(GLOBAL IN TIME STRICHARTZ INEQUALITIES ON
ASYMPTOTICALLY FLAT MANIFOLDS WITH TEMPERATE
TRAPPING

Jean-Marc Bouclet Haruya Mizutani

Abstract

We prove global Strichartz inequalities for the Schrodinger equation on a large class of asymptotically
conical manifolds. Letting P be the nonnegative Laplace operator and fo € C§°(R) be a smooth cutoff
equal to 1 near zero, we show first that the low frequency part of any solution e™**Fug, i.e. fo(P)e™ " Fuy,
enjoys the same global Strichartz estimates as on R" in dimension n > 3. We also show that the high
energy part (1 — fo)(P)e™"F
a compact set, even if the manifold has trapped geodesics but in a temperate sense. We then show

uo also satisfies global Strichartz estimates without loss of derivatives outside

that the full solution e~ Fuq satisfies global space-time Strichartz estimates if the trapped set is empty or
sufficiently filamentary, and we derive a scattering theory for the L? critical nonlinear Schrédinger equation
in this geometric framework.

1 Introduction and main results

In the past ten or fifteen years, a lot of activity has been devoted to study Strichartz inequalities
on manifolds. We recall that these inequalities were stated first on R™ for the wave equation [34]
and then the Schrédinger one [19]; for the Schrédinger equation and a pair (p, q) € [2, 00] X [2, o],
they read

lillnan S luollze,— u(®) =", it 2+ 5= 5, (npg) £ (2,2.00).
(A pair (p,q) satisfying the last two conditions is called Schrodinger admissible.) The strong
interest on Strichartz inequalities is mainly related to their key role in the study of nonlinear
dispersive equations (see e.g. [12, 35]).

On compact manifolds these estimates may be different as those on R™, either due to the strong
confinment leading to derivative losses for the Schodinger equation [10] (the L? norm of initial data
is replaced by some Sobolev norm) or to the absence of global in time estimates (if initial data are
eigenfunctions the solutions are periodic in time).

One may ask to which extent the estimates on R™ still hold on noncompact manifolds, at least
in the class of asymptotically flat ones. For the Schrodinger equation, the only one considered from
now on, this problem was considered in several articles for local in time estimates [33, 32, 20, 7, 27].
From the geometrical point of view, those papers consider stronger and stronger perturbations,
namely from compactly supported perturbations of the flat metric on R™ to long range perturba-
tions of conical metrics on manifolds. We refer to Definition 1.1 for a description of long range
asymptotically conical metrics but point out here that long range perturbations are natural in that
it is the only type of decay which is invariant under a change of radial coordinates (see [5]).



Global in time estimates for long range perturbations are considerably more delicate to obtain
and have been considered in fewer papers [36, 26, 21] (see also [8] with a low frequency cutoff).

To prove global Strichartz inequalities on curved backgrounds, one has to face two difficulties.
The first one, which does not happen on R™, is the possible occuring of trapped geodesics (geodesics
not escaping to infinity, in the future or in the past). This trapping is only sensitive at high
frequencies and may affect the estimates by a loss of derivatives. However, if it is sufficiently weak,
one can still expect Strichartz estimates without loss as shown in [11] locally in time. Trapping is
already a problem for local in time estimates hence a fortiori for global in time ones.

The second difficulty stems in the analysis of low frequencies. Indeed, except in a few model
situations such as R™ or flat cones [18] where the fundamental solution of the Schrédinger equation
can be computed explicitly, the only robust strategy accessible so far is to localize the solution
in frequency, e.g. by mean of a Littlewood-Paley decomposition, and then to prove Strichartz
estimates for the spectrally localized components by using microlocal techniques to derive appro-
priate dispersive estimates. Due to the uncertainty principle, low frequency data cannot be studied
purely by microlocal techniques and thus require additional non trivial estimates. On R™ (or a
pure cone), one may use a global scaling argument to reduce the analysis of low frequency blocks
to the study at frequency one, but this is in general impossible on manifolds.

The first breakthrought on global in time Strichartz estimates was done by Tataru in [36] where
he considered long range and globally small perturbations of the Euclidean metric, with C? and
time dependent coefficients. In this framework, no trapping could occur. The results were then
improved in [26] by allowing more general perturbations in a compact set, including some weak
trapping. Recently, Hassell-Zhang [21] partially extended those results by considering the general
geometric framework of asymptotically conic manifolds and including very short range potentials,
but using a non trapping condition.

In the present paper, we improve on those references in the following directions. On one hand,
we consider a class of asymptotically conic manifolds which is larger than the one of Hassell-Zhang,
and contains all usual smooth long range perturbations of the Euclidean metric. More importantly,
we allow the possibility to have trapped trajectories and, assuming this trapping to be temperate
(assumption (1.5)), show that the solutions to the linear Schrédinger equation enjoy the same
global in time estimates without loss as on R™ outside a large enough compact set. This fact is a
priori not clear at all since, by the infinite speed of propagation of the Schrodinger equation, one
may fear that the geometry and the form of the initial datum inside a compact set has an influence
on the solution all the way to spatial infinity. This question was considered first in [7] locally in
time and then in [26] globally in time case but our approach in this paper allows to deal with much
stronger types of trapping than in this last reference (see the discussion after Theorem 1.3).

As a byproduct of this analysis, we derive global space-time Strichartz estimates without loss
if there is no trapping (thus recovering the results of Hassell-Zhang for a larger class of manifolds,
when there is no potential) or if the trapping is filamentary in the sense of [30, 11]. In particular,
we extend to the global in time case one of the results of [11].

Then, we apply these estimates to the scattering theory of the L? critical nonlinear Schrédinger
equation with small data on a manifold with filamentary (or empty) trapped set (Theorem 9.1).

From the technical point of view, an important part of our paper is devoted to construct tools
adapted to the analysis of low frequencies. In particular, along the way, we develop a new version of
the Isozaki-Kitada parametrix for long range metrics. Recall that the Isozaki-Kitada parametrix
was introduced on R” to study the scattering theory of Schrédinger operators with long range
potentials [23]. One of the new features of our parametrix is the treatment of low frequencies
which, to our knowledge, does not seem to have been much considered before, up to the reference
[15] in the context of scattering by potentials on R™ which is very different from ours (especially at



low energy). We derive related L? propagation estimates which are needed in the present paper but
can be of interest for other questions of scattering theory, such as the study of scattering matrices
at low energy. In a more directly oriented PDE perspective, the methods developed in this paper
also allow to handle other dispersive models like the wave or Klein-Gordon equations [39].

Let us now state our results more precisely.

Let (M, G) be an asymptotically conic manifold, possibly with a boundary, i.e. a manifold
diffeomorphic away from a compact set to a product (R, +00) x S, for some closed Riemannian
manifold (S, ), such that G is a long range perturbation of the exact conical metric dr? + r2g.
To state a precise definition, we denote by I'(T}S) the space of (p,q) tensors on S, i.e. sections
of (®PTS) ® (®IT*S), and for a given smooth map e = e(r) defined on (R, +00) with values in
L(TPS), we will note

ee S — Npq(0le(r)) S (ry=v~7 for each semi-norm N, of I'(T}S) and j > 0.

If (01,...,0,—1) are local coordinates on S, this means equivalently that e is a linear combination
of terms of the form eﬁfffﬁ: (r,0)d;, ® - © db;, © By, ©--- @y, such that, for each j and a,
we have an estimate |8ﬁ'8§‘egi_’_ff§’ (r,0)] < (r)=¥=7 locally uniformly in §. Here (-) is the standard
japanese bracket.

Definition 1.1. A Riemannian manifold (M, Q) is asymptotically conic if there exists a con-
tinuous and proper function r : M — [0,+00), a compact subset K € M and a closed Riemannian
manifold (S,g) such that for some Rpq > 0 there is a diffeomorphism

Q: M\K>2mw (r(m),w(m)) € (Rap,+00) X S
through which
G=Q" (A(r)dr2 + 2rB(r)dr + r?g(r))
where A(r) € T(TPS), B(r) € T(TYS) and g(r) € T(T9S) is a Riemannian metric on S such that,
for some v > 0,
A-1eS™, Be S, g(-)—gesS™. (1.1)
If A=1 and B =0, one says the metric G is in normal form.

Without loss of generality, we will assume that G is in normal form (see Appendix A). This
plays no role in the present introduction but will be useful in later sections.

Everywhere in the sequel, we denote by L?(M) or just L? the Lebesgue spaces associated to
the Riemannian measure on M. We let P be the Friedrichs extension of —Ag on L?(M), namely
the unique selfadjoint realization if M has no boundary or the Dirichlet one if M is not empty.
One interest of our geometric framework is that, if n > 3, we have a Sobolev estimate

2n
n—2’

10l L2 (ay < CIPY?0l| L2009, 2" = (1.2)

for all v in the domain of P/2 (see Appendix C for a proof).
For ug € L?(M), we let u(t) := e~ *uq be the solution to the Schrédinger equation
10y — Pu =0, U|g=0 = Uo-

Let fo € C3°(R) be such that fo =1 on [—1,1] and split w(t) = wiow (t) + Unigh (t) according to low
and high frequencies, i.e.

ulow(t) = fo(P)e_itPuo, uhigh(t) = (1 — fo)(P)e_itPuo. (13)



Theorem 1.2. [Global space-time low frequency estimates] Assume that n > 3 and let (p,q) be a
Schrédinger admissible pair. Then there exists C' > 0 such that, for all ug € L*(M),

HUIOWHLZD(R;LQ(M)) S CHUOHLQ(M)' (1'4)
Notice that in this theorem M may be empty or not.

Proof. Paragraph 8.2.

Theorem 1.3. [Global in time high frequency estimates at spatial infinity] Assume that n > 2 and
that for some M > 0 large enough, we have for all x € C°(M)

[IX(P =X £i0) 7| oy oy S AY AL (1.5)
Then there exists R > 1 such that for any Schrodinger admissible pair (p,q) there exists C > 0
such that

‘ |1{T>R}uhigh‘ |LP(R;L'1(/\/[)) < ClluollL2(m), (1.6)

for all ug € L?(M).

If we recast the global in time estimates at spatial infinity of [26, Theorem 1.5] in our framework,
these authors show that

1L (7> ryUnigh||Lr(r;La) < Clluol|rz + [|[L{r<ryUnigh|lL2(®;12)

where the last term can be controlled by [|ug||z thanks to (1.5) if M < 0 (the usual non trapping
case is M = —1/2) but not clearly otherwise. In our result, the right hand side of (1.6) does not
involve any corrective term depending on u and holds for any M.

Note that examples of situations where bounds of the form (1.5) hold include [30, 14] in some
trapping geometries and, of course, the nontrapping case [40].

We also remark that, as in Theorem 1.2, the boundary of M does not need to be empty but
this observation is less relevant here for we consider estimates near infinity.

Theorems 1.2 and 1.3 reduce the proof of Strichartz estimates on u to estimates on 1<} Unigh-
This leads to the following result.

Theorem 1.4 (Global spacetime estimates without loss). Assume that n > 3 and OM is empty.
If either
e the geodesic flow is non trapping and (p,q) is any Schriodinger admissible pair,

e the trapped set satisfies the assumptions of [11] and (p,q) is any non endpoint Schrédinger
admissible pair,

then there exists C > 0 such that
||uHLP(]R;Lq(M)) < ClluollL2(m), (1.7)

for all ug € L*(M).



This theorem improves on the result of [21] in two directions: Hassell-Zhang only consider the
nontrapping case and, even in the nontrapping situation, we consider more general types of ends.
It also provides a global in time version of the estimates of [11] in the asymptotically conic case.

We state this result in the boundaryless case in order to give complete proofs or references. We
emphasize however that using the techniques of [24] it can certainly be extended to the case when
M has a stricly geodesically concave boundary and is non trapping for the associated billiard flow.

We recall finally the well known fact that inhomogeneous Strichartz estimates, for non endpoint
pairs, can be derived from the homogeneous ones (1.7) by using the Christ-Kiselev Lemma [13];
this is sufficient for the applications to the nonlinear equations studied in Section 9.

Here is the plan of our paper. In Section 2, we record notation about charts, partitions of
unity, scaling operators, etc. that will be used in further sections. In Section 3, we describe the
pseudo-differential calculus adapted to our framework, including a rescaled one for low frequency
estimates which is not quite standard. In Section 4, we prove Littlewood-Paley decompositions
at low and high frequencies. In Sections 5 and 6, we construct an Isozaki-Kitada parametrix for
the microlocalized Schrédinger group, both at high and low frequencies. We use it in Section 7
to derive some L? propagation estimates to be used in Section 8 where the theorems stated in
this introduction are proved. Finally, in Section 9, we give nonlinear applications of our Strichartz
estimates.

Acknowledgments. JMB is partially supported by ANR Grant GeRaSic, ANR-13-BS01-0007-01.
HM is partially supported by JSPS Wakate (B) 25800083.

2 Notation

In this section, we collect some notation or definitions that will be used throughout this paper.

Coordinate charts. If x : U, ¢ S — V,, C R*"! is a coordinate chart on S then, upon the
identification of (R, +00) x U,, with a subset of M, (r,w) — (7, K(w)) defines a coordinate chart
on M. We define II,, and II;! respectively as the pullback and pushforward operators associated
to this chart on M, i.e.

(ILev) (r,w) = v(r, K(w)), (IL; ") (r,0) = u(r, k' (0)). (2.1)

If 7: V3 — Vy is a diffeomorphism between open subsets of R"~1 (typically a transition map
between charts of S), we also define IT, and 11! as above for the diffeomorphism (r, 8) — (r, 7(6))
between R x Vi — R x V5. With such a definition, if x; : U; — Vj;, j = 1,2, are two coordinates
charts on S, it follows that

H;annl :H71 T12 = KQOﬁfl : Iil(UlﬂUQ) — KJQ(Ulng). (22)

T12

We choose a finite atlas on S composed of charts with the property that x*g =: §;,,(0)d60,d6,,
satisfies the following uniform estimates on each Vj:

Coil-[nfl S (le(a)) S COInfla (23)

|0%Gim (6)| < Ca. (2.4)

We will also use the matrices §(6) := (g (0)), ("™ (0)) := g(#)~! as well as the function |g(0)| :=
detg(6)'/2.

Partitions of unity. We pick a partition of unity 1 = >, ¢.(w) on S, with ¢, € C§° (UH) and
where the sum over k, as well as all similar sums below, is taken over the finite atlas we chose



above. For each k, we also pick @K,QZ,{ e Cg° (U,i) such that ¢, = 1 near supp(@ﬁ) and éﬁ =1
near supp(@x). We then pick ¢, (,CeC™ (R) supported in (R, 00), equal to 1 near infinity and
such that 5 = 1 near the support of (, 5 = 1 near the support of 5 and define

¢f@(r7 w) = C(T)Qpﬁ(w)a &n(rvw) = f(r)géﬁ(w), qﬁm(rvw) = E(T)éf@(w) (25)
Their interest is that they are supported on coordinate patches of M and that

Zﬂ}ﬁ = ((r) =1 near infinity, 7[% =1 near supp(¢y), ’(/:JH =1 near Supp(zz,i). (2.6)

They will be useful to globalize pseudo-differential operators on M.

Rescaling operators at infinity. For € € (0,1], we will use the operators D, defined by
Dev(r,w) = €2 v(er,w), if supp(v) C {r > Ram}- (2.7)

Here v is a function on M but we will also freely use D, for functions on R™ supported in (R, 00) X
V, for any V. C R""!. Note that D.v is supported in {r > e 1Ry}. The normalization factor
€"/? ensures that

1DevllL2m) = [v]l2 ()
(i.e. their quotient is bounded from above and below uniformly in €) since the measure in {r > R}
is comparable to the exact conic measure r"~|g(6)|drdf. We define similarly

o1

D tu(r,w) = e 2u(e tr,w), if supp(v) C {r > e 'Rup}. (2.8)

Of course we have also the equivalence |[|DZ 0] L2y = [[v]| L2

Modified japanese bracket. Everywhere in the text, we will replace the usual japanese bracket
(ry = (1 4+ 72)Y/2 by another positive function still denoted by (r) and such that

(2.9)

() 1 on alarge enough compact set
rT) =
r forr> 1.

By large enough compact set, we mean that (r) = 1 in a neighborhood of the region where {(r) # 1
(see e.g. (2.6) for ¢). The interest is that commutators of powers of (r) with differential operators
will be automatically supported in a region where ((r) = 1. More generally, commutators with
powers of (er) will be supported where ((er) = 1.

Laplacian. With the metric in normal form, the operator —P = Ag reads in local coordinates
near infinity

Ag =02 +7r2g" (1,000 5, + (n—1)r "0, + w(r, 0)0, + wi(r,0)0s, (2.10)
where (¢?%(r,0)) = (g;x(r,0)) 1 if g(r) = g;r(r,0)d0;dbx. The lower order coefficients are

Orlg(r,0)]
lg(r, 0)]|

since |g(r, 0)| == det(g;x(r, 0))"/* = |g(0)| + ™7, and

w(r,0) = es 1, (2.11)

wi(r,0) = %m@)j (67 (r.0)|g(r.0)]) € S~2. (2.12)



The description of the first order terms will be particularly useful to solve transport equations (see
Proposition 5.3). It is also useful to observe that, using the rescaled variable ¥ = er,

ET = DSAGg ‘Dzla Ge= d’FQ + 7\:29(72/6)7 (213)

that is
Ag, =0} +72g""(7/e,0)05 9, + (n = 1)F 0 + € "w(i*/€,0)05 + € *wy(i/€,0)p, -

We will see in Lemma 3.3 that the negative powers of € in front of w(7/¢,0) and wg(7/¢,0) are
harmless in {# 2 1}, i.e. in the region {er 2 1}.
To distinguish clearly between what is globally defined and what is defined in a chart, we will
use the notation
P, =1I_'PII,,

for the expression of P in local coordinates (that is minus the right hand side of (2.10)) and
1P
P.,.=D; 16—2“@6. (2.14)
for its rescaled version (that is minus the above expression of Ag, ). We denote respectively by

pe=p> +r 2¢Oy, and  pen = 57+ 72 (7 e, 0)nymy, (2.15)

the principal symbols of P,; and F, ,; in local coordinates near infinity.

3 Pseudodifferential calculus

3.1 Operators on R".

We shall use symbols in the classes Sk which are defined as follows. For m, pu € R, Sk is the
set of symbols on R?" such that

p—k—|B|
19505 0ar, 6, p,m)| < Clrym—i—1F <<p> n 2";) (3.1)

for all ,p € R and 0,7 € R"’1~. As usual, the best constants C' are semi-norms which define the
topology of S™#. We also set S™°* := N, S™*#. We use the semiclassical quantization

Q?h(a) = CL(T, 03 hDT; hDQ)a

with h € (0,1]. Note that we put h in exponent in this notation to distinguish it with the one
of rescaled pseudo-differential operators introduced in Definition 3.2 below; high frequencies are
raised, while low frequencies will be lowered!

We need to consider admissible symbols, i.e. h dependent families of symbols with an asymp-
totic expansion in A in the following usual sense

ap ~ Zhjaj in ™0 & for all N, bV (ah — Z hjaj> is bounded in ™ N-H—N,
j=0 k<N



Note that this implies in particular that each a; belongs to Sm=in=i_ We call the symbol in the
right hand side the remainder of order N. When m = —oo, the above expansion means that it
holds for every finite m.

The pseudo-differential calculus in the classes S enjoys the usual symbolic properties since

the weight (p) + % is temperate, for it is easily seen that

(n+ dy) @ 2
(o 80+ 30 ) < (104 20) (1600 + Il + 18,7,

for all r,0,,p,0, € R and 7,9, € R™1. In particular, we have the following rules.
Proposition 3.1 (Symbolic calculus in 57””“). Let m,m/, yu, i/’ € R.

e Adjoint!: for every a € §m’”, one has

, DFDgok0%a ~
O (@) = O (a}), af ~ Do DD T ) S

§>0 k+|a|=j5
o e =, =, ’ ’
e Composition: for every a € S™" and b € S™ * | one has

k02 aDEDgb

o in §mtmiutu
la!

" (@)Op" (b) = Op" ((a#tb)n),  (a#tb)n ~ > b7 [ 3

=0 k+lal=j

e Invariance by angular diffeomorphisms: let 7 : Vi — V5 be a diffeomorphism between
two open subsets of R" ™. For all a € S™*" such that

supp(a) CR x K x R" for some K € V1, (3.2)

and for all ¢ € C§°(V1), one has

I 0" (a)p(O)IL, = Oy (a™ (R)),  a"(h) ~ Y Wa] in S™*,

=0

with symbols a} such that
supp(aj) C {(r,7(0), p, (dr(0)") ") | (r,0,p,1) € supp(a)} C R x V3 x R". (3.3)

e L? boundedness: There exists a constant C(a) depending on a finite number of semi-norms
of a € 8% such that, for all such a and all h € (0,1],

"Q?h(a”|L2((r>"*1drd9)—>L2((r)"*ldrda) < C(a). (3.4)

Here and below, L?({r)"~tdrd) is a shorthand for L*(R™, (r)"~tdrdd).

We point out that all terms of the expansions as well as the remainders depend equicontinuously
on a (or (a,b) in the second item). In the fourth item, we consider the measure (r)"~1drdf for this

Ifor clarity, we will denote by 1 the adjoints w.r.t. to the Lebesgue measure and keep the notation * for adjoints
w.r.t. the Riemannian measure



is of course the good model near infinity for the Riemannian measure of G. The L? boundedness
is a consequence of the usual Calderén-Vaillancourt Theorem since

n—1

|’Q)h(a”|Lz((r>”*1drd0)—>L2((r}"*ldrdé) = |[(r)= Oph(a)<r>1%||L2(drd9)—>L2(drd9)’

n

where, by the second item of Proposition 3.1, (r)“=" Op"(a)(r) =" = Op"(a(h)) for some admissible

family a(h) € S°0.

We next introduce the convenient definition of rescaled pseudo-differential operators.

Definition 3.2 (Rescaled pseudo-differential operators). If a € S™#(Ry x Ry~ xRy x Ry~1) for
some m, u € R, we set

More explicitly,
D,
Ope(a) =a (en@, ,Dg) .
€

To clarify the presentation, we distinguish the variables (r, p) and (7, ) which have to be thought
as

er=r, —=p
€

In the typical situation we shall encounter, we will consider a(%, 8, p,n) = b (7*, 0, p, 7**17)) for which
D, 1D
Ope(a) =b <er, 0, —, 9) :
€

If b is compactly supported in momentum, this corresponds to a low frequency localization.

Let us comment a little bit more on Definition 3.2. Rescaled pseudo-differential operators will
be used to approximate low frequency localization of P, i.e. operators of the form f(P/e*) with
f € C¥(R,). By the uncertainty principle, one can only expect to get such an approximation
where 7 is large, typically r > ¢!, which corresponds to considering symbols a (or b as above)
supported in 7 2 1. This is consistent with the following easily verified property.

Lemma 3.3. Let a € S*(R, x Ry™") with p € R. Let
ac(7,0) := e'a (i/¢,0) .
Then (ac)ee(o,1) belongs to a bounded subset of S“((l,oo); X qu)’ i.e.

0205 ac(#,0)| < Cjai1,  #>1, 0 € R, € (0,1].

The meaning of this lemma is that a. is only singular for 7 close to 0 (the threshold 7 > 1 could
be replaced by ¥ > ¢ for any ¢ > 0 positive). In other words, as long as one works in the region
er 2 1, rescaling does not produce singular symbols.

We further illustrate the interest of rescaled pseudo-differential operators by keeping in mind
the example of (2.13). For k + || < 2 and a € SF*181=2=¥ (1 > 0), we will consider in pratice
operators of the form

1 1
—a(r, 0)(7’71D9)5Dk = D | =———=a(/e6) (%*1D9)0‘D5 DL
€2 r 2—k—|al ¥ ¢

= D, (e”a6 (7)€, 0) (1*_1D9)"‘D§) SDe_l



with

ac(7,0) = E1PI=2=v (7 /e, 6).
Studying such operators in {er > 1} corresponds to study a.(#,0)(F 1 Dg)*D% in {# > 1}; by
Lemma 3.3, a. is bounded in S*+1#1=2=7((1,00); x Rj~"), and allows to use pseudo-differential
calculus in the variables (¥, 6, p,n). Typically, to construct a parametrix for y(er)(P/e? +i)~! in
{er > R}, we will consider symbols of the form

1
p? 472Gk (7 € O)mymy + i

X(7)

with x supported in (R,+00). By Lemma 3.3, this e-dependent symbol belongs to a bounded
subset of S=29, allowing to perform the usual iterative parametrix construction (see paragraph

3.3).
3.2 Operators on M.
Let us define the space §(M) by
u € §(M) — u € NysoDom(P™) and 7 9%dgu € L? for all j,k, o, (3.5)

the second condition in the right hand side being a condition at infinity (it is invariant by change of
coordinates on S). It is the natural Schwartz space on M and will be convenient for our purposes.
Using the charts introduced in Section 2, we will note everywhere in this paper

Opﬁ(a) = HHOph(a)H;I. (3.6)

If nothing is specified about a € 5"““(1&2"), such operators are defined from C§°((Raq,00) X Uy)
to C®°((Raq,00) x Uy). If in addition supp(a) C (Raq,00) x Vi, x R™, which will always be the
case in this paper, they map C§°((Ra, 00) X Ug) to C°(M). In practice, we will only consider
globally defined operators of the form

Opi(a)h = Oplt(a)ib(r,w) (3.7)

where the cutoff i), localizes inside (Raq,00) x Uy (see (2.5)) and where we will use symbols
spatially supported in (R, 00) x U, (e.g. in the support of 1, (r, k~1(6)) - see again (2.5)). We
point out that such operators are localized near infinity, where we will focus essentially all our
analysis. Note also that since pseudo-differential operators on R™ with symbols in S™# map the
Schwartz space (on R™) into itself, we have

(@)t - (M) — 8(M).
We define analogously rescaled pseudo-differential operators on M by
Ope.(a) = 1. Ope(a)IL"
and will consider, for symbols supported in (Raq, 00) X V,, x R™,
Open(@)ihw(er) = Opes(a)ihu(er,w) (3.8)

(we will often drop the dependence on w from the notation, though ’l[],{(ﬂ’) really depends also on
w € §). Tt is important to note that if a is spatially localized in (Raq,00)i X V,; then the range
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of Ope x(a)ihy(er) contains only functions supported in (€' R, 00), x U; in other words, such
operators are localized in {er > R} and will be used as microlocalization in this region only. We
finally note that we will often use € dependent symbols, similar to those considered in Lemma 3.3.

For further use and to illustrate that such definitions fit the usual expected properties of
a pseudo-differential calculus, we compute adjoints with respect to the Riemannian measure
r"~Yg(r,0)|drdd (see Section 2 for |g(r,0)]). Let a = a(r, 0, p,n) be a symbol spatially supported
inside (Raq, +00) X Vi, i.e. with support in (r,6) contained in (R, c0) x K for some R > Rpq and
K € V,. Then, using Proposition 3.1 and elementary computations, we find

(Whtari)” =t (o O @) a0 ) 1

= &ﬁ@ﬁ(b(h»ﬂ}l,n (39)

for some admissible symbol b(h) in the same class as a and 7 ,, supported in (R, +00) X U.
Similarly

~ * ~ 1

€ = K HK/D€ ! Tvn71 r 0 D71H71

(Oert@iuten))” = DD, (G V@)t 0)]) 2

= Yi(er)Ope x(be)thr k(er) (3.10)

with (be)ee(o,1) bounded in the same class as a, also using here Lemma 3.3 to handle |g(7 /¢, §)|*!.
To get L? or LY estimates, we will use the following proposition.

Proposition 3.4. Let ¢ be bounded and supported in (Raq, +00) X Uy and q € [1,00]. Then

"w(er’w)H”D€|’L‘I(<r)”*1drd0)~>Lq(M) €2 9 (311)

HDZlﬂglw(er,w

/AR AN

)|’LQ(M)*}L‘I(<T’>"71drd0) €e 2 (312)
for e € (0,1].

Proof. Tt follows from an elementary change of variable together with the observation that, on the
support of ¢ (er, s~1(6)),

" Hg(r,0)|/C < ()"t < Cr" T g(r,0)]
for some C > 1. O
We note in particular that, when ¢ = 2, Proposition 3.4 together with (3.4) imply that
’’Opﬁ,g(a)zﬁ,@(a“)‘|L2HL2 < C(a), e € (0,1], (3.13)

with C(a) bounded as long as a belongs to a bounded subset of S0 (a being spatially supported in
(R, 00)x V). For completeness, we also recall that at high frequency, under the same assumptions
on a,

|[Op ()] o, > < Cla), h e (0,1], (3.14)

which is more standard (and does not use Proposition 3.4).
We will also need L? estimates on pseudo-differential operators.
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Proposition 3.5. Leta € 5020 pe spatially supported in (Raq, +00) X V. Let 1 < q1 < g2 < 00.

Then
O] o ypen < Chuz (3.15)
HQDQN(O’),(/;H(GT)HquHLzQ S 06%7%; (316)

The constant is bounded as long as a belongs to a bounded subset of §—o0.0,

Proof. Write a(r,0, p,n) = b(r,0,p,n/r) so that b becomes a Schwartz function in the momentum
variables, uniformly in (r,6). The estimate in the semiclassical case follows from the similar
estimate for Op”(a) from L% ((r)"~1drdf) to L9 ({(r)"~1drdf) obtained from the usual Schur test
and interpolation argument, by exploiting that its kernel with respect to (r)"~1drdf reads

- h— 6 —06
(2wh) "1 (7’,9, i . T,T - ) (r'yt=n
where " is the Fourier transform in the momentum variables. The low frequency case follows from
the above one with h = 1 together with Proposition 3.4. O

3.3 Functional calculus

We will use operators of the form (3.7) or (3.8) to describe functions of P. In the semiclassical
or high frequency regime, this is mostly standard, see e.g. [3, 27], though we will need a sharper
description of the remainders than in those references. We will also consider the low frequency
regime, which is less standard but can be easily handled by considering appropriate spatial localiza-
tions and rescaled operators. The first and main step is to construct a parametrix for (P/e? —z)~!
in the region {er > R} To do so, we need basically to use that

€2

(P - z) =11.D.(P.,. — 2) DI (3.17)

(see (2.14)) namely that P/e? is a rescaled (pseudo-)differential operator whose symbol is not
singular w.r.t. € in the region {# > R} thanks to Lemma 3.3. One can then apply the usual
elliptic parametrix scheme to P, — 2z to construct an approximate inverse. Taking into account
the composition rules of Proposition 3.1, we obtain the following technical result.

Proposition 3.6. Let 1), 1;,1; be smooth functions supported in a patch (R, 00) x U, with R > R,
all belonging to S° and such that

Y =1 near supp(v), =1 near supp(®).

Then for j,N € N and z € C\ [0,+0), one has
e High frequency parametrix: for h € (0,1],

N-1

Y(r,w) (WP = 2) 77 = hlpOp(a(2))d + BN Ruign(z, h)

=0

where each q(z) € S=2-L=l js g linear combination of ar(px — 2)777F for some symbol
ap € S?*=L= independent of z, and with

Rusgn(z,h) = $Op!(r(z, b)) (2P — 2)~
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where r(z,h) € S=N=N with seminorms growing polynomially in 1/dist(z,R;) uniformly in
h as long as z belongs to a bounded set of C \ [0, +00).

e Low frequency parametrix: for e € (0,1],

N-1

Y (er, w)(P/e2 — z)_j = Y(er, w)Ope,H(qe’l(z))zl;(enw) + Riow(z,€)

=0

where each qe1(z) € S=2i=L=l 45 q linear combinations of e (De — 2)7I7F with symbols
Qe € S2k=L=1 bounded w.r.t. €, and

Riow(z,€) = w(er,w)Opeﬂ(re(z))d)(er,w)(P/eQ—z)_j

where r(z) € S~N=N with seminorms growing polynomially in 1/dist(z,Ry) uniformly in e
as long as z belongs to a bounded set of C\ [0, +00).

We refer to (2.15) for the definitions of p,, and pe ..

Note that the spatial localizations are different at high and low frequency. We also point out
that the low frequency parametrix is not an asymptotic expansion in €, but it only says that
(P/€e? — 2)7I1p(er,w) is a sum of rescaled pseudo-differential operators and of a remainder which is
smoothing and spatially decaying like (er)~". We finally remark that a similar proposition holds
for (h2P — 2)~94(r,w) and (P/e®> — z)7J1)(er,w) (this follows by taking the adjoints and using
(3.9)-(3.10)). We will use this occasionally.

As a first application, we record the following result where we use the function ¢ introduced in
(2.5)-(2.6).

Proposition 3.7. If j > n/4, then
[COYRPP+ 1) o ShTE, he(01], (3.18)

and _
|[Cler)(P/e + 1) 77| o, 1 €2, €€ (0,1].
Recall that for simplicity we have set L? = LY(M) (see after Definition 1.1).

Proof. We prove only the second estimate, the first one being standard (see e.g. [3]). We use
Proposition 3.6 with ¢ replaced by ., @ by ¥, etc. (see (2.5)), and with N > n/2. Then
((er)(P/e? +1)77 is a sum over k of parametrices as in Proposition 3.6. For each k, consider the
first term

wn(fr)Ope,n(qe,O(—l))%(67“) = (Yw(er,w)lDe) (Opl (QG,O(_l))) (DZlﬂglwn(ﬁﬂ W))
where ¢.o(—1) belongs to (a bounded set of) S The result is a consequence of the fact
that Op'(ge,0(—1)) maps L?((r)"~'drdf) into L>({r)"~drdf) since 2j > n/2 (see (3, Lemma
2.4])), together with the estimates (3.11) (with ¢’ = oo) and (3.12) (with ¢ = 2). The other
terms are treated analogously, as well as the remainder Riow(—1,€) by using additionally that
||(P/e® +1)79|| 22 < 1 for the remainder. O

—25,0

To describe the remainders that will be involved in the different parametrices we are going to
construct, it us useful introduce the following norms

lullgezs = [[(r)* (2P + 170l 0, lull gz = [[(er) (P/e* +1)7ul| 5 (3.19)
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for p € R, 7 € Z and u € 8§(M). The first one is a standard weighted semiclassical Sobolev norm,
which will be used at high frequency, and the second one will be used at low frequency. We will
only consider these norms on §(M) for this space is stable by the resolvent of P (this is fairly
standard or can be checked by using the parametrix of Proposition 3.6 for ¢ = h = 1) so that the
norms (3.19) make clearly sense. We also point out that we do not define the spaces H>/ nor £27
(which should be the closures of §(M) for the corresponding norms) and will only use their norms
on 8(M). The interest of using such norms is to state estimates which are uniform in € or h. It is
also worth recalling that the japanese bracket used in (3.19) is the modified one chosen in (2.9).
Given a family of operators A, preserving 8(M), we will write
A, = OLZjIA)LZjZ (1) <~ ||AEU||£i322 < C||UHL3_]11 for all € € (O, 1}, (RS S(M),

K1 K2

the point being that the constant is independent of e. The notation A, = O g¢22 (1) is defined
Ho

K
similarly.
Proposition 3.8. For all j,j' € Z and p, ' € R, we have

e Global estimates:
(P/€2 + 1)3/ = OLij_}Li(j_j/)(].), (h2p + 1).7/ = O}Cij%j{i(j—j/)(].) (320)

and, as multiplication operators,

<6T>M = OLij—wij_,u(l)’ <r>u = O%ijeﬂfij_w(l)' (3'21)
¢ Embeddings estimates:
1). (3.22)

// S 1% and j/ S] — I = O'cijﬁ’ci]/‘/ (1), I = O}ij—’}fi?//(

e Action of pseudo-differential operators: Let ¥ € 89 be a smooth function supported in
the patch (Raq,00) X Uy, and a € S?"* be spatially supported in (Raq,00) x Vi.. Then

pen(@)ler) = 0o p26-n(1), (@) = Ogea;_ g6 (1)- (3.23)

p—p!

These uniform bounds remain valid as long as a belongs to a bounded subset of S2i"n"
We recall that in (3.23) Y(er) and ¢ are respectively shortands for i (er,w) and 1 (r,w).

Proof. In all cases, we consider only the low frequency estimates, the semiclassical ones being
similar and more standard. (3.20) is an immediate consequence of the definitions of the norms
(3.19). We next prove the first estimate of (3.21). We observe first that for any j € Z and p € R,
there exists C' > 0 such that

Cfl||u\|ﬁij < ||(P/e + 1) (er)ul |, < Cllull g2, (3.24)
for all u € 8(M) and e € (0,1]. Indeed, let us write
(er)(P/e* + 1) = ((er)*(P/€* + 1) (er) *(P/€* +1)77) (P/€® + 1) (er)".

The lower bound in (3.24) would then follow from the uniform L? — L? of the parenthesis. Assume
for instance that j > 0. Then the parenthesis in the right hand side is the sum of the identity and

(ery* [(P/e2 + 1), (er}‘“] Cler)(P/e* +1)77 (3.25)

14



where one can insert the cutoff ((er) of the partition of unity (2.6) since the commutator is
supported in the region where ((er) = 1 by (2.9). The operator (3.25) is uniformly bounded on L?
since the composition of

(er) [(P/e® + 1)/ §jﬂi® (Pae + 1), (r) =] DI e (er)

(see (3.17)) with the low energy parametrix for {(er)(P/e?+1)~7 (derived from Proposition 3.6 and
the partition of unity (2.6)) is uniformly bounded on L?. This follows by using the composition rules
of Proposition 3.1 together with (3.13) and the bound ||(P/e? + 1)77||p2_z2 < 1. The case j <0
and the upper bound are proved similarly (using possibly the parametrix of (P/e? + 1)=7((er)).
Now, with (3.24) at hand, the first estimate of (3.21) follows from

lert¥ ull s < CIIP/E + 1) < ¥
p—p! W
Similarly the first estimate of (3.22) follows from (3.24) since

[(er) (P/e* + 1) ullz < [[(er)* (P/e® + 1) ul| 2
< CI(P/E + 1) (er)!ullr2 < ClI(P/® + 1) {er)ul| .

We finally consider (3.23). By using the equivalence of norms (3.24), the result follows from the
uniform L? boundedness of

(P/& + 1) (er)=H Ope o ()b (er) {er) H(P/e? 4+ 1)~

By the composition rule of Proposition 3.1, we may assume that gy = g’ = 0 up to the replacement
of a by a such that Opy(@) = (r)*=# Opy(a)(r)=*. Then if both j — j’ and —j are non negative,
the result follows by using (3.17), the composition rule and the L? bound (3.13). Otherwise we
expand the negative powers of P/e%+ 1 by mean of Proposition 3.6 so that we can compose rescaled
operators supported in the same patch and conclude again with (3.13). O

Theorem 3.9. For all f € C§°(R) and all given N,

N—-1
() F(RPP) = > " h'4pOp(a) s + BN Ruign (£, )

=0 kK

where a,; € S0 with supp(as ;) C supp(f o px) and, for any M >0 and u € R,

:Rhlgh(f, h) = J-C_QM }cil‘fN(l)-
Also
((er)f(P/€) ZZ%w%mmmemwm (3.26)
=0 K

where (e x,1)ec(0,1) belongs to a bounded subset of S=o= with supp(ae,x,i) C supp(f o pex) and,
for any M >0 and p € R

Riowe (£,€) = Op-2n1_, gans (1), (3.27)

w+N
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Proof. We consider only the proof of the low frequency parametrix (3.26), the high frequency one

being similar and more standard (see e.g. [8] in the asymptotically Euclidean case). Note first that

the I-th term in the sum (3.26) is, for any M, OL,—2M%L2M1 (1) by (3.23). Therefore, up to putting
- nt

additional terms of the expansion in the remainder, it suffices to prove (3.26) with a remainder

satisfying, instead of (3.27),

Rlow(.ﬁ 6) = OaszN_>52MN (1), with My,uny — 00 as N — . (3.28)
I "N

Using the Helffer-Sjostrand formula f(P/€?) = [ df(2)(P/e® — 2)"'L(dz) (f € C§°(C) being
an almost analytic extension of f, see [16]) together with Proposition 3.6, we get (3.26) with a
remainder which is a sum over x of integrals of the form

Riown(fo) = /C 5 F (2 () Oben (e (=) Yiom (er) (P — ) L(dz)

where 7. .(z) € SN~V has semi-norms growing polynomially in |Im(z)|~* (which is harmless
since 0f(z) = O(|Im(2)[>)). In the above integral, we write

(P/e? —2)7" = (P/e* — 2)7 (1 = ((er)) + (P/e* = 2) 7 {(er).
Using Proposition 3.8, we observe that, for any M, 1—_(er) = OL;2A4_>LJM4 (1), for it is compactly
_au—1) ([Im(2)|71) thanks to the spectral

—L,

theorem. By Proposition 3.8, we also get that, for some o = o(M, N),

supported in er. We also have (P/€® —2)™" = O, au
0

Ui (1) Ope (T (2)) U (1) = O, 20011y _, w2001 ([Tm(2)| 7). (3.29)
0 N
All this implies that, for any given g and N,
Rlow,n(f7 6)(1 — C(GT)) = OLEQM_M‘foz(Mfl) (1) (330)

To analyse Riow «(f, €)(€r), we use a parametrix for (P/e? —2)~1((er) obtained analogously to the
one of Proposition 3.6: for any N’ € N, (P/e? — 2)71((er) is a sum of rescaled pseudo-differential
operators with symbols in 5720 and a remainder which is (P/e? — z)~! composed (to the right)
with a sum of rescaled pseudo-differential operators with symbols in S—N'.=N"_ This implies that,

for any p and M, and by choosing N’ > |u|, (P/e? — z)~1((er) is of the form
—2(M—1) (\Im(z)r“ ) —+ (P/€2 — Z)710£;2M*>Lé\;/_2M(‘Im(z”ia )

OL;QIM—%CH

for some o/ = o/(M,N') > 0. Using an estimate similar to (3.29) together with the fact that
(P/et —2)~" = O nran ~—20a-n ([Im(2)] 1), we get
0

LO
Rlow,n(f7 G)C(GT) = OLI:QI\/I*}L%—Z(M—I) (1)
Together with (3.30), this yields (3.28) by choosing M = My = N/4 for instance. O

As a first consequence of Theorem 3.9, we have the following estimates.

Proposition 3.10 (L — L* boundedness at spatial infinity). For all f € C§°(R),
16 f(B?P)l[z~mr~ $1, he(0,1]

and
I¢(er) f(P/€)||Lemsre S 1, €€ (0,1].
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Proof. We consider only the low frequency case. The high frequency one is essentially standard,
and can be proved e.g. as in [3]. We thus consider ((er) f(P/e?) which we expand using (3.26). The
(rescaled) pseudo-differential terms are bounded uniformly on L by Proposition 3.5. Choosing
M = N and = —N in (3.27), the remainder can be written

Riow (f,€) = C(er)(P/e* + 1) "V Be(er) ™

with ||Be||p2—r2 < 1. This follows from Proposition 3.8 and that ((er)¢(er) = ((er). If N >n/2,
we have [|(er) V|| L2 < € ™2 so0, using the second estimate of Proposition 3.7 with ¢ instead
of (, we get

1C(er)(P/e® + 1) "N Befer) || pee S €22 51

which yields the result. O

To illustrate another application of Proposition 3.8, we record some rough a priori estimates
on the propagator e~®? which will be useful in Section 7. For k > 0 integer, we define v(k) by
7(0) = 0 and y(k + 1) = 2y(k) + 1 (i.e. y(k) =2F —1).

Proposition 3.11 (Rough propagation estimates). For u € R denote by [u] the smallest integer
> |\ul. Then for all j € Z,

Y (<t/h>v(hﬂ)> ’ (3.31)

meaning that (t/h)_'Y(“me_”P = O,HQjA),HQj—Q'y(“ﬂ)(l) uniformly in t € R. Similarly
W W

e 1P = Oﬁijﬁﬁijfwv(fﬂ) <<52t>7([u]))' (3.32)

This proposition will be very useful to handle the remainders of some microlocal propagation
estimates. The knowledge of the power v([r]) is not very important, the main interest being only
the polynomial growth w.r.t to (¢/h) and (e*t). We rather comment on the different scalings in h
and e. The estimate (3.31) reflects roughly that waves localized at frequency 1/h move at speed 1/h.
Based on this intuition, one could expect to get a bound in term of (et) in (3.32) for waves localized
at frequency e. The reason why we have bounds in term of (¢*t) is that we use the rescaled spatial
weights (er)*. Another way to see that the scalings are natural is to consider the flat Laplacian on
R™ and to observe that for every symbol a one has e?*®a(z, D) = a(x — 2tD, D)e'> we see easily
that

h

. D D D\ .
ea <eo:, ) =a <ex —2te? =, > etA,
€ € €

where the power €2 on t follows both from writing D = ¢(D/e€) and from the scaling in x.

We finally note that Proposition 3.11 uses implicitly that §(M) is preserved by e~ ¥ (recall
our convention to consider the J—Cij and Lij norms only on 8(M)). This fact can be checked by
routine arguments using exactly the commutator techniques involved in the proof below, but we
omit this aspect and focus only on the estimates in time.

4 t ,
e a(x,hD) = a <x —2-hD, hD) elts

and that

Proof of Proposition 3.11. Let us show (3.31). By (3.21), it suffices to show that (r)#e= " (r)=#

satisfies the expected bound between H;’ and Hg(j —v(eD) | gf g = 0, this is a straightforward
consequence of o .
[[(R2P 4 1) e P (W2P 4+ 1)77|| 22 = 1.
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Assume next that [p] =1 and compute first the commutator

t
[<r>‘“‘,e*itp] = z/ e*i(t*S)P[P, (r)l“l]e*ispds.
0
Using that [P, (r)!*] is R~ times a sum of semiclassical differential operators with symbols in
Stlul=1 < §2.0 a5 in (3.23) (they are supported in 7 > 1 by (2.9)), we can write the commutator
(), e=P] = O, 25 26— ([t|/h). Thus, using that
0 0
(r>7|"| [e’”P, (T)'“'] ifu<0
<T>y€—itP<T>—,u _ e—itP +

[<r>|ul7e—itP] (ry=Iul i >0

we get the result since (r)~1#! is bounded on each 3Z* by Proposition 3.8. If [1] > 1 we proceed
by induction by writing, e.g. if u > 0,

eyt = o (e i [ PR e st ) )

0

The induction assumption and Proposition 3.8 then show that the right hand side is of order
t
0 (te/m 1) 1 [0 (4t = 5)/my -0 O(h 10 ((5/m)141-1) ds
0

as an operator from Hij to Hij72V(M). Using the definition of 4(.), we get (3.31). The proof of
(3.32) is similar, the gain in €? following from the fact that

[P(en)] = [P/ )] = Oz, pzr-2(€)

for all p and j since the commutator in the middle is a linear combination of rescaled pseudo-
differential operators as in (3.23). O

4 Spectral localizations

The purpose of this section is to prove Theorems 4.1 and 4.6 which provide Littlewood-Paley
type estimates, at low and high frequencies respectively. Specific comments are given after each
theorem. We only point out here that we adopt a pragmatic point of view, in the sense that we
do not try to mimic exactly the usual form of Littlewood-Paley estimates on R™ (e.g. by using
non trivial heat kernel bounds) but rather provide robust and spatially localized versions of such
estimates which seem naturally adapted to the proof of Strichartz estimates. In particular, the
form of the decompositions are not the same at high and low frequencies; this is related to the fact
that we use different types of estimates to treat the remainder terms.

We use the function fy introduced in (1.3) and consider f(A\) = fo(A\) — fo(2\) so that f €
C§°(R\ 0) and, for all A € R,

DN = TN fo(N), D FRTN) =1 = fo(N).

£=0 4

e
=1

18



The spectral theorem then implies that, in the strong sense on L?(M),
=Y f@P),  (1-fo(P)=)_f(2 (4.1)
£20 >1

using in the first sum that 0 is not an eigenvalue of P.

4.1 Low frequencies

In this paragraph we prove the following result.

Theorem 4.1. Assume that n > 3. Let x € C§°(R) be equal to 1 on a large enough interval so
that (1 —x) = (1 — x)C (see (2.6)). Then

1/2
|fo<P>v|L2*s<Z (1= X)(en) F(P/ )| [1ae + || (1) F(P/E?) Hiz) ,

2—2—¢
for all v € L?. In the sum ¢ belongs to Z. .

Let us comment that this Littlewood-Paley estimate holds for the exponent 2* (and presumably
for exponents between 2 and 2*) which is sufficient and somewhat natural for applications to
Strichartz estimates. Indeed, the first half of the sum is appropriately localized to use microlocal
techniques while the second one can be treated in a straightforward fashion by using the L2
estimates (7.16)-(7.17). ~

Theorem 4.1 is a consequence of the next two propositions in which we pick f € C§°(R \ 0; R)
such that f =1 on supp(f) and let

A(e) = (1= x)(er) > () Opesn (F © pen)hc(er), (4.2)

that is the first term of the parametrix of (1 — x)(er)f(P/e?) according to Theorem 3.9. Here and
everywhere in this paragraph, we set €2 = 27¢.

Proposition 4.2. Ifn > 3, then

M 1/2
1 fo(Poll e S sup |[S°Q(e)(1 = x)(er) fF(P/)l|  + | S|P/}
M=o L2+ >0

for all v € L2.

Up to the homogeneous Sobolev inequality (1.2) this proposition rests on purely L? — L2
estimates. In particular, we feel it is quite robust and could be used in other contexts (e.g. allow
more general compactly supported perturbations).

To state the second proposition, we need to define the family of square functions

o 1/2
Syw = <Z |Q(e)*w|2> , M >0,
£=0
where the adjoint is taken with respect to the Riemannian measure.
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Proposition 4.3. For all ¢; € (1,2] there exists C > 0 such that
HSMwHqu S CHw||Lq17

for all M >0 and all w € C§°(M).

This proposition is a consequence of fairly standard singular integral estimates, by exploiting
the explicit form of the Schwartz kernel of Q(e). Note that we do not need to assume n > 3 here.
Before proving these two technical results, we prove Theorem 4.1.

1/2
Proof of Theorem 4.1. Let us set Syv = (Zé\io |(1- X)(GT)f(P/62)’U|2> . Then, by the
usual trick i.e. the Cauchy-Schwarz inequality in ¢ and the Holder inequality in space, we have

‘( ZQ )(P/€)>

so using Proposition 4.3 for ¢; = 2., we obtain

< |I8arwl [z [1Sarv]l 2

er)f(P/e*)v

S CHS]VIUHL2* .
L2”

1/2
We conclude by using ||Sarv||p2 < (2220 [1(1 = x)(er) f(P/e? )z/J||L2*) , which follows from the
Minkowski inequality since 2* > 2, together with Proposition 4.2. O

To prove Proposition 4.2, we recall first for clarity the following well known results.

Proposition 4.4. Let (Ty)e be a sequence of linear operators on a Hilbert space H.
1. (Discrete Schur estimate) If || T To|[3—wn S 2-16=31/2 “then there is C' such that

/
132 Tiwelyy < 0 (S llunle)

for all sequence (vg) of H.
2. (Cotlar-Stein estimate) If ||T; Tol|l3—2 + 1T T) ls—n < 2-10=31/2  then there is C' such that

122 Tielly, < Cllvlla,
for allv e H.

We will apply the Schur estimate to two types of operators. The first one is very elementary:
if we let
T, =22P'22'P+1)7!

then, assuming for instance ¢ > j so that % = f‘j—;él + ¢, we have

li—2|
2

<27

||TJ>‘FTE||L2HL2 = 1HL2—)L2 =

)"12fP(2fP 1) (4.3)

by using the spectral sheorem. The second type of operators requires a lemma.
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Lemma 4.5. Let k : Uy, — Vj;, be a chart on S. Let 1 be smooth on M, supported in (Rpq,00) x U
and belonging to S°. For s =0 or 1, denote

Te = (PY2/€)" Openac + bo)ip(erw),
where, for some given J € (0,+00) (independent of €),
(ae)e is bounded in S~ supp(ac) C p L (J), (be)e is bounded in S~

are all spatially supported in (Rpaq,00) X Vi;. Then, if s =0,1,

li—2]
Z

|| T <C2” (4.4)

||L2—>L2
and, if s =0,

HTJ'TZ* |L2~>L2 < 02_#

(4.5)

Proof. We start with two preliminary remarks. First, it suffices to prove both estimates when
¢ > j (otherwise take the adjoint). The second one is that, if s = 0, T, is of the same form as T}
(see (3.10)) up to perhaps changing the function ¢. In particular, proving (4.4) is sufficient. Let
us prove (4.4) when s = 1. For simplicity, we set ¥ (¥) = (¥, k~1(8)). Using Proposition 3.4 with
q = 2, it suffices to show that

P

9 €jep

< 9 ‘j;“

~

L3(()7 =1 drdg) — L2 ()~ drd6)

Hop%cwo*)@ D.,0p'(d,,)

(4.6)

with e, = 272 and (¢.)e, (d.). bounded families of S~°0 supported in (R4, 00) X V;, with respect
to (#,0). Using that £ > j and (2.14), we write

P, i—t P, _ il
—De, =27 5D, =277 D, Py -
€j€p €;

Since P, ,Op1(de,) = Op1(ee,) for some bounded family (e.) of G000 (with support contained in
the one of d.), (4.6) follows from (3.4) together with

<1, (4.7)

HDID,
Hw(r) L2 (B g 00) xR =1, (#)n=1dFdO) — L2 (R™ (Fyn—1did0) ~

which follows for instance from the unitarity of DX on L2((0,00) x R*™ #"~1d¢dh). We next
prove (4.4) when s = 0. It suffices to show that

_li=2
2

be, ()D; MD., Opi (de, )| <2 48

HOpl( U De Do Opr (e, )y L2((#)n=1didf)— L2 ((F)n—1drde) " (48)
and

Y@, ) (#) DD, Op*(d. <9-31 4.9

HO‘D (Ge, )9 (F)De, D Op (der) L2((Fyn=1dFd8)— L2 ((#)n—1dide) ~ i (4.9)

whenever (b.). € S°~1 and (d,). € S~°°° are spatially supported in (Rxy,00) x V. To prove
(4.8), we use
FDID,, = e ' DD i
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to write

O (be, )W (F)D_ ' De, = Op* (be, ) (¥)7# D1 D,

Hbe, )P D D, 7!

and conclude again from the L2((#)"~'drdf) boundedness of Op*(b.)# and #~1Op*(d.) (there is no
singularity at # = 0 since d. is supported in {r > Ra}) together with (4.7). We finally prove
(4.9). The support assumption on a. implies that a./pe . is a smooth symbol in G000 so, using
in addition that 1 € S°, we can write by symbolic calculus

Op* (@ )¥(F) = Op* (e /pes )V Pe s + Op* (be) ()

with (l:)e)6 bounded in S~°*~! and some cutoff J(ﬁ ) € S°, both supported in (Rpq, 00) x V with
respect to (7,60). The contribution of the second term in the right hand side follows from (4.8).
For the first term, one can use (4.6) once observed that

Q?l(dq/pej,n) ( )PEJ, D, 1®eg = wl(afj/pfj,ﬁ)@b(f‘})@;jl D

€¢

¥R

and that e;2 = 2%(@@)*1 (so that we actually get an estimate of order 2~—*l for this term).
This completes the proof. O

Proof of Proposition 4.2. Let us write (1 — x)(er) f(P/€2) = Q(e) + R(e). Using that ff = f
and that 1 = x(er) + (1 — x)(er), we have

F(P/€) = Qe)(L = x)(er) f(P/€”) + €T (e)(er) ™' f(P/e?)

with
T(e) = (x(en) F(P/e2) + (1= x)(en) J(P/E)x(er) + R(e)) (er). (4.10)

Using the first sum in (4.1) (the strong convergence also holds in L?>* by Sobolev embedding) and
the homogeneous Sobolev estimate (1.2), we have
L2>

PY2T(e) = e ' PY2(P/e® + 1)1 B(e), (4.11)

M

1 fo(P)ol| 2 <Sup< (er) f(P/e*)v ZP1/2T (er) = f(P/e¥)v

£=0 L2*

where it suffices to estimate the second norm. Using Theorem 3.9, one can write

with B(e) bounded on L? uniformly in e. The less obvious contribution of terms of (4.10) is
the uniform L? boundedness of (P/e? + 1)x(er)f(P/e*)(er). One can analyze it as follows. On
one hand, the commutator [(P/e? + 1), x(er)] being a sum of rescaled (pseudo-)differential oper-
ators vanishing outside the support of ((er), one can use Theorem 3.9 to get a parametrix for
[(P/e + 1), x(er)]f(P/e®){er) from which the uniform L? boundedness follows. On the other
hand, x(er)(P/e? + 1)f(P/e?)(er) = x(er)fi(P/€*)(er) with fi € C5°. We then write (er) =
x(er){er) + (1 — x)(er)(er) whose first term is obviously uniformly bounded on L? while one can
use the parametrix for fi(P/e2)(1 — x)(er) to see that x(er)fi(P/e2)(1 — x)(er){er) is uniformly
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bounded on L?. Now with (4.11) at hand, by using (4.3) and Lemma 4.5 with s = 1 together with
the Schur estimate of Proposition 4.4, we have

1/2

sup

M
> PYPT(e)e(er) " f(P/e*)v

£=0

<C [ Slleter) (/)] 2

L2 k>0

In the right hand side of this inequality, we finally use that
eler)™t S ()7
and we get the result. O

We now consider the proof of Proposition 4.3.

Proof of Proposition 4.3. It follows the same line as the one for the standard Littlewood-Paley
decomposition (see e.g. [29]). Let (g¢)r>0 be the usual Rademacher sequence (realized as functions
of t € [0,1]). By the Khintchine inequality, it suffices to show that

<C, tel0,1], M >0.

L1 (M)— L1 (M)

M ~
> oc)2(e)*
£=0

This in turn follows from the Marcinkiewicz interpolation theorem provided we prove the above
estimate for g1 = 2 as well as weak type (1, 1) estimates for >, , 0¢(t)Q(€)" uniformly in ¢ and M.

Using the form of @(e) given by (4.2), the uniform L? — L? bound follows from the Cotlar-Stein
estimate of Proposition 4.4 together with the estimates (4.4) and (4.5) (with s = 0) of Lemma 4.5.
The weak type (1,1) estimate follows from standard estimates on Calderén-Zygmund operators as
explained in Section B. O

4.2 High frequencies
The purpose of this paragraph is to prove the following result.

Theorem 4.6. Let N > 0 and x € C§°(R) be equal to 1 on a large enough set so that ( =1 near
the support of 1 — x. Let q € [2,00). Then

1/2
(L =) () (1 = fo)(P)ollLa S ( S =) fR2Pyl[;, +hNH<7">Nf(h2P)v||iz> ,

h2=2—¢
for all v € $(M). In the sum £ belongs to N.

This is a spatially localized Littlewood-Paley decomposition similar to the one of [2]. The
improvement here is that the nonlocal L? correction involves the weight (r)~" which will allow us
to use the resolvent estimates (1.5) and their time dependent counterparts (see paragraph 7.2 and
Section 8).

To prove this theorem, we pick again f € C§°(R\ 0;R) such that f=1on supp(f). We define
the square functions

v 1/2
Yypv = (Z I(1— X)(?")f(hQP)vF)
=1
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and Ny >
Sypw = (Z |C(r)f(h2P)w|2> :
=1

Here and throughout this paragraph, we set h? = 27¢.

Proof of Theorem 4.6. It is very close to that of Theorem 4.1. We only explain the new
arguments. Using the second sum in (4.1), we write (w, (1 — x)(r)(1 — fo)(P)v) as the limit as

M — oo of Zé\il(w, (1 — x)(r)f(h?P)v). By standard semiclassical estimates based on Theorem

3.9 and the fact that (1 — f) vanishes near the support of f, we see that, for any N,
(1= HR*P)(A = x)(r) f(h*P) = hN By (h)(r) N f(h*P),

with
1By (h)||z2—re <C, he(0,1].

Therefore, using additionally that ¢(r)(1 — x)(r) = (1 — x)(r), we have

M
[(w, (1 =x)(") (1 = fo)(P)| < sup > R Pyw, (1= X)(r) f(h*P)v)| +

{=1

Cllwllpe Y NN f(R*P)ol| 2.

0>1

By proceeding as in the proof of Theorem 4.1, in particular by using that the supremum above is
bounded by sup,; [|Epw]| e || Zav]|Le, Theorem 4.6 follows from Proposition 4.7 below. O

Proposition 4.7. For all q; € (1,2], there exists C > 0 such that
a0l oy < Cllel 1o
for all M > 1 and all w € §(M).

Proof. As in the proof of Proposition 4.3, it suffices to show that Zé\il 00(t)¢(r) f(h2P) is bounded
on L? and satisfies weak type (1,1) estimates, uniformly in ¢ and M. The uniform boundedness
on L? follows from the spectral theorem and the fact that the functions

M ~
A ot f(27N)
(=1

belong to L (R) uniformly in ¢, M since at most a finite number (A, M, ¢ independent) of terms of
the sum do not vanish. To prove the weak type (1,1) estimate, we use Theorem 3.9 to decompose

C(r) F(h®P) = Quign(h) + hRuign(h)

with Rhign(h) uniformly (in k) bounded on L' and L?. The uniform boundedness on L? is obvious.
To see the uniform boundedness on L', one uses an expansion of ¢(r)f(h2P) to a sufficiently high
order Np+1 so that one can write AR pigh (h) = R TVo (r)=No B(h)(h? P+1) =0 with B(h) uniformly
bounded on L?. Then using on one hand that (h2P-+1)"No : Op1_,12(h~"/2) (by taking the adjoint

estimate of (3.18) near infinity and using a standard elliptic regularity estimate on any compact
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set — including near the boundary if any) and on the other hand that (r)=™o : L2 — L' one get
the desired L' — L' estimate. In particular, we have

> h||[Rusen(®)|| 1, 1 < oo (4.12)
>1

Then, it suffices to prove the uniform weak type (1,1) estimates for Zé\il 0¢(t)Qnign(h) and this
follows again from standard arguments on Calderén-Zygmund operators (see Appendix B). O

Remark. In more general situations, e.g. with non smooth coefficients in a compact set, it may
be not easy to prove (4.12). Actually, it would suffice to have >, h| |Rhigh(h)’ |L2*_)L2* < oo for
our purpose. It would restrict the range of exponents in Proposition 4.7 to [2.,2], and thus those
of Theorem 4.6 to [2,2*], but this would be sufficient for Strichartz estimates.

5 Classical scattering

In this section, we construct real phase functions solutions to Hamilton-Jacobi equations that will
be used to construct Isozaki-Kitada type parametrices. The transport equations associated to such
parametrices are also studied.

Everywhere in this section, we work in a single chart at infinity (Raq, 00) X Vi. Since we want
to consider both high and low frequencies parametrices, we have to analyze the Hamiltonian flow
of p,; and p. .. Observing that p, = p, 1, we will state the main results only for p. , for 0 < e < 1.

We let ¢; ,; be the Hamiltonian flow of p. ,. as well as

o5 (r, 9, 0,m) == (r + 250,79, 0,7)

be the Hamiltonian flow of p?>. We denote the time by s here since it will be interpreted as a
rescaled version of ¢ in the applications (either s = t/h or s = te?).
For R>> 1,V C V,, and € > 0, we define the subset of R x (R"~1)2

OR,V,e) ={(r,0,9) | r >R, €V, |0—9| <c}. (5.1)

To describe the asymptotic behaviour of our phases, and to take into account the dependence on
e of the functions we are going to consider (e.g. the components of the flow ¢ ), the following
definition will be useful.

Definition 5.1. Let R> 0,V CV,, ande > 0. For p € R,
1. S, is the set of (e dependent families of)) functions on O(R,V,e) such that

090505 ac(r,0,9)] < Cri,

for all (r,0,9) € ©(R,V,¢e) and all € € (0,1] (the constant is independent of €).
2. For any integer m > 0, we denote by S, (0 — )™ the set of all functions of the form

D e, (r,0,9)(0 —0)7,

[v|=m

with ac, € S,,.
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3. Given real numbers p1, pa and integers my, mq, the equality
e =be + S, (0 —6)™ 4+ 5, (0 — )™
means that ac — be is the sum of an element of Sy, (U — 0)™ and a one of Sy, (V0 — 6)™=2.
The main result of this section is the following theorem.

Theorem 5.2 (Eikonal equation). Fiz an open subset V. € V,,. Assume that V is convex. Then
we can find R > 1 and 0 < e < 1 such that for all e € (0,1], there exists a smooth function

Ve : O(R,V,e) > R

such that the function @.(r,0,0,9) := 0b(r,0,0) satisfies the following properties:

1. It solves the equation
Pe(r,0,0:0¢,00c) = 07 (5.2)
2. The range of
(r,0,0,9) — (1r,0,0:0c,0pgpc), (r,0,9) € ©(R,V,e), 0> 0,

is contained in a set T% where (62 0)+s>0 and the limit lim, 4o ¢y "0 ¢, =: Feﬂf

.. are defined.
Furthermore, one has

Fe:f:n (7‘, 95 8’?@6’ 60@6) = (8g§pea 19; 0, _6194106)- (53)

8. One has the expansions

Ve = 14+ S1-,(0—0)+ S (I —0)>. (5.4)
Othe = 14+8_,(0—0)+ So(9 — 6)* (5.5)
e = rg(0)(9—0) + S, (9 — 0) + S1 (9 — 0)? (5.6)
gbe = —rg(0)(9 —0) + 1, (9 — 0) + S1 (9 — 0)? (5.7)

Remark. Be careful not to mistake € (the low frequency parameter) for € which is a small enough
but fixed number defining O(R,V, ¢).

The purpose of the next proposition is to solve transport equations associated to ¢, and which
will be used in Section 6. We consider equations of the form

(BpnPe.rc) (1,0, 0r0c, Oppe) - Orgu + be(r, 0,9, 0)u = fe(r,0,0,9), (5.8)
where f. is a given short range symbol (see condition (5.13)) and
be := —Pc e (5.9)
In practice, we will study these equations only locally in g, namely on sets of the form
OF(R,V,1,e) :={(r,0,0,9) | (r,0,0) € O(R,V,e), ¢® € I, +0> 0} (5.10)

where I € (0,+00) is a given relatively compact interval. The natural domains to work on are
actually the larger sets (of trajectories starting in ©F (R, V, I,¢))

'Ei(vavLE) = {((Fg»ﬁi)(raeaar,9<Pe(7"»9>9719»79719) | (7"797 9719> € G)i(vava7E)7 +s Z O}a
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where

(72,9%,08,7;) = components of ¢ .. (5.11)

€ €

It will follow from the proof below that (T, 0,0 p0(r, 0, 0, 19)) belongs to a set where the flow ¢¢
is well defined for all +s > 0 (if £0 > 0) so that the sets 7.5 (R, V, I, ¢) are well defined.

Proposition 5.3 (Transport equations). Let ©(R,V,¢) be as in Theorem 5.2 and I € (0, +00).
1. Form of characteristics: For all (r,0,0,9) € ©F(R,V,1,¢), 5 >0 and € € (0,1] define
(f‘:, vsa ﬁ; ﬁ:) = ¢i,n (’I", 07 ar,e(pé(rv 97 0, ?9))

Then 3
(ﬁi? ﬁ:) = (8'r,9906) (’F:? 6:7 0, Q9)
In particular,

(OpmDen) (7,05, (Dr000) (72, 02, 0,9)) = (7%, 62).

2. Time integrability of b, along characteristics: For all j, o, k, 3, there exists C indepen-
dent of € € (0,1] such that

€rer

21099%58 b (75, 0° 0,M))| < Cls/r)y 1 vpr=t=v=i 4 C(s/r) " 2p 177 5.12
rY0 Yo Y9

for £5 >0 and (r,0, 0,9) € OF(R,V, I,¢).
3. Form of solutions: Assume that f. belongs to S_i_,, = S_1_,(TE(R,V,1,€)) for some
w>0,ie onTE(R,V,I,¢)
09,05 0505 fe(r,0,9, 0)| < (r) =17, (5.13)

uniformly in €. Then, given a constant C, the solution to (5.8) going to C as r — oo is given
by

+o0 400 s
Cexp ( / m(%iés,g,ﬁ)ds) - [ n e ves ( / b(fﬁl,éil,g,msl) ds.
0 0 0

This solution is still defined on TX(R,V,1,€) and, if C =0, it belongs to S—_,,.

Remark. In the asymptotically Euclidean case with global coordinates, the usual construction of
the Isozaki-Kitada phase shows that b, is a short range symbol, which implies easily its integrability
in time when evaluated along a trajectory. Here, it only follows from the asymptotics of Theorem
5.2 that

be=S_1_,+ 5_1(9 — 19)

which in general fails to be short range because of the second term. However, when evaluated
along a trajectory, we will recover the integrability in time (5.12) by exploiting the decay in time
of 02 — ¥ (see (5.40)).

We will prove Theorem 5.2, and Proposition 5.3 likewise, only in the case ¢ = 1. Indeed, by
Lemma 3.3, if we define v(r, 0) := (vI*(r,0)) by

g% (r,0) = g7% () + v*(r, 0), (5.14)
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we have p.,. = p* + r 27 (0)n;ne + 7~ 207%(r /e, 0)n;m, where v(r/e,6) is bounded in S~ as
e € (0,1] (it is actually O(e”)). The analysis below for e = 1 still applies uniformly for € € (0, 1],
but only at the expense of heavier statments and notation?. Thus, for simplicity, we will drop e
and k from the notation (except on V) everywhere below.

We let p = p,1(r,0,p,n) and (7°,9°,8°,7°) := ¢* be the components of ¢*(= 1), namely
the solution to

F=@p)e), =), 5 =—@p)6) i =—@m) (e, (5.15)
with initial condition -
(,,;s’ 1987 @S7 ﬁs)|s:0 = (T7 9, P, 77)

We will see it exists for £s5 > 0 on strongly outgoing (+)/ incoming (-) areas defined, for V' C V,,
R>Rypand 0<e <1, by

TE(R,V,e)={(r.0,p,m) | r >R, €V, £p> (1-)p'/?}

where p = p(r, 6, p,n). Note that the square on ¢ ensures that the condition +p > (1 — 52)pl/2 is
equivalent to |n|/r < e and £p > 0.

These sets are conical (i.e. invariant under (p,n) — (Ap, An) for any A > 0) and symmetric
w.r.t. eachother, i.e.

(r,0,p,n) €TH(R,V,e) <= (r,0,—p,—n) € T4(R,V,e).

This symmetry together with the property that, for any A € R and as long as the flow exists,
(FS, 198) (r,0, \p, A\n) = (77’\5, 5’\3) (r,0,p,1m),

(&°,7°) (.0, Ap, M) = A(2**, 1) (r, 0, p,m),

will allow us to restrict the analysis to strongly outgoing regions and times s > 0. The same
homogeneity properties hold for ¢§ which in turns implies they also hold for F*.

The reason for denoting the angular position by ¥* rather than §° and the radial momentum
by ©¢° rather than p°® is the following one. Let introduce

(r.9,0,m) i= lim (7" —2s0°9%,0°7°) = lim _¢;° 0 ¢°(r,6,p,1), (5.17)

(5.16)

which will be shown to exist for (1,0, p,n) in a strongly outgoing area fjt (the parameters of which
we omit here). The item 2 of Theorem 5.2 means that ¢ is a generating function of the Lagragian
submanifold

AT ={((r,0,p,m), (7, 9,8,1)) | (r,0,p,m) €TE}, (5.18)

i.e. the graph of the symplectic map F*. The existence of ¢ rests on the fact that AT can be
parametrized by (r, 6), the initial positions, and by (g,4), the final radial momentum and angular
position. In particular, it is crucial to distinguish between the variables # and ¢ which motivates
our choice of notation.

Before starting the proof of Theorem 5.2 which will come after several preparatory results, we
introduce one more notation, for I € (0, 00),

TE(R,V,1,e) = {(r,0,p,1) € TE(R,V,e) | p(r,0,p,m) € I}. (5.19)

2in the same spirit, since we don’t need to use the distinction between # and r in this section; we use the simpler
notation r though pe , must be though as a function of 7
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It allows to localize flow estimates in the energy shell p~1(I), without loss of generality by the
above homogeneity properties. Occasionally, we will also use I'}; (R, V, I,¢) defined by

(r,0,p,6) eTH(R, V. 1,6) <  (r,0,p,7€) eTL(R,V,1,¢). (5.20)
Note that p? + ¢?*(r,0)&;6, € I on T (R, V, 1,¢) so p,& (and 6) are bounded there. In particular,
all symbolic estimates on functions defined on T} (R, V, I,¢) will be only with respect to r.

To start the proof we recall a result from [27].
Proposition 5.4 (Long time geodesic flow estimates). Let Vo € V, and Iy C (0,00). One can
choose Ry > 1 large enough and 0 < g9 < 1 such that
1. for all (r,0,p,n) € f:t(RO, Vo, lo,€0), ¢°(r,0,p,m) is defined for all s > 0 and

(7,9°) € (Ry, 0) X Vi, s>0,

2. for all (j, o, k, B) € Z2", there exists C > 0 such that for all (1,0, p,n) € f:t(Ro, Vo, Io,€0)and
all s >0,

e ”)‘ < ori il
S r
Moreover, there exists C' > 0 such that
(r+s)/C <7 <C(r+s), (5.21)
fOT S 2 0 a’nd (rvevpv 77) € fjt(R()v VOv 10750)'
In the rest of the section, we choose Ry, Vj, Iy and ¢ as in Proposition 5.4.

To study (5.17) it will be convenient to use asymptotics in suitable symbol classes, in the spirit

of those of Definition 5.1. Given functions a and b on l:;(Ro, Vo, Io, €0), a real number p and an
integer m, we define

A _ UAWUAS u
a=b+ S.(n/r) <~ a-b= Z Cy (T,G,p,T) e with ¢, € S¥,

[v|=m

where S# = SH(T'%(Ro, Vo, In,c0)). The relation a = b + §H1(n/T)m1 + gm (n/r)™2, with mq,mq
integers and u1, uo € R, is defined analogously.
Tt is useful to record the following characterization of symbols of the form ¢(r, 8, p,n/r).

Lemma 5.5. A function a : f;(RO,VO,IO,EO) — C is of the form
_ 1
a(7"797pa7]) =cC (T797p7 ’f’)
for some ¢ in S“(I‘;:(RO, V[),Io,so)) if and only if, for all (j,a,k,B),
0205080 a(r,0,p,n)| < Cjanar 17, (5.22)
for all (r,0, p,n) € TF(Ro, Vo, 1o, £0). In particular, if a satisfies (5.22), then

a(r,0,p.1) = a(r,0.p,0) + (rVa)(r.6,p.0) - T + 8, (n/r)” (5.23)
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Proof. Follows from routine computations by considering ¢(r, 0, p, &) := a(r, 0, p, r€). O

Proposition 5.6 (Asymptotics for F*). For all (r,0,p,1) € T (Ro, Vo, I, o), the limit (5.17)
exrists. Furthermore, we have the expansions

7= r+Si(n/r)? (5.24)
o = p+Son/r)’ (5.25)
7 = n+Sin/r)? (5.26)
and
9 = 9+g(9)—1%+§,V(n/r)+§o(n/r)2. (5.27)

Notice that p is positive on f:t(Ro, Vo, 1o, €0) so the second term is the right hand side of (5.27)
is well defined. To prove this proposition, we will use the easily verified fact that for s > 0 and
(7”, 97 P 0) € F;(R()v VOv IO? 50)7 we have

(7, 0%, 8 1) y=0 = (r+2sp,0,p,0), (5.28)
=S qs =5 =S 2@(9)_1 + ZU(T + 25/)7 9)
(007, 099°, 040", O0T"), _y = (0, CEEmE 0,101 ), (5.29)

where we recall that v is defined in (5.14). We will also need the following lemma.

Lemma 5.7. For all (j,a,k, ) € Zi", setting 07 = 03050502, there is C > 0 such that,

0~p~n>
Vs ,
877: < CriTIel (5.30)
|07 (r/7%)| < C(l+\s/r|)_1r_j_|5|, (5.31)

for all (r,0,p,1n) € f;(RO,VO,IO,EO) and s > 0. If furthermore b € S“((Rmoo) X VK), then
|07 (b(7*,9%)) | < C(F° fr)#ri=I7F, (5.32)
with a constant bounded as long as b varies in a bounded set.

Proof. The estimate (5.30) is a simple consequence of the item 2 of Proposition 5.4 and the fact
that 97 (r + 2sp) = O(r 4 s)r—7~ 181, Next, by observing that

with 7'+ +9V =7, N<|h|+1,

1 2 _ N _
o rovrs o rs
o

97 (r/7°) = linear comb. of p=

we see that (5.31) follows from (5.21) and (5.30). Finally, the estimate (5.32) follows from the item
2 of Proposition 5.4 for 9%, (5.31) and the fact that 97 (b(7*,9*)) is a linear combination of

(5533;)) (7, 158)3%17:5 O LTI V1 A

With’y%+~--+7§+--~+’y?+-~-+’ygn7127- O
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Proof of Proposition 5.6. We give the proofs of (5.24) and (5.27), the ones of (5.25) and (5.26)
being similar (and slightly simpler). We start with (5.27). Writing 97 = 6 + fOT ¥°ds and letting
T — +o00, we obtain

_ +oo -1 _ 7718
19:0+2/ <g(193) +v(f$7ﬁs)) —ds
0 (%)
where the integral is convergent since, for fixed (7,0, p,n), 7° is bounded while 7 > r+ s by (5.21).
Then, by using (5.31), (5.32) and the item 2 of Proposition 5.4 for 7°/r, we see that

I na ak a8 _rgs\—1 ~S Qs ﬁs
050" ((9(19 ) (i) oy
Integrating this estimate in s and using the characterization of Lemma 5.5, we find ¥ = 6 + So
(see after Proposition 5.4 for this notation). Using (5.23) together with (5.28) and (5.29) we get
the improved expansion (5.27) since

+o0 I =(p\—1 +oo _
_ —-1 n—1 _ 9(9) / I”*1 —
2r/0 g(0) Tt 2Sp)2ds ==, r ; v(r + 2sp, 9) Tt 25p)2ds =5_,.

) = 0l + sy, (5.33)

We next prove (5.24). We start by writing 77 = r + fOT 20°ds and

T s
2 _ _ - USU

=0 - / (W(glmw“) + ol (e, 9v)) — (8rvlm)(r“,19“)) ’Z;f;g du. (5.34)
Similarly to (5.33), the 3795 0%0) derivative of the integrand in (5.34) is O((1+ lu/r])=3r=1=3=181).
This implies on one hand that the limit of 77 — 2757 exists as T — 400 and equals

+oo —+oo 2 _ _ _ ﬁuﬁu
=2 [ ([T (Z @ o) - @umet ) Tl as
0 s v v

and on the other hand that, for any (j,a,k, ), the 8{83‘8585 derivative of the above double
integral is O(r'=3=P). This gives the rough bound 7 = r + S; which then improves to (5.24) by
using the above expression together with (5.23), (5.28) and (5.29). O

The last intermediate result needed to prove Theorem 5.2 is the following one.

Proposition 5.8 (projecting the Lagragian). Let Iy € Iy and Vi @ Vi with Vi convex. Then one
can find Ry > 1 and C > 1 such that for all e < 1, the map

(7";9>Pa77) — (7",9,@, 19) (535)

1s a diffeomorphism from f:‘(Rl, Vi, Io,Ce) onto an open subset containing ©F(Ry, Vi, I1,€). On
O%(Ry, V1, 11, ¢€), the inverse of (5.35) is of the form

(r,0,0,9) — (r,0,p,1)
with

p(r,0,0,9) = o0+ S_,(9—0)+So(—0)% (5.36)
n(r,0,0,9) = rog(0)(9 —0)+ S1-,(9 —0) + 51 (9 — 0)*. (5.37)
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Recall that the notation @ (R, V, I,¢) is defined in (5.10). To understand informally why we
can take proportional parameters Ce and ¢, we recall that the condition p > (1 — CEQ)pl/Q means
that |n|/r < e (and p > 0) which, by (5.37), is comparable to the condition |0 — 9| < e.

Proof of Proposition 5.8. Denote by H the map (5.35). Consider the maps H and K defined by

H(Taoapa 6) = (T707p70 + pilg(a)ilg)v K(r707 o, 19) = (7",9, o, Qg(e)(ﬂ - 0))a

which are inverse to eachother (on appropriate domains given below). We also set

E(T707p7 f) = (7’, 0, p, 7’5)

It follows from (5.25) and (5.27) that

H(r.0,p,n) = H(r,0,p.0/r) + S_,(n/r) + So(n/r)*.
thus, after composition with E' o K and using Lemma 5.5, we see that
HoEoK =1+5_,09—0)+Sy(¥—0)>. (5.38)

These computations make sense on the following sets. Since H is defined on f;@(Ro, Vo, Io, €0),
it follows from (5.20) that (5.38) holds on any set which is mapped into I'J (Ry, Vj, Ip,£0) by K.
Using (2.3) and the fact that I is relatively compact, one can find C' > 1 such that

K (@+(R03 V07[07E)) C F:;; (R07 ‘/07[05 06) 5

and thus (5.38) holds on ©%(Rq, Vp, Ip, €) if Ce < 9. Since the right hand side of (5.38) is a small
perturbation of identity where r is large and 6 — 9 is small, it follows from a routine argument
that if R is large enough and ¢ is small enough, it is a diffeomorphism on ©%* (R, Vi, Iy,¢) onto
an open set containing ©% (R, Vi, I1,¢/8). Note that O (R, V;, Iy, ) is convex which is useful to
justify this fact, for instance to prove the injectivity of (5.38) by using the mean value theorem.
Note also that (r,6) is unchanged by the left hand side of (5.38) and that, when ¥ = 0, we have
(ﬁ oEoK)(r,0,0,0)=(r,0,0,0). This allows to check that the inverse mapping to (5.38) is still
of the form I + S_, (¥ — 6) + So(¥ — 6)2. Composing E o K with this inverse diffeomorphism, we
get the existence of (p,7) and the expansions (5.36)-(5.37). O

Proof of Theorem 5.2. We choose I; = I and V; =V in Proposition 5.8 (recall that Iy and V
were chosen arbitrarily). We prove the items 1 and 2 at the same time. By Proposition 5.6, F'* is
well defined on f;’; (Ro, Vi, Lo, €0)- Since ¢* and ¢ ° are symplectic maps so is F* and its graph is
Lagrangian. Together with Proposition 5.8, this implies that the differential form

p(r,0,0,9)dr +n(r,0,0,9)d0 + 7(r,0, p,n)do — 7(r, 0, p, n)dJ

is closed on ©(R,V,I,¢) for £ small enough. Since this set is convex, we get the existence of a
function ¢, unique up to an additive constant, such that

3r80 =p 849@ =n 89@ = F(T.v 9787 Q) 01%0 = 777(73 H,Ba ﬂ) (539)

To fix the constant and to define ¢ globally in o, we observe that (5.16) (for A > 0) implies that
p, 1 are homogeneous of degree 1 in ¢ and 7(r, 0, p,n),7(r,0,p,n) of degree 0. We can thus find a
unique solution ¢ defined for (r,0,49) € O(R,V,e) and ¢ > 0, which is homogeneous of degree 1 in
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0. Then (5.39) and Proposition 5.8 yield the item 2. It turns out that if one considers gp(r, 0, 1,1)
with o € R, we get the expected solution for it is also a generating function of F'~ for ¢ < 0 by the
symmetry (5.16) for A = —1. To prove that ¢ satisfies the eikonal equation it suffices to observe
that

p(r,0.p.n) = a(r,0,p,n)?,
which is well known (see e.g. [27]) and easy to get from Proposition 5.4 and the conservation of
energy. By evaluating this equality on (7,0, p,n), we get (5.2). For the item 3, (5.5) and (5.6) are

direct consequences of Proposition 5.8 by (5.39). The expansions (5.7) and (5.4) follow from (5.39)
combined with (5.36)-(5.37) and Proposition 5.6. O

We end up this section with the proof of Proposition 5.3 on transport equations (recall that
€, £ have been dropped from the notation). As before, we only consider the case when s > 0 (and
0>0).

Proof of Proposition 5.3. The item 1 follows from the well known method of characteristics
(see e.g. [17]) and has nothing to do with our specific geometric context so we only give the main
lines. We let (7%, 6°) be the maximal solution to the ODE

(7,0°) = (Bpup) (7°, 0%, 01007, 6%, 0,9)),  (7°,6°) = (r,0).
We also let (p°,7°) = Oy gp(7°, 6%, o, 9¥). By differentiating (5.2) in (r,6), one has

(arﬁp) (ﬁ 0, 8T,990) + (Dg,o%’) (ap,np) (Ta 9, ar,@‘p) =0

where {)f’oap is the Hessian matrix of ¢ (seen as a function of (r,0)). By evaluating this identity
at (7%,0°%, p,9), we obtain o B

(/557 ’F}S) = (ap,np) (fta eta p~t7 ﬁt)
which, together with the first equation, shows that (fs,és, ﬁs,ﬁs) solves the equation (5.15) with

initial condition (r, 8, 0y ¢¢). Thus (7‘3, és,p's,ﬁs) = (fs, és,ﬁs,ﬁs) satisfies the expected properties
of the first item. To prove the second item, the main observation is that

P(,O = S,1,V + 571(19 - 0),
which follows from (2.10), (5.5) and (5.6). Using (5.3) (see also (5.17)), we have
05 — 9(r,0,0,.00) =9, s — +o00.

Thus, by integrating 6° from s to +oo and using the flow estimates of Proposition 5.4 and Lemma
5.7 together with the estimates on ¢ given in the item 3 of Theorem 5.2, we get

0705 0%05 (6% — )| < (s/r)1r . (5.40)

By the same techniques we can estimate the derivatives of 7° and we get the result by routine
calculations. The third item follows from the usual method of characteristics for linear transport
equations. We only record that to prove that the solution is in S_, (if C =0 and f € S_;_,), it
suffices to observe that

3ﬁ3§‘8§8§ (fOXS?és? 0, 19))‘ S <3/7">_1_M7"_1_“_j7

on TH(R,V,1,¢). O
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6 The Isozaki-Kitada parametrix

In this section, we construct a new version of the Isozaki-Kitada parametrix compared to the ones
introduced in [4, 27]. The novelty stems basically from the parametrization of the Lagragian (5.18)
in term of the final angular position ¥ rather than the final angular momentum #; it turns out that
it is more accurate to deal with global in time estimates.

Before displaying the parametrix, we need some notation and preliminary results for operators
on R". For p € R, S,,(R*™) denotes the space of symbols defined on R?*" such that

09050505 a(r,0,0,9)| < C{r)*—, on R?",

We equip it with the standard topology. We will also need the space S}j‘i“(R?’") of functions
satisfying

|07 05 8J a5 6’;85%1(7”, 0,r',0, 0,9)| < C(min(r,r"))*=7", on R3".

Let us consider first the semiclassical version of the operators. For a € S, (R*") supported in
OF(R,V,1,¢) (see (5.10)), we define

J"(a)v(r,0) = (2mh) _Lﬂ//‘/eh #1(r0.0.9)=z¢) a(r, 0, 0,9)v(x,¥)dxdod?,

where (; is the phase constructed in Theorem 5.2 with € = 1. The operator J"(a) is well defined
on §(R™) and it is not hard to check that it maps S(R™) into itself. Its formal adjoint (with respect
to the Lebesgue measure) is given by

JM(a) u(z,9) = (2rh) ‘*///eh w10 0) G0 4 o, 9l 0 )dodr’ o'

and J"(a) also maps the Schwartz space into itself. The prototype of our parametrix at high
frequency will be of the form

J"(a)e D% g (b)T. (6.1)
For the parametrix at low frequency, we will rather consider operators of the form
DeJe(ac)e P2 T (b)) D (6.2)

where J¢(a¢) is defined by

Jo(a)v(r,0) = (27) "% / / / ¢i(ecr0.00-20) 4 (105 9)0(, 9)ddod,

i.e. is defined as J" with h = 1 and ; replaced by ¢.. In this case, we need to consider e
dependent amplitudes ac, b which will be bounded in their classes with respect to ¢ and supported
in € independent areas of the form ©% (R, V,I,¢). Omitting the scaling operators D, and D! in
(6.2), we can write the Schwartz kernels (with respect to the Lebesgue measure) of both (6.1) and
(6.2) under the following single form

(27‘rh)7" / / e;% (%(r,e,g,ﬁ)f 2t 927QP6(T”9/,97"9)) 0 (7“, 0,0, ﬂ)BG(T/, 9/’ 0, 79)de19. (6.3)
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Indeed, (6.1) corresponds to e = 1 and h € (0, 1], while (6.2) corresponds to h =1 and € € (0, 1].
The form of this kernel motivates the introduction of oscillatory integrals of the form

IMAcs) = (2mh)™" / / e P 0r0%0.0) A (r 0 1 0, 9, 0)dodd, (6.4)

where &, = ®(s,r,0,1r',0', 0,9) is defined as

(I)e = @e(ra 0a 0, 19) - 592 - 906(7'/7 0/7 0, 19)

In the applications we will take either s = t/h or s = €2t (and h = 1) to fit (6.3). We will consider
amplitudes A, 5 bounded in SF"(R3") with respect to (e, s) and satisfying the support condition

supp(Ae,s) C O (R, VR, V', I.e,€') (6.5)
where (:)i(R, V,R',V' I,e,¢e') is the set
{(7‘,9,7‘/,9,, 0, 19) | (7",9,79) € @(R,‘/,E), (7,/’9/719) € Q(R/7V/a5/)7 92 S Ia :I:Q > 0}

We refer to (5.1) for ©(R,V,¢e) and, as in Theorem 5.2, we will assume that V is convex. Note
that the above amplitudes are compactly supported with respect to (9,%). In the same spirit, to
cover both definitions of J”* and J. in the next section, we will use

T (ac)o(r,0) = (2mh) "5 / / / eh (ecr0e0)=20) 4 (1 6o 9)0(w, 9)dwdodd,

where a. is allowed to depend on € in a bounded fashion.

6.1 FIO estimates

In this section, we record properties on operators Jeh(ae) and oscillatory integrals [, eh(Ae}S). All
propositions and lemmas are stated in full generality; however, for notational simplicity only, we
will prove them in the outgoing case (+ case) and will omit the dependence on € in the notation
of proofs, similarly to what we did in Section 5.
Proposition 6.1 (Non stationary phase estimates). Let I = (02, 02,,) with gsup > 0ins > 0.
1. Let § € (0,1). If e and €' are small enough, then
(1—=20)r > (1" £ 2spsup)
or — IMAcs) = O(h>(s,r,7") ™),
r < (1= 06)(r + 250inr)

uniformly in €, provided that £s > 0 and (A, s) belongs to a bounded set of SF™(R3") such
that (6.5) holds.

2. Let ¢ € (0,1). If R is large enough and € is small enough, then
g <¢e? and |0 —9| >ce on supp(Aecs) = IM(Acs) = O(h>(s,m,1") ™)

uniformly in €, provided that s > 0 and (A. ) belongs to a bounded set of SF™(R3") such
that (6.5) holds.
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Proof. For both items, we consider only the outgoing case. For the first one, using the expansion
(5.4) we find that, on the support of the amplitude,

0,® = —2s0+7(1+0()) —r'(1+ O(£)).
Therefore, if (1 — §)r > 1’ + 2spsyp We see that

0,
- >§-Ce—-C¢
T
where the right hand side is larger than /2 if ¢,¢’ are small enough. Then, repeated integrations
by part in ¢ show that I"(A) = O(h™r~°) which yields the result since 7’ +|s| < 7 in this regime.
On the other hand, if r < (1 — §)(r' + 250in¢) then

0,

W < —§+Ce+C<.
inf

Then, as above, integrations by part in ¢ show that I"(A,) = O(h>(r' + |s|)~>°) which yields the
result since 7 < 7’ + |s|. For the second item we observe first that by the item 1, we can assume
that C~!'r <7/ + s < Cr. Then using the expansion (5.7), we have

99® = —10(g(0)(¥ — 0) + O(R™"e) + O(e?)) + 1" 00(£?)

on the support of the amplitude. Thus, if [} — 6] > ce, we see that for R large enough and e small
enough,
|09 ®| > .

since 7/ /r is bounded thanks to the assumption ' + s < Cr. Then, integrating by part in ¢, we
obtain I"(Ay) = O(h>r=>°) which yields the full decay since we also assume that r > ' +s. O

We next state an Egorov type theorem. It is a classical result but we quote it explicitly for we
are not in a completely standard situation and also consider ¢ dependent phases and symbols.

Proposition 6.2 (Egorov theorem). We can choose R’ > 1 and 0 < &’ < 1 such that for all
bounded families (ac) € S,(R*"), (be) € S, (R*™) such that

supp(a.) C ©F(R,V,1,¢'),  supp(b.) C OF(R,V,1,¢')

one has

Jeh(ae)Jeh(bE)T = Oph(cé(h)),

for some admissible c.(h) € S—°r+tr'+1=n(R2) depending in a bounded fashion on e and such
that

Ce(h) ~ Z hjce,ja Ce,0 = Q¢ (7"7 97 Qe ﬁe)ge (7“, 97 Oc, ge”det dpm (@67 ﬁe)
jz0

where we recall that (oc,V.) are components of FZ, (see the item 2 of Theorem 5.2), namely

(0e,9e) = lim (&%, %), where (72,97, 02,77) = 6% .(r, 0, p,m).

s—Foo

For j > 1, c.; has its support contained in the support of cc .
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In several proofs below, the following definition will be useful

def
<~

A= S0 ((0—0)+ (0 —0))" A= > Aw(@ =00 —0)", Age € ST

lal +lo =k

Such expansions are of course similar to those in Definition 5.1.

Proof. We study the kernel (6.3) with ¢ = 0 (and the dependence on e omitted). Consider the
function (p,1) of (r,0,r",0', 0,79) defined by

1
(ﬁﬂ?):/ (0r 0, 09) (72, O, 0,9)dA
0

where ry = ' + A(r — ') and 0y = 6’ + A\(0 — 0"). Note that by convexity of V (see after (6.5)),
(rx, 0, 0,9) belongs to ©T (R, V, I,¢) if both (r,0, 0,9) and (r',6’, p,9) do. Introduce next

2 g "'
r+r p "

é=

so that the phase becomes

782

©(r,0,0,9) —(r',0',0,9) = p(r — ') +

By using (5.5) and (5.6), we obtain
p=o (145 ((0 = 0)+ (9~ 0)) + S5 (9 - 0) + (9 - 0)*),
and

é:ﬁ_9/+ T‘/(a_e/)

Sog) TS (@ —0)+ -0+ SFR(0 -0+ - 0)’. (6.7)

Both expansions follow from routine computations, using that 9 — 6 = (1 — \)(9 — 6) + A\(¥ — 0)

and
2

r+r

r’'(0—¢)
3(r+r)’
All this shows that p and (the components of) € belong to S™, and also that

1
/ 7“)\(19—0)\)60\:19—9/4-
0

|dp9(p,€) — In| S min(r,7’)™" + [0 — 0] + |9 — 0",

Thus, if we assume that r,7" > R’ > 1 and &’ < 1, (0,9) = (p,€) is a diffeomorphism from
{[9—0| <e}yn{|9—0| <e'}n{e? €I, o> 0} onto its range. If we denote by (p, &) — (g,7) the

min

inverse map (which depends also on 7, 6,7/,6"), the fact that pEe Sgt™ implies that,

7

090507, 05 957 (8,9)| < Cmin(r,r") I~ (6.8)

on its domain of definition, hence on the support of a(r,8, g, )b(r’, 0, 9,v). Also, since p — o
is small, p must belong to a compact subset of (0,400) (remember we prove the outgoing case).
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Then, by using successively the changes of variables (g, ) — (p, f) and £ — n = H;’“/ pg(0)¢ (recall
(6.6)), the kernel of J"(a).J"(b) becomes

(2rh)~" / / et (=m0t 0=000) 41 0 5 DYb(r" 0", 5,0)\8, (5, 9)|dpdd

where

~ 9\ _ (2~ 9] / !/ 2 g(0)71
(2.0) = (@.0) (rb. 0 2 20y

and where |, ,,(3,7)] is the corresponding Jacobian, which satisfies in particular

105, (8,9)] = O((r +1)17"). (6.9)

Note in addition that, restricted to » = 7/ and 6 = ¢, (g, 15) = (@,7) since it is the inverse of
(0,9) — Orpp(r,0,0,9). One can then rewrite the kernel with an amplitude ¢(h) independent
of (',0") according to the usual procedure (see e.g. [41, Theorem 4.20]). That c(h) belongs to
S—oemti'+1=n follows from (6.8), (6.9) and the fact that @ € S,, b € S,/. This concludes the
proof. O

We next consider two applications of Proposition 6.2.

Proposition 6.3. If (a.). is a bounded family in So(R?"), supported in ©F (R',V,1,&") (with &'
as in Proposition 6.2), then

||Jeh(a€) S Ca

‘ |L%dmdﬁ)aL"’((r}"*ldrdG)

with a constant C' independent of h,e € (0,1]. Similarly, if (be)e is a bounded family of Sp—1
supported in ©F(R',V,1,¢'),

|72 (be)

i
€ ||L2((r>”—1d7-d9)—>L2(dwdﬂ) <G,

with a constant C independent of h, e € (0, 1].

Proof. The first estimate is equivalent to the fact that <r>"T_1Jh(a)(]h(a)T(MTLT_1 is bounded on
L?(R™) equipped with the Lebesgue measure. By Proposition 6.2, J"(a).J"(a)! is of the form
Op"(c(h )) for some admissible symbol ¢(h) € S~°1=" Thus, when composed on both sides
with (r)“2", Proposition 3.1 shows we get a pseudo-differential operator with admissible symbol

in 50, Slnce such pseudo-differential operators are bounded on L?(R"™), according to the
usual Calderén-Vaillancourt Theorem, the result follows. The second estimate is equivalent to the
1—n

boundedness of J"(b)t(r)™2" on L?(R™) and thus follows from the first case by taking the adjoint
since b<r>% = (r)nT_la for some a € Sp. O

In the next proposition, to take into account the dependence on €, we introduce the sets
Est(RVIe)—{(rﬂp, mlr>R, 0€V, peoel, £p> (1~ )pi/,f} (6.10)

This is the convenient replacement of (5.19) at low frequency. It allows to cover the case ¢ = 1
used for high frequency parametrices (in which case we drop the dependence on €), while the
regime € € (0,1) will be for low frequency parametrices. In this last case, FE St(R, V,I,¢) has to
be understood as a set of (7,6, p,n). We use only (6.10) in the intermediate technical statements
but, for clarity, we will use both (5.19) and (6.10) to state the main result of this section (Theorem
6.10).
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Proposition 6.4 (Factorizing ¥DO). Assume we are given N bounded families (ac),-- ., (ae,nN)
of symbols supported in OF (R, V,1,¢") such that, for some ¢ > 0 independent of e,

aej € S_j(R*™), aeo >c¢>0 on some ©F (R, V", T'").
Let I" € I'. Then there exists C > 0 such that, for all 0 < e < 1, p € R and all bounded family
(fe) of STH(R2") such that
supp(fe) C fjfst(R”, V"I e),

one can write

W"(f) =Y W acs) L ber) + YO (fe(R)),

J+k<N

with (fe,n(h))ene(o,1) bounded in S—o0n=N(R2") and some beo,...,be,n such that

(bek)ec(o,1) bounded in Syyn—1-1(R?™), (6.11)
and
supp(be i) C supp(fe(-, -, Ore, dpipc)) C OX(R", V", I' Ce). (6.12)
For k =0, we have explicitly
_ |det(8g 90y 9(,06)|
= % .1
be,O(Ta 9; 0, 19) fe (’I", 67 8T<P57 89(106) C_LE,()(T', 0’ 0, 19) (6 3)

Notice that when p = 0, this proposition shows in particular that a bounded pseudo-differential
operator can be factorized (up to a nice error) as a product J"(a)J"(b)! where, according to
Proposition 6.3, J"(a) and J*(b)! are bounded respectively from L?(dzdd) to L?((r)"~'drdf) and
from L2((r)"~tdrdf) to L*(dzd?).

Proof of Proposition 6.4. The principle is well known. We recall it briefly to emphasize where the
support estimate in (6.12) comes from. To seek which conditions must be fulfilled by the by’s we
compute first

N—-1N-1 . N-1 )
BRI (a) " BR)T = Y WO (e ) + WY Op (v (1)
j=0 k=0 7,k,1=0

By Proposition 6.2, the first symbol reads co 0,0 = ao(r, 0, 8,9)bo(r,0, 0,9)|det (9, ,(2,7))| so the
requirement that cpoo = f together with Proposition 5.8 (in particular (5.39)) show that b
must equal (6.13). This function is well defined since f (r, 0,0, 3990) is supported in the image of
supp(f) by the map (5.35) hence, using (5.25) and (5.27), in ©F(R"”, V", I', Ce) if € is small enough;
in particular, ag is bounded below on such a domain. Using then that det (89,198%0) €S,_1, we
see that by € S~°#+7=1  Then, the next symbol in the expansion is D jtkii=1 Gkt and we
require it to be 0, which yields the equation

00(7",9, 4_57 75)51(7130)@3 5)|det(apw77(§7 '5))| = Z Cj,k,l

j+k+i=1,
k=0

where, by Proposition 6.2 and the form of b, the right hand side vanishes outside the support of
bo(r, 8, 0,79). One can thus divide by ap and find b;. Higher order terms are obtained by iterating
this process. O

In the sequel, we let Up(s) = e~hD? he the semiclassical Schrédinger group on the line R,.
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Proposition 6.5 (Propagation estimates for the parametrix). Let I € (0,+00). If & is small
enough and R’ large enough then for all integer N > 0, all bounded families (ac). of So(R?") and
(be)e of Sn_1(R?™), both supported in OF(R',V,1,¢'), there exists C > 0 such that

|[(r) N T (@) Uo () I (be) (r £ s <c, (6.14)

N
) ’}L2(<r)"*1drd9)—>L2((r)"*ldrde)
for all £s > 0 and all h,e € (0,1]. In particular, we have

[[(r) =N 02 (ae) Uo (5) J¢ (be)! Cls)~,

N
(r) 1||L2((r}"*1d7"d9)—>L2((r>"*1drd0) =
if N1, No > 0 are integers.
Proof. The main observation is that 2sp + 0,¢0(r',0’, 0,9) Z 7" + s by (5.4). We can then write

r 4+ s

rts=———
0o’ + 250

(D" + 250)

where the prime on ¢ is a shortand for the evaluation at (r’, 6,9, 0). Here the fraction belongs to
So uniformly with respect to s > 0. Writing next d,¢’ + 250 = 0,9(r,0, 0,9) — 0,® and setting
b=0b(r+s)/(9,p + 2s0), integrating by part in ¢ shows that (r)~1J"(a)Uy(s)J"(b)T (r + s) reads

T ((r) " 0ppa) Uo ()T (0)" — ih(r) (I (9,0)Us(5)J" (b)" + J"(8,a)Un(s)J"(9,)")

which is bounded on L2((r)*~'drdf) uniformly in s > 0 by Proposition 6.3 since (r)~'d,pa and b
belong respectively to So(R?") and S,,_1(R?") (uniformly in s > 0 for b). This proves the estimate
(6.14) with N = 1. For N > 2, the result is obtained by iteration of this process. O

We next turn to the proof of dispersive estimates for the oscillatory integrals of the form (6.4).

Proposition 6.6 (Stationary phase estimates). Let I € (0,+00). If e, € are small enough and
R, R’ large enough, then for all bounded family (Ac). of SP™(R3™) satisfying (6.5), one has

|17(A,)| < min (h—", |hs|_”/2) . sER, he(01].
Notice that, unlike the non stationary phase estimates of Proposition 6.1 and the propagation

estimates of Proposition 6.5, we do not need any sign condition on s here.
To prove Proposition 6.6 (omitting € as before), we will rewrite

o(r,0,0,9) —@(r',0,0,9) = (r — 7‘/)57«(,0 +(0—-0)- Do

where, setting 7y = + A(r —7') and 6, = 60" + X\(6 — 6'),

1 1
(97«(,0 = / 81”@(7')\, 9/3 0, ﬁ)d)‘a 8990 = / (99(,0(7', 0>\7 0, ﬂ)d)‘
0 0

Lemma 6.7 (Improved asymptotic expansion).

1 ) .
Orp =0 <1 - 5(19 —0)-g0") (W —0')+ S5m0 —0') + St (9 — 0’)3> .
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Proof. Using the notation and estimates of the proof of Proposition 5.6, we have 7° = n+ §1(n/r)
and g(9°) = g(0) + So(n/r) (where the remainders So(n/r), S1(n/r) depend in a bounded fashion
on s) so by using the motion equations and letting s go to infinity, we get easily

o=pt5- L5045, (1) 45 (1)

Evaluating this identity at (p,n) = (9r¢, dp¢) and using (5.5)-(5.6), we find
0=+ 5(0—0)-5(0) (9= 0) + S, (9 = )" + S0 (V= 0)°.
This provides an expansion of 9, which yields the result after evaluation at (ry,6’,0,9) and
integration on [0, 1]y. O
Lemma 6.8. Let 6 € (0,1). Ife, ' are small enough and R, R' large enough, then
rl0 —0'| > §|s| and  |s|>h — I"(A) = O(h™"(s/h)~™).
Proof of Lemma 6.8. Let us observe first that

0+ 0

Do = or [g(@’) (19 - > + 8™ (9 —0) + (9 —0')) + S (90— 0) + (9 — 9’))2} ,

which follows from the expansion (5.6) and by writing ) = 6’ + A0 — ) + A(¥ — ¢’). Then, in the
integral (6.4), we use the one dimensional (linear) change of variable p — 0,¢. Its inverse is of the
form

o (1 + %(19 —0')-g(6") (9 — ) + S™R(9 — )% + S (9 — 9')3> . (6.15)

Letting ® be the expression of ® composed with this change of variable, we have

0+ 0
2

®=(r—r)o—s0" (1+ (90 g(0") (0 —0))+ or(0 - 0")g(0') (19 -

) +Q  (6.16)
with a remainder of the form
G = (00 (SmW - 0)+ (09— 0) + S (0 - 0) + (9 - 0))") +
s (ST (0 —0")2 + Sg (v - 0')%).

The interest of this change of variable is that the only term involving r — 7/, namely (r — r’)g, is
independent of 9. Therefore, using the above expansion, we have

D9® = 5g(0")r(0 — 0') + sO(e') + (0 — ') (O(min(R, R') ™) + O(e) + O(¢")).

Hence, by using 7|60 — 0’| > 6|s| and by taking ¢, &" small enough as well as R, R’ large enough, we
get a lower bound |9y ®| 2 |s| from which the result follows by integrations by part. O

Proof of Proposition 6.6. The estimate is trivial if |s| < h. Thus we assume that |s| > h
and, according to Lemma 6.8, that r|6 — 0’| < §|s| for some small enough § to be chosen below,
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otherwise we use that h="|s/h|™N < h™"|s/h|~"/? = |hs|~"/? for any integer N >n/2. Using the
same change of variable as in Lemma 6.8, we find that the Hessian matrix of ® reads

d% @ = —2s (1 0 ) + s(O(e') + O(min(R, R')™")) + O(r|6 — ¢']).

0 2%3(0")

We choose ¢ small enough so that O(r|0—0'|/s) = O(9) is sufficiently small with respect to the first
matrix on the right hand side (here we use (2.3)). This imposes to consider ¢ and &’ sufficiently
small too and R, R sufficiently large to use Lemma 6.8. Then, by possibly decreasing again &’ and
increasing again R, R', we find that s’ld%ﬁ&) is a negative definite matrix uniformly with respect
to r,7’,0,0" on the support of the amplitude (and such that r|6 — 6’| < §|s|). The result then
follows from the stationary phase theorem with s/h as a large parameter. O

N

6.2 Construction of the parametrix

In this paragraph, we state the main result of the section which is Theorem 6.10 on the construction
of an Isozaki-Kitada type parametrix. Given a chart x: Uy C S — V., CR" ! and V C V, as in
Theorem 5.2, we introduce the notation

Jia) =T J"(a),  JEOB)T = J" ()T
and
Jer(a) :=T1,D.J.(a), Jew(®):= J(b)ID L (6.17)

where, in (6.17), the symbols will depend on € in the applications.
As a starting point, we observe that the general formula

t
efitPB(O) _ B(t) _ Z/ e it—T)P (PB(T) — ZB’(T)) dr,
0
leads respectively to the identities
eI @IEO) = Ji(@)e PRI D) - Ry (618)
with
.
7 i(t—r —iTD?
Im:ﬁée<t”0hW&ﬁ@—ﬁ@W%% I dr
and similarly,
e_itPJe,n(ae)Jé,n(bE)T _ JE,K(aE)e_”gDiJe,n(be)T — Ry (6.19)
with

t
Ry, = i€? / e it=mP (H,;De [P Jc(ac) — Je(a ) D2] e~ Ps Jw(bg)f) dr.
0

Recall from (2.14) that PII,D, = €211, D P. .. Note also the scaling in time.
We seek a,b and a., b, such that Ry; and Rj, are respectively small and such that J!(a)J"(b)T
and Je . (ac)Jex(be)t can be prescribed.
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We consider in detail the high frequency case. The first step is to find
a=a(h):=ag+hay +---+hMayy,

such that k2P, J"(a(h)) — J"(a(h))h2D?2 is small, in an appropriate sense (here M is an arbitrary
integer order which is fixed). A simple calculation yields

h2PoJy(a(h)) — Jn(a(h))h2D2 = Jy (co + -+ + B 2eprs0) (6.20)
where
co — E(LO (621)
C1 = Ea1 - iTaO (622)
¢j = Faj—iTaj_1+ Peaj_o, 2<j<M (623)
cv+1 = —tTapy + Peapr— (624)
CM+2 = PKCLM (625)

where E corresponds to the eikonal term and T to the transport operator, namely

E= pn(ra 97 87“7990) - QQa T = (apmp) (Ta 97 87“,9()0) . 8r,9 - PKSO

By Theorem 5.2, we can solve the equation E = 0 on O(R, V, ¢) for any given convex subset V &€ V,,
and some R > 1, ¢ < 1. Therefore, solving the system of equations

¢;=0, 0<j<M+1, (6.26)

on subsets of O(R,V, €) amounts to solve transport equations of the form (5.8), which can thus be
done by Proposition 5.3 (third item). More precisely, given Iy € (0, +00) and Vy € V, we can find
Ry > R, 0 < g9 < € and solutions &ﬁ, ... ,&]jf/[ to (6.26) such that

d;t €5 (@i(Rm VO;IO»50))

(see (5.10) for the definition of ©F (R, V, I,¢)) with the additional condition that, locally uniformly
with respect to (6,9, o),

ag(r,0.9,0) 1, - o0 (6.27)

We use the notation &]i to make a clear difference between these symbols defined on ©% (R, Vi, In, €0)
and the final aji defined globally on R?" in (6.29). We also point out the technical fact that, to

find solutions &ji defined on @i(Ro, Vo, Io,€0), we choose Ry and g¢ respectively large enough and
small enough to ensure that

©*(Ro, Vo, lo,€0) C TE(Ro, Vo, Io, c0) € OF(R,V, Ip, ) (6.28)

(see prior to Proposition 5.3 for T*(R,V,I,¢)). The interest is to guarantee, if (7°,9°) are the
spatial components of the Hamiltonian flow of p,, that (7*(r, 0,0, 9p), 9*(r, 0,0, 9¢), 0,9) belongs
to the domain of definition of ¢ for +s > 0 (see Proposition 5.3). The first inclusion in (6.28) is
trivial while the second one is a consequence of

F0.0000) 2 [0(r0.0,00) 6] S 2 <o)
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which follow from the flow estimates of Proposition 5.4, (5.28) for ¥° and the asymptotics of ¢ in
Theorem 5.2.

We next globalize the symbols. Given Ry > Ry, V1 € V, I1 € Iy and &1 < &g, it is easy to
construct

X+ € So(R*™), x+ =1 on ©F(Ry, V4,11 e1), supp(x+) C ©F(Ro, Vo, o, €0),

by choosing it of the form x1(r)x2 (0 — 9) x3(9)xa(£o) with suitable x1, x2,x3 € C§° and x1 =1
near +00. We then define

aj = xxa; € S_;(R>™). (6.29)

Notice that if we compute (6.20) with a(h) = a(h)* = > a}t, we also have to take into account the
derivatives falling on the cutoff x1; we summarize the above results in the following proposition,
including the case of low frequencies which is completely similar.

Proposition 6.9 (Approximate intertwining). Let V' be a convez relatively compact subset of V.
Then for allVy € Vo €V and I € Iy € (0, +00), we can find Ry > Ry > 1 and 0 < e1 <gg K 1
such that:

1. at high frequency: one can find symbols a;t € S_;(R?"), j > 0, supported in ©F(Ry, Vy, In, o)
such that
a(:)t(rvgaﬂag) 2 1/27 on @i(Rlvvla-[laEl)

and, if one sets a” = a(jf +~~+hMaAi/[,

h2P.J" (a") — J"(a")h2 D2 = RMF2 T (rh ) + T (@) + I (aP)

with v, € S_nr_o, @, al € Sy, all supported in ©F(Ry, Vo, Io, e0), bounded with respect to h
and, mainly, such that

supp(a”") C {0 — 9| > &1}, supp(al!) C {r < Ri}. (6.30)

2. At low frequency: one can find bounded families of symbols (af,j)ee(o’l] in S_;(R*"), j >0,
supported in ©F (Ry, Vo, Io, o) such that

a:o(’raaa/ﬂa Q) 2 1/27 on Gi(RlthIlvsl)
and, if one sets a. = afo 4+ 4 a:M,
P. oJe(ac) = Je(ae) D2 = Je(rear) + Je(ae) + Je(acc)

With T pr € S—_p—2, Ge, Gee € So, all supported in OF (R, Vo, In, o), bounded with respect to
€ and such that

supp(ac) C {|0 — 9| > &1}, supp(ac.c) C {r < Ri}. (6.31)

We point out that the terms @, a. are the contributions of derivatives falling on the cutoff
X+. The properties (6.30) and (6.31) will be useful to derive non stationary phase estimates from
Proposition 6.1. The ellipticity condition aOjE > 1/2 (and likewise for afo) is a consequence of
(6.27).

The next step is a direct application of Proposition 6.4. Here again we only consider the
procedure in the high frequency case but summarize both high and low frequencies parametrices
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in Theorem 6.10. Given a symbol X;tt supported in strongly outgoing or incoming area (see (5.19)
in which we recall that p = p,), we can factorize the corresponding pseudo-differential operator
by mean of Proposition 6.4. More precisely, if Iy € I} and Vo € Vj are given, then for Ry large
enough, &5 small enough and all x= € S~°9(R?") supported in I'Z(Ry, Vs, I5,€5), one can find
symbols by, € S,,_1_j supported in OF(Ry, Vo, I1, Cey), such that b := bgE + -+ hMbI\i/I satisfies

Tn(a”) T (") = O (o) dw + WM Op (i )
with 7, € §’°°*’M(]R2"), boundedly in k. Using Proposition 3.8, this can also be written

Te (@) ") = Op(xa ) + Oge2at_geans (W), (6.32)

—M/2 M/2

We synthetize the analysis of this paragraph in the next theorem. Notice that, at low frequency,
we consider the ¢ dependent areas I'X (R, V, I, ¢) introduced in (6.10).

€,st
Theorem 6.10 (Isozaki-Kitada parametrix). Let « : U, — Vi, be a chart of the atlas of Section 2
and V € V,; be a convex open subset. For all given

Vo eV ev and I, €I € Iy € (0,+00)

and can choose C' > 0, 0 < g1 < g9 and Ry > Ry such that for all N > 0 and all 0 < g5 < 1,
Ry > Ry, the following approzimations hold.

1. High frequency: there are a®,al, a" € So(R?™) supported in OF (R, Vo, Iy, €0), satisfying

supp(ag) C {r < Ri},  supp(a") C {|6 — 0| > e1}

and % € S_n(R?™) also supported in ©F(Ry, Vo, Io,c0), such that for all Xsit € §-oo0
satisfying B
supp(xz) C I5i(Ra, Va, Iz, €2)

one can find b" € So(R?") such that

supp(bh) C @i(RQ, V2, Il, CEQ)

and
—i ~ _itD?
e P Oph (xa)w = Tl (a")e P IR (M) 4+ R (1) (6.33)
with
. t
RR(t) = e P Ogon Lgean (W) — % / e TP gh (g 4 gt 4 BN PR Y e iDL R (b .
N 0

2. Low frequency: there are a,a..,a. € So(R*") supported in OF(Ry, Vo, Iy, €0), satisfying
supp(acc) C {r < R},  supp(ac) C {|0 — 9] > &1}

and ren € S_n(R?™) also supported in ©F (R, Vo, Iy, 0), such that for all bounded family
(X;‘fst)ee(o,l] of S7°0 satisfying

Supp(X:st) - fgfst(R27 ‘/'27 127 52)
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one can find b. € So(R?*™) such that
supp(b.) C OF (Ry, Vo, I, Ces)
and
€ Ope e (X Juler) = Je(a)e ™ P2 T (b) + Ren (1) (6:34)

with
2

€t
. . 2 .
Ren(t) = e’”POL?VNqL?VN (1) — z/ e e t*S)«%Jey,i(ae,C + G + TEVN)e”SDz Je.n(be)ds.
- 0

In both cases, the symbols are bounded uniformly in h and € respectively.

We point out that, so far, we have not justified to which extent the remainder terms in (6.33) and
(6.34) are small. We will use Theorem 6.10 in subsection 7.3 to prove L? propagation estimates
for e7*P and will see there that the remainders decay as £t — co. In Section 8, we will use
Theorem 6.10 in association with the (dual) propagation estimates of subsection 7.3 to control the
remainders R% (t), Re n(t) in L' — L norm.

Remark. For future purposes, we record that, by using (5.5) and (5.6), 9 and Ry can be chosen
respectively small and large enough in such a way (depending on Vj and Iy) that we have

Orp

€(1/2,2)  and  C7'r|o|l0 — 9| < |9p0(r,0,0,9)] < Crlol|0 — 3], (6.35)

on ©%F(Ry, Vp, Io, o). In particular, 0, and g have the same strict sign.

7 Propagation estimates

7.1 Finite time estimates

In this paragraph, we prove propagation estimates over finite times depending on the spatial
localization of the symbols and on the frequency regime.

We introduce first some notation. We are going to work on T*((R i, 00) X §) which is isomorhic
to T*(Rpq,00) x T*S, so we will write its elements as (r, p, @) with (r,p) € (Ra,00) X R and
w € T*S. We then let p. = pe(r, p,w) be the principal symbols of —Ag. (see (2.13)) which is
intrinsically defined on T ((Raq, 00) X S). We let ¢¢ be the associated Hamiltonian flow. Notice
that, for e = 1, py is the principal symbol of —Ag. Note also that the flow ¢? is not complete on
T*((RM,OO) X S). We then set

(72, 0¢) := component of ¢¥(r, p, ) on T* (R, c0).
For R > Ry and —1 < 0 < 1, we finally consider
IH(R,0) = {(r,p,@) € T*((Rap,00) x S) | 7> R, +p > opl/?}. (7.1)

It is an open conical subset of T ((Rq,00) x S) \ 0 (the strict inequality in (7.1) prevents (p, w)
from being 0). We will sometimes need refinements of such areas, namely similar sets localized
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both on charts of S and in energy; if k : U, — V,; is a chart of the atlas chosen in Section 2,
V eV, and I € (0,4+00), we set

TH(R,V,1,0).:={(r,0,p,n) €R* |+ >R, 0 €V, pe €I, £p>ap!/? (7.2)

e,w I

where we recall that p. . is defined in (2.15). We will call such regions outgoing (+)/ incoming (-) re-
gions according to a classical terminology. Note the difference with the strongly outgoing/incoming
regions defined in (5.19)-(6.10) in the case when o = 1 — &2 is close to 1.

We record first non angularly localized estimates on the flow.

Proposition 7.1. For all 0 € (—1,1), there exists R > 1 such that
1. there exists ¢ > 0 such that, for all € € (0,1],

7> e(r+ |s|pi/2), forall £s>0 and (r,p,w) € I'F(R,0).

In particular, Ry can be chosen such that ¢2 is defined on ff(R, o) for all £s > 0.
2. For all 0 < e < 1, there exists T > 0 such that, for all e € (0,1],

+o! > (1— 52)pi/2 provided that =+ s> Trp;l/2 and (r,p,w) € I:ét (R,0).

3. Let 0 <e <1 andty >0 (as small as we want). One can find 6 > 0 such that, for all e > 0
and all (r,p,@) € TF(R, o), we have

@<1*€2 and :I::sZtorp*l/2 - :I:'QE >+ LJr(S .
/2 € p1/2 p1/2

Remark. As in previous sections, we will give all proofs in the case ¢ = 1 and, when there is a
sign condition, for s > 0. This only simplifies the notation.

Proof. We choose first R; > 1 such that f% > r~Y(p—p?) for r > R;. This implies that, as long
as 7 > Ry
d2

22 (M) =22(70") 2 4(2")° +2(p — (&)%) = 2p,

ds
hence that
(7)2 > 12 4 2smp + s%p > r? — 2|so|rp'/? + s%p > (1 — |U|)(r2 + 52p).

By a simple bootstrap argument, using the above argument, one can see that 7° > Ry for all s > 0
provided that 7 > (1 — |o|)~Y/2R;. This completes the proof of the item 1. For the item 2, we
observe that 7 < r + 2sp'/? hence, by integrating

we get

o° ) 1 2sp1/?
artanh (191/2) > artanh (]31/2) + 3 In (1 + "

and for sp'/? /r large enough the right hand side is greater than artanh(1 —£?), yielding the result.
For the item 3, we observe that g° is non decreasing in s so if the estimate holds at some time
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before torp~1/? then it holds for all larger times. By possibly increasing R, we may assume that,

for r > Ry, we have |%| < 4r~Y(p — p?). Therefore, using that 7 > R; by the item 1, we have
|0° = p| < 4ps/r,

so by assuming sp'/2/r small enough, we have |g°/p'/?| < 1 — % Thus, for such times, the first
inequality in the proof of the item 1 yields

5> (1- (1-%/2)) %

On the other hand, using once more that 7 < r + 2p'/2s, the above inequality yields
iy p 2 D
S>(e?2 —et ) > 2
= ( / )7’(1+25p1/2/1") - 2r

provided sp'/? /r is small enough, say not greater than 44, Where 0 > 0 can be chosen smaller than
£%tp/2. By integration over such times, we get 9° > p+ se?£ which yields g°/p'/2 > p/p'/? + ¢ if
£2sp'/? /r > 28 hence in particular if spl/g/r > tg. O

In the next proposition, we record estimates on the geodesic flow in a coordinate patch. We
consider a chart x : U, — V,; on § from the atlas chosen in Section 2. We recall that ¢, (r, 0, p,n)
is the flow of p¢ ,, on (Raq, 00) X V,;, the components of which we denote as in (5.11).

Proposition 7.2. Let V €V, and I € (0,+00). There exists t; > 0 and Ry,; > 1 such that,

1. for all € € (0,1, ¢¢ .(r,0,p,n) is defined for |s| < t1r and (7¢,0%) belongs to (Rpq,00) X Vi,
provided that

> RV,Ia e V, pe,n('r'a 0, P 77) el (73)

2. For dll (j,o, k,B) € Zi", there exists C > 0 such that, uniformly in € € (0, 1],

01080500 (95 — 0,05 — p)| < cr—i—\ﬂ@ (7.4)
103050503 (72 — vz —n)| < =1L (7.5

for all initial data satisfying (7.3) and all |s| < tyr.
Proof. See [27]. O

In Theorem 7.4 below, we will propagate observables which do not remain localized in a single
chart. To handle this fact, the following coordinate invariance property will be useful.

Proposition 7.3 (Normahzmg the angular supports). Let k1 : Uy — Vi be a chart on S of the

atlas chosen in Section 2 and ., as in (2.5). Let (ar)rs1 be a bounded family in S=°°° such
that,
supp(ar) C (R,00) x K x R", for some K €V,,.

Then, for all given N > 0, one can write

" (ar)be, = (Z Ol (g, ))1;”2> +O:}c:§VN_>gf?VN(hNR’N)
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and

Qjé Hl(aR)q/Jm GT <ZQ75 Ko aR K2, 5)’(#,{2(67")) +OL:?VN—>L?\,N(R7N)’

K2

where (aR..y (R))R.pn and (AR ks .e)R.e belong to bounded subsets of 5200 and, using the notation
(2.2) and (2.5), are supported in

{(T, T12(0), p, (dTlg(H)T)_lr]) | (r,0,p,m) € supp(aR)} N[R,00) X supp(px,) x R™. (7.6)

If ar depends in a bounded way on additional parameters, then so do the symbols aR x,(h), AR ks e
and the remainder terms.

The meaning of this proposition is twofold: it says first the natural fact that a (possibly
rescaled) pseudodifferential operator with symbol supported in (R, 00) x K x R™ with a compact
set K contained in V., but possibly larger than the support of the angular cutoff ¢.,, can be
written as a sum of operators with symbols angularly localized in the support of ¢,,. The second
point, which is technically important, is the control of the remainder terms with respect to R. This
will be useful to prove Theorem 7.4 below.

Proof. For definiteness, we consider rescaled operators, the other case is similar. By introducing
the partition of unity (2.6), which is equal to 1 near the range of the operator since its symbol is
supported in 7 > R > 1, we have

Ope,n(ar)r, (er) Z Uiy (1) Ope, (AR, (€7)

where we keep only those ko such that Ug, N U, # (0 otherwise the corresponding operator
vanishes by the support properties of ¢, and ar. In each term of the right hand side we write
Uy = Yy Wy + Vs, (1 = Yy ). The terms involving 1 — 4, are of the form

ey Do (s (7557 (0) O (), (1 = D) (757 (0))) DMLY = Oy e (RTY). - (717)

Indeed, since 1 — 1[),{2 vanishes near the support of 1,,, the composition rules of Proposition 3.1
show that the parenthese is a pseudodifferential operator with symbol O(R~°) in S§°%= which
in turns show it is as in the right hand side (for any V) by the third item of Proposition 3.8. Next,
using the notation (2.2) for the transition maps, the terms v, (€r)Ope., (aR)(¥hx,Vn, ) (€r) can be
written

ey Do (T2 s (7 57 (0))O0* (ar) (D, ) 7 7 (O))IL,, ) DL

by using that (IL,, Deu)(r) = I, De (II 1 u()). We then use the third item of Proposition 3.1 to
write, for any N, the parenthese as the sum of an operator with symbol supported in (7.6) and a
remainder term with symbol O(R™Y) in §—°~2N which produces a remainder as in (7.7). This
completes the proof. O

We are now ready to prove the main result of this paragraph. We refer to (3.6) for the notation
which is used extensively below. We also refer to (7.2) for TF(R,V,I,0),.
In the following theorem, given a chart k : U, — V. on S of the atlas of Section 2, as all charts

below, we let
Cy i (Rm,00) X Vg x R™ = T*((Rpq,00) x Uy)
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be the inverse of the chart on T*((Ra,00) x Uy) associated to k, namely that is defined by
Cr(r,0,p,m) = pdr +3_;n;d0; € T(,. 1 g))((Ra1,00) x Ux). Notice in particular that

ploCy=Cgo ¢i,n
on all initial data and times such that ¢¢ , (1,0, p,n) remains localized inside (Raq, 00) x Vi, x R™.

Theorem 7.4. Let I € (0,00), 0 € (—1,1) and Vy € Vj, for some given chart ko. There exists
Ro > 1 such that for all given T > 0, all N > 0 and all bounded family (be g) of S™°° (indexed
by R > Ry and € € (0,1]) and satisfying

supp(be.r) C TE(R, Vo, I,0) s, (7.8)

the following properties hold:
1. High frequency propagation (e =1 and h € (0,1]) : as long as

R>Ry, he(0,1, 0<+-<TR,

| o+

one can write

e (g OBl (01,1) Dy ) €7 = 3 O (brlt, ) ) s + Ogeman gz (BB

with (br(t, h)x)rt.n bounded in 5220 and such that

Cye (supp (br(t, 1)) € S (Cry (supD(b1.R)))-
2. Low frequency propagation (h =1 and € € (0,1]) : as long as
R > Ry, e € (0,1], 0 < +te? < TR,

one can write
€7 (g (€0) O (b )y () ) €1 = (Zwﬁ(erwpm(be,R(m)z/?K(er))
+ OL:?VN—)L?VN (R_N)
with (be, r(t)x)e,r,t bounded in S=0 gnd such that

2
Cro (5upp (be, r(t)w)) C ¢ (Crng (5uPP(be,R)))-
This is a quantitative version of the Egorov theorem. Its interests are to quantify (in terms of
R) the range of times on which it holds, to estimate the remainder terms in suitable topologies

and to include a rescaled/low frequency version which is not completely standard.

Proof of Theorem 7.4. For definiteness, we consider the high frequency outgoing case (for which
the notation is lighter since there is no € parameter). We use the general formula,

eiP A(0)e = A(t) — / IR (4 () 1 [P AR)]) P (7.9)
0
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Choose t; as in Proposition 7.2 and consider first 0 < s < ¢t1 R so that the flow remains localized
in a single chart. We seek B(s) = A(sh), or equivalently A(t) = B(t/h), of the form

J(N)

B(O) = wno@ZU (bR)"z}nm B(S) = Z hj Zo (bj(s))qzno =: \IJN(S)QZ}nm
3=0
for some s dependent symbols b;(-) and some large enough order J(N) to be chosen. Here and
below we set bp = b g for e = 1. A simple calculation yields
hB'(s) + h*[P, B(s)] = (hWy(s) + i[h2P, Un(8)]) Yy + 10N (5)[A2 P, s, )- (7.10)

According to the usual procedure, we try first to make the first parentheses in the right hand side
small. This is obtained by constructing iteratively the symbols b; as solutions to

bo(s) + {bo(s), P} = 0, bo(0) =, (r, 55 ' (0)) b, (7.11)
Vi(s) +{bj(s),peo} = fi(s),  0;(0)=0, (7.12)
with
f](s) = - Z (pli();k#bj'(s))l - (bj’(s)#pno,k)h

where p,, 0 = Dx, is the principal symbol of P in the chart associated to kg and p.,,0 + Pr,,1 is its
full symbol, and where {a, b} = 0,a-0:b— O¢a - 0,b is the Poisson bracket. The solutions are given
by

bo(S) = bR o ¢isﬁo’ bj(S) = A fj('LL, QSIIL’;i)dU, (713)

with ¢7 . the Hamiltonian flow of p,. According to the estimates (7.4) and (7.5), the formulas
in (7.13) define symbols

b; r(s) == b;j(s) bounded in S~ /(R?") for R> Ry, |s| < t1R.
Moreover, by choosing a relatively compact open subset Ko € V,,, and R; > 1 so that
Vo € Ko, (1, kg 1(A)) =1 mear (Ry,00) x Ko, (7.14)
we can ensure, by possibly taking a smaller ¢t; > 0, that for R> 1 and 0 < s <t ;R
supp(b; r(s)) C (Rq,00) x Ky x R™.

Hence, by the last condition in (7.14), ¥ x(s) and [h2P,),,] in (7.10) have disjoint supports. More
precisely, the support of b; g(s) is contained in {r > R} so the symbol of Wx(s)[h?P,1,,] is
O(h*®R™%°) in §7°*~%° which implies, by the third item of Proposition 3.8, that

U (8)[h2P, rey] = O%:iwfwm)_)g{?vmzwrm> (hNR_N_%([ND) .

Here v([N]) is as in Proposition 3.11 (we will see the interest of this choice below). On the other
hand, the construction of the b;(s) ensures that, for some by z(s) bounded in S=°=/(V)
supported in {r 2 R},

(WU (s) +i[R2P,UN(5)]) g = R/ NPl (bn,r(5))e,

= Og{jvzv—w(N])H%irzvuw(mw(

and

hNR—N—Q’Y(fN]))
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by choosing J(N) large enough and by using again the third item of Proposition 3.8. The interest
of going to the order +2(N 4 ~([N1)) in the remainder terms is that, by Proposition 3.11,

=P =0 2N—2’y(]’N1)(R’Y(|—N-‘)> for times |t — 7| < t1hR,

_oN _
HZN —=H N

and similarly from J{?VNHV”N]) to HZN. This allows to take into account the conjugation by
propagators in the integral of (7.9) and get, for our choice of A(t) = B(t/h),

e—itPA(O)eitP o A(t) _ Oj{:xﬁj{% (hN—lRl—N) )

Here N is arbitrary so getting h’¥ ~*R'~ rather than RN R~V is of course harmless. Furthermore,
one can rewrite A(t) as a sum of 1, Op’ (bg(t, h),.)¥. by mean of Proposition 7.3, which yields the
result for |t| < t;hR. Then, by iterating this procedure a finite number (= O(T'/t1)) of times, we
get the result (note that along such an iteration, the symbols remain supported in r 2> R + |t/h|
by Proposition 7.1).

The proof at low frequency is similar up to the replacement of pseudodifferential operators by
rescaled ones and to the different time scaling s = €2t. O

7.2 Resolvent estimates and their consequences

In this short paragraph, we record some a priori decay estimates for e % in weighted spaces,
obtained as direct consequences of resolvent estimates. We consider both high and low frequency
spectral localizations.

We recall first first well known consequences of the following Stone formula

L / efitAf(A) ((H S Z'())*l —(H-X+ iO)fl) dA
R

—itH
FUH)e™ = 50

valid for an arbitrary self-adjoint operator H and f € C§°(R). By integrations by part in A together
with the fact that
ON(H —AFi0)"' = kI(H — AFi0)"17F

it allows to convert estimates on powers of the resolvent into time decay estimates for f(H)e H.
Everywhere below, we let I € (0,+00) and f € C5°(I). We consider first low frequency
estimates for P. Using the resolvent estimates of [6] namely

we obtain from the Stone formula, applied to H = P/¢? and t replaced by €t, that for any k € N

<Cp, A€, ec(0,1],

L2—L2

(er) (2P = A £10) " (er) ¥

[(er) "  F(P/2)e™ P (er) 1 F]| L, . S(ED7F, teR, e€(0,1]. (7.15)

—L2 ~

Another estimate from [6] that will be particularly useful is

|-z o <c ae©), (7.16)
for it implies (see e.g. [31, Thm XIII.25]) that
1/2

(/R \|<r>*1e*ifpf(P/e2)uo|yQL2 dt> < Clluol|rz, €€ (0,1), up € L% (7.17)
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Getting similar estimates at high frequency, with polynomial growth in 1/h, requires an as-
sumption, for instance a non trapping condition. This is where the assumption (1.5) is useful since
it allows to prove the following proposition.

Proposition 7.5 (Semiclassical power resolvent estimates). Assume (1.5). Then for all k > 0
there exists Ny, such that

ok <h N Xel, he(o1]. (7.18)

~

—1-k (12p _ N\ T
|71 (n2P — A% i0) o

O

Proof. Tt is based on an argument in [40, Prop. 1.3]. It consists in finding an operator Py defined on
(0, +00) X S coinciding with P near infinity and satisfying nice resolvent estimates (as (7.20) below)
and then to use iterations of the resolvent identity. We explain schematically how to implement it
in our context. We let |Dg| = (—Aj;)'/? be the square root of the asymptotic Laplacian on S and

R L;, k™ L., € {1,hd,,r 'h|Ds|}

where j,m € {0,1} are the orders of the operators. Proceeding as in [6], one can find a second
order differential operator Py on (0,400) x S which is close everywhere to exact conical Laplacian
—92 —r=?A; and equal to P near infinity in such a way that, letting Pp 5, be the rescaled version

of Py, namely
Py, = Dyp(h*Py)D; Y,

we have, for any K € C\ 0 and k € N,
[[(r) ™" Lj(Poy, —2) FL,(r)*|| < C,  he(0,1], z€ K\R, (7.19)

where for simplicity, || - || is the operator norm on L?((0,00) x S,7" !drdvoly). Such resolvent
estimates follow from the techniques of [6] (more precisely Proposition 3.13 and Lemma 4.2 there)
which are based on a rescaling argument; they were used to prove low frequency estimates but
work equally well at high frequency (one only uses that Py p, is close to —9% —r~2A; which satisfies
a global positive commutator estimate at energy 1). Then, by unitarity of Dfl and (7.19), we find

|[(r) "1 Ly(h* Po — 2)"*h L, (r) ||

|| Dy (hr) ™ Ly (Poj, — 2) 7 LL, (hr) F Dy ||
|[(hr) =5 Ly (Poy = 2) =" Ly () =]
W2 () T L (Po — 2) 7L, () 7|

S
< hTPk (7.20)

To illustrate the starting point of the method of [40], we check rapidly (7.18) for k& = 0, more
precisely that

[(r) "' (R*P = 2)7" <ShEM, (7.21)

<T>71||L2(M)HL2(M) ~

whose interest is to replace the compactly supported cutoffs x in (1.5) by the weight (r)~1. By
using the cutoffs ¢, introduced in Section 2 which are equal to 1 near infinity and using the
following resolvent identity

)P = 2) 71 = () (W Py = 2)71C(r) = () (h*Po = )T [Ar), WPY (PP = )70 (722)
together with (1.5) and (7.20), we find that for any y € C°(M)
H(r}‘l(th —2)”

1 —2 | ;-1-M
XHH(M)aLz(M) Sh+h :
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By using a second time the resolvent identity (7.22) and using the above estimate, we obtain (7.21).
This leads to (7.18) for k = 0. We get the result for higher k& by the same induction as in [40]. O

Using again the Stone formula with H = h2P and t replaced by t/h?, Proposition 7.5 yields
automatically

[|[(ry 1 F (WP P)e™ P (r) < hNe (/R teR, he(0,1],

—1-k
L2—L2 ~

which in turn provides the weaker estimate

[|[(r) =1  f (B2 P)e™ " (r) ShNe@t/RYTR D teR, he(0,1], (7.23)

T Mlenre S

which we record under this form to follow the natural semiclassical time scaling. Similarly to the
estimate (7.17), we also have the following consequence of (7.18) for k = 0,

1/2 ~
(/ H<r>*1eﬂ“’f(th)uoy|ig dt> < Ch'™ 2 ||ug)| 2, €€ (0,1), up € L% (7.24)
R

We recall that when the manifold is non trapping, one can take Ny = 1, and the resulting h'/2
factor on the right hand side corresponds to the H'/2 smoothing effect of the Schrédinger equation.

7.3 Long time estimates

In this paragraph, we prove several L? propagation estimates on e ®F. They will be used in
Section 8 to control the remainder terms of the parametrices. However, their interest go beyond
the applications to Strichartz inequalities. They generalize well known estimates (see e.g. [28, ?])
in two ways: on one hand we consider the general geometric framework asymptotically conical
manifolds and on the other hand we include a low frequency version of such inequalities which, to
our knowledge, is an original result.

We start with the following result on strongly outgoing/incoming microlocalizations (see (5.19)
and (6.10) for the related areas). This is a first application of Theorem 6.10.

Proposition 7.6. Let k € N, f € C§°(0,+00), I € (0,+00) and Vo € V,,. Then, if Re > 1 and
0 < g9 < 1, we have the following estimates:

1. High frequency: Assume (1.5). If x% € S=°°O(R2") is supported in T'X(Ry, Va, Iy, €2),
()= e™ P F(h* PYOD () n ()| oy e S (E/R)7F, £620,  he(0,1].
2. Low frequency: if (ch,st)e is a bounded family of G000 supported in fsji’e(RQ, Va, I, €9),
[[(er) e P F(P/€2)Ope(XEst)bnler)(er)¥]| oo S(EB)7F, 2620, ee(0,1].

We point out that, in the high frequency estimate, we don’t have any loss in h, as the h="* in
(7.23).

Proof of Proposition 7.6. We may assume k > 1. For definiteness, we consider the outgoing high

frequency case. We use the notation of Theorem 6.10, in particular (6.33). Note that, up to
possibly decomposing xJ; as a sum of symbols supported in balls with respect to 6, we assume
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that V5 € V for some convex open subset V' &€ V. The contribution of the main term of the
Isozaki-Kitada parametrix is

((r) 2% F(R2P)(r)?*) (r)=3F Jh (a)e =% TR (0) T () 2%,

Here the parenthese is a bounded operator on L? according to Theorem 3.9 while the second
factor decays as (t/h)~* by Proposition 6.5. Next, the first term of the remainder R% (¢) of (6.33)
produces a term of the form

(r)2* f(R*P)e™ " Ogp-av _gean (W) (r)*"

N

which is O((t/h)*~2*RN=N%) in L? operator norm if N > 2k by (7.23) since one can write
Oijva—)G{;{,N(hN) = ()" NOpas 2 (W) (r) N, (7.25)

By possibly increasing N so that N > Ny, we get an estimate by (¢/h)~* (since 2k — 1 > k). In
the integral term of R% (t), we consider first the contribution of J"(hNry). By choosing N large
enough (N > 6k + 1 and N > Ny), Proposition 6.5 and (7.23) imply that

After integration in 7 between 0 and ¢, we get an estimate by (t/h)~*. It then remains to study
the contributions of a” and a". They follow as the one of N7y once observed that we have the
following estimates. By assuming Ry large enough, the first item of Proposition 6.1 allows to write,
for all N,

SAt=7)/h) 2 /)T

~

<’I"> *Skf(hQP)efi(tiT)PJ: (]IN’I"N)eiiTD?c J: (bh)T<r>2k’

L2—L?

JE(a)e PR = Ogan_gean (BN (r/R)™N),  d7 >0, (7.26)

since one has r < ' on the support of the kernel of J"(a?)e=i"P% J(b). Using the second item
of Proposition 6.1 and choosing €5 small enough (hence ensuring that [# — 9| > 1 and [0’ — Y| < 1
on the support of the Schwartz kernel of J,?(Ezh)e*”Di JH (™)), we obtain similarly.

TH@M)e e RN = Ogan gan (BN (r/B)7N), 27 >0, (7.27)

Using (7.25) with A (r/h) =" instead of h", we have the required spatial decay to use (7.23) and
to control the growing weight (r)?*. This completes the proof at high frequency. The proof is
completely similar at low frequency by using (7.15) instead of (7.23). O

In the next result, we partially relax the assumptions of Proposition 7.6 by replacing strongly
outgoing (or incoming) microlocalizations by general outgoing (or incoming) ones, but at the
expense of a stronger weight (which will eventually be harmless). In the sequel, we denote

fi(vavI’U) = {(7“797/)777) | r> R, RS V, pe €1, +p > Uplli/z}
TER,V.I,o) = {(r0,pn)|r>R, 0€V, pep€l, £p>opl?}. (7.28)

These regions correspond to (7.2) but we now drop the index & (unless it is necessary, i.e. in
Proposition 7.9) and distinguish between the high and low frequency cases. We recall that the
difference with strongly outgoing/incoming regions considered in Proposition 7.6 is that o can be
any real number (—1,1), while 0 = 1 — £2 was close to 1 in the previous proposition.
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Proposition 7.7 (Half microlocalized propagation estimates). Let k € N, Iy € (0, +00), Vo € V
and o € (—1,1). Then, if R2 > 1, we have the following estimates:

1. High frequency estimates: if x4 € §=00:0 g supported in fi(Rg, Vo, In,0),

[ te P p2PYOBE )| S, stz 0. (7.29)

L2— L2

2. Low frequency estimates: if (Xe+)e is a bounded family of symbols in S0 which are
supported in TF(Ry, Vo, Iz, 0),

[ (er) =5~ £(P/€2)Opes Oxe s b er) (er)|

We will use here the results of paragraph 7.1.

G +t > 0.
L2112

Proof of Proposition 7.7. We consider in detail the high frequency outgoing case for ¢ > 0. We can
replace Op” (x 1 )(r)* by Qaﬁ(xi) for some Xi € S7°F supported in the same set as x; indeed,
this is only at the expense of a remainder of the form (r)"NOp2_,;2(h") (for any fixed N) and
whose contribution to the estimate is a bound by (¢/h)~* thanks to (7.23). We then use a spatial
dyadic partition of unity to split

=2 e e =x0/RX (7.30)

R=2!
1>
with some x € C§°(0,+00) so that each Xi,R belongs to 500 with seminorms of order R¥. For

some small enough €2 > 0 to be chosen below, we pick Ty > 0, large enough such that for all
l 2 l07

&° (Culsupp(x.p))) € {p > (1= r> R} for s> RTY, (7.31)

with ¢® = ¢ defined prior to Proposition 7.1 (in the low frequency case, we should consider ¢?).
This is possible by the item 2 of Proposition 7.1 since, using the notation (7.1) with e =1,

Cu(supp(x_ ) € T (Ra, 0).

For each R, we then proceed as follows: B
If 0 <t < T hR. We write (r)~* e~ f(h2P)Oplt (X% r)¥w as

(<T>f4kf(h2p)<r>4k) <T>74k (efitP@Z(Xi,R)qzjneitP> e iP.

where, as in the proof of Proposition 7.6, the first parenthese in the right hand side is bounded on
L? thanks to Theorem 3.9. The second parenthese can be computed by mean of Theorem 7.4. We
get a sum of bounded pseudo-differential operators with symbols supported where r ~ R (using
the item 1 of Proposition 7.1 and that we propagate the support of Xi,R over a time t/h < R)
plus a remainder which is, for any fixed N, of order AN R~ say in L? operator norm (here the
stronger H ™3 — 32N norm is not necessary). Since (r)~*¥ composed with pseudo-differential
operator localized in 7 ~ R has norm O(R~**) and since 0 < t/h < R, we find

()= £ (n2 PYOBL (. ) e SRR

< (t/h)"FR72k, (7.32)

L2—L?
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where the factor R* takes into account that R*kxﬁ_yR is bounded in S—°0.
If t > Ty hR. In this case, we write <7“>_4ke_itpf(h2P)OpZ(Xi’R)v,Z~z,€ as

<T>74kf(h2p)67i(t7T+hR)P (efiTJrhRPQDZ(XIjnR)J)KeiTJthP) o—iT+hRP

By (7.31), Theorem 7.4 and the seminorms estimates of Xi, R the parenthese is a sum of pseudo-

differential operators with symbols of size R¥ in S —.0 supported in strongly outgoing areas,

Y OO R, supp(xs,(h) C TE(R/C, Vi, I, e2) (7.33)

with the additional property that r ~ R on their supports, and of a remainder O}C—NN RN R=N)
—2
for any fixed N. In particular, if we take N > max(k + 1, N) (see (7.23)), we get

HJ%VN(

’ ’<r>74kf(h2p)efi(t7T+hR)POJ{:?\]N—)}C?\]N (hNRfN)’

L2—L?

< pN-Ni gkt "<T>—k—lf(h2p)e—i(t—T+hR)P<T>—k—1‘

L2—1?2
< (t/h—TyR)y"FR™*-1
< (t/h)y"FR7L. (7.34)

To get the contribution of the pseudo-differential sum (7.33), we use Theorem 6.10, which is why
we need to choose €2 small enough. For any given N, we can write

Ok Ok R () = TR (") TR (V)T + Oy ge (WVRTN)

where, by (6.12), b% is supported in r ~ R (this allows to get the additional factor R~ in the
remainder term) and belongs to Sy with seminorms of order R¥ (uniformly /). The contribution
of the remainder is estimated as above by choosing N large enough, while the contribution of the
first term follows from Proposition 7.6 through

(7~ p(n2 e - ThROP gl g 1)

L2—L?
S R || () T (n2P)e TP @) T b )|
SR*(t/h— T R)"*R*
S R /m) (7.35)

where the factor R¥ on the third line is the size of seminorms of b% in Sy. Combining (7.32), (7.34)
and (7.35), we get

)= (n2 Py Opl (3 )b SRM/m)

L2—L?

which, once summed over R = 2!, provides the estimate (7.29). The low frequency case is obtained
analogously by using the low frequency part of Theorem 7.4 together with (7.15). O

Proposition 7.7 provides time decay estimates with rate proportional to the decay rate of the
weight. In the next two propositions, we get fast decay (and O(h*°) estimates at high frequency)
for suitable microlocalizations.
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Proposition 7.8 (Improved microlocal propagation estimates I). Let Iy € (0, +00), Vo € Vi, 0 €
(=1,1) and Ry > 1. If Ry > 1 then for each k € N and x+ € S™°Y supported in ' (Ry, Va, I, 0),
one has

[ 210,501 () (B2 P)eF Ol )|

This proposition reflects the intuitive fact that the forward (resp. backward) propagation of
data localized in a far away outgoing (resp. incoming) area does not meet the region {r < Rj}.
Note that we consider only the high frequency case, for which the estimate is improved by a factor
h¥ compared to the one of Proposition 7.7. At low frequency, Proposition 7.7 will be sufficient for
us.

h*(t/h)~*, +t >0, he(0,1].

—r2 ™

Proof of Proposition 7.8. Here again we consider the outgoing case. We use the notation of the
proof of Proposition 7.7, in particular T and the decomposition (7.30). We distinguish two cases.
If 0 <t <TyhR. By Proposition 7.4, we can write

Ljo,r,)(r) f(R*P)e P Oph (X4, R)V Z Lio,ry (7 *P) Zl (ah(t)e ™ + Opap2 (BN R™Y)

with symbols a’]%(t) bounded in S=°°0 as h,t, R vary and supported in r ~ R by the first item
of Proposition 7.1. In particular, they are supported in sets where r 2 Ro > 1. Thus, using the
pseudodifferential expansion of f(h?P) in Theorem 3.9 (here the localization ((r) is implicit for
we can write f(h2P)Oph (aly(t)) = f(R2P)((r)Opt (aly(t))), it follows from symbolic calculus and

K1
the form of the remainder terms in this theorem that

Ljo,r,)(r) f(B*P)Op};, (a(t)) = Opz 2 (RN R™Y)
for any N. We thus conclude that, for any given k,

[ Lj0,ry) (1) f (h*P)e ™ P Op (x4 0) || 1oy o = O(WFRTF) = O(BF(t/h) " R7Y).  (7.36)
Ift > T, hR. In comparison to the proof of Proposition 7.7, it suffices to consider the terms

L0, ry) (r) f(R2P)e TR ROE Jh (M TN | L0 S

R [Lpo, gy (r) f (h* P)e TP T (@)1 (03) ()| o o

since all the other ones are remainder terms carrying an additional A factor with N arbitrarily
large. To estimate the norm in the second line, we use the Isozaki-Kitada parametrix as in the
proof of Proposition 7.6. All remainders decay as (t/h— T, R)~* times h* (or even h"") by pushing
the expansion to a sufficiently high order exactly as in the proof of Proposition 7.6. Thus, it
remains to consider the main term which is

. 2
Ljo,ry) (r)f (W2 P)J} () e - THMOD T (b (r) . (7.37)
Using Theorem 3.9, one can write
lo,r,) () f (B2 P) = 1o g1 (r) f(B*P) Ly gy + Opa s 2 (BY) (r) ™V

with Ry > R;. By choosing N > 3k, the contribution of the above remainder in (7.37) is of the
form O(h¥(t/h — Ty R)~*) by Proposition 6.5. On the other hand, by choosing Ry > Rj, the first
item of Proposition 6.1 shows that (uniformly in R)

Lo, () F (B2 P) T (aP)e = =T ROPE Tl () H )2 = O((t/h — Ty R)=h°).
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We thus get

R |10, py) () f (W2 P)e™ T MOP T (@) T2 (0) T ()| Lo 1o W' R™#(t/h — T R)™"

S
< RFRTR(t/n) R
Taking (7.36) into account, we conclude as in Proposition 7.7 by summing all estimates over R. O

In the next proposition, we use the notation (7.2) (when ¢ = 1 we do not indicate the dependence
+ + . . .
on €). Welet x5; and x_ be supported in an angular patch associated to a given chart « (the same
as in all previous propositions) but we allow the symbols x+ and x. s to be angularly supported
in a possibly different patch associated to another chart x’.

Proposition 7.9 (Improved microlocal propagation estimates II). Let Vo € Vo € Vi, o €
(0,400). Let also Vy € Vi, I € (0,400) and o € (—1,1). If ea > 0 is small enough and Re > 0
is large enough, the following estimates hold for all k € N:

1. High frequency case: if x4+, xst € G000 satisfy

supp(x=) C I (Ro, V3, I5,0),,  supp(xd) C T5 (Ra, Va, I, 22)
then
| GO0l ) FR2PYe P OR O daE|| SRR, 0.

~

L2—L?

2. Low frequency case: if (Xe,+)e, (stt)6 are bounded families of G000 satisfying

supp(Xe,s) C L7 (Ro, V3, I5,0)wr,  supp(Xest) C I, (Ro, Va, I, £2)
then
()t () Opes (i) F (IR Open (ENDuler)en)|| | S, x>0

Lemma 7.10. Let Iy € (0,+00). If gg > 0 is small enough and Ry > 0 is large enough, then
for all a € Sy supported in OF(Ry, Vy, Iy, c0) and x € S™F supported in (Ry,00) x Vo x R™ with
Ry > Ry, one can write for any N

Op(x) (@) = Tt (an(h) + finite sum of W™ (r)=N By (r)=N I (rx (h))

with ||Bpllr2—r2 S 1, (ra(h))n bounded in S§=00 and supported in 0% (Ry, Vo, 1o, 2¢0), and with
(an(h))n bounded in S~°F satisfying

supp(an (h)) C supp(x(.,., 0rp, Do) X a).

More precisely,
an (h) = x(r,0,0-¢,0p¢)a(r,0, 0,9) + O(h)

where O(h) is a finite sum of products of derivatives of x (of order > 1) evaluated at (r,0, 0rp, D),
of derivatives of a and of rational fractions in derivatives of .
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Proof. Tt follows from the usual calculation of the action of a pseudo-differential operator on an
oscillatory integral, see e.g. [1, 37]. O

Remark. Of course, a completely parallel statement holds at low frequency but we do not quote
it for we give the proof of Proposition 7.9 only in the high frequency case. Also, the parameter
2¢¢ in the support of the remainder terms (coming from technical considerations due to the non
locality of Op!(x)) could be replaced by any &, > ¢ but this is irrelevant for our purposes.

Proof of Proposition 7.9. We consider again the high frequency case for ¢ > 0. Also, w.l.o.g. as in
the proof of Proposition 7.6, we may assume that Vj is convex to be in position to use the expression
of e P Opl (x4 ), given by Theorem 6.10. Proceeding exactly as in the proof of Proposition 7.6,
up to the replacement of (7.23) by the new a priori estimate

[ Ol (x =) F(RPP)e P ()N S{(E—7)/W)7FY 0<T <,

which follows from the adjoint estimate to (7.29) for N large enough, we see that the contribution
of the remainder R%(t) is O(h*(t/h)~*). Note that here, we do not have to care about the fact
that x and s’ may be different. It then remains to consider the contribution of

(r)ead s Oplls (X )* F (W2 P) TR (aM)e= % TR (0)F (1) .

We consider the case when k = £’ and explain at the end of the proof how to handle the general
case. Using the expansion of Theorem 3.9 and symbolic calculus, one can write for any N,

()0 Op(x=)" F(W* P) = Oplt(XE (h) + O(A™) e (r) N

with x* (h) € S—°%F with the same support as xy_ and bounded with respect to h. Note that

we do not need to put a localization v, on the right hand side since J%(a") = .J"(a") by the
localization of the support of a”. The contribution of the remainder follows from Proposition 6.5,
provided we take N > k. On the other hand, using Lemma 7.10, we can compute

Opﬁ(x’i(h))J,’;(ah)e_itDi JhMT = J:(GN(h))e_itDi JP®™T + remainder terms.

The contribution of the remainder terms follows from Proposition 6.5, using their fast decay in r and
h. On the other hand, on the support of ay(h), one must have (r, 8, 0., dgp) € T~ (Ra, Va, Iz, 0)
and (r,0, 0,9) € ©T(Ry, Vo, ly,&0). This implies in particular that

—0rp > opy(r,0,0.p, 89(,0)1/2 = olo| and o> 0.

By (6.35), these conditions are incompatible if o > 0, so an(h) = 0 in this case. On the other
hand, if o < 0, one has 0 < 9, < |o|p(r, 0, 0rp, Dgp)'/?, hence

o?r=2¢7k (r, )0, 0,0 > (1 — a2)(0,)?
which, together with (6.35), implies that for some ¢, > 0
|0 — 9] > co 0%
Thus, on the support of the kernel of J"(ay (h))e~ Dz Jh(BM)T, we have

10 — 3| > cr0® >0 2|0 — V)
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so we obtain the fast decay by mean of the item 2 of Proposition 6.1, provided &5 is small enough
and Ry is large enough. This completes the proof (when x = k’). When s # &/, we may split

ho(x=)* as Opl (x=)*xx + Op™ (x=)*(1 — xx) With x, = 1 near the spatial projection of the
support of a”. The operator Op’, (x_)*x, can then be written in the chart x as in Proposition
7.3 (and then treated as above), up to terms which decay fast in h and r. The contribution of
(1—xx)f(h2P)J"(a") also produces terms which are O(h>) and decay fast in r. All these decaying

remainders can then be handled thanks to Proposition 6.5. g

8 Strichartz estimates

We focus on the low frequency case (in dimension n > 3), i.e. on uyy defined in (1.3). Indeed
this one is slightly more technical than the high frequency case, for instance to handle the LY —
L7 estimates of f(P/€?). In paragraph 8.3, we explain the minor modifications to handle high
frequencies.

8.1 Finite time estimates

In this paragraph, we use the well known geometric optics technique to derive propagator approx-
imations for finite times, but depending both on the frequency and spatial localizations. This
follows previous similar arguments introduced in [27] for high frequency localizations. Our main
purpose is to give such an approximation at low frequency, but we restate the high frequency case
both for completeness and for comparison with the low frequency regime.
For a given chart « : U, — V, on the angular manifold, V C V,, I € (0,400), C > 1, € € (0,1]
and R > 1, we use the notation
Qr(V,1,C) = {(r,0,p,n) €p (I)| r e (R/C,CR), § €V}
Qr(V,1,C) = {(7,0,p,1) €p () |7 € (R/C,CR), § € V}.

Note that Qr(V,1,C) = r(V,I,C)

Proposition 8.1 (Existence of phase functions). Let V' € V,; be a relatively compact open convex
subset of V. Let Vo €V, Cy > 1 and Iy € (0,400). There are 0 < to < 1 and Ry > 1 such that
one can find a family of smooth functions

(@;R)ee(o,uﬁz}%o
defined on (—toR, toR) x Qe r(Vo, 1o, Cy), solving the eikonal equation

8s<Pe,R +p6,l€(rv 9, ar,&‘pe,R) = 07 <pE,R(07 T, 95 P 77) =Tp + 0 - m,

and satisfying the estimates
02050507 (pr.(s) = Per(0) + spese) | < O, TR, (8.1)

for R> Ry, e € (0,1], |s| < toR and (1,0, p,n) € Qe r(Vo, Ip, Co).

Proof. Tt follows the usual local in time resolution of the Hamilton-Jacobi equation, by using the
flow estimates given in Proposition 7.2 which allow to show that the map (7,0, p,n) + (72,92, p, 1)
is a diffeomorphism if |s| < tgR with ¢y small enough. More precisely, to prove that this is
a diffeomorphism, one can check that the map (z,6) + (R™'7,9%)(Rx,0,p,n) is close to the
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identity on (1/2Cy,2Cy) x V provided that s/R is close enough, uniformly in €, p,7. The convexity
of V allows to check that this map is injective while standard arguments show that the range will
contain (1/Co, Cp) x V. O

We can next consider the related Fourier integral operators
Wer(s, AJu(7,0) = (2r)~" / / G en(sm05m=F5=0"1) 4 (5 50 5 u(¥ 0" dpdndido’ (8.2)
and, setting pr = ¢1.R,
Wi(s, Au(r,0) = (2rh) ™" //e’%(wR(S’T’e’p’")_T/p_e/'") A(s,r, 0, p,n)u(r’,0")dpdndr' db’

which are globally well defined on R™ provided the amplitudes A and A are supported respectively
in Q¢ r(Vo, Lo, Co) and Q1 g(Vo, In, Cp). Using the cutoffs ¢, (er) and ), (r) chosen in (2.5), we can
pullback these operators on M, i.e. define the operators

We,R,m(sv Ae)iﬁn(ﬂ") =1l (QEWE’R(S, Ae)De_l) H;ZI’JJK(GT)
and
W (s, A) () i= TLWh(s, AL "1, (7).

Proposition 8.2. Let V € V,; be convex. Let Vi e Vo €V, Cy > C1 > 1 and I € Iy € (0, +00).
There are 0 < tg < 1 and Ry > 1 such that for any N € N the following approximations hold.

1. Low energy WKB approximation: Given a bounded family (ac r)er of G000 supported
in Qcr(Vi,11,C1), one can find a bounded family (Ac r(€*t))e.rt of ST0 supported in
Qe r(Vo, 1o, Co) and x € C5°(0,+00) such that

e " Ope w(ae,r) P (er) = We pow (€*t, Ac ) x(er/R)Y(er) + Op1,p2(e2 R7Y)

and

n

||We,R,n (€2t7 Ae,R) X(ET/R)ﬁn(ET)}|L1HLoc S <t>75 (8'3)

as long as
e € (0,1], R > Ry, |t| < toe 2R.

2. High energy WKB approximation: Given a bounded family (ag)r of 5200 supported in
Qr(WV1, 11, Ch), one can find a bounded family (A}ﬁ(%))&h,t of S°°0 supported in Qr(Vy, Io, Co)
and x € C§°(0,+00) such that

e P Opl (aR) () = Wh . (t/h, Al) X(r/R)(r) + Op1 2 (WY R™Y)
and

[IWH . (8/h AR) X(r/R)Ybw(r)|| 11y poe S 1H17% (8.4)

as long as
h e (O, 1], R > Ry, |t| < tohR.
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Lemma 8.3. Let K(¥,0,7,0") be the kernel of an operator W with respect to the Lebesque measure
dirdf. Assume that K is supported in ((Ro, 00) X V)2 for some V&€ V. Then, the Schwartz kernel
Ke of I, (DGWDgl) It

- with respect to the Riemannian measure satisfies

|Ke(r,w,r',w)| < Cfn|K(€’f’,9,6’1"/,01)(67’/)1_n‘, w=r"10), W =r10),
for some constant C depending on V' but not on K nor e.

Proof. We omit the conjugation by II,, whose role is irrelevant here. Then
DWu(r,0) = //K (er, 0,7, 0" Vu(¥,0")dr do’
e”//K(er,9,er',9’)(67")1_”(Deu)(r’79')(r’)"_1dr’d9'

so that the kernel of D.WD_! with respect to (r')*~tdr'df’ is €"K(er,0,er’,0")(er’)=™. Since
(r")"~Ydr'df’ is comparable to the Riemannian density (r')"~'det(g(r’,0))'/2dr'de’, we get the
result. O

Proof of Proposition 8.2. We consider the low energy case. Dropping the spatial cutoff for sim-
plicity, one has the identity

2

e“t
e P, a0, A i) = We (€2, Ac i) _/ e-%(t—ﬁ)PWevRﬁ(s,bevg)ds (8.5)
0

where
We,R(Sa be,R) = asWe,R(s; Ae) + iPe,nWe,R(sa As)

By the usual geometric optics construction, we can find, for any N, symbols A¢ r(s, 7,0, p,n) in a
bounded set of S™> (as € € (0,1], R > Rp and |s| < toR vary), supported in Q¢ r(Vo, Iy, Co) and
such that

Ac Rls=0 = e, r, be.r(s) in a bounded subset of §~°~N supp (be,r(s)) C Qe,r(Vo, Lo, Co).

This follows by solving iteratively transport equations in the usual manner and by observing that
in the iterative construction of the amplitude A, r the symbols decay faster and faster in 7; in other

words, the scale of classes S0y replaces here the scale of powers h7 in the usual semiclassical
framework. The boundedness in s of the solutions to the transport equations follow from the flow
estimates of Proposition 7.2. To get the remainder estimate and (8.3), we proceed as follows. Since
ae g is supported in a region where ¥ ~ R, we can write

Op' (ac,r) = Op' (ae,R)X(F/R) + Op' (ass.c,R)

with aco.e,r = O(R™) in S=N-=N for any N. In particular, using Lemma 8.3, it is not hard to
check that
||@€(GOO€R)/I#H(6T)||L1*>L2 N R~ N n/2

This allows to replace e~ P Op! (ag),(r) by e *POpl(ar)x(er/R)ib.(er) and we are left with two
types of terms: the main term of the expansion W, g (s, Ae.r), which will produce (8.3), and the
remainder involving W g « (s, be. r) x(€r/ R)iy(er) coming from the integral in (8.5). We start with
this remainder. Using (8.2), with b, , instead of A, and using the decay in 7 together with the fact
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that we integrate over a fixed bounded in region in /7, the Schwartz kernel of W r(s, be,r)x(7/R)
with respect to di*df is bounded by C#~N+("=1 and is supported in a region where both # and
are of size R. Note that the power #"~! comes from the fact that the kernel is given by an integral
where 7 belongs to a region of volume #"~!. Then, by Lemma 8.3, the kernel of W, g .(s,bc r)
with respect to the Riemannian measure is bounded by

en<Er>—N/3<6r/>—N/3R—N/3.

The corresponding operator has an L' — L? norm of order €*/2R~N/3 (if N/3 > n/2). Since N is
arbitrary, |¢t| < R and the propagator is unitary on L2, we get the control on the remainder of
(8.5) in L' — L? operator norm. Finally, the dispersion estimate (8.3) follow from the fact that
the L' — L norm of W, g.. (s, Ac.r) ¥ (er)x(er/R) is controled by

" sup

S s
7,0,7.,07 €

([ eeenteraom==o00) s, . pdgan ) () ="/ )| S € 06)

where the estimate by <5>*”/ 2 follows from a standard non stationary phase argument by exploiting
that

905(577\47 97/37 77) = (’F - Tw)ﬁ + (9 - 9/) /i Spma(’l‘"’,e,ﬁ, 77) + 0(82/R>7

(by (8.1)). Note that the weight (#)1=" is crucial to compensate that we integrate over a region
of volume O(#*~1) in 7 (recall that both # and r are of order R here). With s = €2t we find that
e (2t)~™/2 < (t)~™/2. We refer to [27] for more details on the stationary phase. The proof is
similar at high energy. Up to the scaling in time, the main differences are that we drop the scaling
operators DF and that in the iterative construction of the amplitude we gain both decay in h and
in 7. 0

8.2 Proof of Theorem 1.2
2n

It suffices to prove the result for the endpoint pair (p,q) = (2,2*) = (2, ﬁ)7 the other ones
following by interpolation with the trivial estimate for (p,q) = (o0, 2).
For ug € L?, we use the notation (1.3). The starting point is the estimate

1/2
wow |l L2 p2) S ( Y N = x(er) f(P/E)ullF g2y + ||<T>1f(P/62)u||%2(R;L2)> (8.6)
€2=2-k
which follows from Theorem 4.1. By the integrated L? decay estimate (7.17), we have
()~ F(P/e)ull 22y S Hluoll e

where, in the right hand side, we may replace ug by f(P/€e*)uo with f € C5°(0,400) equal to 1
near the support of f. We thus only have to prove

(1= x(en)) f(P/e)ull 2oy S lluollzz, e € (0,1], ug € L2 (8.7)
Indeed, with (8.7) (whose right hand side can be replaced by || f(P/e?)uol|12) at hand, (8.6) yields

1/2
wowllz2®,z27) S (Z |f(P/€2)u0|2L2>

e2=2-kF

N

[luol| 2
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by quasi-orthogonality in the second line and which completes the proof of Theorem 1.2 .
The rest of this paragraph is thus devoted to the proof of (8.7).
We write (1 — x)(er) f(P/e?) = (1 — x)(er) f(P/e?)f(P/e?) with f € C§°(0,400) equal to 1 on

the support of f. Then, using Theorem 3.9, we can decompose

(1- X)(ET)JZ(P/Gz) = Zqz)n(er)Ope,n(XE,n)* + Re (8.8)

where, for some N as large as we wish and some bounded family (B.).¢(o,1) of bounded operators
on L?,
Re = ((er)(P/e + 1) "V Be(er) .

Each Xex = Xex(7, 0, p,m) belongs to §*°°’O, has uniform bounds in € and is supported in a way
that (7,6) € supp(l — x) x V,; and pe (7,0, p,n) € supp(f). Furthermore, ¥, = 1 near the support
of Xer. Note that we use adjoint pseudo-differential operators Ope «(Xe,)* (this is possible by
(3.10)), which is not essential but will be more convenient.

Proposition 8.4. If N > n/2+ 1, one has

1/2
(/R ||fREf(P/€2)6_ZtPUO||%2*dt) < luoll Lz, €€ (0,1], ug € L?.
Proof. Tt follows from Proposition 3.7 and (7.15) that
||Ref(P/e)e 1P f(P/e)R: e[| (er) Ne TP 2P/ (er) V| 1 1
6n<€2(t _ t/)>1_N
<t _ t/>_n/2.

||L1—>L°°

IARZAIRIA

The result follows then from the TT* criterion of [25] since R.f(P/e?)e~*F is bounded on L?
(uniformly in € and t). O

We are left with the (rescaled) pseudodifferential terms in (8.8). For each x (which we omit in
the notation below), we split

Xe,w = X:st + Xe,int + X;Stv (89)

with xfst, Xe,int € G000 (with uniform bounds in €) and supported in strongly outgoing/incoming
areas (see (6.10)), i.e.

supp (v, ) € TEL (R, V. 1 ¢) (8.10)

for some R > 1 and 0 < € < 1 to be chosen below independently of ¢, and V' € V,, I € (0, +00).
Note that to be able to choose R large, we have to assume that (1 — x)(7) is supported in 7 > R
which is not a restriction since, in (8.6) and Theorem 4.1, we may choose x = 1 on a set as large
as we wish. The third symbol X int satisfies

supp(Xent) C T (R, V,1,0) T (R, V,1,0) (8.11)

for some o independent of € (see (7.28) for the notation of the areas). The decomposition (8.9)
follows easily by applying a partition of unity to j/pe (¥, 0, p,n) adapted to regions where this
quotient is either lower than —1 + €2, greater than 1 — &2 or between —1 +£2/2 and 1 — 2 /2.
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Proposition 8.5. If € is small enough and R is large enough, one has

1/2
(/ 19 (€r)Opew (Xeat)* f (P/€*)e™ P ug |7 o- dt) Slluollz2, €€ (0,1], uo € L%
R
Proof. We consider the + case. We use again the TT™ criterion and show that

[ (1) Opeos (xd )™ (P €)™ Ope o () (er) | o e S 1772, (8.12)

for t # 0 and € € (0,1]. Up to taking the adjoint, it suffices to consider ¢ < 0 (following a trick of
[7]). For simplicity, we let }
K =0 (er)Ope,s (X2 5)* FH(P/€?).

We then use Theorem 6.10 to expand e’“POpe,,{(X:St)d}K(GT). Consider first the main term
2

JE,,.Q(ae)e’“EQDIJE,,.{(bE,,.Q)Jr of this expansion. Using Proposition 6.6 (with h = 1 and s = €%*t)
together with Proposition 3.4 to handle the contribution of the scaling operators, we find

‘ ‘Je,n(ae)e_ieztDi Jﬁ’ﬁ(bf)T ‘ ‘LlﬁLoo

Note that no sign condition on t is required here. Observing that the support of X:st allows to
write Ope,,@(xzst)* = @67K(X:St)*((er), we see that ||KF||p~_r~ < 1 by Propositions 3.5 and
3.10, hence that

|’K:Je,ﬁ(ae)e_i€2tDiJe,m(be)w|L1_>Loo S <t>_%' (8'13)

We next consider the first term of the remainder R, n(t) of (6.34), where N is as large as we wish.
It is of the form

eiitPOL:?\,NaL?VN (1) = e (er) "N B (P/e® 4+ 1)~N¢(er),

with || Be||p2r2 S 1. To get the time decay, we exploit that this operator is composed to the left
with K} which we can rewrite as

KZ = C(er)(P/e + 1) ($u(en)Open(Wn)” + Biler) ™) f2(P/e2) (8.14)

with )Z:St € 5§20 with the same support as X;‘:St and B! bounded on L2. This follows simply by
expanding (P/e? + 1)N1ﬁn(er)0pe,n(xzst)*. Then, as in the proof of Proposition 8.4,

|[¢(er)(P/e® +1)" N Bller) ™™ f2(P/e*)e™ " (er) N B(P/e* + 1)V ((er)|[ 1, 1o S ()7 E.
On the other hand, the adjoint estimates of Proposition 7.6 together with Proposition 3.7 yield

[[¢(er)(P/€® + 1) N (er) Opew ()" 2 (P/€2)e ™ (er) N B (P/e* + 1) "N ((er)|| 1,
S | 0u(er) Ope (X&) F2(P/ )P (er) V]| o, 10 S €(ED) NP

for t < 0. Therefore, if N is large enough,

||K:e_itPOL:?VN—)L§VN M= S®7F <0 (8.15)
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It remains to treat the integral terms of Ry (t), involving the operator Je . (dec + e, v + Ge). At
low frequency, the contribution of a.. + 7 n follows only from its spatial decay (see the slight
difference with the high frequency case in paragraph 8.3). We thus only exploit that

Je,n(ae,c) + Je,ra(re,N) = <€71>_NJ5,/<(&6,N)7

for some bounded family of symbols (a. n)e in Sp, supported in ©F (Ry, Vp, Iy, £9) with Ry as large
as we wish by taking R large enough. To estimate the contribution of this term in Ry ((t), we use
the estimate

N
6

w[Z

|| K e =P ()N T (e n)e P Tl S Pt —s)”

bE)T | |L1—>L°° ~

()~

for t <t — % < 0 and which, after integration in s, provides an upper bound by (t)
chosen large enough. To get the above estimate, we use on one hand that

3 if N is

|’K:e_i(t_e%)P@r)_N/Q"LZHLOO < €%<62t — s>_%

by using the decomposition (8.14) together with the propagation estimates given by (7.15) and
(the adjoint estimates of) Proposition 7.6. On the other hand, we use

[(er)™N/2 T (@ n)e " Pr T n(b) ]| o o S eF(s)™F

which comes from Proposition 6.5 for the time decay, up to the replacement of the source space
L? by L' which provides the additional ¢"/? factor. This replacement is possible by writing
Jew(b)t = Jew(b)T(P/2 + 1)~ N((er) for some b with the same properties as b (it is obtained
by computing J. . (be)T(P/e? + 1)V = J. .(b.)!) and by using Proposition 3.7.

The last term of R, n(t) to consider is the one containing J. . (@e). Here the crucial observation
is that |# — 9| is bounded below on the support of d.. In particular, using (6.35) we see that
|0p@c|/rOrpe is bounded from below on the support of a., which implies that (7,0, 0xp., Ogpe)
must belong to an incoming area. More precisely, according to (6.31) and (6.35), we must have
Orpe < 01D (T, 0, T pe, Doe)'/? on the support of G, with o1 = 1 —¢7/C independent o f ¢ (i.e. of
€2 in Theorem 6.10). Thus, using Lemma 7.10 we can replace Je x(de) by Ope (X7 )Je,r(de) with
X. supported in an incoming region, up to decaying remainders that can be treated as before. We
can then proceed as before by using the adjoint a priori estimate of Proposition 7.9 (since one can
choose ¢ as small as we want, without affecting the value of o1 above) which provides the estimate

|| K2 P Ope (X)) Do T (b) || 11 oo S € (s) 7 F (2t —5) ™
and then the final estimate by (t)~"/? after integration in s. The result follows. O

To complete the proof of (8.7), it remains to study the contribution of x. in¢ in (8.9). We follow
the idea of [4, 27], by adapting it to the low frequency and global in time case.

Everywhere below, we choose tyg > 0 small enough as in Proposition 8.2. Also, the parameter
¢ used in (8.10) (and hence the parameter ¢ in (8.11)) is chosen according to Proposition 8.5. We
then choose 6 > 0 small enough, according to the third item of Proposition 7.1, and we split X, int
as a sum

v

1% . .
Xeint = 3 Xej»  SUDP(Xe ;) C SUPP(Xeint) N {1/2 € (§6, (G + 1)5)} ,
jeJ DPe
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where J is a finite subset of Z (depending on &) and (x. ). is a bounded family of S=°°°. Tt now
suffices to prove global in time dispersion estimates, say for ¢t > 0, for the operators

Dn(€r)Ope,(Xe,s)" 2 (P/2)e™ P Ope (X ) (er), (8.16)

uniformly in e. To do so, we introduce a spatial partition of unity on the support of the symbols,
1= "6(*/Ry), Re=2  ¢eC5(0,00)
>0
and define "
X (#,0,5,m) = 6/ Re)xe (7. 0, p,m).
Picking ¢ € C5°(0, 00) equal to 1 near the support of ¢ and using that 1 — ¢(#/R;) vanishes near
(0)

the support of X, ;, we obtain by symbolic calculus that, for any given N,

O (X)) Dr(er) = Obere (XD thler)x(er/ Re) + (er) ™V Ble, R)(P/e® + 1) N¢(er),  (8.17)

where, uniformly in e,
1B(e; Re)llz2—sz2 S Ry ™.

The contribution of the remainder term of (8.17) can be treated as the remainders in the above
proof of Proposition 8.5 by propagation estimates and we get

| [ (er)Open(xe.g)* F2(P/e2)e ™ {er) = Ble, R)(P/e* + 1)~V ((er)|] o o S (8) 2RV

for all ¢ > 0 (actualy this holds for all ¢ € R since x.,; is both incoming and outgoing by (8.11)).
These estimates can be easily summed over k. On the other hand, using the general fact that

where the last sum is bounded above by C||v||r: (with C independent of € and k), we see that the
dispersion estimate for (8.16) is a consequence of the following uniform estimates.

> Awd(er/Roy
¢

< (Sup||Azé(€r/R£)|L1*}Lo¢) Z/ vl
¢ ¢ %Esuppqﬁ

Lo

Proposition 8.6. There exists C > 0 such that for all £ > £y, all € € (0,1] and all t > 0,

Proof. For 0 < €2t < tyRy, the estimate follows from Proposition 8.2 together with the fact that

10n(€r)Ope,(xe ) P2 (P/E)[Lomre S 1, |[u(er)Opes(xed) S (P/|p2mr= < €2,

the second estimate being used to treat the remainder term of the parametrix of Proposition 8.2,
which provides an L' — L estimate by €"R,™ < (t)~"/2. Then, for t > e %R, we use L>
propagation estimates as follows. First, we write for an arbitrary N > 0,

<oty e. (8.18)

L — >

D)0 (Xes) S (P/)e™ ™ Ope (1)) Dic(er)er/ Re)|

e (X)) c(er)ler/Re) = (Ope,m(f(g]).)l;m(er) + ey N Be, R@) (P/e + 1)V ¢(er)

with || B(e, Ro)|| 1212 < R, N and (}222)5,2 bounded in §~°°0 with the same support as XEKJ) This
is obtained by expanding Ope’,i(Xg])-)qzm(er)é(er/Rg)(P/EQ + 1)N. Then the contribution of the
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term involving B(e, Ry) is similar to the one of the remainder of (8.17) and provides a L' — L™

estimate by R[N (t)~™/2. We are thus left with the contribution of )ZEKJ) For this term, we
distinguish between two cases

toRy < €2t < TRy, €2t > TRy

with T' > 0 large enough (independent of € and ¢) chosen according to the item 2 of Proposition

7.1, namely such that the support of )Zgj) is mapped into a stronly outgoing region by the classical

flow at time T'. Indeed, for €2t > TR, we can write the contribution of )ZEEJ) to the estimate (8.18),
as the one of

z/;n(er)Opeﬁ (Xe,j)*fQ(P/eQ)e_iG_%)P (eﬂ‘%POpe)N ()Zgj).)z/;,ﬂ(er)ei%})) efi%P(P/g—H)_N((er).

Using Proposition 7.4, we can write for any given N the parenthese as a sum (over angular charts
k2) of operators of the form

RN Ope sy (R Y () () + (er) "N Opay 12 (RyY)

with (xﬁﬂ?tm)@g bounded in S~°°¥ and supported in a an outgoing region with parameter o’ as
close to 1 as we wish, hence in particular disjoint from the support of x. ;. Using Propositions

7.7 and 7.9, we get a dispersion estimate of order e"Ré_N(ezt — TR~ < (t)~%. Finally, for
toR, < €2t < TRy, we write the contribution of )222]) to the estimate (8.18), as the one of

D) Opess ()" FAPLE2) (€77 Ope (R hcler)e™T ) 7 (P 4+ 1)~V er).

By Theorem 7.4 together with the third item Proposition 7.1 and our choice of §, the parenthese
is microlocalized in a set where p“/pi/,f > (j + 1)6, hence disjoint from the support of x. ;. Thus,
only residual terms contribute and they produce a norm of order "R, > = O((t)~"/?) since €%t is
of order Ry in this case. This completes the proof. O

8.3 Proof of Theorem 1.3

Here the analysis is very similar to the one of [27], the main difference being that we control the
remainder terms globally in time. This is done as in the low frequency case, by using the high
frequency propagations estimates of paragraph 7.3, so the techniques are the same. We only record
here that the estimates of paragraph 7.3 are not sensitive to a possible trapping since the moderate
growth in A ~ h=2 in (1.5) is controlled by the large powers of h provided by the remainders in
the expansions (the a priori resolvent estimates are only used to control the remainders).

We also mention the following minor technical point in the transposition of the proof of Propo-
sition 8.5 to high frequencies. In the remainder R’Ii,(t) of the high frequency Isozaki-Kitada
parametrix (see after (6.33)) neither a” nor a" decay in h, so it is not clear that they will have
a negligible contribution in the end. To make sure they are negligible in the derivation of dis-
persion bounds, we have to make sure that these terms have a O(h®) contribution. For a!* this
follows by using Proposition 7.8. The contribution of @" is handled by the propagation estimates
of Proposition 7.9 which provide the fast decay in h.
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8.4 Proof of Theorem 1.4

Thanks to Theorem 1.3, it suffices to prove that for any given x € C§°(M), one has the global
Strichartz estimates

||X'UJhiHLP(]R,L‘1(M)) S [luol|zz-

This follows from the technique of [9, 33]. In the non trapping case, this is a classical fact. For
hyperbolic trapping, the analysis is detailed in [11] for local in time estimates, but it holds also
globally in time. Note also that we are allowed to use Theorem 1.3 since, under the assumptions
of Theorem 1.4, the resolvent has high energy bounds growing at worst like A\='/2log \ (see [30]).

9 Nonlinear equations

In this paragraph, we use the global Strichartz inequalities of Theorem 1.4 to study the L? critical
nonlinear Schrodinger equation s
ny (NLS)

10w — Pu=olu

where n > 3 is the space dimension and o is a sign; o = 1 corresponds to the defocusing case and
o = —1 to the focusing case. Here the sign will not matter since we are going to consider small
data. We will solve (NLS) in

X = L2+%(R X M) N Cscat(Rv LQ(M))

where
Cicat (R, L*(M)) = {u € C(R, L*(M)) | the limits t_l)lgl e"Pu(t) exist in LQ(M)}

is a Banach space for the norm [[u[|p~r2 := sup;ep [|u(t)||r2(a) (it is a closed subspace of the
space of bounded uniformly continuous functions u : R — L*(M)). We then equip X with the
norm

[lullx + [l Lo 22,

- HU| |L2+%(RXM)

which makes it a Banach space.

Theorem 9.1. Let 0 =1 or —1. Under the assumptions of Theorem 1.4, there exists € > 0 such
that, for all ug € L?(M) satisfying ||uo||r2 < €, there exists a unique u € X such that

u(0) = ug and  u solves (NLS) in the distributions sense.

In particular, since it belongs to Cyear (R, L2(M)), this solution scatters ast — +00, i.e. there are
uy € L?(M) such that .
[u(t) — e Fur||2 — 0, t — +o0.

This theorem is of course similar to the well known result for (NLS) on R™. Its novelty stems in
the fact that we work on an asymptotically conical manifold and that a possible hyperbolic trapping
on M will not change the usual picture, namely the global well posedness and the existence of
scattering for small data.

The proof follows the usual scheme, the main tool being the global Strichartz estimates. We
record the main lines below to point out the where one has to be careful in the transposition of
the proof on R”™.
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Proof of Theorem 9.1. The principle is to solve (NLS) in the Duhamel form

t
u(t) = e "Pug + g/ e_i(t_s)P|u(s)|%u(s)ds7 (Duh)

vt Jo
by a fixed point argument on a ball Bx (0, r) with r small enough. We note first that the pair (p, )
defined by p=q¢=2+ % is Schrodinger admissible, so the homogeneous Strichartz inequalities of
Theorem 1.4 show that the map

U:L*(M)3up— [t e Pugl e X
is well defined and that one has
U (Br:(0,e)) C Bx(0,Ce¢).

Also, since (p,q) is not an endpoint pair (i.e. p # 2), the homogeneous inequalities provide
inhomogeneous Strichartz inequalities thanks to the Christ-Kiselev lemma [13]. This means that,
if we set

(DF)(t) = /O e=i=9)P §(5)ds, 9.1)

we have

DS 2+ < ClIfIl znsa

2
*(RxM T (Rx M)’ (9:2)

where 2""‘44 is the conjugate exponent to 2 + E' More precisely, the integral defining D f has a

clear sense if f € C(R, L?(M)) so the precise meaning of (9.2) is that it holds on the dense subset
CR,L*(M))N L%(R x M) and that D can then be extended by density to L%(R X M).
The adjoint estimates to the the homogeneous Strichartz estimates also imply that

D oo J,2 < C n
1D fllzz2 < ANt e

and that

S Ol 2nta

L (1t ] x M)’

1D = DNy = | [ 7 50t

L2 (M)

for all f € C(R, L2(M))N L%(R x M). This last inequality implies that e (D f)(t) has limits
as t — +oo hence that D f belongs to Cyeat (R, L2(M)). Thus

2n+4

D: L7 (R x M) —

is well defined and continuous, by taking the closure of D : C(R, L?(M)) N L T (Rx M) —
One has however to be careful that the closure of D is no longer clearly given by the exphc1t
integral form (9.1).

To handle the nonlinearity u — N (u) := |u|%u, we use the estimate on complex numbers

||21% 2 = [¢|7¢| < Culz = <|(J2]7 +1¢]7), (9.3)

to derive the estimate

HN(u)—N(v)H < Cyllu—

28 ey S Ol 0l gy (Mg o + 0l )
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which implies in particular that
N:X CL* 4R x M) = L% (R x M)

is well defined and Lipschitz on balls of X. The above estimate with v = 0 also implies that

N(Ex(o,r)) C BLG,+4 : (O,Cnrl+%) )

7t (Rx M

We can thus define the map F),, : X — X by
o
Fuy(u) = Uluo) + —D(N(u))

which gives a precise sense to the right hand side of (Duh). Furthermore, for u,v € Bx(0,7) and
ug € Br2(0,¢), one has

| Fuo ()] |x < ||U (uo)||x + || D(N(u))||x < Ce+Crita
and

1Fug (1) = Fuy@)][x = [[D(N () = N@)lx < Cr

uw—vl|x, (9.4)

so, if 7 is small enough and ¢ < r, the ball Bx(0,r) is stable by F,, on which it is a contraction.
This provides a solution to the equation u = F,, (u). To complete the proof, one has to observe that
this solution is a solution in the distributions sense and, conversely, that if we have a distributional
solution which belongs to X then it satisfies F,,,(u) = u.

To prove these two facts, we will use that, if x € C§°(R) is equal to 1 near 0, then for every
given u € X

X2 P)u — u in X as j — oo. (9.5)

Here x(277P)u = [t — x(277 P)u(t)]. The convergence (9.5) follows from the strong convergence
of x(277P) to the identity on both L2(M) and L2T% (M), which can be proved as on R™ for
Fourier multipliers by using the pseudo-differential description of x (277 P). We omit the details of
the proof but only record that to prove

sup [[u(t) - X@7 Pyu(t)l|r2m = 0, j =00
S

we may replace the norm by [|e"Fu(t) — x(277 P)e"u(t)|| 12 r) and exploit that t — ePu(t) is
uniformly continuous with limits at 00 to get the uniform convergence as j — co. Thus, given a
solution u to u = F,,(u) and letting u; = x(277P), one has F,,(u;) — F,,(u) = u by (9.4) and
(9.5). Since \uj|%uj belongs to C'(R, L?(M)) (this can be checked by using (9.3) and that x(277 P)
maps L?(M) into L>°(M)), we can write

t
Fuou)0) = o + . [y 6] )
0

(i.e. the integral has a clear sense) and, from this expression, we easily infer that

(i0 — P)F (uz) = oluy| "y
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in the distributions sense on R x M. Letting j — oo, we conclude that u solves (NLS) in the
distributions sense.

Conversely, if u € X solves (NLS) in the distributions sense, it remains to prove that u = Fy,, (u).
By definition, we have

// (10y — P)p(t, x)u(t, x)dvolydt = a// o(t, x)|u(t,x)|%u(t,x)dvolgdt (9.6)
RJM R JM
for all ¢ € C§°(R x M) and then for all ¢ € C§°(R,8(M)) by a simple limiting argument (see

(3.5) for §(M)). The interest of allowing ¢(t) = ¢(t,.) to belong to (M), is that we can write
the left hand side of (9.6) as

t@(ﬁ%@“P¢a»¢ﬁPu@DLaM>ﬁ’

since €f’ leaves 8(M) stable but not C;°(M). On the other hand, by approximating u by
u; = x(277 P)u using (9.5), the right hand side of (9.6) reads

cr// ST @)y (1, @)y (£, 2)dvolyde + O (| — ] ).
RJM

Using that ¢ — |uj(t)|%uj (t) is continuous with values in L?(M), one can write

t
olu; ()7 u;(t) = e i, (U/ eisP|uj(s)iuj(s)ds).
0

7

Then, by integration by part, (9.6) yields

/R (0 (" ¢(2)), € u(t) — G(N (uj)(1)) 2 g At = O(IJu = u|x),

where
o

GUW%:f/JWﬂWk

tJo
is well defined for f € C(R,L?*(M)) with values on C(R,L?(M)) but can be extended to all
fe L%(R x M) by the adjoint of homogeneous Strichartz estimates. Letting j — oo and

choosing ¢(t) = e~ P4 (t) with ¢ € C5°(R x M), we find that
/R /M B0 {"Pult,2) — GIN(w)(t,x)} dvolydt = 0
hence that e u(t,z) — G(N(u))(t,r) is independent of t. By evaluation at ¢ = 0, we find
eitP (u(t) - 3.D(N(u))(t)) —uy, tER,

since e P G(N(u))(t) = 2D(N(u))(t). This proves that u = F,,(u) and completes the proof. [

A Putting the metric in normal form

Proposition A.1. If (M, G) is asymptotically conic, G can be put in normal form.
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Proof. The main steps are described in [20], but locally with respect to the angular variable. We
briefly describe here how to globalize the construction on S. It is sufficient to prove the existence
of sequences of compact subsets K € M, real numbers Ry > 0 and diffeomorphisms

Qi : M\ Ki, > m = (ri(m),wi(m)) € (Ri,00) X S,

with r/r bounded from above and below on M \ Kj, (so that preimages of bounded intervals by
), are relatively compact in M), through which G = Qj, (Ak(rk;)dr?§ + 27, Bg(rg)dry + r%gk(rk))
with

Ap()—1e 87k, Br()eS™  g()-geS. (A1)

If we achieve this, then in a finite number of steps we have kv > 1 and can put the metric in normal
form by using [5]. We proceed by induction by setting first Q; = Q. We seek Q = D,;l o Qp_1,
between suitable open subsets of R, X S, by constructing a diffeomorphism of the form

Dy (z,w) = (:U + zop(z,w), expw(Vk(x)))

for some symbol o), and some x dependent vector field Vi (z) on S. For Ry large enough, we define
o and then Vi on (Rg,00) X S as the unique solutions in Sk to

Q(xﬁacak + O'k) =1—Ap_1(x), 20, Vi (z) = —g ! (dwak(x) + Bk_l(x)), (A.2)

where g—! stands for the isomorphism 7*S — T'S induced by g, and d,, is the differential on S.

These objects are globally defined with respect to the angular variable on S. Note in particular
that, since V(z) — 0 as x — o0, exp,,(V(x)) is close to the identity on S. It is then not hard to
check that, for Ry, large enough, Dy, is a diffeomorphim between (Rj,o0) X S and an open subset
of (Rg_1,00) x S which contains (Rg_1,00) x S for some Ry,_; large enough. We find that

Dy (Gr-1(ri—1)) = Ap(ri)dri + 2rp By (ri)dry, + rige(ri)

with
Ak(’l'k) = 1+ 20—k(7‘k) -+ T‘karkO'k(T’k) -+ (Ak—l — 1)(T’k) + Siky
Bi(ry) = g(rkﬁ,.kvk(rk)) + Bi—1(rg) + dyor(ry) + S—hv
gk(rk) = g+S77".

By (A.2), we see that (A.l) is satisfied. Furthermore, the form of D implies that ry/ri_1 is
bounded from above and below, so by the induction assumption on r;_; the same holds for r /7.
The result follows. 0

B Weak type (1,1) estimates

In this section, we explain how to reduce the proof of weak type (1,1) estimates on L*(M) for the
operators of Propositions 4.3 and 4.7 to the standard theory of Calderén-Zygmund operators on
R™ (Theorem B.2 below).

We first recall some general and elementary facts. Assume that X' is a manifold equipped with
a measure j which is a positive smooth density. We recall that a linear map T on L'(X, ) (with
values on measurable functions on X) is said to be of weak type (1,1) with bound C' if

C
pw({|ITf]>A}) < X||f||L1(2{,#)

for all A >0 and f € L'(X, u).
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Proposition B.1. Let T be of weak type (1,1) on L*(X, n) with bound C.
1. Letb: X — [m, M], with 0 < m < M, be measurable and let y, be the measure defined by

(B) = | b

Then T is of weak type (1,1) on L*(X, up) with bound CM/m.
2. Let ®: X = Y be a diffeomorphism between X and another manifold ).
(a) Then ®.T®* is of weak type (1,1) on LY (Y, ®.p) with bound C.

(b) If T is bounded on L*(X,u) (but not necessarily of weak type (1,1)), then ®,T®* is
bounded on L*(Y, ®.u) with the same operator norm.

In this proposition, ®,u is the usual pushforward measure (i.e. (B) p(® 1(B))) and
®,, ®* are respectively the pushforward and pullback operators (i.e. ®,v = vo ® 1 and ®*f =
fo®).

We will apply Proposition B.1 to prove the weak type (1,1) bounds stated in the proofs of
Propositions 4.3 and 4.7, that is for operators of the form

Tiow (M, 1) de t)DILOp1 (ac)VIL ' DY, =271,
£=0

and

M
Thigh (M, t) := Z 0¢(6)I1,Opy, (ah)z/JH;l, h? =27*
(=1

We recall that II, is associated to the angular chart x : U — V by (2.1), ¢ is a smooth cutoff
supported in (Rp,00) x V and that a, ap are symbols of the form

0n)

with b(r,0,¢) € S° (possibly depending on € or h in a bounded fashion) supported in (R, 00) x
K x {c <|{] < C} for some K € V and C' > ¢ > 0 independent of € or h.

We proceed as follows. When X = M and p is the Riemannian measure |g(r, 6)|r"~1drdf, the
item 2 (a) with ® = II, allows to transfer the analysis from M to a chart (R, c0) x V equipped with
the measure |g(r, 0)|r"~Ldrddf. The item 1 allows to drop the factor |g(r,8)|. We next introduce
the diffeomorphism

O(r,0) := (r,r0)

between R, X Rgfl and R x R?~1 whose interest is that
P, (r”fldrdO) = drdz.
Then another application of the item 2 (a) shows that it suffices that
Alow (M, 1) := I (Tiow (M, ) T1,,0*, Apigh (M, t) := @I (Thign (M, 1)) T1,, 0%,

satisfy weak type (1,1) estimates on L'(R",drdz). To prove the latter, it suffices to check they
satisfy the assumptions of the following theorem.
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Theorem B.2 (Calderén-Zygmund operators). Let (Ayr) be a sequence of operators on R, x R 1
with Schwartz kernel Ky; such that, for some C > 0 and all M,

I|An || L2 (®n drdz)— L2 @7 draz) < C, M >0,
and, for any j,a such that j + |a] <1,
|a£,a?/KM(T,Z,T/,Z/>| <C(r=r'|+ |z = 2))" I lel, (r,z,r',2') € R*™ M >0.
Then Ay is of weak type (1,1) on LY(R", drdz) with bound uniform in M.

We refer for instance to [38] for a proof of this theorem.

The uniform L?(drdz) boundedness of A}y (M, t) follows from the item 2 (b) of Proposition B.1
together with the Cotlar-Stein argument described in the proof of Proposition 4.3. For Apign (M, 1),
it suffices to observe that

M ~,
> ee(t)a(h) € S°°,
(=1

uniformly in M and ¢. This follows from the form of a(h). Therefore Tiigh(M,t) is uniformly
bounded on L?(M) so Apigh(M,t) is uniformly bounded on L?(drdz) by the item 2 (b) of Propo-
sition B.1.
We next consider the kernel estimates. To put both cases under a single form, we compute the
Schwartz kernel of
Al = ®,D.0py, (a) YD @

with respect to drdz, with
Mn9u%n)=b(ﬁ9uxﬂ), be S,
T

The Schwartz kernel of Opy(a) with respect to drdf is of the form

s r—r r(0—129)
(2mh) b(r,@,h,h>

where b is the Fourier transform with respect to (p,n). After elementary calculations, we find that
the Schwartz kernel of A" reads (up to the irrelevant factor (27)~")

Qi) = (5 () 2t i) o (w02).

r

We want to show that > 0,(t) K and > o¢(t) K} satisfy the second assumption of Theorem B.2.
By exploiting that z’/r’ belongs to a compact set, as well and the fact that er’ is bounded below

by some R > 1, these kernel estimates follow from the following lemma which we use either with
A=hor A=¢1

Lemma B.3. 1. For all N >0, there exists C > 0 such that

X —3N _N —N
r—' | |2= &7 |2'] = 2=~
1 z 1+ — < 1
( + h + h + 7 <C|1+ h + h

for all x>0, allr,r" >0 and all z,2" € R"™1.
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2. Let ¢ > 0. There exists C > 0 such that, for all v, >0 and X > 0, we have

i

r lr —r
— < 1
Feo(i+i5H)

provided that

ﬁ\

>
Y,
(@)

3. Let s € [0,1] and N >n+ 1. Then

—n—s |£C _ y| - < —n—s
Z A 14 3 < |z —vy
A=2¢

LEL

for all x,y € R™ such that x # y.

Proof. In the item 1, the left hand side is not greater than

-N
e N U2 A O A
A A 7! '

Writing 2z — 52/ = 2z — 2/ + T/r—_,rz’ and using the Peetre inequality for the term in the middle, we

obtain an upper bound of the form

-N
=1\ |2 =] r =l 12\ A
1 14+ =21 1+ —50) (14 &L
C( + + = + ,

which in turn is bounded by

_ -N N
|r — 7’| N ‘z—z/ |r — 7’|
C<1+>\ 1+7/\ 1-‘1-7/\ .

This yields the result once observed that

—N —N
OO e Y O e W S (et I et
A A - A A '

The item 2 follows simply from the fact that - =1+ Tj\rl % The item 3 is standard.

r’

C Sobolev estimate

In this section we provide a short proof of the homogeneous Sobolev estimate (1.2).
Using the same cutoff fy as in (1.3), we have

1 = fo)(P)oll 2 () S 1P+ D)V = fo)(PYollzzcamy S P20l 2y
thanks to the inhomogeneous Sobolev estimate (see e.g. [3])

ull g2 gy S 1P+ 1Y 20| L2

7

(C.1)



and the spectral theorem. Thus we have to show that

1fo(P)vllz2 (aay S [1PY20l] L2y -

To do so, we choose x € C°(M) which is equal to 1 on a large enough compact set and observe
that

I fo(P)vll 2= vy S ) " 0llz2any S I1PY20]| 2000

using first that x fo(P)(r) is bounded from L? to L?>  (which follows from (C.1) and a standard
commutator argument) and then the Hardy inequality (see e.g. [6, Prop. 2.2]). Using a partition
of unity >, ¢.(w) =1 on S with functions supported in coordinates patches, we can see that

11 = X)@u(@) fo(PYollz (ny S 1| Ve (1 = 2)9w(@)f(Po)v)|| 12 pn)

using the usual proof of the Sobolev inequality on R™ since the cutoff (1 — x)p, (w) localizes in the
product of a half line and a patch. From this estimate, we then obtain

(=) fo(P)lles(py S Vg F(Bo)vll2omy + I1(r)~ F(Po)vllL2(an
S IPY20ll 2

using again the Hardy inequality.
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