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Elements of BSDEs: an example using martingale

representation Theorem

Let (2, (Ft)tepo, 1], P) a probability space. Let ¢ a square integrable
Fr-rv. and Y := (Y¢)jo,7] an adapted process such that Y7 =

o Y;=E[{|F]
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Elements of BSDEs: an example using martingale

representation Theorem

Let (2, (Ft)tepo, 1], P) a probability space. Let ¢ a square integrable
Fr-rv. and Y := (Y¢)jo,7] an adapted process such that Y7 =

o Y;=E[{|F]

@ Then, there exists a square integrable adapted process Z such that

t
Y, = E| ]+/ Z.dW..
0

Thibaut Mastrolia On the Malliavin differentiability of BSDEs



Elements of BSDEs: an example using martingale

representation Theorem

Let (2, (Ft)tepo, 1], P) a probability space. Let ¢ a square integrable
Fr-rv. and Y := (Y¢)jo,7] an adapted process such that Y7 =

o Y;=E[{|F]

@ Then, there exists a square integrable adapted process Z such that

t
Y, = E| ]+/ Z.dW..
0

Hence,

.
Y, = —/ ZdW,, tel[o,T]
t
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Elements of BSDEs

T T
Y: = +/ (s, Ys,Zs)ds—/ ZsdWs, t €0, T]. (1)
t t

> The
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Elements of BSDEs

T T
Y = +/ (s, Ys,Zs)ds—/ ZsdWs, t €0, T]. (1)
t t
> The
> &, the terminal condition, a Fr-measurable r.v. such that
E[|¢[*] < oo,

> f:]0, T] x Q x R? — R, the generator, such that
E [foT \f(s,0,0)|2ds] < .
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Elements of BSDEs

T T
Y = +/ (s, Ys,Zs)ds—/ ZsdWs, t €0, T]. (1)
t t
> The
> &, the terminal condition, a Fr-measurable r.v. such that
E[|¢[*] < oo,

> f:]0, T] x Q x R? — R, the generator, such that
E [foT \f(s,0,0)|2ds] < .

> A solution is a pair (Y, Z) of adapted processes regular enough.
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Elements of BSDEs

Theorem (Pardoux and Peng, 1990)

If f is Lipschitz in its space variables, then there exists a unique solution
(Y, Z) to BSDE (1) such that
T
/ |Zs|?ds
0

S2 H?2

E| sup |Yi?| <0, E < 00.

te[o,T]
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The Markovian case: semi-linear Feynman Kac's Formula

dev(t, x) + b(t, x)Dv(t, x) + |o(t,x)|2D?v(t,x) = f(t,x, v(t,x), (e Dv)(t,x))
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The Markovian case: semi-linear Feynman Kac's Formula

dev(t, x) + b(t, x)Dv(t, x) + |o(t,x)|2D?v(t,x) = f(t,x, v(t,x), (e Dv)(t,x))

dXE* = b(s, XE*)ds + o (s, XE¥)dWs; XX = x.

dYEX = F(8, XEX, YEX, ZEX)ds — ZE%dWs;  YEX = g(XE9),
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The Markovian case: semi-linear Feynman Kac's Formula

dev(t, x) + b(t, x)Dv(t, x) + |o(t,x)|2D?v(t,x) = f(t,x, v(t,x), (e Dv)(t,x))

dXE* = b(s, XE*)ds + o (s, XE¥)dWs; XX = x.

dYEX = F(8, XEX, YEX, ZEX)ds — ZE%dWs;  YEX = g(XE9),

v(t,x) =Y, Dv(t,x) =2z (vect?)
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The Markovian case: semi-linear Feynman Kac's Formula

dev(t, x) + b(t, x)Dv(t, x) + |o(t,x)|2D?v(t,x) = f(t,x, v(t,x), (e Dv)(t,x))

dXE* = b(s, XE*)ds + o (s, XE¥)dWs; XX = x.

dYEX = F(8, XEX, YEX, ZEX)ds — ZE%dWs;  YEX = g(XE9),

v(t,x) =Y, Dv(t,x) =2z (vect?)

Rk.: f=0= Y}>*= ]E[g(X;-’X)|]:5].
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Investigate existence of densities for solutions to BSDEs.

— Antonelli and Kohatsu-Higa (2005), Aboura and Bourguin (2012),
M., Possamai and Réveillac (2014).
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Investigate existence of densities for solutions to BSDEs.

— Antonelli and Kohatsu-Higa (2005), Aboura and Bourguin (2012),
M., Possamai and Réveillac (2014).

< Using Bouleau-Hirsch Criterion
— Malliavin differentiability of BSDEs.

Thibaut Mastrolia On the Malliavin differentiability of BSDEs



The problem

We denote by D2 the closure of the space of cylindrical functions
with respect to the Sobolev norm | - ||12:

.
/ |DtF|2dt] .
0

IFll12 = E[FP] +E
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The problem

We denote by D2 the closure of the space of cylindrical functions

with respect to the Sobolev norm | - ||12:
-
Hth:MFﬂ+EL/|QH%t.
0
Problem: Conditions on ¢ and f which ensure that Y; € D*? and
"7, € DY,
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The problem

We denote by D2 the closure of the space of cylindrical functions

with respect to the Sobolev norm | - ||12:
-
Hth:MFﬂ+EL/|QH%t.
0
Problem: Conditions on ¢ and f which ensure that Y; € D*? and
"7, € DY,

Intuition: £ € D2 and f: w — f(t,w,y,z) € D2 are the minimal
conditions.
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The Markovian case: Pardoux, Peng

We consider the Forward BSDE:

Xe =Xo+ [y b(s, Xs)ds + [5 o(s, Xs)dW;

Yo =g(Xr)+ [ f(s, X, Ys, Zs)ds — [ ZedW,, te [0, T]
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The Markovian case: Pardoux, Peng

We consider the Forward BSDE:

Xe =Xo+ [y b(s, Xs)ds + [5 o(s, Xs)dW;

Yo =g(Xr)+ [ f(s, X, Ys, Zs)ds — [ ZedW,, te [0, T]

Theorem (Pardoux, Peng 1992)

If g is differentiable (¢ = g(X1) € D'2), f is C} in its space variables
then Y, € D*? and Z, € D2,
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The Markovian case: Pardoux, Peng

We consider the Forward BSDE:

Xe =Xo+ [y b(s, Xs)ds + [5 o(s, Xs)dW;

Yo =g(Xr)+ [ f(s, X, Ys, Zs)ds — [ ZedW,, te [0, T]

Theorem (Pardoux, Peng 1992)

If g is differentiable (¢ = g(X1) € D'2), f is C} in its space variables
then Y, € D*? and Z, € D2,

@ What about the non Markovian case?
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The general case: El Karoui, Peng, Quenez

Consider BSDE (1)

T T
Y, =€+ / (s, Ys, Zs)ds — / ZsdW.
t t

Theorem (El Karoui, Peng, Quenez 1997)

Assume that & € DV2, f is Lipschitz in (y,z), w + f(t,w,y,z) is in D12

and

then, Y; € DY2 and Z, € D12,
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The general case: El Karoui, Peng, Quenez

Consider BSDE (1)

T T
Y, =€+ / (s, Ys, Zs)ds — / ZsdW.
t t

Theorem (El Karoui, Peng, Quenez 1997)

Assume that & € DV2, f is Lipschitz in (y,z), w + f(t,w,y,z) is in D12

and

> E[¢4] < oo,

then, Y; € DY2 and Z, € D12,
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The general case: El Karoui, Peng, Quenez

Consider BSDE (1)

T T
Y, =€+ / (s, Ys, Zs)ds — / ZsdW.
t t

Theorem (El Karoui, Peng, Quenez 1997)
Assume that & € DV2, f is Lipschitz in (y,z), w + f(t,w,y,z) is in D12

and
> E[¢4] < oo,

> For all 6 € [0, T, there exists (K{).e[o, 7] regular enough such that
for all (y1,y2,21,2) € R*
|D9f(t7wa)/1-,21) - Def(t7w7}/2722)‘ < Kf(w)(‘)ﬁ - )/2\ + |Zl - 22‘),

then, Y; € DY2 and Z, € D12,
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The general case: El Karoui, Peng, Quenez

Idea of the proof: Picard iteration. Consider the following approached
BSDE

T T
Y!=¢ +/ f(s, Ys”_l, Zs”_l)ds — / ZIdWs.
t t
We know

(yn,zm S (Y, Z) the unique solution of BSDE (1).

n—oo

Besides Y” € D2 then [; Z/dW, e D2 = ZP c D2

Pardoux, Peng
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The general case: El Karoui, Peng, Quenez

Taking the Malliavin derivative we obtain forall 0 < r <t < T

.
D, Y =D, +/ D f(s, Y1, Z07 )+ £,(s, YO H, 2D, Yot
t

.
+ f(s, Ys”*l,Zs”*l)D,Zs”*lds—/ D,Z!dW,.

t
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The general case: El Karoui, Peng, Quenez

Taking the Malliavin derivative we obtain forall 0 < r <t < T

.
D,Y! = D,¢ +/ D f(s, YO 1, Z0" Y + £,(s, Y21, 2D, Yot
t
.
+ f,(s, Y:—l,zg—l)D,z:—lds—/ D, Z"dW.
t

(DY, DZP) — (Y:, Z:), where

n—oo

;
v, = D¢ +/ D, f(s, Ye, Zs) + £,(s, Ye, Zs) Ve
t
= r T ~r
+ £(s, Yo, Z5) Zs ds—/ Zdw.. ()
t

Then, Y;, Z, € DY2.
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The general case: El Karoui, Peng, Quenez

Taking the Malliavin derivative we obtain forall 0 < r <t < T

.
D,Y! = D,¢ +/ D f(s, Y1, Z07 ) + £,(s, Y21, 2D, Yot
t
.
+ f(s, Ys”_l,Zs”_l)D,Zs”‘lds—/ D, Z"dW.
t

(DY, DZ") — (DY:,DZ;), where

n—o0

.
D,Y, = D,¢ +/ D, f(s, Ye, Zs) + £,(s, Ys, Z:)D, Ye
t
;
T £(s, YS,ZS)D,stsf/ D,Z.dW,.  (2)
t

Then, Y;, Z; € D2 and its Malliavin derivatives (D, Y, D,Z) is the
solution of BSDE (2).
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The general case: El Karoui, Peng, Quenez

Problem of this proof: the choice of (DY", DZ") to approach
(DY, DZ) is somehow arbitrary.
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The general case: El Karoui, Peng, Quenez

Problem of this proof: the choice of (DY", DZ") to approach
(DY, DZ) is somehow arbitrary.

< Why (Y{, Z) should converge to (Y;, Z;) in D*?
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The general case: El Karoui, Peng, Quenez

Problem of this proof: the choice of (DY", DZ") to approach
(DY, DZ) is somehow arbitrary.

< Why (Y{, Z) should converge to (Y;, Z;) in D*?

Idea: Find a canonical sequence which approaches (DY, DZ).
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Characterizations of the Malliavin-Sobolev space D'

Let Q = C([0, T)).
o Hi= {h [0, T] = R, 3h € L2([0, T]), h(t) = [ hsds}.

@ H is an Hilbert space <h1, h2>H = <Hl, H2>L2([0,T])-
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Characterizations of the Malliavin-Sobolev space D'

Let Q = C([0, T)).
o Hi= {h [0, T] = R, 3h € L2([0, T]), h(t) = [ hsds}.

@ H is an Hilbert space <h1, h2>H = <Hl, H2>L2([0,T])-

Malliavin, Shigekawa Kusuoka, Stroock

F e D2 —  IVFel?H),YheH
F(w+eh) — F(w) proba

£ e—0

(VF, hyy

Stochastically Gateaux Differentiable

V.F = [, D.Fdr
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Characterizations of the Malliavin-Sobolev space D'

Theorem (Sugita, 1985)
F € DY2 <= 3 VF € L?(H) such that F is (SGD) and (RAC).

RAC: Ray Absolutely Continuous: property which holds true for all w.

Problem: It is not convenient for BSDEs.
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Characterizations of the Malliavin-Sobolev space D'

Theorem (M., Possamai, Réveillac, 2014)

F € DY2 <= 3VF € L?(H) and 3q € (1,2) such that for all h € H

Teo

F(- +eh) — F(")

z - <VF7 h>H

|

e—0

— May fail for g=2 (work in progress).
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Application to BSDEs

We apply the previous result to F = Y;

Theorem (M., Possamai, Réveillac)

Assume that £ € DY2 w — f(t,w,y,z) € DY2 and there exists p € (1,2)
such that for all h € H

&

o E KfOT ) f(t,+eh Ye,Ze)—f(t,, Ye, Ze) (Df(s,, Ys, Zs, j,>L2

ds)’] =0

o f(t,wtc"h,af, B7) — £ (.00 Be) X0 0
For every (a”, ") — (a, B).

Then, th Zt & D1’2.
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@ In the Markovian case, our assumptions are automatically satisfied
when f is differentiable in its space variables (and are more general
than the existing results).
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@ In the Markovian case, our assumptions are automatically satisfied
when f is differentiable in its space variables (and are more general
than the existing results).

@ In the quadratic case, we have the same kind of result using our
characterization of the Malliavin-Sobolev space (extend the results
obtained by Imkeller and dos Reis who deal with Markovian
quadratic BSDEs).
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