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1. Introduction

It is well known that estimates on the size of sublevel sets of plurisubharmonic
functions in terms of volume and capacity play an important role in many areas
of complex analysis, such as pluripotential theory (see [1, 2, 4, 20, 22]), complex
dynamics (see [14]) and Pad1ee approximation (see [10, 15]).
In our recent paper [36], we obtained uniform estimates on the size of sublevel

sets of plurisubharmonic functions (called plurisubharmonic lemniscates) in terms
of volume and logarithmic capacity in a rather general context extending a result
by C. Kiselman (see [20, 27]).
On the other hand, in rational approximation of one complex variable and

especially in Pad1ee approximation, a fundamental role is played by the estimates
on the size of polynomial lemniscates in terms of Hausdor5 contents as provided
by the famous lemma of H. Cartan (see [6, 10, 15, 25]).
However in several complex variables no results of this type are available in the

literature. Therefore it is quite desirable to look for extensions of such results.
This was the main motivation of this work, but it turns out that our methods also
give some insight into the investigation of the connections between classical real
potential theory and pluripotential theory.
In x 2, we recall some well-known facts from classical potential theory. In particular,

we introduce an interesting class of Borel measures containing Riesz measures and
closely related to Hausdor5 measures which play an important role in geometric
measure theory (see [26]). We call such measures Hausdor� --Riesz measures.
In x 3, we prove a general uniform version of Skoda’s integrability theorem in

terms of Hausdor5--Riesz measures, generalizing our earlier result concerning
Lebesgue measure (see [36]).
In x 4, we derive precise estimates on the size of algebraic lemniscates in terms of

Hausdor5--Riesz capacities as well as a comparison inequality between Hausdor5--
Riesz capacities and a logarithmic capacity of Alexander--Siciak type in a<ne
algebraic varieties.
Finally in x 5, using known results from classical potential theory we derive a

multidimensional version of the famous lemma of H. Cartan [6].

2. Hausdor�--Riesz capacities in R
N

Let us recall some well-known facts from classical potential theory (see [23]). Let
N > 3 be a >xed integer and k be a real number such that N � 26 k < N . Let us
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denote by j � j the euclidean norm on R
N and de>ne

Bðx; rÞ :¼ fy 2 R
N : jy� xj < rg;

the corresponding euclidean ball of centre x and radius r > 0:
For a given >nite Borel measure with a compact support S� � R

N , we de>ne the
Riesz potential of order k of � as follows:

Rk;�ðxÞ :¼
ð
S�

d�ðyÞ
jx� yjk

: ð2:1Þ

It is easy to see that Rk;� is a positive lower semi-continuous function which is
locally integrable (with respect to Lebesgue measure) and k-superharmonic on R

N

in an appropriate sense (see [23]). It is also called the k-potential of �: In the case
k ¼ N � 2, RN�2; � is the Newtonian potential. It is well known that such potentials
satisfy the maximum principle as well as the principle of continuity (see [23]).
Now following the original de>nition of capacity by de la Vall1eee Poussin, one can

de>ne the Riesz capacity of order k in the following way (see [23]). For a given
Borel subset E � R

N , de>ne its Riesz capacity of order k by

�kðEÞ :¼ supf�ðEÞ : � 2 R1
kðEÞg; ð2:2Þ

where R1
kðEÞ denotes the set of >nite Borel measures � with support contained in

E such that Rk;�6 1 on E: It is easy to see that the Lebesgue measure restricted
to any compact subset K has a bounded k-potential and then, up to a constant, it
belongs to the class R1kðKÞ: The corresponding outer capacity de>ned in the usual
way is a Choquet capacity (see [23]).
We want to introduce another capacity which is more closely related to Hausdor5

measure as well as to the Riesz capacity and which does not use potentials. This
capacity will be generated by the following class of Borel measures (see [26]). Given
a real number m > 0, a >nite Borel measure � on R

N will be called a Hausdor� --
Riesz measure of order m if it satis>es the following ‘regularity condition’:

�ðx; rÞ :¼ �ðBðx; rÞÞ6M0r
m; for all x 2 S� and all 0 < r6 r0; ð2:3Þ

where M0 and r0 are positive absolute constants depending only on �:
De>ne the following set function for a Borel subset E � R

N :

�mðEÞ :¼ supf�ðEÞ : � 2 F 1mðEÞg; ð2:4Þ
where F 1mðEÞ is the class of Hausdor5--Riesz measures of order m with support
contained in E and satisfying the condition (2.3) with M0 ¼ 1 and r0 ¼ 1:
If we >x an open set !bR

N and consider Hausdor5--Riesz measures of order m
with support in !, then it is possible to extend this set function into a Choquet
capacity on ! (see [7]). This set function will be called the Hausdor� --Riesz capacity
of orderm on RN:
The following lemma is useful in order to compare these two capacities. It is

implicitly contained in [26], but for completeness we will sketch the proof below; it
is basically a reformulation of Frostman’s lemma (see [26]). We will denote by �k
the Hausdor5 measure of dimension k in R

N:

PROPOSITION 2.1. Let k be a real number such that 0 < k6N: Then

�kðEÞ6�kðEÞ; ð2:5Þ
for any Borel subset E � R

N:
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On the other hand, if !bR
N is a �xed open set and m is a real number with

0 < m < k6N, then there exists a constant M ¼ Mðk;m; !Þ > 0 such that

�mðEÞ6M�kðEÞ; ð2:6Þ

for any Borel subset E � !:
Moreover, if E � R

N is a Borel set, then �mðEÞ ¼ 0 if and only if �mðEÞ ¼ 0:

Proof. The >rst inequality follows from the obvious fact that R1
kðEÞ � F 1k ðEÞ:

Indeed, if � 2 R1kðEÞ, then for any x 2 S� and r > 0, we have

r�k�ðBðx; rÞÞ6
ð
S�

d�ðyÞ
jy� xjk

¼ Rk;�ðxÞ6 1: ð2:7Þ

On the other hand, if � 2 F 1k ðEÞ, then

Rk;�ðxÞ ¼
ð
S�

jy� xj�m d�ðyÞ ¼
ðþ1

0
�ðfy : jy� xj�m > tgÞ dt

¼
ðþ1

0
�ðBðx; t�1=mÞÞ dt ¼ m

ðþ1

0
�ðBðx; rÞÞr�m�1 dr

6m

ð1
0
rk�m�1 drþm�ðEÞ

ðþ1

1
r�m�1 dr: ð2:8Þ

Now observe that the measure � satis>es the regularity condition �ðBðx; 1ÞÞ6 1
for any x 2 S� � !: By a compactness argument, it follows that �ðEÞ6�ð!Þ6 ‘,
where ‘ is the minimal number of balls of radius 1 needed to cover the compact set
!: Since m < k, the constant

Mðk;m; !Þ :¼ m

ð1
0
rk�m�1 drþm‘

ðþ1

1
r�m�1 dr

is >nite and the required inequality is satis>ed.
Now assume that E � R

n is a Borel set. Then by Frostman’s lemma (see [26]),
�mðEÞ > 0 if and only if there exists a >nite Borel measure � 2 F 1mðEÞ with support
S� � E such that �ðEÞ > 0, which is equivalent to the fact that �mðEÞ > 0: �

It is well known that if E � R
N is a Borel set such that �mðEÞ < þ1, then

�mðEÞ ¼ 0: Hence it follows from the last lemma that if E � R
N is a Borel subset

such that 0 < �mðEÞ < þ1, then �mðEÞ ¼ 0 while �mðEÞ > 0: Such sets always
exist (see [26]), which means that these two capacities are not equivalent.
Thus the main advantage of the set function �m is the fact that it is a Choquet

capacity whose nul sets are precisely sets of nul Hausdor5 m-dimensional measure
and hence it is more suitable for measuring the size of Borel sets when m < N:
Observe that the set function �m can be de>ned on any complete Riemannian

manifold, since the condition (2.3) depends only on the associated distance.
Let us recall the following classical result which will be useful later.

PROPOSITION 2.2 [23]. Let A � R
N be a Borel subset and �m :¼ �mðAÞ be its

Riesz capacity of order m (where N � 26m < N). Then for any real number k
with m < k6N, the set A can be covered by a system of balls with radii rj > 0
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for which X
j

rkj 6 cN�
k=m
m ; ð2:9Þ

where cN > 0 is a dimensional constant.

3. A general uniform integrability theorem

Let us recall some well-known de>nitions and properties concerning Lelong
numbers (see [24, 16, 17]).
Let J be a domain in C

n and PSHðJÞ be the cone of plurisubharmonic functions
u on J such that u 6� �1: Then PSHðJÞ � L1locðJÞ is a closed subset for the
L1loc-topology and then it is a complete metric space (see [17]).
Let us consider the usual di5erential operators on C

n de>ned by d ¼ @ þ @ and
de>ne dc :¼ ð1=2 iÞð@ � @Þ so that ddc ¼ ði= Þ@@.
Now recall that if u 2 PSHðJÞ � L1locðJÞ then ddcu is a closed positive current

of bidegree (1,1) on J (see [24]). For any >xed a 2 J let dJðaÞ be the distance of a
to the complement of J in C

n: Then for 0 < r < dJðaÞ de>ne the projective mass
of the current ddcu in the euclidean ball Bða; rÞ :¼ fz 2 C

n : jz� aj < rg as follows:

$uða; rÞ :¼
ð
Bða;rÞ

ddcu ^ ðddc log jz� ajÞn�1: ð3:1Þ

Then by a well-known result of Lelong (see [24]), the formula

$uða; rÞ ¼
ðn� 1Þ!
 n�1r2n�2

ð
Bða;rÞ

ddcu ^ %n�1 ¼
�uðBða; rÞÞ
&2n�2r

2n�2 ð3:2Þ

holds, where % :¼ 1
2 i@@jzj

2, %n�1 :¼ %n�1=ðn� 1Þ! and �u :¼ ð1=2 ÞMu is the Riesz
measure associated to u:
Then the projective mass of the current ddcu at the point a is de>ned by the

following formula:

$uðaÞ :¼ lim
r!0þ

$uða; rÞ ¼ lim
r!0

�uðBða; rÞÞ
&2n�2r

2n�2 : ð3:3Þ

The positive number $uðaÞ is also called the Lelong number of the current ddcu or
the Lelong number of the function u at the point a.
By a classical result of Avanissian (see [3, 18, 19]), the Lelong number can be

also expressed by the following formulas:

$uðaÞ ¼ lim
r!0þ

1

log r

ð
j'j¼r

uðaþ r'Þ d(ð'Þ; ð3:4Þ

$uðaÞ ¼ lim
r!0þ

maxjz�aj¼r uðzÞ
log r

: ð3:5Þ

From the formula (3.5), it follows immediately that $uðaÞ ¼ 0 if uðaÞ > �1: This
formula shows that the Lelong number $uðaÞ can be viewed as the weight of the
logarithmic singularity of u at the point a:
Now we need to extend this de>nition to classes of plurisubharmonic functions.
Let U � PSHðJÞ be a non-empty class of plurisubharmonic functions on J and

de>ne the uniform projective mass of the class U as follows:
#Uða; rÞ :¼ supf$uða; rÞ : u 2 Ug; ð3:6Þ

for 0 < r < dJðaÞ:
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Then we de>ne the Lelong number of the class U at the point a by the
following formula:

#UðaÞ :¼ lim
r!0

#Uða; rÞ ¼ inf
r>0

#Uða; rÞ: ð3:7Þ

This number, when it is >nite, will be used to measure the ‘collective behaviour’ of
the class U in a neighbourhood of the point a: Moreover the comparison theorem of
Demailly can be extended to this context, which implies that the number de>ned
by (3.7) is independent of the coordinate system used at the point a and then it
can also be de>ned on complex manifolds (see [13, 32, 36]).
Observe that the function #U is known to be upper-semicontinuous on the open

set JU :¼ fa 2 J : #UðaÞ < þ1g (see [36]).
Let us now recall Skoda’s integrability theorem which states that the function e�u

is locally integrable with respect to the Lebesgue measure �2n in a neighbourhood
of a in C

n, provided that the Lelong number of the plurisubharmonic function u at
a satis>es the inequality $uðaÞ < 2 (see [33]).
For each real parameter p > 0, we will consider a convex increasing function

h : R ! ð0;þ1Þ which satis>es the following growth condition:

Iðh; pÞ :¼
ðþ1

0
hðtÞ expð�ptÞ dt < þ1: ð3:8Þ

The main example of such a function is hðtÞ :¼ ð1þ tÞm expðqtÞ with 06 q < p if
m> 1 or 0 < q < p if m ¼ 0:
Now we are ready to state our general uniform integrability theorem.

THEOREM 3.1. Let J be a domain in C
n, U � PSHðJÞ be a non-empty class

of plurisubharmonic functions on J, and E be a compact subset of J such that
#E :¼ supa2E #UðaÞ < þ1. Let !bJ be any open neighbourhood of E: Then for
any 0 < "6 2 and any # > #E , there exist positive constants c1; c2 > 0 such thatð

E
hð�uÞ d�6 c1Iðh; "=#Þ expðc2kukL1ð!ÞÞ; ð3:9Þ

with kukL1ð!Þ ¼
Ð
! juj d�2n, and the estimate holds for any u 2 U, any Borel

measure � 2 F 12n�2þ"ð!Þ, and any convex increasing function h satisfying the
condition (3.8) with p ¼ "=#:

The main step in the proof of this theorem is contained in the next lemma. Before
stating the lemma, let us recall some notation and de>nitions that will be used later
in the proof.
Let B be the euclidean unit ball in C

n: For each z 2 B, we denote by Fz the
involutive automorphism of the unit ball B which takes the point z 2 B to the
origin. Then the pluricomplex Green function Gzð2Þ :¼ Gðz; 2Þ of the unit ball B
with logarithmic pole at the point z 2 B is given by the formula

Gzð2Þ :¼ log jFzð2Þj where ðz; 2Þ 2 B � B: ð3:10Þ

It is easy to see that the fundamental Monge--AmpNeere equation

ðddcGzÞn ¼ 3z ð3:11Þ

holds in the sense of currents on B, where 3z is the unit Dirac mass at the point z:
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Now consider the pseudoballs

!zðrÞ :¼ f2 2 B : jFzð2Þj6 rg;
for >xed z 2 B and r 2 ð0; 1Þ, and de>ne the following ‘invariant projective mass’
function:

4uðz; rÞ :¼
ð
!zðrÞ

ddcu ^ ðddcGzÞn�1: ð3:12Þ

Observe that from the comparison theorem of Demailly [13], it follows that

4uðzÞ :¼ lim
r!0

4uðz; rÞ ¼ $uðzÞ for any z 2 J:

Now let us state our lemma.

LEMMA 3.2. Let !bC
n be an open neighbourhood of the closed unit ball B

in C
n: Let 4 and 5 be two given constants such that 0 < 5 < 4, and let r, q and ",

with 0 < r < 1, 0 < q < 1 and 0 < "6 2, be given real numbers. Then there exist
positive constants c1 ¼ c1ð"; 5; 4; r; qÞ > 0 and c2 ¼ c2ð"; 5; 4; r; qÞ > 0 such that for
any plurisubharmonic function u on ! satisfying the condition 56 4uðz; rÞ6 4 for
jzj < q, the uniform integrability conditionð

jzj<q
hð�uÞ d�6 c1Iðh; pÞ exp

�
c2

ð
!
juj d�2n

�ð
B

Mu ð3:13Þ

holds for any Borel measure � 2 F 12n�2þ"ð!Þ and any increasing convex function h
satisfying the condition (3.8) with p ¼ "=4:

Proof. First let us reduce the proof to the case where u6 0 on B: Indeed, if
maxB u > 0, consider the function euu :¼ u�maxB u and observe that euu satis>es the
hypotheses of the lemma since 4euuðz; rÞ ¼ 4uðz; rÞ: Now assume that the estimate of
the lemma holds for the function euu with uniform constants c1 and c2 and observe
that hð�uÞ ¼ hð�euu�maxB uÞ6hð�euuÞ, since maxB u > 0 and h is increasing.
Therefore from the estimate on hð�euuÞ, and since maxB u > 0, we easily deduce the
following estimate for hð�uÞ:

log

�ð
jzj<q

hð�uÞ d�
�
6 c1

ð
!
juj d�2n þ c1�2nð!Þmax

B

uþ c2: ð3:14Þ

Now observe that if we apply the submean value inequality at each point of B � !,
we obtain, by compactness, a uniform constant c 0 > 0 such that

max
B

v6 c 0
ð
!
jvj d�2n; for all v 2 PSHð!Þ: ð3:15Þ

Now applying the inequality (3.15) to the function u, we deduce from the
estimate (3.14) that an analogue of the estimate (4.3) holds for u with the constant
c 01 :¼ c1 þ c1�2nð!Þc 0 instead of c1 and the same constant c2: Hence the lemma is also
true for the function u with suitable uniform constants.
Therefore we can assume that u6 0 on B: By the classical Poisson--Jensen--Lelong

formula we get the representation formula

uðzÞ ¼
ð
@B
udcGz ^ ðddcGzÞn�1 þ

ð
B

Gzdd
cu ^ ðddcGzÞn�1; ð3:16Þ

for z 2 B (see [11, 28]). This formula follows easily from the fundamental equation
(3.11) and the fact that Gz has boundary values 0:
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Now let us write u ¼ u1 þ euu1, where
u1ðzÞ :¼

ð
@B
udcGz ^ ðddcGzÞn�1; for z 2 B; ð3:17Þ

and euu1 :¼ u� u1. Since u6 0 on B and the Poisson--Szeg€oo kernel d
cGz ^ ðddcGzÞn�1

is bounded for 2 2 @B and jzj6 1
2, it follows that the function u1 satis>es the lower

estimate

u1ðzÞ> c3

ð
@B
uð2Þ dSð2Þ> c4

ð
B

uð2Þ d�2nð2Þ; for jzj < 1
2 ; ð3:18Þ

where c3 and c4 > 0 are absolute constants (independent of u).
The next step is to estimate the function euu1, which is given by the following

formula:

euu1ðzÞ :¼
ð
B

Gzdd
cu ^ ðddcGzÞn�1; for z 2 B: ð3:19Þ

Then consider the following decomposition of euu1:
euu1ðzÞ ¼

ð
!zðrÞ

Gzð2Þddcu ^ ðddcGzÞn�1

þ
ð
Bn!zðrÞ

Gzð2Þddcu ^ ðddcGzÞn�1; for jzj < 1: ð3:20Þ

Write euu1 ¼ u2 þ u3 where

u2 :¼
ð
Bn!zðrÞ

Gzð2Þddcu ^ ðddcGzÞn�1; for jzj < 1; ð3:21Þ

and

u3ðzÞ :¼
ð
!zðrÞ

Gzð2Þddcu ^ ðddcGzÞn�1; for jzj < 1: ð3:22Þ

Let us >rst estimate the function u2 de>ned by the formula (3.21). Observe that,
by de>nition, Gzð2Þ> log r for jzj < 1 and 2 2 Bn!zðrÞ. Then from (3.21) we
deduce the estimate

u2ðzÞ> log r
ð
Bn!zðrÞ

ddcu ^ ðddcGzÞn�1; ð3:23Þ

for jzj < 1.
Now, since Gzð2Þ ¼ 1

2 log jFzð2Þj2, an easy computation shows that, for jzj < 1,

ddcu ^ ðddcGzÞn�16 21�n
ddcu ^ ðddcjFzj2Þn�1

jFzj2n�2
; ð3:24Þ

in the sense of measures on B: Moreover, since Fz is an automorphism of the unit
ball B whose derivatives are uniformly bounded for jzj < q < 1, on the closure B,
it is easy to see that there is an absolute constant c5 > 0 such that, for jzj6 q,

ddcu ^ ðddcjFzð2Þj2Þn�16 c5dd
cu ^ ðddcj2j2Þn�1 ð3:25Þ

in the sense of measures on B:
On the other hand, an elementary computation shows that

ddcu ^ ðddcj2j2Þn�1 ¼ 8nMu ð3:26Þ
in the sense of measures on B, where 8n is a dimensional constant.
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Therefore from (3.24), (3.25) and (3.26) it follows that, for jzj6 q,

ddcu ^ ðddcGzÞn�16 c6
Mu

jFzj2n�2
; ð3:27Þ

in the sense of measures on B, where c6 :¼ 8nc5 > 0 is an absolute constant.
Moreover since ! is a neighbourhood of the ball B, taking a cut-o5 function 9

with compact support in ! with 9 � 1 on B and using the equation (3.26) and
Stokes’ formula, one can easily deduce thatð

B

u6 c7

ð
!
juj d�2n; ð3:28Þ

for some absolute constant c7 > 0: Therefore from (3.23), (3.27) and (3.28) we
deduce the estimate

u2ðzÞ> � c8

ð
!
juj d�2n; ð3:29Þ

for jzj6 q, where c8 :¼ c7r
2�2n logð1=rÞ:

Now we come to the crucial step of the proof which lies in the estimate of the
function u3 de>ned by the formula (3.22).
By (3.18) and (3.29), we have �u1 � u26 a, where

a :¼ c9

ð
!
juj d�2n

with c9 :¼ c4 þ c8 ¼ Oð�r2�2n log rÞ: Therefore we get
hð�uÞ ¼ hð�u3 � u1 � u2Þ6hð�u3 þ aÞ:

Observe that 4uðz; rÞ is the total mass of the measure (z :¼ ddcu ^ ðddcGzÞn�1 on
the set !zðrÞ: Then from the formula (3.22), it follows that

�u3ðzÞ þ a ¼ 1

4uðz; rÞ

ð
!zðrÞ

ð�4uðz; rÞGzð2Þ þ aÞ(z; ð3:30Þ

for jzj < 1: Applying Jensen’s convexity inequality with the increasing convex
function h and the positive measure (z, we deduce from (3.30) the estimates

hð�uðzÞÞ6 1

4uðz; rÞ

ð
!zðrÞ

hð�4uðz; rÞ log jFzð2Þj þ aÞ(zð2Þ

6
1

5

ð
!zðrÞ

hð�4 log jFzð2Þj þ aÞ(zð2Þ; ð3:31Þ

for jzj < q, since 56 4uðz; rÞ6 4:
Now let � be a >nite Borel measure with compact support contained in !: Then

from (3.31), we get the estimateð
jzj<q

hð�uðzÞÞ d�ðzÞ6 c10

ð
jzj<q

�ð
!zðrÞ

hð�4 log jFzð2Þj þ aÞ(z
�
d�ðzÞ; ð3:32Þ

where c10 > 0 is a positive constant. Using the inequality (3.27), one can easily
deduce from (3.32) thatð

jzj<q
hð�uðzÞÞ d�ðzÞ6 c11

ð
B

�ð
!zðrÞ

hð�4 log jFzð2Þj þ aÞ
jF2ðzÞj2n�2

d�ðzÞ
�
Muð2Þ; ð3:33Þ

where c11 > 0 is a positive constant.
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Then using the fact that jF2ðzÞj> cjz� 2j with a uniform constant 0 < c < 1 for
jzj6 s and 2 2 B, we deduce from (3.33) the estimateð

jzj<q
hð�uðzÞÞ d�ðzÞ6 c12

ð
B

�ð
j2�zj6 t0

hð�4 log j2 � zj þ a0Þ
j2 � zj2n�2

d�ðzÞ
�
Muð2Þ

6 c12

ð
B

�ðt0
0

hð�4 log tþ a0Þ
t2n�2

d�2ðtÞ
�
Muð2Þ; ð3:34Þ

with a0 :¼ a� 4 log c, where c12 > 0 is an absolute positive constant and the integral

Jð2Þ :¼
ðt0
0

hð�4 log tþ a0Þ
t2n�2

d�2ðtÞ ð3:35Þ

is the Riemann--Stieltjes’ integral with respect to the increasing function

t 7!�2ðtÞ :¼ �ðBð2; tÞÞ:

Now set m :¼ 2n� 2þ " and assume that our measure � satis>es the following
condition of regularity:

�2ðrÞ ¼ �ðBð2; rÞÞ6 rm; for all 2 2 S� and all r 2 ½0; 1�:

Then, since the integrated function in (3.35) is a decreasing function in t, it
follows by integration by parts that the Stieltjes’ integral (3.35) is majorized by
the Stieltjes’ integral obtained by replacing the function t 7!�2ðtÞ by the function
t 7! tm: This yields the estimateð

jzj<q
hð�uðzÞÞ d�6mc12

�ðt0
0
t�1þ"hð�4 log tþ a0Þ dt

�ð
B

Muð2Þ

6 c13

�ðþ1

0
hð&Þe�"&=4 d&

�
expð"a0=4Þ

ð
B

Muð2Þ; ð3:36Þ

for some absolute constant c13 > 0:
Therefore from (3.34) and (3.36) we >nally get the estimateð

jzj<q
hð�uðzÞÞ d�6 c13Iðh; "=4Þ

ð
B

Mu exp

�
c14

ð
!
juj d�2n

�
; ð3:37Þ

where c13 and c14 > 0 are absolute constants. This proves the estimate of
the lemma. �

Now we are ready to prove the theorem.

Proof of Theorem 3.1. We want to apply the previous lemma. It is enough to
prove the estimate of the theorem in a neighbourhood of each point of the compact
set E: Fix a point a 2 E and a positive real number 3 > 0 so small that the closed
ball Bða; 3Þ centred at a with radius 3 is contained in !. Observe that under a given
dilatation or translation, the dimension m and the regularity condition (2.3) do not
change and the constants M0 and r0 are multiplied by constants which depend only
on the ratio of the dilatation. Moreover Lelong numbers are clearly invariant under
such transformations. Therefore we can assume that a ¼ 0 is the origin in C

n and
the ball Bða; 3Þ is the unit ball Bb!.
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Let us now >x a real number 4 such that # > 4 > #Uð0Þ: Then de>ne the
following function:

4Uðz; rÞ :¼ sup
u2U

4uðz; rÞ; for z 2 B and 0 < r < 1: ð3:38Þ

We claim that there exist q > 0 and r > 0 small enough such that

sup
jzj<q

4Uðz; rÞ < 4: ð3:39Þ

Indeed, take a real number 40 such that #Uð0Þ < 40 < 4: Then there exists 0 < s < 1
so small that 4Uð0; sÞ ¼ #Uð0; sÞ < 40. Now from the explicit formula of Fzð2Þ (see
[28]), it follows that for jzj < q and jFzð2Þj < r we have j2j < t :¼ ðrþ qÞ=ð1þ rqÞ,
which implies that !zðrÞ � Bð0; tÞ: On the other hand, given 8 > 0, it is easy to see
that there exists q > 0 small enough so that

ddcjFzð2Þj26 ð1þ 8Þddcj2j2 for jzj < q:

Moreover using Stokes’ formula and the identity (3.24), one can easily check the
following identity:ð

!zðrÞ
ddcu ^ ðddcGzÞn�1 ¼

1

2n�1r2n�2

ð
!zðrÞ

ddcu ^ ðddcjFzj2Þn�1: ð3:40Þ

Therefore, using the formula (3.40) and the de>nition (3.38), we deduce that for
q > 0 small enough the inequality

4Uðz; rÞ6 4Uð0; tÞð1þ 8Þn�1ðt=rÞ2n�2 ð3:41Þ
holds for jzj < q. Observing that 4Uð0; sÞ < 40, we can take r :¼ rðqÞ > 0 such that
ðrþ qÞ=ð1þ rqÞ ¼ s and since r ¼ rðqÞ tends to s as q tends to 0, it follows that
for q > 0 small enough and 8 > 0 small enough, we get ð1þ 8Þn�1ðs=rÞ2n�240 < $:
Then applying (3.41) with t ¼ s we get the estimate (3.39), which proves our claim.
On the other hand, in order to get a uniform lower bound, consider for 5 > 0 the

function v5ðzÞ :¼ 5ðlog jzj �MÞ, where M > 0 is chosen so that v5 6 0 on !: Then
de>ne the class U5 :¼ v5 þ U so that the identity

4uþv5ðz; rÞ ¼ 4uðz; rÞ þ 5; for all u 2 U; ð3:42Þ
holds for jzj < q:
It is clear from equation (3.42) and the estimate (3.39) that for 5 > 0 small

enough, we also have the inequality

4U5
ðz; rÞ < $; for jzj < q;

while the equation (3.42) implies the following uniform lower bound:

inf
jzj<q

4vðz; rÞ> 5; for all v 2 U5:

Now observe that the estimate (3.9) holds for the class U if it holds for the class
U5, with suitable absolute constants, since v5 6 0: So considering the class U5 for
5 small enough, instead of the class U if necessary, we can assume that our class U
satis>es the inequality (3.39) as well as the uniform lower estimate

inf
jzj<q

4uðz; rÞ> 5; for all u 2 U; ð3:43Þ

with a uniform positive constant 5 > 0:
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Now by (3.39) and (3.43) it follows that all functions from the class U satisfy
the conditions of the lemma with the same constants 5 and 4, which implies the
estimate (3.9). �

There is a consequence of our main theorem which generalises our earlier result
(see [36]).

COROLLARY 3.3. Let J be a domain in C
n, let E be a compact subset of J,

and let U � PSHðJÞ be a non-empty class of plurisubharmonic functions on J such
that # :¼ supa2E #UðaÞ < þ1: Let !bJ be any open neighbourhood of E: Then
for any real number 0 < "6 2 and any positive real number = < "=# there exist
positive constants c1; c2 > 0 such thatð

E
e�=u d�6 c1 expðc2kukL1ð!ÞÞ; ð3:44Þ

for any function u 2 U and any Borel measure � 2 F 12n�2þ"ðEÞ:

4. Hausdor�--Riesz measures of sublevel sets

In this section we will use our integrability theorem to derive uniform estimates
of the size of sublevel sets for some classes of plurisubharmonic functions in terms
of Hausdor5--Riesz measures in a more general context.
Let X be a complete hermitian complex manifold of dimension n> 1: Then if

we denote by Bðx; rÞ the open (relatively compact) balls associated to the induced
geodesic metric on X, we can de>ne for each real number m with 16m6 2n, the
class of Hausdor5--Riesz measures of order m on X as the class of Borel measures
� with compact support S� � X satisfying the condition

�ðx; rÞ ¼ �xðrÞ :¼ �ðBðx; rÞÞ6M0r
m; for all x 2 S� and all 0 < r < r0; ð4:1Þ

where M0 and r0 are positive absolute constants. Moreover for any subset E � X,
we de>ne

�mðEÞ :¼ supf�ðEÞ : � 2 F 1mðEÞg; ð4:2Þ
where F 1mðEÞ is the class of Hausdor5--Riesz measures of order m with compact
support in E satisfying the condition (4.1) with M0 ¼ 1 and r0 ¼ 1: Then extend
the de>nition of �mðEÞ in the usual way for Borel sets.
We will also denote by �m the Hausdor5 measure of dimension m on X: The set

function (4.2) is a Choquet capacity on X (see [7]), whose null sets are precisely
sets of m-Hausdor5 measure zero (see Lemma 2.1). As before, we call this capacity
the Hausdor� --Riesz capacity of order m on X: It is easy to see that all the results
of the previous sections also hold in this general context. Let us now state the main
result of this section.

THEOREM 4.1. Let U be a class of plurisubharmonic functions on X such
that # :¼ supa2E #UðaÞ < þ1: Let EbX be a compact subset, !bJ any open
neighbourhood of E, and 0 < "6 2 a positive number. Then for any positive real
number = < "=#, there exist positive constants c1; c2 > 0 such that

�ðfz 2 E : uðzÞ < tgÞ6 c1e
=t expðc2kukL1ð!ÞÞ; ð4:3Þ

for any u 2 U, any real number t < 0, and any Borel measure � 2 F 12n�2þ"ðEÞ:
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Proof. We will apply our uniform version of Skoda’s integrability theorem for
the convex increasing function hðsÞ :¼ e=s, where = < "=#: Indeed, if u 2 U and
z 2 EuðtÞ :¼ fz 2 E : uðzÞ6 tg then we have expð�=uðzÞ þ =tÞ> 1: Therefore for
any Borel measure � 2 F 12n�2þ"ðEÞ, we obtain the following estimate:

�ðfz 2 E : uðzÞ6 tgÞ6 e=t
ð
E
e�=u d�: ð4:4Þ

Now the estimate (4.3) follows immediately from (4.4) and the estimate (3.1) of
Theorem 3.1. �

As an immediate consequence, we get the following result which will be useful
in many applications.

COROLLARY 4.2. Let U � PSHðXÞ be a compact subclass of plurisubharmonic
functions on J, let K � X be a compact subset, and let 0 < "6 2 be a �xed
number. Then $ :¼ supf$uðaÞ : a 2 K; u 2 Ug < 1 and for any positive real
number = < "=$, there exists a positive constant C > 0 such that

�ðfz 2 K : uðzÞ < tgÞ6Ce=t; ð4:5Þ
for any Borel measure � 2 F 12n�2þ"ðKÞ, any function u 2 U, and any real
number t < 0.

Proof. Observe that supa2K #UðaÞ ¼ $ by Proposition 2.1, and then the
estimate (4.2) of Theorem 4.2 is satis>ed. Now using again the compactness of U,
one can easily see that the right-hand side of (4.2) is uniformly bounded, which
implies the estimate (4.5). �

There are interesting compact classes of plurisubharmonic functions to which our
theorem can be applied. Let us give some examples (see [36]).

Examples. (1) Let P0ðJÞ be the class of plurisubharmonic functions on a
hyperconvex domain JbX which tend to 0 at the boundary and have a total
Monge--AmpNeere mass at most equal to 1: This class has been considered by
S. Kolodziej in connection with the study of the Dirichlet problem for the complex
Monge--AmpNeere operator (see [22]). The closure F 0ðJÞ of the class P0ðJÞ in the
L1loc-topology coincides with the class of plurisubharmonic functions with >nite
energy introduced by Cegrell (see [8, 9]). We proved in [36] that F 0ðJÞ is compact
in PSHðJÞ and $uðaÞ6 1 for any u 2 F 0ðJÞ: Therefore the estimate (4.5) holds for
the class F 0ðJÞ for any = < "6 2:
(2) Let B � C

n be the unit ball. For a given real number r with 06 r < 1
and a real number 5 > 0, de>ne the class Ur;5 to be the set of all functions u
plurisubharmonic on B such that u6 0 on B and maxrB u> � 5: We proved in
[36] that the class Ur;5 is a compact class in PSHðBÞ and $uð0Þ6 5= logð1=rÞ for
any u 2 Ur;5:
(3) Let LðCnÞ be the usual Lelong class of plurisubharmonic functions u on

C
n such that uðzÞ6 logþ jzj þOð1Þ on C

n, where j � j is the euclidean norm on
C

n: This class plays an important role in pluripotential theory (see [21, 29,
30, 34]). For a given non-pluripolar compact set B � C

n, the normalised class
_LLB :¼ fu 2 L : maxB u ¼ 0g is a relatively compact subset of PSHðCnÞ and
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$uðaÞ6 1 for any u 2 LðCnÞ and a 2 C
n (see [35, 36]). Therefore the estimate

(4.5) holds for the class _LLB for any = < "6 2:

5. Hausdor� --Riesz capacities of algebraic lemniscates

As we have already observed in [36], any compact subclass U � PSHðXÞ of
plurisubharmonic functions on the complex manifold X generates a so-called
(abstract) Lelong class L ¼ eUU :¼ ðU [ f0gÞ þ R of plurisubharmonic functions on
X. Then using this class, one can de>ne an L-extremal function as well as a
logarithmic L-capacity which is more suitable for estimating the size of sublevel
sets of plurisubharmonic functions from the class U (cf. [36]).
On the other hand, as an application of our integrability theorem, we will prove

a comparison inequality between certain Hausdor5--Riesz capacities and the
logarithmic L-capacity. Then from this comparison inequality we deduce estimates
of the Hausdor5--Riesz capacity of algebraic lemniscates.
First let us recall the de>nition of the logarithmic L-capacity. Let B � X be a

>xed pluriregular compact set. Then the logarithmic L-capacity capLðE;BÞ of a
subset EbX with respect to B is de>ned by the following formula (see [35, 36]):

log capLðEÞ :¼ inf
n
sup
E

u : u 2 L;max
B

u ¼ 0
o
: ð5:1Þ

Now de>ne the L-extremal function associated to E as follows:

SEðxÞ :¼ sup
n
uðxÞ : u 2 L; sup

E
u6 0

o
; for x 2 X: ð5:2Þ

Then the logarithmic capacity is given by the formula

capLðEÞ ¼ capLðE;BÞ :¼ exp
	
�max

B
S�
E



; ð5:3Þ

for any subset EbX:
Let us state the main result of this section which is a generalization of our earlier

comparison inequality involving the Lebesgue measure (see [36]).

THEOREM 5.1. Let X be a complete hermitian manifold of dimension n and
L � PSHðXÞ be a Lelong class of plurisubharmonic functions on X: Let B � X be
a �xed pluriregular compact subset, K � X be a compact subset, and 0 < "6 2
be a �xed real number. Then the following properties hold.
(1) The number # :¼ supf$uðaÞ : a 2 K; u 2 Lg < þ1 and for any real number

= with 0 < = < "=#, there exists a constant M ¼ Mð"; =;K;BÞ > 0 such thatð
K
expð�=uÞ d�6M exp

	
� =max

B
u


; ð5:4Þ

for any function u 2 L and any Borel measure � 2 F 12n�2þ"ðKÞ:
(2) If DbX is a �xed open subset, then for any real number = such that

0 < = < "=#, there exists a constant C ¼ Cð"; =;D;BÞ > 0 such that

�2n�2þ"ðEÞ6CðcapLðE;BÞÞ=; ð5:5Þ
for any Borel set E � D:

Proof. (1) Observe that

# ¼ supf$uðaÞ : a 2 K;u 2 Lg ¼ supf$uðaÞ : a 2 K; u 2 _LLBg:
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We know from [35] that the normalized subclass

_LLB :¼
n
u 2 L : max

B
u ¼ 0

o
is a compact subset in PSHðXÞ: Thus, since the function #L is known to be
upper-semicontinuous, we can easily see that # ¼ supa2K #LðaÞ < þ1 (see [36]).
Therefore we can apply our Corollary 3.3 and then we obtain the estimate (4.3).
Now since _LLB is relatively compact, the right-hand side of (4.3) is bounded on
_LLB, which proves the estimate (5.4).
(2) The following observation will be useful later. From classical potential theory

(see [23]), it follows immediately that any pluripolar subset E � X is of Hausdor5
dimension at most 2n� 2 and then �2n�2þ"ðEÞ ¼ 0 by Lemma 2.1. So to prove
the comparison inequality (5.5), it is enough to assume that our given set E � D is
a non-pluripolar Borel subset. Then its L-extremal function S�

E is locally bounded
on X (see [35, 36]).
Now put K :¼ D and observe that from Theorem 3.1, we get the estimateð

K
expð�=wÞ d�6C exp

	
� =max

B
w


; ð5:6Þ

for any function w 2 L and any measure � 2 F 12n�2þ"ðEÞ:
As we have already observed in [36], if we denote by TLL the closure in PSHðXÞ

of the class of functions obtained by taking >nite suprema of plurisubharmonic
functions from the class L, then TLL is a Lelong class on X with the same Lelong
numbers as L and then by Theorem 3.1, the inequality (5.6) is also valid for the
functions in the class TLL:
On the other hand, it follows from the de>nition of the L-extremal function and

Choquet’s lemma that there is an increasing sequence ðwjÞ of plurisubharmonic
functions from the class TLL such that S�

E ¼ ðsupwjÞ� on X, which proves that
S�
E 2 TLL (see [35, 36]).
Now applying the estimate (5.6), we obtain a constant C > 0 depending only on

D, = and B such that ð
K
e�=S

�
E d�6Ce�=maxB S

�
E ; ð5:7Þ

for any measure � 2 F 12n�2þ"ðEÞ: Since E � K is non-pluripolar, we know that
S�
E ¼ 0 quasi-everywhere on E (see [4, 21]). As observed above, measures from the
class F2n�2þ" put no mass on pluripolar sets. Therefore it follows that the left-hand
side of the estimate (5.7) is greater than �ðEÞ, which proves the estimate (5.5) for
any measurable subset E � D: �

Next we will restrict ourselves to the case of algebraic lemniscates.
Let Z be an algebraic submanifold of dimension n in C

N endowed with the
induced hermitian structure and the associated geodesic distance and denote by
Bðz; rÞ the geodesic ball of Z of centre z and radius r > 0:
Then, as before, it is possible to extend the notion of Hausdor5--Riesz measures

to this context and de>ne the corresponding Hausdor5--Riesz capacity �m of order
m for any real number m with 2n� 26m6 2n: Let us also denote by �m the
Hausdor5 measure of dimension m on Z:
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Now following earlier papers (see [35, 36]), consider the following natural class
of plurisubharmonic functions of logarithmic growth on Z:

L ¼ LðZÞ :¼
n
v 2 PSHðZÞ : sup

22Z
ðvðzÞ � logþ j2jÞ < þ1

o
; ð5:8Þ

where j � j is the euclidean norm in C
N:

It is well known that the class LðZÞ is a Lelong class on Z (see [35, 36]).
Let us denote by 3ðZÞ the degree of algebraicity of Z, that is, the number of

points of intersection of Z with a generic ðN � nÞ-plan of CN:
Recall the de>nition of the logarithmic LðZÞ-capacity, using the classical notation

(see [2, 31]):

TBðEÞ ¼ T ðE;BÞ :¼ exp
	
�max

B
S�
E



; ð5:9Þ

for any subset EbZ: This is known to be a Choquet capacity and is usually called
the Alexander--Siciak capacity (see [1, 31, 12]). Then by de>nition we have

max
B

u6 max
E

uþ �LðE;BÞ; for all u 2 LðZÞ; ð5:10Þ

where �LðE;BÞ :¼ � logT ðE;BÞ is the best constant for which the estimate
(5.10) holds.
However L-capacity is hard to compute explicitly and then it is desirable to obtain

precise lower estimates of the L-capacity in terms of measures that are easier to
compute especially in order to get a quantitative version of the Bernstein--Walsh
estimate (5.10).
In the classical case of the Lelong class of plurisubharmonic functions of log-

arithmic growth on C
N , a comparison estimate between Lebesgue measure and

logarithmic L-capacity, known as Alexander--Siciak capacity (see [2, 12]), has
been obtained, in the general case of an algebraic submanifold, in [36].
As an application of our uniform integrability theorem, we will prove more general

results and give, in particular, a precise estimate of the size of algebraic lemniscates
in terms of certain Hausdor5--Riesz capacities as well as a precise lower estimate
of the Alexander--Siciak capacity in terms of Hausdor5--Riesz capacities of certain
dimensions.

COROLLARY 5.2. Let Z be an algebraic submanifold of dimension n in C
N , let

3 ¼ 3ðZÞ be its degree of algebraicity, and let B � Z be a �xed non-pluripolar
compact subset. Then the following properties hold.
(1) For any compact subset E � Z, any real number 0 < "6 2, and any real

number = with 0 < = < "=3, there exists a constant M ¼ Mð"; =; E;BÞ > 0
such that ð

E
expð�=uÞ d�6M exp

	
� =max

B
u


; ð5:11Þ

for any function u 2 LðZÞ and any �nite Borel measure � 2 F 12n�2þ"ðEÞ:
(2) If DbZ is a �xed open subset and B � Z a �xed non-pluripolar compact

set, then for any real number 0 < "6 2 and any real number = with 0 < = < "=3,
there exists a constant C ¼ Cð"; =;D;BÞ > 0 such that

�2n�2þ"ðEÞ6CðTBðEÞÞ=; ð5:12Þ
for any Borel set E � D:
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Proof. We know from [35, 36] that the class LðZÞ is a Lelong class and then
the normalized subclass _LLB :¼ fu 2 L : maxB u ¼ 0g is a compact subset of
PSHðZÞ: Moreover, we also know that $uðaÞ6 3ðZÞ for any a 2 Z and u 2 LðZÞ
(see [35, 36]). Therefore Corollary 5.2 is an easy consequence of Theorem 5.1 since
capLðZÞðE;BÞ ¼ TBðEÞ: �

Now we can state the main application of the last results.

COROLLARY 5.3. Let EbZ be a Borel set and B � Z be a non-pluripolar
compact subset. Then

TBðfz 2 E : uðzÞ < tgÞ6 et; ð5:13Þ
for any real number t < 0 and any u 2 LðZÞ with maxB u ¼ 0:

Furthermore, for any real number 0 < "6 2 and any real number = with
0 < = < "=3, there exists a constant M ¼ Mð"; =; E;BÞ > 0 such that

�2n�2þ"ðfz 2 E : uðzÞ < tgÞ6Me=t; ð5:14Þ
for any u 2 LðZÞ with maxB u ¼ 0 and any real number t < 0:

Proof. Let u 2 LðZÞ be a >xed function with maxB u ¼ 0: For a >xed t < 0,
denote Et :¼ fz 2 E : uðzÞ < tg: Then from the de>nition, we get the inequality
u� t6SEt

on Z: Then we obtain �t6 maxB u� t6 maxB SEt
¼ � logTBðEtÞ,

which proves our inequality (5.13). Now the inequality (5.14) follows immediately
from the comparison estimate (5.12) and inequality (5.13). �

Observe that for " ¼ 0 and n> 2, no comparison estimate is possible between
the capacities �2n�2 and TB onC

n: Indeed letE be any ball inCn�1 viewed as a subset
of Cn: Then it is clear that E is pluripolar in C

n and then TBðEÞ ¼ 0 (for any >xed
pluriregular compact set in C

n), while �2n�2ðEÞ > 0 and hence �2n�2ðEÞ > 0:
However, we do not know if there is a comparison estimate between the Newtonian
capacity �2n�2 and the logarithmic capacity TB on C

n:
Now we come to the problem of estimates of the size of polynomial lemniscates

in terms of Hausdor5 content. Let us recall the classical lemma of H. Cartan (see
[6]). Let P ðzÞ be a monic polynomial of one complex variable of degree d> 1 and,
for a given " > 0, consider the "-lemniscate of P de>ned by

EðP ; "Þ :¼ fz 2 C : jP ðzÞj6 "dg:
Then for any 0 < =6 2, there exists a >nite covering of EðP ; "Þ by open balls with
radii rj such that X

j

r=j 6 eð2"Þ=:

Our aim is to give an extension of this important result to several complex variables.
We >rst prove the following more general result.

THEOREM 5.4. Let EbC
n be a Borel subset and B � C

n be a pluriregular
compact subset. Then for any real number 0 < 86 2 and any real number =
with 0 < = < 8, there exists a constant M ¼ Mð8; =;E;BÞ > 0 such that, for any
u 2 LðCnÞ with maxB u ¼ 0 and any real number t < 0, the sublevel set
Et :¼ fz 2 E : uðzÞ < tg can be covered by a system of balls of C

n with radii
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rj > 0 such that X
j

r2n�2þ8j 6Me=t: ð5:15Þ

Proof. Observe that for Z ¼ C
n, 3ðZÞ ¼ 1: Let " be a real number such that

0 < = < " < 8: For a >xed t < 0 let us consider the Borel set

Et :¼ fz 2 E : uðzÞ < tg:
Then de>ne m :¼ 2n� 2þ " and k :¼ 2n� 2þ 8, and apply the estimate (2.9) of
Theorem 2.2 to the set Et to conclude that it can be covered by a system of balls
of radii rj > 0 such that X

j

rkj 6 cn�
k=m
m

where �m :¼ �mðEtÞ is the Riesz capacity of order m of the set Et: Now applying
the estimate (5.14) and the inequality (2.5), we obtain the following inequality:X

j

rkj 6 cnMe=tk=m: ð5:16Þ

Now observe that k=m > 1 and then =k=m > =, which proves the estimate (5.15)
since t < 0: �

Now if we apply the last result to functions of the type u :¼ ð1=dÞ log jP j with
maxB jP j ¼ 1, we obtain the following result which can be considered as an
extension to several complex variables of the famous Cartan lemma [6].

COROLLARY 5.5. Let B � C
n be a �xed non-pluripolar compact set. Let

K � C
n be an arbitrary compact subset. Then for any real number 0 < 86 2 and

any real number = with 0 < = < 8, there exists a constant M ¼ Mð8; =;K;BÞ > 0
such that for any " > 0 and any polynomial P ðz1; . . . ; znÞ of n complex variables of
degree d> 1, normalised by the condition maxB jP j ¼ 1, the truncated lemniscate

UðK;P ; "Þ :¼ fz 2 K : jP ðzÞj6 "dg
can be covered by a system of a �nite number of balls in C

n with radii rj such thatX
j

r2n�2þ8j 6M"=: ð5:17Þ

Observe that for n ¼ 1 the estimate (5.17) is known to hold with = ¼ 8 by
H. Cartan’s lemma [6], but for higher dimensions we do not know if such a result is
true. On the other hand, if 8 ¼ 2, we obtain the volume estimate already obtained
in our last paper (see [36]).
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