ON THE GAUSS IMAGE PROBLEM

JEROME BERTRAND

ABSTRACT. In this note, we solve the Gauss image problem given two Borel measures on the
unit sphere, one of which is absolutely continuous with respect to the uniform measure.

1. INTRODUCTION

In this note, we consider the Gauss image problem. Namely, given two (sub)-measures A and
on S™, does there exist a convex body K C R™*! with the origin in its interior such that, viewed
as a function on the Lebesgue o-algebra,

(1) = Xo(Gk o P k),

where G is the Gauss (multi-)valued map and 7 g : S™ — 9K is the radial map of the convex
body K. Let us recall that for k € 0K, Gk (k) is the set of unit outward normal vectors to K at
k.

When X is the uniform probability measure on S™, this problem is known as Aleksandrov’s
curvature prescription problem. It has been solved by Aleksandrov himself and was (re)-proved by
various means since then. One of them is based on the theory of optimal mass transport [10, 4];
this is also the method used in this note.

The following condition is known as Aleksandrov’s condition:

Definition 1.1 (Aleksandrov’s condition). Two probability measures A and p are said to be
Aleksandrov related if for any closed spherically convex subset w C S™:

AW*) + plw) < 1,
where w* = {z € S™;Vw € w (z,w) < 0}.

Aleksandrov proved that when A is the uniform probability measure, the problem (1) can be
solved if and only if A and p are Aleksandrov related, we refer to his book [1] for more on this.

In 2020, Boroczky et al solved the Gauss image problem for probability measures satisfying
Aleksandrov’s condition and such that A is absolutely continuous with respect to the uniform mea-
sure on S™ [8]. See also [4, Theorem 1.7] for an earlier proof in disguise of this result. Several
noticeable measures in convex geometry satisfy relations like (1) for well-chosen absolutely contin-
uous measures on S™, this is for instance the case of the dual curvature measures, we refer to 9]
for more on these measures.

In this note we shall solve the Gauss image problem under a weaker assumption than Aleksan-
drov’s one.

Definition 1.2. We say that the probability measures p and A satisfy the weak Aleksandrov
condition if there exists a € (0, 7/2) such that for any closed set F' contained in a closed hemisphere
of ™ the following inequality holds:

(2) p(F) < MFrj2-24),
where Fio_o, = {n € S";3x € F,(n,x) > cos(n/2 — 2a)}.
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Remark 1.3. For a closed spherically convex subset w C S™, the set w* can also be defined by the
equality S™ \ w* = w9, see for instance [4]. Aleksandrov’s condition can thus be rephrased as

p(w) < Mwr/2).
Note that Aleksandrov’s condition prevents the measure p from being supported on a closed
hemisphere.

The fact that Aleksandrov’s condition implies (2) was proved in [4, Proposition 3.5]. Moreover,
the weak Alexandrov condition is the sharp condition for the Gauss image problem:

Remark 1.4. Let K C R™*! be a compact convex set with the origin in its interior then the
angle between a point in the boundary of K and an outward normal vector to K at that point is
uniformly bounded above by a constant 7/2—a < 7/2. In other terms, (2) is a necessary condition
for the Gauss image problem (1) to have a solution, see (5) for more details.

On the contrary, Aleksandrov’s condition is not necessary when the support of A is not the
whole sphere [13].

The main result of this note is the following theorem.

Theorem 1.5. Let A and p be two probability measures on the unit sphere S™ and assume that A
is absolutely continuous with respect to the uniform measure and u is not concentrated on a closed
hemisphere. Then the Gauss image problem for \ and u admits a solution provided that A and p
satisfy the weak Aleksandrov condition.

Assume there are two convex bodies K, L C R™ 1 with the origin in their interiors and solutions
to (1). Then, the following holds for any Borel set w

(3) A(Gr o T r(W)A(Gro P r(w)) =0,
where AAB is the symmetric difference of the sets A and B.

Remark 1.6. We are currently not interested in submeasures so we don’t know whether our proof
can be adapted to this larger framework. Moreover, to our knowledge, the interesting examples
are all measures.

The second statement (3) is a result of uniqueness for multivalued map up to a A-negligible set.

In late 2022, V. Semenov put on Arxiv a paper in which he solves the Gauss image problem for
A an absolutely continuous measure and p a measure with finite support (which corresponds to
the case where the underlying convex body is a convex polyhedron) [13]. The uniqueness property
stated in Theorem 1.5 is also proved by another method in [14]; our proof is shorter. Our proofs
are not based on the aformentioned articles, instead our approach can be seen as a generalisation
of the method introduced in our earlier work [4].

Building on (3), Semenov proves the following corollary.

Corollary 1.7 ([14]). Under the assumptions of Theorem 1.5, the solution to the Gauss image
problem is uniquely determined up to dilation on each rectifiable path connected component of
supp .

One could expect the solution of the Gauss image problem to be uniquely determined on each
connected component of supp A; this question is related to fine properties of compact Euclidean
sets supporting an absolutely continuous measure and might depend on the dimension of the space.
To our knowledge, this is an open question.

Compared to our earlier work [4], the main new ingredient is a new method to construct a
Kantorovitch potential, a classical object in the theory of optimal mass transport that happens to
define a convex body when the cost function is chosen properly. This construction seems to be the
first one where no connectedness of the support of the measure is required (actually what really
matters in the previous works is the fact that all the elements of the support are contained in the
same equivalence class relative to a relation defined in terms of the cost function: we remove this
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restriction), compare to [4, 7, 6, 2]. This improved construction is expected to be useful in other
contexts.

In the next section, we recall some classical notions in convex geometry and introduce related
notation. The third part provides a quick introduction to optimal mass transport together with
explanations regarding the connections between the Gauss image problem and optimal mass trans-
port. In Section 4, we introduce some suitable discretisations of the measures involved before
studying combinatorial properties of graphs related to these discretisations. Finally, in the last
part we construct the Kantorovitch potential then prove (3); these properties complete the proof
of our main theorem.

2. PRELIMINARIES

We assume the reader is familiar with basic results in convex geometry, we refer to the textbooks
[11, 12] for a detailed introduction. We denote by C(S™) the set of continuous functions defined on
S™ while we write CT(S™) for the set of positive continuous functions. To a function p € CT(S™)
corresponds a star-shaped compact set D with respect to the origin. The set D is defined by the
property that its boundary 0D is biLipschitz homeomorphic to S™ through the radial map

? L { s — 9D
T lz — plo)z
The function p is called the radial function of D, we also use the notation pp to emphasize the
relation with the set D. Its definition can be extented to R™*! as x — 1/|x|p(x) where |-| stands
for the Euclidean norm on R™*!. The set of all such star-shaped compact sets is denoted by &.
The support function of D € € is the function hp : R™*1 — (0, +00) defined by

hp(n) = max{{(z,n);xz € D}
(4) = max{pp(x)(z,n);x € S}
We recall the definition of the polar set D° of D as
D° ={necR™ vz e D, (nz) <1} ={ncR" Ve c S™ pp(x)(n,z) < 1}.

By definition of the polar transform D°° := (D°)° always contain D. Moreover, the equality
D°®° = D holds if and only if D is a compact convex set that contains the origin in its interior.
In particular, if we let Ky be the set of compact convex sets with the origin 0 € R™*! in their
interior, the polar transform is an involution from Ky to itself. We shall simply call convez body
an element of Ky. Moreover, the inclusion D°° O D can be rephrased as ppeo > pp and the last
equality holds as functions iff D is a convex body.

For K € Ky, let € > 0 be such that the open Euclidean ball of radius ¢ centered at the origin is
contained in K. Then, for n,z € S™ such that hx(n) = px(z)(n,z), we infer

hk (n) € ’

(5) (n,x) = o (@) > v =:e' >0

and thus (2) holds for any closed set where o = 1/2(7/2 — arccos(g')).

Another important connection between the polar transform of D € £ and the radial and support
functions is given by the relation

1
Do = —.
P ho
It can be used to rephrase the equality ppes = pp in terms of pp and hp only:
1 1 hD n
(6) pD(,’E):pDoo(_’L‘): h (I‘ :ﬁ: in { ( )}.
De SUpPy, esm hD’('rL) nes™;(w,n)>0 <CE, Tl>

The expression of pp in terms of hp is somehow similar without being identical to (4). Oliker’s
change of functions [10] allows one to recover a symmetrical and additive expression of the new
functions.
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Definition 2.1 (Oliker’s change of functions). For D € &, set

#(n) = —In(hp(n)) and ¥(x) = In(pp ().
Then D is a convex body if and only if

(7) QO(TL) = minc(n, .T) - 1/J(37)
Y(x) = mine(n, z) —p(n),
where the function ¢ : S™ x §™ — [0, +00] is defined by ¢(n,z) = —In(n, z) if (n,x) > 0 and

+o00 otherwise.

This follows from simple computations that can be found in [10, 4]. The above relations between
@ and 1) are very classical in the theory of optimal mass transport. These links between the Gauss
image problem and optimal mass transport are to be described in the next part.

3. OPTIMAL MASS TRANSPORT

In this part, we briefly describe the optimal mass transport problem on S and introduce related
notation. For more on the subject, we refer to [15, 16]. This problem involves two Lebesgue
probability measures p, A on S™, and a cost function ¢ : S™ x S™ — R U {400}. We also need to
introduce the set of transport plans T'(A, 1), namely the set of probability measures = € P(S™ x S™)
such that for any Lebesgue set A C S™

(8) AMA) =7(AxS™) and pu(A) = 7(S™ x A).
Let us recall the cost function ¢ we consider
[ —log(n,z) = —logcosd(n,z) ifd(n,z)<m/2
) o(n, z) = { +00 otherwise,

where d(n, z) stands for the spherical distance between n and x.

The cost function ¢ satisfies a standard set of assumptions in the field with the noticeable
exception that it is not real-valued. Therefore, some standard results do not apply to c. We gather
the easy-to-prove properties of the cost function in the lemma below.

Lemma 3.1. The cost function ¢ : S™ x S™ — R* U {400} defined in (9) is a continuous map.
Moreover, restricted to the open set {¢ < 400}, the function c is a strictly convez and increasing
smooth function of the spherical distance. Consequently, for (n,z) in any fized open set Q such
that Q C {c < +o0o}, the function (n,x) — c(n,z) is a Lipschitz differentiable function on €.

The mass transport problem consists in studying

(10) inf / e(n,z)dr(n,x).
mx§m

mEL(A, 1)

It is customary in the field to assume that the mass transport problem is well-posed, namely that
the infimum in (10) is finite. The well-posedness of the problem is not an immediate consequence
of the weak Aleksandrov condition and requires to be proved. The scheme of proof of the well-
posedness is identical to that in our paper [4], indeed only the weak Aleksandrov condition is
required in that part. Details are given in the appendix.

Equipped with the topology induced by the weak convergence of probability measures, the set
T'(\, p) is a compact set as a consequence of the Banach-Alaoglu theorem. Therefore by combining
this compactness property together with the continuity of the cost function, we infer the existence
of minimizers in the problem above whenever the infimum is finite. These minimizers are called
optimal transport plans.

In order to tackle the Gauss image problem we shall focus our attention on a dual problem to
the mass transport problem introduced by Kantorovitch.
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Let us define A as the set of pairs (@, ) of Lipschitz functions defined on S™ that satisfy
(11) o(n) +¢¥(x) < c(n,z) for all x,n € S™.

Kantorovitch’s variational problem consists in studying

(12) w {[ emixm+ [ w@an}.

It is easy to see that the quantity above is always smaller or equal to (10). Indeed, given
(p,) € Aand m € T'(\, ), we have

1) [ pmarm+ [ w@dua) = [ el rv@)dntna < [ dna)dnina).

It can be proved that (10) = (12) whenever the cost function is continuous and nonnegative; this
type of result is called Kantorovitch’s duality. However, solution to Kantorovitch’s dual problem
may not exist for the cost (9) because this function is not real-valued. We refer to [16] for more
on this.

Our main goal is to prove the existence of a solution to the dual problem under the hypotheses
of Theorem 1.5. In order to explain our method, let us first recall the definition of the c-transform
of a function f € C'(S™) (the c-transform is well-defined whenever f is bounded above):

fen) = inf cln,w) = f(z).

Since the cost function is symmetric, the same definition applies to functions of the variable n.

Given that the functional

(o) — [ e+ [ (o) duta)

is nondecreasing with respect to each variable, and the constraint (11), it is not surprising to
seek for maximisers of Kantorovitch’s problem among pairs of functions of the form (¢, ¢¢) where
© = ()¢ coincides with the function ¢. Such a function ¢ is called a Kantorovitch potential,
besides h(n) := e~ and p(z) := e?"(®) satisfy (6) and thus determine a unique convex body.

Given a Kantorovitch potential ¢, the c-subdifferential of o, whose definition is recalled below,
is a useful set in connection with the mass transport problem:

(14) Oeip :={(n,x) € S™ x 8™ p(n) + ¢°(x) = ¢(n, x)}.

The c-subdifferential of a function is a particular instance of a c-cyclical monotone set S C
S™ x S™ whose definition is

(15) Z c(nit1, i) > Z c(ng, i),

1<i<k 1<i<k

where k is any positive integer, (n1,21), -, (ng, k) € S are arbitrary, and ngy; = nq.

This condition is equivalent to optimality for mass transport problem involving finitely supported
measures. More in general, the support of an optimal transport plan in our set-up has to be a
c-cyclically monotone set. We refer to [16, Chapter 5] for the proof of this property and more.

Our main result regarding Kantorovitch’s dual problem is
Theorem 3.2. Let \ and p two probability measures on S™ satisfying the weak Aleksandrov con-
dition (1.2). Assume that A is absolutely continuous while the support of p is not contained in a

closed hemisphere. Then, denoting by 7, an optimal plan in T'(\, p), there exist a Kantorovitch
potential p such that

(16) suppm, N {c < 400} C .
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An easy consequence of this result -if we discard for now the question of the regularity of ¢ and
¢~ is that equality holds in (13):

“(x )= n “(x an(lz(i) c(n, ) dmy(n, x).
[ emaxm+ [ c@dw = [ (oo + o @)dnmn @ [ ona)dr )

Sm xSm
The above equality forces the measure p to be the Gauss image measure of the underlying
convex body K € Ky determined by the pair (p, ¢°). Indeed, using Oliker’s change of functions
(¢, %) <> (pK, hi), one infer the equality

Op = {(n,2); hie(n) = prc(2){n, @)} = {(n,2);n € G 0 P ()}

For the sake of completeness, we reproduce the short proof of the fact that u is the Gauss image
of K relative to A [4].
For any Borel set U C S™, it holds

wU) = 7 (8™ xU)
To(S™ x UN{(n,z) € (S c
= ™ xUN{(n,z) € (S™)*n € Gr(P (@)}
= mo(Gx 0 P (U) x UN{(n,x);n € Gr (P k (x))}
= mo(Gx 0 Pr(U) x S™N{(n,2);n € Gx (P k(x))
= 7o(Gr o T (U) x S™)

MGk o P (U))

where to get the equality in line 6 we use:

Gr o Pr(U) x U N{(n,x) € (S™)*n € Gx(P (@)} C
{(n, ) € (™% 32’ # a,n € G (P k(x)) NG (P ()}

(™) ¢(n) + ¢°(z) = c(n, x)})

S
S

)
D

which yields

WO(gK o 7]{([]) x U°N {(TL,QZ‘) S (Sm)27n S gK(?K(x)))}) <
A({n €™ 3¢ £ z.n € Gre(F x(2) NGk (P (@)}) = 0,

where the last equality hods since ) is absolutely continuous with respect to the uniform measure
o and the corresponding result for o is classical, see for instance [3, Lemma 5.2].

To sumarize, we have seen that the first statement in Theorem 1.5 is a rather straightforward
consequence of Theorem 3.2. In the rest of the paper, we shall first prove that the mass trans-
port problem is well-posed then buil a Kantorovitch potential as stated in Theorem 3.2. Our
approach consists in discretising several probability measures at a scale compatible with the weak
Aleksandrov condition.

In the next part we introduce suitable discretisations of the involved measures based on a
partition of the sphere into Borel sets of small diameters. We then use this construction first to
single out a transport plan with finite cost thus proving the mass transport problem is well-posed.
Second, we study a graph induced by the discretised measures before proving Theorem 3.2 by
constructing a suitable Kantorovitch potential in Section 5. Our approach is a generalisation of
methods introduced in [7, 6]. Finally, we prove the second statement in Theorem 1.5.

4. DISCRETISATION OF THE MEASURES
We first recall a basic covering lemma and then draw some consequences of this construction

Lemma 4.1. Let 6 be a finite Borel measure on the unit sphere S™ endowed with the spherical
distance d. For any k > 0, there exists a finite partition (P;)i1<i<x of S™ (depending on k) such

that for all i, the interior ji—)’i of P; is nonempty, diam(P;) < k and §(0F;) = 0. If we also assume
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that 0 is absolutely continuous with respect to the uniform measure on S™, we can further require
0(P;) to be a rational number.

A very closed result is proved in the appendix of [4]. In the same paper, and building on the
above covering lemma, it is shown that if the uniform probability measure and p are Aleksandrov
related then there exists a plan 7 € T'(\, u) and M > 0 such that ¢ < M < +o0 everywhere on the
support of 7®. As noticed in [4, Remark 4.9], the same proof applies to A and u as well; moreover
the proof precisely requires the weak Aleksandrov condition to hold. We refer to the appendix for
a proof of the above lemma and the following theorem.

Theorem 4.2. Let \ and i be two probability measures on S™ satisfying the weak Aleksandrov
condition (2). Assume that \ is absolutely continuous while the support of p is not contained in a
closed hemisphere. Then there exists a transport plan 7® € T'(\, u) such that

suppT® C {(n,x) € S™ x S™;(n,x) > cos(mw/2 — a)}.

In particular,

/cdwo‘ < +00.

Corollary 4.3. Under the above assumptions the optimal mass transport problem for the measures
A and p relative to the cost function ¢ has a solution. Let us denote by 7, an optimal transport
plan.

Proof. This is a very standard consequence of the continuity of the cost function and the compact-
ness of I'(\, i), see for instance [15] for a proof. O

With those tools at our disposal, we can now define a graph involving the transport plans 7¢
and 7.

Coverings of supp i and supp v

According to Lemma 4.1 applied to supp p and supp v, there exist two finite collections of Borel
subsets of S™ with nonempty interiors (P;)1<i<; and (Q;)1<;<p such that

(17) A(Pi) > 0, u(Q5) >0, A(9F;) = n(9Q;) = 0, Diam (F;), Diam (Q;) < a/8,
forall i € {1,---,1},5 € {1,--,p}

We also fix
(18) z; apoint in P; Nsupp ¢ and w; a point in (), Nsupp v.

We then introduce the discretised measures A¢ and u? relative to the above covers as follows:

A= 3" AP0, and p® = Y (@) b, -

1<i<l 1<j<p
We proceed similarly for transport plans. We define the following discrete plans

7d = Zﬂ'o([ji X Qj)0(z,w,) and aod = Zwa(Pi X Q) 0z w;)-
4,J

2%

Graph structure on the product covering

Let us now define the following finite graph

& = {(F;, Q));mo(Pi x Q) > 0} C{(F,Q;);1 <i<1,1<j<p}
For simplicity, we shall sometimes write (7, j) € & instead of (P;,Q;) € &.
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The graph & is equipped with the following set of primal oriented edges

¢ = {{(27])7 (U7U>};7Ta(Pu X QJ) > 0}'
We call length of a path in (&, ) the number of edges it uses.

Remark 4.4. The graph & has many edges since, given {(, j), (u,v)} € &, we get that {(o, j), (u,s)} €
¢ for any o, s, such that (0,7) € & and (u,s) € &.

We are interested in the cycles of &, namely the finite collections (i1, 1), - , (ig, jq) € & where
¢ is an arbitray positive integer, and such that {{(s,js), (is+1,Js+1)}} € € for all s € {1,--- ,q}

(where (i1, j1) = (ig+1,Jg+1))-

Lemma 4.5. Each edge e € € belongs to a least one cycle (i1,j1), - ,(iq,Jq) € &, say e =
{(i1,71), (i2,72)}. Moreover, one can assume that the vertices of the cycle are all distinct.

Remark 4.6. Since any vertex of & belongs to an edge, the above lemma also implies that any
vertex of & belongs to a cycle.

Proof. By definition of an edge, 7%(P;, X @j,) > 0 and 7,(P;, x Q;,) > 0. We have the following
alternative, either 7*((R™ \ P;,) x Qj,) = 0 (which implies that (i1, j1), (i2,j2) is a cycle) or
we can repeat the argument with {(i2,j2), (i3,73)} # e since there exists P;, # P;, such that
7 (P;, X Qj,) > 0 combined with the fact that 7, € I'(14, v) implies the existence of Q;, such that
(Pi;,Qj,) € 6. In each case, after finitely many steps we obtain a cycle; however we cannot infer
that e belongs to it. Thus, let us further study the graph (&, &). Let (i1,51), -+, (ik,jx) € & be
an arbitrary cycle made of distinct points and

s (i (7R Q1)) i, (5°(P % @3)}) >0,

: d_ _d k ad _ _ad k d
Consider mf =75 = 3,1 M0(z,, w,,) and 777" =74 =37 mbe,  w,,), note that 7f and

wf"d have the same marginals. Moreover, by definition of m,

f supp Wf + t supp 7r‘11’d < #supp wff + fsupp r®? — 1
(where £ stands for the cardinal of a set). Now define the reduced graph ®; similarly to what we
did for & but using 7 and 7{*¢ instead of 7¢ and 7. By construction, &; C &, & C €, and,
as explained above, we have 1 &1 +1¢; <6+ ¢ — 1. Since & + € < Ip+ (Ip)?, after repeating
the construction at most Ip + (Ip)? times, we get an empty reduced graph. This precisely means

that any edge of graph & belongs to a cycle.
O

We call bunch of cycles related to (Fy,Qo), and denote by B(p, q,), the set of vertices of G
sharing a cycle with (Py, Qo) € G, namely the set of vertices (P, Q) such that there exist a cycle
Cy (depending on (P,Q)) with (P, Q) and (FPp, Qo) belong to C,. The set of bunches of cycles
induces a partition of the graph &, and, in general, more than one bunch of cycles is needed to
cover &.

Being in the same bunch of cycles induces an equivalence relation on &. In the next definition,
we enlarge the set of edges to be able to connect more vertices at the price of breaking the symmetry
of the previous relation.

We now equipped & with an enlarged set of oriented edges € defined by

(19) ¢ = {{(i,5), (u,v)}s d(zu, wj) < 7/2 = a4},

Remark 4.7. The fact that supp 7 is made of pairs of points at distance at most 7/2 — « together
with the upper bound on the diameter of the (P;)’s and (Q);j’s readily imply the inclusion: ¢ C €.

Chains between points and connected subgraph

Let us start with a weak notion of connectedness.
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Definition 4.8 (k-chainable space). Let x > 0 and (X,d) be a metric space. An ordered set

{z1,--- ,zp} in X such that d(z;,zi41) < k for any ¢ = 1,--- ,p — 1 is said to be a x-chain (of

length p) from x1 to z,. The relation x ~ y iff there exists a finite chain from z to y induces an
K

equivalence relation on X. By analogy, we call sk-chain connected component an equivalence class

of ~.
K

It is an easy exercise to show that a connected space is k-connected for any x > 0. For us, the
main adavantage of this notion is given by the following simple lemma.

Lemma 4.9. Let (X,d) be a compact metric space and k > 0. Then X can be decomposed into
finitely many k-chain connected components.

Proof. Each k-chain connected component is both an open and a closed subset of X. Thus, the
compactness of X implies the existence of a finite subcover.
|

In what follows, we set
(20) k= af4.

In the rest of this part, we let C' be a k-chain connected component of suppr. We also define
the subgraph

(21) o :={(P,Q) €6;:QNC #0}
equipped with the set of edges coming from ¢’.

Remark 4.10. Of course, there are a priori edges in & connecting points not in ®¢. In the rest of
the paper when we consider a path in € connecting two points in &c we do not intend to restrict
to edges in ¢’ connecting points in ¢, on the contrary any edge in € can be part of such a path.

Our aim is now to prove

Proposition 4.11. The graph (B¢, ¢') is connected, meaning that any two points of G can be
connected by a path in €. We can further assume the path length is at most {®.

Proof. Given (P, @), (15, @) € & such that QNC # () and @ﬁC’ # () let us show there exists a path
in ¢ from (P, Q) to P, @) Wefixz€QNCandZ€QNC. By definition of C, there exists a k-
chain {z1,- -,z } from © = 21 to = xj. Since the chain is made of points in supp v, there exists
maps o (resp. 0) from {1,--- ,k} to {1,---,p} (resp. {1,---,1}) such that x; € Q,(;). Moreover,
there exists Py(;) such that (Py(;), Q,(;)) € ¢ (since z; € C by construction) for i =2,--- , k — 1.
Thanks to Lemma 4.5, there exists a cycle ¢ made of edges in € going through (ﬁ,@) Let us
denote by {(P,Q), (P,Q)} the edge issuing from (P, Q) in this cycle. We denote by (%, @) the pair
of representative points of (]3, @) The triangle inequality then gives

d(?, wa(p—l)) < d(27 a) + d(a7 b) + d(ba E) + d(%v 'rp—l) + d('rp—h wa(p—l))
<af8+7m/2—a+a/8+a/it+a/8<T/2—-a/4,
where (a,b) € supp®* N (13 X @) The previous estimate precisely means that
{(Pe(p—l)7 Qa(p—l))v (Pv Q)} S 6/'

Therefore, (Py(,—1), Qo(p—1)) is connected to (]5,@) by following part of the cyle ¢ introduced
above. The thesis then follows by a finite induction. The last property follows from the fact that
without loss of generality one can assume the path contains no cycle.

([l
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5. BUILDING A KANTOROVITCH POTENTIAL

In this part, building on the results from Section 4, we prove the existence of the Kantorovitch po-
tential needed to solve the Gauss image problem. Our proof is based on a Rockafellar-Ruschéndorf
formula. Let us recall the result we shall prove:

Theorem 5.1. Let A and p two probability measures on S™ satisfying the weak Aleksandrov con-
dition (1.2) and assume that \ is absolutely continuous while the support of u is not contained in
a closed hemisphere. Then, denoting by 7, an optimal plan in T'(\, i), there exist a Kantorovitch
potential v such that

suppm, N {c < 400} C .

We first prove auxiliary results. As recalled above, the support of any optimal plan relative to
¢ is c-cyclically monotone (15). The set
I := supp (m,) N {c < o0}

is then c-cyclically monotone as a subset of the support of 7.
According to the results in Section 3,

/cdwo < 400

whenever 7, € I'ope(0, pt). Therefore, m,({c < +00}) =1 and T is a set of full m,-measure.

5.1. k-chains and c-path boundedness.

Definition 5.2. ' A pair (n,z) € T is said to be c-path connected to (2,7) € T if there exists
an ordered set v := {(n1,21) -+, (nk, xx)} in T, called a c-path, such that d(n;41,2;) < 7/2 for
i=1,---k—1, (n,z) = (n1,21) and (N, &) = (ng,xx). The cost c(7y) of v is said to be finite if

k
c(v) == Z c(nijr1, z;) — c(ng, z;) € R.

-1
1=

1
When ¢(y) € R we call v a bounded c-path from (n,z) to (n,Z).
Note that the cost of an arbitrary c-path (in T') is in RU{+0c0}. In the next proposition, building

upon our study of the graph (&, ¢’) and its subgraphs, we get properties on c-path boundedness.
Recall that x = a//4.

Proposition 5.3. Let C be a k-chain connected component of suppv. Then for any (n,z), (n,T) €
T such that z,& € C, the pair (n,z) is c-path connected to (n,x). More precisely, there exists a
positive constant C(«) such that for any (n,z), (N, T) as above there exists a c-path ~y from (n,x)
to (n,T) whose cost satisfies

c(v) < Cla).
Remark 5.4. The above proposition is a generalisation of [6, Lemma 5.5].
Proof. We set (P,Q) € & and (P, Q) € ® such that (n,z) € P x Q and (7,Z) € P x Q. Accord-
ing to Proposition 4.11, we infer the existence of an ordered set {(P;,Qj,), -, (P, Qj.)} € &
connecting (P, Q) to (P,Q) through edges of . We denote by (z;,,w;, ) for s = 1,--- k the
associated pairs of representative points. We claim that the path
7= {(na 33), (Zi27wj2)7 M) (Zik—l’wjk—l)7 (ﬁ7 5)}
has finite cost. Indeed, by definition of &', we have d(z;,,,w;,) < 7/2 — a/4 while
d(zizv'r) < d(zi27wj1) +d(wj13‘r) < 7T/2 - Oé/4+ O[/8 = 7T/2 - a/87

IThis definition differs from the one in [2]
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and the same inequality holds for d(m,w;, ,). As a consequence, we get

k—2
(22) c(7) < ez @) + Y elzi,pnsw5.) + el w), ) <88 - Clm/2 — af8) < +oo,
5=2
where C'(8) = —In(cos ), and the proof is complete. O

The next step consists in building a well-behaved function ¢ whose c-transform is the potential
i we need to prove our main result. For that purpose, we introduce some extra notation. In what
follows, we denote by p, : S™ x S™ — S™ the canonical projection on the z-variable. For each
r-chain connected component C; of supp v such that C; N p,(I') # 0, we fix a pair (n?,2() €T
such that 2(*) € C;. Using these k-chain connected components, we can decompose p,(I") as follows

(23) px(r) = U;ierC; mpm(r)'

Recall that I is a finite set. With a slight abuse of notation, we shal call C; N p,(I") a x-chain
connected component of p,(T).

The definition of ¢ depends on the x-chain connected components of p,(T"). Namely, ¢ = —oco
out of p,(I") while the definition of ¢ depends on the decomposition (23). We first define the
function 9¢, on C; Np,(T') by the formula

(24) Ve, (x) == sup  —c(y) +c(n,z),
n,y;(n,z)er

where 7 is a (bounded) c-path from (n(?,z(®)) to (n,xz) € T. We have seen in the previous
proposition that a bounded c-path exists yet the function ¢, could be infinite at some points.
However we have ¢¢, > —oo on C; N p,(T'). In the next lemma, we prove that ¢, is bounded
from above.

Lemma 5.5. There exists a positive constant C = C(«a) such that

Yo, < C(a)

on the k-chain connected component C; of suppv. Moreover, ¢, is real-valued on C; N p,(T).
Remark 5.6. The constant C(«) does not depend on Cj.

Proof. Let x € C; Npg(T') and n such that (n,x) € I'. According to Proposition 5.3, we can fix a
bounded ¢ path v, from (n,z) to the representative pair (n(?,z()) of C;. Note that by definition
of the cost, ¢(7,) does not depend on n. Let v be an arbitrary c-path from (n(?,z()) to (n,z).
We then estimate

k
76(7) - C(’Y:C) = Z C(nmxr) - C(nr—i-lyxr) S 0,
r=1
where there exists s between 1 and & such that v = {(n1,21), -, (ns,2s)} and
Yo = {(ns,xs), -, (Ng+1, Tk+1)}- By concatenating the two paths, we get a cycle (in the sense of

optimal mass transport); the c-cyclical monotonicity of " (see (15)) then implies the last inequality.
Using again that (ns,zs) = (n,x) we infer

k k
—c(y) + c(n,z) < c(nsy1, ) + Z (e, zr) — c(np, ) < Zc(nH_l,xi) < C(o) < 400,
r=s+1 r=s

thanks to (22). The second statement has been explained prior to the statement. O
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In order to define 1, we first need to connect, when possible, distinct x-chain connected com-
ponents. Given i # j € I, let us fix ;; a bounded c-path from the representative pair (n("), z(%))
to (n¥),20)) and denote by c;; := c(v;;) the associated cost. When such a path does not exist,
we set ¢;; := +00; by convention we define c;; = 0 for any ¢ € I. We can now define the function
1) as follows:

B —00 if =« ¢ x(r)
(25) P(z) = { mazier — cij + o, (¥)  if =z € Z()Yj N pe(T)

By definition of the ¢;;’s and according to Lemma 5.5, there exists a positive constant C' = C'(«)
such that

¥ > —oo on p,(T') and ¥ < C(a) < +o00.
Recall that by assumption, the measure u gives mass to any open hemisphere B(z,7/2) thus

p.(T) N B(z,7/2) # 0 for any z € S™ (otherwise supp 1 = p,(I') C B(—x,m/2) hence a contradic-
tion). Therefore one can invoke the following proposition from [5, Proposition B.3]:
Proposition 5.7. Let ¢ : S™ — R U {—o0} be a function bounded from above such that

Vu € 8™, B(u,m/2)N{yY > —oco} # 0.

Then ¢ is real-valued and Lipschitz reqular on S™, moreover its Lipschitz constant only depends
on upper bounds on 1 and )°.

We finally set

(26) p = Y°.

Thus ¢ is real-valued and Lipschitz regular. Consequently ¢¢ and ¢ share the same properties.
Finally, it is a classical result (see for instance [16]) that ¢ = ¢°°¢ = ¢)° = . In other terms, the
function ¢ is a Kantorovitch potential. In order to complete the proof of Theorem 5.1, we are left
with proving the following result.

Lemma 5.8. Under the assumptions of Theorem 5.1, the following inequality holds

I' C 9.
Proof. Let (m,Z) € I'. By definition of the c-transform, we are done if we can prove
c(m,T) — p(n) < ¢(n, T) = ¢(n),
for all n € S™. This inequality is equivalent to
(27) p(n) < o) + c(n, T) — ¢, T),

for all n € S™. For convenience we set S := {(n(),2()),i € I} the collection of representative
pairs of the k-chain connected components (CZ- N pm(I‘))
By combining

iel”
p(n) = inf c(n,z) — ()
meS‘rn
together with the expression for x € C; N p,(I") (we can discard the other points since ¢ is real-
valued according to the previous proposition):

k—1
Y(x) = sup sup —cij + (Z c(ns, Ts) — c(ns+17xs)> + c(ng, x),
i€LKEN (ny,x.)ETF, (ng,z0)=(n( 2, zp=a ‘=
where j is defined by x € C}, and there is no second term in the right hand side when k = 0.
Recall that ¢;; = 0 and c¢;; = +o0 if there is no bounded c-path from (n(?,2(") to (n(?), 2(9)).
Therefore, one can discard these ¢’s in the above definition since for ¢ = j and = € C; N p,(T),
wcj (l‘) eR.
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Consequently, we can write the function ¢ in a similar fashion as 1, namely

k
wln) = ie}r,lkfeN (ns,zs)€Lk, (TLO,:EOI)Ilzf(’IL(i)7m(i)),nk+1:n Gt ; (a1, ) = (s, ).

For (ng, zo) for which ¢;; is finite (and ¢ # j), the expression in the RHS above can be written
as ¢(7) where 7 is the concatenation of the c-path ~;; together with the c-path from (ng, o) to
(n,x) described in the formula. Consequently, for n = 7 if we further add to 5 above the c-path
{(m, ), (n,x)}, one easily get the expected formula (27) by considering a minimizing sequence of
c-paths relative to p(7). O

5.2. On a first order uniqueness of the solution. In this part, we prove:

Theorem 5.9. Let A\ and p two probability measures on S™, and assume that X\ is absolutely
continuous. Assume there are two convex bodies K, L € Kqy solutions to (1). Then, the maps
G o 7;( and Gy, o 7L coincide \-a.e. as multivalued maps, namely for any Borel set w

A((Gr o 7 k(@)A (G 0 FLw))) =0.

Remark 5.10. Recall that for a convex in Ky, the fact that the origin belongs to the interior of the
convex body prevents the angle between a direction z and a normal vector n € G o?(:ﬂ) from being
too close to m/2. In other terms, the measures A and p must satisfy the weak Aleksandrov condition
for a sufficiently small @ > 0. Consequently, as proved in Theorem 4.2, the mass transport problem
relative to u, A and the cost ¢ is well-posed. We keep the notation 7, for the optimal plan.

Proof. Observe that a solution (p, h) € {(px,hK),(pL,hr)} to the Gauss image problem becomes,
after applying Oliker’s change of functions, a solution to the Kantorovitch problem; we denote by
(pr,¥K) and (pr, 1) these solutions. Indeed, given a convex body K € Ky, up to a Lebesgue
negligible set N, for all n € S™\ Ng there exists a unique 2 € S™ such that n € Gr (7 k(z)).
Besides if we denote by Tk (n) such a x then it is known that Tk is continuous on S™ \ Nk [11].
Thus for any Borel set w C S™,

plw) = MGk 0 T (W) = AT (@),

in other terms the pushforward of A through Ty is . This property is denoted by Ty = p.
Reasoning as in the proof of Theorem 3.2, we get for (¢, VK ):

/ e(n, 2) d(Id, T )y\(n) = / c(n, Tie (n)) dA(n)
Sm x§m m

/ (0xc(n) + e (Tic(n))) dA(n)

Sm

[ exmarxim + [ viTictn) diw)
sm K
= | exmirm) + /K i () dp(z).
Therefore (¢x,¥k) is a solution to the dual problem (and (Id, Tk )y is an optimal plan). The

same properties hold for the convex body L and the corresponding objects.
Consequently,

(28) I' = suppm, N{c < +o00} C Oepr N Ocipr-

Recall that 7,(I') = 1 since the mass transport problem is well-posed. Besides, for w a Borel
set in S™, observe that

Do N(S™ x w) = {(n,z);n € Gg o Pr(x),z € w},
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thus
Pn(Oepr N (S™ x w)) = Gk 0 Pk (w)
and the same property holds for L instead of K. Now, according to (28)

To(Ocp i NOeipr, N (S™ X w)) = mo(S™ X w) = p(w).

Finally

MGr 0 Fr(w)NGr o P rw)) = mo(py " (pa(@epr NOepr N (S™ X w)))) = p(w).

Since K and L are solutions to the Gauss image problem, equality actually holds in the above
inequality:

MGk 0 P r(w)NGL o FL(w) =AGk 0 P (W) =A(GL o FLw))

and the result is proved.

APPENDIX

In this appendix, we first prove the following result which is a minor adaptation of the appendix
of [4].

Lemma 5.11. Let 6 be a Borel probability measure on the unit sphere S™ endowed with the
spherical distance d. For any r > 0, there exists a finite partition (P;)1<,<x of S™ (depending on

o
k) such that for all i, the interior P; of P; is nonempty, diam(P;) < k and 8(0P;) = 0. If we also
assume that 0 is absolutely continuous with respect to the uniform measure on S™, we can further
require 0(P;) to be a rational number.

Proof. The proof is by induction on the dimension m. Let us recall the expression of the spherical
distance d in spherical coordinates say (¢,u) where t € [0, 7] and u € S™~1:

(29) cosd((t,u), (s,v)) = coss cost + sin s sint cosd(u,v),

where d(u,v) is the spherical distance between u and v in S™~1. We also set p; (resp p,) the
projections associated to these coordinates on (0,7) x S™1.

For m = 1, fix a number o; > 0. Then, partition S! into finitely many left-open, right-closed
segments (I;)1<;j<x, whose length [(I;) satisfies [(I;) < aq; up to slightly moving the intervals
-since the condition on the diameter is open- we can further require that 6(9I;) = 0 since 6 has
at most countably many atoms. When 6 is absolutely continuous, again one can slightly move the
boundary of the intervals to make sure that §(I;) € Q for j =1,--- , K; — 1 while preserving the
other properties; 0(Ix,) € Q follows from (S*) = 1.

For m = 2, fix a point N € S? and ay > 0. Consider a partition (C;)1<;<x, where Cy is
the closed spherical cap centered at N with radius Ry, C; = {z € S*; R; < d(N,2) < R;y1} for
i €{2,---,Ky — 1} and Ck, is the open ball with radius 7 — Rk, and center —N. We require
that the (R;)’s satisfy:

Ol2/2<]“?,1<6¥27 Ck2/2<R7;—RZ',1<Cv2, ’/T—RK2<012.

Since the atoms of the measures (p;);(0) correspond to the radius r € (0,m) for which the sphere
S(N,r) := {u € S™;d(u, N) = r} has positive §-mass, we can further choose the radii R;’s so
that 0(S(N,R;)) = 0 for i € {1,---,K,}. Similarly, we can assume that 6(C;) € Q when 6 is
absolutely continuous. Now, applying the case m = 1 to each measure ((p,)3(0LC;))1<i<k,), we
get a partition (Py)1<s<x of S (namely whose elements are of the form (C; N (p,)~"(I})): ;, where

(I3); is the partition of S' corresponding to (p,)s(fL_C;)). The (P;)’s have nonempty interiors
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by construction. In addition to that, we recall that the measures ((p,)3(0L-C;))1<i<k,) on S' are
absolutely continuous with respect to the uniform measure on S' whenever 6 is so. Using that

G(PS) = (

when P, = C; N (pu)~'(I}); we can further assume 6(P;) € Q whenever 6 is a.c.. Finally, the
expression of the spherical distance (29) implies that the diameter of any P; is smaller than x
provided a1 and asy are chosen sufficiently small.

The higher dimensional case easily follows from the arguments used for m = 2. O

Rij: ,
/ sinrdr) (pu) (OLC3)(I7),

R;

Building on the previous lemma, we can prove the mass transport problem (10) is well-posed.
The proof is a straightforward adaptation of [4, Proof of Theorem 4.1].

Theorem 5.12. Let A and p be two probability measures on S™ satisfying the assumptions of
Theorem 5.1. There exists a plan 7 € T'(\, p) such that

suppm® C {(n,z) € S™ x S™;d(n,x) < 7/2 — a}.
Proof. According to the weak Alexsandrov condition, there exists a number a > 0 such that
(30) p(F) < AMFrj2-24),

for any closed set F' contained in a closed hemisphere (2).

The first step of the proof is to show that we can approximate p by a finitely supported measure
that still satisfies the above condition up to sligthly decreasing «. To this end, we first approximate
by (p * pe)e<aja, pe being a family of standard radial mollifiers on §™. We fix such an ¢ and
set [l = u * pe; by definition, i is absolutely continuous with respect to the uniform measure and
satisfies (30) with ¢ instead of 2. The next step is to use a fit partition for /i as in Lemma 5.11:
there exists a finite partition (U;);eq1,...ny of S™ made of Borel sets with nonempty interiors such
that

(31) diam(U;) < a/4 and 0(U;) € Q.

For each Uj;, choose x; € U; and set

By assumption on the diameter of U;, u. satisfies for all closed set F' contained in a closed
hemisphere:

(32) o) <A (User (/2 - 52

and the proof of the first step is complete. According to (31), u. can be rewritten (up to repeating
some the Z;’s)

1 M
Me = == 621
o>

with M € N\ {0} and {Z1, -+ ,Zp} = {z1, -+ ,zN}. .
The next step is to show the existence of m, € I'(A, pe) such that

/ c(n,z)dre(n,z) < —1In (sin ().
Sm x§m™

To this aim, we now apply Lemma 5.11 to the measure A\ which is absolutely continuous with
respect to the uniform measure. The same argument as the one applied to i leads to the existence
of M’ and a partition (V;)7_; of S™ which satisfies (31). We first decompose X as follows
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=30
s=1

where \; = ﬁ/\l_Vs. Using that A(V) € Q we can proceed as we did for p. and, repeating
some of the \;’s if necessary, rewrite this equality as

Mo
A=) 2
j=1
where 3\: = ﬁ‘?j))\l_‘ﬂ;} and {V4,--- ,Var'} = {Vi,---,V,.}. Note that the above equlity implies
forany s=1,---,r
_ V=V
T .
Now, up to replacing M and M’ by the product MM’ and repgating the (z;)’s and the (KN/J-)’S, we
can assume that M = M’. Thus we have a collection of sets (V;), and {#;}}, of S™ such that

Diam (V;) < § and A(V,) = MT:V} for s =1,---,r. Finally, we claim that the set-valued map

AVG)

F: {1, ,M} — {XN/j,je{l,n-,M}}

i — {Vy;V; € B(F;,m/2 — )}
satisfies the assumptions of the Marriage lemma. Indeed, consider I a subset of {1,---,M}.
Thanks to (32), we have
vl

e <nFie ) <M B(Em/2-5)).

Now, by assumption on the V’s, we get

UB(@,WQ—%)‘) c U V..

el Vs;VsCB(Z;,m/2—a)
Therefore
. HiV =V} 5V, e F(D)}

V,CB(%:,m/2—a) V,CB(%:,m/2—a)

and the assumptions of the Marriage lemma are satisfied. Consequently, there exists a one-to-one
map f:{l,--- , M} —{Vi;i € {1,---,M}} such that for all 4, f(¢) C B(z;,7/2 — ). This fact
clearly entails that the plan which maps the mass 1/M located at Z; uniformly on f(¢) is a plan
7e in T'(A, pe) such that

(33) e ({(n,2) € (§™)*d(n,z) < 7/2—a}) =1.

Note that the bound does not depend on M nor on e. Therefore, by letting ¢ go to 0, we can
construct by the same method a sequence of empirical measures which converges to p, all of whose
elements satisfy (33). Then using the Banach-Alaoglu theorem, we can extract a subsequence of
plans which converges to an element of I'(\, i) that satisfies (33). O
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