| X:/(Alog(1/X))] at time T;log(1/A), and this describes all the fires during [0, T log(1/A)].

The lemma below shows some exchangeability properties inside cells (connected components
of (—A, A)\ B,). This will allow us to prove that for ¢ a cell and x € ¢, the size of occupied
cluster around x (described by Z*(z)) is closely related to the global density of occupied
clusters in ¢ (described by Z*#(c)).

Lemma 14. For A € (0,1) and u € (0,1], set 53"” =Q, and for ¢ = 1,...,n, consider the
event (recall Definition [l and ([4))

8;"” = {Vi =1,...,q, Vc e, eithercy, C C’%i log(l/)\)f(X’i)
or 77%1, log(1/x)— (k) =0 for some maxcy , <k < min C%i log(1/3)— (X3)

or 17%1, log(1/x)— (k) =0 for some max C%i log(1/3)— (Xi) <k < min CA,H}-



16 XAVIER BRESSAUD, NICOLAS FOURNIER

Conditionally to M and E}*, for all ¢ € Cq, the random variables (n:);q log(1/) (k))kecy,,, are
exchangeable.

Proof. Let ¢ € Cq4, let o be a permutation of ¢y ,, and set for simplicity o(i) = i for
i €1\ cxp (vecall [@).

Consider the (A, A)-FFP process (1;)¢>o built with M and the family of Poisson processes
(N(i))icry- Consider also the (A, A)-FFP process (7i))¢>0 built with M and the family of
Poisson processes (N(i))ielg defined by N (i) = N(o(i)).

Observe that 824_“1 C 5,?’”. For all k = 0,...,q, ¢ C ¢ for some c; € C,. We will show the
followi~ng claims, by induction on k =0, ..., q. R

(i) If £ is the same event as £ corresponding to ()50, then Ep* = EF.

(ii) On 82"“, for all t € [0,Txlog(1/N)], 77(i) = n}(o(i)) for all i € I} (in particular,
fip (i) = n (i) for all i & cy ).

Of course, (i) and (ii) with & = ¢ imply the Lemma. Indeed, let ¢ : {0, 1}#(ex1) s R, We
have EM[]lgq*vHSD((n%‘q log(1/\) (1))ieex., )] = EM[]légvHSD((ﬁ%q log(1/\) (1))ices,,.))]- Then using
(i) and (ii), we deduce that

Ent[Lgan (02, 10g(1/3) (D)ieer, )] = Ear[Lexuo((07; 105012 (0 (1) i, )]
which proves the Lemma.

First, (i) and (ii) with & = 0 are obviously satisfied. Assume now that for some k €
{0, ...,q—1}, we have (i) and (ii). Then on 52"”, for allt € [0, Tj11log(1/N)), 7 (i) = 0 (o(i))
for all i € I}. Indeed, they are equal on [0, T} log(1/))] by assumption and they use the
same Poisson process N (i) = N(o(i)) on the time interval [T} log(1/)), Try1log(1/X))).
We now check that S,;\Jr“l = ~,;\+“1 We know that S,;\’“ = 52"”, and the additional condition
(at time Txy1log(1/N\)—) concerns:

e sites outside cy ,,, for which the values of n* and 7 at time T} 1 log(1/)\)— are the same;
e the event ¢y, C C’%kﬂ log(1/3)— which is the same for n* and 7, (it can be realized only

if there are no vacant sites in cy,,, which occurs or not simultaneously for n* and 7).

We now conclude that (ii) remains true at time T4 log(1/A), since the zone subject to fire
e cither is disjoint of ¢y ,, so that the values of n*,7* are left invariant in c ,, while they
are modified in the same way outside cy ,;

e or contains the whole zone ¢, ,, which is thus destroyed simultaneously for 7* and 7%, and
the values of n*, 7 are modified in the same way outside Ch O

The next Lemma shows in some sense that if a cell is almost completely occupied at time ¢,
then it will be really completely occupied at time t+; and if the effect of a microscopic fire
is almost ended at time ¢, then it will be really ended at time t+.

Lemma 15. Let p € (0,1]. Consider k € {0,...,n}, c € Cx, © € By, and t € [Tk, Tk+1)-

(i) Assume that for all € > 0, limy_o Pas(Z""(c) < 1 —¢) = 0. Then for all s € (t,Tit1),
limy_o Ppr(Z2F(c) = 1) = 1.

(ii) Assume that for all & > 0, limy_o Pps(H}M(x) > €) = 0. Then for all s € (t,Tit1),
limy o Ppr(HM(z) = 0) = 1.

Proof. The proofs of (i) and (ii) are similar. Let us for example prove (i). Let thus T} <
t<t+4+e=s<Tgs1. We start with

Par(ZN(c) = 1) > Par(Z(e) = 1| ZM(c) > 1 — /2Py (Z)"(c) > 1 —¢/2),
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so that it suffices to check that limy_ PM(Z;\_L'L;(C) =1]ZM(c) >1—-¢/2) = 1. Call
v"" the number of vacant sites in ¢y, (for nt)‘log(l//\)). Then Z,f‘ﬁ(c) = 1 is equivalent to
vt = 0, and one easily checks that Z;"*(c) > 1—¢/2 implies that v;* < (14 #(cx )/ <
(1+2A/(Aog(1/X)))/2.

Since M((t,s] x [—A, A]) = 0 by assumption, we deduce that Ms)‘log(l/)\) (i) = Mt’\log(l/)\) (i)
for all i € I): no fire starts during (tlog(1/)), slog(1/)\)]. Hence each occupied site at
time ¢log(1/\) remains occupied at time slog(1/)), and each vacant site at time tlog(1/)\)
becomes occupied at time slog(1/A) with probability 1 — e(t=*)10e(1/A) — 1 _ \¢. Thus

IE”M(Z{\;F@(C) =1 Z;\u(c) >1-¢/2)>(1— )\5)(1+2A/()\10g(1/))))s/27
which tends to 1 as A — 0. O

We end preliminaries with a last lemma, which concerns estimates about the time needed
to occupate vacant zones.

Lemma 16. Let p € (0,1]. Let (Qé‘(i))ielﬁ € {0,1}4, and consider a family of i.i.d.
Poisson processes (Pt)\(i))tzo,ielg: with rate log(1/)), independent of (3. Set (i) =
min((g (i) + P (i), 1).

1. Let J = (a,b) C (=A, A) and h € [0,1]. Set v} = #{i € Jx,, (i) = 0}. Assume that

log(1 + vé’”)

log(1 + #hg))

Ve>0, P(

(a) Then for all T >0, all e > 0,

log(1 + v?’”) B
log(1 + #(/)) - 5) -

(b) If the family (¢3'(i))ic,.,, is exchangeable, then for all x € J, all T >0, all € > 0,
log(1 G}
og(1+ #(G} (x))) . ) 0

— (b1

lim P (| sup
A—0 <[O,T]

—(1=(h=1)4)

log(1/A)
where G (x) is the connected component of occupied sites around |x/Xlog(1/\)] in ¢}

2. Let x € (—A,A), and h € [0,1]. Set v}"" = #{i € T, (i) = 0}.
Assume that

lim P | sup
A—0 ([O,T]

log(1 + vp™")
Ve>0, P —h|>e] =0
( og(1 + (w2,
Then for allT >0, all € > 0,
. log(1 + v?’”)
lim P | sup —(h—t >e| =0.
A—=0 ([O,T] log(1 + #(wx,)) ( -+

Proof. The proof of 2. is the same as that of 1-(a), because log(1 + #(Jx )) ~ log(1 +
#(xa,p)) ~ log(1/A) as A — 0. We thus prove only 1, and we replace everywhere log(1 +
#(zx,)) by log(1/X) without difficulty. By assumption, we have, for all e > 0, limy_ P(vy* €
(A=h — 1 A= h)) = 1. We call by = (b —t)4, V" = log(1 + v}"*)/log(1/)), and finally
I} =log(1 + #(G7(2)))/ log(1/).
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Step 1. Let t > 0 be fixed. We first show that for all & > 0, limy_o P (|Vt’\"“ | > 5) —0.

Conditionally on )™, the random variable v;"* follows a Binomial distribution B(v)™*, At),
because each vacant site at time 0 remains vacant with probability e~*108(1/%) = )t,

Case hy > 0. Let € € (0,ht). We have to prove that P (v?’“ € ()\E’hf,)\*s’hf)) — 1. We
know that limy_,oP(v)* € (A/2~" A=¢/2-h)) — 1. The Bienaymé-Chebyshev inequality
implies
Pllof” —ug X < (g X3 [ g € (/270 Ae/270]

> 1= By A (1= M) (g A 743 [ ot e (A/2h Ame/27h]

>1- E[(vé\#)\t)—l/B | vé’“ c ()\5/2—h7 )\—5/2—}1)] >1— (}\5/2—h+t)—1/37
which tends to 1 since hy =h —t > ¢.
But the events [v;"* — v Xt| < (v A1)2/3 and vy € (A/2~h A\=</2=1)] imply that v)"" €
(X/27he — (X78/27he)2/3 \=e/2=he g (X\=e/2=he)2/3) C (Ae=he X=ht) for A small enough,
whence the result.

Case hy = 0. We have to show that for all & > 0, limy_o P(v;"* > A~¢) = 0, and it suffices
to check that limy o P(o)" > A~¢ | v)* < A=</2=") = 0. But

P(op* > A5 | ug? < AT270) < NFE[opH gt < A2 = MEg A | vt < AT
< )\E+t)\—5/2—h _ )\E/2+t—h

which tends to 0, since ¢ — h > 0 by assumption.

Step 2. We now prove that for all € > 0, limy_oP(|T} — (1 — hy)| > ¢) = 0. It suffices to
check that limy_o P(#(G7(z)) € (Asthe=t — 1 A=sthe=1)) = 1. But we know from Step 1
that there are around (1/A)™ vacant sites in Jy ,,, and #(Jx ) ~ (1/A1log(1/))). We also
know that the family ((}(i))ic, , is exchangeable, so that the vacant sites are uniformly
distributed in Jy ,, (this is sligthly false: there cannot be two vacant sites at the same place).
We conclude that #(G7 (x)) ~ (1/A1log(1/A))/(1/A\)* ~ Mr=1 This can be done rigorously
without difficulty.

Step 3. We now prove 1-(a), which relies on Step 1 and an ad hoc version of Dini Theorem.
Let € > 0. Consider a subdivision 0 =ty < t; < ... < {; = T, with ¢;41 — t; < £/2. Using
Step 1, we have limy_.o P[max;=o,..; |Vt’\“ —(h—ti)4+]| >¢e/2]=0.

Observe now that ¢ — V,** and t — (h — t), are a.s. nonincreasing, and that ¢ — (h —t);
is Lipschitz continuous with Lipschitz constant 1.

We deduce that supyg 7 VM — (h—t)y] < e/2+ maxi:07,,,7l{|1/;i"“ — (h —t;)+]}. Thus
P(supj 1) [V — (h—t)4| > ) < Plmaxi—,. |Vt)‘“ — (h —t;)+| > &/2], which concludes
the proof of 1-(a).

Step 4. Point 1-(b) is deduced from Step 2 exactly as Point 1-(a) is deduced from Step 1,
using that ¢ — '} and t — 1 — h; are a.s. nondecreasing. O

We finally may handle the

Proof of Proposition [I3.
For x € (—A,A) and t > 0, we introduce Zi(z—) = limy .z y<z Z(y) and Zy(z+) =
limy .z 4>z Z¢(y), which represent the values of Z; in the cells on the left and right of
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x. If x € By, it is at the boundary of two cells c_, ¢y € Cy, and then Z;(z—) = Z;(c—) and
Zi(x+) = Zi(cq).
For x € B, and t > 0 we set Hy(z) = max(H,(z),1—Z(x),1—Z;(z—),1—Z;(z+)). Observe
that for the LFFP, x is microscopic (or acts like a ~baw‘ier) if and only if H;(z) > 0, and if
so, it will remain microscopic during exactly [t,t+ Hi(x)). Note that, in facts, Z;(z) always
equals either Z;(z—) or Z(z+).
We consider the set of times K := {t € {0,T}, there is x € (-4, A), Hi(z) = 0 but
H;_.(x) > 0 for all £ > 0 small enough}. By construction, we see that £ C {1,7; +1,T; +
ZTi—(Xi)ai =1, ,n} C {1,TZ +1,T; + (Tl - Tj),O <j<it < n}
We work conditionally to M, by induction on ¢ =0, ...,n. Consider the assumption
(Hq): (i) Forall0 < p <1,all c€Cy, all e >0, limy_,o ]P)M(|Z%;“(c) —Zr,(c)| >¢€)=0.
(if) For all w € By, all 0 < p < 1, all € > 0, limy o Py (|Hp " (2) — Hr, ()| > ) = 0.
(iii) For all 0 < p < 1, limy o Pps(E)*) = 1 (recall Lemma [).

First, (Ho) is obviously satisfied, because Ty = 0, Cop = (—A, A), ZS’“((—A,A)) =0=
Zo((=A, A)), By =0, and £ = Q

The proposition will essentially be proved if we check that for ¢ =0, ...,n — 1, (H,) implies

(a) for c € Cg, 0 < p < 1, £ > 0, limy o Pas(supyy, 1, ) 120" (c) = Zi(c)| > &) = 0;

(b) for x € (A, A) \ By, € > 0, limy—o Par(supir, 7, 1) |ZMx) — Zy(x)| > €) = 0;

(c) for = € Bq, te [Ty, Tys1), 0< <1, e>0,limy_oPu(|H " (z ) Hi(z)| > ¢);

(d) for z € (A, A)\ By, t € (T, T+1)\IC e > 0, limy_oPu (6(D(z), Di()) > €) = 0;
(e) for z € (—A )\Bq, e >0, limy_o ]PM(qu“ §(D)Mz), Dy(x))dt > €) = 0;

(f) (Hq+1) holds.

We thus assume (H,) for some g € {0,...,n — 1} fixed, and prove points (a), ..., (f). We
repeatedly use below that on the time interval [Ty, Tq+1) there are no fires at all in (—A, A)
for the LFFP, and no fires at all during [T, log(1/X), Ty+1log(1/N)) for the A-FFP.

Set ¢3(i) = 77Tq log(1/) (1), and consider the i.i.d. Poisson processes PXMi) = N1, +4) 10g(1/) (1) —
N7, 10g(1/2) () with rate log(1/A). Then for t € [Ty, Tyy1), n?log(l//\)() = min(¢(z) +
P (i),1).

Point (a). Let 0 < p < 1. Let ¢ € C;. Observe that (H,)-(i) says exactly that with
h =1-Zr,(c) € [0,1], log(1 + #{k € cxu, (3 (k) = 0})/log(1 + #(cx,,)) tends to h in
probability (for Prr). Applying Lemma [[0-1-(a) (with J = ¢), we get that supiy, 7,,,) 1 —
Z}M(c) = (h— (t—T,))4| tends to 0 in probability (for Pys). But for ¢ € [Ty, Ty11), we have
Zi(c) = min(Zr,(c) + (t = Ty),1) = min(1 — h+ (t = Tg),1) = 1 = (h — (t = T))+. Point (a)
follows.

Point (b). Let now = € (—A,A4)\ B;. Then = € ¢, for some ¢ € C;. Due to Lemma
@ we know that ((3(i))iec,, are exchangeable on £)*'. The previous reasonning, using
Lemma [[B1-(b) instead of Lemma [B1-(a) shows that for all € > 0, limy_o P (' N
{supz, 7,01 |ZMx) — Zi(x)| > €}) = 0. We conclude using (H,)-(iii) for p = 1.
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Point (c). Let 0 < p < 1. Let x € By, and set h = ﬁTq (). We know by H,-(ii) that
fl%q”(ac) tends to EITq (2) = h in probability (for Pps). Using now Lemmal[l@2-(a), we deduce
that supr, 7, ) |H}(2) — (h— (t —T,))+| tends to 0 in probability (for P;). We conclude
observing that by construction, Hy(x) = (h — (t — T,))y for t € [Ty, Tys1)-

Point (d). Let x € (—A, A)\ B, and ¢ € (T, Ty+1) \ K be fixed.

Case Zy(x) < 1. Then Dy(z) = {x}, so that 6(D;(z), D}(x)) = |D(x)|. But we get
from ([M)-@) that | D} (z)| < AL=Zi (2) log(1/A). Since we know from (b) that Z}(z) goes to
Z,(r) < 1 in probability (for Py/), we easily deduce that | D} ()| goes to 0 in probability
(for Pay).

Case Zy(xz) = 1. Then Di(x) = [a,b] for some a,b € B, U {—A, A}. We assume that
—A < a <b < A for simplicity, the other cases being treated in a similar way. We thus have
Z(c) =1for all ¢ € Cy with ¢ C (a,b), Hi(y) =0 for all y € B,N(a,d), and H;(a)H(b) > 0.
On the one hand, we prove that for any ¢ > 0, limy_ Py (D} () C [a —&,b+¢€]) = 1. Let
us consider e.g. the left boundary a, and prove that limy_o Py (D} (2) C [a — ¢, A]) = 1.
We have Hy(a) = hq > 0. We deduce from (c) that limy o Par(H;" () > he/2) = 1, which
implies that there are vacant sites in a1, that is limy .o Pas(3 4 € ax 1, Mt 10g(1/2) (1) = 0) = 1.
Recalling the definition of ay 1 (see (), we see that this implies that limy_o Py (D} (z) C
[a —1/1og(1/)), A]) = 1, whence limy_o Py (D (z) C [a — ¢, A]) = 1 for any ¢ > 0.

On the other hand, we prove that limy_o Py ((a + 1/log(1/)\),b—1/log(1/\)) C D} (z)) =
1. Since t ¢ K, we deduce that there is s € (T,,t) such that Z;(c) = 1 for all ¢ €
Cy with ¢ C (a,b) and Hs(y) = 0 for all y € B, N (a,b). We deduce from (a) that for
all ¢ € C, with ¢ C (a,b), limy_o Py (Z31(c) > 1 —¢) = 0, whence, by Lemma [[F (i)
limy o Py (Z)"(¢) = 1) = 1. Similarly, we deduce from (c) that for all y € B, with
y € (a,b), limy_o Py (HM (y) > €) = 0, whence, by Lemma 8 (ii) limy_o Pas(H) (y) =
0) = 1. As a consequence, limy_oPys((a + 1/1log(1/X), b —1/log(1/)\)) C D} (x)) = 1.
This concludes the proof of Point (d).

Point (e). Point (e) follows from (d). Indeed, observe that 6(I,J) < 2A for any inter-
vals I,J C (—A,A). Thus for z € (—A, A) \ By, (d) implies that for t € [Ty, Tg+1) \ K,
limy o Eps (0(D7(z), Di())) = 0. Since now K is finite, we deduce from the Lebesgue dom-
inated convergence Theorem that limy_.o f;:’“ Eu (8(D(z), D¢(z)))dt = 0, from which (e)
follows.

Point (f). We show here that (Hy41) holds. We set z := Z7,,, (X,41), and treat sepa-

rately the cases z € (0,1) and z = 1. We a.s. never have z = 0, because Zr,,, (X441) =
min(ZTq (Xq+1) + (Tq+1 — Tq), 1), with ZTq (Xq+1) >0 and Tq+1 > Tq.

Case z € (0,1). We fix p € (0,1]. In that case Dr,,,— (Xq41) = {X¢41}, and for all ¢ € Cyq1
(thus ¢ C ¢ for some ¢ € Cy), Zr,,,(c) = Zr,,,—(c). We have lfqu+1 (Xg41) = max(z,1 — 2),
and for all x € By, E[Tq+1($) = E[Tq+1_($). Consider the event Q) = {Z%q+17(Xq+1) <
z + a}, for some a € (0,1 — 2). Point (b) implies that limy_o Py (Q)) = 1 (because
Xy ¢ By).
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e On Q), we have #(C Tin log(1/2)— (Xg+1)) < (1/A)*F (see @)). Since z + a < 1,
we deduce that on €, #(C&j‘ﬂq+1 log(1/3)— (Xq+1)) < 1/ (2Mlog?(1/X)), (for all p,
provided A > 0 is small enough). Thus on Q, for all ¢ € C,11, there is a vacant site
(strictly) between cy , and C’Tq+1 lx(1/3)- (Xg+1)- Hence EM N Q) C 5q+1 Using

Hg-(iii), we deduce that limy_,g PM(EqH) 1.

e This also implies that on Q) for all ¢ € Cy41, %H( ) = Z%#ir( ), and thus Point
(a) and limy_oPa(Q2)) = 1 imply that limy_o IP’M(|Z:’>;+1( )= Zr,,,(c)] >€) =0
for all € > 0.

e For z € By \ { X411} = By, still on Q, we also have H)) i (z) = Hy :‘1 (x), thus

point (c) allows us to conclude that Hq1-(ii) holds for those points x.

We now show that limy_,o ]P’M(|H%;+1(Xq+1) - HTq+1( Xgt1)| > e)=0foralle >0,
which implies that Hgy1-(ii) holds for z = X,y1. Recall that Hr, , (Xq41) =
max(z,1 — z). Consider ¢ € C, such that X,;1 € ¢, and call v}"* the num-
ber of vacant sites in zy, at time tlog(l/)\). Point (a) implies that at time

T,+11og(1/\)—, there are around (1/\)'~% vacant sites in ¢y ,. Thus by exchange-
ability of the family (77Tq+1 log(1/3)— (i))ices,,.» (on the event £}, see Lemma [,
since zy ,, C ¢y, and since #(xx ) /#(cx, ) = 1/ log(1/A), we deduce that qu+17 o~
(1/)\)1_2/10g(1/)\) ~ (1/A)'7% on £*. On the other hand, recalling @), we
have #(CH Tyin log(1/2)— (Xg41)) =~ (1/N)?. At time T4yqlog(1/X), this component
is destroyed. Thus, still on E}M*, v%‘ﬁl = v%‘ﬁﬁ + #(C q+1log(1/)\)(Xq+1)) ~
(1/N)1% 4+ (1/0)% ~ (1/))max(=1=2)  We conclude that HT;‘il(XqH) = log(1 +
vTﬁl)/log( (Xg+1)a,n)) ~ max(z,1 —2) = EITHI(XQH). All this can be done
rigorously without difficulty, and we deduce that for ¢ > 0 and all u € (0,1],
lima—o Par(|H3"  (Xg41) = Hr,, (Xg11)| > €) = 0.

Case z = 1. Let a,b € By U {—A, A} such that D, (X441) = [a,b]. We assume that
a,b € By, the other cases being treated in a similar way. We thus have h, := Hr, w1 (@) >0,
hy == Hr,,,_(b) > 0. We also have Hr,,, (z) = Hr,,,_(z) for allz € B,\[a,b], Hr,,,(z) = 1
for all x € B, N (a,b), Zr, ., (c) = Zg,,,—(c) for all ¢ € Cyq1 with ¢ (a,b) = 0, and
Zr,.,(c) =0 for all ¢ € Cgy1 with ¢ C (a,b).

Let p € (0,1]. Consider here QM* the event that for all ¢ € C, such that ¢ C (a,b), we have
Zpt, (¢) = 1, that Hp* (a) > 0, that Hp" (b) > 0, and that for all z € B, N (a,b),

Tq+1—
H%qir( ) = 0. Then (a), (c) and Lemma [[H imply that limy_o Py (Q**) = 1 for all

€ (0,1].

o We easily check that £+ N QM 5;;‘1 (because for ¢ € Cyq1 with ¢ C [a, b], we

have ¢y, C C'Tq+1 log(1/3)— (Xq+1), while for ¢ € Cgy1 with ¢ [a,b] = 0, the vacant

sites in ay, and by, separate cy,, from C3, i1 log(1/A)— (Xg+1)). As a consequence,
Hq+1-(iii) holds for all p € (0,1].
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e On QM we have Z%q‘:l(c) =0 = Zr,,(c) for all ¢ € Cyy1 with ¢ C [a,b], and
Z%;ﬁl(c) = Z%ﬁr(c) for ¢ € Cy4q1 with ¢ (a,b) = 0, from which Hy41-(i) easily
follows (using (a)).

e We also have, still on QM fl%q‘il(x) =1= E[Tq+1($) for all z € Byy1 with = €
(a,b), and Hy41-(ii) follows for those x. For z € Byyq1 with z ¢ [a,b], we have

fl%q’il (x) = fl%qﬁl_(x), whence Hy4+1-(ii) by point (c).

Finally, we have to check that Hg41-(ii) holds for x = a and = b. Consider e.g.
the case of a. We are here in the situation where Zr, ,, (a+) = 0, so that of course,

I‘TITQ+1 (a) = 1. Let ¢ be the cell containing a+. We know that Z;qi{i (¢) = 1 which,

~>\7 2 . . .
on QM2 implies that all sites between a + SToali7 log‘gl/)\) and a + —log(‘i//\), i.e. on an
interval of length m are empty at time 711, showing that a fixed proportion

of ay, is empty. Recalling that limy_o Py (QM*/2) = 1, it readily follows that,

for all € > 0, limy_,¢ ]P’M(H%;ﬁl(a) > 1 —¢) = 1. Recalling that ﬁ%;‘il(a) <1 we

conclude that Hg41-(ii) holds for z = a.

Conclusion. Using points (b) and (e) above (with ¢ = 0, ..., n), plus very similar arguments
on the time interval (7),,T] (during which there are no fires), we deduce that for all z( €
(—A, A)\ By, alle >0,

T
lim Py [ sup |2 (20) — Zi(20)] +/ §(D (o), Dy(z0))dt > | = 0.
A—0 [0,7] 0

But of course, for zy € (—A, A), we have P(z¢ € B,,) =0, so that

T
lim P [ sup |Z] (z0) — Zi(z0)| —I—/ §(DMxo), Di(20))dt > ¢ | = 0.
A—0 [0,T 0

It remains to prove that for ¢ € [0, 7] and z¢ € (—A, A), limy_o P(§(D} (o), D¢(z0))) = 0.

Case t # 1. We deduce from point (d) above that if zy ¢ B, and t ¢ K, then we have
limy o Pps(6(D} (), Di(z0))) = 0. Since P(x € B,,) = 0 and since P(t € K) = 0 (because
t # 1, recall the definition of K), we easily conclude.

Case t = 1. Then t € K, but the result still holds. Observe that Z;(x¢) = 1 by construction.
Consider g € {0, ...,n} such that T, < 1 < Ty41 (with the convention Ty = 0, T,11 = T),
and consider a,b € By U{—A, A} such that D1(zo) = [a,b]. Then using the same arguments
as in the proof of (d) (see Step 1), we easily check that lim_o Par (D7 (z0) C [a—e,b+e]) = 1
for all e > 0 (the set K was not considered there). We also check as in the proof of (d)
(see Step 2) that for all y € B, with y € (a,b), limx_ Pa(H (y) = 0) = 1 (the set K
was under consideration there, but the time 1 was not usefull, since 1 is a.s. not a time
where some H(x) reaches 0 for the first time). Finally, we just have to prove that for all
¢ € Cq with ¢ C (a,b), limy_oPas(Z; (¢) = 1) = 1. Let thus ¢ € Cq with ¢ C (a,b),
and recall that limy_.g IP’M(E;"l) = 1. But on 5(;\’1, there are no death event in ¢y during
the time interval [0,log(1/A)], so that each site of ¢y 1 is occupied at time log(1/A) with
probability 1 — A, whence all the sites of ¢y 1 are occupied with probability (1 — )\)#(c*’l).
Since #(cx1) < 24/(Mlog(1/))), we get Ppr(Z1 (c) = 1ep) > (1 — )24/ (A 1og(1/2) " which
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tends to 1 as A tends to 0. Since we know that limy_oPa(€)!) = 1, we deduce that
limy o Pas([a + 1/1log(1/A),b — 1/log(1/A)] € D} (x0)) = 1.
Finally, limy_o P (5(D3(x0), D1(z0)) > €) = 0 for all € > 0, which was our goal. O

5. CLUSTER-SIZE DISTRIBUTION

The aim of this section is to prove Corollary ll We will use Theorem Bl which asserts that
the \-FFP behaves as the LFFP for A > 0 small enough. We start with preliminary results.

Lemma 17. Consider a LFFP (Z(x), Di(x), Hi(x))t>0,2eR-

(i) For any t € (1,00), any z € R, any z € [0,1), P[Z;(x) = z] = 0.

(i1) For any t € [0,00), any B > 0, any © € R, P[|D;(x)| = B] = 0.

(iti) There are some constants C > 0 and k1 > 0 such that for all t € [0,00), all x € R, all
B >0, P[|D(z)| > B] < Ce~™B,

(iv) There are some constants ¢ > 0 and ko > 0 such that for allt € [3/2,00), all z € R, all
B >0, P[|Ds(z)| > B] > ce "2B.

(v) There exist some constants 0 < ¢ < C' such that for all t > 5/2, all0 < a <b< 1, all
z €R, c(b—a) <P(Zzx) € [a,b]) < C(b—a).

Proof. By invariance by translation, it suffices to treat the case z = 0.

Point (i). By Definition B we see that for ¢ € [0,1], we have a.s. Z;(0) =¢. But for ¢t > 1
and z € [0,1), Z;(0) = z implies that the cluster containing 0 has been killed at time ¢ — z,
so that necessarily M ({¢t — z} x R) > 0. This happens with probability 0, since ¢ — z is
deterministic.

Point (ii). Recalling Definition B, we see that for any ¢ € [0, T, |D.(0)] is either 0 or of the
form | X; — X;| (with ¢ # j), where (T}, X;);>1 are the marks of the Poisson measure M. We
easily conclude as previously that for B > 0, P(|D(0)| = B) = 0.

Point (#3). First if t € [0,1), we have a.s. |D;(0)] = 0, and the result is obvious. Next
consider ¢t > 1. Recalling Definition B, we see that |D;(0)] = |L(0)| + R:(0). Clearly, |L;(0)|
and R;(0) have the same law. For B > 0, {R.(0) > B} C {M ([t —1/4,t] x [0, B]) = 0}.
Indeed, on {M ([t — 1/4,t] x [0, B]) > 0}, denote by (7, X) € [t — 1/4,¢] x [0, B] a mark of
M

e Either Z,_(X) = 1, thus this mark makes start a macroscopic fire, so that Z.(X) = 0 and
Zs(X)=s—71<1forall s€[r,7+1). Since 7 € [t — 1/4,t], we clearly have t € [r,7+ 1)),
so that Z;(X) < 1. As a consequence, R;(0) < X < B.

e Or Z,_(X) € (1/4,1], so that H.(X) = Z,_(X), and thus Hy(X) = Z,_(X)—(s—7) >0
for all s € [r,7+ Z,_(X)). Since 7 € [t — 1/4,t] and Z,_(X) > 1/4, we have t € [1,7 +
Z,_(X)). Thus H,(X) > 0, whence R;(0) < X < B.

e Or finally Z,_(X) < 1/4, and in such a case Zs(X) = Z,_(X) + (s —7) < 1 for all
s€ (r,7+1—Z;_(X)) and in particular Z;(X) < 1, whence R;(0) < X < B.

As a conclusion, for all t > 1, P[R;(0) > B] < P[M([t—1/4,t] x [0, B]) = 0] = e~ 5/, whence
P[ID,(0)| > B < PIL(0)] > B/2] + PIR(0) > B/2] < 2¢~P/*.

Point (iv). We first observe that for all (¢g, zg) such that M ({to,x0}) = 1, we have max(1 —
Zi(x0), He(xo)) > 0 for all ¢ € [to, to + 1/2).

Indeed, if Z;,—(zo) = 1, then Z; 4 s(x0) < s < 1lforall s €[0,1). If now z = Z;,—(z0) < 1,
then Zy,4+s(x0) = s+ 2z < 1for s € (0,1 —2) and Hy,ys(z0) = 2 —s > 0 for s € [0, 2), so
that max(1 — Zy4s(xo), Hig+s(x0)) > 0 for all s € [0,1/2).
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Once this is seen, fix t > 3/2, Consider the event Q; p = Q;B nNQ2n QiB, where

o O = {M([t —3/2,1] x [0, B]) = 0};

e Q7 is the event that in the box [t—3/2, ] x [~1,0], M has exactly four marks (S;, Y;)i=1... 4
with Y, <Yz<Yo<Yiandt—3/2<S1 <t—1,5 <S3<S51+1/2,8 <83 <S2+1/2,
S3~< Sy < S34+1/2,and Sy +1/2 > ¢.

e O 5 is the event that in the box [t — 3/2,t] x [B, B + 1], M has exactly four marks
(S’i,ﬁ)izl)mA with }71 < 572 < }73 < f/;l and t — 3/2 < 51 <t-—1, S’l < S’g < S’l + 1/2,

5’2 < gg < Sy + 1/2, gg <~S’4 < S’g:l— 1/2, and g4 + 1/2 > t.
We of course have p := P(QF) = P(Q7 ) > 0, and this probability does not depend on ¢ > 3/2
nor on B > 0. Furthermore, P(Q% 5) = e 3B/2_ These three events being independent, we

conclude that P(€; ) > p?e~35/2. To conclude the proof of (iv), it thus suffices to check
that Q; 5 C {[0, B] € D;(0)}. But on Q; p, using the arguments described at the beginning
of the proof of Point (iv), we observe that:

o the fire starting at (S2,Y2) can not affect [0, B], because at time Sy € [S1,51 + 1/2),
HS2(}/1) >0 or 252(1/1) > 0, with Y5 < Y7 <0;

e then the fire starting at (Ss, Y3) can not affect [0, B], because at time S3 € [Sa, S2 +1/2),
HS.;(}/Q) >0 or ZSQ(}/Q) > 0, with Y3 < Y5 < 0;

e then the fire starting at (S4, Y1) can not affect [0, B], because at time Sy € [Ss, S5+ 1/2),
Hg,(Y3) >0o0r Zg,(Ys) > 0, with Y, < Y3 < 0;

o furthermore, the fires starting on the left at —1 during (51, ¢] cannot affect [0, B], because
for all ¢ € (S7,t], there is always a site z; € {Y1,Y2,Ys, Yy} C [—1,0] with Hy(z) > 0 or
Zy(z) < 1

e the same arguments apply on the right of B.

As a conclusion, the zone [0, B] is not affected by any fire during (S; V Sp,]. Since the
length of this time interval is greater than 1, we deduce that for all € [0, B], Zi(z) =
min(Zg, 5, +t— 51V S1,1) > min(t — S; Vv S1,1) = 1 and Hy(z) = max(Hg 5 —(t—5S1V
51),0) <max(1 — (t —S; Vv .51),0) = 0, whence [0, B] € D;(0).

Point (v). We observe, recalling Definition Bl that for 0 < a < b < 1 and t > 1, we have
Z(0) € [a,b] if and only there is 7 € [t — b, ¢t — a] such that Z.(0) = 0. This happens if and
only if Xyap = [ fu Liyen. (0 M(ds,dy) > 1. We deduce that

t—a

P(Zi(0) € [a,b]) = P (Xiap 2 1) SE[Xiap] = /H) E[|Ds(0)[lds < C(b - a),

where we used point (iii) for the last inequality.
Next, we have {M ([t —b,t — a] x D;_(0)) > 1} C {X¢,a,6 > 1}: it suffices to note that a.s.,
{Xtap =0} C{Xtap =0,D:_4(0) C Ds(0) for all s € [t —b,t —a]} C {M([t—0b,t—a] x
D;—(0)) = 0}. Now since D;_p(0) is FM,-measurable, we deduce that for ¢t > 5/2
P(Z:(0) € [a,b]) > P[M((t — b,t — a] x D;—p(0)) > 0]
> P[|De-y(0)] 2 1] (1 —e V) 2 c(1 —e "),

where we used Point (iv) (here ¢t — b > 3/2) to get the last inequality. This concludes the
proof, since 1 —e™* > x/2 for all z € [0, 1]. O

We now may handle the
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Proof of Corollary [ We thus consider, for each A > 0, a A-FFP (n})i>o. Let also
(Zt(.f), Dt (ZE), Ht($))t20116R be a LFFP.

Point (i). Using Lemmal[l[}(v) we only need to prove that for all0 <a < b < 1,all ¢t > 5/2,
;\%P (#(Ot)\log(l/)\) (0)) € [/\7a, A7b]) =P (Zt(o) € [CL, b]) :
Recalling @), we observe that
P (#(Cﬁlog(l/k)(o» e e, )\_b]> =P (2)0) € [a+e(a,\), b+ (b, \)]) ,

where (2, A) =log(1 + A*)/log(1/A\) — 0 as A — 0 (if z > 0).
We conclude using Theorem Bl (which asserts that Z(0) goes in law to Z;(0)) and Lemma
@ (i) (from which P(Z,(0) = a) = P(Z;(0) =b) = 0).

Point (4). Using Lemmal[[Z(iii)-(iv) and recalling ([l), it suffices to check that for all¢ > 3/2,
all B> 0,
lim P [|D(0)] > B] =P[|D:(0)| > BJ.

This follows from Theorem Bl and the fact that P(|D¢(0)| = B) = 0 thanks to Lemma [[Z(ii).
O
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Figure 1: Shape of the cluster-size distribution
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Here A = 0.0001, and the critical size is thus 1/(Alog(1/A)) ~ 1085. We have drawn the approximate
value (computed roughly just after Corollary B) of log(P(#(C*(0)) = z)) as a function of log(x), for = =
1,...,54250. We have made the curve continuous around x = 1085 (without justification). The curve is
linear for z = 1,...,1085, and nonlinear for > 1085.
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Figure 2: Limit forest-fire process in a finite box
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The filled zones represent zones in which Z/(z) = 1 and H{*(z) = 0, that is macroscopic clusters. The plain
vertical segments represent the sites where HtA (z) > 0. In the rest of the space, we always have ZtA (z) < 1.
Until time 1, all the particles are microscopic. The 8 first marks of the Poisson measure fall in that zone. As
a consequence, at each of these marks, the process H4 starts. Their life-time is equal to the instant where
they have started (for example the segment above t1, 1 ends at time 2¢1). At time 1, all the clusters where
there has been no mark become macroscopic and merge together. But this is limited by vertical segments.
Here we have at time 1 the clusters [—A, z¢], [z6, 4], [4,x8], [x8,z5], [T5,27] and [z7, A]. The segment
above (t4,x4) ends at time 2t4, and thus at this time the clusters [z6,z4] and [z4, zg] merge into [zs, z3].
The 9-th mark falls in the (macroscopic) zone [z¢, zg], and thus destroys it immediately. This zone [zg, 3]
will become macroscopic again only at time t9 4+ 1. Then a process H4 starts at z12 at time ¢12. Since
Z£2_(w12) = t12 — tg (because Z;g (z12) has been set to 0), the segment above (t12,z12) will end at time
2t12 — tg. On the other hand, the segment [zg,z7] has been destroyed at time ti9, and thus will remain
microscopic until t19 + 1. As a consequence, the only macroscopic clusters at time tg + 1 are [—A,z12],
[z12,z8] and [z7, A]. Then the zone [zg,x7] becomes macroscopic (but their has been marks at z13,z14),
so that at time 19 + 1, we get the macroscopic clusters [—A, z12], [z12,%14], [z14,z13] and [z13, A]. These
clusters merge by pairs, at times 2t12 — tg, 2t13 — t10 and 2t14 — t10, so that we have an unique cluster
[—A, A] just before time ¢15, where a mark falls and destroys the whole cluster [—A, A].

With this realization, we have 0 € (z11,%15), and thus Z(0) = t for t € [0,1], Z2(0) = 1 for t € [1,t10), then
Z{A(0) =t — t10 for t € [tio,t10 + 1), then Z/A(0) = 1 for ¢ € [t10 + 1,t15),... We also see that D;*(0) = {0}
for t € [0,1), D{(0) = [zs,x5] for ¢t € [1,2t5), D{(0) = [xs,x7] for t € [2t5,t10), D{*(0) = {0} for
te [tlo,tlo +1), D;q(O) = [112,114] fort € [t10+1, 2t12 —tg), D;q(O) = [—A,x14] fort € [2t12—t9, 2t14 —t10),
... Of course, HtA(O) =0 for all t > 0, but for example H{‘(mn) =0fort € [0,t11), HtA(wn) = 2t11 —tio—t
for t € [t11, 2t11 — t10), and then HtA(:tll) =0forte [2t11 — t10,00).



28 XAVIER BRESSAUD, NICOLAS FOURNIER
Figure 3: The event 2, (proof of Theorem B
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In hachured zones, we cannot say the values of the LFFP, because one would need to know what happens
outside [a,a + 1].

Microscopic fires start at (71, X1) and (Tl,f(l). Hence at time S1— the connected component [X1,X1]
is macroscopic, because S1 > 1, and because during [1,S57), this component has not been subject to fires
starting outside [a, a + 1]: it is protected by X1 and X1 until time 2min(T1, T1) > S1. As a consequence,
the component [Xl,f(l} is entirely killed by (S1,Y1). Then we iterate the arguments until we reach the final
time T'.

With such a configuration, there are always microscopic sites in [a, a+ 1] during [0, T]. Indeed, during [0, 1),
all the sites are microscopic, during [1,S1), the sites X1 and X1 are microscopic, during [S1,51 4+ 1), all the
sites in [Xl,f(l] are microscopic, ...
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