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Abstract

Consider a branching random walk on the real line. Madaule [25] showed the renormal-
ized trajectory of an individual selected according to the critical Gibbs measure converges
in law to a Brownian meander. Besides, Chen [12] proved that the renormalized trajectory
leading to the leftmost individual at time n converges in law to a standard Brownian ex-
cursion. In this article, we prove that the renormalized trajectory of an individual selected
according to a supercritical Gibbs measure also converges in law toward the Brownian ex-
cursion. Moreover, refinements of this results enables to express the probability for the
trajectories of two individuals selected according to the Gibbs measure to have split before
time t, partially answering a question of [14].

1 Introduction

A branching random walk on the real line is a particle system on R defined as follow : It starts
with an unique individual sitting at the origin, forming the 0 generation of the process. At
time 1, this individual dies and gives birth to children, which are positioned on R according to
a point process of law £. These children form the 15 generation. Similarly, at each time n € N,
every individual z of the (n — 1)** generation dies, giving birth to children positioned according
to an independent copy of L translated from the position of z.

We denote by T the genealogical tree of the process. Obviously T is a Galton-Watson tree.
For any individual z € T, we write |z| for the generation to which z belongs and V(z) € R for
the position of z. With these notations, (V(z),|z| = 1) has law L. If z € T, for all k£ < |z|, we
denote by zj the ancestor of z alive at generation k. The collection of positions (V(z),z € T),
together with the genealogical informations, defines the branching random walk.
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Throughout this paper, we suppose that the point process law L satisfies some integrability
conditions. We assume that the Galton-Watson tree is supercritical, or in other words, that

(1.1) E

Zl]>1.

|z[=1

Note that we do not assume P (Z|z\:1 1= oo) = 0, hence a given individual may have infinitely
many children in this branching random walk. Under assumption (1.1), the survival set

(1.2) S:={VneN,JzeT,|z| >n}

is of positive probability.
Assume also that we are in the so-called “boundary case” defined in [4], i.e.

(1.3) E

3 eV(Z)] =1 and E

|z]=1

> V(z)ev(z)] =0,

|z|=1

Under mild assumptions, a branching random walk can be reduced to this case by an affine
transformation —see Appendix A in [21] for a detailed discussion of this question. Furthermore,
we assume the following integrability assumptions to hold

(1.4) o> =E|Y V(z)Qe_V(Z)] < 00,
|z|=1
as well as
(1.5) E | X(log, X)*| + E[Xlog, X| < oo,
where
(1.6) X:=> e"® and X = S V(2)4e7 V.
|z|=1 |z|=1

Finally, we also assume the point process law L is non-lattice, i.e.
(1.7) Va,b >0, P({aV(z) +b,]z| =1} CZ) < 1.
It follows from (1.3) and the branching property of the branching random walk that

Wi = Z e V@ and Z, = Z V(z)e‘v(z)
|z|=n

|z|=n

are martingales. Chen [13] proved that given (1.4), (1.5) is necessary and sufficient to obtain the
almost sure convergence of (Z,) toward a non-negative random variable Z.,. Moreover, we have

S={Z, >0} as.



Let 8 > 1, we write Wy, 5 = X1, =, e PV Madaule [26] proved the convergence in finite-
dimensional distributions of (ngﬁ/ Wop, B> 1). This result in particular implies the convergence
in law of the extremal process of the branching random walk toward a proper limiting point
process, which is a randomly shifted decorated Poisson point process with exponential intensity.

In this article, we consider a probability measure on the n'" generation of the branching
random walk, defined on the set {W,, 5 > 0} = {{|z| = n} # 0} by

1
W

Z e—ﬁv(z)(gz’
B |z|=n

Vn76 -

which is often called the Gibbs measure in the literature. We prove that on the survival event S
of the branching random walk, the trajectory followed by an individual chosen according to v, g
converges, when suitably rescaled, to a Brownian excursion. For a given individual z € T such

that |z| < n, we define
V(2 im)) 2|
HM(z) = [ A g << 21
o= (osest
the Brownian normalization of the trajectory followed by individual z up to time |z|. For all
a < b, we denote by D([a, b]) the space of cadlag" functions on [a, b], equipped with the Skorokhod
distance. To shorten notation, we will write D([0,1]) as D. The function H(z) is an element
of D(]0, %]) For all 5 > 1 and n € N, on the event {IV,, 3 > 0}, we denote the image measure

of vpg by H™(-) by pi, 5, i.e. the measure defined on D as

1
_ —BV(z)
Hn,g = W line O (m) ()-

The following theorem, which is the main result of the article, gives the asymptotic behaviour of
the measure p, g as n — oo.

Theorem 1.1. For all > 1, conditionally on the survival event S of the branching random

walk, we have
lim p1, 5 = Zpk(5€<k) mn law,

n—00
keN

where () is a sequence of i.i.d. normalized Brownian excursions, and (py, k € N) follows an
independent Poisson-Dirichlet’ distribution with parameter (%,0).

B?
An heuristic for this result is developed in the forthcoming Section 1.1.

Remark 1.2. A direct consequence of Theorem 1.1 is that the —annealed— measure E(pu, g|S)
converges weakly to the law of a normalized Brownian excursion.

! Left-continuous functions with right limits at each point.
2For a definition of the two-parameters Poisson-Dirichlet distribution, see [31]



The case of a critical Gibbs measure 3 = 1 has been investigated in [25]. It is proved that

im i, 1 (F) = F(M) in probablity,

where M is a Brownian meander. Formally, in the case f = oo, the measure p, is the
uniform measure on the trajectories leading to the leftmost position at time n, which has been
treated in [12]. For 8 < 1, Pain [29] proved that the trajectory of a particle chosen according
to v, 3 behaves as a random walk with positive drift. In particular, after removing the drift,
the rescaled trajectory converges toward a Brownian path. Moreover, Pain also obtained the
asymptotic behaviour of trajectories sampled according to the law p,, g, with 8, — 1 as n — oo,
giving a detailed account of the phase transition occurring at g = 1 for this measure.

Using the techniques leading to Theorem 1.1, we obtain informations on the genealogy of
two individuals sampled according to the Gibbs measure v, 3. For z, 2" € T, we set MRCA(z, )
to be the generation at which the most recent common ancestor of z and 2z’ was alive, in other
words,

MRCA(z, ') = max{k < min(|z|,]2']) : zx = 2.}
Derrida and Spohn conjectured in [14] that for any § > 1

(1.8) Vs

n

MRCA !
5 (MR € o) = gt + (1= ol

where pg is a random variable such that limg_, pg = 1 and limg_,; pg = 0 in probability. When
individuals are sampled according to v, 5 with § < 1, Chauvin and Rouault [11] proved that
MRCA(z, 2’) converges in law, thus ps = 0 for § < 1. This result was then extended by Pain [29],
who proved the same convergence holds when considering v, g, with 3, — 1.

The conjecture of Derrida and Spohn was partially proved by Bovier and Kurkova [7] for
some binary branching processes with Gaussian increments, by Arguin and Zindy [3] for the
overlapping probability in the 2-dimensional discrete Gaussian free field, and by Jagannath [22]
for the binary branching random walk. In these articles, the main step of the proofs consist
in proving that the model satisfies the so-called Ghirlanda-Guerra identities. These identities
then imply the convergence in (1.8), with ps being the sum of the squares of the elements of a
Poisson-Dirichlet distribution with parameter (%, 0). We mention that after the first appearance
of this article, the conjecture (1.8) was proved for general branching random walks in [28], using
simple considerations on the limiting extremal process of the branching random walk.

We note here that an immediate consequence of Theorem 1.1 is the following result reminis-
cent of the conjecture of Derrida and Spohn. It characterises the law of first splitting time of
trajectories before time ¢.

Corollary 1.3. For any B > 1, we have
foj% (inf{t >0:V(zpm) # V(Z'WJ} € dx) = pad1 + (1 — pg)do,

where (pg, k > 1) has Poisson-Dirichlet distribution with parameter (%, 0) and ps = Y en Pi-



This corollary can be seen as an explicit computation of the well-known fact that in a branch-
ing random walk, two individuals within distance O(1) from the leftmost position are either close
relatives, or their ancestral lineages split early in the process. In the context of Gibbs measure,
the probability of an early splitting is 1 — pg. Moreover, we observe that when 8 — oo, 1 — pg
goes to zero. This is consistent with the fact that p, ., only puts mass on particles which are
at the leftmost position at time n, which are eventually close relatives when (1.7) is verified®.
Similarly, when 5 — 1, 1 — ps goes to 1 ; therefore the corresponding paths are asymptotically
independent, which coincides with the weak convergence obtained in [25, Equation (3.3)].

1.1 Link between the Gibbs measure and the extremal process

To prove Theorem 1.1, the main idea is to understand, for all continuous bounded function F,
the tail decay of the random variable

(1.9) fin,g(F) := 0% P W, 5 X i, g(F) = n®2 37 e VEF(H™(2)),

|2|=n

with fi,, g the non-normalized version of j, g, like in Chen [12] and Madaule [26]. This tail decay
is then used to obtain the limit Laplace transform of fi, g(F') in Proposition 4.1, thanks to the
branching property of the branching random walk. We expose here an interpretation of the
convergence obtained in Theorem 1.1, as well as the main steps of the proof given in this article.
We begin with a heuristic for the reason the aforementioned convergence to hold.

We first recall that Madaule [26] proved the convergence of the extremal process of the
branching random walk >, (5V(Z)7% logn toward a Cox process with intensity Z..e”, decorated
by i.i.d. point processes. This convergence can be interpreted as follows. Recall (see e.g. [27,
Theorem 4.5]) that particles close to the minimal position at time n are with high probability
either close relatives (their MRCA is n — o(n)) or come from distinct families (their MRCA is
o(n)). For each n € N, we call a “local leader” an individual being the smallest® among all
its relatives with a most recent common ancestor alive at a generation larger than n/2. The
family of positions of local leaders forms a family of (mostly) i.i.d. random variables, which
thus converge toward a Poisson point process with intensity Z..e*dx. However, close relatives of
these local leaders are within distance O(1) from their positions. Hence the relative positions of
families with respect to their local leader converge toward i.i.d. point processes, that form the
decorations of the limiting process. This interpretation was made rigorous in [28].

We now recall that Chen [12] proved that the rescaled path followed by the individual reach-
ing the minimal position at time n converges toward a Brownian excursion. As the most recent
common ancestor between local leaders is of order 1, each of them can be considered as indi-
vidual reaching the minimal position at time n — O(1) of an independent branching random
walk. Therefore, the trajectory of each local leader converges toward an independent Brownian
excursion. The limiting normalized trajectories of all close relatives to a given local leader are

3If (1.7) does not hold, then this is no longer true and individuals from distinct families can be at the leftmost
position at the same time, cf Pain [29, Footnote 3].
4Breaking ties uniformly at random.



the same as the one of the local leader, as they only split from the leader’s trajectory in the last
few steps, and the normalization will make this difference disappear —this is a reason why we
consider uniformly continuous functions in our main theorem.

Therefore, Theorem 1.1 becomes natural in sight of the following observation : sampling the
limiting trajectory of a family at random in a decorated Poisson point process with intensity Z..e”
according to the Gibbs measure with parameter (3 is the same thing as sampling it according to a
Poisson-Dirichlet distribution with parameter (%, 0) (this can be observed in [28, Theorem 4.1]).

The main steps of the proof of Theorem 1.1 follow loosely from the above heuristic. In sight
of the many-to-one lemma, which states that additive moments of the branching random walk
can be computed through random walk estimates, we first prove in Lemma 2.5 that the rescaled
shape of a random walk conditioned to stay non-negative and end up at distance O(logn) of 0
is asymptotically independent from the endpoint of that random path. If there were an unique
family of individuals close to the minimal position at time n, this would allow us to decouple
the choice of the individual using the supercritical Gibbs measure (which is concentrated on
the individuals close to the minimal position) and the trajectory followed by the family (which
converges toward a Brownian excursion).

This decoupling can actually be achieved (in Proposition 3.1) by conditioning the minimal
position m, to be small, say smaller than %logn — A for A large enough. Indeed, in this
event of small probability, only one local leader reaches this unusually small minimal position,
hence only one family is charged by the Gibbs measure with high probability. Conditioning
the minimal displacement to be small is similar to conditioning the random variable W), 5 to be
large, therefore the above observation allows an explicit computation of the tail of the Laplace
transform of fi, 5(F).

The proof of Theorem 1.1 finally follows from a standard branching argument. We cut the
branching random walk at a large but finite generation k. Each subtree is then an independent
branching random walk, and the ones that contribute to W), 3 will typically be the ones with a
small minimal position at time n — k. Therefore, using the estimate of the tail of the Laplace
transform allows to give an expression of the Laplace transform. To conclude, it is then enough
to compare this Laplace transform with the one of 3oy prF ().

Organization of the paper. We introduce in Section 2.1 the spinal decomposition and the
many-to-one lemma. We obtain in Section 2.2 some random walk estimates, including the asymp-
totic independence between the rescaled shape and the limiting position of random walk condi-
tioned to make an excursion. We compute in Section 3 a tight estimate on the tail of the Laplace
transform of fi, 5(F'). Finally the proofs of Theorem 1.1 and Corollary 1.3 are given in Section 4.

2 Many-to-one lemma and random walk estimates

We introduce in a first time the Lyon’s change of measure of the branching random walk and the
spinal decomposition. This result enables to compute additive moments of the branching random
walk using random walk estimates. In a second part, we consider a centered random walk with
finite variance, conditioned to stay above 0 until time n and ending at time n at distance of



order o(y/n), and obtain the asymptotic independence with the rescaled shape and the endpoint
of this random walk.

2.1 Lyon’s change of measures and the many-to-one lemma

For any a € R, let P, be the probability measure of the branching random walk started from
a, and let E, be the corresponding expectation. We recall that (W,,1,n € N) is a non-negative
martingale with respect to the natural filtration F,, = o(u, V(u),|u| < n). We define a new
probability measure P, on F,, such that for all n € N,

dP,,
dPa Fn

___a
=€ n,1-

(2.1)

The so-called spinal decomposition, introduced by Lyons in [24] gives an alternative construction
of the measure P,, by introduction of a special ray, the “spine”, along which reproduction is
modified.

We introduce another point process law L with Radon-Nikodym derivative >, e~¢ with respect
to the law of £. The branching random walk with spine starts with one individual located at
a at time 0, denoted by wy. It generates its children according to the law L. Individual w; is
chosen among the children z of wy with probability proportional to e=V*). Then, for all n > 1,
individuals at the n'™ generation die, giving birth to children independently according to the
law L, except for the individual w, which uses the law L. The individual Wna1 is chosen at
random among the children z of w,, with probability proportional to e~V(*). We denote by T
the genealogical tree of this process, and by P, the law of (V(u),u € T, (wn,n > 0)) as we just
defined.

Fu P

Proposition 2.1. For any n € N, we have P, -
and (V(w,),n > 0) is a centered random walk under

. Moreover, for any z € T such that
e~V (2)
Wn,l ’

P,, starting from a, and with variance o>.

|z| = n, we have P, (wn = 2|Fp) =

In particular, this proposition implies the many-to-one lemma, which has been introduced
for the first time by Peyrieére in [30], and links additive moments of the branching random walks
with random walk estimates.

Lemma 2.2. There exists a centered random walk (S,,n > 0), starting from a under P,, with
variance 0% such that for allm > 1 and g : R® — R, measurable, we have

22 B, | 5 g(V(a) V)| =Ea[5g(S1e - 50)]

|2|=n



Proof. We use Proposition 2.1 to compute

B, | 3 g(Via) - Va)| =E ;,Z'z_ GV (z1),- V(za)
= ¢ Eq | 3 e Dg(V(z1), - V()
|z|=n

_E, [ev(“")*ag(V(m), . ,V(wn))} ,

Therefore we define the random walk S under P, to have the same law as (V'(w,), 7 > 0) under
P,, which ends the proof. O

2.2 Approximation of a random walk excursion

In this subsection, (S,,n > 0) is a centered random walk on R with finite variance ¢, which is
non-lattice, i.e. the support of the law of S; is not included in some discrete additive subgroup
of R. We write, for 0 < m < n, ﬁ[mm} = min,,<x<, Sk and 9, = §[07n] the minimal position of
the random walk until time n. We introduce in a first time a piece of notation, before computing
the probability for a random walk to make an excursion of length n above 0, and the asymptotic
independence between the endpoint and the shape of the excursion, on that event.

We denote by Cy(D) be the set of continuous bounded functions from D to R, as well as
C(D) C Cy(D) the collection of uniformly continuous functions. In this section, we often prove
the estimates for uniformly continuous functions in a first time, before extending them to any
continuous bounded functions.

2.2.1 Some random walk notation and preliminary results

The ballot theorem. We present the following estimates, which bound the probability for a
random walk to make an excursion of length n above a given level. Let A € (0,1). There exists
a constant ¢; > 0 such that for any b > a >0, z,y > 0 and n > 1, we have

(2.3) P, (Sn €ly+a,y+0b),S,>0,Spm = y) <o (T4+2)(14b—a)(l 4 bn =2
This classical estimate can be found for example in [2, Lemma 2.4].

) and (H;",k > 0) the

Ladder epochs and height processes. We denote by (7,,k > 0
F=0,Hf =0 and, for k > 1,

strictly ascending ladder epochs and the height process, writing 7
(2.4) o =inf{n>7",:5,>H!,} and H = St

Note that (737, k > 0) and (H,", k > 0) are renewal processes, i.e., random walks with i.i.d. non-
negative increments. Similarly, we write 7= and H~ the strictly ascending ladder epoch and the



height process associated to —S. It is given in [23, Theorem A] that there exist two constants
C4 > 0 such that

(2.5) P(rf >n) = P(Igg(:FSk) >0) = \C/% + o(n~Y?).

Renewal function. We write V~(-) (respectively V*(-)) the renewal function associated to
(H, ,k >0) (resp. (H; ,k >0)), defined by

(2.6) Vo >0, Vo(x)=> P(H, <z).

k>0

Observe that V'~ is a non-decreasing, right-continuous function with V= (0) = 1. We can rewrite
V'~ in the following way

(2.7) Vi(z) =) P (-2 < S, <Sp1)

k>0

As a consequence of the Renewal Theorem in [17, p. 360], there exist two constants cx > 0 such
that

(2.8) VE(T) ~posoo CLT.

Local measure of the random walk staying non-negative. We introduce, for n > 1, the
measure

(2.9) i (x, dy) == P, (Sn > 0,85, € dy),
Let K > 0, it has been proved by Doney [16] that uniformly in x = o(y/n) and y = o(y/n),

(2.10) wH(x, [y, y + K]) = VH(2)dz (1 + 0,(1)).

1
——V (z /
o/ 2mn3/? (@) ly.y+K]
and that uniformly in = o(y/n) and y € [0, 00),

C_y
o2n3/2

(2.11) w0, [y + K)) = e mt KV (2) 4+ o(n™").
Obviously, similar estimates hold for 7~ the measure associated to —S.

Random walk conditioned to stay non-negative. We observe that the renewal function
V'~ is invariant for the semigroup of the random walk killed when it first enters the negative
half-line (—o0,0), i.c.

(2.12) Vx>0, VN €N, V7 (2) =B |V (z+ Sx)1gg o -

9



This equality can be found in [23].
Using (2.12), for all z > 0, we define the probability measure Pl by

1

(2.13) P!(B) := )

E, (1sV7(Sn);i Sy > 0),

for N > 1 and B € 0(Sp,...Sy). We call P! the law of the random walk conditioned to
stay positive. For any positive sequence (x,) such that \/% — x > 0, we have the following
invariance principle, proved in [9, Theorem 1.1],

(2.14) VF € Cy(D), EI <F (St e [0, 1)) ) — B, (F(R)),

where R = (R(t);t > 0) is a three-dimensional Bessel process.
We also state another functional central limit theorem related to (2.14), which has been
proved by Iglehart [19], Bolthausen [6] and Doney [15].

(2.15) VF € Cy(D), E(F (Sedse e [0,1]) |8, > 0) — E(F(M)),

where M = (M(t);t € [0,1]) is a Brownian meander process. The following equality from
Imhof [20] reveals the relation between these two limit processes. For any ¢ € (0, 1],

(2.16) VO € Cy(D[0,4]), E[®(M(u),u < t)] = gE L%{;@(R(u),u < t)] .

Decomposition of the excursions. We write pl,, = (p, ,(s),s € [0,1]) for a 3-dimensional
Bessel bridge of length ¢ € [0, 1] between x and y, where z,y € R,. Intuitively,

(2.17) VF € Cy(D), E(F(ptx’y)> _E, <F(R(s), s e [O,t])‘R(t) _ y)
For all A € (0,1), Gy € C(D([0,A])), G2 € C(D([0,1 — A])) and = € D we set
G1x Ga(x) = Gh(25,8 < N)Gao(xs4r, s <1 —A).

Lemma 2.3. Let € = (¢,t € [0,1]) be a normalized Brownian excursion. We write (M, t €
[0, A]) and (pag(t),z € RY ¢t € [0,1—\] two independent processes, with M a Brownian meander
of length A and pglﬁfo’\ a Bessel bridge between x and O of length 1 — X\. We have

M2

(2.18) E |Gy * Gs(e)] = \/EME [M(A>6MG1 (M) G2 (P}vl(/\,\),o)] :

Proof. We show that both sides in (2.18) are equal to

(219 \/i/ooo M‘fHE G1 (pba) | B G2 (phs")] da.

10



Recall that € has the same law as p(lw a 3-dimensional Bessel bridge of length 1. Conditioning
on the value of pgo(X), we have

E Gy + Ga(e)] = [G1 (Phols)5 < A) Ga (phols) A < 5 < 1))
_/ Poo de) [Gl(pOO() S)\)G2 P(lJ,o(S)a)\Ssﬁl)

Ptl),o(/\) = x} )

22
where the density of pgo(A) is P (p(l)vo()\) € dx) = \/gmx%_wl%) l,>0dz. It hence
follows that

E G * Ga(€)]

2 0o ZL‘2 2 ) 1
:\/;/0 d(l}m@ 2X( —A)E |:G1 (p0’0(8>,8 S )\) G2 (p0,0<8)7 )\ S S S ]_>

Applying the Markov property at time A yields

E|G1 (phols):s < ) Ga (phols) A < 5 < 1) o) = o]
—E |Gy (pho(s):s < A) [pbo(N) = ] E [G (1]

=E G (4i.)| B|G2 (0r3")]

phoX) =] .

As a consequence

B[G1* Gafe \/7/ A3/2(1 3/26 %E {G1 <P8‘m)} E [Gz (pi}f)] dx.

On the other hand, writing

2 1 _MO)? -
D(G1, G ) = || g — e MOV 9G (M) G (o) |

by (2.16) we have

2 1 _ M= _
061,62 ) = | 3 [0 0 MOYe 56 i)

1 RO
= WE lGl (R(s);s € 0,A]) e 2% Gz (P}%(;\\),o)] :
where (R(s);0 < s < A) is a Bessel process independent with (p) ). We now condition on the
value of R()\) —recall that the law of R()\) is P(R()) € dz) = /2522 ~*"/®V1,0dz— to obtain

['(G1, G, N)

:(1_1>\)3/2 /OOOP<R()\) € d$)E [Gl (R(s);s €[0,A]) e 2 VE {Gg (pR ’R ]

) 2 22
2 [ e R 6 ) B[ o

11



We conclude that E [G] x Ga(€)] = T'(G1, Ga, N). O

2.2.2 Asymptotic independence of the endpoint and the shape of the trajectory in
a random walk excursion

For n € N, let S™ be the normalized path of the random walk S, defined, for ¢ € [0, 1] by

Sin
(2.20) s .= 2l

o3n

9

also written S when the value of n is unambiguous. Clearly, (St € [0,1]) € D. We prove in
this section that conditionally on {S,, > 0} and {S,, = o(y/n)}, the endpoint S,, is asymptotically
independent of rescaled shape S of the excursion.

We begin with the following estimate, for a random walk starting at time 0 within distance \/n
from the boundary.

Lemma 2.4. Let (y,)n>1 be a non-negative sequence such that lim, . % = 0. There exists
C, = % (with C the constant defined in (2.5)) such that for all K € RT and F € Cy(D), we

have

(2.21) lim sup

N0 2R+

By [F(S™); 8, > Y, S € [Yn, Y + K]

~ Cg@B (F(pLy) [ V()=

=0,

I2
where g 1 x — xe” 2 1i>0) and pi,o s a three-dimensional Bessel bridge of length 1 from x to 0.

Proof. The proof of this lemma is largely inspired by the arguments in [10]. By to Lemma A.1
of [29], it is enough to prove this convergence for any F' € C}(D).
Let n € N and F' uniformly continuous, we have, in terms of the local measure

(2.22) E,,ym (F(S); Sy = Yns S € [Yn,yn + K))
= {Buar iy (F(9)]S, > 0,5, € [0. K1) + on(1) ] (z0v/ — 4, [0, K1),

Recall that (2.10) and (2.11) give estimates of 7 (z,[y,y + K]) when z = o(y/n). We first
extend this result by showing there exists C, > 0 such that uniformly in z € [0, 00),

(2.23) ot (x,]0, K]) = (;* /OK VT(2)dzg <g\x/ﬁ> - 0(71).

Let n € N, we write S;, = S,,_ — 5, for 0 < k < n, the “time-reversal random walk”, which has
the same law as —S. We observe that

7 (2,[0, K]) =P, (S, > 0,5, € [0, K]) = P ( min Sy > S —a > —K)

0<k<n

:ZP(T:j, min SkZSn—xz—K),
=0 0<k<n

12



where T' := min{j < n : S; = ming<x<, Sy, }. Applying the Markov property at time 7" = j
yields that

(2.24) 7 (2,]0,K]) = znj E (1 (<5 <mingepey s 57 Ty (s [2 = K = S5, x])) = ion,

J=0

where 7; := E (1{—K<S.<min0<k<j1Sk}7rnj<0’ [z — K — Sj,x])> for all 0 < 7 < n. Applying
(2.11) to 7, uniformly in y > 0, we have

Cy
2.2 - K|)=— —LINK 1)).
(2.25) T (0, [,y + K]) = — (9(G25) K + 0a(1)
Therefore,
Z Tj = < (52 f + 0,(1 ) Z E[ {—KSS;<min0§k§j,1S;}(K+S;)
0<j<+/n 0<j<v/n
_ &

(2.26)

= (9(;5) + 0a(1)) (/K V*(2)dz + on(1)> .

on 0

Using (2.25), we observe there exists co > 0 such that foralln € Nand y > 0, 7, (0, [y,y + K]) <

ca(1+K) . . .
<.+, which implies

Vn<j<n N —J+l
1+ K
< Z LﬂP(ﬁj >0,5; <K) by time-reversal
v P IH
03(1 + K) .
< , using (2.3),
ﬁ§<n (n—j+1)532 (2:3)
S0 3 m<jen T = 0(n'). As a consequence, for C, = ==, uniformly in = > 0, (2.24) becomes
O x + -1
(2.27) (2, [0, K]) = g(M)/ V*(2)dz + o(nY).

Plugging this result into (2.22), we obtain that, uniformly in 2 > 0

E,o m (F(S);Sh = Yns Sn € [Yns Yn + K])

= Iy (0B ) [F9)1S, 2 0.8, € [0.K]) + ofn™),

n 0

As lim,_,, g(z) = 0, it remains to prove that for any K, > 0 fixed,

(2.28) lim  sup |Eoyiy,) [F(S)[S, > 0,8, € [0, K]] - B(F(p™))| = 0.

nr00 €10, Ko]

13



Let Ky > 0 and £ > 0, we prove that (2.28) holds for any F' € C,(D([0,1 — ¢])).
Let M :=[(1 —¢)n|. For any x > 0, applying the Markov property at time M gives

E,[F(S);S, > 0,5, € [0, K]]
P.[S,>0,5, €[0,K]]

E, [F(sn (5,20 Py (Sucar > 0,50y € [0, K))
T (2, [0, KJ)
E, |F(S)L(s, w0y au(S0r. 0. K))
Tt (2, [0, K1)

E, (F(S)|S, > 0,5, € [0,K]) =

We set z,, := xo/n — y,. By change of measures introduced in (2.13), we observe that

B!, [F(S){=8hn (5w, [0, K))]
75 (2 [0, K)

—=E[, [F(S)/2,, (2% >]

E,, [F(S)|S,>0,5,€0,K]] =

where we write (recalling that M = |n(1 —¢)])

n o V™ (l’n) ﬂ-: M(ZO'\/E, [O’ K])
(2.29) e, (2) 1= (2, [0, K]) V=(zo+/n) '

On the other hand, for a Bessel bridge P:};,m by the Markov property at time 1 — ¢,

(2.30) E(F(pho)) = E. |[F(R()is € 0.1 &]) o (RO = 9)) |
where
o—2/(29)
(2.31) few(2) = Py
As a result,

E., [F(S)]S, > 0,5, €[0,K]) - E(F
Eln F(S)fr

E,Tn

El, (F(S)f-0(2%

Pglc,o)) ’
|-®

<

which leads to

E,, [F(S)|S, > 0,5, € [0,K]) - E (F(p}))|

< sup o (2) = fs,x(z)‘ [[F[|oo

2>0,2€[0,K]

L (F(8) fon(28)) — Bo [F (R(s);s € [0,1 —e]) for (R(1—2))]| -

14



By use of (2.23) and (2.10), we have

(2.32) lim  sup

00 2 >0,2€[0,K]

J2a,(2) = fea(2)] = 0.

It follows from (2.14) that

B, (PO 2) ~ . [P(Rsks € 0.1 o)) (RO - >)]| —o

As a result, to complete the proof of Lemma 2.4, it is enough to check the tightness of S un-
der P, (-|S, > 0,5, € [0, K]), as the previous equation gives convergence in finite dimensional
distributions of this quantity. By Theorem 15.3 of [5], for any n > 0, it suffices to say that

(2.33) lim sup

00 2€(0,K]

(2.34) lim lim sup P, | sup S, >novn|S, >0,5,€[0,K]] =0,
6=0M70 4c(0,K] 0<k<én
which holds immediately by time reversal properties. O

Using Lemma 2.4, we obtain the main result of this section, the joint convergence of this
normalized path and the terminal position in a random walk excursion.

Lemma 2.5. Let f : Ry — R be a Riemann-integrable function such that there exists a non-
increasing function f verifying |f(z)| < f(z) and Jr, wf(x)dx < 0o. Let (ry) be a non-negative
sequence such that limsup,,_, ogn < 00 There ezists a constant Cy > 0 such that for all such
functions f, A € (0,1) and F € Cy(D),

(2.35)
lim sup |n"°B [F(8) f(Si — 1):8, > 0,80, > 3] — OBFW)] [ f@)V*()da] =0,
n Ooye[O,rn] +

where € = (&,t € [0,1]) is a standard Brownian excursion.

Proof. This lemma is a slight refinement of Lemma 2.4 in [12], which proved the above conver-
gence for any function F' that depends only on the values of S on the interval [0, «| for some
a < 1. Without loss of generality, we assume 0 < F' < 1. Similarly, up to a decomposition of f
in its positive and negative part, we can assume without loss of generality that f is non-negative.
For convenience, we set

(2.36) \(F, £) = B [F(S) /(S0 — 1); S, 2 0, S 2 ]
For any K > 0, writing fx(x) = f(2)1{zep0,x]}, We observe that

X(va):X<F7fK)+X(F7f_fK)

15



As 0 < F <1, wehave x (F, f — fx) < x (1, f — fx) (using the fact that f > fx), and

]:K
<> JU)P (Sn 2 0.8pmm 2 4 Sn € ly+ Gy +J + 1),
j=K

<e1(245)n—3/2

by use of (2.3). As [ zf(z)dr < co, we have limg_, Stk (2+ N =o.
Therefore, we only need to estimate x(F, fx), and, as f is Riemann-integrable, it is enough
to consider functions of the form 1y,¢p k)3, for K € R. We now compute an equivalent of

X(F, K) = X(F, 1{ox) = B [F(S); S, > 0, Sy = 4, S <y + K.

Using Lemma A.2 of [29], we only need to prove the uniform convergence for F' = G * G
where G, € C(D([0,]])) and G2 € CH(D([0,1 — A])) are two uniformly continuous bounded

functions. We prove that uniformly in y € [0, 7,], we have

(2.37) Jim. n32x(G1 * G4(S), K) — CLE [Gy x Go(e)] /K VH(x)dx| = 0.

0

Applying the Markov property at time m = m,, := |An|, we have

(2.38) X (G1%Go, K) =B |Gy (St € [0,N]) Ureg, ( Sy > 0],

)

where for x > 0,

S n(t m
Wk 6y (7) 1= By [Ga (PC20= 1 € (0,1 = N]) 5 Spm Sy + K, S, >y
Recall that ptx’y is a 3-dimensional Bessel bridge of length ¢ between x and y. Using Lemma 2.4,
uniformly in z > 0 and y € [0,7,], we have

C

V(o) = g o VM) + o)

where ¥(x) :=g¢ (\/{‘_—/\) E [GQ (pif&)} and C, = % As a consequence, (2.38) becomes
X (Gl * GQ, K)
- C*/K VH(2)d2E |Gy (St € [0,\) ¥ (25) S, > 0] + 0o(n )P (S, > 0)
(1 — /\)TL 0 ty ) oyn ) EmM = Em =
C,C_

B o(1 = \)VAn3/? /o V¥ (2)d=E [G (S{;ﬂ’t € [0, )‘]) (& (%)‘ﬁm > 0] +o(n%/?),

where the last equality is a consequence of (2.5).
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Using (2.15), conditionally on {S,, = S|, > 0}, the normalized random walk S converges
in law to a Brownian meander of length A, written M = (M(t),0 < r < X). Therefore, uniformly
iny e [0,r,]

c.C_
o(1 = \)VAn3/2

K
_ GO / V*(2)d2T(Gy, Gy, \) + o(n=3/?),
0

on3/2

X(Gl*GQ,K> =

/OK VF(2)dzE [Gy (M) 1 (M(A)] 4 o(n~%/?)

where we write

1 ——M(”f 1-A
F(Gl, GQ, )\) - mE Gl (M) M(A)e 2= )E |:G2 (pM()\),(])] )

with (M(£);0 < r < \) and (ph(t);t € [0,1],2 € Ry) two independent processes. Applying
Lemma 2.3, we have, uniformly in y € [0, r,],

O, K
(2.39) X(G1 Gy K) = 37/12/ VH(2)dz x E (Gy * Gy(€)) + o(n™/?),
n3/2 Jo
where C} := C*JC* 5, which leads to (2.37), therefore concluding the proof. O

This lemma can be extended, using standard computations, to the following estimate, which
enables to choose the starting point uniformly in [0, r,].

Lemma 2.6. Under the hypotheses of Lemma 2.5, we have

(2.40)  lim sup

nree avye [O,T’n]

— WV ()E [F(e)] / F(@)V*H(x)dz| = 0.

R4

Proof. Again, by Lemma A.1 of [29], we can suppose that F' € C{(D). Up to decomposing f
into its positive and its negative part, we assume without loss of generality that f > 0. We set

(2.41) Xa(F, ) :=E[F(S)£(Sy = 4); S > —a, Sph) > 4]

Decomposing with respect to the first time at which the random walk hits its minimum, we prove
that uniformly in a € [0,7,], xo(F, f) = V= (a)x(F, f). Let 7:=inf{0 < k <n:S =9,}, we
show that 7 < y/n with high probability. By Markov property at time k, we have

Xa(F7 f) = Z E (F(S)f(sn - y)aT = kjvﬁn > _avﬁ[)\n,n] > y)
k=0
k=0
< Z E (C(Slﬁn - k>1{5k_1>5k>a}> )

iy
o
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where C(xu n— k) = E(f(Sn*k —y+ x)vﬁnfk > O7§[An7k,nfk] > Y= I)
On the one hand, observe that

C(w,n = k) <E (f(Snr =y + )15, yy-a)i Snip > 0)

2: ( nk_y+$ﬂwnﬁbxﬂyxﬂﬂwsnk>o)

Z nke[y_x+]7y_x+]+1]7§n—k20>7

IA

which, by (2.3), is bounded by

> j+y—x+2) c1 s
2:: k)3/2 < (1 _ )\)3/2713/2 1 Ty - Z::

As fxf(;v)d:v < 00, uniformly in a,y € [0,r,], € [—a,0] and k < An, we have
(2.42) C(xyn—k) < (1 +y+a)n™>2
On the other hand, by (2.3), P(S,_; > S > —a) < ¢1(1+a)?k~3/2. As a consequence, writing

k., = |\/n], we have

ZE(F F(Sn=y);7 =k, 8, > —a, Spuy = y) <csn (1 +y+a)(1+a ka
k=kn+1 k=kn+1

1+logn)® _
§C4( 1/§§ ) n=3/2

Thus

Ff) = Y B(FS)(Sh—v)ir
= 3B (F(S)f(S, — u):7

k, S,

IV

S[An,n} > y) + 0(7173/2).

We now prove that max;<, S, < n'/* with high probability. Let M > 0, by Markov property
and (2.42),

kn
5" B (F(S)7(5, — )7 = komax Sy = M, 5, = —0, S 2 0)

kn
< kz E (C(Ska n— k)1{§k71>3k2—a;maxj§k Sj>M}>
=0

Fn
<enP(l+y+a)) P (Sk—l > S 2 —a;max.S; > M> .
k=0 J=
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We recall that (7, , H, )k>o are the strict descending epochs and heights of (S,,). For all k > 1,
the sequence <{Sn_Tk_1 +H,_,n<T1 — Tk,__l} k> O) is i.i.d. Letting

M, ==max{S,+ H,_;, 7,1 <n <7},

we deduce that (H, — H,_,, M ) is i.i.d. Consequently,
kn
ZP (Skl > Sy > —a;max .S; > M)
k=0 Jsk

<PWM; >M)+> P(H; <a,My <M,...,.My <M+H,_,, M, >M-+H,)

k>1

<P(M; >M)+> P(H, <a,M,,, >M+H,)

k>1

<P(M; = M)+ > P(H, <a)P(M; >M)

k>1

<V (a)P(M; > M).
According to Corollary 3 in [15], P(M; > n) = € + o(n~"). Taking M = n'/* yields

kn
2B (F(S)f(Sn — YT = komax S = n't S, > —a, S 2 y) = o(n™??).
k=0 i<

Finally, by uniform continuity of F', we have

kn
(2.43) xa(F, ) =) E<F(S)f(Sn —y);T =k, max S, <n'/4 S, > —a, Sy > y) + o(n=%/?)
k=0 =

kn
B Z E<C(Sk’ " k’ F)1{5k1>5k2—a}> - O(n_3/2)7
k=0

where

S\ (n—k)t]

te [07 1]>f(5n—7€ —y+ x)7§n—k > 07§[>\n—k,n—k] >Yy—x|.
o?(n —k)

((x,n—k, F) ::E(F<

Observe that for k& < /n, the asymptotic behavior of ((z,n — k, F') follows from that of x(F, f).
It follows from (2.35) that uniformly in k < k,,, x € [—a,0] and a,y € [0,7,],

G

((w,n — i, F) = 2B (F(e)) /0°° F(VF(2)dz + o(n~?).

Going back to (2.43), we have

kn
W) =2E (¢(8km =k F)Lgs, ogsmay) +oln™™?)

T p3/2

00 kn,
E (F(e)) /0 FVF(2)dz S P (Spy > Sk > —a) + o(n~2).

k=0
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Observe also that Y32 P (Sy_1 > Sk > —a) =V~ (a) and that uniformly in a € [0, 7,],

i P (81 > Sk 2 —a) = 0,(1).

k=kn+1

We conclude that uniformly in y,a € [0, r,],

(2.44) lim n*%x(F, f) = C1V ™ (a)E (F(¢)) /OOO f(2)V*(2)dz,

n—oo

which ends the proof. O

3 Laplace transform of the Gibbs measure

We recall that for a branching random walk (V(u),u € T) and 5 > 1,

finp(F) =07 Y e VO F(H,(u)).

|ul=n

This section is devoted to the computation of the Laplace transform of i, g(F'), which is closely
related to the already known estimates on the minimal displacement of the branching random
walk. Therefore, we define M,, as the smallest occupied position in the n-th generation, i.e.,
(3.1) M, = |i{1_f V(u),

with the convention inf () := co. We denote by m(™ an individual chosen uniformly at random

in the set {u: |u| =n,V(u) = M,} of leftmost individuals at time n.
The rest of this section is devoted to the proof of the following result.

Proposition 3.1. Let 5 > 1, under (1.3), (1.4) and (1.5), there ezists Cz > 0 such that for all
non-negative F' € Cp(D) and £ > 0, there exists (A, N) € RT x N such that

xT

°E [1 — exp (—e_ﬁmﬁn,ﬁ(F)ﬂ — CpE (F(E)a

T

(3.2) sup sup
n>N :EE[A,% log n—A]

<e

)

where € is a standard Brownian excursion.

Observe that if ' = # € RT is a constant, Proposition 3.1 is: For all ¢ > 0, there exists
(A, N) € RT x N such that

T

%E (1 — exp (—Qe_ﬂxﬁnﬁ(l))) — C’ﬁﬁé

(3.3) sup sup
n2N ge[A,3 logn—A]

<eg,

which is a straightforward consequence of [26, Proposition 2.2] (applying this result with d = 1).
Therefore, it is enough to prove, using Lemma 2.5 that

E {exp (—e‘ﬁmﬁnﬂ(F))} ~E {exp (—e‘ﬂ’”ﬁn,ﬂ(l)F(e))}
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where € is a Brownian excursion independent of the branching random walk. This is done in
Lemma 3.6.

However, to realize this substitution, we first need to restrict the space on which we compute
the Laplace transform of fi,, g to an event of in which there is a unique family of particles in the
neighborhood of the minimal displacement at time n, which followed a random walk excursion.
The tail of the Laplace transform of i, g on the whole space is well-approached by its tail on that
subspace. The computation of the tail of a random variable by considering it on a subspace is a
fruitful technique in branching processes, and can be tracked back at least to [8]. This method
was used by Aidékon [1] to obtain a precise estimate on the tail of the maximal displacement of
the branching random walk.

For all n € N, following [1], we write a, = $logn and a,(z) = a, — z. For all z € R,
F € Cy(D,R") and E a measurable event, we write

X(n,z, F):=E [exp (—e_ﬂ“’ﬁnﬁ(F))} and Yg(n,z,F):=E {exp (—e‘ﬁwﬁnﬂ(F)lE)} :
For A € (0,1), L, Ly > 0 and z > Ky > 0, we define the set of individuals

(3.4) JE o (n) = {u cT - lul =n,V(u) < a,(z — L), ming<, V(ug) > —z + Ko, }
: ' Ko.Lo : :

miny,<p<n V(ug) > an(z + L)

For simplicity, we often write .Jx ; iz, (1) instead of JY _ r 1 (n). We now consider the following
event

(35) E, = {m(”) < J)\,ZE—A,Ko,Lo(n)}'

At the end of the section, we will choose A < Ly < Ky < x, and L € {0, Ly}. We prove in a
first time that X and X g, are close to each other.

Lemma 3.2. There ezists oy > 0 small enough such that for all ¢ > 0, there exists A.; > 1
such that such that for all A > Ay, Lo > 2A/ay, > 2e5072 /e and n > 1, we have

(3.6) 0<¥g,(n,z,F)—X(n,z, F) < exe ™.
Proof. Observe that
Yg, (n,z,F) =E {exp (—e‘ﬁmﬁn,g(F)) ;En) +P(E),
YX(n,z, F)=E {exp (—e‘ﬁxﬁn,g(F)) ;En} +E [exp (—e‘ﬁxﬁnyﬁ(FD ,Eﬂ .
As a consequence,
(3.7) 0< g, (na, F) = S(n,2,F) =B (1 - exp{—e i, 5(F)}; E5) .

We observe that 1 —e W = [° e 1>y du, thus
ZEn (nv Z, F) - Z(TL, L, F) =E |:/0 6_u1{efﬁzﬁn,B(F)Zu}du; ETCL:|

= /OOO e P (e_ﬂxﬁnﬁ(F) > u; Efl) du.
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Using the fact that F' is non-negative bounded, we have

Yp,(nx, F) = X(n,z, F) </ Nnﬁ 1) > ||F1|l| eﬂIQEﬁJ'
Let A e (l,z—1),as ES C {M, > a,(x — A)} U(ESN{M, < a,(z —A)}), we have

(3.8) X, (n,z,F)—X(n,x F)
< / ,unﬁ 1) > 4—eP M, > a,(z — A)) du

+ /°° e P (M, < an(z — A); E°) du.
0
Py

On the one hand,
P, =P (m(") ¢ Jna—n,K0,10(1); M < ap(z — A))
<P (Fz: |z =n,V(2) <ap(x —A), 2 & Jrz-nkoro())
(39) < (eKO + B_CGLOl’) e—x—i—A

applying Lemma 3.3 in Aidékon [1].
On the other hand, by change of variables,

(3.10) P = /R Be= TP (i 5(1) > e’ M, > an(x — A)) dy.

oo

PT (:E,y)

To bound Py(z,y), we use Proposition 4.6 of [26] (more precisely Equation (4.15) of that article).
For all 0 < K < A, one sees immediately that, for |y| < K,

. 1 x
Pi(z,y) =P <Pm (1) = 7]l P M, > an(z — A))

< 5 P () 2 M, a0 € [ (i)~ o+ )

< 7z + y)ef(ﬁy)e*a(Aer)
(3.11) < cgre telTK—al

where o > 0 is a given constant depending only on the law of the branching random walk. In
the same way, for |y| > K, we have

1 -ty

< ey + Z/)ef(“y)l{uyzl} + Liyra<ty
(3.12) < core Lynry + o I koo 0y + Lippy<a).
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Combining (3.11) with (3.12) yields
P < cgre TellTa)K—al 4 09956’9”/ ﬁe’eﬂywydy
K

1-z
+ CQxe’“/ Be= ey gy —|—/ Be= "0y
{1-z<y<—-K} —o0

< cgre CeltE—ad o ¢ e (e(l_ﬁ)K + 6(1—6)96) ‘

Take K = 2 +6 There exists ¢;; > 0 such that
(B=1)ad (B—Daa
(3.13) P. < (cs+ cro)ze e =55 + crre e < opyrete wTs
for all z > 2ef0+48 /e > 1.
Using (3.9) and (3.13), inequality (3.8) becomes

g A8l K —coL —z+A
(3.14) S, (n, 2, F) = N(n,z, F) < epwe "™ a5 4 (ef0 4 emeobog) emo A,
We set ay := min{ 8=1 a+ﬁ = ¢ce} and Ly > 2A/aq, we have

€K0+A
g, (n,z, F) —S(n,2, F) < core e M2 4 —ge™®.
x

Since a; > 0, for all € > 0, there exists A.; > 1 such that crpe” MR < e/2. Forall A > A_;
and x > 2eK0+2 /e we obtain finally that

(3.15) Yg,(n,x, F)—X(n,z, F) <ere ®,
which ends the proof. O

In what follows, we prove that on the set E,,, the individuals who make the most important
contribution to i, 3(F) are the ones who are geographically close to m™. For any L > 1, let

(3.16) fik o(F) == n30/2 > e VWER(H™ (v) and WE, = pk (1)

L
S WINPT ()

In the same way as above, for any measurable event E, we denote
(3.17) Sh(n,, F) =B |exp (—e ik 4(F)1g)] .
We now prove the following lemma.

Lemma 3.3. There exists ay > 0 such that for all ¢ > 0 there exists A.o > 1 such that for all
A> Ao, L=Ly>20]ay, x> 25048 /e and n > 1, we have

(3.18) 0< X% (n,a,F) =Yg, (n,z, F) <erve ™.
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Proof. As [ing(F) > fi}; 5(F), we have
S5, (2, F) =Yg, (n,2, F) = E |exp (—e il 5(F)) = exp (= ™fin 5(F)) ; En| > 0,
We observe that, for all 0 < W; < W,
(G_Wl — €_W2> Low,—wi>0p <IWh — Wa|Locw,—wi<sy + Liwo—w, s}
Sé + 1{W2_W1>5}.
Applying this inequality with § = e 52, W, = ﬂﬁﬁ(F ) and Wy = [, 5(F') gives
Elén (nwru F) - EEn (77/,37, F) < eilBAP (En) +P (/jnﬁ(F) - /jﬁ,ﬁ(F) > eﬁ(fo); En) .
As E, C {M,, < a,(xr — A)}, we have
(3.19) St (n,x, F) — Yg,(n,2, F) < e PP (Mn < ay(z — A)) + P,

where
P,=P (n3'8/2 Z 1{u¢JL (n)}e_ﬁv(“) > A=)\ < an(z — A)) )
\u\:n Ax—A,Kq,Lg

From (3.19), on the one hand we recall (see e.g. the proof of the upper bound of Theorem 4.1
in [27]) there exists ¢j3 > 0 such that for all z > A + 1,

P (M, < an(z — A)) < cra(x — A)e™ @),
On the other hand, by Proposition 4.6 of [26], there exists ay € (0,5 — 1) such that for L = Ly,
(3.20) P, < efotle™ 4 cpgpe e o2lo A
As a consequence,
Sk (n,a, F) =g, (n,2, F) < cyyve™ (e_azA + e_a2L°+A) 4 effotBeme,

For any ¢ > 0, there exists A.» > 0 such that cjye 222 < /4. We set A > Aco, Lo > 2A/ay
and z > 2ef0+2 /e and obtain that

(3.21) 0< S (n,2, F) —Xg,(n,2,F) < exe™®
which ends the proof. O

Recall that m(™ is uniformly chosen from the set of leftmost individuals at time n. For any
1 <k <n, we use m,(cn) to represent the ancestor of m(™ at generation k. We prove now that
the individuals who make significant contributions to fi are the close relatives of m™. We write,

for k<n
(3:22) ﬂﬁ,k,B(F) = n? Z

L
UEJY oA Ko Lo

1{u>m<n>}e—ﬂ”“)F(HW(u)),
(n) ok

and for £/ a measurable event

(3.23) Stn,k,z,F):=E [exp (—e‘ﬁxﬂﬁ’kﬁ(F)lE)} :
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Lemma 3.4. For all ¢ > 0 and Ly > 1, there exist K = K., > 0, B = B, > 1 and
N = N, 1, > 1 such that for all Ko > K 4+ Ly, n > N and b > B,

(3.24) 0< ié‘i(n, n—b,a,F)— 3P (n,z,F) < eze™.

Before giving the proof of Lemma 3.4, we state a result about the branching random walk
under P. Recall that (wg; k > 0) is the spine of T. For any integer b > 0, we define

(3.25) En(z, L,b) :={Vk <n—b, min V(u)>a,(z)+ L}.

u>wi;lul=n

Fact 3.5. For anyn > 0 and L > 0, there exists K(n) > 0, B(L,n) > 1 and N(n) > 1 such that
for anyb> B(L,n) =1, n>N(n) and 2 > K > K(n) + L,

(3.26) P (6.(2,L,b)%,wn € Jazkn(n) <n(l+ L)*(14 2z — K)n™%/2,

Fact 3.5 is a slight refinement of Lemma 3.8 in [1], so we feel free to omit its proof. Using
this result, we prove Lemma 3.4 as follows.

Proof. As fikS, 5(F) < [iy%(F), we have SJLE‘; (n,n—b,x,F) — X (n,x, F) > 0. We also observe
that

ié& (n, n— b7 x, F) - Eé(:l (n7 €, F) =E {exp (_6_6mﬁ£?n—b,,8(F)) — €Xp <_€_Bx/j£,0,8(F)) 7En} .
By change of measures, we have

S5 (n,n — b,a, F) — 2% (n, 2, F)

r _ =Bz Lo ) — —eBrglo (B
_. |exp(—e o exp | —¢€ n
_f ( o, b,ﬁ( )12/ ( H ,B( ));m(”) c J,\,xA,Ko,Lo(”)]
:eV(wn)l{
~ V{(wn)=Mn,wn€Jx z—n,K¢,L (n)} —Bx oL —Bx~L
=K o eXp | —¢€ ﬁx:unonfb (F) —exp\—¢€ Bx’uno (F) ’
I 2 ul=n 1{v ()=} [ ( e ) ( 7 )}
where

i 5 (F) := /2 > Luswge VM F(H,(u)).

Lo
uEJ)\,z—A,KO,LO(n)

Observe that 0 < exp{—e_ﬂz[lﬁ?nfbﬁ(F)} - exp{—e‘ﬁrﬁflf’ﬁ(F)} < 1. Moreover, on the event
En(z — A, Ly, b), we have ,uﬁon_bﬁ(F) = ﬁﬁoﬁ(F) Therefore,

eVlwn)]
~ ~ an :Mn,wn J r— n
SL (n,n — bz, F) — D% (n, 2, F) <E {Von) Eheamptn ™} o

T — A,Lo,b)

2pul=n v (=M.}

| V(wn) . C _
SE |:6 1{V(wn):Mn7WnEJ)\,x—A,K0,L0(n)}7 gn(x A7 L07 b):|

(3.27) <n32e AP (€8(z — A, Lo, b), wn € Jro—nkoLo(1)) -
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Applying Fact 3.5 to n = ee=2 /(1 + Lo)? shows that
(3.28) iéfl(n, n—bux F)— Eéﬁb (n,z, F) < exe ™,
holds for n > N(n), b > B(Lo,n) and = > Ky > K(n) + Lo, which ends the proof. O

We now study ié‘i(n,n —b,z, F), to prove Proposition 3.1. We begin with the following
estimate, which brings out the Brownian excursion.

Lemma 3.6. For any ¢ > 0, set A = A, := A1 VAo and Ly = 28 Let K = K., >0,

[e5WAYe %]

B=DB.r,>1and N = N.1, > 1 as in Lemma 5.4. ForallK0>K+L0, n>Nandb> B,
there exists n. > N such that for all n > n. and x > 2€KO+A/€

(3.29) ‘iéﬂ(n, n—>bux F)—E [exp (—e’ﬁzﬁnﬂ(l)F(e))” <exe ™.
Proof. By change of measures, we have
iéfl(n, n—bx, F)=E {exp ( Bwuﬁ% bﬁ(F)lEn)}

V(wn
B CALTIRETRE

exp (—e jir0, , 5(F)) | + P(EL).

First, we are going to compare it with E {exp ( e *B‘”unn bﬁ(l)F(e)lEn)], which equals to

eV (wn)

~

E 1{V wn _Mn WnEJ)\ z—A,Kq,Lg (n)}

2 ful=n L{v(w)=p1,}

exp (—e Pfis, , 5(1)F(e)) | + P(EL).

The strategy is to show that

Téﬂ(n,n — bz, F) ::iéi(n,n —b,z,F)—P(E,)
and T (n,n — b, F(€)) = [exp (e P, _, ,(1)F(e)15, )] — P(ES)

are both close to the same quantity as n — co. Then we compare

E [exp (—e 7%, 5(1)F(e)1p, )| with B [exp (—e /i, 5(1)F(e))] .

We set
(3.30)
V(w’n) V(wn)
Z _ e 1{V (wn)=Mp, WnEJA Z—A KOﬂLO(n)} and Zb . € 1{V (wn)=Mp W"GJA,x—A,KO,LO(n)} ’
2 fuj=n 1{v (=0} D ul=n LV (w)=Mp u>w,_}

~ ~ By L
so that Téfl (n,n—b,x,F)=E |Ze ¢ P b6 (F) |
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Under the measure P, on the set En(x — A, Ly, b), we have Z = Z,, thus

(3.31) T (n,n—b,z,F)
= E Zbeieiﬂzﬁﬁ’on_b’ﬁ(F); gn(:c - A? L07 b):l + E |:Z exp (_eiﬁxﬁﬁ?nfb,B(F>) 7£rcz(x - A? LO) b):| .

Recall that under f’, we have

finn—pp(F) = n*? ) Luza, e VW E(H" (u)).

Lo
uGJA,z—A,KO,LO (n)

For n > b large and |u| = n, we define the path H™(u) = V(u%\/%“w, Vs € [0, 1]. Observe that,

for all u > wy,_y, H™(u) is identical to H™(w,). For all gy > 0, let
(3.32) Xpey = F (ﬁ:(wn), s €0, 1]) V €.

We prove that Té& (n,n—b,z,F) is close to E {Zb exp (—e*ﬁxﬁflgl_bﬁ(l) X Xpﬁoﬂ. It follows
from (3.31) that

(3.33) ‘?éfl(n, n—buz,F)—E [Zb exp (—e’ﬁzﬁﬁfn_bﬁ(l) X XF@)”
< ‘]73 [Zb (exp (—e_ﬁxﬁﬁf’n_bﬁ(FD — exp (—e‘ﬂzﬁﬁfn_bﬂ(l) X XF,50)> n(r — A, Ly, b)”
E [Zexp (—e 71k 5, 5(1) X Xpey) + Zyexp (—e a5y 5(F)) 66 (x — A, Lo, b)) -

As |0 < Z < 7 < eVl , by (3.27) and Fact 3.5 applied to n =

wn,)
1{V(wn):Mn,WnEJA,zfA,KO,LO(n)}
ﬁ, this quantity is bounded from above by
(3.34)

’]:] [Zb (exp (—e‘Bmﬁﬁgl_bﬁ(F)) — exp (—e‘ﬂxﬁﬁfn_bﬁ(l) X XF@)) 1€n(r — A, Lo, b)” +cxe .

It remains to bound the first term of (3.34). We compare ﬁﬁfn_bﬁ(F) with ﬁﬁfn_bﬂ(l) X Xp e
by comparing F(H"(u);s € [0,1]) with F(H™ (u);s € [0,1]).

Recall that F' is a continuous function on D]0,1]. Let us consider a relative compact A C
D|0, 1] which means that

max max |f(z)| < M, limsupsupw(f,d) =0,
nax max | f(z)] < 1 supsup w(f, 0)

where M > 0 and w(f,d) := inf,) maxy, ,<scier, | f(5) = f(O)| With 0 =ty <ty < - <tg =1
and max(t; — t;_1) > 0 is the continuous modulus of D. Then F' is uniformly continuous in A.

According to the weak convergence in D]0, 1] obtained in Lemma 2.5, for any €9 > 0, there
exists a compact Ky C DI0, 1] such that for n > n(f, K¢, ),

sup n*?E 1{S¢Kf}f(5n —y); S, > O7§[An,n} > Y| < €o-
y€[0,rn]
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Similarly, by Lemma 2.6, one could find a compact K} such that for all a € [0,7,] and all n
sufficiently large,

sup n*’E {ng/}f( —y); S, > _aaﬁ[)\n,n} >yl <&V (a)

y€[0,rn]
Now we take two compacts K; = Ki{ 0200}
K = KUK is also a compact. Since F'is unlformly continuous in the compact K, for ¢ > 0, there

exists dp > 0 such that on the set {max, _p<p<n V(ur) < doy/n}N {ﬁ”(wn) e K}n{H"(u) € K},

and Ky = KéLO , With G, given below. Then

|[F(H (u);s € 0,1]) = F(H(u);s € [0,1])] < 0.
And on the complement set, |F(H™(u);s € [0,1]) — F(H™(u);s € [0,1])] < 1as 0 < F < 1.
One then observes that
‘E [Zb (GXP (_eiﬁx:&i?n—b,ﬁ<F)) — 6Xp ( Bzﬂﬁon ba(1) X XF,EQ)) ;én( — A, Lo, b)”
<E [Zbe_ﬁx ‘ﬁﬁ,on—b,ﬁ(F) - ﬁﬁ,on—b,ﬂ(l) X Xpeo|;&n(r — A, Lo, b)]
(3.35) <Y+ Tikw + Tox(&n)

where
Tn,IC (fn) IQE Zbe*ﬁxnwﬂ Z ]-{uan,b}eiﬁV(u)]-{H"(u)gélC}; fn(x - A7 L0> b) )

ule(:)n—AK £y (™)

L s 12 05H0

17, =2E Zbeimngﬁﬂ Z 1{“2“”*1’}675‘/(”) (60 * 1{ma‘xn—b§k§n V(Uk)Zdo\/ﬁ}>

“EJ)%(LAK Lo(™

L s 2050

Tn,lC,wn ZQE Zbe—ﬁan,B/Q Z ]‘{“Zanb}e_/BV( )1{ﬁ7l(wn)¢l€}
i uEJf,OzfA,KO,LO(n)

Note that T by the Markov property at time n — b is equal to
(3.36) 2n3/2€—x+(5_1)(L0_A)E{GLO,b,ao (V(wnp) — an(z + Lo));
_ >
0<r]§1<12 , V(wg) > —2z + Ko, Erkl;lr;_bV(wk) > an(z + L)

where G, p,(t) is defined as

eV (wp

(3.37) Et 1{V(wb) My;ming<k<p V (wi) >0,V (wp)<Lo } Z BV ()

{minogkéb V(u) 20,V (u)<2Lo }

D uf=b Ly =1} =
(60 + 1{maX0§k’§b V(uk)260ﬁ}> ] .
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To bound G, p.,(t), we return to the probability P and observe that

GLO,b,EO (t) = 6(1_B)tE Z G_BV(U)l{minongb V(’U,k)zft,v(u)SQLo*t}

|u|=b

x <50 T l{maX0<k<bV(Uk)>5ox/ﬁ}) {m1n0<k<bV(mk Y>—t,V (m®)<Lo— t}]

which is bounded by

c1=PrR

=BV (u)
||Zbe l{minogkgb V)21V (W) <2Lo—t} (60 + 1{maX0§k§b V(uk)>50\/ﬁ}>] ‘

By Many-to-one lemma,

GLo,b,Eo (t> < E (e(lﬁ)Sb (5 +1 {maX0<Ic<b Sk>50\f}) Sp < 2Lo, 5 2 O)
< 2P(S, < 2Lg) < 2P(2Lo — S, > 1).
We observe that the function ¢ — P(2Ly — S, > t) is non-increasing, and

1
/ tP(2L — Sy = 1)dt < SB(2Lo — 5,)?) < o0.
0

Using the dominated convergence theorem, we have

1
(3.38) lim [ Grope (Dt < SE((2Lo — $1)%)eg
+

n—oo Jr

Moreover, the function G, ., is Riemann-integrable. Therefore, using Lemma 2.5 proves
that for all n sufficiently large,

Similarly, one sees that Y, k., is equal to

o 2emmHB=DEL—DE NGy o (V(wnes) — an(z 4+ Lo)) ;

H"wp—k) ¢ K, min V(wg) > —z+ Ko, min V(wg) > an(z + LO)],

0<k<n b n<k<n—b

where G, 5(t) as

V(wp
~ € l{V (wp)= Mb,m1n0<k<bv wk)>0,V (wp <L0} (w)
Eh }: e

Eul=b 1y (w=n3} ju=b Himmozezs Vim0 95210} )
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Similarly to Gr,pe,, GLos is Riemann-integrable and [y, Gpr,u(t)tdt < 3E((2Lo — Sy)?). So
Lemma 2.6 can be applied and we could find the compact K &LO , C K as desired. Consequently,
for all n sufficiently large,

Tn,/C,wn < 20V (x)e_x"‘(ﬁ_l)(Lo—A) .

It remains to bound Y, x(&,). Observe that by change of measures,

Tri(En) < 2E e—BVw)

Ze Pep3h/2 Z 1{ .

0
“eJ/\,ac—A,KO,LO (”)}

1{H"(u>¢fc}]

lul=n

—2¢ Prn3P2E Z 1

Lo
lu|=n {UEJ*’Z—AvKOaLo (n)

o(1=8)5n. Sp < an(r — A — L), S, > —2+ A+ Ky,
’ ﬁ[)\n,n] > CLn<£IZ' —A -+ Lo),s ¢ K

<9e—tHF-D(Lo-A) g [1{s¢,¢}; S —y €[0,2Lo], S, > —x + A+ Ko, Spyp > y}

—BV(u .
5 VL i uygicys En

<2e¢ Prp302E l

with y = a,(x — A + Lg). As we choose K1 ooz © K6 it follows that

0,2Lg
Tox(&n) < 260V (2)e T B-DEo=2),
Applying these estimates to (3.35), for all n large enough, we have
E 2y (exp (—e il 5(F)) = exp (= i,y 5(1) X Xpey ) ) 56w — A, Lo, b))
< 2¢qg80ePE0A) o,
In view of (3.33) and (3.34), we can choose gy > 0 sufficiently small so that
(3.39) ‘Téﬂ (n,n—b,x,F)—E {Zb exp (—e_ﬂ””;‘lﬁgl_bﬁ(l) X XF’E‘))” < 2exe .

In the similar way, we get that
(3.40) ’ng (n,n — bz, F(e)) — B {Zb exp ( — ek, (1) x <F(e) v 50))} ’ < 2exe™.

We now consider the quantity %E {Zb exp (—e‘ﬁzﬁﬁfn_bﬂ(l) X XF,EO)} and show that it is

close to %E {Zb exp (—e‘ﬂxﬁﬁfnfbﬁ(l) x (F(e) Vv 50))] . However, we can not compare these quan-
tities directly, thus we prove that

G;E [Zb (1 — exp (—e_ﬁwﬁﬁ?n—b,ﬁ(l) X XF@O))}

et ~

~nvoe —B 2 (1= exp (—e P fu}5, , (1) x (F() V £0))) | .
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Applying the equation

1— 6_/\W = R /\G_Atl{WZt}dt
+

with A = Xp,, leads to

(3.41)
%E [Zb (1 — exp (—e*BxXF,EO/lﬁgkbﬁ ))} / ;E [ZbXF,so “Xrcs o, 5(1) > teﬁz} dt

= / 56 ZbeﬂyX Feo€ _eﬁyXFEO,,&ﬁon bﬁ(l) > eﬂ(x—i-y)} dy,
by change of variables ¢t = e®¥. Applying the Markov property at time n — b implies that
(3.42) 7E [ZbeﬁyX Fieo€ _eByXFEOann ba(1) = eﬂ(ﬁy)}

e®
=n3? g

. 66yXF7€06_eﬂyXF‘EO fLo,b (V<Wn—b) - an(z + LO)v Yy + A) ;

min V(wg) > —2+ Ko, min > a,(z + Lo)|,

0<k<n—b n<k<n—b

where z =z — A and

eI (v )=y
2 ul=b L ()=}

~

(3.43)  fron(z,y) :=E,

{minogkgb V(Mk)ZO,V(OJb)SLO}

x 1 .
Z e—BV(w)1 >eB(y—Lg)
] =b {mmo<k<b V(uy,)>0, V(u)<2L0}

According to Lemma 5.4 in [26], f1,s is Riemann integrable and bounded by P (S, < Lo — 2).
For all y € Ry and n > 10b, we have

(3.44) —E {Zbe YXpo e Xre, [0, 5(1) > eﬁ(r+y)} < ¢yrePyec0e™

which is integrable with respect to the Lebesgue measure. Using (3.42), then using Proposi-
tion 2.1 to identify (V' (wy), k > 0) with a random walk and applying Lemma 2.5, we obtain that
for any y € R, as n — oo,

~

lim, S B (26" X N0 il (1) > 20

n—oo
AV (2 — Ky)

X

/ frop(z,y + A)VH(2)dzE [eﬂy (F(e) V &) e~ (Fva)]
Ry
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By the exact same arguments, we have

AV~ (2 - K, ,
Cle (Z 0) / fLO,b(Z,y + A)V+(Z)dZE [eﬁy (F(E) V; 50) 6—eﬁ (F(E)V&‘o):|
T Ry
. e’ ~ —_eBY(F(e)Ve o -
— nh_{& ;E [Zbeﬁy (F(e) Vo) e BY(F(e)V ). Nﬁ,%—b,g(l) > B +y)} ‘

Therefore, applying the dominated convergence theorem, (3.41) becomes

[N —ePy €)Ve o T
= /]R B2y (F(e) v ep) e OV i (1) 2 20 dy + 0,(1)
(3.45) = —E (2 (1—exp (—e 7 (F(e) Vo) ik, 5(1)))] + 0a(1).
Thus, we obtain that for all n sufficiently large,
i/\ =Pz plL
. E [Zb exp ( e ,un?n_bwg(l) X XF,E()>:|

- %E {Zb exp ( — e Prako L 5(1) x (F(e) V&) )} <e.

In view of (3.39) and (3.40), we checked that for all n sufficiently large,
(3.46) ‘féﬂ (n,n—0b,x,F) — ?g‘;(n, n—b,x, F((—:))‘ < bexe .
It hence follows that for all n sufficiently large,
(3.47) ‘ié‘; (n,n—>b,z,F)—E [exp (—e‘ﬁwﬂflfn_bﬁ(l)ﬁ’(e)lEnﬂ‘ < Sexe .

It remains to compare E [exp (—e‘ﬂwﬁﬁ’onfbﬂ(l)F(e)lEn)} with E [exp (—e‘ﬂxﬁnﬁF(e))} (re-
call that fi,, 3 was defined in (1.9)).
Applying Lemmas 3.2, 3.3 and 3.4 to E (exp{—e‘ﬁxﬁnﬁ(l)F(e)}) implies that

(348) 0 <E|exp(—e ™, 5(1)F(e)lp,)| — E[exp (—e i s(1)F(e))| < Bewe™.
As a consequence, for all n sufficiently large,
(3.49) ‘iéi(n, n—>bx F)—E {exp (—e’ﬁzﬁnﬁF(e))H < 8exe™®,
which completes the proof. O

We now prove Proposition 3.1.
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Proof of Proposition 3.1. For any non-negative ' € Cy(D) and ¢ > 0, we choose A = A, :=
A1 VA sand L =Ly = af/\AQQ. Set Ko = K., + Lo, n > n. and A > 2e50t2 /e we observe
that

]z(n, 2, F)—E [exp (—e*ﬁmn,ﬁu)p(e))”
<|Z(n,z,F)—Xg, (n,z, F)| + ‘Zgﬂ(n,x,F) —¥g,(n,z, F)‘
+ ‘Séﬂ(n,n — bz, F)— Eéﬁ(n,x,F)’
+ ’iéﬂb (n,n—b,x,F)—E (exp (—e’ﬁxﬁnﬁ(l)F(e))} ’ .
Using Lemmas 3.2, 3.3, 3.4 and 3.6, we have

(3.50) ’Z(n,a:, F)—-E {exp (—e’ﬁxﬁnﬁ(l)F(e))” < dexe ®,

where fi,, 5(1) and F(e) are independent. Recall that X(n,z, F') = E {exp (—e*ﬁ‘”ﬁn,ﬁ(F))}. It
hence follows that

xT

(351) | =E [1 - exp (—0 i (F))] -

E [1 — exp (—Qe_ﬂmﬁn,ﬂ(l)F(e))H

S(n, 2, F) = E [exp (—e P fin s(1)F(e) )] | < 4e.

<

&‘Q&H‘Q&z

We replace 6 by 0F(¢), and then deduce from (3.3) that for all n sufficiently large,

€;E [1 — exp (-86_538/]”’5(1)17(6)) ’ (—:} - CgQ%F(E)% <e.
In particular, for all n sufficiently large,
iE [1— exp (~0e i, s(1)F(0))] - Co0PB[F(e)F]| < e.
Going back to (3.51), we have
B (1 exp{ e i, s(F)}) — Ot BIF(0)] < e
which completes the proof and gives Proposition 3.1. O

4 Proof of Theorem 1.1 and Corollary 1.3

We apply the Laplace transform estimates obtained in the previous section to prove the main
results of this article. We first study the convergence of the Laplace transform of fi,, g(£). We
recall that Z, = 3, =, V(u)e "™ is a martingale, and that Z., = lim,_,c Z, a.s.
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Proposition 4.1. Under (1.1), (1.3), (1.4) and (1.5), for any o > 0 and any non-negative
Fe Cb(D),

(4.1) zlg?o liin_)sogp E |:1{Zl>0}€_azl_ﬁn+l,ﬁ(F)j| — zlgglo lim inf B [1{ZZ>0}6—aZz—ﬁn+l,B(F)}

Y —Q
=E {exp (—CgZooE (F(€)5>> e Z°°1{Zoo>0}] .
In particular, conditionally on the survival event S, we have

(4.2) lim B [e (7] S| = E [exp (~CsZE (F(e)7))| 5]

n—oo

Remark 4.2. Theorem 1.1 is a consequence of (4.2). However (4.1) enlightens the appearance
of Zso.

Proof. Note that (4.2) is a direct consequence of (4.1) as S = {Z, > 0}. We observe that

38
~ n + l 2 — U 38 — v)— u n
(4.3) fnt15(F) = <n> Z e BV (W), 5 Z e BV (v)=V( ))F(H +l(v>>‘
|u|=t |v|=n+l1
v>u

V(vigne)) =V (u)

o2n

For |u| =1, v > u with |v| =n +1 and t € [0, 1], we write H™"(v); := and

A(F) = 0?2 Y e AVOV R ().

n,
|v|=n+I1
v>U

If we compare fin;(F) with 35, e AV ) ,Zig“%(F ), we obtain that for any compact Ky and for

all sufficiently large n and logn > /,

)

o 1= [fnsss (F) = 3 eV O(P)
Ju|=l
~ —BV(u "’(u)
Son(l)ﬂn-&-é,ﬁ + Z e ﬂ ( )1{max1§k§gV(uk)zlogn}un,ﬂ(l)

|u|=£
™ ﬁ"Jrg’ﬁ(l{H("H)i/Co} + 1{H(n)’”‘¢’Co;maX1§k§e V(uk)Slogn}>

As long as we could prove the convergence in probability of x,, towards zero, the convergence
in law of >, e_ﬁv(u)ﬁf%(ﬁ’) holds also for fi, 1 5(F). In fact, by Proposition 4.6 of [26], finies
is tight. Moreover, one sees that P(maxj,—¢ max;<x<¢ V (u) > logn) — 0 as n 1 co. So we only
need to consider fi, (1 { H(")élco}) for some well chosen compact Ky. Observe that for any o > 0,

P (il e} = 9)

SP(ian(u) < _y) +P (713'8/2 Z G_BV(U)l{mimgkgn V(Uk)zfy;H(m(U)%lCo} < 6)

lul=n

- 35/2 —BV (u)
Se Y + P (n Z € 1{min1§k§n V(uk)Z—y;H<”)(u)¢’Co} Z 5)

lul=n
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We are going to take y > 1 large enough so that the first term is sufficiently small. For C' > 3/2
a large constant and L > 0, = = 8% one sees that

B
(4.4) P (n?’ﬁ/ ’ MZ:neW(“)l{mmlgkgnvwz_y;mn)(u)g,co} > 26) <P, +P,
where
. =P (”gm g::n & L i V)2 gming e V) San(ob 1)} 2 eﬁx)

P, =P (n?’ﬁ/z Z e PV ()

[ul=n

Bx
1{min1gkgn V(up)>—y,ming, o< p<n V(ug) Zan (@+L);HM (w)¢Ko } ze )

Observe that

_ 358/2 —BV(u .
P, =P, (n / Z e ( )1{min1§k§n V (u)>0,min,, /o< p<n V(“k)San(az—erL)} > e ( y))

|ul=n

which by Lemma 4.9 of [26] is bounded by C}(1+y)e~ 272 with C}, Cy > 0. Let us take L = y.
Then by Markov inequality and Many-to-one lemma, one sees that

P, Sn36/26—ﬂxE {e(l—B)Sn;ﬁn > —y,ﬁ[n/z,n] >an(z+y);S ¢ /Co]
— o+ (B-Dy 32 {6(1—,8)(Sn—an(x+y));§n > —y, Sppjom > an(r +);S ¢ /Co}

By Lemma 2.6, for any n > 0, we could find a compact Iy = Ky for f(t) = e1=A)t which is
Riemann integrable such that

y€[0,an]

Then given § > 0, for any £ > 0, we take y = y. > 1 such that e + C1(1 + y)e 22 < /2,

and we take the compact ICy for n = me*(ﬁfl)yfél/ 8. These choices imply that

P (ﬁn’ﬁl{H<”)¢/€o} Z 25) S E.

Similar arguments work for fi,1 31 {HOIegKo; )<logn}- We hence conclude the conver-

maxi<p<e V(ug
gence in probability of x,, to zero.

It remains to prove the convergence in law for 3, e AV ) ﬁg%(F ). Applying the Markov
property at time [, we have

e gm0 [[ ¥V (0)],

|u|=l

- w) ()
E e’ale{Zpo}e_Z\uI:le v )'un,B(F)} —E
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where U : x — E [e‘fﬁmﬁ"ﬂ(m] Forany 1 <[ < n,weset =, := {\u| =1: % <V(u) < logn},
and we prove that ], -, Y(V (u)) ~ ] U(V(u)) with high probability. Note that

UEEn’l

(4.5) lim 3" V(we V™ = Z; as. for | large enough,

uEEnJ

as liminf;_, 1?)4?15 = % > % (see [18]).
We first observe that

<E €_azll{zl>0} I v(V(w)

ueEn,l

_ —BV(u ~(u)
E {6_“211{290}6 2 juj= &V (F)

By Proposition 3.1, for any € > 0, there exist L, N such that for any n > N, > L and u € 5,,,

(4.6) UV () = 1+ 9V (w)e™" ™| < eV (u)e" Wn,

where 15 = C3E [F(e)7]. This yiclds

a _ e—BV (w) 7 (w) o —V(u
E [6 Zl]_{Zl>0}e Z\u\:l M"ﬁ(F)} <E|e Zl]_{Zl>0} H (1 — (1/}ﬁ —8) V(u)e Vi ))]
uGEn’l
— u)e~ V(¥ —€
<E {e_o‘zll{Zpo}e ez, V) (s )] ;

where the last inequality follows from the fact that for any z > 0, 1 — 2z < e~*. By (4.5) and the
convergence of the derivative martingale, we have

(

~w
=BV (wp "5 (F)

. - n.B

limsup E Jul=t © ] <

n— oo

eiale{Zz>0}€ <E |:6_(a+wﬂ_E)le{Zz>0}:| .

Letting [ — oo then ¢ — 0, it leads to
(4.7)

~(u) 1
_ Z|u|:l eiﬂv(uﬁLn,B(F) < E 6— (0&+C@E<F(€) B )Zoo)

limsuplimsup E [e *% 1iz500€

=00 n—00

The lower bound follows from similar arguments. Applying once again the Markov property
at time [,

MO
SR

E > E e‘azll{zl>o,3Mlzlogz} H U(V(u))

ul=t

—aZ,
(& ll{Zl>0}€
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Therefore,

~(u)
Vi)
E ¢ %1 g0 2=t "

> E €7QZ’1{ZZ>0,3Mlzlogz} II vy(Vw)x [I ®(V(w)

ueEn,l |u|:l’u¢5n,l

=E eiale{Zl>O,3Mlzlogl} H ‘P(V(u)) X H W(V(U))

UEE, |u|=LV (u)>logn

For n > 1 large enough, by [26, Proposition 2.1], there exists ¢ > 0 such that
(4.8) Vo >logn,1 — ¥(x) < cre ™.

Consequently, (4.6) yields

v ()
= a1 © e )“nvﬁm]

E €_aZl 1{Zl>0}6

2E e_ale{Zl>Ov3Ml21°gl} H (1 N {1{V(U)§logn}¢ﬁ + Cl{V(u)Zlogn} + 6} V(u)e_V(u)>]

ul=l

Y

>E |e 175030 >logl}€7(l+€) 2=t (1{V(u><logn}wﬁcl{v(u»log”}“)V(u)eV(u)}
_— ! ) 1=

1+e)z

for I > 1 large enough, as for any z > 0 small enough, 1 —z > e~ . Letting n — oo, we have

—BvV (") (F)
lim inf £ e DTSR (a+(1+2)(65+0))

n—oo

—aZ
e ll{Zl>0}6

>E [1{Zl>0,3Ml>logl}e

Finally, using the fact that S = {Z,, > 0} and that lim inf; ., M;/logl > 1/3, we obtain, letting
[ — oo thene — 0

1
— e=BV (W) () _ —|a+C €)B o
h,”;i?fh,ﬂg}m {e D= EBE) O‘le{zl>0}] > E|e [ " BE(F() )}Z 1{Zoo>0}] :
This last equation, as well as (4.7), completes the proof of (4.1). ]

We now prove that for any F' € Cy(D), we have

(4.9) png(F) == >~ piF (W),

n—00
keN

where (e®) is a sequence of i.i.d. normalized Brownian excursions, and (p;, k € N) follows an
independent Poisson-Dirichlet distribution with parameter (%, 0), which by [5, Theorem 5.2] is
enough to conclude the proof of Theorem 1.1.
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Proof of Theorem 1.1. We recall that yu, g is defined on S by p, 3(F) = ’;"Z( for F' € Cy(D).

To prove the convergence in law of 11, 3, we start by identifying the limit law of fin,B-

Let (Ag, k € N) be a Poisson point process on R with intensity edx and (), k € N) be an
independent sequence of i.i.d. normalized Brownian excursions, independent from the branching
random walk. We introduce a random measure fio, 3 on D by

oo = 203 e P Bkmen®g
k=1

where ¢, (/) := log i (e_fgu_l)eudu. We first prove that for any non-negative F' € Cy(D),
R

(4.10) fin,g(F) = fioo p(F).

n—oo

We compute the Laplace transform of fio s(F). As S = {Z > 0}, for any 6 > 0, we have

E {exp (=0l 5(F)) 1{5}} =E [exp (—OZfo Z eﬁ[Akc*(ﬁ)]F(e(k))> 1{Zoo>0}]
k=1

|ﬁXp< Z¢( —B[Ar—log Zoo— m(ﬁ)])) 1{Zoo>0}‘| ,

where ¢ : x — log E {exp (—uF(e(l)))]. By Campbell’s formula,

E [exp (=0fioos(F)) 1(sy] = E {exp ( /]R go(eTrrmionZemer Pl “dx) l{zoo>o}} :
As ¢ (96_5[7”_104‘5%"_0*(5)]) =logE [exp (—06_5[””_1%Zw_c*(ﬁ)]F(e(l)))‘ Zoo}, it yields
E [exp (—0fise 5(F)) 1s)]
=E [exp (/RE [exp (—Qefﬁ[xflogZw*c*(ﬁ)]F(e(l))) ‘Zoo] - 1) e"”d:vl{zoow}}
_E [exp <E { /R (exp (—gePlolonZe=es (Bl (D)) 1) ezdx’ZooD 1{Zw>0}] |
By change of variables u = z — log Z,, — ¢, () — % [log@ + log F(e(l))}, we obtain that
E {/R (exp (—He’ﬂ[x’logZ‘”’c*('@)]F(e(l))) — 1) e“dx Zoo}

—Bu 1 1)
/ (efe Pu 1) eu—&—logZoo—l—c*(B)—‘rB[logG-I—logF (M ‘Z :|
R

=E

0y B {(W(e“’))‘l’} L = 1) etdu = ~CozB ((F(M)0) 1)

since ¢,(B) = log —fR(e*e_CﬁBu—l)e“du' We thus end up with

E [exp (—0in5(F)) 1(s)] = E [exp { = CoZoE (F(€)0)?) } 1250 -
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Consequently, by Proposition 4.1, for any 6§ > 0 we have
i B 1oy 5] = B L]

which concludes (4.10) by Lévy’s theorem.
Furthermore, for any F' € Cp(D) and 64,0,,03 € (0,00), setting F, (respectively F_) the
positive (resp. negative) part of F', we have

n]-1_>I£lOE |:1{Z >O}e eunﬁ(91F++92F7+93):| — E |:1{Zoo>0}€—9,uoo7ﬁ(91F++92F7+93):| ,

yielding
(i, (F ) fin, 6 (F- ), fin,5(1)) =3 (Hloo,(F ), floo,6(F-), floo,6(1))
Using the fact that fi 5(1) > 0 a.s. on S, we have

ﬁn,B(F-&-) - ﬁn,ﬁ(F—) — e PR
finp(1) %0 150 2i=0 e PR

tnp(F) = F(e®) on 8.

Remark 4.3. We obtain in a similar way the joint convergence of (fins(F1),- -+ pins(Fr)), for
any (Fy, ..., Fy) € C(D)*.

Using [31, Proposition 10], for a Poisson point process (A, k > 0) of intensity e*, we have

ey ’
>0 >0
<Z]ooo PR’ > (pkv )

0). 0

where (pg) is a process of Poisson-Dirichlet distribution with parameters (%,

We conclude this article proving that Theorem 1.1 implies Corollary 1.3.

Proof of Corollary 1.3. We first observe that for all £ € (0, 1), the function
1 (f,9) € D* = Livsct, f(s)=g(s)}

is almost everywhere continuous for the law Ngﬁ- Therefore, by Portmanteau theorem, we have

lim_ fi,, ﬁ(¢t> :uooﬁ (¢e) = Zpk in law,

n—oo
k>0
by Theorem 1.1. This proves that for all ¢ € (0,1)
lim [l (inf{s > 0:V(2pns)) # V(20 } 2 t) =pp in law.

We now prove this convergence in law holds simultaneously for all ¢ € (0,1). For any n € N
and t € (0,1), set

FOf) () = s (inf{s > 0:V(2pns)) # V(20 b < t) :
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By monotonicity of repartition functions, we have F(8)(t) > F(f(s) for all t > s. Moreover,
by dominated convergence theorem, we have

lim E(F™A(t) — F"P)(s)) = B(FCP (1)) — E(F©P)(s)) = 0.

n—oo

As a result, F™9)(t) — F("A)(s) being a non-negative random variable, this implies that it
converges to 0 in probability. Therefore, by Slutsky’s lemma, we have

lim (FA) (), FmA(#) — FM9(s)) = (1 — pg,0)  in law.

n—oo

With this line of reasoning, we prove that the convergence of F™#)(t) to 1 — pp holds simulta-
neously for all t € (0,1) N Q. Therefore, we obtain the convergence

lim 5% (inf{t >0 V(2pmt)) # V(2w € dw) = pgo + (1 — pg)dy in law,

n—oo

which concludes the proof. O
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