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Hamiltonian formalism and Integrable systems
Classical mechanics

Newton's mechanics

The classical Newton's second law for a particle with coordinates
q(t) = (qi(t), ..., qn(t)) in a potential force field F has a form
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Classical mechanics

Newton's mechanics
The classical Newton's second law for a particle with coordinates
q(t) = (q1(t), ..., qn(t)) in a potential force field F has a form

§=F, F=-VU,

where U = U(q) is a potential energy.
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Classical mechanics

Newton's mechanics
The classical Newton's second law for a particle with coordinates
q(t) = (qi(t), ..., qn(t)) in a potential force field F has a form

§g=F, F=—-VU,

where U = U(q) is a potential energy.

v

Phase space
We rewrite these equations as

qg =p

p = _VU,
p=(p1,...,pn) is the momentum.
The space R?" = {(p, q)} is the phase space of the system.

v
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Hamiltonian formalism and Integrable systems
Poisson structure

A Poisson structure on a manifold M is a bilinear bracket
{-,-} : C®(M) x C>®(M) — C>°(M) satisfying
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Poisson structure

A Poisson structure on a manifold M is a bilinear bracket
{-,-} : C®(M) x C>®(M) — C>°(M) satisfying
Q skew-symmetry {F,G}=—{G,F}
Q Leibnitzrule {F,G}=); g—g{q;, G}
© Jacobi identity {{F,G}H} + {{G,H}F} + {{H,F}G} =0
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Hamiltonian formalism and Integrable systems
Poisson structure

A Poisson structure on a manifold M is a bilinear bracket
{-,-}: C®(M) x C*(M) — C>*(M) satisfying

Q skew-symmetry {F,G}=—{G,F}

@ Leibnitz rule  {F,G} =3, 55{q;, G}

© Jacobi identity {{F,G}H} +{{G,H}F} +{{H,F}G} =0

v

The standard Poisson structure on R?" = {(p, q)}.

OF 0G OF 0G
F.G} = =
£, G} Z 0q; Op;i  Op; 0q;
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Hamiltonian formalism and Integrable systems

Poisson structure produces vector fields from functions

Poisson structure corresponds to the bi-vector field v =), V"J’@%,- A 8%[,
such that {F, G}(x) = (dF(x) A dG(x), v(x)), where (-,-) is the natural
pairing between A2T}(X) and A% T,(X).
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such that {F, G}(x) = (dF(x) A dG(x), v(x)), where (-,-) is the natural
pairing between A2T}(X) and A% T,(X).

A Poisson bracket transforms a covector field into a vector field

It induces a linear map ¥, : TAM — T, M.
For any two covectors &, € Ty M let £ = dF(x),n = dG(x). Then W, is
determined uniquely by n(V¢&) = {F, G}(x).
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Poisson structure produces vector fields from functions

Poisson structure corresponds to the bi-vector field v =), V"J’@%,- A 8%[,
such that {F, G}(x) = (dF(x) A dG(x), v(x)), where (-,-) is the natural
pairing between A2T}(X) and A% T,(X).

A Poisson bracket transforms a covector field into a vector field

It induces a linear map ¥, : TAM — T, M.

For any two covectors &, € Ty M let £ = dF(x),n = dG(x). Then W, is
determined uniquely by n(V¢&) = {F, G}(x).

A Poisson bracket transforms
any function H ~~ a vector field sgrad H = WV, (dH(x)).
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Hamiltonian formalism and Integrable systems

Hamiltonian equations
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Hamiltonian formalism and Integrable systems
Hamiltonian equations

Definition

Given a hamiltonian function (or hamiltonian) H(x) the Hamiltonian flow
along vector field sgrad H is given by Hamiltonian equations x; = {x;, H}
For x = (pu q) we have H = H(p7 q)vp ={p,H},qg={q, H}.
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Hamiltonian formalism and Integrable systems
Hamiltonian equations

Definition

Given a hamiltonian function (or hamiltonian) H(x) the Hamiltonian flow
along vector field sgrad H is given by Hamiltonian equations x; = {x;, H}
For x = (p, q) we have H = H(p,q),p = {p,H}, g = {q, H}.

For any function f(x) we have
SF=380% =3, $L{xi, H} = {f, H} by the Leibnitz rule.

i Ox; X’
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Hamiltonian formalism and Integrable systems

Example

Consider x = (p, q) € R?", equipped with the standard Poisson structure
{F,G}=>; g—;g—g - g—l’;g—g, and the hamiltonian H(p, q) = %2 + U(q)
(the total energy). Then the flow equations take the form

qg=p
p=-VU
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Hamiltonian formalism and Integrable systems

Example

Consider x = (p, q) € R?", equipped with the standard Poisson structure

{F,G}=>; g—;g—g - g—;g—g, and the hamiltonian H(p, q) = %2 + U(q)

(the total energy). Then the flow equations take the form
qg=p
p=—-VU

We recognize Newton's equations of motion. J
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Hamiltonian formalism and Integrable systems
Integrals of motion

Let /(x) be a function such that {/, H} = 0. Then / is preserved under the
Hamiltonian flow with hamiltonian H. Indeed, | = {/,H} = 0 and

I1(t) = I(p(t), q(t)) = Const.
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Let /(x) be a function such that {/, H} = 0. Then / is preserved under the
Hamiltonian flow with hamiltonian H. Indeed, | = {/,H} = 0 and

I1(t) = I(p(t), q(t)) = Const.

Definition
Such [ is called a first integral of motion.A collection I, ..., Ix of the first
integrals such that {/;,/;} = 0 for all j, / form integrals in involution.
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Hamiltonian formalism and Integrable systems
Integrals of motion

Let /(x) be a function such that {/, H} = 0. Then / is preserved under the
Hamiltonian flow with hamiltonian H. Indeed, | = {/,H} = 0 and

I1(t) = I(p(t), q(t)) = Const.

Definition

Such [ is called a first integral of motion.A collection I, ..., Ix of the first
integrals such that {/;,/;} = 0 for all j, / form integrals in involution.
Integrals are called independent if their gradient are linearly independent
at a generic point of M.
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Hamiltonian formalism and Integrable systems

Liouville’s theorem
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Liouville’s theorem

A 2n dimensional Poisson manifold M?" is symplectic if bivector field v
giving the Poisson structure is nondegenerate at every point of M.
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Liouville's theorem

A 2n dimensional Poisson manifold M?" is symplectic if bivector field v
giving the Poisson structure is nondegenerate at every point of M.

Theorem

Let a symplectic M?" have n functions Fy, ..., F, in involution (i.e.,
{Fi,Fj} =0Vi,j). Consider M¢ := {x|Fi(x) = fi, i =1...n}. Assume
that all F; are independent on My (i.e. dF;i(x) are linearly independent for
all x € Mg). Then,

v
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giving the Poisson structure is nondegenerate at every point of M.

Theorem

Let a symplectic M?" have n functions Fy, ..., F, in involution (i.e.,
{Fi,Fj} =0Vi,j). Consider M¢ := {x|Fi(x) = fi, i =1...n}. Assume
that all F; are independent on My (i.e. dF;i(x) are linearly independent for
all x € Mg). Then,

Q@ My is a smooth manifold invariant w.r.t. hamiltonian flow sgrad F;.

v
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Liouville's theorem

A 2n dimensional Poisson manifold M?" is symplectic if bivector field v
giving the Poisson structure is nondegenerate at every point of M.

Theorem

Let a symplectic M?" have n functions Fy, ..., F, in involution (i.e.,
{Fi,Fj} =0Vi,j). Consider M¢ := {x|Fi(x) = fi, i =1...n}. Assume
that all F; are independent on My (i.e. dF;i(x) are linearly independent for
all x € Mg). Then,

Q@ My is a smooth manifold invariant w.r.t. hamiltonian flow sgrad F;.

@ If My is compact and connected then M¢ ~ {(¢1,...,pn)mod2r}.

v
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Liouville's theorem

A 2n dimensional Poisson manifold M?" is symplectic if bivector field v
giving the Poisson structure is nondegenerate at every point of M.

Theorem

Let a symplectic M?" have n functions Fy, ..., F, in involution (i.e.,
{Fi,Fj} =0Vi,j). Consider M¢ := {x|Fi(x) = fi, i =1...n}. Assume
that all F; are independent on My (i.e. dF;i(x) are linearly independent for
all x € Mg). Then,
Q@ My is a smooth manifold invariant w.r.t. hamiltonian flow sgrad F;.
@ If My is compact and connected then M¢ ~ {(¢1,...,pn)mod2r}.
© The flow in the phase space with hamiltonian H = F1 determines on
My a quasi-periodic motion in angle coordinates ¢, ..., p,. Namely,
i = wj, where w = (w1, ...,w,) depends on f.

v
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all x € Mg). Then,
Q@ My is a smooth manifold invariant w.r.t. hamiltonian flow sgrad F;.
@ If My is compact and connected then M¢ ~ {(¢1,...,pn)mod2r}.
© The flow in the phase space with hamiltonian H = F1 determines on
My a quasi-periodic motion in angle coordinates ¢, ..., p,. Namely,
i = wj, where w = (w1, ...,w,) depends on f.
© Hamiltonian equations with hamiltonian H = F; are solved in
quadratures (i.e. there are analytic formulas for the motion).
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Hamiltonian formalism and Integrable systems
Action-angle variables

For each new integral in involution the hamiltonian reduction decreases
the number of degrees of freedom of the system by 2.
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Action-angle variables

For each new integral in involution the hamiltonian reduction decreases
the number of degrees of freedom of the system by 2.

v

For the system with 2n degrees of freedom (dimension) there are at most
n independent integrals in involution Hy, ..., H,. They are action variables.

v
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Action-angle variables

For each new integral in involution the hamiltonian reduction decreases
the number of degrees of freedom of the system by 2.

v

For the system with 2n degrees of freedom (dimension) there are at most
n independent integrals in involution Hy, ..., H,. They are action variables.
If H= H; is a hamiltonian then there are n additional coordinates
©1y---,Pn such that 0 = {cp,-,gpj} = {H,', Hj}, {QD,', HJ} =0 for i 75_],
{oi, Hi} = dj.

v
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Hamiltonian formalism and Integrable systems
Action-angle variables

For each new integral in involution the hamiltonian reduction decreases
the number of degrees of freedom of the system by 2.

For the system with 2n degrees of freedom (dimension) there are at most
n independent integrals in involution Hy, ..., H,. They are action variables.
If H= H; is a hamiltonian then there are n additional coordinates
©1y---,Pn such that 0 = {cp,-,gpj} = {H,', Hj}, {QD,', HJ} =0 for i 75_],
{i, Hi} = dj.

The solution of Cauchy problem with initial condition (H;(0), ¢;(0)) is

Hj(t) = H;(0)
pi(t) = ¢i(0) + H;(0)t.
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Hamiltonian formalism and Integrable systems
Action-angle variables

For each new integral in involution the hamiltonian reduction decreases
the number of degrees of freedom of the system by 2.

For the system with 2n degrees of freedom (dimension) there are at most
n independent integrals in involution Hy, ..., H,. They are action variables.
If H= H; is a hamiltonian then there are n additional coordinates
©1y---,Pn such that 0 = {cp,-,gpj} = {H,', Hj}, {QD,', HJ} =0 for i 75_],
{i, Hi} = dj.

The solution of Cauchy problem with initial condition (H;(0), ¢;(0)) is

Hj(t) = H;(0)
pi(t) = ¢i(0) + H;(0)t.

w; are angle variables.
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Example:

Open Toda lattice

@ We consider the evolution of n labeled interacting particles on a line
where only ith and i 4 1st particles interact.
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Hamiltonian formalism and Integrable systems

Open Toda lattice

@ We consider the evolution of n labeled interacting particles on a line
where only ith and i/ + 1st particles interact.

o Hamiltonian is H = 3 i1 pJ + ZJ 1 exp(2(qj — gj+1)), Where gj is
the coordinate of jth particle, p; = g; is its momentum.
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Hamiltonian formalism and Integrable systems

Open Toda lattice

@ We consider the evolution of n labeled interacting particles on a line
where only ith and i/ + 1st particles interact.

o Hamiltonian is H = 3 i1 pJ + ZJ 1 exp(2(qj — gj+1)), Where gj is
the coordinate of jth particle, p; = g; is its momentum.

@ The Poisson structure in coordinates (pj, g;) is standard.

(Paris) Poisson properties of cluster algebras April, 2012 11 /1



Hamiltonian formalism and Integrable systems
Equations of motion

The corresponding differential equations of motion take the form

(Paris)

g1

Gn
p1

(Pn

= p1

= Pn
— —2e2(m—q2)

= —2e2(®2-a3) 4 2¢2(q1- )

= 2e2(dn-1—an)
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Hamiltonian formalism and Integrable systems

Lax form of open Toda lattice
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Hamiltonian formalism and Integrable systems
Lax form of open Toda lattice

Question (matrix Lax equation)

Find matrix X such that X = [X, X] is equivalent to Toda equation.

(Paris) Poisson properties of cluster algebras April, 2012 13/1



Hamiltonian formalism and Integrable systems

Lax form of open Toda lattice

Question (matrix Lax equation)
Find matrix X such that X = [X, X, ] is equivalent to Toda equation.

Such matrix X = X(pj, g;) can be found in a tridiagonal form.
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Hamiltonian formalism and Integrable systems

Lax form of open Toda lattice

Question (matrix Lax equation)
Find matrix X such that X = [X, X, ] is equivalent to Toda equation.

Such matrix X = X(pj, g;) can be found in a tridiagonal form.

p1 ed1—92 0
eCh—Ch
X =

eqn—l —dn
eqn—l —dn Pn
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Hamiltonian formalism and Integrable systems

Lax form of open Toda lattice

Question (matrix Lax equation)
Find matrix X such that X = [X, X, ] is equivalent to Toda equation.

Such matrix X = X(pj, g;) can be found in a tridiagonal form.

p1 ed1—92 0

eCh—Ch
X = 1
edn-1 dn
@n—1—0n P
and X, is a skew-symmetrization of X
O eCh—Ch 0
—eh—q2
X+ = q —
o Eh=1=Gh
—e9n—1=0n 0

(Paris) Poisson properties of cluster algebras April, 2012 13/1



Hamiiltonian formalism and Integrable systems

(Paris)

2012 14 /1



Hamiiltonian formalism and Integrable systems

Check that Lax equation is equivalent to Toda lattice.

(Paris) Poisson properties of cluster algebras April, 2012 14 /1



Hamiiltonian formalism and Integrable systems

Check that Lax equation is equivalent to Toda lattice.

If Poisson structure is degenerate then any solution of Hamiltonian system
lives on a symplectic leaf of the Poisson manifold.
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Hamiltonian formalism and Integrable systems

Symplectic leafs

Definition

Symplectic leaf of a Poisson manifold M is an equivalence class of points
in M such that one can reach from one point to another in the same class
along piecewise trajectories of hamiltonian flows.

April, 2012 15 /1
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Symplectic leafs

Definition

Symplectic leaf of a Poisson manifold M is an equivalence class of points
in M such that one can reach from one point to another in the same class
along piecewise trajectories of hamiltonian flows.

Example

& | &
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Symplectic leafs

Definition

Symplectic leaf of a Poisson manifold M is an equivalence class of points
in M such that one can reach from one point to another in the same class
along piecewise trajectories of hamiltonian flows.

Example

@ Lie-Poisson (linear) bracket on b*: {f,g}(x) = (x,[df(x), dg(x)]).
b* &~ symmetric n X n matrices.

| A\
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Hamiltonian formalism and Integrable systems
Symplectic leafs

Definition

Symplectic leaf of a Poisson manifold M is an equivalence class of points
in M such that one can reach from one point to another in the same class
along piecewise trajectories of hamiltonian flows.

Example

@ Lie-Poisson (linear) bracket on b*: {f,g}(x) = (x,[df(x), dg(x)]).
b* &~ symmetric n X n matrices.

| A\

@ Symplectic leaves = orbits of coadjoint action of b. Tridiagonal
matrices form an orbit, i.e. a symplectic leaf.
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Hamiltonian formalism and Integrable systems
Symplectic leafs

Definition

Symplectic leaf of a Poisson manifold M is an equivalence class of points
in M such that one can reach from one point to another in the same class
along piecewise trajectories of hamiltonian flows.

| A\

Example

@ Lie-Poisson (linear) bracket on b*: {f,g}(x) = (x,[df(x), dg(x)]).
b* &~ symmetric n X n matrices.

@ Symplectic leaves = orbits of coadjoint action of b. Tridiagonal
matrices form an orbit, i.e. a symplectic leaf.

@ The Lie-Poisson Poisson bracket on the space of tridiagonal matrices
coincides with the Toda lattice Poisson bracket under the appropriate
change of coordinates. Hamiltonian H(x) = 5 Tr(X?) induces the
hamiltonian flow which coincides with the open Toda lattice flow.
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Hamiiltonian formalism and Integrable systems

Check that hamiltonian flow on tridiagonal matrices equipped with
Lie-Poisson bracket with hamiltonian H(X) = %Tr(X2) is given by
equations of open Toda lattice.
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Hamiiltonian formalism and Integrable systems

Cauchy problem X = [X, X,], X(0) = Xo has a solution of the form
X(t) = u(t)Xou(t)™t, where u(t) is an orthogonal matrix satisfying
i=—Mu,u0)=IM=—iut=uti
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X(t) = u(t)Xou(t)™t, where u(t) is an orthogonal matrix satisfying
i=—Mu,u0)=IM=—iut=uti

The characteristic polynomial of X is preserved under Toda flow.
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Hamiiltonian formalism and Integrable systems

Let det(A — X) = TT7_1(A — Ak) = S0 (= 1)K (L)A"K.
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Hamiiltonian formalism and Integrable systems

Let det(A — X) = TT7_1(A — Ak) = S0 (= 1)K (L)A"K.

Corollary

Functions Ji(X), k = [1, n] are integrals of motion.

v
Corollary

Functions \(X), k = [1, n] are integrals of motion.

(Paris) Poisson properties of cluster algebras April, 2012 18 /1



Hamiiltonian formalism and Integrable systems

Let det(A — X) = TT7_1(A — Ak) = S0 (= 1)K (L)A"K.

Corollary

Functions Ji(X), k = [1, n] are integrals of motion.

v
Corollary

Functions \(X), k = [1, n] are integrals of motion.

(Paris) Poisson properties of cluster algebras April, 2012 18 /1



Hamiiltonian formalism and Integrable systems

Moser Map
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Hamiiltonian formalism and Integrable systems

Moser Map

X = m()\,X) = (()\1 — X)*lel,el) = Zgi§ = Z h)J\J(_,')_i)
=0

linearizes the Toda flow.
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Hamiiltonian formalism and Integrable systems

Moser Map

X = m\X)= (M1 — X)Le, o) = ;

linearizes the Toda flow.

Inverse Moser Map
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Hamiiltonian formalism and Integrable systems

Moser Map

X = m\X)= (M1 — X)Le, o) = ;

linearizes the Toda flow.

Inverse Moser Map

e Given m(\), define Hankel determinants

I i
AE ) = det (hatpti-i-1) 4 g=1
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Hamiiltonian formalism and Integrable systems

Factorization of Jacobi matrix

A tridiagonal n x n matrix X can be factorized into
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Factorization of Jacobi matrix
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0 0 .0 fon
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Hamiltonian formalism and Integrable systems

Quadratic Poisson structures

Phase space for Toda lattice is formed by tridiagonal matrices modulo
conjugation by diagonal matrices. It coincides with double Bruhat cell
C:=BuBNB_vB_whereu=s3-...-S_1, V=5,_1-...-51 are
Coxeter elements, s; is a simple transposition / <> i + 1.

(Paris) Poisson properties of cluster algebras April, 2012 21/1



Hamiltonian formalism and Integrable systems
Quadratic Poisson structures

Phase space for Toda lattice is formed by tridiagonal matrices modulo
conjugation by diagonal matrices. It coincides with double Bruhat cell
C:=BuBNB_vB_whereu=s3-...-S_1, V=5,_1-...-51 are
Coxeter elements, s; is a simple transposition / <> i + 1.

There are several Poisson brackets that generate Toda flow as a
hamiltonian flow.

(Paris) Poisson properties of cluster algebras April, 2012 21/1



Hamiltonian formalism and Integrable systems
Quadratic Poisson structures

Phase space for Toda lattice is formed by tridiagonal matrices modulo
conjugation by diagonal matrices. It coincides with double Bruhat cell
C:=BuBNB_vB_whereu=s3-...-S_1, V=5,_1-...-51 are
Coxeter elements, s; is a simple transposition / <> i + 1.

There are several Poisson brackets that generate Toda flow as a
hamiltonian flow.

Can one consider Toda lattice as a Hamiltonian system with respect to the
bracket that reflects group structure?
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G = a Lie group.
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For coordinates u, v
{m*(u), m*(v)}GXc = {tltz, t1xo + Xltz_l}GxG = tft2X2 + t1x1.
On the other hand,

m* ({u, V}G) = m*(uv) = t12t2X2 + t1Xx1,

which proves Poisson-Lie property.

Similarly, we define Poisson-Lie bracket for B_.

Then, if we have embedded Poisson subgroups B and B_ they define a
Poisson-Lie structure on SL, they generate.
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Hamiltonian formalism and Integrable systems

Indeed,

To define Poisson-Lie bracket on the whole SL, we use Gauss
decomposition SL, = B_B,..
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yi ot 0 t yito yixo+t; Tty

Hence,
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Hamiltonian formalism and Integrable systems
Indeed,

To define Poisson-Lie bracket on the whole SL, we use Gauss
decomposition SL, = B_B,..

t1 0 th  Xo t1to t1 X2
Indeed, -1 1] = ~1,-1
yi ot 0 t yito yixo+t; Tty

Hence,
{z11, 212} = {t1ito, tixa} = i taxa = 711212,
{z11,21} = {tito, 12} = Btiy = 711201,
{z11, 220} = {t1to, y1xo + t; 5 1} = 2t1y1tox0 = 2212201,
{z12, 221} = {tixo, Y112 } =0,

{z12, 20} = {tixo, yixo + t] 15 1) = tiyitoxd + xo/to = z12200,
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Hamiltonian formalism and Integrable systems
Indeed,

To define Poisson-Lie bracket on the whole SL, we use Gauss
decomposition SL, = B_B,..

t1 0 th  Xo t1to t1 X2
Indeed, -1 1] = ~1,-1
yi ot 0 t yito yixo+t; Tty

Hence,
{z11, 212} = {t1to, tixa} = titoxo = 711212,
{z11, 21} = {tito, y1ta} = t3tiy1 = 711201,
{z11, 220} = {t1to, y1xo + t; 5 1} = 2t1y1tox0 = 2z15201,
{z12, 221} = {tixo, Y112 } =0,
{z12, 20} = {tixo, yixo + t] 15 1) = tiyitoxd + xo/to = z12200,
{21,200} = (o, yixe + 7085} = Vibxo +y1/ti = zo1200.
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Hamiltonian formalism and Integrable systems
Poisson-Lie bracket for SL,,

Standard embeddings SL, C SL,, define Poisson submanifold with respect
to standard Poisson-Lie bracket.
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Poisson-Lie bracket for SL,

Standard embeddings SL, C SL,, define Poisson submanifold with respect
to standard Poisson-Lie bracket. Any fixed reduced decomposition of the
maximal element of the Weyl group determines a Poisson map
("2")
I Stz — SLa.Then, for X = (xj) € SL, we have
1
{X,'J',Xk,'} = XjjXik fOI’j < k, {XJ',',Xk,'} = XjiXki fOI’j < k
{X,'J',Xk/} = Xj|Xkj for i < k,j <, {X;j,Xk/} =0fori<k,j>1
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Poisson-Lie bracket for SL,

Standard embeddings SL, C SL,, define Poisson submanifold with respect
to standard Poisson-Lie bracket. Any fixed reduced decomposition of the
maximal element of the Weyl group determines a Poisson map
("2")
I Stz — SLa.Then, for X = (xj) € SL, we have
1
{X,'J',Xk,'} = XjjXik fOI’j < k, {XJ',',Xk,'} = XjiXki fOI’j < k
{X,'J',Xk/} = Xj|Xkj for i < k,j <, {X;j,Xk/} =0fori<k,j>1

Tridiagonal matrices form a symplectic leaf of a standard Poisson-Lie
structure on SL,,.
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Poisson-Lie bracket for SL,

Standard embeddings SL, C SL,, define Poisson submanifold with respect
to standard Poisson-Lie bracket. Any fixed reduced decomposition of the
maximal element of the Weyl group determines a Poisson map
("2)
I Stz — SLa.Then, for X = (xj) € SL, we have
1
{X,'J',Xk,'} = XjjXik fOI’j < k, {XJ',',Xk,'} = XjiXki fOI’j < k
{X,'J',Xk/} = Xj|Xkj for i < k,j <, {XijanI} =0fori< k,j >/

Remark

Tridiagonal matrices form a symplectic leaf of a standard Poisson-Lie
structure on SL,,.

Remark

| A

Toda equations are Hamiltonian equations with respect to the standard
quadratic Poisson-Lie bracket and Hamiltonian tr(X).
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Hamiltonian formalism and Integrable systems
R-matrix

One can construct a Poisson-Lie bracket using R — matrix.

Definition
A map R: g — g is called a classical R — matrix if it satisfies modified
Yang-Baxter equation

[R(E), R(m)] — R([R(£), n] + [&; R(n)]) = —[&, 7]
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Hamiltonian formalism and Integrable systems

R-matrix

One can construct a Poisson-Lie bracket using R — matrix.

A map R: g — g is called a classical R — matrix if it satisfies modified
Yang-Baxter equation

[R(£), R(n)] — R([R(&),n] + [&, R()]) = —[&, 7]

R-matrix Poisson-Lie bracket on SL,, :

1, B}(X) = 3 (RIVAX)X), VAX)X) — (RIXVACO), XA,

where gradient Vf € sl, defined w.r.t. trace form.
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Hamiiltonian formalism and Integrable systems

Example

For any matrix X we write its decomposition into a sum of lower triangular
and strictly upper triangular matrices as

X =X_+Xo+ X,
The standard R-matrix R : Mat, — Mat, defined by
R(X) =Xy — X_

The standard R-matrix Poisson-Lie bracket:

i xa H(X) = 3 (sign(ex — ) + sign( — )i
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Hamiltonian formalism and Integrable systems
Homogeneous Poisson space

X is a homogeneous space of an algebraic group G, i.e.,
m:GxX—= X.

G is equipped with Poisson-Lie structure.

Definition

Poisson bracket on X is compatible if m is a Poisson map.
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Hamiltonian formalism and Integrable systems

Grassmannian Gi(n)

Example
Grassmannian Gg(n) of k-dimensional subspaces of n-dimensional space.

SL, acts freely on Gg(n).
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Example
Grassmannian Gg(n) of k-dimensional subspaces of n-dimensional space.

SL, acts freely on Gg(n).
Maximal Schubert cell G2(n) C Gk(n) contains elements of the form

(1Y) where Y = (y;), i € [L,k]; j € [1,n— K]
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Grassmannian Gi(n)

Example

Grassmannian Gg(n) of k-dimensional subspaces of n-dimensional space.
SL, acts freely on Gg(n).

Maximal Schubert cell G2(n) C Gk(n) contains elements of the form
(1Y) where Y = (y;), i € [L,Kk]; j €[1,n— k]

Poisson bracket bracket compatible with the standard Poisson-Lie bracket
on SL,:

{}/ija)’a,ﬁ} = % ((sign(ae — i) — sign(B —j))YiByaJ
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