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Abstract

For a standard binary branching Brownian motion on the real line, it is known that the
typical value of the maximal position M; among all particles alive at time ¢ is m;+©0(1) with
my = /2t — % logt. Further, it is proved independently in [1] and [2] that the branching
Brownian motion shifted by m: (or M) converges in law to some decorated Poisson point
process. The goal of this work is to study the branching Brownian motion conditioned on
M; < m¢. We give a complete description of the limiting extremal process conditioned on
{M; < V2at} with a < 1, which reveals a phase transition at a = 1—+/2. We also verify the
conjecture of Derrida and Shi [21] on the precise asymptotic behaviour of P(M; < v/2at)
for a < 1.

1 Introduction

Branching Brownian motion (BBM) is a spatial branching process that has been the subject
of a large literature in the recent years. On the one hand, its duality relationship with the
F-KPP reaction-diffusion equation has been the subject of several articles at the interface of

probability and analysis of PDE, see for instance [20], [L1], [25] and [2]. On the other hand, it
is the fundamental model to understand the BBM-universality class which includes the 2-dim
Gaussian free field [7], [12] and 2-dim cover times [18], etc.

We consider a one-dimensional standard binary branching Brownian motion. It is a continuous-
time particle system on the real line which is constructed as follows. It starts with one individual
located at the origin at time 0 that moves according to a standard Brownian motion. After
an independent exponential time of parameter 1, the initial particle dies and gives birth to 2
children that start at the position their parent occupied at its death. These 2 children then move
according to independent Brownian motions and give birth independently to their own children
at rate 1. The particle system keeps evolving in this fashion for all time.

For all ¢ > 0, we denote by N(t) the collection of the individuals alive at time ¢. For any
u € N(t) and s < t, let X,(s) denote the position at time s of the individual u or that of its
ancestor alive at that time. The maximum of the branching Brownian motion at time ¢ is defined
as

My .= max{X,(t) :u € N(t)}.
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The asymptotic behaviour of M; as ¢ — oo has been subjected to intense study, partly due to
its link with the F-KPP reaction-diffusion equation, defined as

Opu = %Au—u(l—u). (1.1)

Precisely, McKean [26] showed that the function (z,t) — wu(z,t) = P(M; < z) is the unique
solution of (1.1) with initial condition u(z,0) = 1;.50y for z € R.
With the help of (1.1), Bramson [11] proved that uniformly in z € R,
lim P(M; <m;+2z) = tlirn u(me + z,t) = w(z), (1.2)
— 00

t—o0

where m; = /2t — 2%/5 logt and w is the unique —up to translation—travelling wave solution of

the F-KPP equation at speed /2, which satisfies 1w” + v2w' — w(1 —w) = 0.
Later, Lalley and Sellke [25] showed that the limiting distribution function w can be written
as

w(z) == Ele~Co¢ ™ 20, (1.3)

where Cy > 0 is a constant and Z, is an a.s. positive random variable, constructed as the almost
sure limit of the so-called derivative martingale, defined for all ¢ > 0 by

Zy= Y (V2t— X, (t)eY2X 072,

u€EN(t)

Further, the extremal process ZueN(t) dx,(t)—m, of the BBM, that describes the relative
positions of particles around the tip of the BBM has gained much interest. It is conjectured
since the work of [25] that it converges in law to some invariant point process. Then, this
convergence has been verified independently by [I] and [2]. Let & :=)_ N(t) 09X, ()—m,- They
showed that as t — oo,

(&, My —my) = (S,meagcm),

where = denotes convergence in distribution. In the rest of the article, we always consider the
convergence of random measures with the vague topology, i.e., & = £ if (&, ) = (€, p) for all
continuous compactly supported function ¢.

Precisely, the limiting extremal point process £ can be constructed as

£ = Z Z 5;c+ya (14)

zEP yED,

where conditioned on Z, defined in (1.3), P is a Poisson point process with intensity C’Q\/iZooe_\/i’”dx
(Cp is the same as in (1.3)) and conditioned on P, (D,,x € P) are i.i.d. decorated point processes
in (—o0,0] with an atom at 0, which we refer to as the decoration of the branching Brownian
motion. Several properties of this limiting point process have been described in the recent articles
[16], [4], [5]-

We are interested in the behaviour of the branching Brownian motion conditioned on {M; <
ﬁat} with o < 1. We consider the shifted point process

Ei(a) = Z 5Xu(t)7\/§at7 t>0,
u€eN ()

under the probability P(:|M; < v/2at). We show that &(a) converges in law in the vague
topology to some limiting point process and obtain that the limiting point process exhibits a
phase transition at

ac::—yzzl—\/ﬁ.



The corresponding lower deviation probability P(M; < v/2at) also exhibits a phase transition
at o, as previously detected in [20] and conjectured in [21].

Before stating precisely our main result, let us briefly stress a few links with other works in
the literature.

1.

1.1

It is natural to consider also the branching Brownian motion conditioned on large maxi-
mum. Conditioned on {M; > v/2at} with o > 1, this question has been studied in [13] and
a Yaglom-type theorem was obtained. It is more subtle when a@ = 1 and Chauvin-Rouault
[14] also conjectured a Yaglom theorem in this case. In particular, it is proved in [2] that
conditioned on {M; > /2t+a/t} with any a € (0, 00), the point process ZuéN(t) Ox,(t)—M,
converges in law to some point process D, which serves as the decoration process appeared
in the limiting extremal process of BBM in their work.

. BBM is usually viewed as a continuous-time analogue of branching random walks (BRW)

in discrete time. In fact, the BBM should be considered as a BRW in Schréder case where
the offspring could be less than or equal to 1. There exist also BRWs in Bottcher case where
the offspring is at least 2. It has been detected in [15] that the atypically small maximum
comes from different mechanisms in the two cases. One could expect that the conditioned
BRW in Schroder case behaves similarly as conditioned BBM, yet conditioned BRW in
Bottcher case would be more complicated and be of different nature. It is an interesting
question to understand the conditioned structure in Béttcher case.

As 2-dimensional discrete Gaussian free field (2d DGFF) belongs to the BBM-universality
class, our result naturally leads to thinking about the description of 2d DGFF conditioned
to stay negative/positive, which is connected with the so-called entropic repulsion. How-
ever, the entropic repulsion is more challenging because of the following two aspects. First,
the interior bulk estimates of DGFF is comparable with the lower deviation estimates of
BRW in Bottcher case, which are totally different from that of BBM, see for example [29].
Secondly, the boundary estimates show that only the spins close to the boundary are re-
sponsible for the hard wall condition that the whole DGFF stays positive. One can refer
to [9], [22] and [8] for more details.

Our work on conditioned BBM could lead to further research on conditioned BBM in
presence of selection or coalescence which are closely related to the noisy FKPP equation.
The appearance of atypically large maximum for BBM with selection is discussed in [19].
The lower deviation for maximum is studied in [27] and [28] for BRW with coalescence. It is
intriguing to understand how the conditioned process and the large deviation probabilities
are modified by the selection or coalescence.

In view of (1.2) and (1.3), the event that M; is atypically small is related to the event that
Zs is atypically small. Inspired by this observation, one may consider the BBM or BRW
conditioned on {0 < Z, < €} which was asked in [24]. In the literature, [6] showed that
the law of a Galton-Watson process conditioned on the limiting martingale being small is
described as a Galton-Watson process with minimal branching until a given generation,
which then behaves as typical process after that generation. This phenomena occurs also
in our result. The heuristic will be discussed at the end of this section.

Main theorems

To state the main theorems, let us introduce the first branching time, defined by

T:=1inf{t > 0: #N(t) > 2}.



The corresponding position of the initial ancestor is Xy(7). Then we obtain the following result
on conditioned BBM.

Theorem 1.1. Conditioned on {M; < \/2at}, the following convergences in law hold.

1. If « € (—v,1), then, as t = oo, we have

(1-a)

T — t

<(1\/§o¢)’ X@(T) - (\/iat - mt—T)7 Mt - ﬁat) = (57 —X _E)7 (15)
2/t 173

where § and (x, E) are independent, with £ a standard Gaussian random variable and E an

exponential random variable with parameter \/2~. The joint distribution of (x, E) is given

by

1 ey
P(X S 1'7E 2 y) = 20(1) e*\/iﬁ’y/ eiﬁ’yzw(z)2dz’ HAS Rv Y € RJr?

— 00

where
1
oW = 3 / e"/g“’zw(z)zdz € (0, 00). (1.6)
R
Moreover, jointly with the convergence in (1.5), as t — oo, we have

Ei(la) = Ex(a) =& = Z Oz—x (1.7)

ze€&1UE

where given x, &1 and & are i.i.d. point processes distributed as &, defined in (1.4), condi-
tioned on {max & < x}.

2. If « = —v, then as t — oo, we have

Vit

where &, and (x, E) are independent, (x, E) are the same as in (1.5) and &, is a positive
random variable with density 2-3V2+D/AT((3y/2—1)/4)u®"/2e=2" du. Further, as t — oo,
we have jointly

(H? X@(T) - (\/Eat — mt—T)7 Mt - \/50[t> — (fON X5 _E)a (18)

Eila) = Ex(a) = &7, (1.9)
where £~ is the same as in (1.7).

3. If a < —~, then, as t — oo, we have
(t —t AT,V 20t — Xg(t AT), My — \/iat) = (b0, —Xas —Ea), (1.10)

where &, s distributed as

1 1 2
Sa(d ﬁaz+(17a )s 2d d
_Oé@<a) 0( S) + (I)(a) /Re ’U,(Z,S) zds,



with ®(a) == -1 + V2 [ ds [, dye(t=eM)stV2auy () )2 € (0,00), E, is distributed as an
exponential random variable with parameter —/2a, and the joint distribution of (£a, X, Fa)
is given by

P(éa < 21, Xa < 22, Eq > x3)

1 = e
=——11 2eV°%%d
(b(a) ( {zz<z2} /m?) fe z

] To2—XI3
+ \/5/ ds/ 6ﬂa(z3+2)+(1_a2)su(z,5)2d2>,
0 —o00

for any x1,z3 € Ry and 9 € R. Further, as t — oo, we have jointly

gt(Oé) —— 500(06) = 6_Xa]1{£a:0} —+ ]1{£Q>0} Z 691—Xa7 (111)
zEB1UB

where given (£a,Xa), B1 and By are i.i.d. copies of ZuEN(fa)éxu(ga) conditioned on
{Mga S X(l}'

Remark 1.2. One could see in the limiting point process £~ the union of two independent copies
of conditioned £. That is because for the conditioned BBM, the initial ancestor gives birth at
time 7 to two children, which independently produce typically behaved BBMs and thus give rise
to independent copies of £ conditioned to remain below some appropriate level. In the regime
where a < —+, we note that the limiting distribution of ¢t — ¢ A 7 as t — oo has a Dirac mass at
0, which corresponds to the probability that no branching occurs before time ¢.

To illustrate this phenomena, we draw, in Figure 1, schemes of the expected behaviour of the
branching Brownian motion conditioned to stay below v/2at in the three regimes.

ﬂat *****************

(a) a € (=, 1) (b) a = —vy (€) a < —vy

Figure 1: Scheme of the first branching time in different conditioning scenarios. The initial
particle is drawn in red, its two offspring giving birth to the green and blue subtrees respectively.
The typical branching zone is drawn as a grey area. Its width is of order t'/2 and its height of
order 1 in cases (a) and (b).

In this work, we also study the precise asymptotic of P(M; < v/2at) in the three regimes.
Derrida and Shi [20] obtained the exponential decay as follows,

e 2V2-D(A-a)t+o()  for —y <o < 1,

e—(1+ad)tto(t) for @ < —7, as ¢t — oo.

P(M,; < V2at) = {



A phase transition occurs at —y = 1 — /2 ~ —0.414. Later, Derrida and Shi [21] conjectured
the second order as below

C(l)(%t)%e*%(l*a)t, if @ > —,
P(M; < V2at) ~i (1.12)

q\;(gféef(ua"‘)t, if o < —7,

with C(1) define in (1.6) and
1 oo
(o) =——+ \/5/ ds/ dye(lf‘ﬁ)”‘/50‘-“11(y,s)2 € (0,00). (1.13)
@ 0 R

Here, we write f(t) ~ g(t) if lim; 00 % =1.
We verify this conjecture and obtain the asymptotic for . = —y = 1 — /2 in the next
theorem. Recall

cW .= %/e‘ﬁww(z)de € (0,00).
R

Theorem 1.3. Ast — oo, the following convergences hold.

1. If y<a<l,

P(M; < v2at) ~ OO (vgt) 7 e 210, (1.14)
where v, = ‘Y‘*‘T; €(0,1).
2. If a = —7,
P(M; < V2at) ~ C@37/4e= (147"t (1.15)
where
c@ ._ L/ u37/26*2“2du/ VIV (2)2dz = %.
3 If a < —,
P(M, < V2at) ~ ‘I;(%:t;eumw o

Remark 1.4. In fact, we could look closer around the phase transition point —y and obtain the
following results by a straightforward adaptation of the reasoning used in Section 5. We leave
the proof to interested readers. Let a : Ry — R with a; = o(t).

1. If a; = o(\/t), then

P(M; < —V2yt + a;) ~ O 31/4e=2V20t4V2var (1.17)
2. If a; = a/t with a € R, there exists a positive function a +— C(a) such that

P(M, < —V2yt + ay) ~ C(a)t3/*e=2V2i+V2yac (1.18)
3. If limy oo % = 0o and a; = o(t), then there exist C®) . Cc™ > 0 such that

P(M; < —V29t + ay) ~OPay eVt (19

IN

af
P(M; < —V2yt — a;) ~C WD (t/a,)>7/ 21712 2V2 Ve 35 (1.20)

A



Finally, we could consider the BBM conditioned on the event {M; < m; — a;} where
lim; 400 a; = 00 and a; = o(t). In that case the first branching time happens at a time of
order a;, and the process after that first branching time is a branching Brownian motion condi-
tioned on an event of positive probability. So the eventual limiting process is the same as in the
regime with « € (—v,1).

Remark 1.5. If a; = o(t) and lims_, o a; = oo, then as t — oo,
P(M; < my — ay) ~ CWem V200, (1.21)

Moreover, conditioned on {M; < m; — a.},

T —La
( 2/8t’X®(T) - (\/ET - a’t)’ Mt - (mt - at)) - (57 X5 7E), (122)
Q¢
and jointly,
Z 5Xu(t)_(mt—at) = 57) (123)
u€eN ()

where (£, x, E,£7) is the same as in Theorem 1.1.

Note that (1.21) is already known in the literature (see [2]); the joint convergence in distri-
bution described in (1.22-1.23) is new. One could follow the arguments in Section 3 to complete
the proof. We shall omit the details.

Remark 1.6. In this article, we choose to focus on branching Brownian motions with binary
branching, to keep the proofs as simple as possible. Up to minor changes, one can assume the
number of children made by an individual at death to be i.i.d. integer-valued random variables
of law v. As long as v(0) = 0 (i.e. the process never gets extinct) and > -, k(log k)?v(k) < oo
(an integrability condition guaranteeing the non-degeneracy of the limit Z,), we expect similar
results to hold.

Remark 1.7. Bai and Hartung in [3] considered the following joint deviation probability
P(Mf < \/50[2&, (Ta X@(T)) € ')7 a <l

They obtained the first order of the decay rate for various cases by imposing constraints on the
first branching time and location. Based on our work, it is possible to further refine their results
to obtain precise prefactors.

Before proving our main result, we quickly recall the heuristics given in [20] to explain the
asymptotic decay of P(M; < v/2at) in (1.12) in the next section.

1.2 Heuristics behind Theorem 1.3

Recall that 7 is the first branching time of the process and Xy(7) the position of the particle at
that first branching time. As particles behave independently after they are born, the probability
of observing an unusually low maximum decays sharply after each branching event. Therefore,
to maximise the probability of M; < v/2at, a good strategy is to control the first branching time
7 and the position Xg(7). Since we expect exponential decay in t of P{M; < \/2at}, then it
is reasonable to conjecture that 7 ~ A\t conditioned on {M, < v/2at}, for some )\, € [0,1], by
noticing the fact that P(7 > s) = e~°. Additionally, after that branching time, the offsprings
should led to two independent regular branching Brownian motions with length ¢ — 7, which is
an event happening with probability O(1). Therefore the maximal position at time ¢ should be



around level Xy(7) + v/2(t — 7), which has to be lower than v/2at. This yields another condition
Xg(1) < V2at +V2(1 — ).

Then, with B a standard Brownian motion, observe that

P(r ~ M, Xy(7) < V2ot +V2(r — t)) = e MP(By < V20t +V2(\ — 1)t)

%exp(—t(A—i—W)).

Thus, to maximize this probability, one has to choose the parameter A, € [0, 1] that minimizes
the quantity

(a—(1-N)?
A ———
* A
Note that if & > —y = 1 —+/2, this minimum is attained at A\, = % € [0,1], whereas if o < 7,

this minimum is attained at A, = 1.

As a result, we expect three different behaviours for the branching Brownian motion condi-
tioned on having a maximum smaller than v/2at, depending on whether « is larger than, smaller
than, or equal to —v. In the first case, the branching time should happen at some intermediate
time in the process, and the branching Brownian motion after this first branching time should
behave as a regular process, conditioned on an event of positive probability. If o < —~, then
one expects the process not to branch until the very end of the process, which allows an explicit
description of the extremal process in that case. In the intermediate case & = —+, the branching
time should be such that ¢ — 7 is large, but negligible with respect to ¢. In this setting, the
behaviour of the process after that time should not be too different from the case a > —~.

Organization. The rest of the paper is organised as follows. In Section 2, we state some
well-known results on branching Brownian motion and show some rough bounds of u(z,¢). In
Section 3, we treat the case where a € (—,1). Section 4 is devoted to the study of the regime
that a < —v. In Section 5, we consider the critical case a = . The proofs of some technical
lemmas are postponed to Appendix A.

In the following, we write f(t) ~ g(t) as ¢ — oo to denote lim; % = 1.
) _

f(t) = o4(g(t)) means lim;_, % 0. The quantities (C;)ieny and (¢;);en represent positive
constants, and ¢,C' are non-specified positive constants, that might change from line to line,
taken respectively small enough and large enough.

As usual,

2 Preliminary results

In this section, we recall previously known results on the maximum and extremal process of
branching Brownian motions. We source most of the results stated here from the book of Bovier
[10] for convenience, and refer the reader to it for the origins of these results. Using these results,
we obtain first order estimates on u(z,t) = P(M; < z).

Write E [X ; A] for E [X 1 AL with X a random variable and A a measurable event. For all
¢ € CF(R), the set of non-negative, continuous and compactly supported functions, we denote
by

I[ fez-xu@)|,

uy: (2,t) ERL xR—=E e Loent gD(Xu(lt)iZ);AMt < Z} =E
uwEN (t)

where
ﬁp Y = e_(’p(_y)]l{yzo}.



Then u,, is the unique solution of the F-KPP equation (1.1) with initial condition f,, i.e.

_1
Opu = 5Au —u(l — u), (2.2)
Up(2,0) = fu(2), for all z € R.
We remark that the cumulative distribution function of M; is given by u(z,t) = ug(z,t).
By [10, Proposition 2.22], the joint convergence in law of the centred extremal process and

maximal displacement of the branching Brownian motion can be rewritten as the following point-
wise convergence

tlggo up(me + 2,t) = w,(2), Ve €CH(R), Vz € R, (2.3)
where
wy(z) :=E e_f“’('_z)dg;maxé’ <zl.
Moreover, convergence (2.3) in fact holds uniformly on compact sets, by [10, Lemma 5.5 and

Theorem 5.9]. For any K > 0, as min,¢[_ g x] w,(2) > 0, this uniform convergence result implies
that
Hm sup [up(mi + 2,t) — wy(2)]
t=00 | L1<K wy(z)

= 0. (2.4)

Hence, uniformly for z € [-K, K], u(m; + z,t) = w(z)(1 + o(1)) as t — oo.

This straightforward upper bound, combined with the lower deviation results of Derrida and Shi
[20] gives us the following lemma.

Lemma 2.1. For any B > 1 and € > 0, there ewists t. g > 1 such that for any t > t. g,

1, ifa>1;
6727(17a)t+6t’ Zf —vy<a< 1;
em(Faditet - if B <a< —y;

u(v/2at, t) < (2.5)

e=a’t, ifa < —B.
Proof. Let § > 1. We begin by noting that u(z,t) <1 for any z € R and ¢ > 0. Let (B, t > 0)
be a standard Brownian motion. It follows from [10, Lemma 1.1] that for any z > 0 and ¢t > 0,
1/2 1;2 \/»
e ® F e t 22
7dz=/ ——=dz=P(B; > 2) < e %, 2.6
/Z V27t —oo V27t (B )< 22T (2:6)

At time ¢, the system contains #N(¢) > 1 individuals, the positions of which are distributed
with the same law as B;. Therefore, for any t > 0 and z € R,

u(z,t) =P(M; < 2) <P(B; < 2),

which using (2.6), yields for z < 0:

Thus, for any a < —1, we have

1 2
u \/iatﬂf < —F=e¢ = )
( ) —2av/ 7t



for all t > 1. To complete the proof, it is therefore enough to bound u(v/2at,t) for a € [-3,1).

Let us reformulate Derrida and Shi’s result [20, Theorem 1] as follows:
] 0, if a>1;
tlim : logu(v2at,t) = (a) := { —2y(1 —a), if —y<a<l; (2.9)

—(1+a?), ifa < —.

Note that being a cumulative distribution function for any ¢ > 0, the function z — u(z,t) is

non-decreasing. Thus, both M and ¥(a) are non-decreasing in a € R, and moreover
is continuous. By Dini’s theorem, the convergence in (2.9) holds uniformly on any compact sets
in R, hence in particular on [—3,1]. As a result, for all € > 0, there exists t. g > 1 such that for
all t > t. g, we have

1
sup |~ logu(v2at,t) —1(a)| < e. (2.10)
a€[—p4,1]
We then deduce (2.5) from (2.10) and (2.8). O
Next, we recall [15, Theorem 1.7], that gives a tight estimate on the moderate lower deviations

of the maximal displacement: for any sequence (a;) such that lim;_, . a; = 0o and a; = o(t),
P(Mt <my; — at) — e*ﬁ(’Y‘FOt(l))at.
We strengthen the above estimate into the following non-asymptotic upper bound for u(m;—z,t).

Lemma 2.2. For any ¢ € (0,1), there exist K5 > 1 and Ts > 1, such that for any t > Ts and
any z > Ks,
u(me — z,t) = P(My <m; — z) < cge”V2I(1-0)z (2.11)

with ¢cs > 1 a constant depending on 6.

Proof. The idea of the proof of this result is mainly borrowed from the proof of Theorem 3.2
(Case 2) in [23]. We apply the Markov property at some intermediate time, and observe that
either there is an anomalously small number of particles alive at that time, or all of the particles
alive at that time must satisfy Lemma 2.1. The detailed proof is postponed to Appendix A.1. [

Next, we present a decomposition of the branching Brownian motion at its first branching
point, which severs as the basic idea behind the proofs of all the main results. Recall (2.1).

Lemma 2.3. Let ¢ € CI(R). Then u, satisfies

t
uy(z,t) = e 'E (6_99(3‘_2);3,5 < z) —|—/ e_sds/ P(Bs € dy)uy(z —y,t — 5)? (2.12)
0 R
=:U{ (2,t) + US (2,1t), (2.13)
where (By)i>0 s a standard Brownian motion.

Proof. In fact, (2.12) is a simple consequence of the Markov property applied at the first branch-
ing time of the branching Brownian motion. Indeed, at time ¢, the original ancestor did not split
with probability e~?, in which case its position is distributed as a Gaussian random variable with
variance t. Otherwise, the ancestor died at time s with probability e”*ds, in which case the
branching Brownian motion at time ¢ has the same law as the sum of two independent branch-
ing Brownian motions at time ¢ — s, shifted by the position of the ancestor at time s, which is
distributed as Bs. O]

10



Taking ¢ = 0 yields that for u(z,s) = P(M; < 2),

u(z,t) = e "P(B; < 2) —i—/o ds/RP(BS € dy)e *u(z — y,t — s)%. (2.14)

As we write u for ug, we denote by Uy and Us the quantities defined above with ¢ = 0. (2.14)
allows us to bootstrap close to optimal bounds on u(ﬂt — ag,t) from a priori bounds, using
Laplace’s method (see e.g. [17, Chapter 4]). This allows us to obtain equivalents for different
regimes as t,a; — 00.

To complete this section, we an uniform estimate of Uf(\/?at, t) for a € [0,1), as well as an
exact asymptotic for o < 0.

Lemma 2.4. Let ¢ € CFH(R). For a > 0, we have

e_H‘P”oc

et <UP(V2at,t) < et (2.15)

where ||¢||loo := sup{p(z) : z € R}. Moreover, for e < 0, we have

. 1 0
tll>nolo \/g6(1+az)tU{"(\/§at,t) = \/ﬂ/ efeo(y)f\/iaydy_ (2.16)
—(14a?)t
In particular, for a < 0 we have Uy(v2at,t) ~ ﬁ as t — oo.

Proof. We have U¥(v2at,t) = et E(e=?B:—V2a1). B, < \/2at). For all a > 0, as ¢ is non-
negative, we have 1 > E(e=?(B:=vV2e). B, < \/2at) > e~ I°l=P(B, < 0), which is enough to
prove (2.15).

Additionally, for o < 0, by Girsanov transform, we then have

Uf(\/iat,t) — e~ (et g (e_“’(B‘)_\/%B”; B, < O)

—(14+a?)t 0
_ e ( ) e_y2/2t_¢(y)—\/§aydy. (217)

V21t — o

The dominated convergence theorem yields

0 0
lim e—y2/2t—w(y)—x/§aydy - / e—sa(y)—\/iaydy,

t—o0 oo o

which completes the proof. O

3 The case -y <a<1

In this section, we treat the case when 1 — /2 < a < 1 and prove (1.5), (1.7) and (1.14). Recall
that v = v/2 — 1 and if —y < a < 1, we expect the existence of \, € (0,1) such that with high
probability the first branching time of the branching Brownian motion conditioned on the event

{M; < /2at} is close to \,t. In this situation, we have A\, = %

For all a € (—,1), we have u(v/2at,t) = e~27(1=)t(+0:(1)) 1y [20]. Moreover, observe that

1, fo<a<l;
14+a?, if —y<a<O.

29(1 —a) < {

11



As a result, Lemma 2.4 shows that Uy (v/2at,t) = os(1)u(v/2at,t) for all a € (=, 1), which by
(2.13) implies that u(v/2at,t) ~ Us(v/2at,t) as t — co. We thus turn to study US(v2at,t),
which is by definition

_ (ms+z—VZat)?

7(t S T 2(t—s)
US (V2at,t) / ds/ dz S Nez= ) uy(ms + 2z, 8)%.
-5
Recalling that v, = 7\?0‘ 1- T (0,1), our next lemma consists in the observation that

most of the mass on this double integral is carried by {(s,2) : |s — vat| < AV, |z — m,| < K},
with A, K large enough constants. This is consistent with (1.14), and can be thought of as a
proof of the tightness of the family of variables

{(til/Q(T - (1 - Ua)t)vX@(T) - (\/iat - mt—T)7Mt - ﬁat"g‘f)’t > 0}'

For any Borel sets I C [0,¢] and B C R, let

(ms+z—V32at)?
§)——= 3(t—s)

—(t—
U (V2at,t, 1, B) /ds/ 4z < uy(ms + z,5)2.
2m(t — s)
Lemma 3.1. Let o € (—v,1), we set I 4 = [vat — AV, vat—&—A\/ﬂ N[0,¢t] for all A,t > 0. For
all p € CH(R), we have

627(17a)t

lim sup lim sup i

K—oo t—o0

(U (V3at.t) — US (V3at, t, Ia, [-K,K])] =0a(l).  (3.1)

The proof of Lemma 3.1 is postponed to Appendix A.2. A consequence of this result is that
the asymptotic behaviour of Uy (V2at,t) as t — oo is captured by the following lemma.

Lemma 3.2. Let o € (—v,1), we set I; qp = [Uat + avt, vat + b\/f} N[0,¢] for alla < b € R.
Then for all a < b and a’ < V', we have

eZ'y(l—a)t , /e
. 2y 2
tli>Holo 7(%”37/2 Us(V2at, t Lt ap, [aV]) / mdr/ wy(z)*dz. (3.2)
Proof. Recall that we can write
’Uater\/ (t S) v’ (\/Eoetfm,sfz)2
US(V2at,t, Iy g p, [d b :/ 2= ug(ms + 2, 5)%dz.
2 ( t,a, [ D vt tayi \/m 90( s )

By the uniform convergence (2.4), we observe that uniformly in s € I; 4,

b’ _ (VZat—mg—=z)? 9 v’ _ (VZat—mg—z)> 9
e W= ug(ms +2z,8)°dz ~ e 0= wy,(z)°dz,
a

’ a’

as t — oo. Then, with the change of variable s = ut, we have

UQ(\/iat, t, It,a,ba [a/a b/])

log(ut)—=z

b —tga v
N/U ‘/? te~t9a(w) < (3 log(ut)—v/22)— 2f”Www(Z)de
v

61 u
at \/27'('15 1—w)

12



as t — oo, by setting

)2
go(u) :u € (0,1) = (1 —u)+ % (3.3)
Note that uniformly in z € [a/,¥'] and in u € [v, + JprVa t %], as t — oo we have
. 2
(Tﬁ log(ut) — z) .
iy o)
and u—a’(§10 (ut)—ﬂz) = Z)’—’ylo (Vat) — V272 + 01(1)
1—u \2 g - 9 gV Y t .
It then follows that as t — oo,
UQ(\/iatv t, It,a,by [ll/, b/])
ot)37/2 vatl v
~ _wat)E e_tg“(“)\/%du/ e_ﬁwzww(z)de. (3.4)
\/271'(1—7)0() va_i,_% a’

We only need to estimate the first integration by doing an asymptotic expansion of g, around
Vo. By change of variable r = v/t(u — v,), we have

va+% b .
/ e_tg°(“)\/fdu:/ e~ va ) qp,

at

Note that g, is smooth and strictly convex, and attains its minimum of 2y(1 — &) at u = v,. By
Taylor’s expansion at v,, we have as |h| | 0,

2V2

ga(va + h) - ga(va) = th + O(hZ)' (35)
Hence,
U“Jr% b 2v2 .2
/ eftga(u) \/fdu — 6727(17a)t/ e vl +ot(1)dr
vaJr\% a
b 2v2 .2
~ 6727(17a)t/ e il dT,

as t — 0o by dominated convergence. In view of (3.4), this is enough to conclude (3.2). O

To prove (1.5),(1.7) and (1.14), first, for all ¢ € CI(R), x1,2z2 € R and z3 > 0, we set

Fi(p; 21,22, 23)
=E (e_fvdg‘(a); Lﬁ”“)t < 21, Xg(1) > V2at —my_, — x9, My < V2at — xs),

and we shall study the asymptotic behaviour of this quantity as ¢ — co. Applying the Markov
property at time 7, we have

Fi(p;x1,x9,23) = U;z?’w (\@at, t, [Uat — Ve, t} , (—o0, 5(32]),

13



with 7., : y — ¢(y — 23). Therefore, using Lemma 3.1 gives

tli>rrolo egV(l_a)t(Uat)_?"ymFt(@; T1,T2,73)

2f2
A e

—dr
—x1 \ 7T1 —

with the 04(1) term being uniform in K, using that by definition, w,,, = w,(- — ). Hence,
letting K — oo then A — oo, we conclude that

e~ V212, (fog) dz 4+ 04(1) + 0k (1),

2y(1—a)t
tli>oo (Va t)3’Y/2 (

e Par 9
©;T1, T2, T3) / / (z — x3)*dz. (3.6)
—z1 'V ’/T]. -«

With (3.6) in hand, we are now ready to prove (1.5),(1.7) and (1.14).

Proof of (1.14). We first prove (1.14). By (2.14), we have

P(M; < V2at) = Uy(V2at, t) + Uz (v20t, 1) = Up(v20t, 1) + ot*7/2e~ (040
using Lemma 2.4. Applying then Lemma 3.1, for all A, K > 0 we have

)

tlim (vat)*37/2e(1+a2)tP(Mt <V2at)
—00

= lim (vat) 772N E (0; 4, K, 0) + 04(1) + oxc(1).

Hence, letting K — oo then A — oo, by the monotone convergence theorem, (3.6) yields

lim (vat) 320 P (M, < V2at) = / ——dr / V22
— 00 /27_[_

/ V2rEy(2)2dz = O,

O
Proof of (1.5). By (3.6), for all z1,22 € R and 23 € R, we have
(1 )
-

( ( <1, Xp(1) — (V2at —my_y) > —20, My — V20t < —333)
\/t
(0 $1\/ , T2, $3)

_ 2 e T2 _Vz 2
~ (vat)37/2e (e )t/ dr e VI w(z — x3)*dz, ast— oo.
_ V8T
1

— 00

(M)

Thus

Fy(0; /0= )

. 12 X2, T3
lim
t—o0 P(M; < V2at)

1 o1 6_% _ x F2TEs — z
:m[w mdwe vy 3/ e VT w(z)?dz,

— 00

which yields (1.5).

14



Proof of (1.7). We finally turn to the proof of (1.7), i.e., the joint convergence in distribution
of the extremal process seen from \/2at, conditioned on {M; < /2at}. By a straightforward
adaptation of [10, Proposition 2.2], to obtain this weak convergence, it is enough to obtain for
all ¢ € CF(R) and z1,22 € R, 3 > 0 the convergence

tlim E {eif@dst(a);T < (1 = vt 4 21Vt Xp(7) > V2at —my_, — IQ’Mt < \/iozt}
— 00
=E [e_fwdgi;x < $2}P(§ <z %)

By (3.6) and (1.7), we have immediately that

F(QD,QH?!TQ,

lim arf "
t—o0 P(M; < \fat 1)/ /2771 o /

e VIR »(2)%dz.

Observe that according to the definition of £, writing £ for the limiting extremal process of the
unconditioned branching Brownian motion, we have

E [e_f“”dgf;x < 962} /"’”2 E {e_ PORIRICED

— 00

1
- 20(1)/ eV wy(2)dz,

2
max & < z} P(x € dz)

which is therefore enough to end the proof. O

Remark 3.3. Theorem 1.5, which can be thought of as & = 1—0,(1), could be obtained following
a similar line of proof as above. The principal difference is that the Laplace method in the proof
of Lemma 3.2 has to be applied with a maximum obtained on the boundary of the interval of
definition. All other estimates follow with straightforward modifications, by replacing 1 — « by
at/ﬁt. We thus feel free to omit the proof of Theorem 1.5.

4 The case a < —v

We now treat the case of @ < —v. We use in this section that, conditioned on the event {M; <
v2at}, with high probability no branching occurs before time t—O(1). We use this observation to
prove (1.10), (1.11) and (1.16), by using the decomposition presented in Lemma 2.4. Contrarily
to the previous case, U{ and Uy are of the same order of magnitude.

Note that the asymptotic behaviour of Uf(v/2at,t) is given by Lemma 2.4. To study the
asymptotic behaviour of U (v/2at,t), we begin by showing that ¢ — 7 is tight conditioned on

{M; < V2at}.

Lemma 4.1. Assume that a < —v, then for all ¢ € CH(R) we have

lim lim Ze( e UL (V2at,t, [A, 1], R) = 0. (4.1)

A—oo t—+00

The proof of Lemma 4.1 is postponed to Appendix A.3. The next lemma completes the
description of the asymptotic of Uy .
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Lemma 4.2. If a < —7, then for any x > 0 and —o0o < ¢ < d < 0o we have

tllglo \/ie(1+°‘2)tU§’(\/§ozt,t, [0, 2], (¢, d)) / / eV2auy oy, 5)2e™ **)sdyds. (4.2)
Moreover, we have
/00 / e(l_a2)5+\/§ayu(y,s)2dyds < 00. (4.3)
Proof. Fix x > 0 and —oo < ¢ < d < co. Observe that we can rewrite
R

T d
Uf(\/iaut, [0, 2], [¢,d]) :/ ds/ dy \/ﬁ uw(y,s)2

— (1402 )t Sy (VEas=1)?

1+O¢2)t _(\/E()Lsfy)2
~N— = / ds/ dyel a? fay FIGED) utp(yvs)z,

as t — oo. Then, by the monotone convergence theorem, as ¢t — oo we have

z pd 2 T d
(V2as—y)
/ / eﬂay—%ti_s)yucp(y, 8)26(17a2)sdyd8 / / eﬁayuw(y’ 8)26(17a2)sdyd5,
0 c 0 c

which completes the proof of (4.2).

The rest of the proof is devoted to show that fo f (1-a )5+fa’/u(y 5)2dsdy < oo. As a
first step, we bound for any s > 0 the quantity I, := [ efayu(y s)2dy. First, by (2.7), for all
y < 0 we have 0 < u(y, s) < 2o u?/25 p 1, therefore

\y\

I, </ \faydy+/ \[ayefy /sdy< +5\/7611 s

_\[a

by (2.6). As a result, for all A > 0, we have

A A
/ /6(17'1 JotV20uy(y 5)2dsdy = / 1= [ ds < oo (4.4)
o Jr 0

To complete the proof of (4.3), it is enough to bound [, [5 e(1=a)s+V2ay () 6)2dyds for
A > 1 large enough. Recall that u(y,s) = P(M, < y) is close to 1 for y > +/2s and to 0 for
y <L v/2s. Observe that

/ / e(1—o H"fo‘yu (y, s)*dyds </ / e(1=o H"f("ydyds

/ e(1mof)st2as g o o0, (4.5)

_\fa

using that for all @ < —v, 1 — a? + 2a < 0. Therefore, we only need to bound
(e’ ﬂs N (e’ 1 5
/ / ell=a )SJFﬁayU(y’S)Qdde :/ / ell=a7)st2zas,,(\ /915, $)2\/2sdads,
A —o0 A —o0
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by change of variable y = v/2sz. We now apply Lemma 2.1 to bound u(v/2xs,s)? for s large
enough, depending on the region to which z belongs.

Let € > 0, that will be taken small enough later on, and 8 > 1 — «/2 > 1. We assume that

A > t. g, and we bound the above integral using (2.5). First, for  in the interval [—v, 1], we
have

oo 1
/ / 6(170‘2)”20“%(\@993, 5)2v/2sdzds
A -y
oo 1
</ / 6(17042)s+2a$56747(17z)5+255ﬁsdxds
=/, .
oo 1
S/ \/556(17(1274'y+26)5/ 6(2a+4'y)zsdxds
A v

m fA 6(1 « +2a)9+253d5 if — 27 <a< -
S VR ) [ selloesamerisgs TP—
_\/i(a+2’y) fA e(l—a 2 _4y—20ay—4~? )s+253d8, if o< —2.

As1—a? -4y —2ay— 492 <0 for all @ < —2v, we conclude that for all € > 0 small enough,
0o 1
/ / e(l_az)s+2°‘mu(\/§x5, 5)2V2sdzds < oo. (4.6)
A Sy

We then consider the case z € [, —7]. In fact
o) -
/ / 6(1,a2)s+2awsu<\/§x878)2\/§sdxds
A J-p
S/OO /ﬂ/ e(1=a)s+20ms o —2(1+2")s 4285, /5415
) v 2
/ Vase—(1+a?/2— 26)9/ e~ 2@=a/2 s 4z ds

/ 1/ —(4e?/2-26)s 4 < o0, (4.7)

for all £ < 1/2. Similarly, for z < —p:

0o -8 00 —B
/ / e(-at)st20msy (/5 92\ [Bsdads S/ ﬂse(l—az/Q)s/ o 2a—0/2s 4
A —o00 A

— 00

00 ) —B—a/2 )
§/ V2sell— /2)3/ e~ 2 s dyds.
A

— 00

Using that —f8 — /2 < —1, we have for all s > 0:

—B-a/2 2 > 2 1
/ e—2y sdy < / e—2y sdy < 76—25’
—00 1 4s

by (2.6), yielding
/ / (1-a®)st2awsy, (/s 5)2v/2sdads < —/ e(~1=0%/2)s : (4.8)
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Consequently, using (4.5-4.8), for any A > 0 large enough

0o 1
/ / 6(1_0‘2)8+2xa8u2(\/§$57 s)\/§5dmds < 00,
A J-x

which, with (4.4), completes the proof of (4.3). O

We now first prove the joint convergence in law of the first branching time and position, and
the shifted extremal process, conditioned on {M; < \/Eat}, when a < —7.
Observe that by same reasonings as (2.17), we have

E (e‘f*@d&(‘”m > t, M, < v/2at — z)
e—(1+a?)t  r—z
V21t — 0

as t — oo. Similarly to the case o € (—,1), the key to the proof of this theorem is the
determination of the asymptotic behavior of

=E (e_“’(Bt_\/iat); B; <V2at — z) ~ e~ P ~V2ayqy (4.9)

Gi(p; w1, 72, 23)
=E (e_f"dgt(a);t —tAT < xp, 10 < V2at — Xg(T At), My — V2at < —xg),

ast — oo, for 1 > 0,20 € R, 23 € R.
Using the branching property at time 7, we observe that

Gi(p; 21, 2,23) = Uy"*7(V2a, 1, [0, 21], [22, 0)),

and therefore, by Lemma 4.2 we have

Xy o0
lim t1/26(1+a2)th(go; x1,T2,T3) :/0 e(l_o‘z)s/ eﬂayutp(y — x3,5)?dyds. (4.10)
T2

t—o0

We are now in the position to prove (1.10), (1.11) and (1.16). We begin with proving (1.16).
Proof of (1.16). Observe that by (2.13), we have

P(M; < V2at) = Ui (V2at,t) + Us(V2at, t).

Using (4.10) with xo = —oo and x; = A together with Lemma 4.1, we have letting ¢ — oo then
A — oo

t—o00

lim t1/26(1+°‘2)tU2(\/§at,t) =/ 6(1—042)5/ (3‘/§°‘yu(;y—ch,s)Qdyds7
0 R

which, together with (4.9), implies P(M; < v2at) ~ %e*a*‘ﬁ)t as t — oc.

Proof of (1.10) and (1.11). To prove (1.10), it is enough to observe that

hm Gt(¢7 $1,$2,$3) — ~4’/T /11 6(1*0‘2)56\/50‘13 /I27$3 eﬁayu¢(y75)2dyd57
1 P(M, < v2at) | @) Jo g

oo

18



by (4.10). This proves that (t—tAT, v2at— Xg(tAT), M; — \/2at) jointly converge in distribution
as t — oo.

We now prove the convergence of the extremal process & (a). For any ¢ € CH(R), using again
the decomposition at first branching time of the branching Brownian motion, we have

E {e*f@dgt@‘); M, < ﬂat} = Uf (vV2at,t) + US (V2at, t),

which, by (4.10) and (1.16), yields

lim E [e*f pd(e)| pr < \@at}
t—o00
V2 ([P o-va > V3 2
__ve —»(z)=V2azgq d 2az+(1—a®)s 2d )
(I)(a)(/_ooe z+/o S/Re Uy (2, 5) z)

As u(z,s) = E (e_ Z“ENW gO(X“(S)_Z); M, < z), we observe that we can rewrite this limit as

/ E[exp(— Z @(Xu(s)—z)NMs Ser@aEds,xa € dz)
Ry xR wEN(s)

— E[efftpdgm(a)]
proving that & (a) converges weakly to € () in P(:|M; < v/2at)-distribution. In the same
spirit as in the proof of case o > —+, one could obtain the joint convergence in distribution of

&i(a) with (t —tAT, Xg(t A T)), thus completing the proof of (1.11). O

5 The critical case a = —v

We consider in this section the case a = 1 — /2 = —v and prove (1.8), (1.9) and (1.15). In this
case, the first branching time should occur around time ¢ — O(tl/ 2) with high probability. We
use again (2.14) to compute the asymptotic behaviour of P(M; < —/27t), and decompose the
integral (2.12) onto sub-intervals of interest to prove the joint convergence in distribution of the
first branching time and position and the extremal process of the branching Brownian motion.

Recall that, by (2.13), we have u(—+v/27t,t) = Uy (—v/2t,t) + Uz (—v/27t,t), and by Lemma
2.4, we have, as t — 00,

1 : .
Ul(*\/irytvt) ~ \/ﬁei(prvz)t < t37/467(1+72)t. (51)

Therefore, to complete the proof of (1.15), it is enough to show that
Us(—V27t, ) ~ CO$3/4e=0H gt 5 o0, (5.2)

Moreover, for any 0 < a < b <t and a’ < b/, we set

; (ztmetV3yt—ay)?
2(t=2)

u(ms + z, 5)%dz.

b
Us(—v/2rt, 1, [a,b], [d, ']) 1= / e~ (t=2) g

a @ 2m(t — s)

Equation (5.2) follows from the next two lemmas.
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Lemma 5.1. For all A, K > 0, we have

i (1)t
R T

UQ(i\/i’Yt?t) - UQ(f\/ﬁryt?tv [\/%/A’ A\/ﬂv [7K, K]) = OA(l) + OK(l)'

This lemma allows to localise the first branching time and position, conditioned on {M; <
—/27t}. We note that it is similar to the proof of Lemma 3.1, and postpone its proof to
Appendix A.4. The next lemma gives a more detailed estimate of the time at which this branching
event occurs.

Lemma 5.2. For any 0 < a <b and ¢ < d fized, for all ¢ € CT(R), we have

(1)t

lim ————U$(—V27t,t, [aVt, bV1), [a', 1))

t—o00 t3'7/4

I 2 Y
=— [ P27 qr e~ VIR (2)%dz.
V2m /a /a ’

Proof. This proof is similar to the proofs of Lemmas 3.2 and 4.2. By (2.4), we have

i ;o (Gms+VEy1)?

2(t—s)
US(=V2t,t, [aVt, bV, [, b z/ e~ (=9)qs A
2( Y [ } [ ]) i o \/m <P(

’ 7(Z+ms+\/§7t)2
b —(t—s) € 2 2
~ e ds ——w,(2)"dz,
a

Vi o A/ 2m(t—s)

as t — co. Note that 14 42 = 2v/2v. Hence by simple calculations we obtain

ms + 2, 8)%dz

UL (—V29t,t, [av/t, bV1), [d, b))

byt ) b’
~ e—(1+v2)t/ §31/2e= % ds / e_\/ﬁ“fzwi(z)dz, as t — oo.
Vi V2t Jor

With a change of variable s = rv/t, the proof is now complete. O
Now we are ready to prove (1.10), (1.11) and (1.16).

Proof of (1.15). Recall that it is enough to prove (5.2). For all ¢t > 0 and A, K > 0, we have

Us(—V29t,t) = (U2(—\/§7t, t) — Us(—V29t,t, [VE/A, AV, |-, K}))
+ Us(—V27t,t, [V/A, AV, [~ K, K]).

Therefore, using Lemmas 5.1 and 5.2, we obtain

lim t_37/4e(1+72)tU2(—\/§7t, t)

t—o00
=o04(1)+o0ox(1)+ — P32 2 dr/ e_ﬂ'yzwz(z)dz,
2 J1/a -K

which converges to C®) as A, K — oc. O
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Proof of (1.8) and (1.9). For any x1,z5 € R} and 2o € R, applying the Markov property at
time 7, and using (5.1), we have

P(T >t — a1Vt Xp(1) > (—V2yt +my_y) — 29, My < =27yt — 373)

t o]
:/ e_rdr/ P(B, € dy)u?(—V2yt — x5 —y,t — 1)
t—z1VT (—V2yt—mi_p)—m2

oy (1) A

_ (z+ms+V2yttag)?

Il\[ T2 2(t—s) 2
/ dS/ u2(ms + z, S)dz + Ot(l)t3’y/4e_(1+,y )t7
27T(t — s)

using the change of variables s =t — r and 2z = —/2yt — 23 — y — m,. We now apply Lemma
5.1 to obtain

P(T >t — a1V, Xo(1) > (—V2yt +my_y) — 9, My < —V/27t — arg)

—(0a.4(1) + 0x 4 (1) + 0 (1))#37/ 2= (1471
1Vt _ (ztmst+vEyttag)?

L2 —T3 2(t—s)
/ ds/ u?(ms + z, s)dz.
Vi/A V27 (t —s)

Then Lemma 5.2 gives
P(T >t —x1Vt, Xg(1) > (—V2yt +my_r) — x9, My < —V/29t — x3>

~ \/%t3'y/4e—(1+72)t/ ' T3W/26—2T2d7«/ o e“@’Y(Z“‘“)wQ(z)dz as t — oo,
v 0 _

oo

which, together with (1.15) proves (1.8).
We now turn to the proof of (1.9). For any ¢ € CJ(R), using again the Markov property at
time 7, we have

E[e—j’m&(—v); M, < V2]
e Ele BV, B, < By
¢
+/ e_TdT/ P(BT c dy) E |:€_ ZuEN(t—T) W(Xu(t—r)-i-y-&-\/?’yt); M,_, < —\/§’Yt —y
0 R
On the one hand, by (2.16),
et E[e# BV B, < _\/oy1] < e T'P(B, < —V291) = ot(l)t37/4e_(1+°‘2)t.

On the other hand, using again Lemmas 5.1 and 5.2, we obtain

t
/ e—rdr/ P(B, € dy)Ele ZuEN(tfry-) LP(XU(t_r)+y+\/§ﬂ{t);Mt7r < —\/§’7t _ y]2
0 R

Nt?w/4e—(1+'yz)t/ 3'7/2 —2r? dr / f’yz d
0

as t — oo. It thus follows, using (1.15), that

im E[ Jedee=npy, < \fyt VB2 (1) = [e‘f“’d“f},
t—o0 1)
which, by [10, Proposition 2.2] is enough to conclude (1. 9) O
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A Proof of Lemmas

We prove in this section some of technical lemmas, that are needed to complete the proofs in the
previous sections.

A.1 Proof of Lemma 2.2

Recall that Lemma 2.2 consists in the following non-asymptotic estimate: for all § > 0, P(M; <
my —z) < 056*‘@7(1’5)2 for all t,z > 1.

Proof of Lemma 2.2. We begin by bounding P(M; < m; — z) for 1 < z < t. Denote by n(t) :=
#N (t) the total number of particles alive at time ¢. As every individual gives birth at exponential
rate to two children, the process (n(t),t > 0) is a standard Yule process. Hence P(n(t) = k) =

e t(1—e )*~1 for any k € N. Let 5 € (0,0) small enough, such that J := L%J > 1. Observe
that

P(M; <my —2) <P(n(Jzn) < 2%) + P(n(Jzn) > 2% M; < my — 2)

J
<z3e I 4 ZP(n((k —1)zn) < 2% < n(kzn); My < my — 2). (A1)
k=1

Let (B¢)>0 be a standard Brownian motion, independent of the branching Brownian motion.
Using [23, Lemma 5.1], for any 0 < s < t and = € R, we have

where M := maX,en(y+s),usv Xo(y +8) — Xu(s), and u < v means that v is a descendant of u.
For any 1 < k < J, one has

P(n((k—1)zn) < 2° < n(kzn); My < m; — 2)
3 . u
<P(u((k — Do) < 2 < nlben) e (Buay + M yoy) < 10— 2
<P(n((k —1)zn) < 2* < n(kzn); Bizn <My — My—jony — 2) + P(My_jozy < mt,kz,,)zs. (A.2)
On the one hand, for 1 <k < J, by (2.6),

P(n((k - 1)277) < 23 < n(kzﬁ)§ Bkzn <my — Mt—kzn — Z)
<Pln((k — 1)zn) < 2)P(Byey < —(1 — V2hn)2)

kz _ (A—3kn)?
< Be-th-nz_ VEE oot

(1 —/2kn)=z
As (1 —V2kn)y/z > (1 —27)y/z > /Jn for z > 100, we deduce that
P('fl((k - 1)277) < 23 < n(kzn)a Bkzn <mg — Mt—kzn — Z)

< ZBel? exp{ — [kn + 7] z} (A.3)
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On the other hand, as t — Jnz > (1 — \/i'y)t — 00 as t — 00, using that z < t and the
convergence (2.3), there exist ¢y > 1 and ¢g > 0 such that for all ¢ > ¢y and 1 < z < ¢, one has
P(M;_pzn < My—pzon) < e < 1. Then,

P(Mtfkrzn < mtszn)ZB < 6_6023- (A4)
As a result, using (A.2), (A.3) and (A.4), for ¢ > ¢y and 100 < z < ¢, (A.1) becomes that
P(Mt < my — Z)

) . 1 —v/2kn)?
<PBememV2rE 4 g sup (zdenz exp ( — [kn + ( \k[ n) }z) + 676023)
n

1<k<J 2

2 1—+/25)2
SZSanef\/i'yz + @ sup (23€nz exp ( _ [S—i— ( \[S) }Z) + efcoz3>

n 0<s<V2y 2s

:Z3enze—\/§7z + \@Py (Z3enze—\/§'yz + e—coz3> .
n

For € (0,1) small enough, we could take n = v/27y6/2, t > tq and z € [Kj,t] such that
P(M;<my—2z) < 056_‘/57(1_6)Z.

Up to enlarging the constant cg, this equation will hold for all 1 < z < ¢.
We now bound P(M; < m; — z) with z > ¢t. We apply (2.5) and obtain that for z > ¢ > t. s,

P(My<my—2) < u(\/§(1 - \/%t)t,t)

e~ V2yztet if t <z <2t
< { e WHU=FNet e 0r < 4 < V2(1 4 B)E:
- if 2 > v/2(1+ B)t.

Note that 1+ a? > 2y(1 —a) for a < 1 — /2. So, (1 + (1 — ﬁ)Q)t > V2vz if 2 > 2t. We also

2
have (1 — \/th) t > \/ivz if z > \/5(1 + \/i)t By taking 8 = V2 and € = \/57(5, we thus get
that for ¢ > t. g and z > t,

P(My<my—2) < e~ V2yatet < e~ V2r(1-9)z,

We hence conclude that for any ¢ € (0,1), there exist T5 = t. g V tp and K5 > 1 such that for
any t > ts and z > Ks, (2.11) holds. Thus, up to enlarging again constant cs, the proof is now
complete. O]

A.2 Proof of Lemma 3.1

We assume here that @ € (—v,1). The aim of this section is to prove that for all p € CH(R),
setting Iy 4 = [vat — At'Y/2 v t + At'/?], we have

7(1578)7 (rn5+27\/§at)2

: : eQ’y(l—a)t / ded e 3(t—s) ( )2 (A )
im limsup ———— sdz Uy(ms + 2,8)° = 0. R3)
AK—0 t00 t37/2 (It ax [~ K, K])° 27T(t — S) v
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As ¢ is non-negative, we observe that
up(z,t) =E (‘37 Zvenw P72 0y, < Z) < P(M; < 2) = u(z,t).

It is enough to prove that (A.5) holds for ¢ = 0.

Therefore, the objective of the section can be restated as follows: conditioned on {M; <
V2at}, we show that the first branching time 7 is with high probability located around (1 —
va)t+O(V/), and the position at which that particle branches satisfies v/2at —m;_, +O(1) with
high probability.

The idea of the proof is the following: we use (2.14) to rewrite u as the sum of Uy and Us.
By Lemma 2.4, U; add a negligible contribution to u, so that

iy (mstz—v32at)?
e (t=s) 3(i—s)

u(v20t,t) ~ / dsdz u(ms + 2, 8)%.
[0,¢] xR 27 (t — s)

Moreover, by Lemma 3.2, a large contribution to u is carried by the regions of the form 74 x
[-K, K], with A > 0 and K large enough. We now use a priori domination estimates for u (e.g.
Lemma 2.1) and methods similar to the proof of Laplace’s method.

We decompose the proof of Lemma 3.1 into three parts, by considering the contribution of
various domains of [0,¢] x R.

A.2.1 Linear bounds on the first splitting time

As a first step towards the proof of Lemma 3.1, we show that for all € > 0,
P(lT — (L —va)t| >et, My < \/iat) < u(V2at,t).

Lemma A.1l. Let a € (—v,1). For all e > 0 small enough, we have

1
lim sup log Us(V2at, t, [0, (v — €)t]) < —27(1 — @), (A.6)
t—o0
1
lim sup log Us(V2at, t, [(ve + €)t,1]) < —27(1 — ). (A7)
t—o0

To prove this result, we begin by bounding the probability that a split occurs at the very end
of the process.

Lemma A.2. Let a € (—v,1). There exists g > 0 such that for all € € (0,¢0),

1
lim sup n log Uz (V2at, t, [0,et]) < —2y(1 — ). (A.8)

t—o0

Proof. Equation (A.8) can be rewritten as
PO<t—7<et,M; < \/iat) < t3/2g=27(1=a)t

First, note that P(0 <t — 7 < et, M; < v2at) < P(1 > (1 —&)t) = e~ 179", Thus (A.8) holds
for all & such that 2v(1 —a) < 1, ie. a > —v/2, for all € > 0 small enough. We now assume
that o < —v/2 < 0, and decompose the above probability as

PO <t—7<et,M; <\V2at) <
P(0<t—71 <et,Xy(r) < V2(a+ 2e)t, M; < V2at)
+P0<t—7<et,Xp(1) > V2 + 2e)t, M; < V2at), (A.9)
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and bound these two quantities separately. Notice that

P(0<t—7 <et, Xg(1) < V2(a + 2e)t, M; < V2at)
<PO<t—71<et,Xp(1) < V20 + 20)0)

t at2e)?
< / e *P(Bs < V2(a + 2¢)t)ds < Ct—1/2e=(1-9t = 5075 Y
(1—e)t

using (2.6). As 1+ %2 > 2v(1 — «) for all @ € (—v,—v/2], we deduce that for all £ > 0 small
enough, there exists ¢ > 0 such that

PO <t—7<et,Xp(1) < V2(a + 2)t) < Ce~HI-a)t=dt, (A.10)

We now turn to bounding the second probability in (A.9). Using the Markov property at time
7, we bound it as

PO <t—71<et,Xg(r) > V2(a + 2)t, M; < V2at)

t
< /( e °E (u(t—s,\f?at—Bs)Q]l{BSZﬁ(aHE)t})ds.

1—e)t
By Lemma 2.1, for all s < et and y < —2¢t, we have u(s,y) < e=¥’/25 | vielding

PO <t—71<et,Xg(r) > V2(a + 2)t, M; < V2at)

et [e’e] 2
(1 _ (VZat—yp? _y?
<e (1 s)t/ / e 5 e 2(t—s)dyds'
0 \/§(a+26)t

Using that
y? (y — V2at)? 2072 (y— \/50422(%?)2
S 2(t—s) s T 2%—s 2(t—s)s ’
2t—s
we obtain

P(0<t—71 <et, Xg(1) > vV2(a + 26)t, My < 2at)

et oo = /5= .3/2
< g (rai-ep / / e T qds < VETE p3/2,-(4at oy
0 \/§(a+257%)t 1-— 5/2

Therefore, as 1+ a? > 2v(1 — a) for all @ € (-, 1), we conclude that for all ¢ > 0 small enough,
there exists 6 > 0 such that

PO <t—1<et,Xy(1) > V2(a + 28)t, My < V2at) < Ce27(1-a)t=0t, (A.11)

In view of (A.9), equations (A.10) and (A.11) show that there exists gg so that for all 0 < £ < &g,
(A.8) holds. O

We now bound the probability that the first splitting time in the branching Brownian motion
occurs after time at a distance at least £t from the expected time (1 — vy )t.

Lemma A.3. Let « € (—v,1). There exists 1 > 0 such that for all e € (0,e1),

1
lim sup — log Us(V2at,t, [et, (v — €)t]) < —27(1 — @), (A.12)
t—o0
1
lim sup n log Us(V2at, t, [(ve + €)t,1]) < —29(1 — ). (A.13)
t—o0
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Proof. Let a < b such that [a,b] C (0, va) U (Vq, 1]. By definition of Us, we have

Us(V2at, t, [at, bt]) /bt ORI (2 5)2dd
[ a 20t=s)  u(z,s)"dzds
\/27r ’

1)t OBt o )23 2 S
// w(v/3hir, tr) =

by change of variables r = s/t and h = z/v/2s. We then use Lemma 2.1 to bound u(v/2htr,r)
uniformly in (h,r) for ¢ large enough. For all § > 0 and 8 > 1, for all ¢ large enough we have

3/2 _ r (hr a) U4 (h)—8
Us(v2at, t, [at, bt]) / / t T AR () )dhdr (A.14)

where we set

0, ifa >1;

Tya) = 4 V21— @), i =y Sa<t (A.15)
(1+a?), if —f<a<-—y
a?, ifa < —p.

To complete this proof, it is therefore enough to prove that the right-hand side of (A.14) decays
exponentially fast, at a rate larger than 2v(1 — «). To do so, we decompose the integral over R
into thee subsets : (—oo, —f), [-f, 1] and (1, c0).

We first observe that on the interval [1,00), by change of variable v = hr — o, we have

71r<hra> ) b oo 2
/ / t - dhdrgb/ / e 1=+ 15 -0) gy
a rT—Q
a b (r—a)?
SCt*1/2</ e’t(l’r)drvL/ eft(k”ﬁ))dr,

a

using (2.6) to bound the integrals over v. Hence, one straightforwardly obtains that

1 r+(hr a) )
lim sup — log/ / dhdr

t—o0

<0 —min(l —a,ga(b)) < —2y(1 — ), (A.16)

for 6 > 0 small enough, where g, is the function defined in (3.3), which attains its maximum at
Vo, With value 2v(1 — «).
Similarly, as [a,b] x [—, 1] is compact, we also have

—t| 1—r4 L= 0‘) 20 h—6)
lim sup — log// t e dhdr

t—o0

. (hr — a)? — . (hr — a)?
<6-— f 1- 2 +2Ug(h) < — f 1- —— 4+ 2v29(1 = h).
so- Wb A-rd T+ 2W(h) <o if lord e V2y(1—h)
hel-p,1] hel-p,1]

The function (h,r) € (—o00,1] X [g,1] — 1 —r + @ + 2v/27(1 — h) attaining its unique
minimum at (vq, 1), we conclude again that, choosing ¢ > 0 small enough, we have

1 (hr—e)? 40Ty (h)—5
lim sup — log/ / AR )dhd < =27(1—a). (A.17)
-

t—o0
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. . . (hr— )2 92 . .
Finally, choosing § > 0 large enough so that the function h — Lf + 2h* is strictly

decreasing on (—oo, —f], we have

b8 715(177“4'@4*2’1275) b 7t(17T+M76> -
/ / e = dhdr < / e = dr / e 2tdp
a — 00 a

— 0o

b (=Br—a)?
< Ct—l/Qe—zﬂzt/ e*t(lf”T"s) dr < Ot~ 1/2~128%=0)

a

which, if we choose 3 large enough, will be smaller than e~*2Y(1=)+m) for some 1 > 0, for all ¢
large enough. Using this estimate in combination with (A.16) and (A.17) allows us, by (A.14),
to show that

1
lim sup n log Us(V2at, t, [at,bt]) < —27(1 — a),
t—o0

which completes the proof of (A.12) and (A.13). O

The proof of Lemma A.1 is then a combination of Lemmas A.2 and A.3.

A.2.2 Tightness of the normalized first splitting time

We now precise the estimates on
P(|T — Vat| > AVE, M, < \@Ozt),

bounding this quantity as ¢ — oo then A — co.

Lemma A.4. Given a € (—v,1), we have

lim limsup e>Y1 =% =37/217, (v/2at,t, [0, vat — AV1]) = 0; (A.18)
A—00 {00
lim limsup e>Y(1=0% =372, (v/2at, t, [vat + AVE, 1]) = 0. (A.19)

A—00 {00

As a first step, we show that with high probability, |7 — vat| = o(t*/?logt) conditioned on
the maximal displacement being small.

Lemma A.5. Let o € (—7,1). There exists €, > 0 such that for all € € (0,e4), for all p > 0
we have

lim sup tpezw(l_o‘)tUg(\/ﬁat, t, [(va — €)t, vat — Vtlogt]) = 0; (A.20)
t—o00

lim sup t°e2" =9, (V2at, t, [uat + VElogt, (va + €)t]) = 0. (A.21)
t— o0

Proof. The two formulas being proved in a very similar way, we only prove the first one. Note
that without loss of generality, one can choose € > 0 small enough that v, — 2¢ > min(«, 0). By
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definition of Us, we have
Us(V2at,t, [(ve — €)t, vat — Vtlogt])
(VZs+2—V32at)?
St u(\/is + 2,5)2

vat—Vtlogt dz (gl
= ds e ( ) 2(t—s)
(va—e)t R V27t
2
v, —logt z+\/§t(u7¢1))
<t1/2/ du/dzeft(l*“)+ o u(V2ut + 2, ut)?
Vo —E€ R
va— 15 (2V2t(u—a)+z)
NG _ z(@V2t(u—a)tz
<t1/2/ ' due*tga(“)/dze w0 u(vV2ut + z,ut)?,
Vo —E€ R

with g, the function defined in (3.3). Using (3.5), there exists ¢ > 0 such that for all r €

[Uoz - €,UQ], ga(r) < ga(va) - C(T - Ua)z' Thus
e)t, vat — Vtlogt])
2(2V2t(vatv—a)+2)

u(ﬁ(va + o)t + 2, (va + U)t)Q'

2(l—ve —v)

e =L (V2at, t, [(va —

log t

T /2 _
< t/ T Que—etv? / dze
—e R
We now use Lemma 2.2, i.e. that for all § > 0 there exists ¢5 > 0 such that for all ¢ > 1 and
z € R, we have u(m; — z,t) < 056_\/57(1_5)“. Therefore, up to a change of variables, for all

v € [—¢,0], writing a;(v) = % log((va + v)t), we have
(2v3t(vatv=a)+2)
? u(V2(vy + V)t + 2, (Vo + v)t)?

/ dze 2t(1l—vg —v)
R
(ytat(v)(2V2t(vatv—a)—(y+at(v))) 9
UM (yo40)t — Y (Uoz + U)t>

</ ye DT GRTp—
R
(ytat(v)(2V2t(vatv—a)—(y+at(v)))
Sc(;/dye S e 6—2\/5’7(1—5)Zl+_
R

As a result, we get
Uy (V2at, t, [(va —

ogt

T2
< Ct1/2/ dve*C“’Q/dye
—e R

We now bound this quantity in two different ways for y > 0 and y < 0.

We first observe that for all v € [—¢, 0], using that vo, > a + 2¢,
(ytat(v)(2V2t(vatv—a))

e)t, vat — Vitlogt])

(y+ag(v)(2V2t(va+v—a)—(y+ay(v)))
2t(1—ve —v)

e 2V (1=8)ys (A 22)

0 (ytas () 2Vt (va+v—a)—(y+ay(v)) 0
dye 2t(1—vq —v) S dye 2t(1—vq —v
—o0 —o0
vatv—a 3 va—a
1—v,—v $1= l—vy+e¢ bR eE=r™)
B PR EL O L RS
2\@5

= V2(ve +v — @)

Similarly, we have

/ ye<y+at<v>><2\/22’tt(<ff:rav_—5>—<y+at<v>>>eizﬁw(lié)y
0
oo (v —a)
§e2\/§’7(1—6)at(v)/ dxem<ﬁ<17,va)72ﬂ'y(175)) < 1 (Uoét)i’>'y(1—26)/27 (A.24)
a:(v) V27(1 - 296)
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for all 6 > 0 small enough, using that vy, — @ = %(1 —a) =71 —vg).
Hence, plugging (A.23) and (A.24) into (A.22), we deduce that there exist C' > 0 and p > 0
so that for all ¢ > 1 large enough,

U= y(v/at, 1, (v — )t vat — Vilogt])

o~

log

< Ct? /7”/2 dve=t" < Ctpe—cllogt)®
—€

which concludes the proof of (A.20). O

Proof of Lemma A.j. By Lemmas A.1 and A.5, to prove Lemma A .4, it is enough to bound for
all ¢ large enough, the quantities Us(v/2at,t, [vat — V/tlogt, vt — AV/1]) and Us(v2at,t, [vat +
Av/tugt — V/tlogt]) by M(A)e 270-2)1=37/2 with A — M(A) a positive function converging
to 0 as A — oo.

The proofs of (A.18) and (A.19) being very similar and symmetric, we only prove the second
one. We write

Us(V20t,t, [vat + AVE, vat + Vtlogt])

—1/2 vattVElogt —(t—s)+m 2
<t ds | dze 2= u(ms + 2, 5)
Vat+AVT R

til/zlogt

o 2 (v+ay () (@VBt(va +v—a)—(ytar () B

§t1/2€ 27(1 oc)t/ dve—ctv /dye 2t(1—va—v) e 2v27(1 6)y+7
At—1/2 R

with the same computations as the ones used to obtain (A.22), using Lemma 2.2.
Using that [v] < t~'/2logt, hence that a,(v) = % log((ve +v)t) = a4 (0) + 0,(1), we obtain,
for all ¢ large enough:

Us(V2at, t, [vat + AVE, vt + Vilogt])

12 —2v(1—a)t t=1/2 log t et? (y+ag)(2V2t(va+v—o)—(y+ay) —2\/3y(1-5)
<L2c¢st /e VT dve™ " [ dye H(I=va—v) e v vt (A.25)
At—1/2 R

where a; = a;(0) = 2 log(vat).

We then compute for all [v| < t~1/2logt,
0 (wtap) (V3 (vatv—a)=(ytas)) 0 V3t Gate—a)
dye 2t(1—va —v) < dye (I—va—v)
— 0 —00

< exp (\@atw) < exp (ﬂ%ﬁ(va . CU)),

1—vy,—w 1— v,

for all ¢ large enough, using Taylor’s expansion. Hence, with (vq, — a)/(1 — v4) = 7, there exists
C > 0 such that for all ¢ large enough,

dye t(1—va—v) < O(Uat)SFY/Q. (A26)

— 00

/0 (y+ap)(2t(va+v—a)—(y+az))
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Similarly, we have

o0
(y+ap) (2V2t(va+v—a)—(y+ay))
/ dye gt Qt(fivav,vo; YT 6—2\/57(1—6)11
0

oo
z(2V2t(vatv—a)—x)
§€2\/§’Y(1—5)at / dxew—%@w(l—‘s)m

at

<(vat)>10=0) /m dxeﬂz(%*”“"”) < Coat)1 00 () 3 502 —310-0),

at

Hence, using that *4==* =~ + O(t=/?1ogt), we obtain that for all ¢ large enough

o0 (y+ap) (2t (va+v—a)—(y+ay))
/ dye t(1—va—v) < C(Uat)37/2. (A27)
0

As a result, with (A.26) and (A.27), (A.25) becomes

Us(V2at,t, [vat + AVE, vat + Vtlogt]) < Ct37/26727(17‘1)t/ e~ dw.
A

By dominated convergence, the proof of (A.19) is now complete. O

A.2.3 Tightness of the centred splitting position

To complete the proof of Lemma 3.1, we prove that the position at which the first splitting occurs
Xy(7) is tightly concentrated around the position v/2at — my_, on the event |7 — vat| < AV/E.
Lemma A.6. Let o € (—v,1). For any fized A > 0,
) ) eZ’y(l—a)t \/» \[ \[ .
Klgnoo }iglo WUQ( 2at,t, [vat — AV, v + AVE], [- K, K]°) = 0. (A.28)
Proof. Let K > 0 and A > 0. We observe that with similar computations as in the proof of
Lemma A.4, setting a; = % log(vat), we have

e2y(1ia)tU2(\/§atv t, [vat — A\/%v Vol + A\/ﬂv [—K, K]

—1/2

12 At Cete? (y+a1) (2VEt(vg +v—a) = (y+ap))

<Ct dve dye 2t(1-va —v) u(m — Vo + )t

Y (vatv)t — Y,
—At—1/2 [ K,K]e

At71/2

2 (ytap) (@2V2t(vg+v—a)—(y+ay))

SC’tl/z/ dve—ctv / dye (1= e —0) 6—2\/5“/(1—5)%7
—At—1/2 [-K,K]°

where we used again Lemma 2.2.
We then observe, with similar computations as in the proof of Lemma A.4 again that

-K
(ytap)(2vV2t(vatv—a)—(ytat))
/ dye 2t(1—ve—0) < t37/26—("f—5)K’
— 00
oo
(w+ap) 2Vt (va+v—a)—(y+as))
/ dye PTIr— e~ 2V (1=0)y < $37/2—(v=O)K
K

using that for all ¢ large enough, ’% — 'y‘ < 4. Therefore, letting ¢ — oo then K — oo, we
obtain, for all A > 0, that (A.28) holds. O

Lemma 3.1 is then a consequence of Lemmas A.1, A.4 and A.6.
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A.3 Proof of Lemma 4.1

Similarly to the previous section, it is enough to prove Lemma 4.1 for ¢ = 0 by a straightforward
domination argument. The proof is obtained in a similar, but slightly simple fashion.

Proof. Let a < —v here. Note that by change of variable y = v/2as and (2.5), for any € > 0 and
A>t. g, with f = Ke,

_ (V2at— \/711)2

—(t s) T
(\fozt,t, At]) / ds/ " Q(ﬂas,s)ﬂsda
V271 (t — s)

<Eq(A, 1)+ 32(A,t) + 3(A,t) + Ta(A, t),

where
_ (V2at—v2as)?

d /°° —s) T a(t—s) fd
S 2s a,
1 V27 (t — s)

t 1 —(t— q)_<ff;f(t {)asﬁ ( \[
dS/ 74'\/ 1— a s+2€s sda
/A R
Y —s) <foét(t \F)M)2
0=fief
A
¢ o (1)~ LG Zen)”
0=l s
A [e's) t— S)
Recall g, from (3.3). By change of variables z = v/2as — v/2at and s = ut and by (2.6), one gets
that

hS

—2(1+a2)s+255 \/iSdCL

Ka \/ 271' t— S)
_2“25\/§sda.

L2
e 2t(i—w)

1 oo
21(A,t) :/ te_t(l_")du/ —dz
A/t Vaut—/2at \/27(1 — u)t

< /1 te—t(l—u) V t(l — u) 6_7@11?2 td \[ —tga(u)d,u“
~Jay V2(u — a)t - |a| At
Clearly, go(h) = ga(0) + ¢/, (0)h + o(h) as |h| — 0. Note that g,(0) = 1 + o? and ¢, (0) =
(a — 1) —2 >0 for @ < 1 —+/2. This, together with Taylor’s expansion, gives that, for any
u €[4, 1],
f?

go(u) > ga(;‘i) = 9a(0) + (44, (0) +ot(1>)j£,

which implies that, for ¢ sufﬁciently large,

—(14a?)t e—(1+a?)t

Vi . e Agl, (0)
ey < = o= 3 Viz g (1) ————
[a] = Vil W7

7
On the other hand, since go(h) = go(0) + g, (0)h + o(h) as |h| — 0, then

—(1+a®)t =
Vi [ o190 (W) qy = € ( : ﬁte_t(g;(0)+0t(1))udu
Jal Via| Ja

—(1+a

— Ae—(9a(0)+or(1)ul g, — ()
Vilal / t

e—(1+a?)t

Vila|
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e~ (1+a?)t

Thus ¥1(A4,t) < 01,4(1) . Next, we shall handle ¥o(A,t). If & < —27, then s — (a +

Vit|a
279)t > 0. So, by change of variable z = as — at + 2v(s — t) and (2.6),
t 5 (1427)s—(a+27)t e %
EQ(A,t) :/ 67(t75)74'ys+4'yat+4'y (tfs)+2ssds/ \/§dZ

A ys—(at2y)t 2m(t — s)

< /t o~ (=)~ dystdyat+dy® (t—s)+2es vVi—s o emlerann? |
A \/i(vs —(a+ 27)t)
1

:/ t(l B U) eft[%727(1+'y)(17u)+272o¢772su]du

Alt /2 (w —(a+ 27))
1
7\/E e tee (W),
T ol =2y A/t

where go . (u) = % —(1+9%)(1 —u) + 2 — 2ay — 2eu. Observe that for e € (0,1/2) and
€ (0,1),

«
GoeW) = T gp T (1H7) =2 2 Le = (a9 + (1497) — 2,

and that g, (0) = a? 4+ 1. Then, for any h € (0,1),

min_gae(u) > gae(h) > o® 4+ 1+ Lch.
u€lh,1]

This implies that if o < —2, then

1 —(1+a? 1
So(A, ) < \[ p—t(@®+1+Lou) g, ‘W/ e~ Leutidy,
~ ol =27 Jap Vi(lal = 2v) Jas

—(1+a )t

which is 04(1)< 7

If -2y < a < —v, then

_ (V2at—+/2as)?

t 1 e_(t S) 2(t—s) 5 (1 ) 2 f
Yo (A,t) S/ ( e “Y\iTa)sTaes 23da)d3
A — \/ t — S

1+ S— a+ t S
/ g t e \/5(12) eny(tfs)+2'yat7(tfs)72'ys+265d8

~(at)t 27r(t — )
</ ﬂ MJFW (t—s)+2vat—(t—s)— 273+255ds
“Ja —(04+'Y)t
/ \/Tu
A/t af — h

where in the first equality, we change variable z = sa — at + (s —t), the second inequality holds
2
by (2.6) and h(u) = % —2eu+ (14 a?) — (o + )% Note that for any € € (0, @) and
€ (0,1),
h’(u):(i—%zza = (a+7)? =2 >0,



with h(0) = o + 1. Tt hence follows that if —2y < a < —~, then

/t —(1+a?)t
¥a(A,t) < emH@* HI+Lew) gy — 0,4(1)6
A/t |Ol| Vit

For ¥3(A,t), one sees that

t 22 - s‘(2 s)
S3(A, t) :/ —t—s42es—22°L ds/ - t=9) (q— 52t )2 Lda
A Ka 7T(t - S)

t —(14a?)t  pt
S/ \/g e—t—s+2€s—22(§2,t52 ds < € ° / \/ge—(l—QE)SdS)
2% — s vVt Ja

—(1+a2)t

which is OA(l)ﬁ as long as ¢ € (0,1/2). On the other hand,

Ka ,(t S) % ,
1(A, 1) / ds/ e 2% 5\/2sda
V27t —s)

Ka
_ _ 20242 _?(27 9) at 2 S
:/ e SRS ds/ e (a= ————da
A m(t —s)

Koa— .
= W eeeae  dz
2t—8 T t—s

s(2t—s)

Choose K > 1 such that (K —1)|a| > 1 and Ka —

< —1. Then by (2.6),

2ts

Sa(A, ) </t et s [ S VIZS  oeGen

2t—s t—s S
2t — s \/s(2t — s)
_/ Vi— S i 2a 2 757i 6_(1+a2)t

—se tsds < ———— e °ds,

2t—8 - \/i A

e—(1+a?)t
as & < 57— < 1 and v/t — s < V/t. Therefore, $4(A,t) = 0,4(1)%. O

A.4 Proof of Lemma 5.1

Using again a domination argument, it is enough to prove Lemma 5.1 for ¢ = 0. We decompose
it into the two following lemmas, that we prove one by one.

Lemma A.7.
(1)t
JLTI;O tliglo WUz(_‘/i'Yt’ t, [A\/Ea t]) =0; (A.29)
€(1+72)t
Jgnw Jm W%(—\/%t, t,[0,vt/A]) =0. (A.30)

Lemma A.8. For any A > 0 fized,

et
Jim i — = Us (V29 [ Lt AVA, (=00, —K]) = 0 (A.31)
e 3 Vi Vi
and K11_1>noo tlggo WUQ(_ 29t,t, [Vt/A, AV, [K,0)) = 0. (A.32)
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Proof of Lemma A.7. Proof of (A.29): Observe that

U2(*\[27t7 2 [A\/]?, t])
= U2(_\/§'Vta t, [A\/iv t], [~ K, 00)]) + UQ(_\/i’Vta L, [A\ﬁ» t], (=00, —K))
=: Ua33)a T Ua 33)p- (A.33)

As u(ms + z,8) <1, one sees that

(z4ms+v2yt)?
)

7(75 s)— 2(t—s
U, </ ds/ dz
Bae = | v ot — 5)
z2

t 00 T 2(t—s)
e
AVE —K4m.+v2yt /27 (= 5)

which by (2.6) is bounded by

t mg £)2
/ ei(tis) vV t—s e_ (K+ Q(tt;/)i’vf) ds
AVE —K +m, + /27t
—(14+~2)t
§04£ o B2 H(VEK + logs) 552
Vi AVt

For t large enough, one has

2
Tt ey if s € [\tlogt,t];
fK+71 )T <8
( s = |G logs +2V2K + 20BN if s € [AVE, Vilogt),

which implies that

_ 2 t .2 \/flogt N 2
Ua33)a <c5° (1\; " (/ e t=sds +62‘/§K/ §3/2e % d5> = Ot(e (1\; )t).
\/flogt AVt

On the other hand, for s sufficiently large and z < — K, by similar reasonings as in Lemma A .4,
we have for 6 € (0,1/2], n=1—-2§, ¢ < #?176)’
_(=VZyt—ms+K)?

< / VE—se 79 205
C
Ua.33yp < €5 25+ VIt —s)

+C/ o= (=) (1= (147)?) =By (140 (m—V3v1) g
et

ds

=:Ua33)p1 + Ua.33)p2,

that we bound separately.
Note that
1
Un sz = / (ut) 71D gt [0 (A =72Abn)) 423 (k) ()] gy
€
<tz () +1 g—t minge e [(1=u) (1=~ (14n) )42 (14n) (u+7)]
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One can check that

uren[isr,ll][(l —u)(1=7*(1+n)%) + 29(1 +n)(u+7)]

= (1+7) +e(l+7)n—n7(1 —e).
Take € € (1+72 ) m) asn=1—28 € (0,1). Then,
Uiasspa < 7 MLt 07" 0en™y) — g, (1)37/4¢—4047),

It remains to bound U, 33)1. Recalling (3.3), we observe that

0(7) et —(t—s8)— (=V2yt—ms+K)?2
Uasspr < \[ =) ds

) € w
<! eCégK\/g / et (W+§ loa(ut) 3 )
A

where we use the fact that for s € [AV/%, &t],

(=27t — my + K)?

2(7t+s)2+(2flogs+K) —2\/§(vt+s)(2flogs+[()

2t — s) 2(t—s)
(vt +5)2  3(vt+s)logs V29K
ST s T 2t—s) -9 (A.34)

Since g (u) = 1 +~+% + 2u® + o(u?), as u | 0, then

\/g € o to- ~(u)+3 log(ut) ¥ du< \[

(ut)3(&+'y)/267u2157(lJrVQ)tdu7
logt
t

logt
which is 0, (1)t37/4e= (7). For u € [%, IOTgtt}, log(ut) %Y = vlog(ut) + o,(1). Therefore,
log t logt
\/f/ Vemta— (w3 los(ut) 3 g < e/ " (ut)3V/2e 1A+~ gy,
A A
Vit Vi

) logt
< et/ Ae— (4P / 3172

efszdx _ OA(l)t37/467(1+72)t.
A

We have completed the proof of (A.29).
Proof of (A.30): We have
Ua(=V27t,t,10, Vt/A))

= Us(—V27t, 1,0, Vt/A], [ K, 0)) + Uz (—V/27t, £, [0, Vt/A], [—00
=:Ua.35)a + Ura 35y

—K])
(A.35)

As u(ms + a, s) < 1, applying (2.6) gives that for ¢ large enough,

\/{/A T — (mg+V2vt K)2
U35y < / i D R R P
0 —K+mg+ \@*yt
Vit/A

< C7eﬁK€—(1+vz)t/ G3r/2p-22 ds
0 Vi

1/A
2 2
= creV2K31/4e— (14 )t/ u2e 2% qu,
0
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which is 0,4(1)1&37/46_(1“‘72”. Similarly as Uga 33)p15

1
(11) AVE N wt
Ua 350 §C§152)605’5 K\/E/ " ot~ (u)+ 5 log(ut) 1
7 0

1
SC’é}E)’KtSW/‘le_(H”Q)t/Aﬁ(u\/i)S’Y/ze_“%\/gdu
0
1/A

/
:081537/46*(1*72)'5/ w32 qy = OA(l)t?’”/Zle*(Hf)ta
0

concluding (A.30). O
Proof of Lemma A.8. Proof of (A.31): Take § € (0,1/3) and n = 1 — 2§. By similar reasoning
as above, we have

(z4+ms—V2ct)?

AVt —-K e*(tfs)fw
ds/ dz u?(ms + 2, 8)

% — 00 27T(t — 8)
AVE (=)~ st IO iy (14 K
ch/ Vit — se 2(t=9) ds
N —25+V2yn(t — s)
<C(1) t&'y/4 —KV/27v(1-36) /f —(t s)— 9+’Yt) ds

<C(2A3 e—Kf7(1 25)t37/4e_(1+"’ )t7

where for the second inequality, we used the fact that for s € [%, AV,

(—V2yt—ms + K)? _ (yt+9)*  3(yt+s)logs  V2(yt+s)7K

2(t — s) t—s 2(t — s) (t—)

t
Z% 3710gt7\[72K+0t( 1).

and the last inequality follows from the fact that (¢t — s) + % =(1+~¥)t+ %

Proof of (A.32): For z > K, using the fact u(ms + z,s) < 1, we obtain that

_ (zms+V2Ey)2

Us(—v/2yt, 1, [VE/A, AV, [K, 50)) < Y ds / P (t:;)

Af 2(t2s)
= e (- S)ds/ dzei,
v Ktma++v/2vt 27t — s)

which by (2.6) is less than

TR S et o N e B e
e me (t—s ds S E—— e (t=s) ‘e ds.
. s Vi Iy
Similarly as above, we end up with
Us(—V29t,t, [VE/A, AV, [K, 20)) < Cy ae™ KY2137/4e= (100008
This suffices to conclude (A.32). O
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