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Abstract

We consider in this article an Elephant Random Walk evolving in the plane. Specifically, this is a
reinforced stochastic process in which the nth step is given by a random rotation of one of the previous steps
chosen uniformly at random. We obtain a central limit theorem for this process, which shows that the process
follows a randomly rotated logarithmic spiral at large times, with Gaussian fluctuations.

1 Introduction

The elephant random walk (ERW) is a well-studied reinforcement process, introduced by Schiitz and Trimper
[10] to investigate the influence of memory on random walk dynamics. In Z, the process is constructed as
follows. Given a memory parameter p € [0, 1], the process starts from initial position Sy = 0, then moves to
S1 = 1 at the first step'. At each subsequent time n > 2, the walker chooses uniformly at random one of its
n — 1 past steps. It then repeats this step with probability p, or with complementary probability 1 — p moves
one step in the opposite direction. In other words, the ERW is defined by induction by

So=0, S1=1, §,= n—1+Rn(S[n_SIn—1) forn > 2, (1.1)

where (R,,,n > 2) are i.i.d. Radamacher random variables with parameter p that are further independent from
the sequence (I, n > 2) of independent random variables with Ij, uniformly distributed on {1,...,k — 1}.

Provided that p > 1/2, this dynamic can be rephrased as follows. At each step, the walker remembers, with
probability 2p — 1, one of its past steps chosen uniformly at random, and repeats this step. With complementary
probability 2(1—p), it performs an independent step equal to 1 or —1. An analogous definition can be taken when
p < 1/2 considering 1 — 2p as the probability of performing the opposite remembered step. The parameter p is
usually referred to as the memory parameter of the ERW, but we see from the previous rephrasing the effective
memory is more accurately described by a := 2p — 1. The value @ = 0 (i.e. p = 1/2) corresponds to the
absence of memory, while |a| measures the strength of the dependence on past increments. When a > 0, the
walker tends to repeat the chosen past step (“positive” memory), whereas for a < 0 it tends to do the opposite
(“negative” memory). In both cases, the memory is strong when |a| is close to 1.

From this perspective, the walk appears to exhibit long-range dependence, as the walk tends for example to
reinforce previous directions when a > 0 — the ERW is a special case of step-reinforced random walk. Conse-
quently, the walker’s trajectory can deviate significantly from a simple random walk, leading to superdiffusive
behavior when a > 1/2 while for a € (—1,1/2) the process remains diffusive but with different variance
compared to the classical case.

A natural generalisation for this process would be to define a version of the elephant random walk in
dimension d. A Z® version of this model was first introduced in [2], while the works [3, 9] further investigate its
properties, notably recurrence and transience. The process considered was the following: at each time n, after
selecting uniformly at random a previous step, the walker either moves according to this step with probability p,
or with probability 1 — p moves towards one of the 2d — 1 other neighbour of .S,, chosen uniformly at random.
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! Alternatively, this step could be randomized, but by construction, flipping the initial path as the same effect as flipping the whole
trajectory of the walk along the z-axis.



It can be shown in this situation that the ERW undergoes a phase transition when the memory parameter crosses
Pe = %. If p < p., the ERW is in the diffusive regime, while it drifts at some sub-linear rate if p > p.. This
behaviour is therefore very close to the one observed in dimension 1.

The objective of this note is to show that a larger variety of behaviours may be observed in dimension
greater than 1, by modifying the above described evolution of the process: instead of moving to a uniformly
chosen neighbour of S;, with probability 1 — p, we consider a process in which, at each steps, the walker moves
according to a random rotation of the previously chosen step. More precisely, let (R,,,n > 2) be i.i.d. random
rotations of R? (i.e. random variables in O(R%)) independent of the sequence (I,,, > 2) defined above, we
then define the ERW in R? as

SOZ(O,...,O), 51:(1,0,...,0) and S, = n71+Rn(SIn_SIn—1)- (1.2)

This model clearly generalizes the one considered above, since we no longer restrict the law of R,, to satisfy
P(R,, = 1d) = p and E(Rn|Rn # Id) uniformly selected among the non-identity rotations that preserve the
canonical base of R,

In the present article, we restrict our attention to elephant random walks in the plane. For our purpose, it
will be convenient to identify R? with the complex plane C in the usual fashion, and we define the ERW in C
as the following complex-valued stochastic process. Let (6,,n > 1) be i.i.d. [0, 27)-valued random variables,
further independent from the sequence (I,,, n > 2) defined above, we set

So=0, Si=1 and S, =Sn_1+ (S5, —S;,_1)e?. (1.3)

Some sample trajectories of S are represented in Figure 1 when 6 is a.s. a constant.
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Figure 1: Sample path of 1000 steps of an elephant random walks in R? as defined in (1.3), in which 6 is a.s.
a constant.

The main result of this article is a central limit theorem for the the ERW (.S,,,n > 1). We show that the
asymptotic behaviour of S,, depends mainly of

By, := E(e*%), fork >1, (1.4)

the Fourier coefficient of the law of ; and, more specifically, of ®;, that plays a role analogue to the memory
parameter a in dimension 1. Indeed, when d = 1 and 6, takes values in {0, 7} with P(f; = 0) = p, one recovers
®; = 2p — 1 = a, the usual memory parameter. For d > 1, ®; describes the average rotation applied to the
remembered steps, therefore |®1| € [0, 1] may roughly be thought of as the strength of that memory, minimal
for the random walk (®; = 0), and maximal in the situation represented in Figure 1 in which ®; € S*.

To avoid considering a unidimensional system, we always work in this article under the assumption

P6 € {0,7}) <1, orequivalently R(P2) < 1. (1.5)

For 02 > 0, we denote by N¢(0, 02) the centred complex normal distribution, such that N has law N¢(0, 02)
if R(N) and I(NN), its real and imaginary parts, are independent real-valued centred normal random variables
with variance o2 /2.

The main result of this article is that the ERW in C exhibits a superdiffusive behaviour if R(®;) > 1/2,
while it remains diffusive when R(®;) < 1/2. In addition, we show that when superdiffusive, the path of the
ERW scales towards a randomly rotated logarithmic spiral.



Theorem 1.1. Let (0,,) be i.i.d. random variables on [0, 27) satisfying (1.5), and (Sy,,n > 1) the ERW defined
by (1.3).

o IfR(®1) < 1/2, then writing 0% = #) € (1/3,00), we have

C
lim f’/g = Nc(0,6%)  in law. (1.6)
n—00 n
o If R(®1) = 1/2, then
T}Lrlgo (711(;:7;1)1/2 = Nc(0,1) inlaw. 1.7
o IfR(®1) > 1/2, there exists a C-valued random variable W such that, writing 0> = W € (1,00),
we have

) _ ] S — e<I>1 log nw
lim S,e~ %18 — W 45 and lim =2
n—00 n—00 nl/2

= Nc(0,0%)  in law. (1.8)

In order to provide variety to this article, we propose to prove Theorem 1.1 in two different ways. We study
the regime R(P1) < 1/2 in Section 2 using Lindeberg’s central limit theorem. The key observation in this
section is that

Sn
I (1+%)
its asymptotic behaviour can be deduced from studying its quadratic variation. Up to the difficulty of dealing
with a complex martingale, the argument there follows closely standard methods in dimension 1 or d [1, 2].

We then turn to the regime R(®;) > 1/2 in Section 3. We use there the known connection between
ERW and Pdlya urns, which was notably exploited by Baur and Bertoin in [1] to obtain a functional central
limit theorem, as well as the connection between Pélya urns and multitype Galton-Watson processes, that was
exploited by Janson [6] to obtain asymptotics on the behaviour of these urns. These results cannot be applied
immediately as we do not necessarily have a finite number of colors?. Pélya urns with infinite number have been
already studied in the literature [7] however, considering that we are only interested with a single martingale of
that process, the analysis can be simplified. Specifically, borrowing arguments from the study of the additive
martingales of branching random walks at complex parameters [5] will allow us to conclude.

Before turning to the proofs though, we begin by stating explicitly the behaviour of the ERW in Z2. This
process is parametrized by four positive numbers p, g, 7, s such that p + ¢ + r + s = 1. These parameters
correspond respectively to the probability for a walker oriented according to one of its uniformly sampled
previous steps to move forward (repeating the step), to the left (making a rotation of angle 7/2), backward
(making a rotation of angle ) or to the right (making a rotation of angle 37 /2). Thecaseq =r =s = (1—p)/3
reduces to the previously studied standard ERW in the plane.

In this model, remark that ®; = p — r + i(q — s), therefore Theorem 1.1 implies the following behaviour
for (Sp,n > 1), depending on the signof p — r — 1/2.

,n>11] isamartingale, (1.9

Corollary 1.2. Let (S,,,n > 1) be the ERW in 72 with parameters p, q, r, s defined above.
o Ifp<r+1/2 thenlim, % = N(0, mb) in law.

o Ifp=r+1/2 thenlim,_, = N(0, %.[2) in law.

Sn
(nlog)1/2
* If p > r+ 1/2, then there exists a random vector W € R2 such that

lim R_ (q—s) log nSn
n—oo npb—r

=W a.s.

Sn —nPT"R —s)lo nW 1
n (q )l g :N(07
dp—r)—2

and lim
n—00 n1/2

Iy) inlaw,

writing Ry for a rotation of angle 6.

*Understand here directions that steps of the ERW might align with.



Finally, remark that the ERW in Z? can be seen as a reinforced version of the Markov chains studied by
Lopusanschi and Simon in [8], studying the asymptotic behaviour of the Lévy area of this path would therefore
be of interest, especially studying the convergence of the ERW under a rough path topology.

We now turn to the proof of Theorem 1.1 in the two following sections. The proof of (1.6) is given in the
following section using Lindenberg’s central limit theorem, with a sketch of the proof of (1.7). The proof of
(1.8) is completed in Section 3, using Poissonization methods and the analysis of a branching process.

2 Elephant Random Walk in the diffusive regime

We denote by (S,,,n > 1) an ERW defined by (1.3), and we assume in this section that

, 1
R(P1) = R <IE <e’91>> <3 @.1)
We prove in this section that
Sn 1 e
'th—>H;o pYE = N¢ ( HW) in distribution.

The proof of (1.7) follows a similar path with minor modifications, and will be sketched at the end of the section.
Let us mention that (1.8) also could have be obtained using the same techniques as developed here.

As mentioned in the introduction, this proof relies on applying a martingale central limit theorem. We first
show in the next section that up to scaling, the ERW in C may be thought of as a complex martingale. We
then compute the quadratic variations of this martingale in Section 2.2 before applying Lindeberg’s central limit
theorem to complete the proof in Section 2.3.

2.1 Discrete martingale structure

o =] (1 . k> , 2.2)
o

and we write for simplicity a, = a;,’. As a first step, we show that M = (S, /an,n > 1) is a complex

Recall that ®;, = E(e?*%1). We define, forn € Nand k > 1,

martingale. However, with future application in mind, we prove this result for the ERW S,gk), which is defined
as in (1.3), replacing 6 by k6.

Lemma 2.1. Let k > 1, we denote by

n—1
S = (Sj — Sk,
=0

The process (57(:«) / a%k), n > 1) is a martingale. Moreover, there exists Cy, > 0 such that

g®) |? Ck ifR(Dr) > 1/2
£ % Cy logn iR(Py) =1/2 asm — 0o.
Qn

Cknl_%e(q)k) if R(Py) < 1/2

Proof. We write M\ = S/ al(l By definition, we have |SZ T
Next, by definition, writing F,, = o(S1,...,Sy), we have

E (Sgﬁﬂfn) =E (Sv(zk) =+ (SI +1 an+1— )keik9n+1

| = 1, therefore |M | < n/an a.s.

%)

1 )
— 5 ,} : k) _ gk)yp(oikbni1
Sn + n (Sz—i-l Sz ) (e )



(k) a.s., showing that M (%) is a martingale.

%)
+ 2R (Sfl’“)E (ast?|7,

))& (jase]=).

where we write Aszk) = nggl — S,(Zk) = (Sp+1 — Sn)*. Remark that ]AS,(Lk)\ =1 a.s. and that

As a result, we have E(M, n+1 | Fn) =
We now compute the second moment of S(¥), observing that

dl

, -
S| ‘J:n) —E ((Sg’“) +ASI) (S + A

gk |

n

E(As,g’ﬂ(fn) (I)kZAS @kﬁas

from which we deduce that

gl

()

2 2
2 2
—E( ><1+n%(¢)k)>+l

) , we observe that (u,,) solves the recursion equation

()

. (k) |2
As aresult, setting u,, = E ( %
an

a2 ( 2 1
Unt1 = up (14 =R(Pk) | + —5—
+ n |a(k

|an+1|2 |2

n+1
2R(Py)
(1 = 1
- Pi 12 2’
|1 + n | ‘an—i-l’
. 1+2§R(<I>k) 1 9
with u; = 1. As |1+¢Z > = T , we observe that 11 — < > = O(up/n®) as n — oo.
n 1+7n2(1+2§}%(¢k)) ‘ +1

We denote by I' Euler’s Gamma function defined on C\Z_, and observe that we can rewrite

n—1 n—1 . . .
40— D J+ @ TG+ ) T(j)
" ]Hl (1+%) = I 5 g

—H ]+(I)k+1) ') _ L'(n+ @)
FG+®) TE+1)  T)T(Pk)’

Jj=1

from which we deduce there exists ¢;, > 0 such that
a®) ~ Cpn®x, and |aP) 2 ~ | O 202 ®R) as n — 0. (2.3)

Using that ®(®y) € (—1,1) due to (1.5) we conclude that

n =0(1) it R(P) > 1/2
—5 ™ |Ck|? logn if R(Pr) =1/2  asn — .
— |la C|? - :
=11 ~ lf|2§}]§(|¢'k)n1 RP) - if R(Dy) < 1/2
Solving the recursion for « in all three cases, we conclude the proof. O



2.2 Convergence rates of quadratic variations

In the rest of the section, we pay specific interest to the martingale M, defined by M,, = S,,/a,,. We study here

the quadratic variations of (MM,,), defined as follows. For k& > 1, we write AM} = M1 — M}, and

I
—

n

k=1
n—1 n—1

(M, M), =Y E(AMAM|Fy) = Y E(JAM[*|Fy).
k=1 k=1

We now compute these two quantities and estimate their asymptotic behaviour when R(®;) < 1/2.

Lemma 2.2. Under (2.1), we have

— 1
<M, M>n ~ mnl_%{(@l) in probability as n — o0.

Proof. Letn > 1, we observe that

an+1 Qn an+1 n
1 (o)
= (ASn— 15n>
an+1
Therefore,
2 1 2, [®1
E (‘AMM ’./rk) = 72]1“3 ‘ASH + 7Sk — 21 SkASk Fi
|kt 1] k
1 ;|2 ;|2
= —— |14+ |— -2 — .S.
|ak+1|2<+’ks’“ §R<k5’“

using that [ASy| = 1 and E(AS|Fy) = @1% a.s. This yields

1 P,
AM|? |\ F — | 1- S
E(IAMF|7) = |ag11[? ( ’ g

As a consequence, we have

&

Z Z |ak+1|2

We now study the asymptotic behaviour of these two sums. We deduce from (2.3) that

|@k:+1|2

: pl—2R(@1)

= S s = P iy

and from Lemma 2.1 that .
Ty B (18F) ~amsoo [CrPn~(H2E,

|an 1

as n — oo. Therefore, there exists C' > 0 such that for all n large enough, we have

— 1 Sk |?
Pk —2R(®1) _
E 1 <Cn o(v
(kzl ki | K ) (¥n)
It shows that lim,, s vi 22;11 m D, = ‘ = 0 in probability, which completes the proof.
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2.4)

(2.9)

(2.6)

2.7)

(2.8)



We now turn to the complex quadratic variation of the complex martingale.

Lemma 2.3. We have lim,, . m (M), = 0in probability.

Proof. The proof follows a similar path to the previous one. We observe that

At

2
E (AM)?|F) = — E((Ask)%(ilsk) —2@5@&)

7)
=7 < 1: ki AS;)? ( Sk)Q ~2 (ilskf)

=

1 Dq P
= a (le’g?) - (;Sk) > a.S.,
k+1

by definition. As a result, we have

n—1 n—1

-y Py z(f)_z ®F (Sk 2as
az k a? k o

k=1 k+1 k=1 k+1

We now show that these two terms are o(n'~2%(®1))

Observe that by triangular inequality, we have

(S ()

—1 k41
by (2.8). Therefore, we have

in probability as n — oo.

> Z <k:2!ak+ 2 !5k2> = o(n'72™)

2
1 Pk —0; o1s
nh_)n(r)lo TR <I>1) Z G%H < > 0 in probability,

by Markov inequality.
We then use the triangular and Jensen’s inequalities to first bound

n—1 (2) n—1
oy S, | D 2)
o[22 S) Bl g
(;ai—l—l k ) ; klags1|* ( )
n—1 1/2
< : 2E<‘S,§2’\2>
— klaji1]
n—1 2 212\ Y
‘al(ﬁ)»l’ 5/1(C ) _ R(Do)—2R(P1)
= 2 HarlP | |42 =0l )
p—1 1R k+1

By Lemma 2.1 and the previous computations, we have

1 n—1 o, S](f)
li =01 bability,
nLn;O T IR ; azﬂ i 1n probability

by Markov inequality, and the lemma is proved.

2.3 Lindeberg’s condition

We now check the final condition for applying the central limit theorem is verified.



Lemma 2.4. We have, for all € > (,

N ) . "
nh_}rgo o kZlE (|AMk| LiAM, | >ey/on ]:k) = 0 in probability,

in other words, the Lindeberg’s condition is satisfied.

Proof. First, we have the following inequality

n—1
ZE (|AMk|21|AMk|25\/vT,, fk) <

e2v,,

n—1
D E (|AM|*| Fr) -

Then, remark that

1 d,
AM|* | Fi _— AS — S| | F
E (JAM[*|Fr) = o <‘ k= Sk k)
1 ® 4 1+ |4
< 4E <|A5k|+'15k> F SM'
|agt1] k | k1]

Using the previous computations and, again, Lemma 2.1, we find

—1
(14 |®4))* _oR(®
F) < =0(n (1) ,
g 2, ; !ak+1!4 )

n—1
> E (\AMk|21|AMk|2am

k=1
and finally
= ) . .
Jim ; E (\AMk\ 1AM, ooy ]-'k> — 0 in probability,
again by Markov inequality, and the lemma is proved. O

Proof. Proof of (1.6) From Lemmas 2.2, 2.3, and 2.4, and the identification C ~ R2, we prove (1.6) by using
Lindeberg’s Central Limit Theorem for vector martingales (see, e.g., [4, Corollary 2.1.10]). O

The case R(Pq) = % is treated similarly, adapting the proof of the previous lemmas with the logarithmic
rate. Indeed, since in this case |a,| ~ |C1|n'/?, the equivalent of (2.7) is v, ~ |C1|?>logn such that
(lant1/n) "2E (|Sn]?) ~ |C1]?* log n. We refer to [2] for a (slightly) more detailed example.

3 Spiraling Elephant random walk

We now turn to the study of the asymptotic properties of the ERW assuming that R(®;) > % We use in this
section a Poissonnization method adapted from the work of Janson [6] for the study of urns. Specifically, we
consider the ERW subordinated to an independent Yule process (N, ¢ > 1). We then use that (Sy,,t > 0) can
be seen as an additive martingale of a branching Markov process.

In Section 3.1, we introduce the branching Markov process we will consider, and show its connection to
the ERW in the plane. We then prove, in Section 3.2, the almost sure convergence of e /®1 Sy, as t — oo by
controlling the moments of this martingale. Finally, we study in Section 3.3 the rate of convergence of this
martingale by classical Fourier transform methods. We complete the section with a proof of (1.8).

3.1 Associated complex-valued Markov branching process

Let us now describe the underlying branching process, constructed as a C-valued Markov branching particle
system. In this process, particles do not move or die out, but give birth at unit rate to new children, such that
the position of each child of an individual at position x is given by an independent copy of the random variable
ze'? . Let us precise the notation we use to construct this process.



The set of particles in this branching process is encoded using the classical Ulam-Harris-Neveu notation by

U= U N"  with the convention N° = {§}.
n>0

The label () corresponds to the initial particle of the branching process, alive at time 0, its successive children
are labelled 1,2, 3, etc. More generally, u = (u(1),...,u(k)) € N¥ corresponds to the u(k)th child of the
u(k — 1)th child of ... of the w(1)th child of the initial particle. We write |u| = k for the generation of u (with
convention |(}| = 0) and for all j < k, we write u; = (u(1),...,u(J)) the ancestor at the jth generation of w.

Let (2,,u € U) be i.i.d. Poisson point processes with unit intensity on R, such that the atoms of =,
correspond to the ages at which particle u gives birth to its children. More precisely, writing (&, (k), k > 1) for
the sequence of atoms of =, ranked in increasing order, we define for u € U

|ul

T, = quj—l (u(j))  with the convention Ty = (), G.D
j=1

corresponding to the birth-time of particle u in the process. In other words, the birth time of the jth child of w
is given by T, + £,,(j) the sum of the birth-time of u and its age at the creation of this child. The set of particles
born before time ¢ is written N; = {u € B : T,, < t} —which corresponds to the population alive at time ¢ since
particles don’t die.

Independently of the previous family, we introduce (6, u € U \ {(}) i.i.d. random variables with value in
[0, 27), that parametrize the displacement of u with respect to its parent. The position of u € B, written X, is
then defined by

|ul

Xu = H ¢’ with the convention Xp=1 3.2)
j=1

Let us mention that the branching Markov process ((X,,u € N, t) > 0) takes values on the unit sphere
{z € C : |z| = 1}, and can be constructed as ((e"*,u € N;),t > 0) where Y is a continuous-time branching
random walk on R.

We introduce, for k € N, the quantity

Zi(t) = XF, (3.3)
ueN

which can be thought as the Fourier coefficients of the empirical measure ) -, N, O;(u)- This additive functional
of X is connected to the ERW in the following lemma.

Lemma 3.1. Forall n > 1, we write
Tn = inf{t > 0: #N; = n}.

Let (Sy,,n > 1) be the ERW defined in the introduction, we have

Proof. This result is fairly straightforward and a classical observation in the study of reinforced processes. By
construction, there are at time 7, exactly n particles in the branching Markov process X. Each particle gives
birth, independently of one another, to a new child whose position will be given by a random rotation of angle 6
of their own. Therefore, at time 7,41 exactly one particle gives birth to a child, whose label is uniformly chosen
in \7,.

As a result, we obtain that Z(7,,41) is the sum of Z;(7,,) and a randomly rotated, uniformly chosen, term
of the sum defining Z;(7,,). The evolution therefore matches the one of the ERW, which justifies the equality
in distribution between the two processes. 0

Remark 3.2. With a similar reasoning, and the notation of Lemma 2.1, observe that for all £ > 1, we have

(5P 0> 1)L (Ze(rm)n > 1).



To complete this section, we end by recalling that N : ¢ — #N; is a standard Yule process, i.e. a
continuous-time Markov process that jumps at rate 7 from i to  + 1. We mention that (e ‘N, ¢ > 0) is a
non-negative martingale, which verifies

lim e !N, = FE as. (3.4)

t—00

t

Recalling that N; has a Geometric distribution with parameter e~*, we observe that E' is distributed as a

unit-mean exponential random variable, hence is a.s. positive.

3.2 Convergence of additive functional of the branching Markov process

We prove in this section the following proposition, that allows us to describe the almost sure asymptotic
behaviour of the branching random walk.

Proposition 3.3. If R(®1) > 1/2, the martingale (e=®1*Z1(t),t > 0) converges a.s. and in 1L? towards a
complex random variable W, that satisfies
294 2%(@1)

_ 2\ 2\ _
BW) =1, BW?*) =50 and (W)= TCE 3.5)

Remark 3.4. From (3.5), one can compute mean and covariance matrix of the vector (4, B) := (R(W), J(W)).
2

We have E(A) = 1, E(B) = 0, and writing ¥ = ( Up 7_p2 ) the covariance matrix of that vector, we have

1 1 o 1 1 )
773 (2%(@1)—1+§R(2®1—¢2>)’ T 2 <2&e(<1>1)—1 ER<2c1>1—o1>2)>
d,
— Cx
and p—d<2¢1_¢2>.

To prove Proposition 3.3, it will be sufficient to show that (e=®1Z; (¢), ¢ > 0) is a martingale and is bounded
in IL2, then to study the asymptotic behaviour of the moments of this process. To this end, we compute the first
two moments of this additive functional.

(3.6)

Lemma 3.5. Forall k € N, we have E(Zy(t)) = e!®*,

Proof. Let us first observe that Zj, is integrable, as by triangular inequality, we have |Zx(t)| < Ny, with
E(Nt) =el < 0.

We write u(t) = E(Z(t)). We compute this quantity by decomposing the branching process at the first
splitting time. Recall that 7 the first branching time is distributed as a standard Exponential random variable,
and X is the position of the first child of the initial individual, we observe that on {72 < t}, we have

VA @ _ kopttry
w(t) = Z,(t —m) + X7 Z,(t — 1), 3.7
where Z}, and Z,/ are two independent copies of Zj,. This formula follows from the branching property (evolution
of particles after their birth is independent from the rest of the process) and the product formula for the position
of particles (3.2).
This equation therefore implies

u(t) = P(r2 > t) + E(1+ XP)E (Z4(t = 71)Lrom))

t t
=+ (1+ @) / e u(t — s)ds = e~ + (1 + Dy)e”’ / e"u(r)dr.
0 0

As a consequence, ¢ — elu(t) is a solution of the linear differential equation 3’ = (1 + ®)y, with initial
condition u(0) = 1, from which we immediately complete the proof. 0

The second moment of Zj, is computed in a similar fashion. This result should be compared with Lemmas 2.2
and 2.3 in the previous section.
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Lemma 3.6. Lett > 0 and k > 1, we have

2R(P) 2R . .
E(Z(0)) — { T~ ammgre i R(®0) 7172
(t+1)e' i (D) = 12,
as well as . )
E(Z(t)%) = me%kt - me%kt if 20, £ B
(1 +28,2)et if 23y, = oy,

Proof. We compute these second moments in the same way we computed the first, by using (3.7) to identify a
differential equation they satisfy. Indeed, decomposing at the first branching time, we have

v(t) := E(|Z1(t)*) = E(Zi(t) Zi(1))

—el /Ot e™E ((Z,g(t —8) + XEZY(t— ) (ZL(t— ) + XFZI(t — 5))> ds
=et 4 /Ot e 520(t — 5) + 2R(D) [E(Zy(t — 5))|*ds.
As aresult, using Lemma 3.5 with time reversal in the integral, we have
eo(t) =1+ /0 % (v(s) +2R(Dy) ye%f) ds.

Therefore, t — e'v(t) is the solution of ¢/ (t) = 2y(t) + 2R(®y,)e! T2R(®k)t with initial condition y(0) = 1. As
a result, we conclude that, if R(Py) # %, we have

(t) = 2§R<¢)k) e2R(Pr)t _ 1 et
SR(Dp) — 1 SR(Dp) — 1

while v(t) = (t + 1)e’ if R(®x) = 3, completing the first part of the proof.
The second part of the proof follows in an identical fashion. We have

w(t) = E(Zx(t)?)
—et o /Ot e™E ((Z,g(t )+ Xzt~ s))2> ds
et 4 /Ot e (14 Pop)w(t — s) + 20, E(Zk(t — S))2) ds.
Using again Lemma 3.5 with time reversal in the integral, we have
w(t) =1+ /Ot(l + ®op)e®v(s) + 205,51 H2P) 4 g,

which solving the differential equation yields

w(t) = __ 2Pk 20 — _ Pu eP2rt
2<I>k — (I)gk 2c1)k - (I)2I<:
if ®op # 20y, while w(t) = (1 + 2®4t)e?®+! otherwise. O

We are now able to prove the main result of the section.

Proof of Proposition 3.3. Using the branching property, we observe that for all s < ¢, we have

Zit+5) DY X2 (s),
ueN:
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where (Z{“)(s), u € Ny) are i.i.d. copies of Z(s) that are independent from the branching Markov process.
Therefore, writing () the natural time filtration of X, we have

E(Zl(t + S)|.7'—t) = Zl(t)E(Zl(S)) = Zl(t)eq>1s,

from which we deduce that (e=®1Z;(t),¢ > 0) is a martingale.
Let us now assume that ®(®1) > 3. In this situation, by Lemma 3.6, we have

: LA 2%(®1)
E&M’Zl(”e i ) TR - 1

which shows in particular that the martingale is bounded in L2, therefore that it converges a.s. and in IL? to a
random variable . Moreover, as 2R(®P;) > 1 > R(P2), we also obtain

. 7(I>1t 2) _ 2@1
Jim (210 ) 25, — 1’
We use these two convergences to identify the moments of WW. O

3.3 Rate of convergence of the additive martingale

We assume in this section that $(®;) > 1/2, therefore that e~®1¢Z;(¢) converges a.s. to a non-degenerate
random variable W as proved in Proposition 3.3. The aim of this section is to determine the rate of this
convergence. More precisely, we write

Ry =e 2 (Z1(t) — e™'W),

we show in the next proposition that conditionally on E (the almost-sure limit of e “?#A\/; defined in (3.4)), R;
converges in law to a complex normal random variable.

Proposition 3.7. Under the previous assumptions and notation, for all (\, ) € R2, we have

E 1
]:t) = exp (— — (A 4+ ,u2)> a.s.

lim E (eiA%(Rt)—l—iu%(Rt) T 1(

t—o0

Before turning to the proof of this result, let us mention as an immediate consequence the joint convergence
in distribution of R; and e ‘.

Corollary 3.8. Assuming that ®(®1) > 1/2, let G ~ N¢(0, W) independent of the branching Markov

process, we have
Jim (e '"#Ni, Ry) = (E,vEN) in distribution.
—00

This result is immediate by computing the joint Fourier transform of this random vector, and applying
dominated convergence theorem.

Proof of Proposition 3.7. We first remark, using again the branching property that for all s,¢ > 0,

e P17, (t + 5) @) -t Z Xngu)(s)e_q”s.
ueN;

Therefore, letting s — oo in the above expression, we conclude that for all ¢ > 0,

ety ST ity ) (3.8)
u€ENy

where (W(“), u € Ny) are i.i.d. copies of W further independent of F;. In particular, we can rewrite

Ry= > e 'PX,(1-WwW).
ueN;
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Asa consequence,

AR(R:) + pS(R) 237 ARK)R(T = W) = S(X,)3(1 - W)
u€eN
+ p(R(X)S(1 = W) + (X R - W)
= 3 R = WE)OR(X) + pS(0) + 31 = W)(AS(X,) + (X)),
ueN;

yielding
E (ei)\ﬂ?(Rt)+iu%(Rt

=TT oe2(ix+ p)Xa), (3.9)
uENt

where, for z € C, we write
$(z) =E (em(zm(1_vv)+is(z)s(1—W)) _

Using the first two moments of W (see Proposition 3.3 and Remark 3.4), we observe that for all M > 0,
uniformly in |z| < M we have

e ' (1+o0(1))

Pp(zeH?) =1 — 5 (R(2)%0” + 2R(2)S(2)p + I(2)77) .

Let (\, 1) € R?, we write z = \/1;\\7% so that |z] = 1. Then, for all u € N}, we have |2X,| = 1, which

allows us to use the double-angle formulae:

1+ R((2X0)?)

_ P 2 S((2 2
N(2X,)? = =0 g(qu)QZM M

5 and R(2X,)S(2X,) = 5
Consequently, we obtain from (3.9)
)

_ e '(1+0(1))
= exp <4

E (ei)\%(Rt)—Hu%(Rt)

(X2 + 1) (0> + TH#N; + (07 —rm<z22<t>>+2ps<zzz<t>>)>. (3.10)

Let us now recall from (1.5) that R(P2) < 1, thus from a straightforward application of Lemma 3.6, we
deduce that Z5(t)et converges to 0 in probability. As a result, we obtain

lim E <ei)\m(Rt)+i/J%(Rt)
t—o0

E
]-}) = exp (—4()\2 + 1) (0 + T2)> .
The proof is now complete using that o2 + 72 = Var(R(W,,)) + Var(S(W,)) = E(|]W,|?) — 1 and Proposi-
tion 3.3. O
We now complete the proof of Theorem 1.1.

Proof of (1.8). Using Lemma 3.1, we can write

S, =S
i ® " = Zi(m) exp (—®1log N, )
recalling that N; = #M;, hence N, = n a.s. By Proposition 3.3 and (3.4), we have
Zy(t)e P18 Nt — 7, (1)e =1 exp(—®; log(Nie ') — Wexp(—®; log E) as.

Using that 7, — oo a.s., we conclude that

nlgrl;o n§¢l)e S(®)logn — py exp(—®1 log E)  a.s.
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We now turn to the central limit theorem result, writing

S, — (@) "W exp(—® log E)
Vn
_ Z1(mn) — Wexp(®Py log(N,, /E))
vn
o2 Z1(n) — WeP1™n 4 We®P1™n — W exp(® log(N,, /E)

/Ny e ™

By Corollary 3.8, we observe that

0 Z1(t) — We®tt 1
t221t) = Wern .
¢ N Sy =1

lim in law,
t—o0 Nte*t

—7n /221 (Tn)—We®P17n

v/ Nrp,e~™n

n — 00, using that 7, — logn is tight. In addition, we have

from which we deduce straightforwardly that e admit the same limit in distribution as

e®1t _ o@1log(Ne/E) 1 4 o(1)

VN VE

As 1/2 < R(P1) < 1 and limy_, oo Nte%/get converges in distribution towards a Gaussian random variable, we

conclude that this quantity converges to 0 in probability.
As aresult, from Slutsky’s lemma, we deduce the second part of (1.8). 0

e(<1>171/2)t(1 o ecbl lOg(Nte_t/E)) a.s.
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