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Abstract

Solutions of some partial differential equations are obtained as critical points of a real fun-
tional. Then the Banach space where this functional is defined has to be real, otherwise, it is not
differentiable. It follows that the equation is solved with respect to the real dual space of this
Banach space. But if the solution is complex-valued there is the following problem: what does
the multiplication of this equation by a complex number mean 7 In this note, we explain how to

rigorously define this operation.
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1 Introduction

Some partial differential equations are obained in the following way. Let X be a real Banach space

and let F' € C*(X;R). It follows that F’ € C(X; X*). If u is a critical point of F' then u solves,
F'(u) =0, in X*. (1.1)

If X is a complex Banach space then F' is no more differentiable and the above equation makes no
sense. Hence the necessity to deal with real Banach spaces. On the other hand, if the above equation
is complex-valued, we may be interested in multiplying it by i. But X* = Z(X;R) so that iF'(u) ¢ X*

and this operation is not allowed.

Let us illustrate the problem with a very simple example. The linear space L?(RY; C) may be equipped

with the field of complex numbers C. The natural inner product is,

Y(u,v) € L*(RY;C) x L*(RY;C), ((u,v)) 2@y i) = /u(m)v(x)dx,
RN

with the norm,

Yu € L*(RY;C), ||U||%2(RN’C) = ((u,u)) p2rri0) = / |u(z)|*dz.
RN
Let us denote this topological vector space by L?(RY;C)c. Another choice is to equipp L?(RY;C)

with the field of real numbers R. The natural scalar product is then,

V(u,v) € L*(RY;C) x L*(RY;C), (u,v)p2@y.c) = Re / u(z)v(x)dz,

RN
with the same norm as above. Let us denote this topological vector space by L?(R”Y; C)g. In both cases,
L?(RY;C)c and L?(RY; C)g are, respectively, complex and real Hilbert spaces with the same topology
and have the same elements. But there is a fundamental difference concerning the differentiable
functions. We first recall that if a function F' : A — B, between two Banach spaces A and B, is
Fréchet-differentiable at v € A then F'(u) € Z(A4; B), the space of linear continuous functions from
A to B. In particular, A, B and .Z(4; B) deal with the same field. Let for any v € L?(R";C),
F(u) = %||u||2L2(RN;C). Then for any u € L2(RY;C) and v € L?(RV;C),

— 1
F(u+v) = F(u) + Re / u(z)v(z)dz + §H1}||2L2(RN;(C)7

RN

and %HUH%Q(RN;C) =o (lvllz2@y.c)) - It follows that for any u € L*(RY;C), the function

fu:v—Re / u(x)v(z)de, (1.2)

RN



is R-linear and continuous from L?*(RY;C)r to R. So F is differentiable over L*(RY;C)g and for
any u € L*(RY;C), F'(u) = f,. But f, is not C-linear and furthermore F : L?*(RY;C)c — R
is never differentiable (except for u = 0). More generally, if X¢ is a complex Banach space and if
F : Xc — R then F is never differentiable at u € X¢ (except for the constant functions) because if

it was, we should have for any v € X¢,

(F'(u),iv) € R,
(F'(u),iv) = i(F'(u),v) € iR.

Hence, F’(u) = 0. It follows that, as soon as a differential of a real function is needed, the functional

space where it lies has to be considered over the field R.

Now, let us consider a partial differential equation whose solutions are complex-valued. For most of
these equations, it is required that some real functions have a differential (or a derivative), such as,

for instance, an energy,

B = 5 [ Vu@Pdo+ [ ju@)ras

for some p > 1. Some of these solutions are also obtained by minimizing a real functional. See Section[f]
for some examples. From the discussion above, it is clear that the Banach spaces considered have
to be over R. But then, there is another problem. Let us illustrate it by the example of the linear

Schrédinger equation,

i%+Au:0, (t,z) € R x RV,

If we endow L2(R%Y;C) of the field of real numbers and take an initial value in this space, it is
well-known that the solution u belongs to

C(R; L*(RY;C)) n C* (R; H2(RN; C)),

where H2(R";C) is the topological dual space of H2(R™;C), which means that,

du
ot

(t) € H2(RY;C) < 2 (H*®Y;C);R),

for any t € R. But then, what does the product i% mean ? This question can be answered by looking
at the method used to solve the equation, or by the equation itself. But from a mathematical point
of view, this method is not satisfying because it has been adapted to each equation and the answer
is not exogenous. More generally, if Xy is a real Banach space which is the restriction to the field R
def

of a complex Banach space X¢, and if T € X§ = Z(Xg;R), may we give a meaning to the product

iT € Z(Xg;R)? An answer may be given if, additionally, X¢ is a complex Hilbert space whose inner



product is (( ., .)). Then Xg is a real Hilbert space whose scalar product is (., .) = Re((., .)). We

have the natural injection Xy l) Xg where for u € Xg, T}, € Xy is defined by,
Vv € Xg, <TuaU>Xu’£,XR = (U,’U). (13)

But if v € Xg, so is iv and for any v € Xg, (Ty,1v)xs x» = —(iu,v). So it is natural to define iT" € Xg
by,

Yo € Xg, <iTu7U>X]§,XR = (iu,v) = _<Tu7iv>Xr§,X]R- (1.4)

In particular, when an equation makes sense in Xg, is a way to give a meaning to the sentence
“We multiply the equation by i”. By the Riesz-Fréchet representation Theorem, it follows that the
map T : Xg — XJ defined by is an isometric isomorphism and it completely answers to the
question. But this method fails if X¢ is not Hilbert space. Formula suggests a relation between

the real dual space of Xg and the (complex) adjoint space of X¢, as we shall see in Section

Unfortunately, some authors deal with complex Banach space X and solve some equations as (1.1),
with F' : X — R, which has no sense since F' is never differentiable. The goal of this note is to

provide a rigorous method to avoid this kind of mistake.

This paper is organized as follows. In the following section, we give some notations which will be used
throughout this paper, and we recall some well-known facts on functional analysis. In Section (3] we
give a simple result which allow to give a natural meaning to the product iT, for T € Z(X;R), in
order to have iT € £ (X;R) (Definition[3.2). In Section[d] we give some applications of Definition 3.2}

In the last section, we give some example where Definition [3.2] is implicitely used by some authors.

2 Notations

Let X be a C-linear space. If X is a C-topological vector space, it will be denoted by X¢ and its
restriction to the field R will be denoted by Xg. It follows that Xk is a R-topological vector space
and has the same topology and the same elements than X¢. This algebraic set will be simply denoted
by X. This notation will be used when no consideration of vector space structure and topolopy will
be needed. If X¢ is a normed space then Xg has the same norm which will be denoted by || . ||x for
the both spaces. If Hc is a complex Hilbert space, its inner product will be denoted by ((., .))m.. It
follows that Hp is a real Hilbert space whose the scalar product is denoted by (., .) g def Re((.,.)) me-
Let K € {R, C}. For Xk a K-topological vector space, its K-topological dual space .Z(Xk; K) will be
denoted by X, and its X — Xg duality product will be written (., .)x: x, € K. It is well-known

that the K-topological dual space Xy is complete and if Xk is normed then Xy is a K-Banach space.

For a C-topological vector space X¢, a function f : X¢ — C is said to be an anti-linear form



(or a semilinear form) if f is additive and if for any (\,z) € C x X¢, f(Azr) = Af(x), where X is
the conjugate complex number of A. The anti-dual space or adjoint space of X¢ is denoted by X*.
It consists of the continuous anti-linear forms on Xc. It is a C-complete vector space. Its X* — X¢
duality product will be written (. , )FXV € C. If X¢ is a normed space then X* is a C-Banach space.
Note that X¢&, X* and X7 have the same norm (Kato [11]: p.10-14, p.134) and will be simply denoted
by || . ||x+ for these three spaces. Let Xk and Yk be locally convex Hausdorff K-topological vector
spaces. The notation Xk < Yk means that e : Xg — Y is K-linear, continuous and one-to-one.
We recall that if this embedding is dense then Y & X, where e* is the transpose of e :

VL € Vi, Vr € X, (" (L), @) xz,xx = (L, e(@))yz vi-

If, furthermore, Xx is reflexive then the embedding Yy < Xk is dense. Often, e is the identity
function, so that e* is nothing else but the restriction to Xg of continuous K-linear forms on Yk. For
more details, see Treves [I5 Corollary 5, p.188; Corollary, p.199; Theorem 18.1, p.184]. Finally, for a

complex number z, Re(z) and Im(z) are the real part and the imaginary part of z, respectively.

3 Definition of the product of an element of a real dual space
by a complex number

In this section, we give a meaning to the product iT.Z(X;R), when T € Z(X;R). The following
result is a trivial adaptation of the result of Brezis [0, Proposition 11.22, p.361], and so we omit the

proof.

Theorem 3.1. Let X¢ be a complex topological vector space. Consider the following map,
L:X* — Xg,

(3.1)
T +—— ReT.

Then L is R-linear, bijective and for any T € X3,
Ve e X, (L7HT), 2)x+ x. = (T, &) xz xe + (T, 1) xz x-
If, in addition, Xc is a normed space then L is an isometry.

Definition 3.2. Let X¢ be a complex topological vector space and let L be given by Theorem (3.1
For any T' € Xg, we define iT" € X5 by,

iT =L (iL~(T)). (3.2)
It follows that,
<iT7 x>X§,XR == <T, fix>X]§7X]R, (33)

for any x € X. In other words, the sentence “We multiply 7" by i’ has to be understood as “We take
the Xz — Xgr duality product of T with —iz, for x € X”.



4 Applications

In this section, we give some applications of the previous section to give a meaning to i7" € X, when

T € X;.

The Hilbert spaces

Let Hc be a complex Hilbert space. By Theorem (3.3) and the Riesz-Fréchet representation

theorem it follows that for any L € Hy, there exists a unique uy, € H such that

<L,’U>HUQ7HR = (uva)Hkv (41)

<iL, U>H][§,H]R = <L, _iv>HD§,H1R = (UL, —iv)HR, (42)

for any v € H. In addition, |[ug||x = || L||x+ = [[iL||x~. Let u € H. Set for any v € H, (Ly,v) s 1, =
(u,v)p,. Then L, € HE and (4.1)—(4.2) are nothing else but,

(iu, v) gy = (U, —i0) pry, (4.3)

for any v € H. From this point of view, the formula (3.3 is an extension of (4.3)) to the topological
vector spaces and (3.3]) reads as iL,, = Li,.

The Lebesgue spaces

Let 1 < p < oo. Let 1 < p' < oo its conjugate defined by, % + i =1, and let £ be a nonempty open
subset of RN. It is well-known that for any 7' € L?(€; C)*, there exists a unique u € L? (Q; C) such
that,

(T e . = [ w0,
Q

for any v € LP(;C). In addition, ||T\\m = |Jull o (oc) (Kato [II, Example 1.25, p.135]).
Applying Theorem and (3.3)), we get that the following map,
O, LY (0 — (LP(%0)),
u — Op(u): LP(QC)r — R

v %Re/u(x)@dm.
Q



is an isometric isomorphism. In other words, if T' € LP(€; C)%, there exists a unique u € LPI(Q; C)

such that,

(T,v) Lo (250)z, L7 (2:0) = Re / u(x)v(x)dz,
Q

0,0 o aoerere = Re (1 [ u(o)ul@)de |,
Q

for any v € LP(Q;C), where u = @

5 1(T), and iT = @, (iu). Furthermore, lull o (2cy = 1T ]| 2e(0:0) =

1Tl £ (5c)+ - We recover that,

1

L7 (2; C)g,

3
o~

LP(Q;C)x
and for any u € L? (€; C),

<U7U>LP’(Q;C)R,LP(Q;C)R = Re/u(w)v(w)dx,
Q

for any v € LP(£2; C). Note that for p = 2, this means that the Riesz-Fréchet and the Riesz Theorems

coincide.

The space of distributions

We first recall that the topological dual space 2(€;C)f of 2(2;C)g is the space of distributions
2'(Q;R) : weakx and strong topologies are the same on bounded sets (Schwartz [14, Théoremes XIIT

and XIV, p.74-75]). Now, let us define ® : L (Q;C)c — 2(Q;C)* by,

loc

Vf € Llloc(Q; (C)v <(I)f7 §D>m7@(g;c)c = /f(x)(p(x)dxa
Q

for any ¢ € 2(Q;C). Standard arguments show that ® is C-linear, continuous and one-to-one. Ap-
plying Theorem and (3.3]), if follows that,

LL (R C)r < 7'(UR),
where T' = Re(®). We then have for any f € L _(Q;C)g, if € LL.(9;C)gr and,
(Tt, @) 9 (R),2(2uC)x = Re/f(ﬂ?)w(x)d%
&
(iTt, ) o (), 2(0:0)e = (Tif> ©) 2/ (R),2(2:0)x = (T, —10) 2 (AR),2(2:C)n>

for any ¢ € 2(Q; C).



5 Examples

In this section, we give some examples of situations where the method used requires to restrict some

complex Banach spaces to the field of real numbers.

The nonlinear Schrodinger equation
To solve the following nonlinear Schrodinger equation,

i@ + Au+ g(u) =0,

ot
upn =0,
u(0) = uyp,

with ug € H}(Q;C), some assumptions are done about g. Among them, there is the existence of a
G € CY(H(£;C);R) such that G’ = g. Such a function cannot exist if H}(Q;C) is over the field C.
The starting point is an abstract result which deals with a complex Hilbert space but with the real
scalar product (Cazenave [10, Theorem 3.3.1, p.63-64]). This theory applies, at least, where g is as

follows:
g(u) = Vu 4 Nul®u 4+ (W * [ul*)u,
with,
o Ve LP(RV;R) + L*RY;R), p>1,p> &,
e NeR a0, (N—-2)a<4,
o W e LIRN;R) + L®(RN;R), ¢ > 1, ¢ > &, W is even.

It follows that %7; € H YRY) e » ((H*(RM;C);R) and the product i% is understood as in

Definition For more details, see Cazenave [10, Chapters 3-4].

The damped nonlinear Schrodinger equation
In [3 @[5 [6], the authors study the finite time extinction property of the solutions to,

0
i+ Au+ V(@)u +aul™u = f(tx), i (0,00) x 2,

ot
ujpn =0, on (0,00) x 09,
’LL(O) = Uog, in Qa

where 0 < m<1,a€C, QCRY, feLl ([0, o0); L2(€; (C)) and V € LL _(€;R). The well posedness

loc loc
of the Cauchy problem is established for ug € L*(Q;C), ug € Hg(;C) and ug € H?(£2; C). The proof
of the existence strongly relies on the theory of maximal monotone operators where the Hilbert spaces
(and, more generally, the Banach spaces) are assumed to be real (Barbu [I], 2], Brezis [8], Vrabie [16]).
In particular, if ug € L2(Q) then 2% € H=2(Q) 4 L7 (Q;C), where H-2(Q) ' ¢ (H3(2;C); R) , and

the product i% is understood as in Definition



The stationary Schrodinger equation with periodic magnetic potential

In [7], the authors show the existence of a solution to the following stationary Schrédinger equation

with periodic magnetic potential,
—Aqu+ V(z)u = Ag(u) in RV,

u € H£7V(RN),

where —Aqu = (—iV + A)%u, N >2, A >0, and A € LY (RN;R¥) and V € L2

loc loc

(RY;R) satisfy

some suitable assumptions. The Hilbert space H}LV(RN; C) is,
H} y(RY;€) = {u € H'(RY;C); Va2 € LRV C) and Au € L2RY;CY) },
whose the scalar product is,

Vu,v € Hy (RY), (w,0) gy vy = Re / Vuvdz + Re / Vau.Vvdz,
RN RN
where V4 = V + iA. Some assumptions are made about the nonlinearity ¢g such as G’ = g, for some
G € CY(HY(RY;C);R). A solution is obtained as a non zero critical point of the real functional F
defined on H}LV(RN; C) by,

1
) = o5 lulld sy — G,

As a consequence, all the functional spaces are considered over the field of real numbers. It is shown
that the equation makes sense in the topological dual space H‘Z}V (RN) of H}LV(RN ;C), and that the
following holds.

2(;C) — H} (RY;C) — H'(RY;C),
H'(RY) = H L (RY) — 7'(RY),

with, in each case, dense embedding. Finally,
—Aqu = —Au —iV.(Au) —iA.Vu + |A]?u, in HH(RY),

and the product by i is understood as in Definition |3.2
A nonlinear Schrodinger equation with external magnetic field
In Schindler and Tintarev [I3], the authors consider the equation

1 2

<,V + A(:c)) u+V(z)u = |ult"tu, in Q CR?,
i

u e HHQ;C) \ {0}.



They show that a solution exists if Q is asymptotically contractive (Schindler and Tintarev [I3|

Definition 2.6]), ¢ € (1,5), and A € L (% R3) and V € V. (£ R) satisfy,

loc

inf (V(z) + 20) >0,

|A —V¢| <liminf V(y) —V, a.e.in Q,
ly|—o0

for some ¢ € H (Q;R), where A\ = gg(lsl; ® / |Vu(z)|*da. To this end, they prove the existence
ue ;
{I\u\|L2<n>:1 Q

of a minimizer of the real functional,

inf I(u),
{uEHé(Q;C)
H“”Lqul(Q)zl

where

— (1t + 4@ ) uw)]|
1<u>_9/<‘<iv+,4< ) ute)

Then the differentiability of I is needed and all the functional spaces have to be considered over the

+ V(z)|u(x)|2> dzx.

field of real numbers. Here again, the product by i is understood as in Definition

Existence in the nonlinear Schrodinger equation with bounded magnetic
field

Let V4 = V+id and H*(RY;C) = Hy*(RY;C) N L2(RY; C), where H*(RN;C) is the completion
of (RN C) with respect to the norm ||V au|| z2(g~). In Schindler and Tintarev [12], the authors prove

that the minimization problem

inf JA7v(U,),
{uEH;‘z(RN;C)
[lullLp (@y=1

where N > 2, p € (2, %) and

Tav() = [ (V0@ + V@ulo))
RN
admits a solution wu,, under some suitable assumptions satisfied by A € C! (RN ‘RN )and V €
C(RY;R). Dealing with real Banach spaces to have that Ja y is differentiable, they obtain that
Uy solve,
—(Vau)2 +V(z)u = [ufP~tu in RY,
we HY y (®Y)\ {0},

Here again, the product by i is understood as in Definition [3.2]
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