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± e²]un�W�t�`oTq};x�efx�LOhiz;Y�TXj\n;e�W�YfhaL³v�`iPrj\n;e�VOhoW�x�N�PyLOhonUe´W�T£j�hae�zm};x�efnUL¶µH^
T�V�^�nHVOVOhas�`aT�V�k
PSµ;PyeHL:^
nUYfN°��NOx�z;Y�T�e�j�T�V°W�Pye�V°`oP
^�n;^fYf`iP�LOhonUe´N�T�VO^�T�j·L�haR;T�]uT�eHL
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(
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4
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nU¸
θ
T�V¶L:Yfe´^�PUN�PU]_t�LON�T°hoe�j\n;efe�Y5zHY¹d ho`¹j\nUe�R�hoT�eHL®W¹d T�V¶L�ha]uT�N���º�nUYfN:j�T�`iPfk�Yfe´T\Z�^
x�N�haT�]_T�eHL�P�L�T�YfN®hoe�VO^�T�j·LOT�Yfe5x�jQ~�PyeHLOho`a`onUe

W�T
n
PUefho]uPUY�ZmT�L»L�N�PUe�VO]_T�L°V�T�V®NOx�V�Y�`¼LQP�L�V»^
nUYfN³Pye�PU`aµ�VOT�v_YfeCV�L�P�L�hoV�LOhij\hoT�e{�

½ T�V
j\hoe�z�};x�efnUL¶µH^
T�V
j\n;e�W�YfhiVOT�eHL�v³W�T�V
^f~�x�efnUL¶µH^
T�V
W�ha¾
x�NOT�eHL�V�kSV�PyYf��`aT�V{e�Yf]ux�NOnHV{¿³T\LÁÀ°zHYfh�^fN�n�W�YfhiV�T�e;L�W�T�V�PUefha]�PUY�Z
hae�WfhoV�LOhoef};PUsf`oT�V��yÂÃ`�LONQPye�V�]uT\L�WfnUe�j:j�nU]u]uT®WfnUefefx�T�V¦Y�euzHY�P;W�N�Yf^f`oT\L

Y = (Y1, Y2, Y3, Y4)
kUnU¸

Yi

j\nUN�N�T�VO^�n;e�WXPUY_e�nU]Xs�NOT
W d PUefho]uPUY�Z5WfT�};x�efnUL¶µ�^�T

i
^
nUYfN

1 6 i 6 3
k�T\L

Y4
PUYcefn;]XsfN�T�W d Pyefho]�PyY�ZcWfT�}Ux�e�nyL¶µ�^�T

4
nUY

5
�

Ä h�`ld T�Z�^�x�NOho]uT�eHL�PyLOT�Y�N�nUs�V�T�NOR�PyhaLÁW�hoNOT�j·LOT�]uT�eHL�`oT�VÁe�nU]Xs�NOT�VÁW d n�j�j\YfN�N�T�e�j�T�V
X = (X1, . . . , X5)

W�T°jQ~�P;zHYfT:}Ux�efnyL¶µ�^
TUk
`aT»^fN�nUsf`ot�]uT®W�TÅ`ld T�V�LOho]uPyLOhonUeXWfT

θ
V�T�N�PUh¼L{LON�t�V�V�ho]u^f`oT�]uT�eHL�NOx�V�n;`aYq^�PyN
Yfe£j�Py`ij\Yf`�W�hoNOT�j·L�W�Y£]�PyZ�ho]XY�]<WfTÅR�NQPyhiV�T�]Xsf`iPye�j�TU�

�²PyhiV:^fYfhiV�z;Y�T�zHYfT�`ld nUe5e¹d n;s�VOT�N�RUT�z;Y�T
Y = f(X)

b�PSRUT�j
f(x1, x2, x3, x4, x5) = (x1, x2, x3, x4 + x5)

p»`aT�V:jQ~fn;VOT�V:VOnUeHL
Yfe´^�T�Y5^�`aY�V°j\nU]u^f`ohiz;Y�x�T�V��

¤¦¥�Æ ÇÈ¨{É�Ê�©°ËÁ¯ÌËÁÊ¦­°Í�Í�«¶¯{©
Î PUe�V_YfefT´^�n;^fYf`iP�L�han;e�W d Pyefho]�PyY�ZgzHYfT5`ld n;egx\L�Y�W�hoTUk¦`oT�V_]�Ïy`oT�V_T\L�`oT�V£��T�]uT�`a`oT�Vun;e;L�W�T�V£^
nUhiWfVuVOha};efh¼Ð
j�P�L�haR;T�]uT�eHL

W�h¼¾Ñx�N�T�eHLQV���Ò³ecj�nUe�VOhiW�t�N�T°zHYfT�`aT�^�n;hoW�V»WfT�VÅ]uÏU`aT�V»T�V�L»W�hiV¶L�NOhosfYfx�VOT�`onUerYfe�T³`onUhÑefn;NO]�Py`oT³WfT³]un�µUT�efefT
µ1

T\L�W�T³R�PyN�hoPUe�j\T
1
k�LQPye�W�hiV:zHYfTqj\T�`aY�h¹W�T�V®��T�]uT�`o`aT�V®T�V�L°W�hoV�LON�hosfYfxqVOT�`onUe5YfefT�`an;h¹efn;NO]�Py`oT�W�T�]un�µUT�e�efT

µ2
T�L°W�T�R�PyN�hoPUe�j\T

1
�

± efT�T�Z�^
x�N�hoT�e�j�TqP£x�LOx�]uT�e�x�T�^
nUYfN:T�V¶L�ha]uT�N
µ1

T\L
µ2 Ó Y�e5x�jQ~�PyeHL�ha`o`an;e5WfT n

PUefha]�PUY�ZcP_x\L�x�^�T�V�x;kfT\L�`oT�V:N�x�VOYf`aL�PyL�V
Y = (Y1, . . . , Yn)

T�V¶LcLONQPye�VO]uhoV�^�PyNm`oT�VcsfhonU`onU};hoV�LOT�VrPyY�Z+V�L�P�L�hoV�LOhij\hoT�e�Vr^
nUYfNcÔ\LON�TÕPUe�Py`oµ�V�x;�Å�²PU`a~fT�YfN�T�Y�VOT�]uT�eHL�kÁ`aT�V
sfhan;`an;}UhiV¶L�T�V�n;e;L�n;Yfsf`ohaxrW�T�e�nyLOT�N�`aT�VOT\Z�TrW�T�jQ~�P;z;Y�TuPUefho]uPU`UÖ Ä n;h¼L

Zi

`aTrVOT\Z�T�W�Y[ha×lt�]_TrPUefho]uPU`ÁW�T�`ld x�jQ~�PyeHLOho`o`an;e¹� ½ P
W�nUefe�x�Tqj\n;]u^f`at�LOT

Xi = (Yi, Zi)
^
T�N�]uT\L�L�N�PUh¼L°WfT³L�N�PUh¼L�T�N®L�NOt�V»��PUj\ho`oT�]uT�eHL�`oT�^�NOn;sf`at�]uTU�f�²PUhoV®T�e5e�T�WfhoVO^�nHVOPUeHL:zHYfT�W�T�V

W�nUefe�x�T�V³^�PUN�L�haT�`a`oT�V
Yi = f(Xi)

b
f
W�x�VOha};e�PyeHL°hij\h
`iP�^fN�nyØ¶T�j\LOhonUe²VOYfN°`iPr^�NOT�]_hot�N�TXj�nHn;N�WfnUefefx�T�VQp·kfho`
T�V�L³s
T�PyY�j\nUY�^C^f`aY�V

W�h¼Ùrj�ha`oTqW�Tqj�PU`oj�Yf`oT�N:`ld T�V¶L�ha]�P�L�T�YfN�WfY5]�PyZ�ho]XY�]ÚW�T�R�N�PUhoVOT�]£sf`iPye�j�TÁÖ

Û Ü+Ý¶ X�\Þq����ßQ¢�à´���2áãâ
ä nUY�V¦LONQPyhaLOn;e�V�hij\h�`ld T\Z�T�]u^f`oT°W�T�};x�efx�LOhizHYfTUk;`aT°j�Pye�WfhoWfPyLÁT�V�L�hoeHR�haLOx°v»Ø¶Y�V¶L�h¼Ð�T�N�`oT�V�x�`ox�]uT�eHL�V�PSRSPUe�j\x�V¦hij\h�T�LÅv�PUW�Py^�L�T�N

j\T\LOLOT�]un�W�x�`ohiVOPyLOhonUe´PyYCj�P;V»WfY5]ux�`oPUef}UT�};PUY�V�V�hoT�e¹�
Ä hÅ`iP²R�PU`aT�YfN_WfYJ^�PyNQPy]ut�LON�T�T�V�L

θ ∈ [0, 1]
k�`iPCR�PyN�hoPUsf`oTmPy`ox�PyLOnUhoN�T

X
P²Yfe�Tm`onUh

Pθ

]£Yf`¼L�hae�nU]uhoPU`aT5V�Y�NX`ld T�e�V�T�]Xsf`oT
{1, . . . , 5} Ó ^
nUYfN x ∈ N

5
k

Pθ(X = x) =

(

n

x1 x2 x3 x4 x5

)(

θ

4

)x1+x4
(

1 − θ

4

)x2+x3
(

1

2

)x5

.

Ä h�`�d nUe²n;s�VOT�N�RSPUh¼L
X = x

kÑnUe²Y�L�ha`ohiV�T�N�PUh¼L�`�d T�V�LOho]�P�LOT�YfN�W�Y²]�P�Z�ho]XYf]åW�T£RHNQPyhiVOT�]Xs�`oPUe�j\T ˆ̂
θ(x) = x1+x4

x1+x2+x3+x4

WfnUeHL³ho`
T�V�L:��PUj\ho`oT�WfT�RUnUhoN:zHY¹d ho`¹T�V¶L°j�nUe�VOhoV�L�PUeHL��

Ò³eæVOYf^f^
n;VOT_LOnUYfLOT\��n;hoV�zHYfTrVOT�Y�`¦T�V�L�n;s�VOT�N�RUx_`aTuRUT�j·L�T�YfN
y = (y1, . . . , y4)

WfT�V�efn;]XsfN�T�W d n�j�j\YfN�NOT�e�j\T�V�W�T�jQ~�PUzHYfT
^f~fx�e�nyL¶µ�^�TqW�Pye�V®`ld x�jQ~�PyeHL�ha`o`an;e¹��Ò³e´P

Pθ(Y = y) =

(

n

y1 y2 y3 y4

)(

θ

4

)y1
(

1 − θ

4

)y2+y3
(

1

2
+

θ

4

)y4

.

ä nyL�nUe�V
Pθ(·|y)

`iP�`onUh
j\nUe�W�h¼L�han;efefT�`a`oT°W�T�çèVOP;jQ~�PyeHL
{Y = y}

kUjyd T�V�L�×Ãv�×ÃW�hoNOT
Pθ(x|y) = Pθ(X=x∩Y =y)

Pθ(Y =y)

k;T�L
θ0

`iP�R�N�PUhaT
RSPU`aT�YfN�W�Y´^�PUN�PU]_t�LON�TU�
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½ d hoW�x�TXW�Tq`ld Py`o}UnUN�haLO~f]uT����ÈT�V¶L�k�vu^�PUN�L�haN°W¹d Yfe�TqT�V�LOho]�P�LOhonUe
θ̂0 ∈ [0, 1]

b�hiW�x�TXzHYfT�`�d nUe²P�Pr^fNOhonUN�h¹W�Y²^�PyNQPy]ut\L�NOT
θhae�j�nUefe�Y�p\k�W�TÁj�Py`ij\Yf`oT�N{Yfe�T�V�LOho]�P�LOT�YfN

x̃ = EP
θ̂0

[X|Y = y]
W�T�V�W�nUe�efx�T�VÑefnUe�n;s�V�T�NOR;x�T�V
b�nUY�^f`oY�LOýUL�W�TÁ`oT�Y�N�V¹V�L�PyLOhiV¶L�hozHYfT�V

V�Y�ÙrV�PyeHLOT�V�^
nUY�N»`ld T�V�LOho]uPyLOhonUe5W�T
θ
p\k�^fYfhiV®W d YfLOho`ahiV�T�N®`�d T�V�LOho]�P�LOT�YfN®j\`iPUV�V�hizHYfT

θ̂1 =
ˆ̂
θ (x̃)

j�nU]u]uT³NQP�Ù�efT�]_T�eHL»W�T
θ̂0
��Ò³e

^�T�Y�L°T�e�V�YfhaLOT�haLOx�NOT�N®`aT�^fN�n�j\T�VOVOY�V�kHT�e´T�VO^�x�N�PUe;L�zHY¹d ha`¹j�nUe�RUT�NO};T³R;T�NQV»`aT�]�P�Z�ho]XYf]þW�T�RHNQPyhiVOT�]Xs�`oPUe�j\T;�
ºÁ`aY�V���nUN�]uT�`o`aT�]uT�eHL�k¹n;e|j\nUe�V¶L�NOYfhaLq^�PUNqNOx�j\YfN�N�T�e�j�T£Yfe�TmV�Y�h¼L�TmW d T�V�LOho]uPyLOT�YfN�V

(θ̂n)n

^�PyNqYfe�TrV�YfhaLOTcW d haLOx�N�PyLOhonUe�VXV�T
W�x�j�nU]u^�nHVOPUeHL®T�eCW�T�Y�Zc^f~�PUVOT�V Ó

ÿ ����� �f��!�� b��¦Z�^
T�j\L�P�L�han;e�p

Q(θ|θ̂n) = EP
θ̂n (·|y) [log Pθ(X)] .

� ����� �f��!�� b��²P�Z�ho]uhoV�P�L�han;e�p

θ̂n+1 = arg max
θ∈[0,1]

Q(θ|θ̂n).

º
n;YfN:efnULON�T�^�NOn;sf`at�]uTUk�`ld T�V�^
x�NQPye�j�T
x̃
VOnUY�V

P
θ̂n

W�T�V:W�n;efefx�T�V®efn;e5n;s�VOT�N�RUx�T�VÅj�nUe�Wfh¼L�han;efefT�`o`oT�]uT�eHL°v
Y = y

V�d x�j�NOhaL

x̃ =

(

x̃1 = y1, x̃2 = y2, x̃3 = y3, x̃4 = y4
θ̂n

2 + θ̂n
, x̃5 = y4

2

2 + θ̂n

)

.

Ò³N:`oP_`onU}y× R�N�PUhoVOT�]£sf`iPye�j�T³W�T
θ ∈ [0, 1]

^
nUYfN
x̃
VOnUY�V

P
θ̂n(·|y)

V�d x�j\N�h¼L Ó
EP

θ̂n (·|y) [log Pθ(X)] = C (x̃) + x̃1 log
θ

4
+ (x̃2 + x̃3) log

1 − θ

4
+ x̃4 log

θ

4nU¸
C (x̃)

efT�W�x�^�T�e�W5^�PUV:WfT
θ
�
Ò³e5PUs�n;Y�LOhaL°W�n;e�j�v_`�d h¼L�x�NQP�L�han;e Ó

θ̂n+1 =
y1 + y4

θ̂n

2+θ̂n

y1 + y2 + y3 + y4
θ̂n

2+θ̂n

.

Î PUe�V�j\T£j�PUV:W¹d x�j\nU`oTUk�Yfe²j�PU`oj�Yf`¹^
T�N�]_T�L°W�T�L�NOn;YfRUT�N:T\Z�^f`ohoj�h¼L�T�]uT�eHL�`iPu`aho]uh¼L�T
θ̂
W�Tq`iP�V�Y�h¼L�TU�
Ò³eC^
T�Y�L�Pyhoe�V�h{RUx�N�haÐ�T�N

z;Y�T�`oPuVOYfh¼L�TqW d T�V�LOho]uPyLOT�YfN�V
(θ̂n)n

j�nUe�RUT�NO};T°RUT�N�V
θ̂
k�T\L�]uÔ�]uT�x\L�Y�W�hoT�N�v�zHYfT�`a`oT�RHhaLOT�VOVOT�`oPuj�nUe�RUT�NO};T�e�j�T³VOT���PyhaL��

� á6¢
�c�5�  ��5�¹¢{�� qßQ¢�� �5���� 	�Å�q��
q�®��Þq�:���Å�
º
n;YfN{j�nU]u^fN�T�e�W�N�T¦j\T¦^f~�x�efn;]_t�efT�PUY�WfT�`iv:W�T¦`�d T\Z�T�]_^�`aTÁ};x�efx�LOhizHYfTUk\hoeHLON�n�W�YfhiV�n;e�VÑ`�d�
���������������
������! #"%$'&�&)(*�!+*,�-�./ 0
�(�&� ��

K(q|r)
T�eHLON�T�`aT�V:W�T�YfZc`onUhiV:W�T�^fN�nUs�PUsfha`ohaLOx�V

q
T\L

r
Wfx\Ð�efhoT�V°V�YfN:`ld T�e�VOT�]£sf`aT

{1, . . . , 5} Ó

K(q|r) = Eq

[

log
q(X)

r(X)

]

=

5
∑

j=1

q(j) log
q(j)

r(j)
.

Ò³e5^�NOn;YfRUT�PyhiV�x�]uT�eHL�z;Y�T
K(q|r) > 0

k�T�L°zHYfT�`�d nUe´P_x�}HPy`oh¼L�x�VOh¹T�L:VOT�Y�`aT�]_T�eHL°V�h
q = r

�
1 T�]�PyNQzHYfnUe�V»zHYfT;k�zHYfT�`¹zHYfTqVOnUhaL

θ′ ∈ [0, 1]
k�`iP_`an;}y× RHNQPyhiVOT�]Xs�`oPUe�j\T°WfY5^�PyNQPy]ut\L�NOT

θ
^
nUY�N:`�d nUs�VOT�N�R�P�L�han;e

y
V�d x�j\N�h¼L Ó

log Pθ(Y = y) = EP
θ′ (·|y) [log Pθ(X)] − EP

θ′ (·|y) [log Pθ(X |y)] .

K�hoe�V�hlk

log P
θ̂n+1(Y = y) − log P

θ̂n(Y = y) = EP
θ̂n (·|y)

[

log P
θ̂n+1(X)

]

− EP
θ̂n (·|y)

[

log P
θ̂n+1(X |y)

]

−EP
θ̂n (·|y)

[

log P
θ̂n(X)

]

+ EP
θ̂n (·|y)

[

log P
θ̂n(X |y)

]

= EP
θ̂n (·|y)

[

log P
θ̂n+1(X)

]

− EP
θ̂n (·|y)

[

log P
θ̂n(X)

] b ÿ p
+EP

θ̂n (·|y)

[

log P
θ̂n(X |y)

]

− EP
θ̂n (·|y)

[

log P
θ̂n+1(X |y)

]

.
b � p

> 0.

�ÁerT\¾ÑT\L�kU`iP�^fN�T�]uhot�N�T�W�h¼¾Ñx�N�T�e�j\TXb ÿ p�T�V¶L�^
n;VOhaLOhoRUT�^�PUN�W�x�Ð�efhaLOhonUerW�T
θ̂n+1 � Î d PUY�LON�T�^�PUN�L�kU`iP�W�h¼¾Ñx�N�T�e�j\TXb � p�T�V¶L�x�};PU`aTv

K
(

P
θ̂n(·|y)|P

θ̂n+1(·|y)
) �32ÅT�`iP£VOY�ÙuL�vX]un;e;L�NOT�N:z;Y�T�`iP_V�YfhaLOT�W�T�V»RHNQPyhiVOT�]Xs�`oPUe�j\T�V�T�V¶L:j\N�nUhiVOV�PyeHL�TU�fÒ³ecR;nUhaL®PUhoVOx�]uT�eHL

z;Y�Tr`oP²`aho]uh¼L�TmT�V�LXefx�j\T�VOV�PyhoNOT�]uT�eHL�YfeJ]�P�Z�ho]XYf]�`an�j�Py`�W�Tm`oP´��n;e�j·L�han;eJW�TrR�NQPyhiV�T�]Xsf`iPye�j�TU�¹�²PUhoV£j\n;]_]uTmj�T�`o`aT�× j�hÁT�V�L
j\nUe�j�PSRUT;k�nUe5^�T�Y�L³j\n;e�j\`oYfN�T�zHYfT

θ̂n
j�nUe�RUT�NO};T°RUT�N�V®`oT�]�P�Z�ha]£Yf]ÚW�T�R�NQPyhiV�T�]Xsf`iPye�j\TU�
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4 5 �cÞXÞq�:� ¢�ß��q�c�
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