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Abstract

We consider an exactly solvable model of branching random walk with random selection,
which describes the evolution of a population with /N individuals on the real line. At each
time step, every individual reproduces independently, and its offspring are positioned around
its current locations. Among all children, N individuals are sampled at random without
replacement to form the next generation, such that an individual at position x is chosen
with probability proportional to ¢?®. We compute the asymptotic speed and the genealogical
behavior of the system.

1 INTRODUCTION

In a general sense, a branching-selection particle system is a Markovian process of particles on the
real line evolving through the repeated application of the two steps:

Branching step: every individual currently alive in the system splits into new particles, with
positions (with respect to their birth place) given by independent copies of a point process.

Selection step: some of the new-born individuals are selected to reproduce at the next branching
step, while the other particles are “killed”.

We will often see the particles as individuals and their positions as their fitness, that is, their
score of adaptation to the environment. From a biological perspective, branching-selection particle
systems model the competition between individuals in an environment with limited resources.
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Figure 1: One time step of a branching-selection particle system

These models are of physical interest [6,/8] and can be related to reaction-diffusion phenomena
and the F-KPP equation. Different methods can be used to select the individuals. For example, one
can counsider an absorbing barrier, below which particles are killed [1,}4}/14,|18]. Another example
is the case where only the N rightmost individuals are chosen to survive [2}|6[8L|12], the so-called
“N-branching random walk”. In this paper, we introduce a new selection mechanism, in which the
individuals are randomly selected with probability depending on their positions.

Based on numerical simulations [6] and the study of solvable models [8], it has been predicted
that the dynamical and structural aspects of many branching selection particle systems satisfy

*Supported by the Israeli Science Foundation grant 1723/14
TDMA, ENS



universal properties. For example, The cloud of particles travels at speed vy, which converges to
a limit v as the size of the population N diverges. It has been conjectured [8] that

oy —v = —¢(log N + 3loglog N + o(loglog N)) "> as N — oo,

for an explicit constant ¢ depending on the law of reproduction.

Some of these conjectures have been recently proved for the N-branching random walk [2}3}[11}-
13,/15]. Bérard and Gouéré [2] prove that vy — v behaves like —p(log N)~2. Nevertheless, several
conjectures about this process remain open, such as the asymptotic behavior of the genealogy or the
second-order expansion of the speed. Other examples in which the finite-size correction to the speed
of a branching-selection particle system is explicitly computed can be found in [3}/9,/11}/12,[15}/17].

To study the genealogical structure of such models we define the ancestral partition process
Y (t) of a population choosing n < N individuals from a given generation T and tracing back
their genealogical linages. That is, IIY (¢) is a process in P, the set of partitions (or equivalence
classes) of [n] := {1,...,n} such that i and j belong to the same equivalence class if the individuals
7 and j have a common ancestor ¢ generations backwards in time. Notice that the direction of time
is the opposite of the direction of time for the natural evolution of the population, that is, ¢ = 0 is
the current generation, ¢ = 1 brings us one generation backward in time and so on.

It has also been conjectured [8] that the genealogical trees of branching selection particle systems
converge to those of a Bolthausen-Sznitman coalescent and that the average coalescence times scale
like a power of the logarithm of the population size. These conjectures contrast with classical results
in neutral population models, such as Wright-Fisher and Moran’s models, that lay in the Kingman
coalescent universality class [16]. Mathematically, these conjectures are difficult to be verified and
they have only been proved for some particular models [4,/10].

We define in this article a solvable model of branching selection particle system evolving in
discrete time, and compute its asymptotic speed as well as its genealogical structure. Given N € N
and 8 > 1, it consists in a population with a fixed number N of individuals. At each time step,
the individuals die giving birth to offspring that are positioned according to independent Poisson
point processes with intensity e *dx (that we write PPP(e”*dz) for short). Then, N individuals
are sampled (without replacement) to form the next generation, such that a child at the position
x is sampled with probability proportional to e°*.

To describe the model we introduce the following notation. Let X' (1),..., X{'(N) € R be
the initial position of the particles and {P(j),j < N,t € N} be a family of i.i.d. PPP(e”*dx).
Given t > 1 and X{¥,(1),..., XN, (N) the N positions at time ¢t — 1, we define the new positions
as follows:

i. Each individual X}V, (j) gives birth to infinitely many children that are positioned according
to the point process XY (j) + P:(j). Let A; := (As(k); k € N) be the sequence obtained by
all positions ranked decreasingly, that is

(Ai(k), k € N) = Rank ({ XX, () +p; p € Pu(4),5 < N})-

ii. We sample successively N individuals X}V (1),..., X} (V) composing the tth generation from
{A:(1),A(2),...} such that for all i € {1,2,...,N}:
A
MDA (¥ . XY 1)) (1)
S - pitenm ¢

P (X)) = M) Ar, XV (1), XV (i - 1) =

To keep track of the genealogy of the process we define
AV@) =5 it X{(0) e (X () +ppeP()}, (1.2)

that is, A, (i) = j if X}¥(i) is an offspring of XY, (j). We call this system the (N, 3)-branching
random walk or (N, 5)-BRW for short.

It can be checked that the sum in the denominator of is finite if 8 € (1,00) and that it
diverges as 8 — 1 (see Propositionbelow)7 thus the model is only defined for 8 € (1,00). Notice



that as 8§ — oo the sum in the denominator is dominated by the high values of A;. Precisely, it
can be checked that the following limits hold a.s.
hmﬂ—mo efﬁAt(l) ZZ_: e:BAt(k) = 1’ hmﬂ—ﬂ)o e*ﬁAt(2) Z:;.; eBAt(k) =1

, and so on.

Therefore, the case “f = o0” is the “exponential model” from [6Hg], in which the N rightmost
individuals are selected to form the next generation. In contrast with the examples already treated
in the literature, when 8 < oo one does not necessarily select the rightmost offspring. In this
paper, we will take interest in the dynamical and genealogical aspects of the (N, 5)-BRW, showing
that it travels at a deterministic speed and that its genealogical trees converge in distribution. The
next result concerns the speed of the (N, 3)-BRW.

Theorem 1.1. For all N € N and 8 € (1,00], there exists vy, g such that

lim maxj<N A \J) Xi'U) = lim
t——+oo t n——+oo t

. i XN .
—mln]SN ¢ (j) = UN,B a.s. (13)

moreover, vn,g = loglog N + o(1) as N — co.

The main result of the paper is the following theorem concerning the convergence in law of the
ancestral partition process (IIY (¢);¢ € N) of the (N, 3)-BRW.

Theorem 1.2. For all N € N and 8 € (1,00], let ¢y be the probability that two individuals
uniformly chosen at random have a common ancestor one generation backwards in time. Then,
we have limy_,o0 ¢y log N = 1 and the rescaled coalescent process (1IN ([¢/cn]),t > 0) converges
in distribution toward the Bolthausen-Sznitman coalescent.

The Bolthausen-Sznitman coalescent in Theorem [1.2]can be roughly explained by an individual
going far ahead of the rest of the population, so that its offspring are more likely to be selected and
overrun the next generation. Based on precise asymptotic of the coalescence time, the authors in [§]
argue that the genealogical trees of the exponential model converge to the Bolthausen-Sznitman
coalescent and conjecture that this behavior should be expected for a large class of models. The
(N, 8)-BRW can be though as a finite temperature version of the exponential model from [8]. In
this sense, Theorem attests for the robustness of their conjectures showing that even under
weaker selection constrains this convergence occurs. It indicates that whenever the rightmost
particles are likely to be selected, then the Bolthausen-Sznitman coalescent is to be expected.

Different coalescent behavior should be expected when the selection mechanism does not favor
the rightmost particles, the classical example being the Wright-Fisher model. Another example
can be obtained modifying the selection mechanism of the (N, 5)-BRW. It can be checked using
the techniques developed in this paper (see for example Theorem that if we systematically
eliminate the first individual sampled X{V(t), so that it does not reproduce in the next generation,
then this new branching-selection particle system lays in the Kingman’s coalescent universality
class. Notice that this new selection procedure no longer favors the rightmost particles (in this
case, the rightmost particle), which justifies this change of behavior.

Notation. In this article, we write

~g(lx) asx—ai imM:' z)=o(g(xr)) asx —ai imM:'
f@) ~g(e) asaaif Jm =1 f(@) = olo(r) as e aif im0
and f(x)=0(g(z)) as x — a if Hlf_?}llp ;Eg < 400.

PRELIMINARY RESULTS

In this section, we prove that the (N, §)-BRW is well defined and provide some elementary prop-
erties such as the existence of the speed vy g.



Proposition 1.3. The (N, 3)-BRW is well-defined for all N € N and g € (1,00]. Moreover,
setting X (eq) = 10%2;»\/:1 Xt ) the sequence (D ken OAL(t+1)-XN(eq) * L € N) is an i.i.d.
family of Poisson point processes with intensity measure e~ *dzx.

Proof. With N and f fixed, assume that the process has been constructed up to time ¢ with
XN(1),...,XN(N) denoting the positions of the N particles. Thanks to the invariance of super-
position of independent PPP, {XtN () +p;p€Pi(y),) < N} is also a PPP with intensity measure

SN e @ X)) 4y = e~ (=X (ca) g,

Therefore, with probability one: all points have multiplicity one, the sequence (Ag(t + 1); k €
N) is uniquely defined. Since there are finitely many points Ag(¢t + 1) that are positive and
E (EeBAk(t“)l{Ak(HlKo}) < 0o we have that 3 e#2+(+1D < o0 as. As a consequence, the
selection step is well-defined, proving the first claim. Moreover, (Ag(t + 1) — X¢(eq); k € N) is a
PPP(e~*dx) independent from the ¢ first steps of the (N, 5)-BRW, proving the second claim. [

Remark 1.4. Tt is convenient to think XV (eq) as an “equivalent position” of the front at time t,
in the sense that the particles positions in the (¢ 4+ 1)th generation are distributed as if they were
generated by a unique individual positioned at X}V (eq).

We use Proposition to prove the existence of the speed vy g, the study of its asymptotic
behavior is postponed to Section [

Lemma 1.5. With the notation of the previous proposition, (1.3) in Theorem holds with
ung = E(X) (eq) — X' (eq)).

Proof. By Proposition (X2 1(eq) — XN(eq) : ¢t € N) are i.i.d. random variables with finite
mean, therefore

N
lim Xt (eq)
t—+o0

Notice that both (max X} (j) — Xﬁl(eq))t and (min XN (j) — Xﬁl(eq))t are sequences of i.i.d.
random variables with finite mean, which yields (L.3]). O]

=un,g a.s. by the law of large numbers.

In a similar way, we are able to obtain a simple structure for the genealogy of the process, and
describe its law conditionally on the position of the particles.

Lemma 1.6. The sequence (AN)ien defined in (1.2)) is i.i.d. Moreover, it remains independent
conditionally on H = o(X}N(j),j < N,t > 0), with the conditional probabilities

P(AY, =k |H) =0 (k1)...0) (kn), where k= (ki,....kn)€{l,...,N};
X1 (k)

i=1¢
Proof. To each point € Y 0a, ., )— XN (eq) We associate the mark ¢ if it is a point coming from
XN (i) + Pu(i). The invariance under superposition of independent PPP says that
o= (=XN (@) XN )

Pz e XNG)+P(i) | H) = = .
( e () () | %) Zé\’zlef(zfxgv(g)) Zj_\leext’v(a)

By definition of A} (i), it is precisely the mark of XY, (i), which yields . The independence
between the AN can be easily checked using Proposition O
Organization of the paper. In Section 2] we obtain some technical lemmas concerning the
Poisson-Dirichlet distributions. We focus in Section [3] on a class of coalescent processes generated
by Poisson Dirichlet distributions and we prove a convergence criterion. Finally, in Section [4 we
provide an alternative construction of the (NN, 5)-BRW in terms of a Poisson-Dirichlet distribution,
and we use the results obtained in the previous sections to prove Theorems [I.1] and [I.2]



2 POISSON-DIRICHLET DISTRIBUTION

In this section, we focus on the two-parameter Poisson-Dirichlet distribution denoted as PD(«, 6)
distribution.

Definition 2.1 (Definition 1 in [20]). For o € (0,1) and 6 > —a, let (Y} : j € N) be a family of
independent r.v. such that Y; has Beta(l — o, 6 + jo) distribution and write

j—1
Vi=Yy, and V;=][(1-Y)Yj, if j > 2.
=1

Let U; > Us > --- be the ranked values of (V},), we say that the sequence (U, ) is the Poisson-
Dirichlet distribution with parameters («, ).

Notice that for any £ € N and n € N, we have

Ukl{ng{Vl,...Vn_l}}
1-Vi—Vo—-- =V,

P(Vn =U, | (Uj,j S N),Vl,...,Vn_l) =

for this reason we say that (V},) follows the size-biased pick from a PD(«, ). It is well known that
there exists a strong connexion between PD distributions and PPP [20], we recall some of these
results in the proposition below.

Proposition 2.2 (Proposition 10 in [20]). Let 1 > x3 > ... be the points of a PPP(e~*dx) and
write L = Z;r:f P and U; = € /L. Then (U;,j > 1) has PD(371,0) distribution and

lim »°U, =1/L a.s.
n——+oo
Notice from Propositions [1.3and [2.2] that (e5Xn @)/ ij e#2n09)) has the distribution of (V;)
the size-biased pick from PD(37!,0), which makes the model solvable.
Remark 2.3 (Change of parameter). If V1, Vs, ... is a size-biased pick from a PD(a, ), then

Va Vs

——— ——— ..., has the distribution of a size-biased pick from a PD(a, a + 6),
1-Vi'1-W;

moreover, it is independent of V7. That is, the sequence obtained from Vi, Vs, ... after discarding
the first sampled element V; and re-normalizing is a size-biased pick from a PD(«, a+6). Therefore,
ordering this sequence one obtains a PD(«, a + 6) sequence.

In what follows, we fix @ € (0,1) and 8 > —q, and let ¢ and C be positive constants, that
may change from line to line and implicitly depend on a and 6. We will focus attention on the
convergence and the concentration properties of

P ::in:in (1-Y,)% n €N, (2.1)

Lemma 2.4. Set M, := T[], (1 —Y;), then, there exists a positive r.v. M, such that

l1—o Y
lif}rl (nTMn> = M2 as. and in L' for all v > —(0 + a), (2.2)
n—-+0o0
with y-moment verifying E(MY) = ®p.o(7) := oﬂm Moreover, if 0 < v < 0+«
’Y y g o) 9,04/7 . F(9+7+1)F(§+1). ’ 'Y 1
then there exists C, > 0 such that

P (ir;f(’) nkTaMn < y) <C,y, foralln>1 andy > 0. (2.3)

Notice that if v > —6, then ®g o(7) = a” F(a)r( - )

’ L(0+y)T (%)



Proof. Fix v > —(0 + «), then (M;/E(M))) is a non-negative martingale with respect to its
natural filtration and
T +7y+na) D(n+2) T+ D2 +1)

D@+ na) T(n+ 22 10+ + DF(2 1 1)

~ @9}a(7)n_7177a, as n — +00.

Since lim,_, o E (M7/2) E(M))"'/? > O Kakutani’s theorem says that M)/ E(M,’) converges

a.s. and in L' as n — +oo, implying (2.2)) with M., = lim,,_, ;oo M1 =
In particular, if 0 < v < 0 + a we obtaln from Doob’s martingale inequality that

. l1—a vy —ylze _ M _
o < = vy T > v < vy
P (;réfon M, y) P (SupMn n >y ) <P (sup (M 7) >y /0, )

n>0 n>0
with C,, := sup,, ey E[M,; ]/’ < oo, proving (2.3). O
We now focus on the convergence of the series > V*j%~ L

Lemma 2.5. Let S, = Zj:1 Yt and W, == a”°T(1 — a)~', then, there exists a random
variable So. such that
lim S, —¥,logn =5, a.s.

n——+4oo

Moreover, there exists C > 0 such that for alln € N and y > 0,
P (S, —B(S,)| 2 y) < Co™
Proof. Since Y; has Beta(l — «, 8 + ja) distribution, we have

m +0(1/4) and Var((j¥;)*) = F(l;g)rr(il—ojg -

which implies that ZVar(Yf‘fl) < 400 and that E(S,) = ¥, logn + Cs + o(1) with Cs € R.
Thanks to Y — E(Y*) € (—=1,1) a.s. we deduce from Kolmogorov’s three-series theorem that
Sp — E(S,,) and hence that S,, — ¥, logn converge a.s. To bound P(S,, — E(S,) > y), notice that

E((7Y5)%) = O(1/5),

P(S, —E(S,) >y) <e ™E [e“sn*”s"))} <e W f[ E (eW”(Yﬁ*EW?))) ,
=1

for all y > 0 and A > 0. Taking ¢ > 0 such that e* <1+ 2 + ca? for € (—1,1), we obtain

Ajet : ca—1 .
E [eAja_1(Yja7E(yja))} < e if  Aj > 1;
T\ 1+ eAe D Var(ye) if Aot <L

Since Zjl,agkjafl < A= forall a € (0,1) and € > 0, there exists ¢ = ¢(«, 0) such that

N 2
P (S, —E(S,) >y) <e H M x H (1 + cAQ)
J

Fime <A Frme>A
< exp (7>\y+)\"{:—§ +c/\2) , forallmneNandy>0.
Let 0 := (2 — a)/(1 — a) > 2, then there exists C' = C(«, ) > 0 such that
P (S, —E(S,) >y) <Cexp(—Ay+CX), forallneNandy>0.
Optimizing in A > 0 we obtain

P (S, — E(S,) > y) < Cexp (_ya/w—l)cl/(l—g) (Ql/(l—m _ Qg/(l—m)) 7

with ¢'1/(1—2) [gl/(l_g) — QQ/(l_Q)} > 0, as ¢ > 1. The same argument, with the obvious changes,
holds for P(S,, — E(S,) < —y), therefore, there exists C > 0 such that P (|S, — E(S,)| > y) <
Cexp (—y?/(e=V/C)) | proving the second statement. O



With the above results, we obtain the convergence of ¥,, = > V* as well as its tail probabilities.
Lemma 2.6. With the notation of Lemmas|[2.4] and[2.5, we have
Xp

lim =V, M% a.s. andin L.
n—+oo logn

Moreover, for any 0 < v < o + 0 there exists D., such that for all n > 1 large enough and u > 0
P (X, <ulogn) < Dwu%.
Proof. Notice that %, = 37, (S; — Sj-1)7'~*M$; (since Sp := 0) and that

N S.
a )a =M% and lim =T, as.
n—-+oc logn

lim (M, (n+1) -

n—-4oo

by Lemmas and respectively. Then, Stolz-Cesaro theorem yields %, /logn — ¥,MS a.s
as n — oco. Expanding (En)2 we obtain

E (V) +22 Z

5‘4:

E (%)

j=1 i=1 j=i+1
n n—1 n
o o o e M o
=Y B (M) B +2 ) B(ME) B(Y0-Y))") Y E () BOY)
j=1 i=1 j=it1
n n—1 n ] —(1—a)
2(1—a) ;—2« —2(l—a);—a —a
SC';] J +Cz;z i 2. 0 = a)j < C(logn)*.
J= 1= Jj=t

Therefore, sup E [(£,,/logn)?] < +oco implying its L' convergence. To obtain bounds for P(%,, <
ulogn), we study the two cases u > 1/n and u < 1/n separately. Assume first that u > 1/n, then

(G- ar) U (mf] C Mj)asn.

1 J jeN

=
For all ¥/ < 0 + « and ¢ > 0 such that ¢t < E[S,,] we have

P (S, <ulogn) <P (S, <t)+P ((inff%*Mj)a < (ulogn)/t)

v /e
< Cexp (~CTU(BIS,] - )T ) + Oy (H2 )"
% = V¥, there exists a constant ¢ > 0
depending only on « such that u®logn < E[S,] for all u < ¢. Decreasing c if necessary, we can
and will assume that C~1(E[S,] — y°logn) < alogn for all ¢ < 1/2 and hence that

Let 0 < ¢ < 1/2 and set t = u®logn, since lim,, 4

P (2, <ulogn) < Cexp (f(alog n)g/(gfl)) + C,Y/u(l’shl/o‘, for all u < ¢,
where a > 0 is to be chosen conveniently small. Observe that

C exp (_(nlogn)g/(g—l)) < Cv/u(l—e)w’/a7 for all u € [% exp( %(nlogn)(e 1)) },
¥

and that e~ > (71°8™) " 7 & 1/n. Therefore, taking v = (1 —¢)y" < a+ 6 there exists D, such that
P (2, <wulogn) < Dvua for all n large enough and u € [ , +00).
On the other hand if u < 1/n, let 5* € N be such that (1 —a)j* >, then

P(2, <ulogn) = (Zva<ulogn) <P (VS <ulogn; forall 1 <j <j*).
J=1



Observe that if u < 1/n and Vi <wulogn for all j < j*, we have

o _ Vi ulogn
Y= (A=Y)(A=Yy) - (1 -Y;-1))" < A=Y (A=Y,

We prove by recurrence that under the above hypothesis Y* < ulogn / ( — M) The case

j =1 holds by the assumption Y|* < ulogn. Assuming that the statement holds for all ¢ < j — 1,
that is V;* < ulogn/(1 — (171)%) then

j-1 logn
(1=YM)(1 =Y (=Y > (1 - 1<1>1g>

i=1 n
>]71 1,7“3;3" L (j—1)logn
= 1— (i—1)logn n ’
i=1 n

yielding Y* <log n/(l — w). As a consequence, for all j < j* and n sufficiently large

J
Y <2ulogn and hence P(%, <wulogn) < H P (Yf < 2ulog n) .
=1

Using crude estimate for the probability distribution function of the Beta distribution, we bound
the product in the display by Cua o(ul" (=)= (logn)’" (1=®)) with C' an explicit constant. Since
u < 1/n and j*(1 — @) — v > 0, the term inside the parentheses tends to zero uniformly in w.
Therefore, increasing D, > 0 if necessary, the upper-bound P (£,, < ulogn) < Dwu% holds for all
n > 1 and u > 0 finishing the proof. O

In some cases, we are able to identify the random variable ¥,MZ .
Corollary 2.7. Let (U,), be a PD(a,0), then Vo, M% = L™%, where 1/L = lim,_, o nt/ay,.
Proof. By Proposition L :=lim, o n~Y*/U, exists a.s. and by Lemma we have that

U Mg ~ lognz ; lognZUa ~ L™ as n — 400,

thus ¥, MS$ < L™% a.s. By Lemma the pth moments of ¥,M$ are equal to

T(p+1)

E[(T,MS)"] = Tpa+1)

Fl—a)™?, forallp>-1.
By [20, Equation (30)], it matches with the pth moments of L=, which implies that the two

random variables have the same distribution (the Mittag-Leffler («) distribution), and hence that
U, M = L™% a.s. by monotonicity. O

3 CONVERGENCE OF DISCRETE EXCHANGEABLE COALESCENT PROCESSES

In this section, we study a family of coalescent processes with dynamics driven by PD-distributions
and obtain a sufficient criterion for the convergence in distribution of these processes. For the sake
of completeness, we include a brief introduction to coalescent theory with the main results we will
use, for a detailed account we recommend [5] from where we borrow the approach.

Let P, be the set of partitions (or equivalence classes) of [n] := {1,...,n} and P. the set
of partitions of N = [oo]. A partition © € P,, is represented by blocks m(1),m(2),... listed in the
increasing order of their least elements, that is, 7(1) is the block (class) containing 1, w(2) the block
containing the smallest element not in 7(1) and so on. There is a natural action of the symmetric
group S, on P, setting 77 := {{c(j),j € 7(:)},i € [n]} for ¢ € S,,. If m < n, one can define
the projection of P,, onto P, by the restriction 7|, = {7 (j) N[m]}. For m, 7’ € P, we define the
coagulation of w by @' to be the partition Coag(m, m') = {Ujen(j)7(i); j € N}



With this notation, a coalescent process II(t) is a discrete (or continuous) time Markov process
in P, such that for any s,t > 0,

II(t + s) = Coag(II(t),1I,), with II, independent of II().

We say that I1(t) is exchangeable if 117 (¢) and II(t) have the same distribution for all permutation o.

An important class of continuous-time exchangeable coalescent processes in P, are the so-
called A-coalescents [19], introduced independently by Pitman and Sagitov. They are constructed
as follows: let IL,(¢) be the restriction of II(¢) to [n], then (IL,(¢);¢ > 0) is a Markov jump process
on P, with the property that whenever there are b blocks, each k-tuple (k > 2) of blocks is merging
to form a single block at the rate

1
Aok = / 2F72(1 — 2)>"*A(dz), where A is a finite measure on [0, 1].
0

M (1—z) 1

Among such, we distinguish the Beta(2 — A, A)-coalescents obtained from A(dz) = Toore—n 4z,

where A € (0,2), the case A = 1 (uniform measure) being the celebrated Bolthausen-Sznitman
coalescent.

The set P, can be endowed with a topology making it a Polish space, therefore, one can study
the weak convergence of processes in D([O, 00), POO), see [5] for the definitions. Without going into
details, we say that a process IV (t) € P, converges in the Skorokhod sense (or in distribution) to
II(t), if for all n € N the projection IV (t)|,, converges in distribution to II(t)|,, in D([0,00)P;,).

COALESCENT PROCESSES OBTAINED FROM MULTINOMIAL DISTRIBUTIONS

In this section, we define a family of discrete-time coalescent processes (II'V(¢);¢ € N) and prove
sufficient criteria for its convergence in distribution. Let (71", ...nY) be an N-dimensional random
vector satisfying

1>V >n) > 29y >0 and » nY =1

Conditionally on a realization of (n}), let {£;;j < N} be iid. random variables satisfying
P(¢; = kln™) = 0}y and define the partition 7y = {{j < N : & = k}; k < N}. With (m; ¢ € N)
i.i.d. copies of 7y, let IV (¢) be the discrete time coalescent such that

V) = {{1},{2},....{n}} and IV (t+1)= Coag (I (t),m11).

The goal of this section is to obtain conditions under which IV (¢) converges in distribution. First,
we assume that there exist a sequence Ly and a function f : (0,1) — R4 such that

. _ . N _ . N\ __
Nl_lfﬁoo Ly = 00, Nl_lfiloo LyP (ny >z) = f(z) and Nl_lfffoo LyE (n3') =0. (3.1)

Denote by ¢y = Zjvzl E [(77;\’ )2], which corresponds to the probability that two individuals have
a common ancestor one generation backward in time.

Lemma 3.1. Assume that (3.1) holds and that

1
/ x (sup LyP(nl > x)) dx < +00. (3.2)
0 NeN

Then, cN ~N—oo L' fol 2xf(z)dx and the re-scaled coalescent process (IIN (t/cn);t € Ry) con-

verges in distribution to the A-coalescent, with A satisfying f; A(ydf) = f(z).

Proof. Denote by v, = #{j < N : §; = k}, then (v1,...,vy) has multinomial distribution with
N trials and (random) probabilities outcomes Y. By [16, Theorem 2.1], the convergence of finite



dimensional distribution of TI'V(¢) is obtained from the convergence of the factorial moments of v,

that is
N

1 .

e 2;:1 E [(z/il)bl ...(wa)ba}, with b; > 2 and b= by + ...+ ba,

ail) .(llli’stainct

where (n), :==n(n—1)...(n—a+1). Since (v1,...,vn) is multinomial distributed, we obtain that
E[(vi)by --- Wi )b, ] = (N E {77?11 ...nfj], see |10, Lemma 4.1] for a rigorous a proof. Therefore,

we only have to show that for all b and a > 2

N 1 N

. -1 Ny b—2 1 N\b: Nyba| —
lim ¢y ZE[(nh)} /0 2’7*A(dz) and Nl_lgrloocN Z 1E{(ml) oo () } 0.
Byl =
all distinct

We obtain by dominated convergence that

LyE [(nfvﬂ - /O

Since 1} are ordered and sum up to 1, we also get E [(n} )2 +...+ (nN)Q] < E[nY(1-m)]
with Ly E (7)) tending to zero as N — oco. In particular, it 1mphes that Lycex = L Y, E[(n]V)?

1 1 1
20 LNP (n) > z) dz — / 2z f(x)dr = / A(dz) < 400, as N — occ.
0 0

!

tends to fol 2z f(x)dx as N — oo. A similar calculation shows that for any b > 2

. b—1 _ b—2
J I B[] = [t w)de = [ 2Ad) = A,

where Ay is the rate at which b blocks merge into one given that there are b blocks in total. The
others Ap 5 can be easily obtained using the recursion formula Ay = Apy1 5 + Aot1,k+1-
We now consider the case a = 2, cases a > 2 being treated in the same way. We have

N

b b
> B[N @)
i1,40=1
distinct
b2 1 b1 1 N Nyb2—1
<B| ()" )" ) ) ) Y )
i1#£1 in#l
ioFi1
<3 xE[n)],

we recall that (név)b—k...—ﬁ— (n%)b <+ 49N =1-nl < 1. Since LNEnY — 0as N — oo,
the right hand side of the inequality tends to zero, concluding the proof. O

The next lemma gives sufficient conditions for the convergence to the Kingman’s coalescent.

Lemma 3.2. Assume that (3.1) holds and that

1 1
/ zf(z)dr =400 and In>2: / " (sup LyP (Y > m)) dx < +00. (3.3)
0 0 NeN

Then, limy_, 4 cnLy = 400 and the ancestral partition process (IIY (|tcy']);t € Ry) converges
in the Skorokhod sense to the Kingman’s coalescent restricted to P,.

Proof. A similar argument to the one used in Lemma [3.I] shows that

1
Lycy > Ly E[nj] :/ 2eLyP(n > z)dz.
0

10



Thus, Fatou lemma and (3.3) yield liminfy_, o Lycy = 400, proving the first claim. By [5,
Theorem 2.5], the convergence to the Kingman’s coalescent follows from

limp o0 30ty El(v4)s]/(V)sen = 0.
We rewrite the sum in the display as cj' Zf;l E[(nY)?] and apply Holder inequality to obtain

A/2

23— 7 1—A/2
} for all A < 2.

E () o) ] < B[] B () 55

Let A € (0,2) be the unique solution of 2(3 — )\)/(2 — A) = n +4, then we obtain from (3.3) that

E[0)] _ B0} _ <E ()] ) o
cN E )2~ \ E[0)?]

— 0.
N—+oco

A similar argument to the one used in Lemma shows that cj' ZiVZQ E[(n))?] tends to zero as
N — 00, which proves the statement. O
THE POISSON-DIRICHLET DISTRIBUTION CASE

In this section, we construct a coalescent using the PD distribution and obtain a criterion for its
convergence in distribution. With (Vj,j > 1) a size-biased pick from a PD(«, ) partition, define

Vo
9§V = W and 95\{) > Gg) >0 > 9?}[\,), the order statistics of (Q;V)
i=1"Vi

In what follows, 08.') will stand for the 7V from Section and (I (¢);t € N) for the coalescent
with transition probabilities ITY (¢ 4 1) = Coag (IIY (t), 7"), as defined there.

Theorem 3.3. With the above notation, set A =140/« and
~1
Ly = cap(logN)*,  where cop= (F(l —0/a)T(1 —a)?°T(1+ 0)) .
1. If 0 € (—a, @), then cN ~N—s400 (1 —0/a)/Ly and (1IN (t/cn),t > 0) converges weakly to
the Beta(2 — X, \)-coalescent.

2. Otherwise, limy_, o cxLy = +00 and (1IN (t/cn)) converges weakly to the Kingman’s coa-
lescent.

Before proving Theorem we obtain a couple of technical results. The next lemma studies
the asymptotic behavior of 8.

Lemma 3.4. With the notations of Theorem we have

1 1—z\* ! Beta(2 — A, A)(dy)
. N _ _ 5
ylim_ LB (07 > x) = AC(VD(2— N ( x ) _/z 72 '

Moreover, there exists C > 0 such that for all x € (0,1), sup LyP (Q{V > ) < Cax™>.
NeN

Proof. Let ¥y := Ej\[: ) (J—%) , then Remark says that ¥y and Y7 are independent and
that X'y has the distribution of V{ 4+ ...V _; with V/ a size-biased pick from a PD(a,a + 6)

distribution. By Lemma for all € € (0,1) there exists C = C(g) and Ny € N such that

sup P (X <ulog N) < min (Cu>‘+5, 1), for all u > 0. (3.4)
N>Np

11



Writing P (F){V > x) in terms of ¥y and V4 = Y3, we obtain
N 1/«
PO >2) =PV >z(V*+(1-V)*Sy)) =P (1_"V > (ﬁz&) )

[ ) A

Making the change of variables u = (—+—2-)(1/y — 1)® the display reads

zlog N
A 00
P (6} > 1) — 1—x L(1+6) /+ P (X <ulogN)
zlogN /) ol'(1 —a)'(a+6) J,

T 1Jﬂgdu.
u2—1/a (ul/a + (mh)—ng) >

Then, we use (3.4) to bound the equation within the integral, obtaining
P (X <ulogN) P(Xy <ulogN)

1/a 146 S u2+9/oz
u2—1/a (ul/a + (I}O—ga:N> )

< min(Cut™t u™?),

for all N large enough . In particular, there exists C' > 0 such that LyP (n{' > ) < Cz™* for all
N € N. Moreover, by dominated convergence and Lemma [2.6] we obtain

. 12\ T(1+0) TP (Vo (ML) <)
NIEEOOUOgN)AP(@fV>x)< z > ar(l—a)F(a+9)/o it
1 -2\ I(1+6) 1y T A
() oot m () ™)
C(l-w ’\aa“’*lf(l—a)(’/af(lJrg)
—( - > Al (o + 0)

(I)G-‘roz,a(_(o + O‘))v

1—2\* 1
. ) AT(VT(2 = N)

and hence lim LyP (G{V > m) = ( , proving the statement. O
N—+o0

This result is used to study the asymptotic behavior of 95\1') = max;<y 95-\' .

Lemma 3.5. For alle € (0,1), there exists C = C(g) such that
’P(Gf\{) >z)—P (0 > x)’ < C(zlog N)=27%2 forallz € (0,1) and N large enough.

Proof. Notice that P (61 > z) < P(Gf\{) > z) and that 95\1’) =6V if V1 > 1/2, thanks to . V; = 1.

Therefore, splitting the events according to V3 > 1/2 and V; < 1/2 we obtain
N N N 1 N 1 N 1
P(G(l) >x) —P(Gl >z) =P 9(1) > V) < 3 P10 >a; 11 < 5 <P 0(1) >z, < 5
Since 0 < V; < 1 and Vi = Y7, we have
P (08 >,V £1/2) = P (max;en Vi > o S0, VeV < 1/2)
<P ' >Y" 4+ (1-Y)*Sy, Y1 <1/2) <P (Sy <2%/z),

where ¥y = > V*/(1 - Y1)*. By Lemma we obtain that for all N sufficiently large

a+6

P(Gé\{) >z,V1 <1/2) <C(zlog N)*™ ',

which finishes the proof. O

12



We now study the asymptotic behavior of 05\27), the second maxima in {63V,... 0% }.

Lemma 3.6. For all e € (0,1], there exists C > 0 such that for any x € (0,1) and N € N,
P (95\2[) > x) < C(zlog N)E*Q*G/a.

Proof. We basically use the same method as in the previous lemma
P(G(Ig) > )
=P(03) >, Vi <1/2) + P(0) > 2, Vi > 1/2,Vo < 1/3) + P(0(3) > 2, Vi > 1/2,V5 > 1/3)
<P(O]) > =, Vi <1/2) + P(0f3) > 2, Vi > 1/2,V5 < 1/3) + P(05 > x).

By Lemma , we have that P(GN >,V < 1/2) < C(xlog N)=279/2 50 the same arguments

1)
used in Lemma [3.4] yield
P(0) >a) =P(Va* (1 —a) — 2V > z(1 - Vi = V)°E}) < C(xlog N)e—270/e

with ¥ :=(1-V; — Vo)™« Z;V:3 V. Moreover, ¥ is independent of (V1, V) and

P (08 > 2,1 >1/2,V2 <1/3) =P (QQ%XN Vs e(VE+ Ve +(1-Vi— vz)az;'v))
<P (3% < C/x) < Czlog N)F 270,
concluding the proof. O
Proof of Theorem[3.3 Given ¢ > 0, Lemma [3.5 says that there exists C' > 0 such that
LNP(0) > z) — LyP (67 > z) < C(log N)*"'a™*,  for all z € (0,1).

Therefore, by Lemma, [3.4] we have that

A
1 1—=z
lim LyP(6N = d
Wi ExP ) > @) = S5ma ( v ) o (35)
sup LNP(Hf\{) > :c) < Ca .
NEN
We obtain from Lemma [3.6] that
1 1
N _ N -1 —1-A
LyE [0(2)} = /0 LNP(0(2) > z)dz < (log N)® /0 x® dx N7 0, (3.6)

which implies that TV (¢) satisfies (3.1]).
Assume now that 0 € (—a, «), so that A € (0,2), then (3.5]) yields

1 1
/ T sup LNP(G?{) > x)dm < C/ 17z < +00.
0 NeN 0

Therefore, the assumptions of Lemma are satisfied implying that IV (t/cx) converges in dis-
tribution to the Beta(2 — X, A)-coalescent and that eyLy ~ (1 —60/«) as N — co. On the other

hand if § > «, we have that fol T (I_T”))\ dx = +oo. With k£ > A, we obtain from 1’ that
1 1
/ zF sup LNP(QE\{) > J;)dx < C/ 2P Mz < +00.
0 NeN 0

We apply Lemmato conclude that ITV (t/cy ) converges weakly to the Kingman’s coalescent. [
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4  POISSON-DIRICHLET REPRESENTATION OF THE (NN, 3)-BRANCHING RANDOM WALK

In this section, we explore the relations between the (N, 3)-BRW and the PD(871,0) distribution
to show Theorems [I.T]and [I.2]in the case where § < co. The case § = oo is also studied, but using
different methods.

Proposition 4.1. With 3 € (1,00), let (Uy,)n be a PD(71,0), L = lim,,_, oo n AUt

Land (Vi)n
be its size-biased pick, then

—~

(XY () — X' (eq),j < N) & ( logV; + % logL)

in particular, X1 (eq) — XV (eq) @ log Zf;l le/ﬁ + 5 log L.

Proof. By Proposition (zr,k > 1) := Rank ({X§'(j) +p — X' (eq),p € P1(j),j < N}) is
the ordered points of a PPP(e~®dz). With L = Z;;OT ng and U; = €% /L, we know from
Propositionthat (Uj,j > 1) isa PD(B71,0) and that lim,,_, o n”U,, = L™L. By the definition
of the (N, 5)-BRW, V; := = P ()- Xév(eQ))/L is the jth particle sampled in the size-biased pick
from (Up)p. Inversmg the equation, we conclude that

X{'(j) = X' (eq) = 5 (logVj +log L),
proving the first statement. The second statement follows from the definition of XV (eq). O

To study the case 8 = 400, we use the following representation of N rightmost points of a
PPP(e~*dz).

Proposition 4.2. Let x1 > 25 > ... > xy the N rightmost points of a PPP(e~"dx), then
(d)
((171, ce ,.’EN) = Rank{ZN +e,..., 4N+ eN},

where (e;) are i.i.d exponential random variables with mean 1 and Zy is an independent random
variable satisfying P(Zy € dz) = 57 exp(—(N + 1)z — e™*)dx.

Proof. 1t is an elementary result about PPP that

Hlieg @ PPP(dz) on Ry and that e *V+1 @ Gamma(N + 1,1),

Jj=1
moreover, conditionally on xy11, (e7*,...e" %) are the ranked values of N i.i.d. uniform random
variables on the interval [0,e”*~N+1]. Setting Zny = xny41 and Uy, ...,Uy ii.d. uniform random
variables

(e7™1 . ..,e7"N) = @ Rank{e ?YUy,...,e ? Uxy}.
It is straightforward that Zy and (z1,...,zy) satisfy the desired properties. O
We first use these results to compute the asymptotic behavior of the speed of the (N, 5)-BRW.
Proof of Theorem [1.1} Lemmasays that holds with vy s = E (X{ (eq) — X{'(eq)). Thus,

if B < oo Proposition [.1] yields

1
ong =B (X7 (eq) — X{' (eq)) log Zvl/" +5EogL).

By Lemma (log N)~ Zj VY 1/8 converges to ¥ - 1MOO/B a.s. and in L' as N — oco. Therefore,
the logarithm of this quantity converges a.s. as well. We notice from Lemma [2.6] that

N
=P Zle/ﬁ <e "logN | < Dg/ﬁe_Q“, for all w > 0.
j=1

P | log | (logN)~ ZVl/ﬂ

IN
|
IS
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The LL! convergence of (log N)~* Zjvzl le/ g implies the existence of a constant K such that
N N
P | log (logN)_IZle/B >u | <P ZV;/ﬁZeulogN < Ke™ forall u > 0.
j=1 j=1

In particular, (log Z;\f:l le/ A —loglog N) is uniformly integrable, which implies its ! convergence.
We know from Corollary that ¥ ﬂflM;o/ B 8 and hence that

. ) Zjvﬂ le/B E[log L]
M ons —loglog NV = lim B log == 7 3
E[log L
= E [log (W MY7)] + % —0.

For 8 = oo we follow the ideas from [8] and use Laplace methods to estimate the asymptotic
mean of X{¥(eq). Let (z1,...2x) be the N largest atoms of a PPP(e~%dz), and define for A > 0

N N —A
A(X) :=E (exp <—)\logZe“‘>> =E (Z e‘”)
k=1 k=1

-
By Proposition we have A(A) = E (e7*¥) E ((Zg_l e‘f’“) ) , where (ey,) are i.i.d exponential

random variables and exp(—Zy) has Gamma(N + 1,1) distribution. Notice that the following

equalities hold: E (e—)‘Z ) - % and

3 - e N ek +o0
E (;e€k> — ﬁ/o TSt ) (e—tZkle ) dt = ﬁ‘/o t)\_llo(t)th, <4.1)

with Iy(t) = E(e~*"") the Laplace transform of e®'. The function Iy can be represented using the
exponential integral Ei we have Iy(x) = «Ei(—x) + e~ *. Therefore, there exists K > 0 such that

[To(x) — 1 —zlogz| < Kz, for any z > 0.

In particular for x = t/(N log N) we have |Io(t/(Nlog N))—1—t/N| < #é]\l' Thus, (4.1)) yields

+oo 1 +oo
/0 A )N dt = W/{) t* 1o (t/(Nlog N))Ndt
1 e A—1 —t(1-=EK) ') —
L — t me V) dt < . S
= (NlogN)/\/O ¢ TS Niog a1 T e

The same argument with the obvious change gives a similar lower bound, which implies

T(N +1+\)

A(X) = (Nlog NT'(N + 1)(1 +O((log N)™)),

uniformly in A € [0, 1], therefore log A(A) = Aloglog N + O((log N)~1). As a consequence

N
. log A(N)
E (1 # | = lim —=—" = loglog N + o(1
(ogk§_16> lim — oglog N + o(1),

which concludes the proof. O

In a similar way, we obtain the genealogy of the (N, 8)-branching random walk.
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Proof of Theorem[I.4 If B € (1,00), then Lemma and Proposition say that the genealogy
of the (N, 5)-BRW can be described by in Theorem with & = 5 and 6 = 0. Therefore, it
converges to the Bolthausen-Sznitman coalescent.

On the other hand if § = oo, the genealogy of the (IV,00)-BRW is again described by a
coalescent process obtained from multinomial random variables. In this case, by Proposition [4.2]
we can rewrite the coefficients név as

e . . : :
njv = ————, withe,...,ey i.i.d. exponential random variables.

N
D€

Thanks to P(e® > z) = 271, [10, Theorem 1.2 (c)] says that the genealogy of the (N, oc0)-BRW
converges to the Bolthausen-Sznitman coalescent with ¢y ~ N as N — oo. O
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