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Data Compression : Shannon Modelization

source P 4)

E!ack
Box

Cado 4) codestring cl)
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message X© (n-o, 10851ess compression A

on alphabet A (A CT.G}
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Data Compression : Shannon Modelization

ET k = stationnary process on Alphahet  ={A.Cc 1.6}
ac)

Box

*

. code ¢ :a"—>{0.11
ATCAGAATC > 0001000100010

Message X" (n-s)  10SSIesscompression Codestring §,(X)

Winzip, compress, etc.

H
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Goal : minimize average

codelength
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The Problem

® Finite alphabet A;ex : A={a,c,t g}

® Set of all finite binary sequences : {0,1}* = J,~0{0,1}"
® If x € A", its lengthis |x| = n )

® |og = base 2 logarithm

[

Let X be a stochastic process on the finite alphabet A, with
stationary ergodic distribution P

® The marginal distribution of X" is denoted by P"
® For n € N*, the coding function ¢, : A" — {0,1}*
® Expected code length :

Ep [|¢n(X7)]]

TELECOM
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Example : DNA Codes A= {a,c,t, g}

® Uniform concatenation code :

t
=] o o1 10 | XN = 010%)..0n0%0)

= Vx{ € A", |9n(X{)| = 2n

act g
0 1 01 10

Problem : what is ;' (101) : ¢t or gc ?
® (niquely decodable codes :

® |Improvement ? ¢y =

on(X() = om(Y{") = m=nandVie{1,....n}, Xi=Y,;
® |nstant codes = prefix codes :

soon W(a.b) € AV € N, 01(a)r; # 91(b)..
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Kraft's Inequality

Theorem (Kraft '49, McMillan ’56)
If ¢ is a uniquely decodable code, then

Z 2~ 19X < 4

XEAN

Proof for prefix codes : Let D maxxeAn |on(x)| and for x € A", let
Z(x) = {w € {0,1}° : w"™ = ()}

® 47(x) = 2D Ién(¥)

® ppprefix = Vx,ye Al x#£y = Z(x)NZ(y)=10

® Hence
STNX) =Y 2P lentdl < 0,130 =
XeAn XeAn
////////////////////////////////////////////////////////////////
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Shannon’s First Theorem

= if {(x) = |¢n(x)|, we look for
; n ; —{(x)
min > U(x)P"(x) under constraint » = 27/ <1
XeAn XEAN

Theorem (Shannon ’48)

Ep [|on(x)[] = Hp(X) = Ep [~ log P"(X{)]

® Misleading notation : H,(X) is actually a function of P" only, the
marginal distribution of X{’

® Tight bound : there exist a code ¢, such that

Ep [|pn(X)[] < Hn(X) + 1

TELECOM
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Example : binary entropy

5
A=1{0,1}, X - B(p),0 < p<1.

%H,,(X) = Hy(X) = h(p) = plog :—3 +(1—-p)log

T-p

2
o5 -
5.6
5.4
.2
o o= oA o’e o=
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Example : a 2-block code

A=1{1,2,3},n=2,P' =0.36; + 0.65, + 0.143 i.i.d.
H(X) = —0.3 x log(0.3) — 0.6 x log(0.6) — 0.1 x log(0.1)~ 1.295 bits

X2 | 62(XF) 22 21

11 1100

12| 10

13| 11010 12

21| 00

22| 01 1 23 32
23| 1110 13

31 | 110110 31 33

32| 1111 1

33 | 110111 EEH@(XF)HM.%S
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Entropy Rate

® Theorem[Shannon-Breiman-McMillan] if P is stationary and
ergodic, then

1
~Ha(X) = H(X)

® — |Interpretation : H(X) = minimal number of bits necessary to
code each symbol of X

® Kraft’s inequality : for each code ¢, there exists a (sub-)probability
distribution Q" such that

Qn(X) — 2—|¢n(X)‘ — — |Og Qn(X) = |¢n(X)‘

T%LEI;FDM
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Arithmetic Coding : a constructive reciprocal

QXP < XJ) + Q(X] < XP)

on(x{") = the [—log Q"(x{")|+2 first bits of

o 0.3 0.9 1

I 0.09 0.27 0.48 0.84 Io_93 o.99|
il | | TR

I 11 | 12 I13| 21 I 22 I'23 |34 323%:'

Ex:A={1,23},n=2,
Q@Q? =10.3,0.6,0.1]®?

e 1(11) = [0,0.09[ :

m(00) = 0.045 = 0.0000101110. . .
As {Iog o%] +1 =5, $5(00) = 00001
o 1(22) = [0.48,0.84[ :

m(22) = 0.66 = 0.1010100011 . . .

As ﬂog 01%] +1 =3, ¢5(22) = 101
August, 06 2009
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Coding distributions

= —log Q"(x)= code length for x with coding distribution Q".

® Th Shannon : the best coding distribution is Q" = P".

® Using another distribution causes an expected overhead called
redundancy

Ep [|on (XTIl = H(X{) = Ep[-log Q" (X{) + log P" (X7")]
= KL(P",Q")

= Killback-Leibler divergence of P" to Q".

TELECOM
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Universal coding

® What if the source statistics are unknown ?
® What if we need a versatile code ?

= Need a single coding distribution Q, for a class of sources
A= {Pg, 0 e @}

Ex : memoryless processes, Markov chains, HMM. . .

— unavoidable redundancy, in the worst case :

sup Ep, [|¢n (X7)[] — H(X{) = sup KL(Pg, Q")
0co 0O

= Q" must be close to all the {Py, 0 € ©} for KL divergence

August, 06 2009 BILIIIIIIIIIIIIIIIIILI1042000070712700010 7070712707070 7070000707
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Predictive Coding

What if we want to code messages with different or large lengths ?

® Consistent coding family :
vx{ € A", Q"(x{) =) Q" (xa)
acA
. Q(xa)
[ m — _ >\ 9
Define Q(a|x{) S OOTB)? then
n
—1
@' () =] @ (x4 ")
=1
® Predictive coding scheme : update Q(:|x{')
n(a,x")+1
® Example : Laplace code Q(a|x{) = %, where
m s TELECY
e 0z0o(@, XT') = 35 q Lyy=a (/{éy{égﬁg(ég/&gg/W///WW////////%e/q/é/g{
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Density estimation with Logarithmic Loss

® Feature space : context xf—' € A",
® Instant loss : number of bits used £(Q, xx) = — log Q(xk|x )
® Best regressor in average :

Q*(|xk1) =Py (Xk = x| XK1 = x1k_1)

Po(Xi=xi | XK' =xk~")

® Excess loss : /(Q, xx) — £(Q*, xk) = log QT
;

Ep, [£(Q,X6) = (Q" x)] = KL (Po(Xie = |XF " = xd1), Q¥ (xf"

® Total excess loss : Ly(Q) = Y_p_; 4(Q, xk) — £(Q*, xx) = log gﬁgﬁ
® Total expected excess loss : Ep,Ly(Q) = KL(P], Q")
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Outline

Lossless Source Coding = density estimation with log-loss
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Bayesian predictive coding

® | et 7 be any prior on ©, take
Q") = [ Py(x)m(ap)
® Predictive coding distribution :
Qalx) = [ Ba (041 = alXP) n(d0]x7)

® Conjugate priors = easy update rules for Q(-|x{")
® |dea: V0 € ©,Q"(x{) > PJ_s(x{")m(0 £ 6)
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Example :i.i.d. classes

® A stationary memoryless source is parameterized by

Al
QES‘A‘: (91,...,9|A|)229j:1
i=1

® Conjugate Dirichlet prior m = D(a, ..., a4))-

® Posterior : 1 (d0]x{) = D(a1 + N, ..., a1n,)
Na+ aga

Al
n+> 75
® Laplace code = special case ay = -+ = s = 1

= Q(alx{) =

TELECOM
ParisTech
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The Krichevski-Trofimov Mixture

Dirichlet prior with ay = -+ - = g = 1/2:

) T(E)
QKT(X1):/963A ") JArG)A g‘e A0a

® Jeffrey’s prior =
Non-informative

® Peaked on extreme
parameter values

® Example |A|=2 :

Qkr(001)
=QkT(0)Qkr(0]0)QkT(1/00)
Ags(062009—1/2 1/2+1 ><1/2

. . . . . . . . .

‘Aurélien Garivier — E 0 01 02 03 0.4 05 06 0.7 08 09
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Optimality

® Theorem : (Krichevsky-Trofimov '81) If Q} is the KT-mixture
code and if m = |A|, then

m-1
2

ra@/2)m
r(z)
® Theorem : (Rissanen '84) If dim © = k, and if there exists a
\v/n-consistent estimator of ¢ given X7, then

n
n Mn _ o
max KL(Py, Qgr) = Iog2 + log + om(1)

k
Lo nom s K
I'm!)gf rglnn rglee%;( KL(Py, Q") > 5 log n

® Theorem : Haussler'96
there exists a Bayesian code Q" reaching the minimax

redundandy
August, 06 2009
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Optimality : more precisely

® Theorem : (Krichevsky-Trofimov '81) If Q7 is the KT-mixture
code and if m = |A|, then

2_1Iogg+log (/; + om(1)

KL(Pj, Qftr) =
rg‘eag( (Pg, Qkr)

N\S

® Theorem : (Xie-Barron '97)

. noAm  mM—1 n (1/2)
min max ¢ € OKL(Py, Q") = 5 Iogze + Iog r(o) + om(1)
® Actually, pointwise approximation :
n n ; neyn |A| —1
—log Qgr(x{) < |9f—log Py (x7) + 5 logn+ C

TELECOM
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Sources with memory

® id sources on finite alphabets are very-well treated. ..
® .. .but they provide poor models for most applications !

® example : Shannon considered Markov models for natural
languages

® Pb : a Markov Chain of order 3 on an alphabet of size 26 has
k = 439400 degrees of freedom !

k
i naoQm > —
min max KL(Pg, Q") > 5 logn

— need of more parcimonious classes
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Outline

Lossless Source Coding = density estimation with log-loss

Context-tree Models and Double Mixture
Rissanen’s model

Context Tree Weighting on Renewal Processes
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Context Tree Sources

Formal definition :
® Context Tree : T C A* such that

0 ; L
Vx-,3unique se T : XZg =S

The unique suffix of x~! in T is denoted by T(x)
® A string s is a context of a stationary ergodic process P if
P (X7} =s) > 0andif for all x_" -

[e.9]

]P’(Xo_a‘X =X ~lsl- 1‘9):]P><X0:51‘Xj1‘:s>

o0

® T the context tree of P if T is a context tree, contains all contexts
of P and if none of its elements can be replaced by a proper suffix

without violating one of these propertles
AUQUSLOB2000 T LI IIIIIIIIIIIIIIIIIIIIISIIIIIIIIIIIIISSIIIIINLS | _ron-Teon
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Context Tree Sources

Informal Definition A Context tree Source is a Markov Chain whose
order is allowed to depend on the past data.

T = {1,10,100, 000}

P(X{ = 00110|X°, = 10)
= P(X; =0|X° =10) 3/4
P(Xp = 0|X', = 100) 1/3
(Xs = 1|X3, =1000)  4/5
(
(

(213, 1/3)

(3/4, 1/4)

X, =1|X3, =10001) 1/3
Xs = 0|X*, =100011) 2/3 Ws45 (13293

X X X X

P
P
P

TELECOM
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Context Tree Sources

Informal Definition A Context tree Source is a Markov Chain whose
order is allowed to depend on the past data.

T = {1,10,100, 000}

P(X{ = 00110|X°, = 10)
= P(X; =0|X% = 10) 3/4
P(Xp = 0|X', = 100) 1/3
(Xs = 1|X3, =1000)  4/5
(
(

(213, 1/3)

(3/4, 14)

X, =1|X3, =10001) 1/3
Xs = 0|X*, =100011) 2/3 Ws45 (13293

X X X X

P
P
P

TELECOM
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Context Tree Sources

Informal Definition A Context tree Source is a Markov Chain whose
order is allowed to depend on the past data.

T = {1,10,100, 000}

P(X{ = 00110|X°, = 10)

—  P(X; =0|X°, =10) 3/4
P(Xs = 1|X3, =10001) 1/3
P(Xs = 0|X*, = 100011) 2/3 @545 (1323

(213, 1/3)

(3/4, 1/4)

X X X X
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Context Tree Sources

Informal Definition A Context tree Source is a Markov Chain whose
order is allowed to depend on the past data.

T = {1,10,100, 000}

P(X{ = 00110|X°, = 10)
= P(X; =0|X° =10) 3/4
P(Xp = 0|X', = 100) 1/3
(Xs = 1|X3, =1000)  4/5
(
(

(213, 1/3)

(3/4, 1/4)

X, =1|X3, =10001) 1/3
Xs = 0|X*, =100011) 2/3 Ws45 (13293

X X X X

P
P
P
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Context Tree Sources

Informal Definition A Context tree Source is a Markov Chain whose
order is allowed to depend on the past data.

T = {1,10, 100,000}

P(X{} = 00110/X°, = 10)
= P(X; =0|X° =10) 3/4
P(X; = 0|X', = 100) 1/3
(X3 = 1|X2, =1000)  4/5
(
(

(213, 1/3)

(3/4, 1/4)

X; = 1|X3, = 10001) 1/3
Xs = 0|X*, =100011) 2/3 @545 (U323

X X X X

P
P
P
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Context Tree Sources

Informal Definition A Context tree Source is a Markov Chain whose
order is allowed to depend on the past data.

T = {1,10,100, 000}

P(X{ = 00110|X°, = 10)
= P(X; =0|X° =10) 3/4
P(Xp = 0|X', = 100) 1/3
(Xs = 1|X3, =1000)  4/5
(
(

(213, 1/3)

(3/4, 1/4)

X, =1|X3, =10001) 1/3
Xs = 0|X*, =100011) 2/3 Ws45 (U323

X X X X

P
P
P
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Context Trees versus Markov Chains

® Markov chain of order r = context tree source corresponding to a
complete tree of depth r

Markov chain of order 3

p(./000)
| pCi100) | =

p (’1 1 1) PUOOO) p(J100)  p(I010) P(MLIO) PG00  PCHOD (01D p(f11)
® Finite context tree source of depth d = Markov Chain of order d

p(.10)

p(.[0)

= M=
p(./01)
ET) e p ( |1 1 )

— much more flexibility : large number of models per dimensi
August, 06 2009
Aurélien Garivier
<garivier@enst.fr>
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Infinite trees, unbounded memory

There exist (useful and simple) non-markovian context tree sources,
see Galves, Ferrari, Comets,. ..

Ex : Renewal Processes

X®_ =--100---100---1---
——
N; Nit
N; % ey (Ny)
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Outline

Lossless Source Coding = density estimation with log-loss

Context-tree Models and Double Mixture

Coding in Context Tree models

Context Tree Weighting on Renewal Processes
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Bayes Codes in a Context Tree Model

® For a given context tree T, let
A1 = {P stationary ergodicon A: 7(P) = T}

® P c At is fully charactarized by
0= (0s)seT € OT = 5‘;‘ ~ RITIIAI=1) -

P (xo — X7 = x:;O) = 07(-1()
® Bayesian coding : prior 77 on O,
Qur () = [ Bax)aimr(6)

TELECOM
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Krichevsky-Trofimov Mixtures for Context Trees

® Prior : the 0 are independent, D (3,..., §)- distributed :

= ) mxr(dbs)

seT

® Forsc T let T(x{,s) = substring of x{ that occurs in context s
Example : for T = {00,10,1} and xg = 10010001011,
T(x{,00)=0101 T(x{,10) =001 T(x{,1)=0001

® The KT-mixture on model T is :

) = [T Qe (T(x0, 5))

seT

TELECOM
Paristech
///////////////////////////////////////////////////////////////
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Optimality

® Theorem : (Willems, Shtar’kov, Tjalkens '93) there is a constant C
such that :

—log QR (x7) < inf —log Po(x{'|x_L,)
0

1]
Al —1
+|T|—— 5 log !T\ + C|T|

® first-order optimal
® \What if we don’t know which model T to use ?

— model selection

TELECOM
ParisTech
August, 06 2009 SLLLIIIIIIIIIIIIIIIIIII1 111 SIS 11111 I1I1SI1IIIISII1I11I 1111172

Aurélien Garivier ’7 ~ =2
cence de droits d'usage Page 37 /51
<garivier@enst.fr> i 9 g EHET



Minimum Description Length Principle

® QOccam’s razor (Jorma Rissanen ’78) :
Choose the model that gives the shortest description of data
® |nformation theory :

objective codelength = codelength of a minimax coder.

® Estimator associated with minimax mixtures (771)7 :

Taic = argmin — log Py (x{") 77 (dB).
T 0cOr

® | ooking directly at the bounds :

y e oq pn(ymy o LUAI=T)
TKT_argm%nelengT log Py (x{) + 5 log n.

awsien carveepenalized maximum likelihood estimator with-BiC penalty;

<garivierQenst.fr>



Consistency Results

Theorems (Csiszar& Shields '96, Csiszar& Talata ‘04, G. '05, Galves
& Leonardi '07, Leonardi ’09) :

® the BIC estimator is strongly consistent
® the Krichevski-Trofimov estimator is not consistent

Many Rates of convergence, minimal penalties, . ..

The Krichevski-Trofimov estimator fails to identify Bernoulli-1,/2 iid
sources !

One can derive from this bounds on supr sup,ceq, KL (Pg, Q’;)

TELECOM
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Outline

Lossless Source Coding = density estimation with log-loss

Context-tree Models and Double Mixture

The Context-Tree Weighting Method

Context Tree Weighting on Renewal Processes
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Double mixture

® , = measure on the set 7 of all context trees defined by :
V( T) _ 2—2|T|+1

is a probability distribution.
® Context Tree Weighting coding distribution :

Qlrw (X)) =Y v(T)Q(X])
T
® Theorem (Shtarkov and al '93)) : oracle inequality :
—log Qrw (X% ) < jnf inf pe(XfIXﬁoo)

\AI

+ |T|(2 + log m) +
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CTW : Efficient Algorithm

Idea : in each node, compute the arithmetical mean of a self-prob and

a sub-prob.

(4,3

T

(2,2) 2,1

/////\\\\\ /////\\\\\

(2,0) (0,2) (1,0) (1,1
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CTW : Efficient Algorithm

Idea : in each node, compute the arithmetical mean of a self-prob and

a sub-prob.

(4,3

T

(2,2) 2,1

N T

8 8 2 8
(2,0) (0,2) (1,0) (1,1
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CTW : Efficient Algorithm

Idea : in each node, compute the arithmetical mean of a self-prob and
a sub-prob.

1 /3 3 3 _ 2 1 /1 1 1 1
2(8 x5+ 18) = 25 3(2xg+7) =16
(2,2) 2,1

N T

8 8 2 8
(2,0) (0,2) (1,0) (1,1
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CTW : Efficient Algorithm

Idea : in each node, compute the arithmetical mean of a self-prob and
a sub-prob.

1/ 21 1 5\ _ 31
3 (256 % 16 + 2058) = 8162
(4,3)

1/3 3 3 | 1/1 1 1 1
2 (8% 8+ 18) = 26 2(2xg+7) =16
(2,2) 2,1

N Ty

8 8 2 8
(2,0) (0,2) (1,0) (1,1
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Outline

Lossless Source Coding = density estimation with log-loss

Context-tree Models and Double Mixture

Context Tree Weighting on Renewal Processes
CTW on Renewal Processes
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Renewal Processes

® | et R be the (non-parametric) class of renewal processes on the
binary alphabet {0,1} :

X=-100---100---1--- N % e oy (Ny)

N; Nit1

® Theorem : (Csiszar and Shields '96) There exist two constants ¢
and C such that

cvn < mfsup KL(P",Q") = Cv/n

" PeR
= first example of an intermediate complexity class.

® Problem : non-constructive

® Does a general purpose coder behave well on Renewal -
TELECOM
nout 020 rOCASSES ? s ‘
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Redundancy of the CTW method on Renewal
Processes

Theorem : (G. '04)
There exist constants ¢ and C such that forall P € R :

cvnlogn < KL(P", Qdrw) < Cvnlogn

® CTW is efficient on long-memory processes

® Adaptivity : if the renewal distribution is bounded, CTW achieves
regret O(log n) (contrary to ad-hoc coders).

® Requires deep contexts in the double mixture (= the tree
should not be cut off at depth log n).

® Kind of non-parametric estimation : need for a balance between
approximation and estimation.

T%LEI;FDM
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Why it works

IP" is approximated by Qf with T as above. Two losses :
® estimating the transition parameters : klog(n)/2
® approximation due to boundedness : nlog(k)/k

— for k = ¢v/n, both are O (vnlog(n))

TELECOM
ParisTech
August, 06 2009 SLLLIIIIIIIIIIIIIIIIIII1 111 SIS 111 11I1I1SI1IIIISII1II1I1II 1102

Aurélien Garivier ’7 ~ =2
cence de droits d'usage Page 46 / 51
<garivier@enst.fr> i 9 g EHET



Extension : Markovian Renewal Processes

® A Markovian Renewal Processes is such that successive
distances between occurences of symbol 1 form a Markov Chain
on Ny :

X=--100---100---1---, (N;); Markov chain
T\—,\r—/
i i+1

® Theorem : (Csiszar and Shields '96) There exist two constants ¢
and C such that

cr?/® <inf sup KL(P",Q") < Cn?/®
Q" Pe MR
® Theorem : (G.’'04) CTW is almost adaptive on the class MR of
Markovian Renewal processes : 3C € R, VP € MR,

KL(P", Qarw) < Cr?®logn
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Markovian Renewal Processes are Context Tree
Sources

And so are r-order Markov Renewal Processes

TELECOM
August, 06 2009 —a ParisTech

Aurélien Garivier 1) icence de droits d'usage Page 48/ 51 W AT
<garivier@enst.fr>




Outline

Lossless Source Coding = density estimation with log-loss

Context-tree Models and Double Mixture

Context Tree Weighting on Renewal Processes

Perpectives
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Perspectives : oracle inequalities on more
general classes ?

® CTW is probably more useful than expected : it obtains good
results on infinite memory processes

® We want to obtain oracle inequalities for different non-markovian
classes

® But the setting is more difficult than usually

® And approximation theory is difficult !
Ex : let Py be a HMM with 3 hidden states, what is

inf inf KL(PJ, Pj 777
ITI<koes], (P F5)
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the end. ..

Thank you for your attention !

0000000000000
Aurélien Garivi

<garivierQenst.fr>



	Lossless Source Coding = density estimation with log-loss
	Source Coding and Universal Coding
	Bayesian coding

	Context-tree Models and Double Mixture
	Rissanen's model
	Coding in Context Tree models
	The Context-Tree Weighting Method

	Context Tree Weighting on Renewal Processes
	CTW on Renewal Processes
	Perpectives


