AN EXAMPLE OF LIMIT OF LEMPERT FUNCTIONS

PASCAL J. THOMAS

1. INTRODUCTION

Let €2 be a domain in C"*, and a; € 2, j = 0, ..., N. Coman’s Lempert
function is defined by [2], [5]:

(1.1) £(2) := Loy, ay(z) :=inf { Zlog I¢;] - (0) = 2,

©(¢) =a;,j=0,...,N for some p € O(D, Q)},

where D is the unit disc in C.

For most of this paper, we will consider Q = D?, |z| := max(|z1], |22]),
ap = (0,0), a1 = (e1,0), and ay = (0,¢2), where ¢, € D, j = 1,2. We
will write £.(z) for the Lempert function with respect to the three poles
ao, ai, az evaluated at the point z = (21,22) € D. It is clear that the
Lempert function approaches —oo near each of its poles a;. When
e; — 0, all poles concentrate at the origin of C?, and the Lempert
function may converge to some limit with its singularities concentrated
at the origin.

Our goal is to understand in detail the aspect of this singularity.
A first remark is that the Lempert function is always related to the
corresponding Green function for the same poles,

g(z) :=sup{u e PSH(Q,R_) : u(z) <loglz—aj|+C;,7=0,...,N},

where PSH (2, R_) stands for the set of all negative plurisubharmonic
functions in Q. The inequality g(z) < ¢(z) always holds, and it is
known that it can be strict [1], [7], [6]. If ¢ ever turns out to be
plurisubharmonic itself, then it must be equal to g [2].

In the special case that we are studying, the Green function (denoted
by ¢.) is not known either, nor do we know whether it always admits
a limit as ¢; — 0, but it can be compared to the Green functions for
the three following systems of points:

Sy = {ao,a1}, Sy = {ao,a2}, Sz 1= {ao,al,a27 (51,52)}~
1
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Those are all product sets, so their Green functions are explicitly known
[3] as well as their limits when ¢; — 0, which are respectively
91(2) := max(2log |z |,1og |z2|), ¢2(z) := max(log |z1],21og|z2]),
93(2) := max(2log ||, 2log |z2]).

Nguyen Van Trao remarked that it follows from the definition of the
Green function that

(1.2) 93 < g- < min(gy, ga)
throughout the bidisk, and therefore when |25| < |21|%, ¢-(2) = g3(2) =
g1(z) = 2log|z|, and when |z1| < |22f?, g-(2) = gs(2) = (Z)

21log |z2|. Also, for any z in the bidisk,
limin(f)’ﬁa(z) > g:(2) > g3(2) = 2log|z|.
€1,€2—

We first give our result in a special case where the picture is more
complete.

Theorem 1.1. Suppose €1 = e9 =¢. Then

(1) If 1 =0 or z9 =0 or z; + 2o = 0, there exists a constant C' > 0
such that
limsup £.(z) < 2log |z| + C.

e1,e2—0

(2) For any ¢y > 0, there exists a constant C' = C(co) > 0 such that

for any z = (21, 22) verifying co < | 2| < ¢g', and ¢ < ‘1 + 2,
then 5

11r611_351fﬁg( z) > §log]z\
and .

limiglfﬁs( z) < §log| 2|+ C.

Corollary 1.2. If g is some cluster point of the family {g.}, then for
any z € D?,
3
9(2) < 5 log 2],
and g(z1, —21) = 2log|z1].

This is an improvement over the inequalities (1.2) when |z5]? < |21| <
|Z2 | 1/2.

Proof. The function g must be plurisubharmonic, so subharmonic on
any complex line going through the origin. It is also negative every-
where. The inequality that its restriction on a complex line satisfies
near the origin implies that it is bounded above by the corresponding
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one-variable Green function, which gives us the required upper bound.
The equality in the special case follows from (1.2). O

Theorem 1.1 will follow from the more detailed result below.

Theorem 1.3. (1) If 21 =0 or z0 =0 orif z2y # 0,29 # 0 and

lim,, .,_o 2 = —Z2, there exists a constant C' > 0 such that
1,€2 £9 z2”’

limsup £.(z) < 2log |z| + C.

e1,e2—0
(2) For any cy > 0, there exists a constant C' = C(c) > 0 such that
< ¢y, with the (g1, )

involved in the limes (inferior and superior) below always veri-

for any z = (21, z2) verifying ¢y <

21
22

fying
(1.3) 2z Jzel e fesl co
|21] 22 ea] €2 | T
then
3
(1.4) liminf /. (z) > = log|z| — C.
€1,62—0 2
If, furthermore,
2 2
lim L= lim 22 =0,
€1,e2—0 €9 €1,e2—0 €1
then
3
(1.5) limsup l.(z) < =log |z| + C.
€1,e2—0 2

2. UPPER ESTIMATES

To prove the upper estimates in the above theorem, we shall need to
construct appropriate maps ¢ from the disk to the bidisk. It will be
useful to relax a little the condition that p(D) C D?.

Lemma 2.1. Suppose that aj(e) € D?, j = 0,..., N depend on some
parameter ¢ € C™, with lim._gaj(c) =a; € Q, j =0,...,N, and that
there exists a function y(e¢) such that lim._,oy(e) = 0 and X\ € R with
the following property: for anye > 0, z € D*\{ay,...,an}, there exists
a holomorphic map ¢ : D — D(0,1 4+ ~(€))? and (o, . ..,{n such that

N
(2.1)  ©(0) = z,0(¢) =aj(e),j=0,...,N, and Zlog G| < A
=0

Then limsup,_,, €a0(5)7...,a1\7(8)(2) <A
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Proof. First note that by applying an automorphism ¢ of the bidisk
exchanging z and (0,0), we have a map ¢ := ¢ o ¢ such that

95(0) = (07 0)7 SO(CJ) = ¢(aj(5))7j =0, a) N7 and 95 :D— D<O7 1+’Y(€))27
for another function v with the same property as the original one.

.....

v and points ¢, ...,y such that ¢»(D) C D? and

N
9(0) = (0,0),(¢}) = $(a(e)).3 = 0., Nyand limsup > log| ] < X
E— 0

Applying the usual Schwarz lemma to each coordinate of ¢, we see that
&(D(0, (1 +~(e))™") € D?, and therefore

G /
= Qo(———= d¢ =(1 ;
will satisfy our requirements. U
Notation: we always write ¢,(() := la—_éi for the involutive auto-

morphism of the unit disk exchanging a and 0. Applying an auto-
morphism of D exchanging (y and 0, the original problem of construc-
tion of maps as in (2.1) is equivalent to finding a holomorphic map
¢ : D — D(0,1+ 7(e))?* and new points (g, ...,y such that

(2.2)

N
0(0) = (0,0),0(¢;) = aj(e),j =1,.... N, and |G|+ log e, (¢)] < A
j=1

Proof of Theorem 1.3, part (1).
Assume zo = 0. The case z; = 0 would be treated in the same way.
By the formulation (2.2) of our problem, we need to construct a map
©, with an appropriate control of the image of D, such that

9269
e(C1) = (&1,0
23) o(&) = (0,0)
SO(CO) = <2170>
First we choose (7 := €1, (y := 21, and (5 close to 1, to be specified

later. An approximate solution of this interpolation problem, will be
given by the following map from D to D?:

0 (¢) 8:1(C) _ )
0e (1) 6., (1) 7))

A(0) = (c%(c),c
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The errors with respect to the requirements in (2.3) are now given by

©°(0) = (0,0) = (0 0)

) (1) — (61,0) = (e1(e¢,(e1) — 1),0) =: (E1,0)
DN @G = (0,0) = (0 (O 1)) = (0, By)
@ (21) = (21,0) = (z1( ¢c2(21) 1),0) =: (E3,0)

A computation shows that

60(Q) — 1] = ](

so that for |z| < %, g <

1- (G 1= o

|21], which we may assume,

1

2
5

(2.5) |E1|§§|1—C2||51|7|E3| < 3|1 = Cof| 2]

In the same way, one sees that under the above assumption, |Es| <
11— Golleal.

To get a map satisfying (2.3), we subtract from ¢ a correcting term
©H¢) = (¢1(€), p2(C)) obtained by Lagrange interpolation. More pre-
cisely, we choose

1 _ £ ¢€1 (C) ¢z1(g) E
70 = @ )
and 1(¢) = Co¢, (C)h(¢), where h must satisfy
— b . _ Es o
ME) = g B M= gy T
We can then set
N nl4 C_ 21 / C
h(<> - E151 — 21 E Zl — 81

It is easy to see that |p3(C)] =X |Fs| < |g| for ¢, close enough to 1.
It follows from (2.5) that |E4|,|E5] < |1 — (o, therefore |p](¢)] =
11— Col|z1|7 < |e] for ¢, close enough to 1. So the map " — ! satisfies
the hypotheses of Lemma 2.1 and since we have

2

[Gol 4> log e, (G)] < log |21]+1og [, (e1)] < log|z1|+log(|z1] + |eal),
j=1

we may take A = 2log|z;| + n, for any n > 0, which implies the
conclusion of Theorem 1.3, part (1), with C' = 0. O

Proof of Theorem 1.3, part (2), (1.5).
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We will need a few notations. We set p 1= 25/21, 0 := e3/e7. Ex-
changing coordinates if needed, we may assume || < 1, and therefore
|z| = |z1|. The hypothesis in the theorem is that

(IMI ) ol
14 =,
] o
so the complex number o/ lies outside of certain plane sector con-
taining —1, and in particular |1 4 (o/p)| > co. We choose a complex
number v such that % := (1+ (¢/))”"; this remains bounded.

We choose a complex number (y such that (2 = z;. This means that
z = (2, n¢?). We also choose, for each €y, an £ such that £,* = ¢;.
Now we set

(2.6)

/ e\ 1/2 o €9 gy \ 12
Cl =rvep = 1—|—— &1, CQI———C-l:—W 1+— .
E1H € E1ph

el e} _
o

cop <

We will follow the pattern of the previous proof. In order to apply
Lemma 2.1, we need to produce a map satisfying

i

1) = (&1,

2.7) o6 = (0.22)
() = (z1,22)

We choose (y, (1, (> as above and set

0 ¢ — (o C—Q)
e = (C —o M=)

We remark that our (; have been chosen so that
GG — Go) = €1, 1a(Ge — G1) = €2, and |G| = |V [u] ™ |ea] < ¢ eal-

Elementary computations yield
(2.8)

[ ¥°(0)—(0,0) = (0,0)
(GG B
¢*(G) = (e1,0) = (511 %1% ) =: (E1,0)
QOO(CQ) - (0’52) - (0752 _1 2 ) = (O,EQ)
SOO(C)_Z — (C Cgl CCIZCQ Cogl Cl) _. (E E)
\ ’ oG oG ) T
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We construct a correcting term ¢! by Lagrange interpolation:

1 _ ¢(¢—¢2)(¢—<o) ¢(¢—=¢1)(¢— 42)
QOI(C) o ElCl(Cl ¢2)(C1 Co) + L3 CO(QO ¢1)(Co—C2)’

1 _ C(C*Cl)(c 0) ¢(¢—=¢1)(¢ *Cz)
QOQ(C) o E2C2(Cz ¢1)(¢2 )+E ¢o(Co—C1)(¢o—¢2) "

The map ¢° — ¢! will assume the correct values, now we need to see
that it sends D to a neighborhood of the bidisk by estimating the size
of pl.

First note that for || small enough, | E3| < 3|21]"/2|Ca| < 3cg™?|21|V2|e1|V/2|es),
and |Ey| < 3|z[Y2|¢1| < 3cg'/?|21]V/2|e1|/?, therefore, using the last
hypothesis of the theorem, for |¢| small enough (depending on |z]),
the second terms in ! (¢) and ¢3(¢) can be made arbitrarily small.

On the other hand, for |¢| small enough,

El :‘ §1§2_ < 27 2’62|
GG—C)| [1-G&|~ 7"
E2 o :U’EICQ 3
GG~ G) _’1—@@ 20" Jeal

So the first terms in ¢} (¢) and 3 (¢) are bounded above by 2¢;?|e2| 21|71/,

which once again can be made arbitrarily small for |¢| small enough.
Finally, the relevant sum

log |Go|-Hlog [¢¢, (C1)[+10g |, (C2)| < 1og |Col+log([Col+¢i|)+log([Col +I¢:1),

so that A = 3log|(o| +n = 2log |z1| + 7 < 2 log|z| + 1 may be used to
apply Lemma 2.1, for any n > 0. O

3. LOWER ESTIMATES

Proof of Theorem 1.3, part (2), (1.4).
We will assume that the conclusion fails, i.e. that for any C'y > 0
there exist arbitrarily small values of ¢ = (€1, e5) such that

(3.1) l(2) < ;log\zl - Cy,

which means (we change the value of the constant slightly while keeping
the same notation) that there exists a holomorphic map ¢ from D to
D? and points ¢; € D satisfying the conditions in (2.7) with

3
(3.2) log |Go| +10g [é¢, (G1)] + 1og ¢, (G2)| < 5 log 2| —

The interpolation conditions in (2.7) are equivalent to the existence of
two holomorphic functions Ay, hs from D to itself such that

p(C) = (€o¢, (€)h1(C), Coe, (C)ha(C))



8 PASCAL J. THOMAS

such that furthermore
€1

(3.3) hi(G) = m =i Wy,
(3.4) h(G) = m = w,,
(3.5) ho(Ca) = —ngzﬁ?((g) =:wy,
(3.6) ho(Co) = m =: ws.

For convenience, we will use the invariant (pseudohyperbolic) dis-
tance between points of the unit disk given by

dg(a,b) == |¢a(b)| = |¢s(a)] .

By the invariant Schwarz Lemma, the existence of a holomorphic func-
tion h; mapping D to itself and satisfying (3.3) and (3.4) is equivalent
to

(3.7)  Jwn| < 1, we| <1, and dg (w1, w2) < da (C1,G) = [¢¢ (Co)l -

In the same way, the existence of hy is equivalent to

(3.8)  |ws| < 1,|wy| <1, and dg (w3, ws) < da (C2,C0) = |9, (o)l -

The proof will proceed as follows: one main elementary tool is the
fact that if the invariant distance of two points in the unit disk is
small with respect to one of their moduli, then the difference of their
arguments (or rather, the distance between their projections to the unit
circle) must be small (Lemma 3.1).

Then, using (3.1) and the fact that |we| and |ws| are in the unit disk,
we will show that |¢¢, (¢o)| and |@¢,(¢p)| must both be relatively small.
This will imply that |ws| and |ws| are also relatively big, and because
of (3.7), (3.8), so will be |w| and |wy|, and because ¢ is small, this
will force |¢¢,(C1)| to be small too, and therefore |arg(¢;/¢2)|. This
will allow us to show that arg(w,/wy) is close to arg(—e1/e2), because
¢¢,(C1) is almost opposite to ¢¢, ((2). On the other hand, use of the
triangle inequality on the unit circle will show that arg(w;/ws) =
arg[(wy /ws)(wq/ws)(ws/wy)] is close to arg(z;/z2). Hypothesis (1.3)
will lead to a contradiction when C'y is big enough.

Lemma 3.1. Suppose that a,b € D, and that dg(a,b) = < |a|, § <

Then
a 5(1 —|al?) 30
- — )< =
‘arg <b) a1 —62)) = [d]

1
3

< arcsin (
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Note that in this result, and the computations that follow, we im-

plicitly only consider arguments in the range [-7, 7].

Proof. The set of all points b € D such that dg(a,b) < § is a disk of
010" " and of radius pi= S01—lal’) [4, Chapter I, Section 1,

1—|a]252 1—]al262
p. 3]. Elementary geometry shows that the absolute value of the sine
of the angle between a and b is bounded by p/|v|. O

center v 1=

Our starting remark is that (3.2) can be rewritten as

C09¢, (o) log Cope, (C2)

(3.9) — log|ws| — log |ws| = log
Z9 21

3
< log|¢o| + élog |z| — log |z1] — log |2e| — Cy

1
< log [Go| — 5 log |2| —log ey — Cly.

Since both terms on the left hand side of the first inequality sign are
positive by (3.7), (3.8), they are each bounded by the right hand side,

and as a consequence, writing C; := exp(Cy),
EE T
3.10 <
( ) ‘¢CI(CU>| ’21|C}{ = C()C}I7
3/2 1/2
(3.11) bel@)l < A<

22|Cy ~ cCl

Furthermore, since the right hand side must also be positive, we have

(3.12) [Gol > coClrlz]'? = (coClyp)* max(|ée, (Go)l s |6 (Co)).

Lower bounds for |ws| and |ws|, and |wy| and |w,].
By (3.11),

|21] coCly|2]'?
Col[ ¢, (Co)l Gl

and since dg(wa, wy) < |¢¢ (Co)|, classical facts about the invariant
distance [4, Lemma 1.4, p. 4] imply

(3.14)  |un| > |wa| — [¢¢, (Co)] N coClz'? [2]"? - coCly| 2|12
1= wallde (G — 1G] wCh = 2|G

when Cy is big enough (depending on ¢j). The same computations go
through for ws and wy respectively.

(3.13) |wa] =

Upper bound for d(Gi, G2) = [9¢,(G1)]-
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By definition of w;, we have ¢, (1) = €1/(Ciwy). We estimate the
modulus of |(;] from below by noting that (; is close to ¢y, by (3.10)
and using (3.12):

6ol = 106 (@) - 1

1= [Gol[é¢ (Go)| — 2
when Cp is big enough (depending on ¢y). So by (3.14)

(3.16) 0. (G <4

(3.15) |Gl = ol

€1
coCly| 2|12

Since |e| will tend to 0 as z remains fixed, this estimate is much stronger
than the previous (3.10) and (3.11). From this, (3.15) and Lemma 3.1,

we deduce
Cl)’ le1]
ar - <24—
g(Cz = @l

Argument estimates for wy /wy.
First compute

w_a16dg(G) a6l -G6GG

wy 26 ¢6(G) e Gl-GG

We need to bound arg(1l — (5¢;). We use the fact that ¢; and (, are
close to each other :

. ¢-¢
1-Ga = - laP) (1- 2550).

and we know that ﬁ = O(dg(a,b)), so that (3.16) implies that

(3.17)

1]
coCyl2[/?
where ¢; is some absolute constant. To avoid problems of definition

of arguments, use the notation w* := w/|w| for any nonzero complex
number. We have proved that
€1

* *
w1 _ _81 <
Wy 9 C()C}{|2|1/27

S a
where ¢; is some absolute constant (not the same as above).

larg(1 — GG)| < o

(3.18)

Argument estimates for wq/ws.
First note that

wy 21 66(G) _ 21 96(G) 60 (G) deo(Ce)

w206 (G) 22 06 (G) P (G2) Pea(Go)
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Since ¢, is an automorphism of the unit disk, it preserves the invariant

distances, so da(d¢,(C1), ¢¢,(C2)) = da (i, ¢2)- To apply Lemma 3.1, we
now need a lower bound for |¢¢,(¢1)|, say. But the fact that |ws| <1

(see (3.8)) already implies that |d¢,(C1)| > |2a] > ¢5'|2|. Finally, using
the Lemma with (3.16),

6, (C) e
(3.19) ‘arg (%(@))‘ < 25 e

provided that |e| is small enough.
Now computations as in the previous paragraph yield

P, (Go) Py (C2) I §0C1 - CizCo
¢C0 (Cl) ¢C2 (C(J) - CICO 1- COC2.

Since

(1-CoC) (1-Gobo) = (1=CoG) (1= (Ci+G =)o) = [1-CoCal? (1 + = CI)CU> ;

1= GiGo

we can estimate arg (% %) by a constant multiple of dg((1, (2),

and as in the previous paragraph,
" (%(Co) cbco(@)) ' <ol

¢Co (Cl) ¢C2(<0) COC}I|Z|1/27
changing the value of ¢; as needed.

Using this and (3.19), the final result of this paragraph is then that
(3.20)

() -G)

Triangle inequality, and contradiction.

The conditions about invariant distances in (3.7) and (3.8) express
the fact that w; is close to wy, and that w, is close to ws. In fact,
applying Lemma 3.1 and the estimates (3.13) and (3.10), we obtain

A2 (1 _ (eoCp)le
ar 0 < arcsin 0% [Col” < 3
S\ /| = wCyldl? (1 _ I = (Ch)?
<ol (coCy)?

provided that C7; is large enough (depending on ¢). As before, the
same reasoning applies to wy and ws, and we finally have

w1 * 3 ws * 3
Yl < Y —
‘(U@) ~ (cCp)? ‘(W) (coCp)?

le1] e | 1]
< I il B
¢ Crl2pr2 = C2 COC’ |z|3/2

— + 12
= ICOC}I|Z|1/2+

<
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Now we combine this with (3.20) (and the fact that rotations are
isometries) to obtain
wl* Zl*_ U)l*wg*wg* Zl*
Wy 29 n Wo Wy ws 22
<|(2) 1) -G - G
Wa Wy ws Z2
6 ’€1|

< +c .
(coCly)? ' 2 eoClyl2 ]2

Combining this with (3.18), we see that, for |¢| small enough (depend-

ing on |z]),
+ +CQW.

6 le1] le1]

z1 *_ & . <
Z9 9 - (000}{)2 C()C}{|Z|1/2

However, our hypothesis (1.3) precisely says that the left hand side of

this must be greater than ¢y. Taking C7; large enough (depending on ¢

only), we may assume ﬁ < 2, so that by taking |e| small enough
H

(depending on |z|), we obtain a contradiction, q.e.d.

O
4. THE REMAINING CASE
Proof of Theorem 1.3, part (1), when lim,, ¢, o 2t = —2.
We shall reuse the notation p = z1/z9, and reduce ourselves to the
case |u] < 1. The hypothesis implies that e = —(u — v)e1, where

v = 7(¢) tends to 0 as € tends to 0.

This time, instead of constructing an explicit map satisfying an ap-
proximate version of our interpolation problem, we will provide values
of {p, (1 and ¢, such that the conditions (3.7) and (3.8) are satisfied.
From now on we take (o =1/2, (; = (o + &, (o = (1 + &, where

1—
E—Cim, ¢ - 20100,
21611 = GG
and C] = 40.

Standing assumptions.

Throughout, we will assume that |z;| is small enough so that || <
1/4, so that 1/4 < Re(; < |G| < 3/4. This implies that 1/2 <
11— (o¢a] < 1, and therefore
&1

(1) €1 < alel 2 < 5l
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for € small enough (depending on z;). Also note that [¢'| < |e1|/10.
The estimate (4.1) implies that |£ 4+ &'| > £]¢], and also that

B 1 B
< |1 —¢oCo| <1, Z|1 — (G| < 1.

N —

Now we compute the invariant distances between the (;’s. We have

_ £ _&+f
(4'2) ¢C1(<0) Tl C0§17 ¢42(C0) 1 COEQ’
¢ =
¢C2(C1) - 1— CIC_Q’ ¢C1<C2) - 1— C2C_1.
This implies in particular that
, 1 Cy
43)  19a(C)l 2 €] = Cila], 196,(G0) 2 €] = Sl = =]z

Then

log [Go| + log |¢¢, (C1)| + 10g [, (C2)]
= —log2 +log2|¢| + log4|¢ + &'| < 2log|z1| + C = 2log || + C.

To prove that the above choice of (;’s allows for a map passing
through the required points, we will show that, for small enough ||,
the conditions (3.7) and (3.8) are satisfied. To see this, we need to
compute the quantities w;, using (4.2).

e al=GG 21-6G6G1-G0G

(44) w = C1¢C2(€1) - Cl 5/ - 51 _ |C1|2 f )
- A1 _ A 1— (oo

(4.5) wy, = olC) "G Ere
e S zl— !

(6) ws = 5@ =M% € )

47) wy = — 2 = (b—7)erl — GG

Coe (C2) G ¢
= (u— 7)@& 1— GG 11— GG
GGl-|GI> &
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We need to see that all those w; lie in the unit disk. It follows from
the Standing assumptions above that

(4.8) g < %mgé:%’

(4.9) lws| < %%g%:l_lo,

@ el < P Z<E -5

@) el < el aoeme fa - 5

where the last inequality holds when we assume ¢ small enough so that
|v| < 1. Tt also follows from the above estimates that |1 —wyws| > 1/2,
|]_ — U]3U_)4| 2 1/2, so that dg(wl,w2> S 2|U)1 — w2| and dG(w3,w4) S
2|lws — wy|. We proceed to the computation of those Euclidean dis-
tances, which we will compare to the estimates (4.3).

21

_ ]_ 1
wz—w1:C0 {(1_@@)(5"‘5'_5)—’_ _ _
1((1—@62) — (1= ¢G)) + 1 — GG (1 B 1—C1C2>} .

3 § 1—1G[?
Each term is estimated by
1 I ¢ 8ey|
‘§+€’_E B 'f(§+§’) = Cilm

(1= Gol2) — (1= GG)| = [€¢] < 2]e1|Ch,

1— Clé? . |€/§1| /
'1 CI-GP] T 1-GP =2l = salc
SO |U)2 — U)1| S 40|€1|01/|21|
Similarly,
. _ ﬁl—Coc_l _Q Q _1—C1§2
T T P @*@(11—Kwﬂ

ﬁél—ﬁél—@é_

TG GE ¢

Using the fact that |1 — %’ < 8[¢'|, we find

|U)3 — w4| S 96|€1| + 12|’Y|/01
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It is then easy to see, using (4.3), that (3.7) and (3.8) can be verified
whenever we choose ¢; small enough (and therefore |y| small enough),
depending on |z]. O
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