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Abstract

In this article, we study the maximal displacement in a branching random walk — a particle
process on the real line in which particles move and reproduce independently. We prove that
its asymptotic behaviour consists in a first almost sure ballistic term, a negative logarithmic
correction in probability and stochastically bounded fluctuations. This result, proved in [20]
and [1] is given here under close-to-optimal integrability conditions. Borrowing ideas from [5]
and [31], we provide simple proofs for this result, also deducing the genealogical structure of
the individuals that are close to the maximal displacement.

1 Introduction

A branching random walk on R is a particle process that evolves as follows. It starts with a unique
individual located at the origin at time 0. At each time k, each individual currently alive in the
process dies, while giving birth to a random number of children, that are positioned around their
parent according to an i.i.d. version of a point process. We denote by T the genealogical tree of
the process. For any u € T, we write V(u) for the position of u and |u| for the generation to which
u belongs. The quantity of interest is the maximal displacement M,, = max|,—, V' (u) at time n
in the process.

One can think of the branching random walk as a combination between a Galton-Watson
process and a random walk. In effect, the tree T is a Galton-Waston tree, and every infinite line
of particles in this tree moves as in a random walk. Apart from its straightforward application to
biology, as a simple model of a population invading its environment, the branching random walk
is linked with multiple other models in mathematics, physics and informatics.

For example, the branching random walk and its continuous-time counterpart, the branch-
ing Brownian motion —a particle process in which individuals move according to i.i.d. Brownian
motions and split into two at rate 1— are related to F-KPP type reaction diffusion equations. In
particular, the cumulative distribution function of the maximum M,, converges toward a travelling-
wave solution of the F-KPP equation (see e.g. [13]).

Moreover, as the correlation between two paths w and v in the genealogical tree T grows
linearly with the age of the most recent common ancestor, branching random walks provide simple
examples of logarithmically correlated fields. Techniques used to study the branching random walk
have been successfully applied to the Gaussian free field [6, 12, 17].

Under sufficient integrability conditions, the asymptotic behaviour of the maximal displace-
ment M, is fully known. Hammersley [18], Kingman [22] and Biggins [10] proved it grows almost
surely at linear speed. In 2009, Hu and Shi [20] exhibited a logarithmic correction in probability,
with almost sure fluctuations; and Addario-Berry and Reed [1] showed the tightness of the maxi-
mal displacement, shifted around its median. More recently, Aidékon [3] proved the fluctuations
converge in law to some random shift of a Gumbel variable, under integrability conditions that
Chen [15] proved to be optimal.

Aidékon and Shi gave in [5] a simple method to obtain the asymptotic behaviour of the maximal
displacement. They bounded the maximal displacement by computing the number of individuals
that cross a linear boundary. However, the integrability conditions they provided were not optimal,



and the fluctuations they obtained were of o(logn) order. With a slight refinement of their method,
we compute the asymptotic behaviour up to terms of order 1.

We were able to obtain the asymptotic of the maximal displacement up to a term of order 1 by
choosing a bended boundary for the study of the branching random walk, a method already used
by Roberts [31] for the related model of the branching Brownian motion. This idea follows from a
bootstrap heuristic argument, which is explained in Section 4. The close-to-optimal integrability
conditions arise naturally using the well-known spinal decomposition, introduced by Lyons in [24],
and recalled in Section 2.

We introduce some notation. In the rest of the article, ¢, C' are two positive constants, respec-
tively small enough and large enough, which may change from line to line, and depend only on the
law of random variables considered. Given a sequence of random variables (X,,,n > 1) we write

X, =Op(1) if the sequence is tight, i.e. lim supP(|X,| > K)=0.
K—+oco n>1
Moreover, we always assume the convention max @) = —oo and min() = +oco. For any u € R, we
denote by uy = max(u,0) and by log, u = (logu).
The main assumptions on the branching random walk (T, V') that we consider are the following.
The Galton-Watson tree T of the branching random walk is supercritical:

E Z 1] >1 and we write S = {#T = 400} for the survival event. (1.1)
|ul=1

Note that we allow P(#{|u| = 1} = 4+00) > 0, i.e. a given individual may have an infinite number
of children. The displacements V' (u) of the children u of the root are assumed to be in the so-called
boundary case (see [11]), namely

E Zev(“) =1 and E ZV(u)eV(“) =0. (1.2)

Jul=1 lu|=1

For any branching random walk satisfying (1.2), we have lim, . M,/n = 0 a.s. on S. Any
branching random walk with mild integrability assumption can be normalized to satisfy these
inequalities, see e.g. Bérard and Gouéré [9].
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(a) A branching random walk (b) Reduction to the boundary case

Figure 1: A branching random walk on R and its normalization to the boundary case

We also assume that the following integrability conditions hold:

0?:=F Z Vu)?e"™ | < +o0. (1.3)
Ju|=1
2
and E Z eV [ log, Z (14 V(v)y)eV® < +o0, (1.4)
Ju|=1 |v]=1



which is a standard assumption to the study of the maximal displacement of a branching random
walk. The integrability condition (1.4) is in fact equivalent to [3, Equation (1.4)] under assump-
tion (1.3) (see e.g. [28, Lemma A.1] for a proof of this statement).

The main result of the article is the following.

Theorem 1.1. Under the assumptions (1.1), (1.2), (1.3) and (1.4), we have
3
M, = —§logn+ Op(1) on S.

The asymptotic behaviour of M, might seems surprising at first. In effect, let M, be the
maximum of an exponentially large number of random walks of length n. The asymptotic behaviour
of M, when suitably normalised, is given by

— 1

M, = ~5 logn + Op(1).
Therefore, the logarithmic correction of M, keeps track of the correlations existing in the branching
random walk. More precisely, we prove in the rest of this article that the term % is related to the
probability for a random walk (S,,) to make an excursion, namely

en 3% <P(S, < 1,5, >0,j <n) < Cn 32

In fact, we observe that the trajectory taken by the individual that realizes the maximal displace-
ment behaves as a random walk excursion. More precisely, Chen [16] proved that this trajectory,
suitably normalized, converges toward a Brownian excursion.
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(a) A branching random walk and the trajectory followed by its maximal
displacement
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(b) Outline of the trajectory followed by the rightmost particle
Figure 2: How the rightmost particle at large time reaches its position

Using the estimates developed in this article, we also prove Section 4 the following well-known
fact: the individuals with the largest displacements at time n are either close relatives, or their
most recent common ancestor is a close relative of the root (see Theorem 4.5 for a more precise
statement). A similar result was proved in [4, 7] for the branching Brownian motion, but a proof



of this result under the assumptions on Theorem 1.1 does not seems to exist in the literature for
branching random walks.

The rest of the article is organised as follows. In Section 2, we introduce the so-called spinal
decomposition of the branching random walk, which links additive moments of the branching
random walk with random walk estimates. In Section 3, we give a list of well-known random walk
estimates, and extend them to random walks enriched with additional random variables. Section 4
is devoted to the study of the left tail of M,,. This result is used in Section 5 to prove Theorem 1.1,
using a coupling between the branching random walk and a Galton-Watson process.

2 Spinal decomposition of the branching random walk

We introduce in this section the spinal decomposition of the branching random walk. This result
consists in an alternative description of a size-biased version of the law of the branching random
walk. Spinal decomposition of a branching process has been introduced for the first time to study
Galton-Watson processes in [25]. In [24], this technique is adapted to the study of branching
random walks.

We precise in a first time the branching random walk notation we use. In particular, we
introduce the Ulam-Harris notation for (plane) trees, and define the set of marked trees and marked
trees with spine. Using this notation, we then state the spinal decomposition in Section 2.2, and
use it in Section 2.3 to compute the number of individuals satisfying given properties.

2.1 Branching random walk notation

We denote by U = |J,,», N", with the convention N* = {()} the set of finite sequences of positive
integers. We write U* = U\{(}. For any u € U, we denote by |u| the length of u. For k < |u|, we
write u(k) for the value of the kth element in u and uy = (u(1),u(2),...,u(k)) for the restriction
of u to its k first elements. We introduce 7 : u € U™ — u),—1 € U, and we call mu the parent of
u. Given u,v € U, we write u.v = (u(1),...u(Jul),v(1),...,v(Jv|)) for the concatenation of u and
v. We define a partial order on U by

u<v <= |u|l <|v] and v, = u.

We write u A v = Umin(ju|,jv]) = VYmin(jul,|v|) the most recent common ancestor of u and v.

The set U is used to encode any individual in a genealogical tree. We understand u € U as the
u(|u|)th child of the u(|u| — 1)th child of the ... of the u(1)th child of the initial ancestor (. A tree
T is a subset of U satisfying the three following assumptions:

€T, ifue T, then mu € T, and if u € T, then for any j < u(|u|), (7u).j € T.

Given a tree T, the set {u € T : |u| = n} is called the nth generation of the tree, that we
abbreviate into {|u| = n} if the tree we consider is clear in the context. For any u € T, we write
Qu) = {v € T : mv = u} for the set of children of u. We say that T has infinite height if for any
n € N, {|u| = n} is non-empty.
Ezample 2.1. Given a set {{(u),u € U} of i.i.d. non-negative integer-valued random variables, we
write T = {u € T :Vk < |u|,u(k+ 1) < &(ug)}, which is a Galton-Watson tree. It is well-known
(see e.g. [8]) that T has infinite height with positive probability if and only if E(£(0)) > 1.

A marked tree is a couple (T, V) such that T is a tree and V : T — R. We refer to V(u) as
the position of u. The set of all marked trees is written 7. We introduce the filtration

Vn > 0,F, =0 ((u,V(u),|ul <n).

Given a marked tree (T, V) and u € T, we set T* = {v € U : u.w € T}. Observe that T is a tree.
Moreover, writing V* : v € T% — V(u.v) — V(u), we note that (T%, V") is a marked tree called
the subtree rooted at w of (T, V).

A branching random walk is a random marked tree (T, V') such that the family of point processes
{(V(v) =V (u),v € Qu)),u € T} is independent and identically distributed. Observe that in a
branching random walk, for any v € T, (T*,V*) is a branching random walk independent of F,,|.
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(a) Ulam-Harris notation (b) Notation for the genealogy

Figure 3: A plane tree
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Figure 4: A plane marked tree

Given a tree T of infinite height, we say that w € NV is a spine of T if for any n € N, w,, € T
(where wy, is the finite sequence of the n first elements in w). A triplet (T, V,w), where T is tree,
V¢ T — R and w is a spine of T is called a marked tree with spine, and the set of such objects
is written 7. For any k > 0, we write Q) = Q(w)\{wg+1}, the set of children of the ancestor at
generation k of the spine, except its spine child. We define three filtrations on this set

Fn=0((u,V(w),|lul <n) and G, = o (wg, V(wg) : k <n) Vo (u,V(u),u e Qk<n). (2.1)

The filtration F is obtained by “forgetting” about the spine of the process, while The filtration G
correspond to the knowledge of the position of the spine and its direct children.

V(U)I |u V(U)I |u V(U)I |

-~ N

(a) Red spine of the process (b) Information in F (c) Information in G

2.2 The spinal decomposition

Let (T,V) be a branching random walk satisfying (1.1) and (1.2). For any =z € R, we write
P, for the law of (T,V + z) and E, for the corresponding expectation. For any n > 0, we set
Wo =3 |u=n eV("), We observe that (W,,) is a non-negative (F,)-martingale. We define the law

P,

Fo e "W, - ]Pz|]:n . (22)



The spinal decomposition consists in an alternative construction of the law P,, as the projection
of a law on 7T, which we now define.

We write £ (respectively £) for the law of the point process (V(u),|u| = 1) under the law P
(resp. P). We observe that £ = 2 juj=1 eV . L. Let (L,,n € N) be i.i.d. point processes with law

L. Conditionally on this sequence, we choose independently at random, for every n € N, w(n) € N
such that writing L,, = (¢,,(1),...¢,(V,)) we have

oln ()

VheN, P (w(n) =h ‘(Emn € N)) = 1{h§Nn}Z o
J

<N, €
We write w for the sequence (w(n),n € N).

We introduce a family of independent point processes {L*,u € U} such that L** = Ly, and
if u # wyy), then L" has law L. For any u € U such that |u| < n, we write L" = (7, ...l ).
We construct the random tree T = {u € U : [u] < n,V1 <k < |u],u(k) < N(uk—1)}, and the the

[u] T

function V:ue T— >, 7, KZ'(‘,;)I. For all z € R, the law of (T, z + V,w) € T, is written ]IADI, and

the corresponding expectation is I/Ez This law is called the law of the branching random walk with
spine.

We can describe the branching random walk with spine as a process in the following manner.
It starts with a unique individual positioned at z € R at time 0, which is the ancestral spine wy.
Then, at each time n € N, every individual alive at generation n dies. Each of these individuals
gives birth to children, which are positioned around their parent according to an independent point
process. If the parent is w,, the law of this point process is L, otherwise the law is £. The individual
Wy 1 is then chosen at random among the children u of w,,, with probability proportional to eV (%),
Observe that under the law ]IA”,

(V(wpg1) = V(wn),n > 0), (V(u) = V(wp),u € Qy),n>0), and {(T*, V"), u € UpenQy },

are respectively i.i.d. random variables, i.i.d. point processes and i.i.d. branching random walks.
Note that while the branching random walks are independent of G, V(wy+1) — V(wy,) and (V (u) —
V(wy),u € Q) might be correlated.

=)

Figure 5: The tree of the branching random walk with spine

The following result links the laws B, and P,. The spinal decomposition is proved in [24].

Proposition 2.2 (Spinal decomposition). Assuming (1.1) and (1.2), for any n € N;x € R and
|u] = n, we have
eV (w)
W

The spinal decomposition enables to compute moments of any additive functional of the branch-
ing random walk, and links it to random walk estimates, as we observe in the next section.

P, and ]IA”I(wn = u|F,) =

Fn @I ’fn

2.3 Application of the spinal decomposition

Let (T,V) be a branching random walk. For any n € N, we denote by A,, a subset of {|u|] = n},
such that {u € A,,} € F,,. We write A, for the number of elements in A,,. We compute in this
section the first and second moments of this random variable.



Lemma 2.3. For any n > 0 and x € R, we have

EI(An) = GIEI (e_v(w")].{wneAn}> .
Proof. Applying the spinal decomposition, we observe that

V(u)
€ _
¢ V(u)l{ueAn}

= eacf@z Z fﬁ(u - wn|]:n)e—V(u)1{u€An} = ean; (e_v(w”)l{wneAn}) )

O

An immediate consequence of this result is the celebrated many-to-one lemma. This equation,
known at least from the early works of Kahane and Peyriére [30, 21], enables to compute the mean
of any additive functional of the branching random walk.

Lemma 2.4 (Many-to-one lemma). There exists a random walk S verifying P, (So = x) = 1 such
that for any measurable positive function f, we have

Eo | D f(V(wy),5 <n) | =B ("5 (S;,5 < n)).

lu[=n

Proof. Let B be a measurable subset of R, we set A,, = {|u| =n: (V(u;),j <n) € B}. Applying
Lemma 2.3 yields

™ —V(wn _ —Sn
Eo | Y Lwu)ismen | =B (ex . )1{<V<wj>,j§n>eB})—]Ez (€7 15, 5<meny) 5

|ul=n

where S is a random walk under law P, with the same law as (V' (w;),j > 0) under law P,. This
equality being true for any measurable set B, it is true for any measurable positive functions,
taking increasing limits. O

Similarly, we can compute the second moment of A,,.
. 2
Lemma 2.5. For any 0 < k < n, we write A;L = Z‘“|:”’|’U|:” Lijunv/=k} L{uea, } Livea, - We
have A2 = A,, + Zz;é Agﬂ Moreover, for any 0 < k <mn,
B(AC)) =B (V)1 ) Brn)

where Byn =) ,cq, E (Zm:n,vzu Livean) g")'

Proof. The first equality is immediate: A2 is the number of couples of individuals in A,,, and we
may partition this set according to the generation at which the most recent common ancestor was
alive. We now use the spinal decomposition in the same way as in Lemma 2.3, we have

V(u)
2 = € —Vi(u
E(AZ) =E( > ¢ Mueany D Ljunol=koea,)

|ul=n lv|=n
-F (e_V(w")l{wneAn}Hk,n) 7

where Hy,, = Z\m:n Ljonw, =k} Lived,} = ZuGQk Z|v|:n,v2u 1fvea,}- Thus, conditioning on
G, we have

]E(AS,L) =E (e_V(wn)l{wneAn}Bk,n) .



3 Some random walk estimates

We collect in this section a series of random walk estimates, and extend these results to random
walk enriched with additional random variables, correlated to the last step of the walk. The events
that we consider are illustrated in Figure 3 More precisely, let (X;,§;) be i.i.d. random variables
on R? such that

E(X;) =0, o®:=E(X])€ (0,4+00) and E((£)3) < +oc. (3.1)

We denote by T, = Ty + Y7 X, where for any z € R, P,(Tp = =) = 1. We write P = P for
short. The process of interest (T,—1,&,),n > 1) is an useful toy-model to study the spine of the

branching random walk. It has similar structure as ((V(wn), (V(u) = V(w,),u € Qy)),n > O).

(a) Probability for a random (b) Probability for a random (c) Probability for a ran-
walk to hit a target (Equa- walk to stay above a boundary dom walk to make an excur-
tions (3.2) and (3.3)) (Equations (3.4) and (3.5)) sion above a boundary (Lem-

mas 3.1 to 3.3)

Figure 6: Some random walk events studied in this section

We first recall bounds on the value taken by T, at time m. Stone’s local limit theorem [32]
bounds the probability for a random walk to end up in an interval of finite size. For any a,h > 0,
2

limsupn'/?  sup P(T, € [y,y+h]) < C(1+ h)e 22, (3.2)

n—+o0 ly|>ant/2

Caravenna and Chaumont obtained in [14] a similar result for a random walk conditioned to stay
non-negative. Given (r,) = O(n'/?), there exists H > 0 such that for any 0 < a < b,

liminfn'/? inf inf P(T, H||T; > —y,j < . .
T%gl—il—rolon yel[g,rn] ze[anll%ﬁnl/?] ( n € [$,.’I3+ H 7= Y9 = n) >0 (3 3)

In the rest of the paper, H is a fixed constant, large enough such that (3.3) holds for the random
walk followed by the spine of the branching random walk.

We now study the probability for a random walk to stay above a given boundary (f,), that is
O(n'/?¢). This result is often called in the literature the ballot theorem (see e.g. [2] for a review
on this type of results). The upper bound we use here can be found in [27, Lemma 3.6],

nl/2

sup P(T; > fj —y,j <n) < +oc. (3.4)
neNy>0 1+
The lower bound is a result of Kozlov [23],

nl/2

inf P(T; > —y,j <n) < +oo. 3.5
nEN,yE[O,nl/Q] 1 +y ( J = y ] ) ( )
Using these results, we are able to compute the probability for a random walk to make an
excursion above a given curve. The proofs of the following results are very similar to the proofs of
[6, Lemmas 4.1 and 4.3], and are postponed to the Appendix A.1.



Lemma 3.1. Let A >0 and o < 1/2, for any n > 1 we consider a function k — f, (k) such that

FaG)] ulm) = £a)
O T )SA'

fn(0)=0 and supmax <

j<n

There exists C > 0 such that for all y,z,h > 0,

P(T, — fa(n) +y €[z —h, 2], T; > fu(j) =y, <n)
(1+yAnY2)(1+hAnY?) (14 2 An'/?)

=C n3/2

Similarly, we obtain a lower bound for this quantity.

Lemma 3.2. Let A > 0, for any 0 < k < n we write f,(k) = Alog ";_’ﬁl There exists ¢ > 0 such
that for any y € [0,n/?],

1+y

P(Tn < fn(n) _y+H7Tj < fn(.]) —y,J < n) > CW.

The proofs of these two lemmas are based on the following observation: a random walk excursion
above a curve can be divided into three parts, as in Figure 7. The first (pink) third of the curve
is a random walk staying above the line. The last (orange) third is the same process, reversed in
time. Finally, the middle (blue) curve has to connect the two extremities and thus is a random
walk hitting a boundary. Therefore, we expect

]P)(Tn S [Z_y7z+h_y]7Tj 2 _y7j S n)
~P(T; > —y,j <n/3)P(T,,3 € [0,h])P(T; > —2,5 <n/3),

n—1/2 n—1/2 n—1/2

which explains the decay in n~3/2 obtained in Lemmas 3.1 and 3.2.

Y -

(a) A random walk excursion (b) Its decomposition into three parts

Figure 7: Decomposition of a random walk excursion

Finally, we are able to bound the probability for the random walk to make an excursion, while
the additional random variables remain small. This proof, very similar to [3, Lemma B.2] is also
postponed to Appendix A.2.

Lemma 3.3. With the same notation as in the previous lemma, we set
T=1inf{k <n:Tp < fulk) =y + &kt1}-
There exists C > 0 such that for all y > 0,

P(Tn < fuln) —y+ H, 7 <n,T; > fu(j) —y,j <n)

<Ol (Bl6 2 0)+E((6)2))



4 Bounding the tail of the maximal displacement

Let (T, V) be a branching random walk satisfying (1.1), (1.2), (1.3) and (1.4), and M,, its maximal
displacement at time n. We write m,, = —3 logn. The main result of the section is the following

- 2
estimate on the left tail of M,,.

Theorem 4.1. Assuming (1.1), (1.2), (1.3) and (1.4), there exist ¢, C > 0 such that for anyn > 1
and y € [0,n'?], (1 +y)e™ <P (Myp > mp +y) < C(1+y)e ",

Note that the upper bound in Theorem 4.1 is given by [19, Lemma 4.4]. In fact, this theorem
is a particular case of [29, Theorem 4.1].

A natural way to compute an upper bound for P(M,, > m,, + y) would be a direct application
of the Markov inequality. We have

]P(Mn > My, + y) < E Z ]-{V(u)Zmn+y} < E (esnl{Sﬂ,Zmn+y}) P

|u|=n
by Lemma 2.4. Therefore, as S,, is a centrer random walk, we have

too 3/2 —vy
S _ ns/2e
P(M,, > my +y) <e ™" yZe hP(Sn—mn—ye[h,h—i-l])SCW,

h=0

by (3.2). But this computation is not precise enough to yield Theorem 4.1.

To obtain a more precise upper bound, instead of computing the number of individuals that are
at time n greater than m,,, we compute for any generation k& < n the number of individuals alive at
generation k such that the probability that one of their children is greater than m,, is larger than
a given threshold. If we assume Theorem 4.1 to be true, for an individual u alive at generation
k, the median of the position of its largest descendant is close to V(u) 4+ m,—x. Therefore, we
compute (see Figure 6) the number of individuals that cross for the first time at time & < n the

boundary k — f, (k) := 2 log ”;ﬂ‘l My — Mp—k-

position

generation

Figure 8: The boundary of the branching random walk

Lemma 4.2. Assuming (1.1), (1.2) and (1.3), there exists C > 0 such that for any y > 0,
PEul <n:V(w) = falu]) +y) < C(1+y)e™.

Proof. For all k < n, we write Z,(c") (y) = ZM:k Lovw)> o ()49} LV (u)) < fu () +v,j<k} the number

of individuals crossing for the first time the curve j — f;") at time k. By Lemma 2.4, we have

E (2 W) = E[e™ 15,2041 L8, a9 103 <k))
< e~ nW-vp (Sk > fu(k) + y,5; < fu(G) +y,5 < k).

10



We condition this probability with respect to the last step Sy — Sk_1 to obtain

P(Sk > fu(k) +v,8; < fuli) +y,5 <k) =E(¢r-1(Sk — Sk-1))-

where ¢p(z) = P(Sk > fu(k)+y—2,5; < fn(j) + v, <k). Applying Lemma 3.1, there exists
C > 0 such that for all k <n and z € R, ¢p(z) < Clysoy(1+y)(1 +2)%(k + 1)~3/2. Thus,

n

Pl <n:Viw) > fallu) +9) <Y P27 () > 1) <Y E(Z (1))
k=0 k=0

_ n 3/2
< C(l + y)e Y (k+1)?(’/;ErIL)7k+1)3/2 E ((Sk - Sk—l)i + 1) .
k=0

As a consequence, we obtain

n/2 n
PEu| < n:V(w) > follu)) +y) < C(1+ye Z 2325732 4 N 932 (n — k4 1)75/
k= k=n/2

<C(l+y)e .

This lemma directly implies the upper bound in Theorem 4.1.

Proof of the upper bound in Theorem 4.1. As fn(n) = —% log(n +1) > —% logn — 2, we observe
that
P(Mp 2 mp+y) <P@Eul <n:V(u) 2 fu(lu) +y—2).

We apply Lemma 4.2 to conclude the proof. O

To obtain a lower bound for P(M,, > m,, + y), we apply the Cauchy-Schwarz inequality: if X
is an integer-valued non-negative random variable, we have P(X > 1) > %gg;

A good control on the second moment of the number of individuals staying below f, until
time n is obtained by considering only the individuals that do not make “too many children too
high”. To quantify this property, we set {(u) =1log}_,cqe,) (1+ (V(u) = V(v))+) eV (W=V(©) for
any u € T. For n € N and y, 2z > 0, we define the sets

An(y) = {lul <1 :V(ws) < fu(G) + 9,5 < [ul},
An(y) ={lul=n:ue Au(y),V(u) = fu(n) +y — H}
Bu(y,z) = {lul <n:&(uy) < 2+ (Fulh) +y = V(uy))/2,5 < |ul} .

We write Y, (y,2) = A,(y) N B,(y, ), and take interest in Y,,(y,z) = #YVn(y, 2), the number of
individuals that made an excursion below f,, while making not too many children. We also set

@) _
Vo) = D Lunei=k Luevn(w.)) Lveeyaw.o)s
lul=[v]=n

and we compute the mean of this quantity

Lemma 4.3. Assuming (1.1), (1.2) and (1.3), there exists C > 0 such that for y,z > 0 and
0<k<n,

(n+1)3/2
(k+1)3/2(n— k+1)3/2

E(Va(y2) < C(L+y)e™ and E(Y3(y,2) <C

n)

(1+y)e*v.

In particular, E (Y, (y, 2)%) < C(1+y)e* V.
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Proof. We first apply Lemma 2.3, we have

™ —V(wn, ™ —V(wn,
E (Yn(ya z)) =E (6 ( )1{wneyn(y,z)}> <E (6 ( )1{wnezn(y)}>
(n+ 12 VB (V(wy) > fu(n) +y — H,V(w)) < fu(§) + 9,5 < n)
C(1+y)e ¥ by Lemma 3.1.

IN N

To bound the mean of Yfk) , applying Lemma 2.5 we can write

2 S Viw,
E(Y2w.2) =B (e e300 Zn ) (4.1)

where Zk,n =3, ca, E (Zm:n,vzu 1{v€yn(y,z)}‘ Qn>. We observe that by definition of P, for any

k < mnand u € Qy, the subtree (T*, V") is a branching random walk independent of G,,. Therefore,
applying Lemma 2.3, we have

E > levawoy| Gn

lv|=n,v>u

<Ev ) Z LV )2 fu(n)+y—H.V (0,)< fn (j+k+1) 4y j<n—k—1}
lv|=n—k—1

<e" Ry (e_v(w"”“’l)1{V(wn_k_1)an(n>+y7H,V(wj>an(j+k+1)+y,anfk71})

3/2 V(u)—yDd V(wnfkfl) > fn(n) +y- H,
<(n+1)""e PV(“)<V(wk)an(j+k+1)+y,j§n—k—1
(n+1)3/2

SO et H ek 1) 4y - V(w))y)eV @y,

by Lemma 3.1 again. As x — x is 1-Lipschitz, we obtain
(n+1)3/2

(n—k-+1)3/2

< Ce R (fa(k) +y = V(we)),

Zpm < C (14 (fu(k) +y — V(wk))+)ev(wk)*ye§(wk)

where ¢ : x — (1 + 24 )e”". For k < n, (4.1) becomes

E (Y{2(0,2)) <CE (0= f (k) + y = V(wh) 1w, 3, (0.2 )
<C(n + 1Y/2¢VE (¢((fn(k) +y = V(w)/2)y,, emy)}) :

as wy, € By (y,z). Conditioning on the value taken at time j by V(w;) — fn(j) — y, we have
E (6((Fu(F) + v~ Vn)/2)L . cx.00))

+o0o
<O $((h+1)/2)B (wn € Au(y), fu(k) +y — V(wi) € [hyh+1])

h=0

+oo
oLty +h)  (1+h)
SC};(thQ)e h/2¢r (k+132 (n—k+1)3/2

1+y
<C
T (k+1)32(n —k+1)3/2

applying Lemma 3.1 on the intervals [0, j] and [j, n]. We conclude that

(n+1)3/2
(k+1)3/2(n — k +1)3/2

E (Yfk)(y, z)) <C (1+y)e* .

12



Moreover, using again Lemma 2.5, we have

n—1

E (Ya(y,2)%) = E(Ya(y.2) + Y E (V.0 (0,2)) < C1+y)e™
k=0

We now bound from below the mean of Y,,(y, z).

Lemma 4.4. Assuming (1.1), (1.2) and (1.4), there exist ¢ > 0 and Z > 1 such that for all
y€[0,n'?), 2> Z, and n € N, E(Y(y,2)) > ¢(1+y)e .

Proof. Let n € N, y € [0,n'/?] and z > 1. By Lemma 2.3, we have
E(Ya(y,2)) 2 B [V 1, ey, .0y | 2 0?27 B(wn € Vuly, 2)).
To bound this probability, we observe first that
Blwn € An(y) N Bu(y, 2)) = P(wn € An(y)) = Plwn € An(y) 0 Ba(y,2)°),

and P(w, € A,(y)) > ¢(1+y)n=3/2 by Lemma 3.2. Moreover, by Lemma 3.3, there exists C > 0
such that

Blun € Auly) N Baly,2)7) < O Y (Ble(wn) 2 2) + B(€lwo) — 2)1)?).

By (1.4), we have E((f(wo))i) < 400, therefore by dominated convergence, we have

n3/2

lim sup ]TA”(wn € An(y) N B, (2)) =0,

z2=+00 eNy>0 1+ Y

thus for all z > 1 large enough we have P(w, € A,(y) N Bn(z)) > ¢(1 + y)n~3/2, which ends the
proof. O

These two lemmas are used to complete the proof of Theorem 4.1.

Lower bound in Theorem 4.1. By the Cauchy-Schwarz inequality, we have

E(Yn(y, 2))?
E(Ya(y, 2)?)

Using Lemmas 4.3 and 4.4, there exists z > 1 such that

P(Ya(y,2) 2 1) =

—y 2
P(Yn(y,2) 2 1) = M > c(1+y)e V.

- 7T C(l+y)er
As a consequence, we conclude P(M,, > m,, +y) > P(G,(y,z) #0) > c(1+y)e Y. O

Lemma 4.3 can also be used to prove that with high probability, individuals in the branching
random walk above m,, are either close relatives or their most recent common ancestor is not far
from the root of the process.

Theorem 4.5. Under the assumptions (1.1), (1.2), (1.3) and (1.4), we have

lim limsupP (J|ul,|v] =n:V(u),V(v) > mu,|luAv| € [R,n— R]) =0.

R—+400 n—stoo
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Proof. Let n > 1. We introduce for any y, z > 0 the random variable
Xn(9:2) = D Lvzma) Huedn )b w,2)) -
|u|=n

By Lemma 2.3, we have

E(X,(y,2)) = E (e‘v(“’")1{V(wn>2mn}1{wneAn<y>mBn<y,z>c})
< (n+ 1)*2P (V(wn) > mn, wn € Ap(y) N By, 2)°)
< C(1+y) (Bé(wo) 2 2) + B ((€lwo) — 2)3) )
using Lemma 3.3. We observe that for any y, z, R > 0:
P 3ul, v =n:V(u),V(v) > my,|luAv| € [R,n— R])
<Pl <n: V() = fallul) +y) + P(Xa(y,2) # 0) + P (3 € [Ron — R]: Y3y, 2) #0)

s

<C(1+y)e ¥ +E(X +Z (nky )

using Lemma 4.2. We apply Lemma 4.3, we obtain

limsup P (3lul|, |v| =n: V(u),V(v) > my, |luAv| € [R,n — R])
n—-+4o0o

<C ((1 +y)e ™ + (1+y)°x(2) + W)

R1/2

where x(z) = ]?D(f(wo) > z)+ E((f(wo) —2)%) satisfies lim, 4o x(2) = 0 by (1.4). We set
z =loglog R and y = —log x(z), letting R — 400 concludes the proof. O

5 Concentration estimates for the maximal displacement

We prove in this section that Theorem 4.1 implies Theorem 1.1. To do so, we use the fact that
on the survival event S, the size of the population in the process grows at exponential rate, as in
a Galton-Watson process. More precisely, we use the following result, which is a straightforward
consequence of [26][Lemma 2.9].

Lemma 5.1. Let (T,V) be a branching random walk satisfying (1.1) and (1.4). There exists a > 0
and o0 > 1 such that a.s. on S, for alln > 1 large enough, # {|u| =n: V(u) > —na} > o™.

Proof of Theorem 1.1. We recall that m,, = 2 5 logn, we prove that
lim limsupP(|M,, —m,| >y, S)=0.

Y—=+0 pstoco

Using the upper bound of Theorem 4.1, we have
limsup P(M,, > m,, +y) < C(1+y)e™¥ — 0.

n— 400 y—+o00

To complete the proof, we have to strengthen the lower bound of Theorem 4.1, which states
Je > 0,Yn e N, Wy € [0,n'/2],P(M, > m, +y) > (1 +y)e V.

To do so, we observe that by Lemma 5.1, there exists a > 0 and ¢ > 1 such that a.s. for any k
large enough, there are at least o* individuals above —ka. On this event, each individual starts an
independent branching random walk, and the largest of their maximal displacement at time n — k
is smaller than M,,. Therefore for any y > 0 and k£ > 1, we have

P(M, <my —y) <P (#{|ul =k : V(v) > —ka} < 0") + (1 = P(Mp_p > my, —y + ka))gk ,

k

thus limsup,, , ;o P(My, <mp—y) <P (#{|u| =k:V(u) > —ka} < o*) + (1 —c(ka—y)re )2
We conclude the proof choosing y = ka — 1 and letting k — +o0. O
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A  Proof of the random walk estimates

A.1 Proof of Lemmas 3.1 and 3.2

We recall that the proof of these lemmas is based on the decomposition of a random walk excursion
into three parts, each of which being bounded using the estimates obtained in Section 3.

Proof of Lemma 3.1. We denote by p = |n/3]. Applying the Markov property at time p, we have

Py(Tn_fn(n) [Z_hZ}T>fn()]<”)

<P, (T; > —Aj* j<p) >s1}p()P (T, = fu(n) € [z = h, 2], T; > fu(p+3),j <n—p).
xT AV

We set fk =1T,_p — Th—p—k, which is a random walk with the same law as T". Note that for any
r € R;

Py (Tnp = fn(n) € [z = h, 2], Tj < fu(p +J),5 <n—p)
<P(npfu> @+ 2= a2, Ty < 24 fuln) = fuln— )5 <0 —p)
<SP (Thp — fuln) € [x = h,a], T < Aj*,j <n—p). (A1)
We apply again the Markov property at time p, we have

sz (Tnfp _fn(n) S [x_hax]aTj S Aja7j < n_p)

<P_.(T; < Aj®,j <p)supP (T2 € [x,2 + h]).
zeR

Consequently, using (3.2) and (3.4), we obtain

(1+yAn’2) 1+ hAnY?) (1 + 2 Ant/?)
n3/2 :

Py (T = fu(n) € [2,2 + A, Tj > fu(j), 5 < 1) <

O

Proof of Lemma 3.2. The proof is very similar to the previous one. Let p = |n/3], we apply the
Markov property at time p, to obtain, for any € > 0 and n > 1 large enough,

Py(Tngfn( )+HT >fn().7<n>
> P, (T, € /2,20, T; 2 ¢, < )

X e P (Tn < fa(n) + HTj > fulp+j),j <n—p).

Setting again fk =Th—p —Th_p_i, for any x € R we have
Py (Tnfp > fu(n) +H,T; < Jn(p+7),J <n—p)
>P( — fuln) € hx+Hkﬁ§ﬁww—hm—ﬁJ§n—@

We apply again the Markov property at time p, for x € [p'/2,2p'/?] we have

]P)(Tnfp _fn(n) € [x_hax]vTj < Ajavj < n_p)
> P (T, € [p"/2, 202,75 < fuln) — fuln— ), <)

X inf P(T; > 0,7, — fn(n) € [x — H,z]).
z€[pl/2,2p1/2]

Thus, we apply (3.3) and (3.5) to conclude the proof. O

15



A.2 Proof of Lemma 3.3

We now extend Lemma 3.1 to random walks enriched by additional random variables. The idea be-
hind the proof is that a random walk excursion is typically at distance O(n'/?) from the boundary.
Therefore, as soon as E(£3) is finite, we expect similar upper bounds for the branching random
walk. To prove Lemma 3.3, we first prove the following result, that is a direct consequence of [3,
Lemma C.1]

Lemma A.1. With the notation of Lemma 3.1, there exists C > 0 such that for any y > 0,

PGk <n:Th < fu(k) =y + &, Tj = fali) —y.5 <n) < Clnf/f (P(¢1 > 0) +E((€1)3))

Proof. Let n € N and y > 0. For k < n we denote by

T = HDy (Tk S fn(k) +£k7Tj Z fn(.])a] S n)
=By (Limo<ft)ree, 1,2 fr ()i <kt 13 PT s (T = fu(k+147),j <n—k—1))

1+ (Th — fu(k))
< CE, (1{Tk<fn<k)+sk,Tj>fn<j>,j<k} -kt )’

by Markov property and (3.4). Then, conditioning on (X, &) and applying Lemma 3.1, we have

¢ 1+y)(1 _ X2 Ak
7T’fﬁ(n_,Hl)l/zE(1{5k>o}(1+(£k)+)<( o) (—li;—f];)3/2 k)3 A )>)

We denote by (X, &) a random vector with the same law as (X, &;). We have

n—1

PEk<n:Tp < folk) =y +&T > fall) — 9,5 <n) <> m
k=0

n—1 1 - X 2 k
<C(l+ykE (1{520}(1 +(&)+) Z kg/t((s L 3L+1;\1/2>
k=0

_ 2
Observing that 22420 H(gkg# <C(1+ (£ —X)4), we conclude that

PEk<n:Tp < folk) —y+&.T; > fu(j) —y,j <n) < Clnj—/gy (P& > 0)+E((£1)7)) -

Proof of Lemma 3.3. We use Lemma A.1 to prove this result. Recalling that
T = inf{k‘ <n:Tp < fn(k‘) +€k+1} = inf{k <n:Tpy < fn(k) + (5k+1 + XkJrl)},

we have

P, (Tn < fn(n) +H,7<nT;> fn(])a] < n)
<P, (T < fu(n) + H,7 < n/Q,Tj > fn(])J <n)

To bound the first term, we apply the Markov property at time n/2, we have

<Py (1 <n/2,Tj > fu(4),j <1/2) sgg[@z (T < fa(n) + H,Tj = fu(n/2+j),j < n/2)

oLty

= pt/2 (PG +X1—120)+E (& +X-1)3)) x%,

by Lemma A.1 and (A.1).
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We denote by fj =T, —T,—; and EJ = &n—j. To bound the second term, we observe that

Py (Tn < fn(n) +H, 7€ (n/2,n],Tj > fn(J)J < n)

To = fuln) +y € [0, H], Ty < fuln) = fuln = j),j <n,
dk < TL/2 2Ty > fn(n) — fn(n — k) — fk,1

<P(T, — fa(n) +y € [0,H],T; < fo(n) — fa(n—7),3k <n/2: T > fo(n) — fu(n — k) — &k—1)
1+y
SCW PE+X1-1>20+E((&+X1-1)3)),
using the previous inequalities, which concludes the proof. O
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