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Data Compression : Shannon Modelization

source P 4)
E!ack
Box
™
Cade 4) codestring cl)
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Data Compression : Shannon Modelization

The = stationnary process on Alphahet  ={A.Cc 1.6}

code ¢ :a"—>{0.11

ATCAGAATC > 0001000100010

Message X" (n-s)  10SSIesscompression Codestring §,(X)

Winzip, compress, etc.

Goal : minimize average

codelength
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Source Entropy

® Shannon ('48) :
Ep [|¢n(X)I] = Hn(P) = Ep [~ log P"(X{)]
n-block entropy and there is a code reaching the bound (within 1

bit).
® Moreover, if P is stationary and ergodic :

1
—Ha(P) = H(P)

entropy rate of the source P
= minimal number of bits necessary per symbol.
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Coding Distributions

® Kraft Inequality :

Z 2~ 1¢n(X)l < 4
x{

and reciprocal.

® Code ¢ <= coding distribution Q%(x) = 2~ 1¢n(x)I,

® The Shannon '48 theorem expresses that in average the best
coding distribution is P!

® (Otherwise, coding distribution Q,, suffers from the regret

109 Gy (X) — (~Iog P (X)) ~log {20
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Universal Coders

® What if the source statistics are unknown ?
® \What if we need versatile code ?

= Need a single coding distribution Q, for a class of sources
A= {Pg, S @}

Ex : memoryless processes, Markov chains, HMM. . .

= unavoidable redundancy :

Ep, [l (X{)] = H(X{) = Ep,[log Qn(X{") +log Py (X{')]
= KL(Py, Qn)

= KUllback-Leibler divergence between Py and Q.
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Coders : Measures of Universality

1. Maximal regret :

Py (x7)
R*(Qn,\) = sup suplo
(Qn. ) x{’egnee(g an (X1n)

2. Worst case redundancy :

Py (X)
R* (Qn,A\) = supEp, |log -1
( n ) ng Py [ g Q. (X1n)

] = sup KL (Py, Qn)
e

3. Expected redundancy with respect to prior 7 :

_ B PEOXT) ||
R (QnA) = E, a, (Xl”) = E [KL(Po, Qn)]

Ep, [Iog
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Classes : Measures of Complexity

1. Minimax regret :

R: (A) = inf R* (Qp. A) = minmaxlog ¢ 7)
n - On n - On X1n,6 g Qn (X1n)

2. Minimax redundancy :

R (A) = igf R* (Qn,A) = rgin max KL(Py, Qn)

3. Maximin redundancy :

R, (A) = supi(r;f R. (Qn,A\) = max r’rg}in E. [KL(Py, Qn)]

= Ry (N) < Ry (M) < Ry (A)

TELECOM
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General Standard Results

® Minimax result (Haussler '97, Sion) : R, (A) = R (A).
® Shtarkov's NML : R: (A) = R* (QQ,., A) with Q2 (X) = %
yexn
and p(x) = suppcp P"(X), so that and hence

= log (Z b(y)) :
yexn

® Channel capacity method : if du(6, x) = dm(6)dPy(x) then

inf A (Qn, ) = Hu(XP) = H(X710) = H,(0) = H(01X7).
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Finite Alphabets : Standard Results

® Theorem (Shtarkov, Barron, Spankowski,...) If Z,, denotes the
class of memoryless processes over alphabet {1,..., m}, then

1. n r(1/2)m
Ri (Zm) = 7= liogl 4log X2 4 o0(1)
nasm 2 2e r (o) m
1 r(1/2)" 1
Ry (Zm) = m2 Iogg+|og(r(/,r7;+om(1)§m logn+2
2

® Theorem (Rissanen ’84) If dim © = k, and if there exists a
\v/n-consistent estimator of 6 given X7, then

liminf R, (A) > glog n.

n—oo
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Infinite Alphabets : Issues

Motivations : integer coding, lossless image coding, text coding on
words, mathematical curiosity.
1. Understand general structural properties of minimax redundancy
and minimax regret.
2. Characterize those source classes that have finite minimax regret.
3. Quantitative relations between minimax redundancy or regret and
integrability of the envelope function.
4. Develope effective coding techniques for source classes with
known non-trivial minimax redundancy rate.

5. Develope adaptive coding schemes for collections of source
classes that are too large to have redundancy rates.
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Sanity-check Properties

1. B*(A\") < +00 <= Q. is well-defined and given by

_ X))
NML(X) Zye){n ( )

where p(X) = suppcp P(X).
2. R*(A") and R*(A") are non-decreasing, sub-additive (or infinite)
functions of n. Thus,

im B m(/\n)gm(/ﬂ),

forx € X"

n—oo n neNy n
and . .
) " (A")
R R
im ——2 = inff ——2 < .
n—oo n neNy n
- ey
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Memoryless Sources

1. Let A be a class of stationary memoryless sources over a
countably infinite alphabet. Let p be defined by
p(x) = suppep P{x}. The minimax regret with respect to A" is
finite if and only if the normalized maximum likelihood (Shtarkov)
coding probability is well-defined and :

R*(A") <00 Y P(x) < oo

xeNy

2. We give an example of a memoryless class A such that
R*(A™) < oo, but R*(A") = oo.

TELECOM
il ParisTech
WWMNSL2000 L LI LI IIIIIIIIIIIIIIIIIIIIIIIII SIS IS SIS

Stéphane Boucheron, Aurélien Garivier, Elisabeth Gassiat Licence de droits d'usage Page 161 26 B4
<garivier@enst.fr> e s d'usage g EEET



Outline

Lossless Coding on infinite alphabets

Enveloppe Classes
Theoretical Properties

20 Juillet 2009

Stéphane Boucheron, Aurélien Garivier, Elisabeth Gassiat ) icence de droits d'usage
<garivierQenst.fr> ©

Page 17/ 28 i



Redundancy and Regret Equivalence Property

Definition
Af = {P - VxeN, P'{x} < f(x) and P is stationary memoryless.} :

Theorem
Let f be a non-negative function from N to [0, 1], let \s be the class of
stationary memoryless sources defined by envelope f. Then

RY(Af) <00 <= R*(A]) <00 <= Y f(k) <.
KeNL
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Idea of the Proof

The only thing to prove is that
> f(k) =00 = R"(Af) = 0.

keNy

Let the sequence of integers (h;),. be defined recursively by hy = 0 and

h
higr=mind h = > f(k)>1
k=hj+1
We consider the class A = {Py,0 € ©} where © = N. The memoryless
source P; is defined by its first marginal P} which is given by

f(m
PI1( ) Z:IJH()()fOFmG{pI+1,,p,+1}
k=h;+1

Taking any infinite entropy prior = over © the A' = {P! ; i € N, } shows that
R™(N) = R (A') = H(6) — H(6]X:) =
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Upper-bounding the Regret

Theorem _
If \ is a class of memoryless sources, let the tail function Fp: be
defined by Fpi(u) =", P(k), then :

£ u—1
* n < H
R*(A") < nf nFi(u)log e+ 5

logn| +2.

Corollary
Let A\ denote a class of memoryless sources, then the following holds :

R*(A") < 0o & R*(A") = o(n) and RT(A\") = o(n).

. - . . . I 2
Stéphane Boucheron, Aurélien Garivier, Elisabeth Gassiat ) icence de droits d'usage Page 20 /28



Lower-bounding the Redundancy

Theorem

Let f denote a non-increasing, summable envelope function. For any
integer p, let c(p) = Y_F_, f(2k). Let ¢(c0) = >4~ f(2k). Assume
furthermore that c(oc) > 1. Let p € N be such that c(p) > 1. Let

ne N, e>0and €]0,1[ be such that n > ,C(ng)ﬁ. Then

RHN) =C(p. 0 S <1Iog nHen(1 =) ) ,

, 2 2c(p)e
i=1
1 4 5¢(p)
mAe)=—-"i_— (14 /¢ )
where C(p,n, A, €) = o =\ T=Nenf(2p)
A2nf(2p)
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Power-law Classes

Theorem

Let o denote a real number larger than 1, and C be such that

C((a) > 2“. The source class N\ .-« is the envelope class associated

with the decreasing function f, ¢ : x — 1A & for C > 1 anda > 1.
Then :

1.
n'/* Aa) log | (C¢(a))'/7 | < R¥(AZ.)
where
1 [ 1
A(a):/ Ao (1= @) ay,
afy ul-1a
2.
n 2Cn \"/* 1-1/a
% —
R(A¢c.-a) < (a_1) (logn) +0(1).
e
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Exponential Classes

Theorem

Let C and o denote positive real numbers satisfying C > €°*. The

class Nge-o- IS the envelope class associated with function
fo: x—1ACe . Then

1
8a|092 n(1-o(1)) < R*(Age-—w)

1
< * (AN < 2
< RN o) < 5-l0g2 0+ O(1)

cf Dominique Bontemps : R* (A%, _,..) ~ - log® n
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The CensoringCode Algorithm

Algorithm CensoringCode
l;o;tsoe [/2,1/2,.. ] Theorem
forirem o f(?i)wa | Let C and « be positive reals. Let the
i cuto > K them sequence of cutoffs (K;)i<n be given by

forj — K + 1 to cutoffdo
counts[0) «—  counts[0] —

countslj] + 1/2 4Ci 1/
end for K — L < ) J ‘

K «— cutoff
end if a—1
if x[i] < cutoffthen
ArithCode(x([i], counts[0 : cutoff])
else Then
ArithCode(0, counts[0 : cutof])
C1+C1-EliasCode(x[f])
counts[0] « counts[0] + 1

endif R*(CensoringCode, N} _.) <

counts[x[i]] < counts[x[i]] + 1

end for 1
S ( 40'1 ) log n(1+ o(1)).

o —

] ; ch
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Approximately Adaptive Algorithms

A sequence (Q"), of coding probabilities is said to be approximately
asymptotically adaptive with respect to a collection (Am)me s Of source
classes if for each P € UpepiAm, for each A, suchthat P € Ay,

D(P",@Q")/R*(A%) € O(log n) .

® A modification of CensoringCode choosing the n+ 1th cutoff K, 1
according to the number of distinct symbols in x is approximately
adaptive on

Wa = {P:Peh_a,
0 < liminf k“P'(k) < limsup k*P'(k) < oo} .
k

® Pattern coding is approximately adaptive if 1 < o < 5/2.
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Patterns

The information conveyed in a message x can be separated into

1. adictionary A = A(x) : the sequence of distinct symbols
occurring in x in order of appearance ;

2. apattern ¢ = ¥(x) where 1 is the rank of x; in dictionary A.
Example :

Message X = abr acadabr a
Pattern ¢(x) = 1 2 3 1 4 1 5 1 2 3 1
Dictionary A(x) = a b r c d

= A random process (X,)n with distribution P induces a random
pattern process (V,), on N with distribution :

PUi=ul)= Y POF=x)).

n. ny—,,n
xap(x{)=1] TeLECOM
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Pattern Coding

® The pattern entropy rate exists and coincides with the process
entropy rate :

%H(\U?) - %EPW [— log P¥ (wq')} — H(V) = H(X).

® Pattern redundancy satisfies :

3
1.84 <|ogn> < Ry (Toe) < Ry () < <W\E log e) V.
The proof of the lower-bound uses fine combinatorics on integer
partitions with small summands (see Garivier ’09). Upper-bounds
in O(n?/®%) have been given (see Shamir ’07), but there is still a
gap between lower- and upper-bounds.
® For memoryless coding, the pattern redundancy is neglectible wrt.

the codelength of the dictionary whenever n < 5/2. retecon
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