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Abstract
Combining results of Cardoso-Vodev [6] and Froese-Hislop [9], we use Mourre’s theory to
prove high energy estimates for the boundary values of the weighted resolvent of the Laplacian
on an asymptotically hyperbolic manifold. We derive estimates involving a class of pseudo-
differential weights which are more natural in the asymptotically hyperbolic geometry than
the weights (r)~'/?7¢ used in [6].

1 Introduction, results and notations

The purpose of this paper is to prove resolvent estimates for the Laplace operator A, on a non
compact Riemannian manifold (M, g) of asymptotically hyperbolic type. The latter means that
M is a connected manifold of dimension n with or without boundary such that, for some relatively
compact open subset K, some closed manifold Y (i.e. compact, without boundary) and some
ro > 0, (M\ K, g) is isometric to [rg, +00) X Y equipped with a metric of the form

dr® + e* h(r). (1.1)
For each r, h(r) is a Riemannian metric on Y which is a perturbation of a fixed metric h, meaning
that, for all £ and all semi-norm |[||.||| of the space of smooth sections of T*Y @ T*Y,
s;1p ’||<r>28f(h(r) - h)m < 00, (1.2)
e )

with (r) = (1472)'/2. Here, and in the sequel, r denotes a positive smooth function on M going to
+o0 at infinity and which is a coordinate near M\ K, i.e. such that dr doesn’t vanish near M\ K.
Such manifolds include the hyperbolic space H,, and some of its quotients by discrete isometry
groups. More generally, we have typically in mind the context of the 0-geometry of Melrose [15].

Let G be the Dirichlet or Neumann realization of A, (or the standard one if M is empty)
on L?(M,dVol,). Then, according to [6], it is known that the limits (r) (G — XA £40) " (r)=* :=
lim, g+ (r)7*(G — XA i) 71 {r)~*% exist, for all s > 1/2, and satisfy

[(r) (G = A+ i0)~" <CeleM A1 (1.3)

(r)=* ‘ ‘LQ(M,dVolg)
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In [23], it is shown that the right hand side can be replaced by CA~1/2, under a non trapping
condition.

In the present paper, we will mainly prove that, up to logarithmic terms in A, such estimates
still hold if one replaces (r)~* by a class of operators which are, in some sense, weaker than (r)~*
and more adapted to the framework of the asymptotically hyperbolic scattering.

Let us fix the notations used in this article.

Throughout the paper, C2°(M) denotes the space of smooth functions with compact support.
If M has a boundary, C§°(M) is the subspace of C2°(M) of functions vanishing near OM and if B
denotes the boundary conditions associated to G (if any), CF (M) is the subspace of ¢ € C2°(M)
such that By = 0 (e.g. By = pjgns for the Dirichlet condition).

We set I = (rg,+00) and call ¢ the isometry from M\ K to I xY. U :Uy CY > w
(Y1, ,yn_1) € U C R" 1 is a coordinate chart and M \ K > m + w(m) € Y is the natural
projection induced by ¢, we define the chart ¥ : I xUy)c M — I xU by

V(m) = (r(m), ¥(w(m))). (1.4)

There clearly exists a finite atlas on M composed of such charts and compactly supported ones.
For any diffeomorphism f : M — N, between open subsets of two manifolds, we use the standard
notations f* and f, for the maps defined by f*u = uo f~! and f.u = uo f, respectively on C>°(M)
and C*°(N) (and more generally on differential forms or sections of density bundles).

By (1.1) and (1.2), we have 1*(dVol,) = e~V drdVol, on M \ K, with © = dVoly,/dVol,,
satisfying sup; |||(r)20%(O(r,.) — 1)||| < oo for all k and all seminorm |||.||| of C*(Y"). We choose
a positive function © € C>(M) such that 1*© = e(»~170 on M\ K and we define a new measure
dVolp = ©~1dVol,. This is convenient since we now have t*(dVolr() = drdVol, on I x Y hence,
if we set L?(M) = L?(M, dVolpq), we get natural unitary isomorphisms

LA (K)® LA M\ K) =~ L*(K) @ L*(I,dr) ® L*(Y,dVol,) ~ L*(K) @ é L*(I,dr), (1.5)
k=0

using, for the last one, an orthonormal basis (¢x)r>0 of eigenfunctions of Aj,. More explicitely, the
isomorphism between L?(I,dr) @ L*(Y,dVol,) and @<, L*(I,dr) is given by ¢ — (pk)k>0 with

wr(r) :/ o(r,w)g(w) dVoly(w). (1.6)
Y
In what follows, we will consider the self-adjoint operator
H=0'"2ge™!/?

on L?(M), with domain ©/2D(G). If M is non empty, we furthermore assume that © = 1 near
OM in order to preserve the boundary condition. This is an elliptic differential operator, unitarily
equivalent to G, which takes the form, on M\ I,

H=D}+e A +V+ (n—1)%/4, (1.7)

with Ay the Laplace operator on Y associated to the r-independent metric h and V' a second order
differential operator of the following form in local coordinates

TV = 3 (1) Pus(ry)(e D), (L8)



with 87?8;‘1)5 bounded on I x Uy for all Uy € U and all k, . Here U is associated to the chart ¥
(see above (1.4)). Without loss of generality, by possibly increasing rg, we may assume that

H=Hy+V

with V of the same form as above, with coefficients supported in M \ K, which is H bounded
with relative bound < 1 (see Lemma 1.4 of [9] or Lemma 3.5 below), and Hy another self-adjoint
operator (with the same domain as H) such that

Ho=D?+e ?"Ap + (n—1)2/4, (1.9)

on 11 ((ro +1,00) x Y).
We next choose a positive function w € C*°(R) such that

w(z) = {1’ v=0, (1.10)

z, z2>1
If spec(Ap) = (1r) k=0 and s > 0, we define a bounded operator W_ on L2(I) ® L2(Y, dVol,) by

(W_S.(p r,w) Zw r —log v/ (1)) @k (r (1.11)
k>0

Using (1.5), we pull W_, back as an operator W_, on L?(M), assigning W_ to be the identity
on L?(K). We can now state our main result.

Theorem 1.1. Assume that, for some function o(\) > eA™Y2 and some real number 0 < so < 1,
[(r) =% (H — A £i0) " (r) =[] < Co(A),  A>1. (1.12)
Then, for all s > 1/2, there exists Cy such that
[[W_s(H — X £i0)'W_i|| < Cs(log \)*0F25p(N),  A> 1. (1.13)
Using the results of [6, 23], i.e. the estimates (1.3), we obtain

Corollary 1.2. Let W9, = O~ 12W_,0Y2 with s > 1/2. On any asymptotically hyperbolic
manifold, we have

WO, (G — A+i0)"'We,|,, < Cy(log \)*eCer A1,

(M,dVoly) =
with the same Cq as in (1.3). If the manifold is non trapping (in the sense of [23]), we have

| WE(G — A £1i0)~ < C(log \)**A=1/2 A> 1.

IWE)sHm M, dVoly)

These results improve the estimate (1.3) to the extent that W_, and W9, are ”weaker” than

(r)~? in the sense that W_(r)® is not bounded. The latter is easily verified using (1.11) by choosing
a sequence (px)k>0 € L2(I) such that >, ||¢x|[? = 1 with ¢y, supported close to log /{u)-

A result similar to Theorem 1.1 has already been proved by Bruneau-Petkov in [2] for Euclidean
scattering (on R™). They essentially show that, if P is a long range perturbation of —Ag» such that
[[X(P — X 41i0)"1y|| = O(e“?) for all x € C§°(R™), then [[{(z)~5(P — X £i0)~ {z)~%|| = O(e“?),



with s > 1/2. In other words, one can replace compactly supported weights by polynomially
decaying ones.

Weighted resolvent estimates can be used for various applications among which are spectral
asymptotics, analysis of scattering matrices, of scattering amplitudes or non linear problems. In
particular, they are known to be useful to obtain Weyl formulas for scattering phases in Euclidean
scattering [20, 21, 2, 3] and the present paper was motivated by similar considerations in the
hyperbolic context [4, 5]. Actually, high energy estimates are important tools to get semiclassical
approximations of the Schrodinger group by the techniques of Isozaki-Kitada [13, 14]. This is well
known on R [20, 21, 3] and is being developed for asymptotically hyperbolic manifolds [4, 5]. These
applications will be published elsewhere (they would otherwise lead to a paper of unreasonnable
length).

We now introduce a class of pseudo-differential operators associated with the scale of weights
defined by the operators W_;. For s € R, we set

ws(rv 77) = ws(,r. - 10g<77>)

and define the space S(w,) C C™(R, x Ry~ x R, x R}~!) as the set of symbols satisfying

’83‘838,]:87?@(7" Y, p, 77)’ < Cjakﬁws (Tv 77) ) TP e Ra Yy,me Rn_l-

Note that, ws is a temperate weight in the sense of [12] (see Lemma 4.2 of the present paper).
Note also that S(ws,) C S(ws,) if s1 < 5.

To construct operators on the manifold M, we consider a chart ¥ : U — Uy (we keep the
notations above (1.4)) and we choose open sets Uy € U; € Uy € U. We pick cutoff functions
Kk € CP(R, x RZ‘l) which are respectively supported in I x U; and I x Us, with bounded
derivatives and such that & = 1 near supp k, kK = 1 on (r1,+00) x Uy for some r; > ry. For
bounded symbols a, we can then define

U, k0p(a)k¥* = W,.ka(r,y, D, Dy)/%\i/*,
on L?(M).

Theorem 1.3. Assume that a € S(w_s) for some s € [0,1]. Then, there exist bounded operators
Bis and B s on L*(M) such that

U, k0p(a)RV* = By JW_, = W_,By .

The interest of this theorem is that Theorem 1.1 still holds if one replaces W_g by pseudo-
differential operators with symbols in S(w_s), s > 1/2. This is important since the classes S(w_),
with s > 0, are naturally associated with the functional calculus of asymptotically hyperbolic
Laplacians as we shall see below.

Let us explain why polynomial weights (r)~* are more natural for Euclidean scattering than
for the asymptotically hyperbolic one. In polar coordinates on R™, the principal symbol of the flat
Laplacian is p? + 77 2qo (with go = qo(y,n) the principal symbol of the Laplacian on the sphere)
and since dr=2/dr = —2r=2 xr~!, it is easy to check that, for all k € N, v € N*~! and z ¢ [0, +00),
one has

|8f8;{(p2 +r2gy — z)_l{ < C’ka’ﬂ,|p2 +r 2y — z\_lr_k_m, r> 1. (1.14)

Here we consider the function (p? + 772gy — )~ for it is the principal symbol of (—Ag» — 2)~*
(in polar coordinates) and hence the prototype of the symbols involved in the functional calculus



of perturbations of —Ag~. Besides, we note that when one considers a perturbation of —Ag~ by
a long range potential V1, one usually assumes that, for some € > 0,

02 Ve (@)] < Cafa) =71,

Hence, powers of r~! are naturally involved in the symbol classes for Euclidean scattering. This
is compatible with the fact that the weights needed to get resolvent estimates in this context are
also powers of 1.

In hyperbolic scattering, the situation is different. The principal symbol of Hy (see (1.9))
takes the form p? + e~2"q, (with g, = qn(y,n) the principal symbol of Aj, on Y) and since
de™?"/dr = —2e~2" we cannot hope to gain any extra decay of the symbols with respect to 7,
unlike in the Euclidean case. However, remarking that

—2
€ TQh

o —or.. 1 <Os —s\' ’ v >07
P2 te2rg, +1|~ w—s(r,m) s 2

it is easy to check that, if & + |y| > 1,

|afag(p2 +e g —2)H < Copslp® + €7 qn — 2| wy(r,m), Vs >0. (1.15)

Here again, we have chosen (p? + e~ 2"q;, — z)~! since it is the principal symbol of the pseudo-
differential approximation of (Hy — 2z)~! (see [4, 5]). The estimate (1.15) reflects the fact that the
weights w_, are more natural than (r)~* in hyperbolic scattering: we do not gain any power of
r~! by differentiating but we gain powers of w_; and these weights are naturally associated with
the resolvent estimates as shown by Theorems 1.1 and 1.3.

Let us now say a few words about the simple idea on which Theorem 1.1 is based. The proof
uses Mourre’s theory and relies on two remarks. The first one is roughly the following: assume
that, for A > 1, we can find f) € C§°(R) and some self-adjoint operator A such that the (formal)
commutator i[H, A] has a bounded closure i[H, A]° on D(H) and

I(H)i[H, A]° fA(H) > A3 (H) (1.16)
with fy =1 on (A —d0x, A+ Jy). Then, one has
{(A)"*(H = A £i0)~"(A)~°[| = O(3; ).

This essentially follows from the techniques of [16] (thought our assumptions on A and H won’t
fit the framework of [16]) and is the purpose of the next section. We emphasize that, instead of
(1.16), a Mourre estimate usually looks like

Eron(H)ilH, A E; (H) = 2XE; (0 (H) 4+ Er (H)KAEr(»)(H) (1.17)

with E7(\) (H) the spectral projector of H on some interval I(\) > A, and K a compact operator.
As explained in [16], (1.17) implies (1.16) provided fy is supported away from the point spectrum
of H and J) is small enough, since fy(H)K) — 0 as 0, — 0. But we don’t have any control on
0y in general and here comes our second remark. If one already knows some a priori estimates on
(H — XA£i0)~!, we can hope to control Jy from below by mean of the following easy lemma which
links explicitly the size of the support of the function, i.e. dy, to estimates on the resolvent.

Lemma 1.4. Let (L,D(L)) be a self-adjoint operator on a Hilbert space H and J an interval.
Assume that, for some bounded operator K,

sup HK*(L—/\j:ie)_lKH < 00. (1.18)
AEJ, 0<e<1



Then, for all f € C§°(J), one has

— * AN 1/2
ALK < 721012 £l up || K" (L — X i0) e

with |J| the Lebesgue measure of J, provided the right hand side is well defined.

Proof. This is a direct consequence of the Spectral Theorem which shows that, for all ¢ € H,

LK = (2im) " lim / FEP (L—E—i)" — (L-E+ie) " )Kp,K¢) dB. O

Remark. If L = H and J € ((n — 1)?/4,+00), the condition (1.18) is known to hold by [6, 9],
choosing for instance K = (r)~® with s > 1/2.

We shall apply this strategy, i.e. deduce (1.16) from an estimate of the type (1.17) using the
above trick with the a priori estimates of Cardoso-Vodev proved in [6]. The conjugate operator A
(which will actually depend on ) is essentially the one constructed by Froese-Hislop in [9].

We note in passing that we actually prove a stronger result than Theorem 1.1, namely a Mourre
estimate (see Theorem 3.12) which implies Theorem 1.1. Thus, using the techniques of [17], we
could also get other propagation estimates involving ”incoming” or ”outgoing” spectral cutoffs.

This method is rather general and could certainly be adapted to other settings than the asymp-
totically hyperbolic one. For instance, we could consider manifolds with Euclidean ends or both
asymptotically hyperbolic and Euclidean ends, using the standard generator of dilations rD,.+ D,.r
(cut off near infinity) as a conjugate operator in Euclidean ends, as in [9].

The organization of the paper is the following. In Section 2, we review Mourre’s theory with a
class of operators adapted to our purpose and give a rather explicit dependence of the estimates
with respect to the different parameters. We point out that some of our technical assumptions on
A and H will not be the same as those of [16]. For this reason and also to take the parameters
into account, we need to provide some details. In Section 3, we review the construction of the
conjugate operator A introduced in [9]. For the same reasons as for Section 2, we cannot use
directly the results of [9] and we need again to review some proofs. We also give a pseudo-
differential approximation for A. In Section 4, we prove Theorems 1.1 and 1.3.

2 Mourre’s theory

2.1 Algebraic results

In what follows, (H, D(H)) and (A, D(A)) are self-adjoint operators on a Hilbert space H that will
eventually satisfy the assumptions (a), (b) and (¢) below. These assumptions are slightly different
from the ones used in [16] but, taking into account some minor modifications, they allow to follow
the original proof of Mourre to get estimates on (A)~%(H — A4i0)~*(A)~*. In this subsection, we
record results allowing to justify the algebraic manipulations needed for that purpose. Differential
inequalities and related estimates are given in Subsection 2.2.

(a) Assumptions on domains: there exists a subspace D C D(H) N D(A) dense in H, such that

D is a core for A, (2.1)



i.e. is dense in D(A) equipped with the graph norm. We also assume the existence of a sequence
(n of bounded operators satisfying, for all n € N,

wD(H) Cc D(H),  (.D(A) C D(A), (2.2)
G(H—2)"'DcD, Vz¢spec(H), .
Cng(HYH C D, Vg e CP(R), (2.4)

and furthermore, as n — oo,

e — ¢, VYpeH, (2.5)
ACp — Ay, YV ¢ € D(A), .
Hinp — Hyp, Y e D(H). (2.7)

The last condition regarding the domains is the following important one

(H — 2)"'D(A) c D(A), V z ¢ spec(H). (2.8)

Remark. When A and H are pseudo-differential operators on manifolds, most of these conditions
are easily verified. The hardest is to check (2.8). We point out that sufficient conditions ensuring
(2.8) are given in [16] (see also [1, 10]), namely conditions on ™4, but they don’t seem to be
satisfied by the operators considered in Section 3. We thus rather set (2.8) as an assumption in
this part; in the next section, the explicit forms of A and H will allow us to check it directly (see
Proposition 3.9).

Note also the following easy result.

Lemma 2.1. Conditions (2.2), (2.5), (2.6) and (2.7) imply that AC,(A+1i)~%, HC,(H +1i)~1 are
bounded operators on H, uniformly with respect to n. In addition, (2.3) implies that D is a core
for H.

Proof. We only consider H. For all € > 0, H(eH +i)~'(,(H + i)' is bounded and converges
strongly on H as € — 0, since D(H) is stable by (,. This proves that H¢,(H +4)~! is bounded,
by uniform boundedness principle. Then, by (2.7), H(,(H + i)~ converges strongly on H to
H(H +4)~! and hence is uniformly bounded by the same principle. Thus, if ¢» € D(H) and
D3> ¢, — (H +1i)y in H, then 1, := (,(H +1i) ", is clearly a sequence of D such that v,, — 1
and Hy, — Hvy in H. O
(b) Commutators assumptions. There exists a bounded operator [H, A]° from D(H) (equipped
with the graph norm) to H, and Cg, 4 > 0 such that, for all p,¢ € D,

|(Ag,i[H, A]") — (i[H, A%, AY)| < Cp,all¥l| [|[(H + i)l (2.10)
Note that we only require that ¢,1 € D in (2.9) and (2.10) (instead of D(A) N D(H) in the

original paper [16]). Note also that i[H, A]° is automatically symmetric on D, hence on D(H) by
Lemma 2.1.

We now state the main assumption.
(¢) Positive commutator estimate at A € R. There exists 6 > 0 and f € C*(R,R) with 0 < f <1,

such that,
1 if |E— )\ <26,
ppy =LA
0 if |[E— )\ > 30,



and satisfying, for some a > 0,
FOHYI[H, AP f(H) > af(H)?. (2.11)

Remark that (2.11) makes perfectly sense, for f(H)i[H, A]°f(H) is bounded and self-adjoint in
view of the symmetry of i[H, A]° on D(H).

The main condition among (a), (b) and (c¢) is the Mourre estimate (2.11). We include the
parameters « and d to emphasize their important roles in the estimates given in the next subsection.

We now record the main algebraic tools needed to repeat Mourre’s strategy.

Proposition 2.2. Assume that all the conditions (2.1),---,(2.9) but (2.4) hold. Then, on D(A),
(2 Al = —(H — ) HAYH — =)™, = ¢ spec(H). (2.12)

Furthermore, (A +iA)"YD(H) C D(H) for all A > 1 and, by setting A(A) = iAA(A +iA)~L, we
have

[H, A(MN)]p — [H,A]’p, A — oo, (2.13)
inH, for all p € D(H).

Proof. We apply (2.9) to ¢, = (u(H — 2)7'¢ and v, = C,(H — 2)’11[) with ¢,9 € D. Since
[H, A]° is bounded on D(H), (2.7) implies that [H, A%, — [H, A]°(H — z)~'¢. Furthermore,

Cu(H —2)71'¢ — (H — 2)7 ' in D(A) by (2.6) and (2.8) (the same holds for ) and hence
(=270, A0) = (A3, (H = 270) = ([, AI(H - 2)7'¢,(H = 2)70).
Since D is a core for A, the above equality actually holds for all ¢, € D(A). This shows (2.12).
The proof of (2.13) follows as in [16]. Indeed (2.12) yields
[(H —2)7" (A= 2)" = ~(A=2)"'(H — 2) ' [H,A"(H - 2)" /(A= 2)7}, (2.14)

which implies that (H +14) "1 (A4iA)™! = (A+iA) "1 (H +i)71(1+ O(A™1)), where O(A™1) holds
in the operator sense. This clearly implies that (A &+ iA)"'D(H) C D(H) for A > 1 and that
B(A) := (H +i)iA(A+iA)"Y(H +i)~! — 1, in the strong sense on H. The latter leads to (2.13)
since, on D(H),

[H, A(N)] = iAN(A+iA) " H, A°(H + i)' B(A)(H + ). (2.15)
The proof is complete. d

The next proposition is important for several reasons. Firstly, it will allow to justify the
manipulation of some commutators and secondly, it gives an explicit estimate for the norm of (the
closure of) [g(H), A](H +i)~!. It is also a key to the proof of the useful Proposition 2.4 below.
We include the proof of Proposition 2.3, essentially taken from [16], to convince the reader that
our assumptions are sufficient to get it.

Proposition 2.3. Under the assumptions of Proposition 2.2, the following holds: for any bounded
Borel function g such that [ |tg(t)|dt < co, we have g(H)(D(A)ND(H)) C D(A) and

Ilg(H), AJel| < (2m)~ / tg()|dt [|[H, A]°(H +0) 7| [|(H +4)ell, V¢ D(A)ND(H).



Before proving this proposition, we quote the following important consequence.

Proposition 2.4. In addition to the assumptions of Proposition 2.2, suppose that (2.4) holds.
Then, for any ¢ € D(A) N D(H), there exists a sequence @, € D such that, as n — oo,

On — ©, A, — Ap and Hyp, — Hep.
In particular, (2.9) and (2.10) hold for all ¢, € D(A) N D(H).

Proof. We choose g € C§°(R), g = 1 near 0, and set ¢, = (ogn(H)p, with g,(E) = g(E/n). It
belongs to D by (2.4) and clearly converges to ¢ in H. Furthermore, (H +14)¢,(H +i)~! converges
strongly on H by (2.7) and this easily shows that Hp,, — Hy. Regarding Ay, we write

Apn = AGu(A +1) " gn(H) (A + i) — AGu(A+0) 7 [gn(H), Al

where A(,(A+1i)~! converges strongly on H by (2.6) and ||[A, g,(H)]p|| < Cn=L||(H +i)¢p|| since
[ 1tgn(t)|dt = O(n 7). O

As a consequence of this proposition, we can define, for further use, the form [[H, A]°, A] by
([[H, A°, Alp,¥) == (Ap,i[H, A]%¢) — (i[H, A, A¥), @, € D(A)ND(H).  (2.16)
Proof of Proposition 2.3. We first observe that, if ¢ € D(A) N D(H) and A > 1, then for all ¢

t
"M AN e Mo = A(N)p +i / e“"H, A(N)]e ™" ds.
0

This can be easily seen by weakly differentiating both sides with respect to ¢, testing them against
an arbitrary element of D(H). This equality shows that, for any ¢ € H,

(AW oDl 0) = 5= [ 300 [ (7AW )7 (T + i) ) dsit. (217)

By (2.15), [H, A(A)](H +i)~! is uniformly bounded, so the modulus of right hand side is dominated
by C||¢]|, for some C independent of A. In particular, if ¢» € D(A4),

(9(H)p, Ay) = lim (g(H), A(=A)p) = lim (g(H)A(A)g,v) — ([9(H), AN)]e, )
proves that |(g(H)p, A)| < C||9]|, with C independent of 1) € D(A). This implies that g(H)p €
D(A*) = D(A). Then, letting A — oo in (2.17) clearly leads to the estimate on ||[g(H), A]¢|| . O
We now quote a crucial result which is directly taken from [16].

Proposition 2.5. Assume that B is a bounded operator on H. Then for any z ¢ R and any ¢ € R
such that Im(z)e > 0, the operator H — z —ie B* B is a bounded isomorphism from D(H) (with the
graph norm) onto H. If we set

G.(e)=(H — z—ieB*B)™!
we have, provided Im(z)e > 0 and Im(z)gy > 0,

G.(e) — G.(e0) = G.(g)i(e — g9)B*BG,(e9),
G.(e)" = Gz(—e), |G- ()] < [Im(z)[,

in the sense of bounded operators on H. Furthermore, if B’ and C are bounded operators, with C
self-adjoint, and if Im(z)e > 0, then

B*B'<B*B = |B'G.(e)C|| < |e| =2 |CG.(e)C|M?.



This result, which is one of the keys of the differential inequality technique of Mourre, will of
course be used with B*B = f(H)i[H, A]°f(H), but it doesn’t depend on any of the assumptions
quoted in the beginning of this section. We refer to [16] for the proof and rather put emphasize on
the following result.

Proposition 2.6. Assume that all the conditions from (2.1) to (2.11) hold and define G,(g) as
above with B*B = f(H)i[H, A]°f(H). Then G.(¢)D(A) C D(A)N D(H).

Proof. It suffices to show that G.(g)e belongs to D(A) for any ¢ € D(A). As in the proof
of Proposition 2.3, this is implied by the fact that sup,sa, |/[Gz(g), A(A)]|| < oo, for Ag large
enough. To prove this, we remark that

[A(A), G=(e)] = G=(e)[H, A(A)]G=(e) — ieG(e)[B* B, A(A)]G(e)

where the first term of the right hand side is uniformly bounded by (2.13) and the uniform bound-
edness principle. We are thus left with the study of the second term for which we observe that

([(A+i0)™ B*Blgn,va) = (i[H, AP f(H)n, [f(H), (A —id) " ) +

([(A+a0) ™ f(H)]n, [ H, AP f(H)2) +

([(A +i8) = il H, AL (H )y, f(H)2)
for all 11,19 € D(H). Since A(A) = iA + A%(A +iA)~!, multiplying this equality by A% allows to
replace (A+iA)~! by A(£A). By (2.15) and (2.17) , [f(H), A(x£A)](H +i)~! is uniformly bounded
which reduces the proof of the proposition to the study of ([A(A),i[H, A]°f(H)vx, f(H)pz). To
that end, we note that, if 11,5 belong to D(H), then ([A(A),i[H, A]°]¢1,2) can be written

A2 (A(A+i8) 7y, i[H, AP(A = i0) " s ) — A2 (i[H, A (A +i8) "y, A(A — i)'z
Using (2.10) and Proposition 2.4, combined with the fact that A(H + i)(A £iA)" ' (H + )~}

uniformly bounded (see the proof of Proposition 2.2), we obtain the existence of C' > 0 such that

| (IAW), 8, ALY, s ) | < CNH + Dl (1all, v, € DOH)

for A > 1. The conclusion follows. O
Note that we have chosen to include this proof, thought it is essentially the one of [16], since
our assumptions on A are not the same as those of [16].

2.2 The limiting absorption principle

In this part, we repeat the method of differential inequalities of Mourre [16] to get estimates on
the boundary values of (H — z)~!. Our main goal is an explicit control of the different estimates
in terms of the parameters, namely A, H, f,A\,a,d and Cpy 4 (see (2.10)). As we shall see, the
following quantities will play a great role

Niga = ||[H,A°(H+i)7] (2.18)
Shie = (L+a7M|[H AL FH)|) (2.19)
Ay = (27r)’1/|tf(t)|dt. (2.20)

R
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We assume that all the conditions from (2.1) to (2.11) hold and that G,(¢) is defined by
Proposition 2.5 with B*B = f(H)i[H, A]°f(H).

As a direct consequence of Proposition 2.5, we first get the estimate
||F(H)(H + )G ()w(A)|| < (14 N+ 38) a™/?e] 72 |lw(A) G ()w(A)|[
which holds for any bounded and real valued Borel function w. We also obtain immediately
If(H)G.(e) fH)|| < o™ e (2.21)
On the other hand, by the resolvent identity given in Proposition 2.5, we see that
G:(e)f(H) = G.(0) (f(H) — ef(H)[H, A" f(H)G.(e) f (H))

where the bracket is uniformly bounded with respect to € by (2.21) and we obtain

’ik
[(F + k(1 - HECE )] < sup X

a”t 0 .
B-x1>25 1B — 2] (L+a M| ALHE)]), (2:22)

for k = 0,1. Here we used the fact that f(H)[H, A]° has a bounded closure whose norm equals
||[H, A]°f(H)||. Another application of the resolvent identity also gives

G.(e)(1 = [)(H) = G:(0) (1 = f)(H) — ef(H)[H,A]"f(H)G.(e)(1 = f)(H)) (2.23)

in which f(H)G,(e)(1 — f)(H) can be estimated (independently of €) using (2.22).
Summing up, all this leads to

Proposition 2.7. Assume that A\, §, « satisfy condition (c) of Subsection 2.1 and that
elm z > 0, [Re z — A| <6, i< and le] < dat. (2.24)

Then, for k= 0,1 and all bounded Borel function w such that ||w||e < 1, we have

[(H + i)k (1= FY(H)G.(2)]| < (1+ A +25)k0 (1 + s,f}jj;) , (2.25)
[(H + i) fH)Go()w(A)|| < 1+ [N+ 30) ™ 2[e] /2 [Jw(A)G. (e)w(A)[|?, (2.26)
()Gl < a el (2+ 555 (2:27)

Note that the right hand side of (2.25) is independent of €. Note that we also get estimates on
G.(e)(1 = f)(H) and w(A)G,(e) f(H) for free, by taking the adjoints, since G,(e)* = Gz(—¢).

We then need to get an estimate on dG.(¢)/de. To that end, we simply repeat the proof of
Mourre [16], observing that the algebraic manipulations are valid in our context thanks to the
results of Subsection 2.5. In the sense of quadratic forms on D(A), using in particular [[H, A]°, A]
defined by (2.16), we thus obtain

dG.(e)
de

= G.(e)(1 = f)(H)H, A f(H)G:(e) + Gz (e)[H, A]°(1 = f)(H)G () —
e{G.(e)f(H)[H, A]’[f(H), AlG-(e) + G:(e) [f (H), A|[H, A]”f (H) G (e)
+ Go(e) f(H)[[H, A]°, AJf(H)G(e)} + G=(e)A — AG.(e). (2.28)

11



Let us set F,(e) := w(A)G,(e)w(A). By Proposition 2.7, (2.28) leads to the differential inequality

dG, (e B
|| < R+ Gl RN+ Co

+ 2l Aw(A)]| (a2 el 72| F (N2 4+ 070 (1+ 55 ) )(2:29)

where, by Proposition 2.3, the constants Cp, C} /2 and Cp can be chosen as follows

2 f.a )2
Co = 72(1+ A +20) (1+SF%) N
Cijz = 207267 (14 |A| +36)S7;% Nipz.ay (1+ 607 A Nig,a (1+ A] +30))
C1 = a '(1+]|A+30) (CH,A + 20 Ny (1 4+ A+ 35)) .

The second line of (2.29) suggests that Aw(A) must be bounded. Of course, this holds if
w(E) = (E)~! (which was the original choice of weight in [16]) however a trick of Mourre, which
is reproduced in [18], allows to consider

w(E) = (E)7% := (E)"*(¢E)*™!, 1/2<s<1.
It is indeed not hard to check that the following inequality holds for all € #£ 0 and F € R

0 _ |5|E2 1
2B 21— s)ef?
85< ) 1+ e2E2 — (1= s)lel™,

€

=1 —s)(E)."°

and this implies that
()2 /deG () A)*]| < (1 = s)|el*™ (a2l 2R )l [/2 + 671 (14 855 ) ) - (2:30)

Using (2.29), (2.30) and the fact that (E)-*(E) < |g|*~! for 0 < |¢| < 1, we get the final differential
inequality

ldF.(e)/dell < Cu||Fx(e)l| + Cupalel "/ |IF= ()2 + Co
+2(2— 8)le)*! (Qa_1/2|5|_1/2||FZ(5)||1/2 to! (1 + s,{;f;,)) (2.31)

which is valid if 0 < |¢] < 1 and if (2.24) holds.

Starting from (2.27) and using (2.31), a finite number of integrations leads to a uniform bound
on [|F,(g)]| for 0 < |e] < min(1,6a~!) and thus on ||F,(0)||. Such estimates depend of course
on A, H, f,a, )\, 6,Cy,C /2 and C1, but there is no reasonable way to express this dependence in
general. We thus rather consider a particular case in the following theorem, which lightens the
role of a, A, d.

Theorem 2.8. Consider families of operators H,, A,, of numbers \,, a,,d, and of functions f,
satisfying conditions (a),(b),(c) for all v describing some set ¥.. Denote by Co,,,Cy /2, and Cy,
the corresponding constants defined on page 12. Assume that ¢, := §,a,;* < 1 and that there exists

C > 0 such that, for allv € %3,

Cow < Cetot,  Cupo, <CeM265,M2 Oy, <Ce)ty ||[Hyy A S (H,)|| < Can(2.32)

12



with f, of the form f,(E) = f((E—\,)/0y), for some fized f € C§°(R). Then, forall1/2 < s <1,
there exists Cs > 0 such that, for all v € X,

[(AL) ™ (H, — 2)"(A,)*|| < Cu6, Y, (2.33)
provided |Re z — A\,| < d,. Furthermore, for any p € (A, — du, Ay + 0,), the limits

(A))5(H, — p£i0)"HA,) "% := lim (A,)"5(H, — p+ic) 1(A,)"*

e—0+
exist and are continuous, with respect to u, in the operator topology.

In practice, the conditions (2.32) can be checked using the explicit forms of Cp,C;/, and Cy
given on page 12. We shall use this extensively in the next section.

Proof. We only consider the case where € € (0,¢,], i.e. the situation where Im z is positive, since
the one of € € [—¢,,0) is similar. By the assumption on ||[H,, A,]°f,(H,)||, the estimate (2.27)
takes the form ||F,(¢)|| < Ca;te™!, thus (2.31) implies that

|F.(e) — Fa(en)|| < Cs (6,1 + 6, log(e, /) + o, ' e® 1) Vvey,

if 1/2 < s < 1. If s = 1, the term £5~! must be replaced by log(e, /¢) which can be absorbed by
the second term of the bracket, for we assume that a, ' < 46,71, Since ||F.(g,)|| < C§, 1, a finite
number of iterations of Lemma 2.9 below completes the proof of (2.33). For the existence of the

boundary values of the resolvent, which are purely local, we refer to [18] (Theorem 8.1). O

Lemma 2.9. Let 0 < 0 < 1 and assume the existence of C' such that, for all v € ¥ and all
e €(0,&,],
L) < C (37 + 67" log(eu =) + ')

Then, there exists Cs , such that, for allv € 3 and all € € (0,¢,]

6o oy tesT /202 if s —1/2 < 0/2,
I[F: ()| < Cs,o o, " 40, log(e, fe), if s—1/2=0/2,
5L if s—1/2>0/2.

Proof. Tt simply follows from (2.31) and the fact that [|F,(g,)|| < C§, 1, by studying separately
the three cases and using the trivial inequality

(5;1 +5,/_110g(5,,/8)+04;18_g)1/2 < 5;1/2+6;1/21Og1/2(51,/€)+Oé;1/25_0/2

to control the terms involving ||Fy()||'/2. O

3 Applications to asymptotically hyperbolic manifolds

3.1 The conjugate operator

In this part, we recall the construction of the conjugate operator defined by Froese-Hislop in [9].
We emphasize that the main ideas, namely the form of the conjugate operator and the existence
of a positive commutator estimate, are taken from [9]. However, since some of our assumptions
(especially (a), (b)in subsection 2.1) differ from those of [9] and since we need to control estimates
with respect to the spectral parameter, we will give a rather detailed construction.

13



Let x,& € C*(R) be non negative and non decreasing functions such that

By possibly replacing y and ¢ by x? and &2, we may assume that y'/2 and £!/2 are smooth.
For R > ro and S > R, we set xr(r) = x(r/R) and &s(r) = £(r/S). Then, recalling that
(1) x>0 = spec(Ay,) and setting v, = (1 + px)*/?, we define the sequence of smooth functions

ag(r) = (r + 28 — log v ) xr(r)&s(r — log v).

They are real valued and it is easy to check that their derivatives satisfy, for all j > 1 and k € N,
lalleo < €587, JJaral V| < €, (3.1)

uniformly with respect to R > S > rg. Further on, R and S will depend on the large spectral
parameter A but till then we won’t mention the dependence of aj, (nor of the related objects) on
R,S.

According to the results recalled in Appendix A, there exists, for each k, a strongly continuous
unitary group e®4* on L2(R) whose self-adjoint generator Ay is

Ay, = apD, — idly/2, (3.2)

i.e. a self-adjoint realization of the r.h.s. Furthermore, we can consider e®*4* as a group on L? (I),
since e**4* acts as the identity on functions supported in (—oo, R) hence maps functions supported
in I into functions supported in I (see Appendix A). Therefore, using the notation (1.6) for ¢,
the linear map

oY Mo @y, (3.3)
k>0

clearly defines a strongly continuous unitary group on L?(I) ® L?(Y,dVoly,). The pull back on
L?(M\ K) of the operator (3.3), extended as the identity on L?(K), is also a strongly continuous
unitary group on L?(M) which we denote by U(t). (Here again we omit the R, S dependence in
the notation). Using Stone’s Theorem [19], we can state the

Definition 3.1. We call A the self-adjoint generator of U(t). In particular, its domain is
D(A) = {p € L* (M) | U(t)y is strongly differentiable at t = 0},
and Ap = i~ 1dU (t)p/dt—y for all p € D(A).

Remark. Note that this definition clearly implies that L*(K) C D(A) and that Azz2¢c) = 0.

Now we choose a sequence of functions ¢, € C2°(M) such that ¢, — 1 strongly on L?(M).
More precisely, we choose (, of the form ¢, = ((27"r) for some ¢ € C§°(R) such that ( =1 on a
large enough compact set (containing 0) to ensure that ¢, = 1 near K.

Proposition 3.2. i) For alln, (,D(A) C D(A).
i1) For all ¢ € D(A), ACyp — Ap as n — oo.
iii) CF (M) is a core for A and ACF (M) C C§°(M).
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Proof. In view of the remark above, we only have to consider ¢ € L?(M \ K) (i.e. supported in
M\ K). Furthermore, to simplify the notations, we shall denote indifferently by ¢ an element of
L*(M\ K) and the corresponding element in L?(I) @ L?(Y,dVol,) via (1.5).

Let us first observe that, for all such ¢, ¢, Parseval’s identity yields

U — ) fit — 3l = 3 || (M or — i) Jit — ]|
k

Thus, by dominated convergence, this easily implies that ¢ € D(A) if and only if @5, € D(Ay) for all
kand >, ||Agpr||* < oo, in which case (Ap)r = Agepy, for all k. Combining this characterization
with (A.3), and using the fact that (ax(),)(r) = 27 "ar(r)¢’(27"r) is uniformly bounded with
respect to k,n € N on I, which is due to the fact that ax(r)/r is bounded with respect r and k,
we get 7). This also shows that

HACnQD - CnASOHQ = Z ||a/€47lz<p/€”2
k

where the right hand side goes to 0 as n — oo by dominated convergence, and hence implies ).
We now prove iii). Since Ap = 0 for any function supported outside :~!([R,00) x Y'), and since
any element of D(A) can be approached by compactly supported ones by i), it is clearly enough
to show that for any ¢ € D(A), compactly supported in :~*([R’,00) x V) with 7y < R’ < R, and
any € > 0 small enough, there exists ¢¢ € C§°(M \ K) such that || — ¢°|| + ||[Ap — Ag®|| < e.
Using the function 6. defined in Appendix A, we set

PF = n kO @eIdry
k

It is clearly compactly supported in I x Y if € is small enough and smooth since 8£A§Lg0€ € L? for
all j,1 € N. Then, by Parseval’s identity, we have ¢ — ¢ and using (A.9) we also have Ap® — Agp.
For the last statement, we first observe that, if ¢ is compactly supported, so is Ap. We are thus
left with the regularity for which we observe that [0, Ax] = 3, < ; bk,m (r)0", with by, uniformly
bounded by (3.1), and hence

102 ik Awrl| < | AR@IALPIl+C Y 1B Ahp)ill € 1P(N)
m<j
yields the result. O
Note that the choice of CF (M) is dictated by the following proposition.

Proposition 3.3. For alln € N, z ¢ spec(H) and g € C*(R), we have
Gu(H —2)T'CF (M) C CF (M), Gug(H)L*(M) € CF(M).

Proof. This is a direct consequence of standard elliptic regularity results (see for instance [7, 12]),
taking into account the fact that ¢, = 1 near OM (if non empty). O

We now consider the calculations of [H, A] and [[H, A], A]. Note that these commutators make
perfectly sense on C'% (M) by Propositions 3.2 and the fact that CF (M) C D(H).
We first consider the ”free parts”, i.e. the commutators involving Hy defined by (1.9).

Proposition 3.4. There exists C' such that for all R > S >ro+1 and all ¢ € CF(M).
[IHo, Alel| + [[[Ho, A, Aleo|| < C|I(H +i)el|- (34)
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Proof. Similarly to the proof of Proposition 3.2, we identify L?(M \ K) and L?(I) ® L*(Y,dVol)
for notational simplicity. Straightforward calculations show that

i[Hp, Al = Z (Qa;Df + 2appupe” 2" — 2a}0, — a](;’)/Z) VK @ Vi, (3.5)
k>0

([Ho, AL, Al = > (0xD?+ cxDy + di) o1 ® Uy, (3.6)
k>0

where the functions by (r), cx (1), di(r) are given by

by = 2(agay — 2a?), ck = biajay — iaka,(f),
dy, = 2appre " (a), — 2ay,) + aka(3) (ak a,(:l) ay ?)/2.
One easily checks that apure™" and afpuge 2" are uniformly bounded with respect to k € N and
R > S > ry+ 1, thus, using (3.1), the result is direct consequence of the following lemma. O

Lemma 3.5. For all differential operator P with coefficients supported in M\ K such that

VPV, = Z ¢jp(r,y)(e”"D,)P DI
J+IBI<2

with c; g bounded on I x Uy for all Uy € U (with the notations of page 2), there exists C' such that
[1Pell < CII(H +2)ell, Ve DH).

Proof. Tt is a direct application of Lemma 1.3 of [9)]. O

We will now give a pseudo-differential approximation of A which will be useful both for com-
puting the "perturbed parts” [A4, V], [A,[A, V]] and for the proof of Theorem 1.3.

Following [12], we say that, for m € R, g € S™(R% x R%) if [0905g(z,<)| < Cup(s)™ 181,
for all o, 8. If g € S°(R, x R,,) is supported in I x R, we clearly define a bounded operator on
L*(I xY) by

g(r, An)e = g(r, i) r @ V.

k>0

Abusing the notation for convenience, we still denote by g(r, Ay) the pullback of this operator on
L?*(M \ K), extended by 0 on L*(K). If § € C>(Y), we also denote by 6 (instead of 1 ® ) its
natural extension to I x Y which is independent of r. Our pseudo-differential approximation of A
will mainly follow from the following result.

Proposition 3.6. Let g € S°(R, x R,) be supported in I x Y. For all coordinate patch Uy C Y,
all 6,0 € C°(Uy) such that 8 = 1 near the support of 0 and all N large enough, there exists

gn € SUR}, x RP~1Y) and an operator RS : L2(M) — L?(M) such that
Bg(r, Ap) = G4% + RY% (3.7)
where G% = T, ((\IJ*G)(y)gN(r,y7 Dy)(\Il*é)(y)) U* (with the notation (1.4)) and
[arR%Ake|| < Cinlliell,  peczm), (3.8)

23D RYIARe|| < Cnllell, o€ C(M), (3.9)
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for all j,k < N. If p is the principal symbol of Ay, we actually have

gn(roym) = gron(ym) + > Y duly, m)d,g(r, pa(y,n))

1<5<jn

where dj; are polynomials of degree 25 — 1 in 1, obtained as universal sums of products of the full
symbol of Ay, in coordinates (y,n).

More generally, if (gx)xea is a bounded family in S°(R, x R,,) with support in I x R, the asso-
ciated family (gx N)aea is bounded in S° and the constant Cjk in (3.8) can be chosen independent
of A € A.

The proof is given in Appendix B. Note that, strictly speaking, this proposition is not a direct
consequence of the standard functional calculus for elliptic pseudo-differential operators on closed
manifolds [22] since g depends on the extra variable r. However, the proof follows from minor
adaptations of the techniques of [11, 22].

Remark 1. The operators g(r, Ay) and G4, commute with operators of multiplication by functions
of r, hence so does RY.

Remark 2. In (3.8), we have abused the notation by identifying Ay, which acts on functions on
Y, with its natural extension acting on functions on M which are supported in M \ K.

The previous proposition is motivated by the fact that we can write
A:gRﬁs(T,Ah)TDr#*gR’S(T, Ah) (310)
with functions gr s and gg s belonging to SO(R, x R,) as explained by the following lemma.

Lemma 3.7. There exist two families gr,s,hr.s € S°(R, x R,), bounded for R > S > ro+ 1,
supported in r > R and such that

grs(rope) = ax(r)/r, grs(r pe) = ap(r)/2i
for all k > 0.
Proof. With v € C*°(RR,,) such that v =1 on R* and supp v € [~1/2, 00), we may choose

9r,s(r, 1) = v(L)XR(r) (1 + 2; - % log(1 + u)) £s (r - %log(l + u)) .

It is easily seen to belong to S°(R?) and the boundedness with respect to R, S follows from

;s <T - %log(l + u)) = > s Re® <; - % log(1 + u)) (1+pu),

1<k<j

the fact that —S/2 < r— 2 log(1+4 p) < r+log2'/2 on the support of y(1)&s(r — 5 log(1+ p)) and
the fact that S/r is bounded on the support of xr(r). Then, we may choose §r,s = gr,s +70rgR,s
since one checks similarly that 70,.gr s is bounded in S°. O

We are now ready to study the contribution of the perturbation V for the commutators.
Proposition 3.8. There exists C > 0 such that, for all R > S > 1o and all p € CF (M)

(Y [AVIell < CRITHI(H +d)ell,  j=0,1, (3.11)
A [A VIl < ClI(H + i)l (3.12)
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Proof. Dropping the subscripts R, S on g and g, we have
A= g(r,Ap)rDy +§(r,Ap) = (Gn + Ry) 7D, + Gy + Ry

with Gy =), G‘?\l, and Ry =), RJQ\Z, associated to g by mean of proposition 3.6 and of a partition
of unit ), 0, =1 on Y. Of course, Gn and Ry are similarly associated to §. Note that g(r, Ay)
and Gy map C2°(M) into C§°(M \ K) and thus so does Ry. Therefore, on CF (M), we have

[A,V] = ([GNv V} + [RN7V])TDT +g(r, Ah)[rDTa V] + [GN’V] + [7%1\7’ V]'

We study the terms one by one. Note first that [Gx,V]rD, = r(r)2[Gn, (r)2V]D,. If ¥; is
associated to a coordinate chart U; defined in a neighborhood of supp 6; by (1.4), we have

UGR, ()2 V]W = > qs(r,y, Dy)(e " Dy)”
Bl<1

with gg € S° which depends, in a bounded way, on R > S > r¢ and is supported in r > R. This
follows by standard pseudo-differential calculus and thus, by Lemma 3.5, we have

[(r) [Gn, VIrDyp|| < CRITHI(H +i)ell, ¢ € CF (M)

with C independent of R > S > ry. Similarly, we get the same estimate for [Ry, V]rD, since
{(r)2[Ry, V] is a bounded operator, uniformly with respect to R > S > 7o, with range contained
in the space of functions supported in » > R. The same holds for [Gy, V] and [Ry, V]. Finally,
{(r)[V,rD,] is an operator of the form considered in Lemma 3.5, whereas ||(r)"1g(r, Ay)|| < CR™Y,
so (3.11) follows.

We now consider [4,[A,V]]. We only study [g(r, Ap)rD,, [g(r, Ay)rD,,V]], since the other
terms can be studied similarly and involve less powers of rD,.. This double commutator reads

[9(r, An), [g(r, Ay)r Dy, VI Dy + g(r, Ap) [r Dy, [g(r, Ay )r Dy, V] =
[Gn, [GnTD,, V]| 7D, + Gy [rD,, [GnrD,, V]| + IND? + JND, + Kx (3.13)

where Iy, Jy, Kx are bounded operator on L?(M), uniformly with respect to R > S > ro+1. This
clearly follows from Proposition 3.6 and the fact that 1® (A, +1) 77 (r2V)1® (A, +1)~F is bounded
if j +k > 1. Precisely, 1 ® (Aj, + 1)1 is actually defined on L?(I ® Y) but, here, it is identified
with its pullback on L?(M \ K). By Lemma 3.5, ||(IND2 + JnyD, + Kn)p|| < C||(H +i)p||. On
the other hand, for all 6;, and 6;, associated with overlapping coordinate patches, we have
i, |G 1GN D VI 1D =Y da(ry, D)€ D) DY
18l +k<2

with s bounded in SY for R > S > 7. This follows again from the usual composition rules of
pseudo-differential operators and it clearly implies that

NG, [GurDr, V][ rDrpl| < ClI(H +i)¢ll, € CF (M),

with C independent of R,S. Similarly, the same holds for Gy [rD,, [GnrD,, V]| and the result
follows. 0

We conclude this subsection with the following proposition which summarizes what we know
so far on A and H.
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Proposition 3.9. With D = CF (M), all the conditions from (2.1) to (2.10) hold. Furthermore,
n (2.10), Cy a4 can be chosen independently of R > S > ro + 1.

Proof. Using Lemma 3.5, it is clear that [H,(,] — 0 strongly on D(H) as n — oo. Therefore,
all the conditions from (2 1) to (2.7) are fulfilled. In particular, C% (M) is a core for H, hence
Propositions 3.4 and 3.8 yield the existence of [H, A]°, and thus (2.9) and (2.10) hold. It only
remains to prove (2.8). Assume for a while that, for all p, ¢ € CF (M),

((H - Z)_1WaA¢) - (A(p, (H - 5)_1¢) = ((H - Z)_I[I—L A] (H - z)_l(p7’(/}) . (314)
Then this holds for all p,1 € D(A). Since (H — 2)"[H, A]°(H — z)~! is bounded, (3.14) yields
[((H = 2)" o, AY)| < C(llAgll + e IDI ],

which shows that (H — 2)"'¢ € D(A*) = D(A) for all » € D(A) and hence (2.8). Let us
show (3.14). By (2.3), the right hand side of (3.14) can be written as the limit, as n — oo, of
([H, A]¢o(H — 2) Yo, (o (H — 2)714) i.e. the limit of

(Cu(H = 2)7 0, AGutp + A[H, Cul(H = 2)7') — (Apnp + A[H, Gul(H = 2)™ o, Gu(H = 2)7'0) -

By (3.10), Lemma 3.5 and the fact that 27"r(’(27"r) — 0, it is clear that A[H, (,](H—2)"tp — 0.
The same holds for 9 of course and thus ([H, A](,(H — 2) Y, ¢, (H — 2) =) converges to the left
hand side of (3.14). This completes the proof. O

3.2 Positive commutator estimate

This subsection is devoted to the proof of a positive commutator estimate of the form (2.11) at
large energies A (with control on ¢ with respect to \).

We start with some notation. Let g s be the pullback on L?(M\K) (extended by 0 on L*(K))
of the operator defined on L?*(I x Y) by

Py XE ()1 = €4%)(r = log vi)r, ®
k>0

with the notation (1.6). We also set ER,S = X}{/Q — ER,s- Similarly, E’R g9 El}%,s are the operators
respectively defined by 9, (x%z(r)(l - é/z)(r —log uk)) and 02 ( 1/2( )(1 - ;/2)(r — log Vk)).

Proposition 3.10. There exists C' such that, for all X > 1, all F € C§°(]0,2)],[0,1]) and all
R>S8>ryg+1, one has

F(H)i[H,A°F(H) - 2HF(H)? >
—CA (IlF(H)<T>*1|| +HIF(H)(xr — D+ [|F(H)1 = E )l + 57 + /\*1> (3.15)
Proof. We first note that the right hand side of (3.5) is nothing but 2D,.a} D, +2apppe 2 — af)/Q.
Since aj,(r) > xr(r)&s(r —logvy) and ax(r) > Sxr(r)s(r —logvy), we get
i[Ho, A] > 2DpZ% gDr + 2Zg,se " ApEgs — CS~2

This estimate, as well as the following, holds when tested against elements of D = C%(M). For
any a € C*°(R), one has D,.a?D, = aD?a + aa”, so the above inequality yields

i[Ho, A] > 2Ep sHoZp,s — (n — 1)°E% g /4 — CS72,
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for R > S > rg+ 1. We then write
Sr,sHoZRrs = Ho+ (xp — 1) Ho + (1 — E% 5)Ho — Ef sZR,50r — Er,sEhs
and this implies that, on D(H), i[H, A]® > 2H + Qp.s — C with C independent of R, S and
Qr.s =iV, A =V + (xg — )Ho + (1 - E%%,S)HO - glR,SER,Sar - EH@SE/A&

where [V, A]? is the closure of [V, A] (defined on C%¥(M)) on D(H) . Then, using Lemma 3.5,

we have ||HoF(H)|| + HX;/Q(‘?TF(H)H +[|(r)2V F(H)|| < C\, and using Proposition 3.8, the result
follows. O

Note that, if F' is supported close enough to A\, 2HF(H)? > 3AF?(H)/2 and thus we will get
(2.11) by making the bracket of the right hand side of (3.15) small enough.

Using the technique of [9], we are able to estimate ||F(H)(1 — E%S)H for suitable F. Let us
recall the proof of this fact. For R > S > ro + 1, a direct calculation yields

=2 =2 = = = 2

On the other hand, e=?"u,xg(r) > e — e72% on the support of xr(r)¢s(r — logv,) so we also
have Er sHoZR,5 > (es — e_QR) E%,S, and we obtain

- - _ — — 2
:%’S@'(Ho—/\)—Z)-i—(T(Ho—)\)—Z)Z?%’S227' (eS_e 2R_)\_T> :%’,,S_ZT(:/R,S) ’

for all real 7 # 0, z € C and A € R. Testing this inequality against (7(Ho — A) — 2)~ " 9, we get
—_2 —1 —_" —1 2
2 (,Zhs (r(Ho = A) = 2) 7" 0) + 27 |[Ers (F(Ho = N) = 2) 7 o

ZZT(@S—eQR—)\—RCZ>
-

and this clearly implies, provided e — e 2% — X\ —Rez/7 >0, 7 >0and R > S > rg + 1, that

- _ 1 _ Rez —1/2 C Imz|1/2
ZR,S (T(Ho — )\) — Z) 1H < |Imz| (eS —e 2R _ A — T> (gfﬁ —+ 7_1/|2) . (316)

2
Ers (T(Ho— ) —2)~" ¢H

This estimate is essentially taken from [9] and is the main tool of the proof of

Proposition 3.11. Let Fy € C§°([—1,1],R) such that 0 < Fy < 1. There exists C such that, with
R =1log5\, S =log 4\, r=\"1

we have _
HFO (A H-1) (1 —Eg,s)H <ONV2log )7, AL

Proof. We shall use Helffer-Sjostrand formula (see for instance [8]) , i.e.

Fo (m(Hy — \)) = % / 9 OFo(u+ i) (1(Ho — A) — u —iv) " dudo,
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where 8 = 8, + i0,, Fy € C$°(C) is such that F~‘0|R = Fy and 9F) = O(|v|*°) near v = 0. As a
direct consequence of (3.16) with R = log5A, S = log4\, 7 = A~!, and assuming that [Rez| < 2
on the support of Fy, Helffer-Sjostrand formula gives

HFO (A\LHy —1) (1 - Efm)H < CrAV2(logh)™l, AL

We are thus left with the study of || (Fo (A™'H — 1) — Fo (A™'Hy — 1)) (17§%75)|| or, equivalently,
with ||(1 — E%S) (Fo (\"'H —1) — Fy (\"'Hy — 1)) ||. Using the resolvent identity

1 1 1

ANTH-1—2)" = (V' Hy—1-2) = (AN Hy—1—2) AW TH-1-2)"",

and the fact that V is H bounded with relative bound < 1, which implies that, for some C' inde-
pendent of A > 1 and z € supp Fp, [|A\"'V (A\'H-1- 2)71 || < C|Imz|~1, another application
of Helffer-Sjostrand formula implies that

H(l ~E2% ) (Fo (V" H = 1) — Fy (A" Hy — 1))H < OpAV2(logN)™h, AL

The result follows. O

We can now explain how to get an estimate of the form (2.11). For any fixed 0 < € < 1,
one can clearly choose Fy € C§°(R,R) as above such that for all F; € C§°(R,R) supported in
[(1 =€), (14 €)A], we have Fy(E) = Fo(A"'E — 1)Fy(E) for all E € R. Thus, for all such Fy
satisfying 0 < F} < 1, Propositions 3.10 and 3.11 imply that, for A > 1,

Fy(H)[H, APFy (H) > (2~ 20)\Fy (H)? —
CX(IFH) () + [[Fu(H) (xr = DI+ (log )71, (3.17)
if R =1logbA and S = log4\. Then, if we assume that there exists 0 < so < 1 such that
[[(r)™*(H = A£i0) " (r) 7| < o(N),  A>1, (3.18)
with o(A) > A~1/C, we can choose Fy in view of Lemma 1.4. Indeed, Yz — 1 is supported in
Ir] < C'log A, so we have ||F1(H)(xr — 1)|| < C||Fi(H){(r)~%°||(log A\)®°, and thus (3.17) reads
Fy(Hi[H, A]°Fy (H) > gAFl(H)Q — O ((log N || FL (H) (r) =] + (log A)™1) .
Hence, if Fy supported in [A — co(A) =t (log A) 725 X + co(A) ~t(log A) ~2%] with ¢ > 0 small enough
(independent of A), Lemma 1.4 clearly shows that
Fy(H)i[H, A]°Fy(H) > (2 — 2e)A\F1(H)? — \/2, A> 1

Note that the condition [A — co(\)1(log A) =2, A + co(A)~*(log A)72%] C [(1 — )\, (1 + €)A] is
ensured, for A 3> 1, by the fact that o(\) > A\~1/C. All this easily leads to the

Theorem 3.12. Let Ay be the operator given in Definition 3.1, with R = log(5\) and S = log(4\).
Assume that (3.18) holds for some 0 < sg < 1 and o(A) > A\"1/C and let

nE)=1(52). o= togn ey e

with f € C§°(R,[0,1]), supported in [—3,3] and f =1 on [—2,2]. Then, for C large enough, we
have
PCHYI[H, AP f(H) > MA(H)?, A1

21



4 Proofs of the main results

4.1 Proof of Theorem 1.1

By Proposition 3.9 and Theorem 3.12, we are in position to use Theorem 2.8. Here the parameter
v is A and we consider

H,=H, A, =A% o, =22 5, =(log\) 2o\ "/C,

with C' large enough, independent of \. Assuming that o(\) > A=1/2/C ensures that 6, < 1.
Using the forms of Cy, C /2, C1 given on page 12, it is easy to check that

Cou < Cayd,?,  Cipy <Cal/?5,  Cu, < Caydy, .

v

Furthermore, it is clear that, with f, = f\, we have ||[H,, A,]f.(H,)|| < Ca,, so Theorem 2.8
yields

H<AA/A1/2>—S(H—Aiz'o)—1<AA/A1/2>—S < Co(N)tlog )=,  A> 1.

Then, by writing
(H-2)'=(H-2)" + (== 2)H-2)+ (= 2)*(H-2)"'(H—2)"(H-2)""

with Z = XA +iA/2, 2 = X\ +ie and letting ¢ — 0, Theorem 1.1 will be a consequence of the
following lemma.

Lemma 4.1. There exists Cs > 0 such that
HW_S(H A z‘)\l/Q)*(AA//\l/Q)s@H < ONY2(logNolgll,  pe D(Ay), A> 1.

Proof. We follow [18], i.e. argue by complex interpolation. We only have to consider the case s = 1
and thus study A\™Y2W_,(H — XA — iAY/?)~1 A, which we can write, on D(A,), as

AV2W_AN(H = N — XY o XNTYRW (H — X —iAY2) T H, AN (H — A —ixt/?) L,

The second term is O(A~1/?) since [H, A\]°(H +i)~! is uniformly bounded by Propositions 3.4
and 3.8, and ||(H +i)(H — X — iAY/2)~1|| = O(A~1/2). For the first term, it is easy to check that
|Xrot1Dr(H — X —iAY/2)=1|| < C, using Proposition 3.5 and thus

(r+ 25 — logvg ) xr(r)€s(r — log Vk))
w(r — logvg)

H)\‘l/QW_lAA(H A z’Al/?)—lH <ONY? sup (1 n
k>0, r>R

with R = log(5\) and S = log(4\). It is not hard to check that the supremum is dominated by
C'log A\ and the result follows. O

4.2 Proof of Theorem 1.3
We first prove that w(r —log(n)) is a temperate weight, i.e. satisfies (4.1) below.

Lemma 4.2. There exist C, M > 0 such that, for all 7,y € R and all n,m, € R*~1

w(r —log(n)) < Cuw(ry —log(m)) (1 + [r — 1| + In — )™ (4.1)
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Proof. By Taylor’s formula, w(z) = w(zy) + fol w'(z1 + t(x — x1))dt(z — z1) and since
w'(z1 + t(x —z1)) < Cy < Cow(xy)

for all z, 21 € R and ¢ € [0, 1], we have w(z) < Cw(z1)(1+ |z —z1|). The result then easily follows
from the fact that |log(n) —log(m)| < C(1+ |n —m|). O

As a consequence, for all s € R, (w(r — log(n)))® is also a temperate weight. Hence, by well
known pseudo-differential calculus [12] on R™, for all @ € S(w_g) and b € S(wy)

a(ﬁy,DmDy)b(T,y,Dy) = C(Tavaery> (42)

for some ¢ € S(wp) (depending continuously on a and b). In particular, by the Calderon-
Vaillancourt theorem, c(r,y, D,, D,) is a bounded operator on L?. More generally, if ¢ and b
are respectively in bounded subsets of S(w_s) and S(ws), then ¢(r,y, D,, D,) stays in a bounded
subset of the space of bounded operators on L? (the norm of ¢(r,y, D, D,) depends on finitely
many semi-norms of ¢ in S(wyp)). Similarly, if @ € S(w_s), then

a(ravaery)* Za#(T’yaDery) (43)

for some a* € S(w_,) depending continuously on a.
For s > 0, we introduce Wj as the inverse (unbounded if s # 0) of W_,, i.e. W, =1 on L?*(K)
and is defined on L?(M \ K) as the pullback of the operator W defined on L?(I x Y) by

(Wep)(r,w) = > w*(r —log /() Jpr (r) i ().

k>0

It is clearly well defined on the dense subspace of functions with fast decay with respect to r.
Then, Theorem 1.3 will clearly follow from the fact that WxOp(a)& and £Op(a)iWs, defined on
C2°(M), have bounded closures on L?(M). We only consider WxOp(a)&, the other case follows
by adjunction, using (4.3).

We will use a complex interpolation argument and thus we will need to consider wsy;,(r,1) :=
(w(r —log(n)))** for s,0 € R (note that ws1;, € S(ws)). Since any a € S(w_s) can be written
w_ga for some a € S(wyp), it is clearly enough to show that, for all b € S(wy), there exists C' > 0
and N > 0 such that

[W1kOp(w-11icb)el| < CA+[o)Vloll, V@€ CX(M), VoeR, (4.4)
and that, for all ¢ € C2°(M), there exists C,, such that
IWekOp(w_syiob)Rp|] < Cu(L+ o))V, Vo eR, Vsel01] (4.5)

Observing that W, (r)~! is bounded, this last estimate clearly follows from the fact that one can
write

WkOp(w—siab) i = Wi(r) ™! ((r)sOp(w_s1.iob)R(r) ") (r)

and the fact that ||(r)kOp(w_s1ieb)&(r) Y| < C(1+|o])V, by the Calderon-Vaillancourt theorem.
We thus have to focus on (4.4) which we shall prove by using a pseudo-differential approximation
of Wi. To that end we observe that, if £ is defined as in the beginning of Section 3, then

w(r —log(u)'/?) = (r — log(u)'/*)&(r —log(u)'/?) + c(r, 1)
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with ¢ € L>(R, x R,,). Thus, by choosing x = x(r) supported in (ry + 2, c0) such that x = 1 near
infinity, it is easy to check that, with the notations used in Proposition 3.6,

W1 = (r —log(Ap)'/?)x(r)é(r — log(An)'/?) + B

for some bounded operator B. Since ||[kOp(w_s1i-b)&|| < C(1 + |o|)Y, the contribution of B to
(4.4) is clear. It remains to prove the following

Proposition 4.3. For all b € S(wy), there exist C > 0 and N > 0 such that, fopr all o € R,
(= 10g(A)2)x(r)é(r — Tog{An)/2)r0p(w-1+i0b)E|| < COL+ o).
Proof. Observe first that (r — log(Ap)/?)kOp(w_11isb)~ reads

KOp((r — log(pn)"/*)w_14isb)i + By (4.6)

for some bounded operator B, with norm bounded by C(1+|c|)"V. This follows from the Calderon-
Vaillancourt theorem and the pseudo-differential expansion of log<Ah>1/ 2 given by Proposition 3.6.
We next insert the partition of unit

1= &(r —log(pn)'/?) + (1 = €)(r —log{pn)'/?)

in front of the symbol of the first term of (4.6). Since (r —log(pp)*/?) x £(r —log(pp)*/?) X w_14 4y
belongs to S(wp), the contribution of this term is clear. Thus we are left with the study of

X(PE(r = Tog(An))r0p ((r — 1og(pn) /2 (1 = €)(r ~ log(pn)/*)w_11i0b) . (4.7)

We observe that

kX (r —log(pn)'/*)(1 = ) (r — log(pn)"/*)w_14ir € 5¢
for all € > 0, since r < log(p)/? + C on the support of this symbol. Then, by using the pseudo-
differential expansion of &(r — log(Ap)/?), we see that (4.7) reads

x(r)r0p ((r = og(pr)/*) (1 = €)(r — log{pn) /2)&(r = log(pn)/?)w-14:5b) & + By

with B, similar to B,. The symbol of the first term belongs to S(wg) since r — log(ps)*/? must

be bounded on its support and the Calderon-Vaillancourt theorem completes the proof. d

A Operators on the real line

If we consider a function a € C*° (R, R), with ¢’ bounded, then the flow 7, i.e. the solution to

Y = a(), Yo(r) =, (A1)
is well defined on R; x R,.. For each ¢, v is a C* diffeomorphism on R and it is easy to check that
Upp = (3r’7t)1/2<P °MN (A.2)

defines a strongly continuous unitary group (Uy)er on L?(R) whose generator, i.e. the operator
A such that U, = ™4 for all ¢, is a selfadjoint realization of the differential operator
a(r)D, + Dy a(r) a'(r)
2 2i

=a(r)D, +
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meaning that, restricted to C5°(R), A acts as the operator above. Indeed, according to Stone’s
Theorem [19], the domain of A, D(A), is the set of ¢ € L?*(R) such that U, is strongly differentiable
at t = 0, thus it clearly contains C§°(R), which is moreover invariant by U;. This also easily implies
that A acts on elements of its domain in the distributions sense.

It is worth noticing as well that, if, for some R, a(r) = 0 for r < R, then v;(r) = r for r < R
and thus U, acts as the identity on L?(—o0, R). Moreover, if ( € C}(R) and ¢ € D(A), then
Cp € D(A) since U(Cp) = ¢ o vUpp is easily seen to be strongly differentiable at ¢ = 0 and we
have

A(Cp) = CAp —ial’p. (A.3)

Of course, it is not hard to deduce from this property that the subspace of D(A) consisting of
compactly supported elements is dense in D(A) for the graph norm.

We want to show that C§°(R) is also a core for A and thus consider 0.(r) = e~ 16(r/e) with
0 € C§°(—1,1) such that [, # = 1. A simple calculation shows that

Ut(QO * 95) = Kt,sUtSO
where K . is the operator with kernel

ke (r,7') = (07 ()2 (D7) 0 (e (1) — 3 ().

Note that this operator is bounded on L?(R) in view of the following well known Schur’s Lemma
which we recall since we will use it extensively.

Lemma A.1 (Schur). If j(x,y) is a measurable function on R?*¢ such that
ess—sup/\j(x,yﬂ dz < C, ess—sup/|j(x,y)| dy <C
yeR z€R

then the operator J with kernel j is bounded on L?(R?) and ||J|| < C.

Since Ko = ¢ * 0., we have

Ut(@*ee)_(p*ee_ UtSD—QD £ 0 :Kt,E_KO@
it it ¢ it

(Urp). (A.4)

In order to estimate the right hand side, we start with a few remarks. Note first that we have
10myel o < el ]93] oo < [|a[[oce!!* T, (A.5)

The first estimate is obtained by applying 0, to (A.1) and using Gronwall’s lemma. The second

one then follows from the first one. This implies in particular the existence of some t(, depending

only on ||a’||ec, such that ||0,y: — 1]|ee < 1/2 for || < to. Differentiating (A.1) twice with respect
to r and t yields 020, = a(ve)a” (v¢)0ry: + @’ (v:)?0,7; and thus, if aa” is bounded,

3
110707t loo < 3 (llaa"|loo +1la'1%,) [t < to. (A.6)
Thus, if J. denotes the operator with kernel 0, ¢|i=o(r, ') that is

(a'(r) +a' (") Oe(r —1") + (a(r) — a(r)) 6c(r — 1), (A7)

[N
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then Taylor’s formula combined with Schur’s Lemma show that
||[Kte — Koo —tJ|| < Cct?, It] < to (A.8)

for some C. depending only on 0., ||a||c and ||aa”||o (recall that ¢y, depends only on [|a’||s as
well). Since J. is a bounded operator (with norm uniformly bounded by ||’ ||oo [ |70 ()| +]6(r)|dr),
(A.4) and (A.8) show that if ¢ € D(A) then ¢ x 0. € D(A) and A(p * 0.) = (Ap) * 0. — iJ.p.
Furthermore J. — 0 strongly as ¢ — 0 for it is uniformly bounded and Jcip — 0 for all ¢ € C§°(R).
All this shows that, for any ¢ € D(A),

[A(p * 0c) = (Ap) x Oc|| < Cllell,  Alp*0c) = (Ap) x 0. — 0,  €—0, (A.9)

with C independent of €, depending only on ||a/||s. In particular, (A.3) and (A.9) imply easily
that C5°(R) is a core for A.

B Proof of Proposition 3.6

We start with some reductions. We may clearly write g(r, 1) as g1(r, ) (i + p) with g3 € S~! hence
by studying g1 (r, Ay) instead of g(r, Ay) we can assume that g € S™ with m < 0. Note that the
composition by Aj, + ¢ on the right of (3.7) doesn’t cause any trouble in view of (3.8), (3.9) and
of the standard composition rules for pseudo-differential operators. Furthermore, by positivity of
Ay, we have g(r, Ap) = go(r, Ap, + 1) for some go € S™ which we can assume to be supported in
[1/2,00). This support property will be useful to consider Mellin transforms below.

By the standard procedure for the calculus of a parametrix of the resolvent of an elliptic operator
on a closed manifold [22], there are symbols q_a(y,n, 2),q—3(y,n, 2),- - - of the form

g2=(pn—2""  qaj= Y dulpn—2""" =1 (B.1)

1<1<2j

such that, for all N large enough,
N ~
O(Ap —2)7" =0 | (0.0) qoj(y, Dy, 2) | Us 6= My(2).
j=0

Here My(z) is bounded from H” to H**N for all k, H* = H"(Y) being the standard Sobolev
space on Y and dj; are polynomials in 1 of degree 2j —I, which are independent of z and linear com-
binations of products of derivatives of the full symbol of Aj in the chart we consider. Furthermore,
for all kK and NV, there exist C' and ~ such that

(=)

[|MnN(2)|| e —geen < OW'

We now repeat the arguments of [11]. For each s such that Res < 0, we choose a contour I'y
surrounding [1/2,+00) on which (z)/|Imz| is bounded, and by Cauchy formula we get

N .
O(Ap +1)° — 0 (qz*e);aj(y,py,s) v, §= %/ 2 My (2) dz

s
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with a;(s) = 321 <jcp; (=D)'djis(s = 1) -+ (s =1+ 1)(pn + 1)*~/11if j > 1 and ag(s) = (pn + 1)°.
As in [11], we choose the contour so that, if Re s < 0 is fixed,

‘ / 2*My(2) dz

We then consider the Mellin transform M][gs](r, s) := fo 5=lgo(r, ;) dp. Note that it is well
defined for Re s < —m (recall that m < 0), since go is supported in [1/2,00), and that it decays
fast at infinity with respect to |Ims|, for fixed Re s. It is then easy to check that

S CRes,/{,N<Ims>’y'
Hr—H~r+N

/ResHooM[gQW’ ) ( /F My (2) dz) ds € C®(R,, L(H®, H*N)),

Res—1i00 s

so, by Mellin’s inversion formula, i.e. go(r, 1) = (2im) ™" [ _ o M[go](r,s)p™* ds, and by setting

N
R?\}Y(r) =0g(r, Ap) — ¥ | (L.0)g(p ZZ Jlaﬂg(r pr)/UIN | P, 0,
j=1 1
we get
DERIY H .
- PRy (1) aegein <% vk

The latter easily follows from the boundedness of the derivatives of g (or g2) with respect to r. In
order to prove (3.8), with N replaced by N/8 (which can be assumed to be an integer), we first
remark that RY is defined on generators of L2(I) ® L?(Y) by

R (1 @ ), w) = r(r) (R (1)) (@)

with ¢ € L?(I). We then note that, by writing ¥ = (ur + 1)~ V/*(Ap + )N/ %4y, we have, for
J, L < NJS,

HA%R?VAQ(% ® wk)’

<C —N/4 RB,Y _
ey < O™ lgul Ly sup [REY ()l

N/2

and thus, if N is large enough so that ), (ur) ™"/ < oo, Parseval’s formula yields

1/2
<Cn <Z||S@k|%2(1)> :
k

This proves (3.8). The proof of (3.9) is similar. O

A RYALO . or @ i)
!

L2(IXY)
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