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Abstract

We consider a branching-selection particle system on the real line. In this model the total
size of the population at time n is limited by exp an1/3>. At each step n, every individual
dies while reproducing independently, making children around their current position according
to i.i.d. point processes. Only the exp (a(n + 1)1/3) rightmost children survive to form the
(n+ 1)“1 generation. This process can be seen as a generalisation of the branching random
walk with selection of the N rightmost individuals, introduced by Brunet and Derrida in [9].
We obtain the asymptotic behaviour of position of the extremal particles alive at time n by
coupling this process with a branching random walk with a killing boundary.

1 Introduction

Let £ be the law of a point process on R. A branching random walk on R with reproduction law £
is a particle process defined as follows: it starts at time 0 with a unique individual () positioned at
0. At time 1, this individual dies giving birth to children which are positioned according to a point
process of law L. Then at each time k € N, each individual in the process dies, giving birth to
children which are positioned according to i.i.d. point processes of law L, shifted by the position of
their parent. We denote by T the genealogical tree of the process, encoded with the Ulam-Harris
notation. Note that T is a Galton-Watson tree. For a given individual v € T, we write V(u) € R
for the position of u, and |u| € Z, for the generation of u. If w is not the initial individual, we
denote by 7u the parent of u. The marked Galton-Watson tree (T, V') is the branching random
walk on R with reproduction law L.

Let L be a point process with law £. In this article, we assume the Galton-Watson tree T
never get extinct and is supercritical, i.e.

P(#L=0)=0 and E[#L] > 1. (1.1)

We also assume the branching random walk (=V,T) to be in the so-called boundary case, with
the terminology of [6]:

Zeel =1, E
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< +00. (1.2)

Zﬁel] =0 and o2 :=E
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Under mild assumptions, discussed in [16, Appendix A], there exists an affine transformation
mapping a branching random walk into a branching random walk in the boundary case. We
impose the following integrability condition

E Zee [log (Z e[£>] < +o0. (1.3)

LeL LelL

Under slightly stronger integrability conditions, Aidékon [1] proved that

3
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where W is a random shift of a Gumble distribution.

In [9], Brunet and Derrida described a discrete-time particle system! on Z in which the total
size of the population remains constant equal to N. At each time k, individuals alive reproduce
in the same way as in a branching random walk, but only the N rightmost individuals are kept
alive to form the (k + 1)*" generation. This process is called the N-branching random walk.
They conjectured that the cloud of particles in the process moves at some deterministic speed vy,
satisfying

o2 ( (64 o(1))loglog N
VN = 1

—_—— N .
2(log N)? log N ) as ¥ oo

Bérard and Gouéré [4] proved that in a N-branching random walk satisfying some stronger
integrability conditions, the cloud of particles moves at linear speed vy on R, i.e. writing m?, M
respectively the minimal and maximal position at time n, we have

, w _omy . 2 o’
lim —2 = lim — =wvy as. and lim (log N)“vy = — ,
n—+oo mN n—+oo N N——+oc0o 2

partially proving the Brunet-Derrida conjecture.

We introduce a similar model of branching-selection process. We set ¢ : N — N, and we
consider a process with selection of the ¢(n) rightmost individuals at generation n. More precisely
we define T? as a non-empty subtree of T, such that () € T¢ and the generation k € N is composed
of the ¢(k) children of {u € T? : |u| = k — 1} with largest positions, with ties broken uniformly
at random?. The marked tree (T?,V) is the branching random walk with selection of the ¢(n)
rightmost individuals at time n. We write

m¢ = min V(u) and M= max V(u). (1.4)
we€T? |ul=n w€T? |u|=n

The main result of the article is the following.

Theorem 1.1. Leta > 0, we set ¢(n) = |exp (an'/3)|. Under assumptions (1.1), (1.2) and (1.3)
we have
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We prove Theorem 1.1 using a coupling between the branching random walk with selection
and a branching random walk with a killing boundary, introduced in [4]. We also provide in this
article the asymptotic behaviour of the extremal positions in a branching random walk with a
killing boundary; and the asymptotic behaviour of the extremal positions in a branching random

walk with selection of the {ehk/"”l/sJ at time k < n, where h is a positive continuous function.

We consider in this article populations with e""” individuals on the interval of time [0, 7).
This rate of growth is in some sense critical. More precisely in [8], the branching random walk
with selection of the IV rightmost individuals is conjectured to typically behave at the time scale
(log N)3. This observation has been confirmed by the results of [4, 5, 21]. Using methods similar

to the ones developed here, or in [4], one can prove that the maximal displacement in a branching
2_2
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a < 1/2. If a > 1/2, it is expected that the behaviour of the maximal displacement in the
branching random walk with selection is similar to the one of the classical branching random walk,
of order logn.

In this article, ¢, C' stand for positive constants, respectively small enough and large enough,
which may change from line to line and depend only on the law of the processes we consider.
Moreover, the set {|u| = n} represents the set of individuals alive at the n*"" generation in a generic

branching random walk (T, V) with reproduction law L.

random walk with selection of the e®*” rightmost individuals behaves as

!Extended in [8] to a particle system on R.
20r in any other predictable fashion.



The rest of the article is organised as follows. In Section 2, we introduce the spinal decompo-
sition of the branching random walk, the Mogul’skii small deviation estimate and lower bounds
on the total size of the population in a Galton-Watson process. Using these results, we study in
Section 3 the behaviour of a branching random walk with a killing boundary. Section 4 is devoted
to the study of branching random walks with selection, that we use to prove Theorem 1.1.

2 Some useful lemmas

2.1 The spinal decomposition of the branching random walk

For any a € R, we write P, for the probability distribution of (T,V + a) the branching random
walk with initial individual positioned at a, and E, for the corresponding expectation. To shorten
notations, we set P = Py and E = Eq. We write F,, = o(u, V(u),|u| < n) for the natural filtration
on the set of marked trees. Let Wy, =3, _, eV, By (1.2), we observe that (W,,) is a non-

negative martingale with respect to the filtration (F,). We define a new probability measure P,
on F, such that for all n € N,
dP,
dPq |z,

=e ‘W,. (2.1)

We write E, for the corresponding expectation and P = Py, E = Eg. The so-called spinal decom-
position, introduced in branching processes by Lyons, Pemantle and Peres in [20], and extended
to branching random walks by Lyons in [19] gives an alternative construction of the measure P,
by introducing a special individual with modified reproduction law.

Let L be a point process with law £, we introduce the law £ defined by

%(L) => e (2.2)

leL

We describe a probability measure P, on the set of marked trees with spine (T, V,w), where (T, V)
is a marked tree, and w = (w,,n € N) is a sequence of individuals such that for any n € N, w,, € T,
|wy| = n and 7w, = w,_1. The ray w is called the spine of the branching random walk.

Under law f’a, the process starts at time 0 with a unique individual wy = () located at position
a. It generates its children according to a point process of law £. Individual w; is chosen at
random among the children u of wy with probability proportional to ¥ (). At each time n € N,
every individual « in the n'P generation die, giving independently birth to children according to
the measure L if u # w,, and L if u = w,,. Finally, w, 41 is chosen at random among the children
v of w,, with probability proportional to " (*).

Proposition 2.1 (Spinal decomposition [19]). Under assumption (1.2), for all n € N, we have

Moreover, for any u € T such that |u| = n,
eV ()
W, '

and (V(wy),n > 0) is a centred random walk starting from a with variance o

]/-Sa (wn = u| -Fn) =
2

This proposition in particular implies the following result, often called in the literature the
many-to-one lemma, which has been introduced for the first time by Kahane and Peyriere in
[17, 23], and links additive moments of the branching random walks with random walk estimates.

Lemma 2.2 (Many-to-one lemma [17, 23]). There exists a centred random walk (S,,n > 0),
starting from a under P, with variance o? such that for any n > 1 and any measurable non-
negative function g, we have

Eq | > g(V(w),---V(un)) | =Eq [e" 5 g(S1,--- S,)] . (2.3)

|u|=n



Proof. We use Proposition 2.1 to compute

E, | > g(V(w),V(u))| =Eq W Y 9(V(w), - V(un))

[ul=n |z|=n

o]

Il
=
S

e’ Z l{u:wn}e_V(U)g(V(ul)v e V(Un))

lu|=n

= B, [V g(Vwn), - Viwn))]

Therefore we define the random walk S under P, as a process with the same law as (V (w,),n > 0)
under P,, which ends the proof. O

Using the many-to-one lemma, to compute the number of individuals in a branching random
walk who stay in a well-chosen path, we only need to understand the probability for a random
walk to stay in this path. This is what is done in the next section.

2.2 Small deviation estimate and variations

The following theorem gives asymptotic bounds for the probability for a random walk to have
small deviations, i.e., to stay until time n within distance significantly smaller than /n from the
origin. Let (S,,n > 0) be a centred random walk on R with finite variance o2. We assume that
for any x € R, P,(Sg = ) = 1 and we set P = Py.

Theorem 2.3 (Mogul’skii estimate [22]). Let f < g be continuous functions on [0,1] such that
fo <0< go and (a,) a sequence of positive numbers such that

2
lim a, = 4+o0o0 and lim In _ 0.
n—-+oo n—+oo 1
For any f1 <z <y < g1, we have
a? S. S; 202 1 ds
lim ZlogP |=2 € lz,y],~L € [fi/n,Gi/m ,j<n]:— / . 2.4
n—4+oco n Qp, [ ] Qp [ J/ ]/ ] 2 0 (gS - .fS)2 ( )

In the rest of this article, we use some modifications of the Mogul’skii theorem, that we use
later choosing a,, = n'/3. We start with a straightforward corollary: the Mogul’skii theorem holds
uniformly with respect to the starting point.

Corollary 2.4. Let f < g be continuous functions on [0, 1] such that fy < go and (ay,) a sequence
of positive numbers such that
a,

lim a, =400 and lim —
n—-+o0o n—+oo N

=0.
For any f1 <z <y < g1, we have
2

S S
lim al IOg sup Pzan |:n € [I, y]a L
n—+oo N 2€R Ay (079

. 202 1 ds
€ [fim» Gim] + 7 Sn} = /0 AT (2.5)

Proof. We observe that

S, S .
iIEIIIRgPZ&n |:an € [I7y]7a € [f]/nvgj/n] J < n:|

S,
ZP fotgo [n
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n
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Therefore, applying Theorem 2.3, we have

2 . 2 2 1 d
liminfa—"log;supPzan {jﬂ € [z,y] 5 € [fj/n,gj/n] ,J < n} > _re / o i
n 0 S

n—+oo n z€R ’ Qnp

We choose § > 0, and set M = {%—‘. We observe that

n

Sh S .
Pzan |: € [$7y], L e [fj/nvg]/n} ) < TL:| =0,
a an

thus

s, S; .
iggpzan |:an S [3«"79}7 a c [fj/nagj/n] »J S n:|

S
=  max sup P.., ["

S; .
c|r,y,— € f » 95 ,]STL:|
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Sn S .
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As a consequence, we have

a? S. S 202 (1 ds
lirnsupinlogsup:Pza71 |:n€ xvyvije f n>9j/n ,]<’I’L:| S_ / .
n—+oo N z€R 07 [ } Qnp [ ifmo 33/ ] 2 0 (gs —fs+ 5)2

Letting § — 0 ends the proof. O

We present a more involved result on enriched random walks, a useful toy-model to study the
spine of the branching random walk. The following lemma is proved using a method similar to the
original proof of Mogul’skii.

Lemma 2.5 (Mogul’skil estimate for spine). Let ((X;,&;),7 € N) be an i.i.d. sequence of random
variables taking values in R x Ry, such that

E(X;) =0 and o?:=E(X}) < +oo.
We write Sy, =377 X; and E, = {§; <n,j <n}. Let (a,) € RY be such that
a,

lim a, =+o0, lim -2 =0 and lim a2P(& >n)=0.
n—-+oo n—+oo N n—-+4oo

Let f < g be two continuous functions. For all fo <z <y < go and f1 <z’ <y’ < g1, we have

ds
9s — fs)2.

2 ) 2 2 1
lim Zn inf logP.q, (‘jn € [xlvyl]% € [fj/nagj/n] J < nvEn> __rmo / :
n 0
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Proof. For any z € [z,y], we have

Pzan (Sﬂ € [x/,y/]a & € [fj/'mgj/n] ] < Tl,En> < SupPhan (Sj € [fj/nagj/n] 7 < Tl) .
Qnp Qp heR Qnp
So the upper bound in this lemma is a direct consequence of Corollary 2.4. We now consider the
lower bound.
We suppose in a first time that f and g are two constants. Let n > 1, f < z < y < g and
f <2 <9y < g, webound from below the quantity

!’ ’ . Sn
P () = inf Pua, (5 € la')

z€[zy]

% ¢ [f,g},an,En).

)
n a’l’L

Setting A € N and r, = |AdZ|, we divide [0,n] into K = {%J intervals of length r,. For

k < K, we write my = kr,, and mgy1 = n. By restriction to the set of trajectories verifying



Sy, € [*'an,y'ay], and applying the Markov property at time mg,...m1, and restricting to
trajectories which are at any time my, in [2'a,, y a,], we have

PEY (F0) 2w () (n5) (26)

writing

! . Srn S .
w2 (o= it P, (22wl 2 elndisn.E).

z€[z,y] n n

Let 6 > 0 chosen small enough such that M = [ygﬂ > 3 we observe easily that

z’ /

(fa ) 0<m12M ﬂ-'p_ﬂmg T+(m+1)5(fa )
> 2’ —(m—1)8,y—(m+1)§ _ _ _ ) )
> min w2 (f = (m—1)6,9 — (m+1)3) (2.7)
Moreover, we have
i S S
R (1.9) = P, (S € /) 2 € gl B )

S, S,
> P, <a” e[, y], a—] €[f. g]) —rP(& > n).

Using the Donsker theorem [11], (SW” t €0, 1]) converges, under law P,, , as n — 400 to a

Brownian motion with variance ov/ A starting from x. In particular

lim inf 2 ’y (f,9) > Po(Bas> € (2',y'), By € (f,9),u < Ad?).

n—-+oo

Using (2.7), we have

lim inf 7% ’y (f,9) > mlg Poims(Baoz € (2' + 0,y —8),Bu € (f+ 6,9 —6),u < Ad?).

n——+4oo Y o<m

As a consequence, recalling that K ~ 55, (2.6) leads to

2
lim inf 27 log Py ;Y (f,9) >
" :

1
n—-+oo

1 . / / 2
Zogrrrwl@lngOng+m5(BA02 €@ +6y —08),Bue(f+0d,9g—0),u<Ao®). (2.8)

According to Karatzas and Shreve [18], probability P, (B; € (2/,y'), Bs € (f,9),s < t) is exactly
computable, and
2

1 T
tilgloo %IOgacP(Bt €@y),Bs €(f.9),s<t)= 29— )2

Letting A — +oo then § — 0, (2.8) becomes

@2 y 242
ngg ;n log P oY (f,9) > UESIE (2.9)

We now take care of the general case. Let f < g be two continuous functions such that
fo <0< go. We write hy = %. Let € > 0 be such that

12¢e < inf gy — fi
t€(0,1]
and A € N such that

sup |ft_fs|+‘gt_gs|+|ht_hs|SE
jt—s|<3



For any a < A, we write m, = |an/A],
Toa=[faja+6e gaja—c¢] and Joa = [haa — &, hasa +¢l,

except Jo 4 = [z,y] and J4 4 = [2/, V']
We apply the Markov property at times ma_1,...,m1, we have

S
inf Pzan (aj € [f]/n:gj/n} ,J <n, En)

z€Jo, A

t S S
. mg J :
> H inf Pzan ( e Ja+1,A7Ema+1—maa7 S Ia,A7.] < Mgyt — ma) .

z€Ja, A (07 n
a=0

Applying equation (2.9), we conclude
liminf % log inf P ie[f ] and & <n,j<
i juf S og Juf Peo, (GL € Uspmgymn] and & <mj<n
1

2 .2

SR
— 2(90,,.»4 - fa,A - 25)2 '

0

A
>
Z 7 :
Letting € — 0 then A — 400, we conclude the proof. O

Lemma 2.5 is extended in the following fashion, to take into account functions g such that
9(0) = 0.
Corollary 2.6. Let ((X;,§;),j € N) be an i.i.d. sequence of random variables taking values in
R x Ry such that

E(X;) =0 and o?:=E(X}) < +oo.

We write S, = Z?=1 X, and E,, = {& <n,j <n}. Let (a,) € RY verifying

3

. . a .
lim a, = +oo, limsup = < +oco and lim aiP(fl >n)=0.
n—-+oo n—s+oo N n—-+4oo

Let f < g be two continuous functions such that fo < 0 and liminf; ,o % > —oo. For any
fi <o <y < g, we have

a? Sh S w202 1 ds
li 2 logP | — "y, = ; ; i <nFE,)=— .
n—1>r—10—100 n og (an € [1} Y ]7 an € [fj/’ﬂ?gj/ﬂ])j =n, n) 9 /0 (gs — fs)2

Proof. Let d > 0 be such that for all t € [0,1], g(¢t) > —dt. We set x <y < 0 and A > 0 verifying
P(X; € [z,y],& < A) > 0. For any § > 0, we set N = |da,|. Applying the Markov property at
time N, for any n € N large enough, we have

Sh S, . o
P ( € [x/ay/}aaij € [fj/nvg]/n] IS TL,En> > P(SJ € []xvjy]vj < NvEN)

Qn

Sn—N

Si_ )
X €2, y], = N ¢ [fﬂvgﬂ} 3 J SnN,En—N>

inf P..,
z€[20x,0y/2] ) ap, an

with P (S; € [jz,jyl,j < N,En) > P (X7 € [z,y],§ < AN As limsup,, , | % < 400, we have

n—+oo N n an,

2 S, S;
liminfaiIOgP (an € [x/ay/]v . € [fj/nvgj/n]aj < nvEn)

a; Sn—N Si—N
> liminf % inf P nN g ], 2 e[- -]'< ~N.E,_n).
= nBH% 1 seinby/2) Z“”( " [+ v'l, an fow,gun |5 <0 Em—=N

Consequently, applying Lemma 2.5 and letting § — 0, we have

a2 (S S, 2% [t ds
liminf 2 logP [ == € [2/,9], =L € [fi/n, -n7’<n,En)>— / .
lim inf “*log P { = € [y}, 2% € [fj/m: 9j/nlsd < N AL

The upper bound is a direct consequence of Corollary 2.4. O



2.3 Lower bounds for the total size of the population in a Galton-Watson
process

We start this section by recalling the definition of a Galton-Watson process. Let p be a law on Z 4,
and (X, (k,n) € N?) an ii.d. array of random variables with law p. The process (Z,,n > 0)

defined inductively by
Z’”/

Zo=1 and Zpy =Y Xpni
k=1

is a Galton-Watson process with reproduction law . The quantity Z, represents the size of the
population at time n, and X}, the number of children of the k™ individual alive at time n.
Galton-Watson processes have been extensively studied since their introduction by Galton and
Watson? in 1874. The results we use here can been found in [3].

We write
[0,1] — [0,1]

s = E[sN0] =32 uk)s

We observe that for all n € N, E (SZ“) = f"(s), where f" is the n'! iterate of f. Moreover, if
m :=E(X11) < +o0, then f is a C' strictly increasing convex function on [0, 1] that verifies

JO)=pu(0), f)=1 and f(1)=m.

We write ¢ the smallest solution of the equation f(g¢) = ¢. It is a well-known fact that ¢ is the
probability of extinction of the Galton-Watson process, i.e., P(3In € N : Z, = 0) = ¢q. Observe

that ¢ < 1 if and only if m > 1. If m > 1, we also introduce a := _logf'la) (0, 4-o0].

logm

f:

Lemma 2.7. Let (Z,,n > 0) be a Galton-Watson process with reproduction law p. We write
b=min{k € Zy : p(k) > 0}, m = E(Z;) € (1,400) and q for the smallest solution of the equation
E(¢?') = q. There exists C > 0 such that for all z € (0,1) and n € N, we have

q+ Czait ifb=0
P(Z, <zm™) < Cz2* ifb=1
exp { Cz~ Tgmetogs ifb>2.

Remark 2.8. One may notice that these estimates are in fact tight, under some suitable integrability
conditions, uniformly in large n, as z — 0. To obtain a lower bound, it is enough to compute the
probability for a Galton-Watson tree to remain as small as possible until some time k& chosen
carefully, then reproduce freely until time n. A more precise computation of the left tail of the
Galton-Watson process can be found in [14].

Proof. We write sg = q;rl, and for all k € Z, s, = f¥(so), where negative iterations are iterations
of f~1. Using the properties of f, there exists C_ > 0 such that 1 — s ~p_,_oc C_mF. Moreover,
if 12(0) + (1) > 0, there exists C; > 0 such that s, — ¢ ~k_s 400 Cy f'(q)¥. Otherwise,

k .
sp = f® (O)ﬁﬂ'(bk) as k — 400

where f(®)(0) = blu(b) is the b*® derivative of f at point 0.

Observe that for all z < m™", we have P(Z,, < zm™) = P(Z, = 0) < 1. Therefore, we
always assume in the rest of the proof that z > m™". By the Markov inequality, we have, for all
z€ (m™™,1) and s € (0,1),

n E(s%") fr

Zn _
P(Zp<zm™) =P(s™ 2 6™ ) < —mm =
In particular, for s = si_,,, we have P(Z,, < zm") < —2&_—-_ The rest of the proof consists in

(Sk—n)zmw
choosing the optimal k in this equation, depending on the value of b.

3Independently from the seminal work of Bienaymé, who also introduced and studied such a process in 1847.



_ _ —logz ; : logm
If b = 0, we choose k = Togm—log I'(3) which grows to +o00 as z — 0, while £ < Nogm—log F'(@)
so k —n — —oo. As a consequence, there exists ¢ > 0 such that for alln > 1 and z > m™",

(sk_n)_zmn < exp (C’zmk) .

As lim,_,o zm* = 0, we conclude that there exists C' > 0 such that for all » > 1 and z > m™",

log ' (q)

—log z o
P(Z, < 2m™) < g+ COf' (q)em 105 7@ + CamF = g+ Oz Tm-1os 7@ = g + Cz5T.
Similarly, if b = 1, then ¢ = 0 and f/(0) = u(1). We set k = —°62_ There exists C' > 0 such

logm

that for all n > 1 and z > m™", we have

log z _ logpu(1)

P(Z, <zm™) < Cp(l) Toem < Cz™ Togm |

log z

~Togm—Togb’ there exists ¢ > 0 (small enough) such that

Finally, if b > 2, we choose k =
P(Z, <zm™) <exp [—czfﬁ} ,

which ends the proof. O

Lemma 2.7 is used to obtain a lower bound on the size of the population in a branching random
walk above a given position.

Lemma 2.9. Under assumptions (1.1), there exist a > 0 and o > 1 such that a.s. forn > 1 large
enough
#{|lu| =n:Vj <n,V(u;) > —na} > o".

Proof. Using monotone convergence and (1.1), we have

lim lim E|PA Z 1{V(u)27a} =E Z 1| > 1.

P—+o00 a—+0o0
lu[=1 [ul=1

Hence there exists a > 0 and P € N such that p; := E [P/\Z|u|:1 1{\/(”)3&}} > 1. We set

N=PA Z|u\=1 14v(u)>—a} —note that E(N) < +oo. Observe that a Galton-Watson process Z
with reproduction law N can be coupled with the branching random walk (T, V') such that the
following holds
Y Lvj<nviu)>—ja = Zn-
|ul=n
We write p := P(Vn € N, Z,, > 0) > 0 for the survival probability of this Galton-Watson process.
For n € N, we write Z, for the number of individuals with an infinite number of descendants.

Conditionally on the survival of Z, the process (Zn, n > 0) is a supercritical Galton-Watson process
that survives almost surely (see e.g. [3]). Applying Lemma 2.7, there exists ¢ > 1 such that

P(Z, <o) <o

Applying the Borel-Cantelli lemma, a.s. for any n > 1 large enough Zn > o".

We introduce a sequence of individuals (u,) € TV such that |u,| = n, up = 0 and u,; is
the leftmost child of w,,, with ties broken uniformly at random. We write ¢ = P(N > 2) for the
probability that wu, has at least two children, both of them above —a. We introduce the random
time T defined as the smallest k& € N such that the second leftmost child v of uy is above —a,
and the Galton-Watson process coupled with the branching random walk rooted at v survives. We
observe that 7' is stochastically bounded by a geometric random variable with parameter pg, and
that conditionally on 7', the Galton-Watson tree that survives has the same law as Z.

Thanks to these observations, we note that T' < 400 and inf;<7 V(u;) > —oo. For any n > 1
large enough such that T < n and inf ;<7 V(u;) > —na we have

#{ueT: |ul=2n,Vj <n,V(uy;) > —3na} > 0",
as desired. O



3 Branching random walk with a killing boundary at critical
rate

In this section, we study the behaviour of a branching random walk on R in which individuals below
a given barrier are killed. Given a continuous function f € C([0,1]) such that limsup,_,, % < 400
and n € N, for any k < n every individual alive at generation k below level fy/,n'/3 are removed,
as well as all their descendants. Let (T, V) be a branching random walk, we denote by

T = {ue T ful <0, ¥ < Jul, Viug) =0 f(k/n) |

and note that Tgc") is a random tree. The process (Tgcn), V'), called branching random walk with a
killing boundary, has been introduced in [2, 16], where a criterion for the survival of the process

is obtained. In this section, we study the asymptotic behaviour of (Tgcn), V). More precisely, we

)

compute the probability that Tgc" survives until time n, and provide bounds on the size of the

population in T;n) at any time k < n.
To obtain these estimates, we first find a function g such that with high probability, no indi-

(n 1/3

vidual alive at generation k in T ¥ ) is above n Gk /n- We compute in a second time the first and

second moments of the number of individuals in T that stay at any time k < n between n'/3 f;, /n
and n'/3gy /,,.

With a careful choice of functions f and g, one can compute the asymptotic behaviour of the
consistent maximal displacement at time n, which is [12, Theorem 1] and [13, Theorem 1.4]; or
the asymptotic behaviour as € — 0 of the probability there exists an individual in the branching
random walk staying at any time n € N above —en, which is [15, Theorem 1.2]. We present these
results respectively in Theorem 3.7 and Theorem 3.8, with weaker integrability conditions than in
the seminal articles.

3.1 Number of individuals in a given path

For any two continuous functions f < g, we denote by

w202 [t ds
10 = "3 [

For n > 1 and k < n, we write I,gn) = [fk/nnl/?’, gk/nn1/3]. We compute in a first time the number

of individuals in Tgc") that crosses for the first time at some time k& < n the frontier g, /nnl/ 3. We
set

(n) _
Vil = D Lvtwsgumn o} 1V ) <a 2 <}

UET;")

Lemma 3.1. Let f < g such that fo <0 < go. Under assumptions (1.1) and (1.2),
limsupn~'/?log E [Yf(z)} < - inf1 gt + Hi(f,9). (3.1)

n—-+oo t€[0,1]

Proof. Using Lemma 2.2, we have

(n) B n
E [Yﬁg] = ZE Z 1{V(U)29k/nn1/3}1{V(uj)el(,"),j<k}
k=1 ||ul=k !

n
j— _S~
P [ "1{skzgk/nnw}1{sjef;%<kﬂ

<3 e Pomp (Sj e 1My j < k:) .
k=1

10



Let § > 0, we set I,E")’é = [(fk/n —5)n1/3,(gk/n +5)n1/3]. Let A € N, for a < A we write
mq = [na/A] and g, =infsefa/a, (a+1)/4) 9s- Applying the Markov property at time m,, for any
k > mg, we have

. 1/3
e amp (sj e 1My j < k) <e " ap (Sj eI™ 5, 5< ma) .
Applying Theorem 2.3, we have

I o B VY] <max—g, , — Haa(f = 6,9+0),
imsupn™Plog B | Vg | <max—g, , a/a(f = 0,9 +9)
Letting § — 0 and A — +00, we conclude that

limsupn™/*log B [Yf(z)] < sup —gr — Hy(f, g).
n—+oo ’ t€[0,1]

O

Using this lemma, we note that if inf,cio 1) g: + H:(f,9) > J, then with high probability no

) 1/3 —nt/3

individual in Tgcn crosses the curve g /,n'/® with probability at least 1 —e . In a second

time, we take interest in the number of individuals that stays between f. /nnl/ 3and g /nnl/ 3. For
any f1 <z <y < g1, we set

(n) _
Zyq(xy) = Z 1{V(u)e[3’5”1/379”1/3]}1{V(uj)61;n)7jgn}.

|u|=n

Lemma 3.2. Let f < g be such that liminf; o %= > —oco and 1imsupt_>0% < +4o0. Under
assumptions (1.1) and (1.2), we have

lim n~'/3logE (Z}n)(x,y)) = —(z+ H1(f,9))

n——+oo 9

Proof. Applying (2.3), we have

E (Zf(fn; (x’y)) =E |:eSn1{Sn€[wn1/3,yn1/s]}I{Sjel;m,j<"}:| ’
which yields
E (Z}"g) (x,y)) < o'’ p (Sn € [:cnl/S, ynl/?’], S; € Ij(n),j < n) . (3.2)
Moreover, note that for any € > 0, Z](cfbg) (z,y) > Z}"g) (z,z + ¢€), and we have
E(Z")(x,y) > e @+ °p (Sn € [an'/3, (z + /3,8, € I, j < n) . (3.3)

As f < g, liminf, ,o & > —oo and limsup;_,q % < 400, either fo < 0 or go > 0. Consequently,
applying Corollary 2.6, for any f1 < 2’ <y’ < g1 we have

lim n /3logP (Sn € ['nt/3 y'n1/3), S, € Ij(”),j < n) =—Hi(f,qg).

n—-+o0o

Therefore, (3.2) yields

lim sup n~log B(Z{") (z,y)) < —x — Hi(f,9)
and (3.3) yields
lim inf n~ /% log E(Z}ng) (z,y)) > —z—e— Hi(f,9).

n—-+oo

Letting € — 0 concludes the proof. O

11



Lemma 3.2 is used to bound from above the number of individuals in Tgcn) who are at time n

in a given interval. To compute a lower bound we use a second moment concentration estimate.
To successfully bound from above the second moment, we are led to restrict the set of individuals
we consider to individuals with “not too many siblings” in the following sense. For u € T, we set

S(u) — log 1 + Z eV(’U)—V(u)

veEQ(u)

where (u) is the set of siblings of u, i.e., the set of children of the parent of u except w itself. For
any 6 >0 and f; <z <y < g1, we write

~(n) —
Zf,g (1'7:‘/’6) = Z 1{V u)E[znl/3, ynl/S]} {V el(n) E(uy)<ont/3, ]<n}

ul=
and note that for any § > 0, Zj(fg (z,y,0) < Zj(cf;) (z,y).

Lemma 3.3. Let f < g be such that liminf; ,o 9+ > —oo and 1imsupt_,0% < +oo. Under
assumptions (1.1), (1.2) and (1.3), for any f1 <z < y < g1 and § > 0 we have

lim inf n~/* log B(Z{") (2,,0)) > —(z + H(f.9)), (3.4)

n—-4o0o

~ 2
lim supn~/3 log B [(Z}flg)(x,y,é)) } < —2x+Hi(f,9)+6+ sup g+ Hi(f,g).  (3.5)

n— oo t€[0,1]

Proof. For any € > 0, applying Proposition 2.1 we have

E [Z}T;)(m,yﬁ)}

—| 1
=E W Z l{V(u €lznt/3, yn1/3]} {V e](”) <n} {§ u;)<dnl/3 j<n}

" Jul=n
> E e_V(w")l 1/3 17311 (n) ;
{V(wn)e[xn/ s(z4e)nt/ ]} {V(wj)EI. ,E(wj)§6n1/3,J§n}
> B [V(w,) € fan/?, (o + /], Viw,) € 10, (wy) < 61/, <]

Setting X = &(w1), (1.3) implies E(X2) < +oo, thus lim,_, . 22P(X > z) = 0. Applying
Corollary 2.6, we obtain

liminfn= "3 logE [Z(")(w y,5)] —(z+¢)—Hi(f,9),

n—-+o0o

and conclude the proof of (3.4) by letting ¢ — 0.
We now take care of the second moment. Using again Proposition 2.1, we have

E |(Z])(x.9,9)]

g
{2 @.y.9)
=B | =5 2 Yvwetmsam ) vier jen) et <omion}
|u|=n

~

—V(wn (n)
SE € ( )Zf (LI,' y)]‘{V(wn)E[acnl/3 ynl/g]} {V EI( )j<n} {f(w3)<6"1/3]<”}:|

—zn!'/P 5 (n)
<e E |:Zf,g (m,y)l{v(w7l)e[$nl/37ynl/3]}l{v(wj)elj(‘n)’j<n}l{f(wj)§6n1/37jgn}:| . (3.6)

We decompose ZJ(];) (z,y) according to the generation at which individuals split with the spine.
For u,v € T, we write v > u if v is a descendant of u. For u € T we set

A(’LL) = Z l{V(v)E[mn1/3,ynl/3]}1{V(vj)elj(n),j§n}'

[v|=n,v>u

12



We have

(n)
ng(l' y) I{V(wn)e xnl/3 yn1/3]} {V(w EI(” ]<n +Z Z A
k=1 u€Qy

where Qf = Q(wy) is the set of siblings of wy.

By definition of P, conditionally on Fj the subtree of the descendants of u € €, is distributed
as a branching random walk starting from V(u). For any k < n and u € Q, applying Lemma 2.2
we have

E |:A(u)| Fk:| = 1{V(wj)€lj(v"),j§k71} Ev(u) Z I{V(’U)G[:l)’nl/?’,ynl/S]}1{V(’U] GI(") ]<n7k}

ket
|lv|=n—k !

—V(u) —Sn—
1y uer a1} BYG | et oy s e 1)

k43’

< eV(wk)faml/:‘ev(u)*V(ﬂ’Ic)Pv( [S e I,g )

_H,]Sn—k}.

Thus, by definition of £(wg_1),

Z E [ |—Fk:| < eV(’wk)—:En e&(wk) supP, |:SJ c I]ij_)ﬁj <n— k’} )

weQ z€R

Let A € N. For any a < A we write m, = |na/A]|. For any k < m, and z € R, applying the
Markov property at time m, — k we have

P. {Sjel,gi)j,jgn—k] <s1é%Pz/ [S EI )+],j<’ﬂ*ma].

We write \Ilgn) = Sup,/cr P [Sj € I(")+J7j <n-— ma} By Corollary 2.4, we have

1imsupn_1/3 log\I/((l") < - (Hl(fa g) — Hayalf, 9)) .

n——+oo

Moreover, (3.6) becomes

~ 2
E [(Z},g)(x,y)) ] <e ' "P(s;e 1V, j <n)

Mat1

o—2zn'/? V(wy) g€ (wy)
Z \I/‘H‘l Z E |:e Fert 1{V(1Uj)€I](.n),§(wj)§6n1/3,j§n}
k=mg,+1

We set g, 4 = SUD,c[a atl] Js, WE have

a
Ar A

<em (qﬂA+5)P(S GI ),j<n).

V(w w
E [e (o) et k)1{v<wj>ez§”>f(wj)s&nl“:jﬁn}} -

We apply Theorem 2.3 to obtain

Ma+1

limsupn /3 lo E[ev(wk) wg)1 n ) <g,a+6—Hi(f, 9).
n—>+<xI>) gk:mza-u §(we) {V(wj)EI,(- ),S(wj')ﬁt?nl/suén} = Ya,4 1(f>9)

We conclude that

limsupn~"/*log E | (Z{) (2,9))?] < (20 + Hi(f.9)) +0 + maxg, 4 + Hepa (f,9).

n—-+o0o
Letting A — 400 concludes the proof. O

A straightforward consequence of Lemma 3.3 is a lower bound on the asymptotic behaviour of
the probability for Z}’;) to be positive.

13



Corollary 3.4. Under the assumptions of Lemma 3.3, we have

liminfn~ 1/?’logP{Z( " (g Y >1] > — sup g + Hy(f,
n—+4o0 fg( ) te[0,1] ' f9)

Proof. For any § > 0, we have Zj(cflg) (x,y) > J(cg)(x, y,0). As a consequence,

} . E [Z(n)(x,y,é)r

Pl 1] 2P e 21] 2 L 2B

by the Cauchy-Schwarz inequality. Therefore using Lemma 3.3 we have

liminfn~="3logP {Z( )(x y) > 1] > — sup g; + Hi(f,g).
n—+oo te0,1]

O

Another application of Lemma 3.3 is a lower bound on the value of the sum of a large number
of i.i.d. versions of Z](cflg) (2,y). This is useful observing that by Lemma 2.9, at time k there exists

with high probability at least o* individuals, each of which starting an independent branching
random walk.

Corollary 3.5. Under the assumptions of Lemma 3.3, we set (Zj(cg) (x,y),7 € N) i.i.d. copies of

Z}(cn; (z,y). Let z >0, we write p = Lez"I/SJ. For any € > 0, we have

limsupn~ /3 log P ZZ(")J (z y)<exp( V(2 — & — Hy(f, )—6) < —z+ sup g:+H(f,9).
n—+00 j=1 te[0,1]

Proof. The proof is based on the following observation. Let (X, j € N) be i.i.d. random variables
with finite variance. Using the Bienaymé-Chebychev inequality, we have

p Z <3P Z <P ZX ~PEXL)| 2 pB(Xy)/2
Var (Z?Zl Xj) Var(X;) E(X?)
ARy SYEo) SR G0

Let § > 0, as Z](cg)(z,y) > ](cq)(as,y,é), we have
ZZ("” (z,y) <exp< 1/3(z—x—H1(f,g)fs))

p
<P Y20 (@.,0) < exp (n/i(z —a = Hi(f.9) —<) |
j=1

where (Z;?g)’j(m,y, 0),j € N) is a sequence of i.i.d. copies of Z;?;’j(ny, 0). By Lemma 3.3,

liminfn™ 1/3logE(Z(")(x y,é)) —(z+ Hi(f,9)),

n—-+oo

thus, for any € > 0, for any n > 1 large enough we have

S(n 7711/3 N
E (Z,(c,g) (z,y, 5)) /2>e (e+Hi(f,9)+e)

14



Therefore, using again Lemma 3.3 and (3.7), we have

p
limsupn~ '/ log P Z Zj(lf;)’] (z,y,0) <exp (n1/3(z —x— Hq(f,g) — s)

n—-+oo j=1

< —z+0+ sup g+ Hi(f,9).
te[0,1]

Consequently, letting § — 0 we have

p
limsupn 2 logP |3 27 (2, y) < exp (n1/3(z —z—Hi(f,g)— 6) < —z+ sup gi+H(f,9).
n—s+o0 — ’ t€[0,1]

j=1

O

3.2 Asymptotic behaviour of the branching random walk with a killing
boundary

The results of Section 3.1, in particular Lemma 3.1 and Corollaries 3.4 and 3.5, emphasize the
importance of the functions g verifying

Vte[Oﬂl]agt:goth(fag)>ft7 (38)

in the study of Tgcn). For such a function, the estimates of Lemmas 3.1, 3.2 and 3.3 are tight. They

enable to precisely study the asymptotic behaviour of Tgcn).

Theorem 3.6. We consider a branching random walk (T, V') satisfying (1.1), (1.2) and (1.3). Let
f€C(]0,1]) be such that fo < 0. If there exists a continuous function g such that
2 2

t
o ds
=0, VvVte|0,1],9: =— / and Vte |0,1],9; > fi,
gO [ ] gt 2 0 (gg —fs)2 [ ] gt ft

then almost surely for n > 1 large enough, {u € Tgc") D|ul =n} £ 0 and

. 1 n
lim m#{u€T§):|u|:n}:gl_f1,

n—-+oo

min  V(u)=f1 and

im —
n=—4oo nl/3 ueT;”

max V(u)=g1 as. (3.9)

im —
n——+oo n1/3

) Jul=n weT( Jul=n
Otherwise, writing
A = inf {go,g ec([0,1]) : ¥t € [0,1],9: = go — 772202 /t ds__ o ft} : (3.10)
0 (9s = fs)?
then
ngrfoo n~3logP ({u € T}n) sul = n} # @) =-A\ (3.11)

0_2

Proof. We study the solutions of the differential equation (3.8). As (¢,x) — _2(;{7]3)2 is locally

Lipschitz on {(t,z) € [0,1] x R : > f;}, the Cauchy-Lipschitz theorem implies that for any
x > fo, there exists a unique continuous function g* defined on the maximal interval [0,¢,] such
that ¢gj = x, either ¢, =1 or g, = fi,, and for any t < ¢,

- m2o? /t ds
g =T — .
! 2 0 (g;” - f8)2

Moreover, we observe that ¢, is increasing with respect to x and g7 is decreasing in ¢ and increasing
in z on {(¢t,x) € [0,1] x (fo,+00) : t < t,}. With these notations, we have

A=inf{z > fo:t, =1}.

15



As limg 1 o0 SUPsepo 1) % = 0, there exists « > 0 large enough such that ¢, = 1. This implies
A < +oo0.
We note that for any « > 0 such that g® > f on [0, 1], applying Corollary 3.4 we obtain

lim inf n~/3 log P {UET \u|—n}75(2)} >hm1nfn 1/310gP[ J({L;w(fl),gf)zl}

n—-+oo
> —x.

Therefore, we have liminf,_, . n~'/?log P [{u € T;n) dul =n} # (Z)] > —min(A,0).

If A > 0, writing ¢t = t), we use the fact that at some time before ¢y every individual in Tgcn)

crosses n'/3¢g. /n before time tn, thus
P (3\u| —n:uc T§">) <P <3u e T : V(u) > nl/?’g‘uvn) .
We set fgl) = fo/t'/3 and ggl) = g}, /t'/3. Applying Lemma 3.1, and writing m = |tn| we have

limsupn~ 2 logE (Yf((ml){gu)) < =),

n——+0oo

which by Markov inequality yields

limsupn~ 3 log P (u €Ty |ul <tn,V(u) > n1/3g|u‘/n> < =

n—-+oo

concluding the proof of (3.11).
We now assume A < 0, or equivalently ¢° > f. Applying Lemma 3.1, for any £ > 0 we have

limsupn~ /3 log P (Elu € T(n) :V(u) > nl/‘n’gful/n> < — inf gi+H(f,¢°)=—

Nn—+00 T telo,1]

By the Borel-Cantelli lemma, almost surely for any n > 1 large enough, we have
{ue TP v =g, } =0 (3.12)
In particular, letting € — 0 we have

1
lim sup ——= 5 ax V(u) =g as.
n—+oo N / T(’7 Ju|=

Moreover, by Lemma 3.2 we have

lim sup —~ 1/3 logE{ fgs(flagl)] <—(fi+Hi(f,9°) =91 — f1— €

n—-+o0o

Thus, by the Markov inequality and the Borel-Cantelli Lemma

limsupn~ 1/310gZ( ") <(f1,91) < 4gi — f1

n—-+oo

Mixing with (3.12) and letting € — 0, we conclude

hmsup 1og#{ueT \u|—n} <g1— fi.

n—-+o0o

To obtain the other bounds of (3.9), we apply Lemma 2.9. For any € > 0 there exists o > 1
and § > 0 such that almost surely for any n > 1 large enough,

# {u € T(") lu| = {5n1/3J and V(u) € [76n1/3,6n1/3]} > g5"1/3.
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We write S,, this event. On S, each of these 95"1/3 individuals starts an independent branching
random walk from some point in [—en'/?, en!/?] with a killing boundary n'/3f ,,. For e small
enough, we use Corollary 3.5 to bound from below the number of descendants that stay between
f + 2¢ and g—2¢ + 2¢. We have

limsupn /% 10g P [ # {u e T : fu] = n} < e o™ =10

n—-+o0o

5)

< -1+ sup 9;26 + 2+ Hi(f + 2,97 % + 2e) = —1.
t€(0,1]

Using again the Borel-Cantelli lemma, we obtain

lim inf n=/3 log # {u € T;n) s u] = n} >0, - as.

n—-+oo

Consequently, letting ¢ — 0 we conclude

lim n~Y3log # {u € T;") ul = n} =g —fi as.

n—-+o00

In particular, almost surely for n > 1 large enough, Tgc")

prove

survives until time n, which is enough to

1
liminf —  min  V(u) > f1 as.
n—+00 n1/3 uET(fn)v‘M:n

We observe by Corollary 3.4 that for any € > 0 small enough, for any f1+2c <z <y < gf25—|—2€
we have -
lim inf =2 log P (2. (@) > 0) 2 0.
Therefore, for any f; < x < y < g1, for any € > 0 small enough we have
() sy €1
P (20 =15) = (=)
We conclude that for any ¢ > 0 small enough,

lim inf n= /3 log (—logP (Zj(cf;)(fl +¢ fi+20) = 0)) >0

n—-+oo

as well as
liminfn=*/3 log (—logP (Z}f;)(m —2¢,g1—¢) = O)) > 0.

n—-4o0o

Using once again the Borel-Cantelli lemma, we obtain respectively

1
limsup—7= min  V(u) < fi as.
n—s+oo N/ uET(f”),\u|:n
and 1
liminf —= max V(u) >g) as.
n—+o0 n1/3 uET;n)Ju‘:n
which concludes the proof. O

3.3 Applications

Using the results developed in this section, we deduce the asymptotic behaviour of the consistent
maximal displacement at time n of the branching random walk.

Theorem 3.7 (Consistent maximal displacement of the branching random walk, [12, 13]). We
consider a branching random walk (T, V') satisfying (1.1), (1.2) and (1.3). We have

lim
n——+oo nl/3

max|y|—, Ming<p, V(ug) o (3#202 ) /3
= 5 .
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Proof. To prove this result, we only have to show that for any ¢ > 0, almost surely for n > 1 large
enough we have

{ueT((")3 .. 2)1/3+5 :ul :n} =0 and {UET(( )3 .. 2)1/3_6 :ul :n} #£ (.

We solve for x < 0 the differential equation

B 7r202/ ds
gt 2 0 (gs_x)Q’

1/3
3r2o?
By Theorem 3.6, for any = > — (T) )

1/3
which is ¢ = x + (—x3 — #t) for t < M 02
almost surely for any n > 1 large enough the tree Tg; ") gets extinct before time n. For any
1/3
< — (%) , almost surely for n > 1 large enough the tree T;(Cn) survives until time n. O

Similarly, we provide the asymptotic behaviour, as ¢ — 0 of the probability of survival of a
branching random walk with a killing boundary of slope —e.

Theorem 3.8 (Survival probability in the killed branching random walk [15]). Let (T,V) be a
branching random walk satisfying (1.1), (1.2) and (1.3). We have

o
lim '/ log P (Vn € N, 3fu| = n: V(uy) 2 ~ej.j <n) = —5775.
Proof. For any € > 0 and n € N, we set p(n,e) =P (3u| =n: V(y;) > —¢j,j <n) and

o(e) = lim p(n,e) =P (VneN,Ju|=n:V(y;)>—cj,j<n).

n—-+oo

In a first time, we prove that for any 6 > 0, we have

~ gy < mjntn ™ og (n,n ™) < limspn !t logo (n on~7) < 070), (313

where @ : A s T — 2,
Applying Lemma 3.1 with functions f : ¢t — —6t and g : t — A(1 — t)'/3 — 6t we prove the
upper bound of (3.13). Using the fact that an individual staying above £ until time n crosses

g™ at some time k < n, the Markov inequality implies

lim supn~Y/3 log o(n, 0n"2/3) < limsupn /3 logE(Y( ))

n——+4oo n——+oo
< - inf g+ Hi(f,9)
te0,1]
2 .2 ds
<~ inf N1-0Y3 gty T2 /
S - dnf Al =1 T ), D=

IN

— inf A—0t+3D(\) |1 — (1 —1)/3].
Jnt A= 04320 [1- (1= 1) /7]

We observe that ¢ +— 1—(1—)'/3 is a convex function on [0, 1], with derivative 1/3 at t = 0. Thus,
for any A > 0 such that ®()\) > 0, for all ¢ € [0,1], 3®()) [1 — (1 —¢t)1/3] > &(A\)t. We conclude
that for any A > 0 such that ®(\) > 6 > 0, we have

limsupn~ /% log o(n, 9n*2/3) <=

n—-+o0o

With A = ®71(f), we conclude the proof of the upper bound of (3.13). We now observe that for
any € > 0, we have p(¢) < o(n,e). Setting n = L(9/€)3/2J, for any 6 > 0 we have

lim sup e'/?log o(¢) < limsupe'/?log o(n,e) < —0Y/2071(9).

e—0 e—0
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We note that limg_, 1 o 91/2<I>’1(0) = limy_o )\CID()\)l/2 = 5177, which concludes the proof of the
upper bound in Theorem 3.8.

To prove the lower bound in (3.13), we apply Corollary 3.4 to functions f : t — —6t and
g:t— A —0t. We have

lim inf n='/3 log o(n, #n"2/%) > liminf n~ 1/310gP(Z}7 (f1,91) >1>
2

n—-+oo n—-+oo
o2
>— sup A—6t+ t.
t€(0,1] 2)\2
Choosing \ = W, we obtain
. -1/3 -2/3y 5 __ "9
lim inf ™"/ log o(n, o) = 20)172

proving the lower bound of (3.13). To extend this lower bound into the lower bound in Theorem
3.8 needs more care than the upper bound. First, we observe that this equation implies that for
any 6 > 0,
1/3 3/2 -2/3y 5 _ M0
légl}rrgcf)n log 0(6°/“n,n=%/°) > 5172

By (1.1), there exist a > 0 and P € N such that E (<Z|u\:l 1{V(u)2_a}) /\P) > 1. Con-

sequently, there exists p > 1 and a random variable W positive with positive probability such
that i < - '
#{|u| =n: n, V(u; —a,

lim inf {l J = (uy) i}

n——+o00 o"

>W a.s.

We conclude there exists a > 0, » > 0 and ¢ > 1 such that

inf P (#{Jul = n:¥j <n, V() 2 —aj} 2 0") 2

With these notations, we observe that for any 8 > 0, ¢ > 0, § > 0 and n € N, we have

P (#{|u| =@+)n:Vj<n,V(iuy)>— (62__,|:?5a)j} > Q‘S"> >rp(fn,e).

Given A > 1% and 6 > 0, we set € > 0 small enough such that

e/21og 0 <{292€_3/21 , 5) > =\

We write § = 2 andn = |(6+ 5)5_3/2J, choosing € > 0 small enough such that § < . We have

21/

1/2

P (# {lu| =n:¥j <n,V(u;) > —2ej} > 95”) >re

We construct a Galton-Watson process (Gp(€),p > 0) based on the branching random walk (T, V)
such that
Gp(e) = #{[ul =pn : Vj < pn,V(u;) > —2¢5}.

We observe that G(g) stochastically dominates a Galton-Watson process G (), in which individuals

—2¢7"* and none with probability 1 — p. As

make N, = L ”J children with probability p. = re
e — 0 we have

1/2

6% 1o
log(p-Ne) = =\ + gg’

lim e
e—0

which is positive choosing some 6 > 0 large enough. With this choice of 0, for any € > 0 small
enough p.N. > 2. Consequently ¢. the probability of survival of G(e) is positive for any € > 0
small enough. Moreover, we have o(2¢) > ..

We introduce f. : s — E(s%()) which is a convex function verifying

fe()=1and fo(1 —q.) =1—ge.

19



For any h > 0, for any € > 0 small enough
fe(l - hpe) =1-p +pe(1 - hpa)Ns <1-—pc+pe eXp(_hpeNa) <1l-p +pa€72h-

Choosing h > 0 small enough, for any € > 0 small enough we have f.(1 — hp) < 1 — hp. This
proves that ¢. > hp., leading to

lim inf /2 log p(¢) > liminf e'/2log p. > —A\.
e—0 e—0

Letting A — —57% concludes the proof. O

4 Branching random walk with selection

In this section, we consider a branching random walk on R in which at each generation only
the rightmost individuals live. Given a positive continuous function h, at any time £ < n only

the {e”l/shk/”J rightmost individuals remain alive. The process is constructed as follows. Let

((T?,VP),p € N) be an i.i.d. sequence of independent branching random walks, for any n € N
we write 7(,) for the disjoint union of TP for p < n, and V : u € Ty = VP(u) if u € TP. We
rank individuals at a given generation according to their position, from highest to lowest, breaking
ties uniformly at random. For any u € 7(,), we write N(,)(u) for the ranking of u in the ||t
generation.

Let h be a positive continuous function on [0, 1], we write ¢ = {ehf’”l/w and
T?n) = {u € Tig) + lul <n,Vj < ul,log Ng(uj) < nl/?’hj/n}.

The process (Té‘n)7 V) is a branching random walk with selection of the en'h rightmost individ-
uals. We write

M!'= " max V(u) and ml= min V(u).
UWETE, ) lul=n UET L,y lul=n

We study (T?n), V) by comparing it with ¢ independent branching random walks with a killing
frontier f, choosing f in a way that

log # {u € TSZL) Hul = Ltnj} ~ nt/3(hy — ho).
Using Lemmas 3.1 and 3.2, we choose functions (f, g) verifying

2 2 ¢t d .
90+ 75 o e = ho
ft + T 20 fo (gsisfs)Z = hO - ht~

Vt e [0,1],{

which solution is

w202 [tds 7202 [t ds
—_— — d :te€[0,1] = hg — —.
5 o2 9 [0.1) = ho = = N

fite[0,1] > ho—hy — (4.1)

To compare branching random walk with selection and branching random walks with killing
boundary, we couple them in a fashion preserving a certain partial order, that we describe now.
Let u, v be two Radon measures on R, we write

v <= VreR, ul(z,+00)) <v((z,+00)).

The relation < forms a partial order on the set of Radon measures, that can be used to rank
populations, representing an individual by a Dirac mass at its position.

A branching-selection process is defined as follows. Given ¢ : Z; — N a process adapted to the
filtration of T (¢g), we denote by

T? = {u € Tigy) : Vi < [ul, Nigy)(u5) < 5} -
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Let (z1,...24,) € R?, we write V : u € T? + x, + VP(u) if u € TP. The process (T?,V) is a
branching-selection process with ¢(n) individuals at generation n and initial positions (z1,...z4,).

Note that both T’(?n) and T(fn) can be described as branching-selection processes. We prove there
exists a coupling between branching-selection processes preserving partial order <. Note this
lemma is essentially an adaptation of [4, Corollary 2].

Lemma 4.1. Let ¢ and v be two adapted processes, on the event

Z v < Z Sy and Vj<n,o; <o,

ueT? ueT?
[u[=0 [u[=0

we have ZueT¢,\u|:n 5V(u) < ZueT¢,|u\:n 6‘/(“)'

Proof. The lemma is a direct consequence of the following observation. Given m < n, x € R™ and
y € R such that 3770, 0., < D0 0y, and (27, < m,i € N), we have

m —+oo n —4oo

Z Z 5zj+z{ < Z Z 6y.7'+zf'

j=1i=1 j=1i=1
Consequently, step k of the branching-selection process preserves order < if ¢ < V. O

This lemma implies that branching random walks with selection and branching random walk
with killing can be coupled in an increasing fashion for the order <, as soon as there are at any
time £ < m more individuals in one process than in the other. The main result of the section is
the following estimate on the extremal positions in the branching random walk with selection.

Theorem 4.2. Assuming (1.1), (1.2) and (1.3), for any continuous positive function h we have

. M,}f 7202 (1 ds . mﬁ w202 [1ds
nEI-{liloo m = hO — TA hiz and nll)r—i,r-loo m = h() — hl — B /O hig a.s.

Remark 4.3. It is worth noting that choosing h as a constant, Theorem 4.2 provides information on
3
the Brunet-Derrida’s N-BRW, on the time scale (10%17;\7). Letting h — 0, we study the asymptotic

behaviour of the N-BRW on a typical time scale.

The proof of Theorem 4.2 is based on the construction of an increasing coupling existing
between (T?n), V') and approximatively ehon'/? independent branching random walks with a killing

boundary n'/?f ,,. Using Lemma 4.1, it is enough to bound the size of the population at any time
in the branching random walks with a killing boundary to prove the coupling. In a first time, we

€(h0 —2¢)nt

bound from below the branching random walk with selection by a independent branching

random walks with a killing boundary.

Lemma 4.4. We assume that (1.1) and (1.2) hold. For any positive continuous function h and
€ > 0, there exists a coupling between (T?n), V) and i.i.d. branching random walks ((T7,V7),5 > 1)
such that almost surely for any n > 1 large enough, we have

e(h072€)n1/3

VkSn, Y dvwr Do D Yvitzye-am sk} dvi- (4.2)
u€Ty,, J=1 u€T’
lul=k ful=k

Proof. Let n € N and € > 0, we denote by p = {e(ho’Qs)"l/sJ and by 'i‘("_)a the disjoint union of

Tj(n_)s for j < p. Foru € ’i‘(f"_)e, we write V(u) = VJ(u) if u € T/. By Lemma 4.1, it is enough to
prove that almost surely, for any n > 1 large enough we have

Vk < n,log # {u € ’f‘;"_)s s u] = k} < nl/?’hk/n.
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n)

We first prove that with high probability, no individual in 'i‘;
at some time k < n. By Lemma 3.1, we have

. crosses the frontier (g, —e)n'/?

limsupn =/ log P (Elu € ’f‘gpn_)e V(u) = (Gup/n — s)nl/?’)

n—-+o0o

< limsupn~'/?log (pP (Hu € Tgc”_)g :V(u) = (Gul/n — s)nl/g))

n—-+o0o

w252 [t ds
<hy—2— inf g —e+ = —¢.
=0 telﬁ)al} gt 2 /O (gs - fs)2

Using the Borel-Cantelli lemma, almost surely for any n > 1 large enough and u € ’f‘;"_) -» We have
V(u) S (g|u\/n — 8)77,1/3.
By this result, almost surely, for n > 1 large enough and for k < n, the size of the k*" generation

in T‘gcn) . is given by
(n) _
2" = 2 e v <o u-am/sase}
uE%}ETg
Using the Markov inequality, we have

P (Ek <n:2Z™> en”ghk/n) <3 e g {Z]gn)} .
k=1

We now provide an uniform upper bound for E(Z,g")). Applying Lemma 2.2, for any 1 < k < n
we have

(n) -8
E [Zk } <pE [e k1{Sje[(fj/n_E)n1/37(gj/n_8)n1/3]}:|
< peUem=m P (85 € [(f — 0!/, (gym — ] 5 < 1)
Let A € N. For any a < A we write m, = |na/A| and f, 4 = infsclaya ar1y/a) fs- For any
k € (ma, ma+1], applying the Markov property at time m, and Theorem 2.3 we have

2 92 a/A d
E [Z,gn)} < exp l(ho —2e)n!/3 —pl/3 <fa7A —e+ 7r2cr /0 hi)]

As hg = f; + hy + ”22"2 Ot %, letting A — 400 we have

limsupn~ /3 log P (Hk <n: Z,gn) > e"l/sh’“/") < —e.

n—-+oo

Consequently, applying the Borel-Cantelli lemma again, for any n > 1 large enough we have
Vk < n,log# {u € ’i‘;"_)a u| = k} < nl/?’hk/n
which concludes the proof, by Lemma 4.1. O

Similarly, we prove that the branching random walk with selection is bounded from above by
Le(ho"’%)"l/sJ independent branching random walks with a killing boundary.

Lemma 4.5. We assume (1.1), (1.2) and (1.3) hold. For any continuous positive function h and

e > 0, there exists a coupling between (T?n), V) and i.i.d. branching random walks ((T7,V7),5 > 1)

such that almost surely for any n > 1 large enough we have

e(h0+25)nl/3

VESn Y dvar S D0 D Yviwoz(e—om i Vi (4.3)
ueT?n) j=1 weTI
|ul =k lul=k
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Proof. Let n € N and € > 0, we denote by p = Le(h”%)”l/w and by 'i‘("_)g the disjoint union of

Tj(n_)s for j < p. For u € 'i‘(fn_)a, we write V(u) = VJ(u) if u € TJ. Similarly to the previous

lemma, the key tool is a bound from below of the size of the population at any time in ’i‘(n_)e. For
any 1 < k < n, we set

(n) _
2 = Y L Ly ()<, n—cpnt/ajer)  and
uef(”)
f—e
~(n) _
2 = Y e vz 2} Lv () <Gy m—ent 2, <)
ue%;"jg

For any t € (0,1), applying Corollary 3.5, we have

lim sup n=1/3 logP [Zfzgj < elhiFe)n!/? < —3e.
n—-+oo
Let A € N, for a < A we set m, = |na/A]. By the Borel-Cantelli lemma, almost surely, for any
n > 1 large enough we have _
Va < A, log Z,(,Z:) > nl/?’(h% +e).

We extend this result into an uniform one. To do so, we notice that Theorem 3.7 implies there
exists > 0 small enough and A > 0 large enough such that

inIfNP Ju| =n:Vk <n,V(u) > -3 >r.
ne

Consequently, every individual alive at time m, above f,, an'/3 start an independent branching
random walk, which has probability at least r to have a descendant at time m,41 which stayed at
any time in k € [mq, mqq1] above (f,/4 —AA~Y/3n1/3. Choosing A > 0 large enough, conditionally

)

on Fr.s infrcim, mai) Z,g" is stochastically bounded from below by a binomial variable with

parameters Z,(,?a) and r. We conclude from an easy large deviation estimate and the Borel-Cantelli
lemma again, that almost surely for n > 1 large enough we have

Vk < n,log 2\ > n'/3hy .

Applying Lemma 4.1, we conclude that

Vk <mn, Z Ov(w < Z OV (w)-

ueT?n) uefﬁl)a
lul=Fk |u|=Fk

O

Using Lemmas 4.4 and 4.5, we easily bound the maximal and the minimal displacement in the
branching random walk with selection.

Proof of Theorem 4.2. The proof is based on the observation that for any 1 > x2 > --- >z, and
Y1 >yo > o 2> yg, if 30 00y < 30521 0y, then p < g, 21 < g1 and x), <y,

Let n € N and € > 0, we denote by p = Le(ho_ze)”l/gJ and by p = {e(ho*‘zg)"l/SJ. Given
((T7,V7),j € N) ii.d. branching random walks, we set ’i‘("_)E (respectively 'T‘(f"_)a) the disjoint
union of Tj(n_)8 for j < p (resp. j < p). For u € ’i‘g:i)e, we write V(u) = VJ(u) if u € TJ. By
Lemmas 4.4 and 4.5, we have

max V(u) <M< max  V(u).
weT M Jul=n
f—e
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For any § > —hg, we denote by ¢° the solution of the differential equation

2 2

t
s To ds
gr + / = ho + 9.
SR RV ALE

We observe that ¢° is well-defined on [0, 1] for ¢ in a neighbourhood of 0. We notice that ¢° = g
and that 6 — ¢° is continuous with respect to the uniform norm. Moreover

P ( max  V(u) = gin!/ 3) <P (Jue TP V() 2 gfym'”?)

qu(fnjE,hﬂ:n
<FP (3l <n: V(W) 2 gy un'?).

Consequently, using Lemma 3.1, we have

I “1/310g P Viw) > ¢?n/? | < ho+2c — inf “+7T202/t ds
imsupn og max u) > gin <hg+2— inf g .
n—+o0 uefif;)galu\:n ! t€[0,1] ! 2 0 (gg — fs+¢e)?

For any § > 0, for any ¢ > 0 small enough we have

limsupn /3 log P (Mf; > gfnl/g) <0.

n—-+oo

h
By the Borel-Cantelli lemma, we have limsup,,_, , . % < ¢¢ a.s. Letting 6 — 0 concludes the
proof of the upper bound of the maximal displacement.
To obtain a lower bound, we notice that

P (M,’Z < (g0 — 25)n1/3) <P ( max  V(u) < (¢ — 2€)n1/3>

ue’:v[‘(f"_)57|u\:n

P
<P (mlax V(u) < (¢ — 26)n1/3> .
We only consider individuals that stayed at any time k < n between the curves n'/3(f; /n—€) and
nt/ 3(g,§fn —¢), applying Corollary 3.4, for any § > 0 small enough, for any € > 0 small enough, we
have

lim inf n~ /% log P (El|u| =n:V(u) > (97° - 25)711/3)

n—-+o0o

> — 6+7T202/t ds >e—hy+9
> — sup g, — >¢e—ho+0.
t€[0,1] ‘ 2 o (93— fs)?

As a consequence,

lim inf n~1/3 log (f logP (Mff < (g - 2s)n1/3)> >0 —e.

n—-+4oo

For any 6 > 0 small enough, for any ¢ > 0 small enough, applying the Borel-Cantelli lemma we

have
h
n

lim inf > g0 —2 as.
n—-+o00 n1/3 =9

Letting € — 0 then 6 — 0 concludes the almost sure asymptotic behaviour M.
h

th
We now bound m;.. By Lemma 4.5, almost surely for n > 1 large enough, the {enl/ghlJ

rightmost individual at generation n in ’i‘;n)

for n > 1 large enough,

. is above m!. Therefore for any = € R, almost surely

1{mf§2mn1/3} < 1{#{uef§c"_>5:|u\:n,V(u)Za¢n1/3}Zehlnl/?’ } '
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Let 6 > 0. By Lemma 3.1, we have

limsupn~3log P (Hu € :I:;n) :V(u) > (g,‘i/n - 5)n1/3> <hy—(ho+d—¢).

—€ .
n—-+oo

Consequently, for any § > 0, for any € > 0 small enough, almost surely for n > 1 large enough the

(7)) )

population in T F . We write

. at time k belongs to I,in

2@ = > Liw=m v @wzants} v <(g8, —enira,jzn)

)
uETf75

By Lemma 3.2, we have

252 ft ds
limsupn~"/3log E | 2 <h—<+7”7/ )
msupn ™! og T | 20()| <o = (x4 55 |

Using the Markov inequality, for any § > 0, for any n > 1 large enough we have Z(™ (92 —hy) <

1/3 .
e which leads to
h

m
limsup —2% < g% —h; as.
n—>+o<13 nt/3 = & !
Letting 6 — 0 concludes the proof of the upper bound of m”.
The lower bound is obtained in a similar fashion. For any ¢ > 0, we write k = K nl/ SJ. Almost
surely, for n > 1 large enough we have

Z 0V (w) = Z OV (u)-
uet wetl,,

|u|=n—k |lu|=n—k

h 1/3

n’

This inequality is not enough to obtain a lower bound on m”, as there are less than e™”™

individuals alive in ’i‘;n_)s at generation n — k. Therefore, starting from generation n — k, we
start a modified branching-selection procedure that preserve the order < and guarantees there are

VN . .
{eh”‘ J individuals alive at generation n.

In a first time, we bound from below the size of the population alive at generation n — k. We
write, for § >0and n >0

(n) —
Xm="% 1{'“':"_’“}1{V<“J>S<9§fn76>n1/37s(uj)Sen"”3,anf’f}'
ue’i‘<")
f—e

By Lemma 3.3, we have

lim inf n =/ 1o E(X(”))>h —2e—((f1 — )+7T202/1 ds =6—e+( —5,f)
n—+o00 & =no— e 1-e 2 Jo (g;é—fs)g o £ 1

Consequently, using the fact that for p i.i.d. random variables (X)), we have

P> X, <pE(X1)/2| < %,

j=1
for any € > 0 and § > 0 small enough enough, Lemma 3.3 leads to

limsupn /3 log P (X(") < e“gftfl)%)"l/a) <n+hog—9—e—(ho—2¢).

n—-+oo

For any £ > 0, choosing 6 > 0 small enough, and € > 0 and 7 > 0 small enough, we conclude by
the Borel-Cantelli lemma that almost surely, for n > 1 large enough

# {u € ’i‘gc"_)e Sul=n— k} > exp (n1/3(h1 - 5)) .
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In a second time, we observe by (1.1) there exists a > 0 and ¢ > 1 such that

E(> lyvwsa|>e

[u[=1

We consider the branching-selection process that starts at time n — k with the population of the
(n— k)™ generation of T( | in which individuals reproduce independently according to the law £,
with the following selection process: an individual is erased if it belongs to generation n —k+j and
is below n1/3f(n,k)/n —ja, or if it is not one of the en'Phe

n—k+5)/n rightmost individuals. By Lemma
4.1, this branching-selection process stays at any time n — k < j < n below (T?n)7 V') for the order

<. Moreover, by definition, the leftmost individual alive at time 7 is above n/3( Jn—ky/m —€—aq).

We now bound the size of the population in this process. We write (X, j € N) for a sequence
of i.i.d. random variables with the same law as Z|u\=1 1{v(w>—a)- By Cramér’s theorem, there
exists A > 0 such that for any n € N, we have

n
P (ZXj < ng) < e M,

k=1

Consequently, the probability that there exists j € [n — k,n| such that the size of the population
at time j in the branching-selection process is less than min (gk“_"e(h("*’v)/"_&)”l/s,ehj/""l/S

decays exponentially fast with n. Applying the Borel-Cantelli lemma, for any ¢ > 0, there exists
& > 0 such that almost surely for n > 1 large enough, the number of individuals alive at generation

h1n1/3

n in the bounding branching-selection process is Le J On this event, m” is greater than the

minimal position in this process. We conclude, letting n grows to +oco then € and ¢ decrease to 0
that

h 2 2 pl
m o ds
im i "> ho — hy — = as
bl s 2 ho =T [ g e
completing the proof of Theorem 4.2. O

An application of Theorem 4.2 leads to Theorem 1.1.

Proof of Theorem 1.1. Let a > 0, we denote by ¢ : n — {e‘ml/sJ and by (T?,V) the branching
random walk with selection of the ¢(n) rightmost individuals at generation n. For n € N we write

M?= max V(u) and m¢= min V' (u).
" LET?,|ul=n (u) T ueTd |ul=n ()

Let e >0and n € N, we set k = |ne| and h : t = a(t +¢)'/3. We note that by Lemma 4.1, for
any two continuous non-negative functions hy < ho, and k < n we have

Z Oy () <X Z OV (u)-

ueT?n}) u€T!?
|u|=k |u|=k

As a consequence, for any n € N and € > 0, we couple the branching random walk with selection

(T?,V) with two branching random walks with selection (T](l;t)+’ V) and (TZ’J, V) in a way that

uGTh’7 weT? uEThﬁ

(n) _ (n)
ul=n—k lul=n Jul=n—F

using the fact that the population at time k in T is between m‘,f and M,?
Applying Theorem 4.2, we have

M® — M? MM w22 [17¢ ds
limsup ———*% < limsu n—k < qel/3 _ / a.s.
n—>+o<r>) nt/3 B n—>+o<r>) nt/3 = 2 Jo (a(s +¢)1/3)?
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as well as

f m¢ — m¢ f mh —k 2 2 1—e¢ ds

liminf ————* > limin > —a— —— ——————  a.s.
n—+o0o nl/3 n—+oo nl/3 = 2 /0 (a(s + 5)1/3)2

As lim,_,q fol_a (a(séﬁ = aQ, for any 6 > 0, for any € > 0 small enough we have

M¢ 31202
lim sup Lsnj < — o +J as.

n—+o0o nl/3 2a2

We set p = {f llzgg ZJ, and observe that

- ¢

M¢ 1 =2 M,
_ Ve [er~1n]

n173 T opl/3 Zo ( lein] Lai+1nJ> + nl/3

p—2 [ g ] ¢
<> e Migony = Mssirny | 5uDjce—2 Mj
= £ 0 (g.]n)l/d nl/3

pm

Using a straightforward adaptation of the Cesaro lemma, we obtain

M;f 37ra' +6

lmep oy < T o
Letting € — 0 then § — 0 we have
M? 3m20?
< -
lrllrngrli}j) 35S T o @S (4.5)

Similarly, for any 6 > 0, for any € > 0 small enough we have

¢ _ 2.2
LMy Ty 3o
TR - S.
MmO e T A
Setting p = {— II?EZJ and observing that
_ m? .
\_EJHJ |_8j+1nJ lnfjgsf2 mf
1/ = (cin)1/3 ni/s

we use again the Cesaro lemma to obtain, letting € then § decrease to 0,

lﬁgfg% > —a— 37;2(272 a.s. (4.6)
To obtain the other bounds, we observe that (4.4) also leads to
e S B (A =5 L
by Theorem 4.2 and (4.6). Letting ¢ — 0 we have
M¢ 3r20?
iminf 375 = — =2~ a8
Similarly, we have
lim sup n}/@: < lim sup W < —a- ﬁ /1_8 L a.s.
n—s+oo M n—s+4o00 n 2a%2 Jy  (s+¢e)?/3
using Theorem 3.6 and (4.5). We let ¢ — 0 to obtain
lim sup nfb < —a-— ﬁ a.s.
nostoo NL/3 2a2
O
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The careful reader will notice that, for almost any a € R there exist @ # a such that

" 3n2o? a4+ 3nlo?
o+ —=a+ ——.
2a2 2a*
With these notation, both the branching random walk with selection of the ean'’? rightmost indi-
viduals at generation n and the branching random walk with selection of the gan'’? rightmost ones

are coupled, between times en and n with branching random walks with the same killing barrier

3r2o2
ot 1 /3
fitele, ]|—><a+ 52 ) ,

the difference between the processes being the number of individuals initially alive in the processes,

a(en)t/? a(en)t/?

respectively e and e
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