THE SEMICLASSICAL GARDING INEQUALITY

We give a proof of the semiclassical Garding inequality (Theorem 4.1) using as the only black
box the Calderon-Vaillancourt Theorem.

1 Anti-Wick quantization
For (gq,p) € R? x R? define U(q, p) by
U(a,p)p(x) = e Po(z — q),
say for ¢ in the Schwartz space S(R?). Fix then a function 1 such that
n€SRY,  [nllrz@a =1, (1.1)
and define the family of Schwartz functions (14,5)q4,p)er2¢ by
Ng.p = U(g,p)1-
Denote the L? inner product by
(¥, )12 = /Rd Pep.

Lemma 1.1. For all p € S(R?), the function Ty defined by

To(g;p) = (g.p> P) 12
belongs to S(R??). Furthermore, the linear map

T : S(RY) — S(R??)
18 continuous.

Proof. For all o, 8 € N¢, we have
03, Tplap) = (-1 [ e =@ - 9 p(a)da.

If we multiply this expression by ¢°, with § € N¢, and write

6! ’ "
P =(q-z+2) = Z W(q—x)éfs 5
848/ =6

we see that q‘s@g 09T is a linear combination of

/ e (g — 2)° (0°) (@ — q)r** p(e)de.



Finally, by integrations by part we obtain that p”q‘sag 04T is a linear combination of

[ (=% @i - 0 p(w) de
and the result follows easily. O
The formal adjoint 7 which maps a priori S’'(R??) to S'(R?) is defined by

(\IlvT(P)LQ(]RQd) = (T*\IlaQD)LQ(]Rd)y

where the inner product in the right hand has to be taken in the distributions sense. However, if
U € S(R2), this is actually a standard integral for Fubini’s Theorem easily shows that

/ / ¥(q,p) ( / nq,p(w)so(w)daf) dqdp
= [ (] venmstardaip) o),

(T*0)(z) = / / (g, p) p () dadp.

Lemma 1.2. The map T* is continuous from S(R??) to S(R?).

(\I/, T@)Lz(de)

hence that

The proof of this lemma is elementary and uses the same techniques as Lemma 1.1. It is left
to the reader as an exercise. The important result is the following inversion formula.

Proposition 1.3. For all ¢ € S(RY),
T*Tp = (2m)%.

Proof. Fix € R? and y € C§°(R?) such that x = 1 near 0. The result then follows by dominated
convergence and Fubini’s Theorem since

T"Te(r) = lim /// ey — @) e(y)e n(x — q)x(ep)dydgdp

= iy [ [e2 (U0 ) - ot~ ety
= iy [ [ R+ e -t — apte + )iz
= [RxIlEs % o(@) = @) la),

using the second assumption in (1.1). O

Corollary 1.4. For all ¢, € S(RY),
(W, @)y = (2m) 4T, T) r2(raa)
= @0 [ [ G D12 s )2 dadp.

In particular

1122 g = (27) / / (g ) 22 dadp.



Proof. The result is obtained either by polarization from |\<p||%2(Rd) = (27r)*d||Tgo||iz(R2d) or

by inserting the decomposition ¢ = [[(ngp,%)r214pdgdp into (¥, ¢)2(ray and using Fubini’s
Theorem. g

Now for all @ € L>(R?%),

Ba(1h, @) = (2m) ¢ / / a(q; p)(Ng.ps V) 12 (Mg.p> »)dadp

is a well defined sesquilinear form on S(R?) x S(R?) and Corollary 1.4 together with the Cauchy-
Schwarz inequality show that

|Ba (v, )| < [lal| oo meay [l 2 rey 191 L2 (R4 - (1.2)

Therefore there exists a unique bounded operator A on L?(R?) such that
By (¥, 0) = (¢, Ap) L2 (ray,
for all ¢, € S(R?).
Definition 1.5. The operator A is the anti-Wick quantization of a and is denoted by
A= O0p*V(a).
As a straightforward consequence of (1.2), we see that
100 (@) 152 22 < llal] - (1.3)
Note that Corollary 1.4 also shows that
o*WV(1)=1.

Next, by writting

(%, O™V (a)p) 2 = Ba(¥, ) = Balp,v) = (0, "W (@) 2
we get
o™ (a)* = O™ (@). (1.4)
The following last property is then straightforward
a>0 ae. = oV (a) > 0, (1.5)

and is the most important one. Note that all these properties are independent of 7.

2 Wigner’s function

Definition 2.1 (Pseudo-differential operator). Given a € S(R??), the pseudo-differential operator
of symbol a, Op(a), is the operator defined by

Op(a)p() = (2m) / ¢ €0, €)B(€)de,

for o € S(R?).



Pseudo-differential operators are actually defined for wider classes of symbols than S(R??) but
the latter will be sufficient here.
Fix now ¢,v € S(R?). For any a € S(R??), a straightforward application of Fubini’s Theorem

shows that
(IX);@? L2(Rd) - // an/J ©

where
Weo(@,€) = (27) 2= (@) 5(E). (2.1)
Definition 2.2. Wy, is the Wigner function associated to ¢ and 1.
In the sequel we fix a single 7 satisfying (1.1) and set

W(z, &) = Wyq(z,8). (2.2)
We further assume that
7 is even and real valued, (2.3)
which implies the easily verified property that
W is even. (2.4)

The important relationship between anti-Wick quantization and the Wigner function is the
following one.

Proposition 2.3. For all a € S(R??), we have
O™ (a) = Op(a* W).
Proof. By (2.1), (2.3) and (2.4), we have

0« W (x,€) = (2m)~° / / alq + x.p + €)= UPn(q)7(p)dqdp
so that
Op(a+ TW)p(x) = (27) d/// @ E€i0vq (g 4 2, p+ E)(q)(p)B(E)dgdpde.

On the other hand, using the fact that

(Mg @) 12 = (27) / (€D~ p)p(e)de,

where we also used (2.3), we have

O (@pla) = @0 [ [ o)roala, o (@)do
= en [ [ [ e - pp©ate e nte - g dadps
= en [ [ [ iepp@ata + oo+ 9T (g dadpis
= x| [ [ e et + o+ nla)dadpde

by changing ¢ into ¢+ and p into p+ & to get the third line and using (2.3) for the last one. This
completes the proof. O



3 Semiclassical scaling

For h € (0,1], the semiclassical pseudo-differential quantization is given by

Opn(a)p() = (2m) / € Ca(r, hE) B(E) .

In other words, if we set

an(z,§) := a(z, hg)
we have, according to Definition 2.1,

Opn(a) = Op(an).
Next, if n satisfies (1.1) and (2.3) then so does

mn(z) = hy (ﬁ) :

and the corresponding Wigner function is

—d ix- x ~
W (@.6) = (2m) "™ (5775) Ah€).

Lemma 3.1. For all a € S(R?*?) and all h € (0,1]
(an * Wﬂh,mh)(‘rv §) = (ax Wh)(x7 hé),
with

—d x x
Wie.§) = bW (55757773

where W is defined by (2.2).

We omit the very simple proof of this lemma which follows from an elementary change of
variable.
If we finally define Op?"V (a) to be the anti-Wick quantization of a associated to 7, namely

Y@= 20 [ [ l0.0) (Mo s () 0)dadp,
then Proposition 2.3 and Lemma 3.1 show that

V() = Opn (axWh). (3.1)

4 The semiclassical Garding inequality

Theorem 4.1. There exists C, N > 0 such that, for all a € S(R??) satisfying
a>0

we have

R. > _Ch 0%0%al| = |ol2 2
e (@, Opnla)p)p. > |QTB?§N” 2 0¢ al|Le<|lol |7z,

for all ¢ € S(R?) and all h € (0,1].



The non elementary tool for the proof is the Calderon-Vaillancourt Theorem which we recall
for completeness.

Theorem 4.2. There exists C, Noy > 0 such that, for all a € S(R??), we have

(Opr@)ell <€ max 10707al lL=]Ill2z,
= v

for all p € S(RY) and all h € (0,1].

We now prove Theorem 4.1.
Proposition 4.3. There exists C' > 0 such that

lla*Wh —allp~ < Ch max _[|050¢al|L,
la+B|=2

for all a € S(R*) and all h € (0,1].

Proof. Set for simplicity W8 (z, £) := 2*¢%W (x,£) and consider its scaled version
B . p—dyyraf € 3

Note that

acfB lal 416l 03

"Wy =h 2 W, (4.2)

Recall next that [[ W), =1 and observe that, since W), is even,

//.Z‘jWh:/ fjWhZO jzl,...7d.

Thus, by using the Taylor formula
d

alg+z,p+&) = alg,p) + »_;05,a(q,p) + &0, a(a,p) + > a"Prap(@,&,q,p),
Jj=1 la+8|=2

where ||ragl|(zaay < C||0207 || (rea), We see that
= Tl
@ Wh-a@p=h Y [ [T @ rasle. g0 o
|a+pB|=2

using (4.2). The result follows since Wf'@ is a bounded family in L'(R?9) (as h varies in (0, 1])
because W € S(R2%). O

Proof of Theorem 4.1. It suffices to write that
Opp(a) = Opp (a—a*Wh)—i-Q?h(a*Wh)
= Opn(a—axWy) +Opp™ (a)

by (3.1). The second operator is non negative (and self-adjoint) whereas the first one satisfies the
estimate

a—axW < C max 0%0%(a —ax W o
1Opn ( n) el < ‘QWISNCVII 5 O ( n)llzee|lel|z2
< Ch  max |[020/allL~|l¢l|z2

|a+B|<Ncv+2

by the Calderon-Vaillancourt Theorem and Proposition 4.3. This completes the proof. O



