Limits of pluri—-tangent planes to quartic surfaces

Ciro Ciliberto and Thomas Dedieu

Abstract. We describe, for various degenerations S — A of quartic K3 surfaces over the complex
unit disk (e.g., to the union of four general planes, and to a general Kummer surface), the limits
as t € A™ tends to 0 of the Severi varieties V5(S¢), parametrizing irreducible é-nodal plane sections
of S;. We give applications of this to (i) the counting of plane nodal curves through base points in
special position, (ii) the irreducibility of Severi varieties of a general quartic surface, and (iii) the
monodromy of the universal family of rational curves on quartic K3 surfaces.
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Introduction

Our objective in this paper is to study the following:

Question A Let f : S — A be a projective family of surfaces of degree d in P3, with S a smooth
threefold, and A the complex unit disc (usually called a degeneration of the general Sy := f~1(t), for
t # 0, which is a smooth surface, to the central fibre Sy, which is in general supposed to be singular).
What are the limits of tangent, bitangent, and tritangent planes to Si, for t # 0, as t tends to 07

Similar questions make sense also for degenerations of plane curves, and we refer to [25, pp. 134-135]
for a glimpse on this subject. For surfaces, our contribution is based on foundational investigations by
Caporaso and Harris [9, 10], and independently by Ran [31, 32, 33], which were both aimed at the study
of the so-called Severi varieties, i.e. the families of irreducible plane nodal curves of a given degree. We
have the same kind of motivation for our study; the link with Question A resides in the fact that nodal
plane sections of a surface Sy in P? are cut out by those planes that are tangent to S;.

Ultimately, our interest resides in the study of Severi varieties of nodal curves on K3 surfaces. The
first interesting instance of this is the one of plane sections of smooth quartics in P3, the latter being
primitive K3 surfaces of genus 3. For this reason, we concentrate here on the case d = 4. We consider
a couple of interesting degenerations of such surfaces to quite singular degree 4 surfaces, and we answer
Question A in these cases.

The present paper is of an explorative nature, and hopefully shows, in a way we believe to be useful
and instructive, how to apply some general techniques for answering some specific questions. On the way,
a few related problems will be raised, which we feel can be attacked with the same techniques. Some of
them we solve (see below), and the other ones we plan to make the object of future research.

Coming to the technical core of the paper, we start from the following key observation due to Caporaso
and Harris, and Ran (see §2.4 for a complete statement). Assume the central fibre Sy is the transverse
union of two smooth surfaces, intersecting along a smooth curve R. Then the limiting plane of a family
of tangent planes to the general fibre Sy, for ¢ # 0, is: (i) either a plane that is tangent to Sy at a smooth
point, or (i) a tangent plane to R. Furthermore, the limit has to be counted with multiplicity 2 in case
(ii).

Obviously, this is not enough to deal directly with all possible degenerations of surfaces. Typically,
one overcomes this by applying a series of base changes and blow—ups to S — A, thus producing a
semistable model S — A of the initial family, such that it is possible to provide a complete answer to



Question A for S — A by applying a suitable extended version of the above observation to S — A. We
say that S — A is well behaved when it is possible to do so, and S — A is then said to be a good model
of S — A.

We give in §2.4 a rather restrictive criterion to ensure that a given semistable model is a good
model, which nevertheless provides the inspiration for constructing a good model for a given family. We
conjecture that there are suitable assumptions, under which a family is well behaved. We do not seek
such a general statement here, but rather prove various incarnations of this principle, thus providing a
complete answer to Question A for the degenerations we consider. Specifically, we obtain:

Theorem B Let f: S — A be a family of general quartic surfaces in P? degenerating to a tetrahedron
Sy, i.e. the union of four independent planes. The singularities of S consist in four ordinary double
points on each edge of Sy. The limits in |Og,(1)| of -tangent planes to S, for t # 0, are:

(6 =1) the 24 webs of planes passing through a singular point of S, plus the 4 webs of planes passing
through a vertex of Sy, the latter counted with multiplicity 3;

(6 =2) the 240 pencils of planes passing through two double points of the total space S that do not belong
to an edge of Sy, plus the 48 pencils of planes passing through a vertex of Sy and a double point of S that
do not belong to a common edge of Sy (with multiplicity 3), plus the 6 pencils of planes containing an
edge of Sy (with multiplicity 16);

(6 =3) the 1024 planes containing three double points of S but no edge of So, plus the 192 planes containing
a vertex of Sy and two double points of S, but no edge of Sy (with multiplicity 3), plus the 24 planes
containing an edge of Sy and a double point of S not on this edge (with multiplicity 16), plus the 4 faces
of So (with multiplicity 304 ).

Theorem C Let f: S — A be a family of general quartic surfaces degenerating to a general Kummer
surface Sy. The limits in |Og,(1)| of §-tangent planes to Sy, for t # 0, are:

(6 =1) the dual surface Sy to the Kummer (which is itself a Kummer surface), plus the 16 webs of planes
containing a node of Sy (with multiplicity 2);

(6 =2) the 120 pencils of planes containing two nodes of Sy, each counted with multiplicity 4;

(6 =3) the 16 planes tangent to Sy along a contact conic (with multiplicity 80), plus the 240 planes
containing exactly three nodes of Sy (with multiplicity 8).

We could also answer Question A for degenerations to a general union of two smooth quadrics, as
well as to a general union of a smooth cubic and a plane; once the much more involved degeneration to
a tetrahedron is understood, this is an exercise. We do not dwell on this here, and we encourage the
interested reader to treat these cases on his own, and to look for the relations between these various
degenerations. However, a mention to the degeneration to a double quadric is needed, and we treat this
in §5.

Apparent in the statements of Theorems B and C is the strong enumerative flavour of Question A,
and actually we need information of this kind (see Proposition 3.1) to prove that the two families under
consideration are well behaved. Still, we hope to find a direct proof in the future.

As a matter of fact, Caporaso and Harris’ main goal in [9, 10] is the computation of the degrees of
Severi varieties of irreducible nodal plane curves of a given degree, which they achieve by providing a
recursive formula. Applying the same strategy, we are able to derive the following statement (see §8):

Theorem D Let a,b, c be three independent lines in the projective plane, and consider a degree 12 divisor
Z cut out on a4+ b+ ¢ by a general quartic curve. The sub—linear system V of |Op2(4)| parametrizing
curves containing Z has dimension 3.

For1 < 6 < 3, welet Vs be the Zariski closure in'V of the locally closed subset parametrizing irreducible
d-nodal curves. Then Vs has codimension 6 in V, and degree 21 for § = 1, degree 132 for § = 2, degree
304 for § = 3.

Remarkably, one first proves a weaker version of this (in §8), which is required for the proof of Theorem
B, given in §4. Then, Theorem D is a corollary of Theorem B.

It has to be noted that Theorems B and C display a rather coarse picture of the situation. Indeed,
in describing the good models of the degenerations, we interpret all limits of nodal curves as elements
of the limit O(1) of |Og,(1)], for ¢ # 0, inside the relative Hilbert scheme of curves in S. We call O(1)
the limit linear system of |Og, (1), for t # 0 (see §2.2), which in general is no longer a P2, but rather



a degeneration of it. While in |Og,(1)|, which is also a limit of |Og,(1)|, for t # 0, there are in general
elements which do not correspond to curves (think of the plane section of the tetrahedron with one of its
faces), all elements in O(1) do correspond to curves, and this is the right ambient to locate the limits of
nodal curves. So, for instance, each face appearing with multiplicity 304 in Theorem B is much better
understood once interpreted as the contribution given by the 304 curves in V3 appearing in Theorem D.

It should also be stressed that the analysis of a semistable model of S — A encodes information about
several flat limits of the Sy’s in P3, as t € A* tends to 0 (each flat limit corresponds to an irreducible
component of the limit linear system D(1)), and an answer to Question A for such a semistable model
would provide answers for all these flat limits at the same time. Thus, in studying Question A for
degenerations of quartic surfaces to a tetrahedron, we study simultaneously degenerations to certain
rational quartic surfaces, e.g., to certain monoid quartic surfaces that are projective models of the faces
of the tetrahedron, and to sums of a self-dual cubic surface plus a suitable plane. For degenerations to
a Kummer, we see simultaneously degenerations to double quadratic cones, to sums of a smooth quadric
and a double plane (the latter corresponding to the projection of the Kummer from one of its nodes),
etc.

Though we apply the general theory (introduced in §2) to the specific case of degenerations of singular
plane sections of general quartics, it is clear that, with some more work, the same ideas can be applied to
attack similar problems for different situations, e.g., degenerations of singular plane sections of general
surfaces of degree d > 4, or even singular higher degree sections of (general or not) surfaces of higher
degree. For example, we obtain Theorem D thinking of the curves in V as cut out by quartic surfaces
on a plane embedded in P3, and letting this plane degenerate. By the way, this is the first of a series of
results regarding no longer triangles, but general configurations of lines, which can be proved, we think,
by using the ideas in this paper. On the other hand, for general primitive K3 surfaces of any genus g > 2,
there is a whole series of known enumerative results [36, 3, 6, 30], yet leaving some open space for further
questions, which also can be attacked in the same way.

Another application of our analysis of Question A is to the irreducibility of families of singular curves
on a given surface. This was indeed Ran’s main motivation in [31, 32, 33|, since he applied these ideas
to give an alternative proof to Harris’ one [23, 25] of the irreducibility of Severi varieties of plane curves.
The analogous question for the family of irreducible j—nodal curves in |Og(n)|, for S a general primitive
K3 surface of genus g > 3 is widely open.

In [11] one proves that for any non negative § < g, with 3 < g < 11 and g # 10, the universal
Severi variety ”//9”76, parametrizing é—nodal members of |Og(n)|, with S varying in the moduli space %,
of primitive K3 surfaces of genus ¢ in P9, is irreducible for n = 1. One may conjecture that all universal
Severi varieties ”//g”"S are irreducible (see [13]), and we believe it is possible to obtain further results in this

direction using the general techniques presented in this paper. For instance, the irreducibility of 7/31’6,
0 < § < 3, which is well known and easy to prove (see Proposition 9.1), could also be deduced with the
degeneration arguments developed here.

Note the obvious surjective morphism p : ”//g"'f‘g — H#y. For S € 9B, general, one can consider Vg"=5(S )
the Severi variety of —nodal curves in |Og(n)| (i.e. the fibre of p over S € %,), which has dimension
g — 0 (see [11, 15]). Note that the irreducibility of 4//971,6 does not imply the one of the Severi varieties
Vm9(S) for a general S € B,; by the way, this is certainly not true for § = g, since V"™9(S) has dimension
0 and degree bigger than 1, see [3, 36]. Of course, V1''(S) is isomorphic to the dual variety S C P9,
hence it is irreducible. Generally speaking, the smaller ¢ is with respect to g, the easier it is to prove the
irreducibility of V™?(S): partial results along this line can be found in [27] and [28, Appendix A]. To the
other extreme, the curve V1971(S) is not known to be irreducible for S € %, general. In the simplest
case g = 3, this amounts to proving the irreducibility of V1:2(S) for a general quartic S in P3, which is
the nodal locus of S. This has been commonly accepted as a known fact, but we have not been able to
find any proof of this in the current literature. We give one with our methods (see Theorem 9.2).

Finally, in §9.2, we give some information about the monodromy group of the finite covering 7/31’3 —
A3, by showing that it contains some geometrically interesting sugbroups. Note that a remarkable open
question is whether the monodromy group of ”//9179 — A is the full symmetric group for all g > 2.

The paper is organized as follows. In §2, we set up the machinery: we give general definitions, introduce
limit linear systems, state our refined versions of Caporaso and Harris’ and Ran’s results, introduce limit
Severi varieties. In §3, we state some known results for proper reference, mostly about the degrees of
the singular loci of the dual to a projective variety. In §§4 and 7, we give a complete description of limit



Severi varieties relative to general degenerations of quartic surfaces to tetrahedra and Kummer surfaces
respectively; Theorems B and C are proved in §4.8 and §7.4 respectively. In §5 we briefly treat other
degenerations of quartics. Section 6 contains some classical material concerning Kummer quartic surfaces,
as well as a few results on the monodromy action on their nodes (probably known to the experts but for
which we could not find any proper reference): they are required for our proof of Theorem 9.2 and of the
results in §9.2. Section 8 contains the proof of a preliminary version of Theorem D; it is useful for §4,
and required for §9. Section 9 contains Theorem 9.2 and the aforementioned results on the monodromy.
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1 — Conventions

We will work over the field C of complex numbers. We denote the linear equivalence on a variety X
by ~x, or simply by ~ when no confusion is likely. Let G be a group; we write H < G when H is a
subgroup of G.

We use the classical notation for projective spaces: if V' is a vector space, then PV is the space of
lines in V, and if £ is a locally free sheaf on some variety X, we let P(£) be Proj (Sym&Y). We denote
by P" the projective space dual to P", and if X is a closed subvariety of P, we let X be its dual variety,
i.e. the Zariski closure in P” of the set of those hyperplanes in P" that are tangent to the smooth locus
of X.

By a node, we always mean an ordinary double point. Let § > 0 be an integer. A nodal (resp.
d-nodal) variety is a variety having nodes as its only possible singularities (resp. precisely ¢ nodes and
otherwise smooth). Given a smooth surface S together with an effective line bundle L on it, we define
the Severi variety V5(S, L) as the Zariski closure in the linear system |L| of the locally closed subscheme
parametrizing irreducible §-nodal curves.

We usually let H be the line divisor class on P?; when F,, = P(Op1 ® Op1(n)) is a Hirzebruch
surface, we let F' be the divisor class of its ruling over P!, we let E be an irreducible effective divisor
with self-intersection —n (which is unique if n > 0), and we let H be the divisor class of F + nkFE.

When convenient (and if there is no danger of confusion), we will adopt the following abuse of notation:
let £ : Y — X be a birational morphism, and C (resp. D) a divisor (resp. a divisor class) on X; we use
the same symbol C (resp. D) to denote the proper transform (£,)~(C) (resp. the pull-back £*(D)) on
Y.

For example, let L be a line in P2, and H the divisor class of L. We consider the blow-up ¢; : X; — P2
at a point on L, and call E; the exceptional divisor. The divisor class H on X is e} (H), and L on X is
linearly equivalent to H — F4. Let then €5 : Xo — X7 be the blow-up of X; at the point L N E, and F»
be the exceptional divisor. The divisor E; (resp. L) on X3 is linearly equivalent to e5(E;) — Es (resp.
to H — 2E1 — Eg)

In figures depicting series of blow—ups, we indicate with a big black dot those points that have been
blown up.

2 — Limit linear systems and limit Severi varieties

In this section we explain the general theory upon which this paper relies. We build on foundational
work by Caporaso and Harris [9, 10] and Ran [31, 32, 33], as reinvestigated by Galati [17, 18] (see also
the detailed discussion in [19]).



2.1 — Setting

In this paper we will consider flat, proper families of surfaces f : S — A, where A C C is a disc centered
at the origin. We will denote by S; the (schematic) fibre of f over t € A. We will usually consider the
case in which the total space S is a smooth threefold, f is smooth over A* = A —{0}, and S; is irreducible
for t € A*. The central fibre Sy may be singular, but we will usually consider the case in which Sy is
reduced and with local normal crossing singularities. In this case the family is called semistable.

Another family of surfaces f’ : S’ — A as above is said to be a model of f : S — A if there is a
commutative diagram

§ 5" =585

SN N

A<—A=——=A—>A
9 it t—t

where the two squares marked with a 'O’ are Cartesian, and p is a birational map, which is an isomorphism
over A*. The family f’: S’ — A, if semistable, is a semistable model of f :S — A if in addition d' = 1
and p is a morphism. The semistable reduction theorem of [29] asserts that f : S — A always has a
semistable model.

Example 2.1 (Families of surfaces in P3) Consider a linear pencil of degree k surfaces in P3, gener-
ated by a general surface S, and a special one Sy. This pencil gives rise to a flat, proper family ¢ : S —
P!, with S a hypersurface of type (k,1) in P? x P! isomorphic to the blow—up of P? along the base
locus Sp N Ss of the pencil, and Sy, S as fibres over 0,00 € P!, respectively.

We will usually consider the case in which Sy is reduced, its various components may have isolated
singularities, but meet transversely along smooth curves contained in their respective smooth loci. Thus
Sy has local normal crossing singularities, except for finitely many isolated extra singularities belonging
to one, and only one, component of Sy.

We shall study the family f : S — A obtained by restricting S to a disk A C P! centered at 0, such
that S; is smooth for all ¢ € A* and we will consider a semistable model of f : S — A. To do so, we
resolve the singularities of S which occur in the central fibre of f, at the points mapped by Sy — So C P?
to the intersection points of S, with the double curves of Sy (they are the singular points of the curve
So N Soo). These are ordinary double points of S, i.e. singularities analytically equivalent to the one at
the origin of the hypersurface zy = 2t in A*. Such a singularity is resolved by a single blow—up, which
produces an exceptional divisor F' = P! x P!, and then it is possible to contract F' in the direction of
either one of its rulings without introducing any singularity: the result is called a small resolution of the
ordinary double point. If Sy has no extra singularities, the small resolution process provides a semistable
model. Otherwise we will have to deal with the extra singularities, which are in any case smooth points
of the total space. We will do this when needed.

Let f : S — A be the semistable model thus obtained. One has S; = S, for t € A*. If Sy has

irreducible components Q1,...,Q, then Sy consists of irreducible components Q1,...,Q, which are
suitable blow—ups of Q1, ..., Qr, respectively. If ¢ is the number of ordinary double points of the original
total space S, we will denote by E1,..., E, the exceptional curves on Q1,...,Q, arising from the small

resolution process.

Going back to the general case, we will say that f:S — A is quasi—semistable if Sy is reduced, with
local normal crossing singularities, except for finitely many isolated extra singularities belonging to one,
and only one, component of Sy, as in Example 2.1.

Assume then that Sy has irreducible components Q1,...,Q.,, intersecting transversally along the
double curves Ry, ..., R,, which are Cartier divisors on the corresponding components.

Lemma 2.2 (Triple Point Formula, [7, 16]) Assume f : S — A is quasi—semistable. Let Q,Q’ be
irreducible components of Sy intersecting along the double curve R. Then

triple points of So
deg(NR‘Q) + deg(NRlQ’) + Card { along R, =0

where a triple point is the intersection RN Q" with a component Q" of Sy different from Q,Q’.



Remark 2.3 (See [7, 16]) There is a version of the Triple Point Formula for the case in which the
central fibre is not reduced, but its support has local normal crossings. Then, if the multiplicities of Q, Q’
are m, m’ respectively, one has

m’ deg(Njq) + m deg(Npjor) + Card{ triple points of Sy } —0,

along R

where each triple point RN Q" has to be counted with the multiplicity m” of Q" in Sp.

2.2 — Limit linear systems

Let us consider a quasi—semistable family f:S — A as in §2.1. Suppose there is a fixed component free
line bundle £ on the total space S, restricting to a line bundle £; on each fibre S;, t € A. We assume
L to be ample, with h°(S;, £;) constant for t € A. If W is an effective divisor supported on the central
fibre Sy, we may consider the line bundle £(—W), which is said to be obtained from £ by twisting by
W. For t € A*, its restriction to S; is the same as L, but in general this is not the case for Sy; any such
a line bundle L£(—W)|g, is called a limit line bundle of L, for t € A*.

Remark 2.4 Since Pic(A) is trivial, the divisor Sy C S is linearly equivalent to 0. So if W is a divisor
supported on Sy, one has L(—W) = L(mSy — W) for all integers m. In particular if W + W’ = S; then
L(—W) = LW).

Consider the subscheme Hilb(L) of the relative Hilbert scheme of curves of S over A, which is the
Zariski closure of the set of all curves C € |Ly], for t € A*. We assume that Hilb(£) is a component
of the relative Hilbert scheme, a condition satisfied if Pic(S;) has no torsion, which will always be the
case in our applications. One has a natural projection morphism ¢ : Hilb(£) — A, which is a projective
bundle over A*; actually Hilb(L£) is isomorphic to P := P(f.(L)) over A*. We call the fibre of ¢ over 0
the limit linear system of |L:] as t € A* tends to 0, and we denote it by £.

Remark 2.5 In general, the limit linear system is not a linear system. One would be tempted to say
that £ is nothing but |Lo|; this is the case if Sy is irreducible, but it is in general no longer true when
Sp is reducible. In the latter case, there may be non—zero sections of £y whose zero—locus contains some
irreducible component of Sy, and accordingly points of |£y| which do not correspond to points in the
Hilbert scheme of curves (see, e.g., Example 2.8 below).

In any event, Hilb(L) is a birational modification of 9B, and £ is a suitable degeneration of the
projective space |L¢], t € A*. One has:

Lemma 2.6 Let P’ — A be a flat and proper morphism, isomorphic to P(f.(L)) over A*, and such that
B’ is a Zariski closed subset of the relative Hilbert scheme of curves of S over A. Then 93’ = Hilb(L).

Proof. The two Zariski closed subsets P’ and Hilb(L) are irreducible, and coincide over A*. O

In passing from P(f.(L£)) to Hilb(L), one has to perform a series of blow—ups along smooth centres
contained in the central fibre, which correspond to spaces of non—trivial sections of some (twisted) line
bundles which vanish on divisors contained in the central fibre. The exceptional divisors one gets in this
way give rise to components of £, and may be identified with birational modifications of sublinear systems
of twisted linear systems restricted to Sy, as follows from Lemma 2.7 below. We will see examples of this
later (the first one in Example 2.8).

Lemma 2.7 (i) Let X be a connected variety, L a line bundle on X, and o a non zero global section of
L defining a subscheme Z of X. Then the projectivized tangent space to PH(X, L) at (¢) canonically
identifies with the restricted linear system

PIm(H(X, L) — H(Z, L|,,)),

also called the trace of |L| on Z (which in general is not the complete linear system |L ® Oz|).

(i) More generally, let | be a linear subspace of PHY(X, L) with fived locus scheme F defined by the
system of equations {0 = 0}y Then the projectivized normal bundle of [ in PH(X, L) canonically
identifies with

[ x PIm(H(X, L) — H(F, L|)).



Proof. Assertion (i) comes from the identification of the tangent space of PH?(X, L) at (o) with the
cokernel of the injection H(X,Ox) — H%(X, L), given by the multiplication by o. As for (ii), note
that the normal bundle of I in PH?(X, £) splits as a direct sum of copies of Oy(1), hence the associated
projective bundle is trivial. Then the proof is similar to that of (i). |

Example 2.8 (See [21]) Consider a family of degree k surfaces f : S — A arising, as in Example 2.1,
from a pencil generated by a general surface So, and by Sy = F'U P, where P is a plane and F' a general
surface of degree k — 1. One has a semistable model f : S — A of this family, as described in Example
2.1, with Sy = F U P, where P — P is the blow—up of P at the k(k — 1) intersection points of Ss, with
the smooth degree k — 1 plane curve R := F'N P (with exceptional divisors F;, for 1 < i < k(k — 1)).

We let £ := Og(1) be the pull-back by S — S of Og(1), obtained by pulling back Ops(1) via
the map S — P3. The component Hilb(£) of the Hilbert scheme is gotten from the projective bundle
P(f.(Oz(1))), by blowing up the point of the central fibre |Og,(1)| corresponding to the 1-dimensional
space of non—zero sections vanishing on the plane P. The limit linear system £ is the union of £,
the blown—up |Og,(1)|, and of the exceptional divisor £2 = P3, identified as the twisted linear system
|O0s,(1) ® Og,(—P)|. The corresponding twisted line bundle restricts to the trivial linear system on F,
and to |0p(k) ® Op(— K" E))| on P.

The components £; and £ of £ meet along the exceptional divisor & = P? of the morphism £, —
|Os,(1)]. Lemma 2.7 shows that the elements of & C £, identify as the points of |Ogr(1)| = |Op(1)],
whereas the plane € C £ is the set of elements I' € |Op(k) ® Op(— Zfikfl) E;)| containing the proper
transform R = R of R on P. The corresponding element of |Ox(1)| is cut out on R by the further
component of T', which is the pull-back to P of a line in P.

2.3 — Severi varieties and their limits

Let f : S — A be a semistable family as in §2.1, and £ be a line bundle on S as in §2.2. We fix a
non-negative integer 8, and consider the locally closed subset Vs(S, £) of Hilb(£) formed by all curves
D € |L4], for t € A*, such that D is irreducible, nodal, and has exactly ¢ nodes. We define V;(S, £) (resp.
Vg (S, L)) as the Zariski closure of V5(S, £) in Hilb(£) (resp. in P(f«(£))). This is the relative Severi
variety (resp. the crude relative Severi variety). We may write f/(;, Vs, and V§*, rather than f/};(S,E),
Vs (S, L), and V5* (S, L), respectively.

We have a natural map f5s : Vs — A. If t € A*, the fibre Vs, of fs5 over t is the Sever: variety
V5(St, Lt) of —nodal curves in the linear system |L¢| on Sy, whose degree, independent on ¢ € A*, we
denote by ds(L£) (or simply by ds). We let Us(S, L) (or simply Us) be the central fibre of f5 : V5 — A;
it is the limit Severi variety of V5(St, Li) as t € A* tends to 0. This is a subscheme of the limit linear
system £, which, as we said, has been studied by various authors. In particular, one can describe in a
number of situations its various irreducible components, with their multiplicities (see §2.4 below). This
is what we will do for several families of quartic surfaces in P3.

In a similar way, one defines the crude limit Severi variety 0§ (S, L) (or V§'), sitting in |Lo].

Remark 2.9 For t € A*, the expected dimension of the Severi variety Vs(S:, L4) is dim(|L¢]) — 6. We
will always assume that the dimension of (all components of) Vs(S:, £1) equals the expected one for all
t € A*. This is a strong assumption, which will be satisfied in all our applications.

Notation 2.10 Let f : S — A be a family of degree k surfaces in P? as in Example 2.1, and let
f: 8 — A be a semistable model of f : S — A. We consider the line bundle Og(1), defined as the
pull-back of Ops(1) via the natural map S — P?, and let O4(1) be its pull-back on S. We denote by
0., 5(S) (resp. By, 5(S)), or simply Vs, 5, the limit Severi variety Bs(S, Og(n)) (resp. Vs(S, Os(n))).

Similar notation U5} 5(S) (resp. s, 5(5)), or Uy s, will be used for the crude limit.

2.4 — Description of the limit Severi variety

Let again f : S — A be a semistable family as in §2.1, and £ a line bundle on S as in §2.2. The local
machinery developed in [17, 18, 19] enables us to identify the components of the limit Severi variety, with
their multiplicities. As usual, we will suppose that Sy has irreducible components @1, . . . , Q.., intersecting
transversally along the double curves Ry, ..., R,. We will also assume that there are ¢ exceptional curves



Eq,...,E; on Sy, arising from a small resolution of an original family with singular total space, as
discussed in §2.1.

Notation 2.11 Let N be the set of sequences T = (Ty)m>2 of non—negative integers with only finitely
many non—vanishing terms. We define two maps v, u: N — N as follows:

@ =Y e m=1), ad p@)=][ _ mm

m>=2

Given a p-tuple T = (74, . .. ,1]0) € N”, we set
viz) =v(zy) +- - +v(r,), and (@) =p(y)- - wz,),
thus defining two maps v, p: N” — N. Given d = (61,...,6,) € N”, we set
[6] := 61+ -+ 6,
Given a subset I C {1,...,q}, |I| will denote its cardinality.

Definition 2.12 Consider a divisor W on S, supported on the central fibre So, i.e. a linear combination
of Q1,...,Qr. Fiz§ e N", e NP, and I C{1,...,r}. Welet V(W,8,1,T) be the Zariski locally closed
subset in |L(—W) @ Og,| parametrizing curves D such that:
(i) D neither contains any curve Ry, with € {1,...,p}, nor passes through any triple point of So;
(ii) D contains the exceptional divisor E;, with multiplicity 1, if and only if i € I, and has a node on it;
(iii) D — 3 ,c; B has d5 nodes on Q,, for s € {1,...,r}, off the singular locus of So, and is otherwise
smooth;
(iv) for every l € {1,...,p} and m > 2, there are exactly 1, points on Ry, off the intersections with
> icr Bi, at which D has an m-tacnode (see below for the definition), with reduced tangent cone equal to
the tangent line of R; there. )

We let V(W, 8,1, 1) be the Zariski closure of V(W,8,1,1) in |[L(—W) ® Ox,|.

Recall that an m-tacnode is an As,,—1-double point, i.e. a plane curve singularity locally analytically
isomorphic to the hypersurface of C? defined by the equation y? = x?™ at the origin. Condition (iv)
above requires that D is a divisor having 7;,,, m~th order tangency points with the curve It;, at points
of R; which are not triple points of Sp.

Notation 2.13 In practice, we shall not use the notation V(W,d,I,7), but rather a more expressive
one like, e.g., V(W,dq, = 2, E1,Tr, 2 = 1) for the variety parametrizing curves in [L(—W) ® Og,|, with
two nodes on @1, one simple tacnode along R;, and containing the exceptional curve Fj.

Proposition 2.14 ([17, 18, 19]) Let W,d,I,1 be as above, and set |8| + |I| + v(T) = 3. Let V be an
irreducible component of V(W, 8,1, 7). If

(i) the linear system |L(—W) @ Ox,| has the same dimension as |L;| for t € A*, and

(i) V has (the expected) codimension § in |[L(—W) ® Ox,|,

then V' is an irreducible component of multiplicity (V') := u(T) of the limit Severi variety Us(S, L).

Remark 2.15 Same assumptions as in Proposition 2.14. If there is at most one tacnode (i.e. all 77,
but possibly one vanish, and this is equal to 1), the relative Severi variety Vs is smooth at the general
point of V' (see [17, 18, 19]), and thus V belongs to only one irreducible component of V5. There are
other cases in which such a smoothness property holds (see [9]).

If Vs is smooth at the general point D € V', the multiplicity of V' in the limit Severi variety Us is the
minimal integer m such that there are local analytic m-multisections of Vs — A, i.e. analytic smooth
curves in Vj, passing through D and intersecting the general fibre Vs, ¢ € A*, at m distinct points.

Proposition 2.14 still does not provide a complete picture of the limit Severi variety. For instance,
curves passing through a triple point of Sy could play a role in this limit. It would be desirable to know
that one can always obtain a semistable model of the original family, where every irreducible component
of the limit Severi variety is realized as a family of curves of the kind stated in Definition 2.12.



Definition 2.16 Let f: S — A be a semistable family as in §2.1, L a line bundle on S as in §2.2, and
d a positive integer. The regular part of the limit Severi variety Us(S, L) is the cycle in the limit linear
system £ C Hilb(L)

ViB(S,L) =) > u(g( > V) (2.1)
7))

W |8|+|I|+v(T)=68 Velrrd (V(W,8,1,

(sometimes simply denoted by U™ ), where:

(i) W waries among all effective divisors on S supported on the central fibre Sy, such that h°(Lo(=W)) =
hO(Ly) for t € A*;

(ii) Irr? (Z) denotes the set of all codimension & irreducible components of a scheme Z.

Proposition 2.14 asserts that the cycle Z(Qs) — U® is effective, with support disjoint in codimension
1 from that of 5™ (here, Z(Vs) is the cycle associated to Us). We call the irreducible components of
the support of 5™ the regular components of the limit Severi variety.

Let f : S — A be a semistable model of f : S — A, and £ the pull-back on S of £. There is a natural
map Hilb(£) — Hilb(£), which induces a morphism ¢ : £ — |Lo|.

Definition 2.17 The semistable model f : S — A is a -good model of f : S — A (or simply good
model, if it is clear which § we are referring at), if the following equality of cycles holds

¢ (V58(S, L)) = T (S, L).

Note that the cycle U (S, £) — 6. (T55(S, L)) is effective. The family f: S — A is said to be d-well
behaved (or simply well behaved) if it has a é-good model. A semistable model f:8—=Aoff:5—A
as above is said to be é—absolutely good if U (S’, L) = mgeg(ﬁ, £~) as cycles in the relative Hilbert scheme.
It is then a d—good model both of itself, and of f: 5 — A.

Theorems B and C will be proved by showing that the corresponding families of quartic surfaces are
well behaved.

Remark 2.18 Suppose that f: S — A is —well behaved, with é—good model f: 8 — A. It is possible
that some components in Uj#(S, L) are contracted by Hilb(£) — |Lo| to varieties of smaller dimension,
and therefore that their push-forwards are zero. Hence these components of Us(S) are not visible in
0§ (S). They are however usually visible in the crude limit Severi variety of another model f': 58" — A,
obtained from S via an appropriate twist of £. The central fibre S{ is then a flat limit of S, as t € A*

tends to 0, different from Sp.

Conjecture 2.19 Let f : S — A be a semistable family of surfaces, endowed with a line bundle L as
above, and & a positive integer. Then:

(Weak version) Under suitable assumptions (to be discovered), f : S — A is §—well behaved.

(Strong version) Under suitable assumptions (to be discovered), f : S — A has a §—absolutely good
semistable model.

The local computations in [18] provide a criterion for absolute goodness:

Proposition 2.20 Assume there is a semistable model f : S — A of f: S — A, with a limit linear
system £ free in codimension § + 1 of curves of the following types:

(i) curves containing double curves of So;

(ii) curves passing through a triple point of So;

(#ii) non-reduced curves.

If in addition, for W,8,1,7 as in Definition 2.12, every irreducible component of V(W,8,1,T) has the
expected codimension in |Lo(=W)|, then f: S — A is §-absolutely good, which implies that f : S — A
is d—well behaved.

Unfortunately, in the cases we shall consider conditions (i)—(iii) in Proposition 2.20 are violated
(see Propositions 4.19 and 7.3), which indicates that further investigation is needed to prove the above
conjectures. The components of the various V(W, 4,1, T) have nevertheless the expected codimension,
and we are able to prove that our examples are well-behaved, using additional enumerative information.



Absolute goodness seems to be a property hard to prove, except when the dimension of the Severi
varieties under consideration is 0, equal to the expected one (and even in this case, we will need extra
enumerative information for the proof). We note in particular that the é—absolute goodness of f:58=A
implies that it is a d-good model of every model f’ : S’ — A, obtained from S via a twist of £
corresponding to an irreducible component of the limit linear system I

2.5 — An enumerative application

Among the applications of the theory described above, there are the ones to enumerative problems, in
particular to the computation of the degree ds of Severi varieties V5(St, L:), for the general member S;
of a family f: S — A asin §2.1, with £ a line bundle on S as in §2.2.

Let t € A* be general, and let ms be the dimension of V(S L), which we assume to be ms =
dim(|£¢]) — §. Then ds is the number of points in common of Vs(S, £:) with ms sufficiently general
hyperplanes of |£;]. Given x € S;,

H, :={[D] € |L¢| s.t. z € D}

is a plane in |£¢|. Tt is well known, and easy to check (we leave this to the reader), that if x1, ..., 2, are
general points of Sy, then Hy,, ..., Hy,, = are sufficiently general planes of |L:] with respect to Vs(St, L+).
Thus ds is the number of §—nodal curves in |L:| passing through mgs general points of Sy.

Definition 2.21 In the above setting, let V be an irreducible component of the limit Severi variety
Us5(S, L), endowed with its reduced structure. We let Q1,. .., Q. be the irreducible components of Sp, and
n = (ny,...,n.) € N” be such that |n| :=ny + ---+n, = ms. Fiz a collection Z of ni,...,n, general
points on Q1, . .., Q, respectively. The n—degree of V is the number deg, (V) of points in V' corresponding
to curves passing through the points in Z.

Note that in case mgs = 0, the above definition is somehow pointless: in this case, deg, (V') is simply
the number of points in V. By contrast, when V has positive dimension, it is possible that deg, (V') be
zero for various n’s. This is related to the phenomenon described in Remark 2.18 above. We will see
examples of this below.

By flatness, the following result is clear:

Proposition 2.22 Let f : S — A be a semistable model, and name Py, ..., Ps the irreducible components
of Sy, in such a way that Py, ..., P, are the proper transforms of Q1,...,Q, respectively.
(i) For every i = (n1,...,n,,0,...,0) € N” such that || = ms, one has

ds> Y. p(V)-degs(V) (2:2)

VGIrr(‘ﬁgcg(S',lf))
(recall the definition of u(V') in Proposition 2.14). o
(i) If equality holds in (2.2) for every 0 as above, then f : S — A is a §—good model of f : S — A
endowed with L.

3 — Auxiliary results

In this section we collect a few results which we will use later.

First of all, for a general surface S of degree k in P2, we know from classical projective geometry
the degrees ds j, of the Severi varieties Vs(S, Og(1)), for 1 < § < 3. For K3 surfaces, this fits in a more
general framework of known numbers (see [3, 6, 30, 36]). One has:

Proposition 3.1 ([34, 35]) Let S be a general degree k hypersurface in P3. Then
dy g =k(k —1)2,
1
da k :§k(k —1)(k—2)(k* — k* + k —12),
1
ds p =zh(k = 2)(k" — 4k° + 7Tk* — 45k" + 114k — 111k 4 548k — 960).

For k = 4, these numbers are 36, 480, 3200 respectively.
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Note that V; (S, 0g(1)) identifies with the dual surface S C P3. The following is an extension of the
computation of d; i for surfaces with certain singularities. This is well-known and the details can be left
to the reader.

Proposition 3.2 Let S be a degree k hypersurface in P2, having v and k double points of type A1 and
Ay respectively as its only singularities. Then

deg(S) = k(k — 1)* — 2v — 3k.

The following topological formula is well-known (see, e.g., [2, Lemme V1.4]).

Lemma 3.3 Letp: S — B be a surjective morphism of a smooth projective surface onto a smooth curve.
One has
Xtop(S) = Xtop (Fgen)Xtop(B) + Z (Xtop(Fb) - Xtop (Fgen))a
beDisc(p)

where Fyeon, and Fy, respectively denote the fibres of p over the generic point of B and a closed point b € B,
and Disc(p) is the set of points above which p is not smooth.

As a side remark, note that it is possible to give a proof of the Proposition 3.2 based on Lemma 3.3.
This can be left to the reader.

Propositions 3.1 and 3.2 are sort of Pliicker formulae for surfaces in P3. The next proposition provides
analogous formulae for curves in a projective space of any dimension.

Proposition 3.4 Let C C PV be an irreducible, non—degenerate curve of degree d and of genus g, the
normalization morphism of which is unramified. Let 7 < N be a non-negative integer, and assume 27 < d.
Then the Zariski closure of the locally closed subset of PN parametrizing T—tangent hyperplanes to C (i.e.
planes tangent to C at T distinct points) has degree equal to the coefficient of u™v?=27 in

(I+4u+0v)?(1 4 2u+ U)ding.

Proof. Let v : C — C be the normalization of C, and let g be the gl]f on C defined as the pull-back
on C of the hyperplane linear series on C. Since v is unramified, the degree of the subvariety of PV
parametrizing 7-tangent hyperplanes to C' is equal to the number of divisors having 7 double points in

a general sublinear series g;, of g. This number is computed by a particular instance of de Jonquieres’
formula, see [1, p. 359]. ]

The last result we shall need is:

Lemma 3.5 Consider a smooth, irreducible curve R, contained in a smooth surface S in P3. Let Rg be
the irreducible curve in P3 parametrizing planes tangent to S along R. Then the dual varieties S and R
both contain Rg, and do not intersect transversely at its general point.

Proof. Clearly Rg is contained in S N R. If either S or R are singular at the general point of Rg, there
is nothing to prove. Assume that S and R are both smooth at the general point of Rs. We have to show
that they are tangent there. Let z € R be general. Let H be the tangent plane to S at z. Then H € Rg
is the general point. Now, the biduality theorem (see , e.g., [24, Example 16.20]) says that the tangent
plane to S and of R at H both coincide with the set of planes in P? containing x, hence the assertion. O

4 — Degeneration to a tetrahedron

We consider a family f : S — A of surfaces in P2, induced (as in Example 2.1 and in §2.2) by a pencil
generated by a general quartic surface So and a tetrahedron Sy (i.e. Sp is the union of four independent
planes, called the faces of the tetrahedron), together with the pull-back Og(1) of Ops(1). We will prove
that it is d—well behaved for 1 < 6 < 3 by constructing a suitable good model.

The plan is as follows. We construct the good model in §4.1, and complete its description in §4.2. We
then construct the corresponding limit linear system: the core of this is §4.3; the paragraphs 4.4, 4.5, and
4.6, are devoted to the study of the geometry of the exceptional components of the limit linear system
(alternatively, of the geometry of the corresponding flat limits of the smooth quartic surfaces S, t € A*);
eventually, we complete the description in §4.7. We then identify the limit Severi varieties in §4.8.
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4.1 — A good model

The outline of the construction is as follows:

(1) we first make a small resolution of the singularities of S as in Example 2.1;

(II) then we perform a degree 6 base change;

(II1) next we resolve the singularities of the total space arisen with the base change, thus obtaining a new
semistable family m: X — A;

(1V) finally we will flop certain double curves in the central fibre Xo, thus obtaining a new semistable
family w : X — A.

The central fibre of the intermediate family 7 : X — A is pictured in Figure 1 (p. 14; we provide a
cylindrical projection of a real picture of X, the dual graph of which is topologically an S? sphere), and
the flops are described in Figure 2 (p. 15). The reason why we need to make the degree 6 base change
is, intuitively, the following: a degree 3 base change is needed to understand the contribution to the
limit Severi variety of curves passing through a vertex (i.e. a triple point) of the tetrahedron, while an
additional degree 2 base change enables one to understand the contributions due to the edges (i.e. the
double lines) of the tetrahedron.

Steps (I) and (II)

The singularities of the initial total space S consist of four ordinary double points on each edge of Sp.
We consider (cf. Example 2.1) the small resolution S — S obtained by arranging for every edge the four
(—1)—curves two by two on the two adjacent faces. We call f : S — A the new family.

Let p1, . .., pa be the triple points of Sy. For eachi € {1,...,4}, welet P; be the irreducible component
of Sy which is opposite to the vertex p;: it is a plane blown-up at six points. For distinct 7,7 € {1,...,4},
we let £, and E;; be the two (—1)-curves contained in P; and meeting P;. We call z;; and z;; the two
points cut out on P; by E; and E; respectively.

Let now f: S — A be the family obtained from f : S — A by the base change t € A+ t5 € A. The
central fibre Sy is isomorphic to S, so we will keep the above notation for it.

Step (IIT)

As a first step in the desingularization of S, we perform the following sequence of operations for all
i€ {1,...,4}. The total space S around p; is locally analytically isomorphic to the hypersurface of C*
defined by the equation zyz = t5 at the origin. We blow-up S at p;. The blown—up total space locally
sits in C* x P3. Let (£ : 7 :  : 9) be the homogeneous coordinates in P3. Then the new total space is
locally defined in C* x P2 by the equations

ghn¢ =0%°,  ent¢ =% ¢t =9°2°, and &n¢ =9 (4.1)

The equation of the exceptional divisor (in the exceptional P3 of the blow—up of C%) is £én¢ = 0, hence
this is the union of three planes meeting transversely at a point p; in P3. For i, j distinct in {1,...,4}, we
call Aj» the exceptional planes meeting the proper transform of P; (which, according to our conventions,
we still denote by Pj, see §1).

The equation of the new family around the point pj given by [ £ A;- is én¢ = 3 (which sits in the
affine chart ¥ = 1). Next we blow-up the points p}, for i € {1,...,4}. The new exceptional divisor 7"
at each point p/ is isomorphic to the cubic surface with equation &én¢ = 2 in the P? with coordinates
(€:m:(:t). Note that 7% has three As—double points, at the vertices of the triangle t = 0, &n¢ = 0.

Next we have to get rid of the singularities of the total space along the double curves of the central
fibre. First we take care of the curves Cyy := P, N Py, for h, k distinct in {1,...,4}. The model we
constructed so far is defined along such a curve by an equation of the type &n = 19923, (as it follows,
e.g., from the third equation in (4.1) by setting ¢ = 1). The curve Cpy is defined by £ = n =9 = 0. If
i€{1,...,4} — {h,k}, the intersection point ppx; := Chi N A}'L N A}€ is cut out on Cpy by the hyperplane
with equation z = 0. Away from the ppg;’s, with ¢ € {1,...,4} — {h,k}, the points of Cpj are double
points of type As for the total space. We blow—up along this curve: this introduces new homogeneous
coordinates (& : my : ¥1), with new equations for the blow—up

Em =98¢423, anp =923, and  &m = 920125

The exceptional divisor is defined by & 177 = 0, and is the transverse union of two ruled surfaces: we
call W}, the one that meets Py, and W/, the other. The affine chart we are interested in is ¢, = 1,

12



where the equation is &1 = 9423, We then blow—up along the curve & = n; = ¢ = 0, which gives in
a similar way the new equation &ny = 9222 with the new coordinates (& : 12 : ¥2). The exceptional
divisor consists of two ruled surfaces, and we call W}/, (resp. W} ) the one that meets W}, (resp. W},).
Finally, by blowing-up along the curve &, = 1y = 9 = 0, we obtain a new equation 313 = 9323, with
new coordinates (&3 : 73 : ¥3). The exceptional divisor is a ruled surface, with two As—double points at
its intersection points with the curves Cf, := A} NAL, with i € {1,...,4} — {h,k}. We call it either Wp,y
or Wy, with no ambiguity.

The final step of our desingularization process consists in blowing—up along the twelve curves C},,
with pairwise distinct h,k,i € {1,...,4}. The total space is given along each of these curves by an
equation of the type £n = 933 in the variables (&,7,6,t), obtained from the last equation in (4.1) by
setting ( = 1. The curve C}'Lk is defined by the local equations £ = n = ¢t = 0, which shows that they
consist of As—double points for the total space. They also contain an As—double point of Wy, and T
respectively. A computation similar to the above shows that the blow—up along these curves resolves
all singularities in a single move. The exceptional divisor over C}, is the union of two transverse ruled
surfaces: we call V}/, the one that meets A}, and V}, the other.

At this point, we have a semistable family 7 : X — A, whose central fibre is depicted in Figure 1: for
each double curve we indicate its self-intersections in the two components of the central fibre it belongs
to. This is obtained by applying the Triple Point Formula (see Lemma 2.2).

Step (IV)

For our purposes, we need to further blow-up the total space along the twelve curves F}'Lk = V,fk N Vkih.
This has the drawback of introducing components with multiplicity two in the central fibre, namely the
corresponding exceptional divisors. To circumvent this, we will flop these curves as follows.

Let # : X — A be the family obtained by blowing-up X along the T%,’s. We call W}, (or, unam-
biguously, W}, ) the corresponding exceptional divisors: they appear with multiplicity two in the central
fibre X,. By applying the Triple Point Formula as in Remark 2.3, one checks that the surfaces W}, are
all isomorphic to P! x P'. Moreover, it is possible to contract W}, in the direction of the ruling cut out
by Vi, and V}, , as indicated on Figure 2. We call X — X the contraction of the twelve divisors W}, in
this way, and @ : X — A the corresponding semistable family of surfaces.

Even though X --» X is only a birational map, we have a birational morphism X — S over A.

4.2 — Identification of the components of the central fibre
Summarizing, the irreducible components of the central fibre X are the following:

(i) The 4 surfaces P;, with 1 < i < 4.

Each P; is a plane blown—up at 643 points, and H (i.e. the pull-back of a general line in the plane, recall
our conventions in §1) is the restriction class of Og (1) on P;. For j, k € {1,...,4} — {i}, we set

Lij==P;,NnW}; and Gy :=P A},

as indicated in Figure 3. In addition to the three (—1)—curves G¥, we have on P; the six exceptional
curves Ejj,E;j, for all j € {1,...,4} — {i}, with Ej,E;j intersecting L;; at one point. Moreover, for
jeA{l,....,4} — {i}, we have on L;; the two points z;; defined as the strict transform of the intersection
E5;N Lij in S. We will denote by Z; the 0-dimensional scheme of length 6 given by > i +25). We
let Tz, C Op, be its defining sheaf of ideals.

(ii) The 24 surfaces Wy;, W/, with 4,5 € {1,...,4} distinct.

Each of them is isomorphic to F1. We denote by |F| the ruling. Note that the divisor class F' corresponds
to the restriction of O¢(1).

(iii) The 6 surfaces W;;, with 4,5 € {1,...,4} distinct.
For each k € {1,...,4} — {i,j}, we set

Aij = WZI]/ N Wij, ij = Wij N Af, F‘Z]; = Wij N Vk ij = Wij n Tk7

R

and define similarly Aj;, G?i, F ﬁ- (ij may be called D;?Z- without ambiguity). This is indicated in Figure
4.
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Figure 1: Planisphere of the model X of the degeneration into four planes
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Figure 3: Notations for P; ¢ X, Figure 4: Notations for W;; C Xo

A good way of thinking to the surfaces W;; is to consider them as (non—minimal) rational ruled
surfaces, for which the two curves Aj; and A;; are sections which do not meet, and the two rational
chains

k k k k k -
Gji + Fj; + 2D + F; +Gija ke{l,...,4} —{i, 4},
are two disjoint reducible fibres of the ruling [F|. One has furthermore Ow,, (F) = Ox(1) ® Ow,;.
The surface W;; has the length 12 anticanonical cycle

Aji + GY + FJ + DY + Fl + G + Aij + Gl + FL + Dl + FJ + G, (4.2)

cut out by Xo — Wi;, where we fixed k and h such that {i,j, k,h} = {1,...,4}. It therefore identifies
with a plane blown-up as indicated in Figure 5: consider a general triangle Li, Lo, Lz in P?, with
vertices a1, as, as, where a; is opposite to L1, etc.; then blow—up the three vertices as, and call E the
corresponding exceptional divisors; eventually blow—up the six points L,. N Eg, r # s, and call E,.¢ the
corresponding exceptional divisors. The obtained surface has the anticanonical cycle

L+ E13+ B+ Eoz + Lo + Eo1 + By + E31 + L3 + E3z + E3 + Eqg, (4.3)

which we identify term-by-term and in this order with the anticanonical cycle (4.2) of W;;.
We let H be, as usual, (the transform of) a general line in the plane

k k k
H ~w,, Aji+ Zkg{i,j}(QGﬁ + Fl + D). (4.4)
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Figure 6: Notations for 7% C X,

The ruling |F| is the strict transform of the pencil of lines through the point a1, hence

|F|=|H— (Aij + G5+ G|, with {1,...,4} = {i,j,k, h}. (4.5)

(iv) The 4 surfaces T*, with 1 < k < 4.

Here we set

Th =Tk A¥ forie{1,...,4} —{k}, and F’=TFnVkE

s ford,je{l,...,4} — {k} distinct.

Also recall that ij =TkNW;; fori,j € {1,...,4} — {k} distinct. This is indicated in Figure 6.
Each T* identifies with a plane blown—up as indicated in Figure 5, as in the case of the W;j's: it has
the length 12 anticanonical cycle

Fl* + DY+ FY) +T% + F' + DE, + Fi* +TF + F + Df + F' + T% (4.6)

(where we fixed indices s,i,j such that {s,i,7,k} = {1,...,4}) cut out by Xg — T* on T*, which we
identify term-by-term and in this order with the anticanonical cycle (4.3). This yields

H ~pe F° + (2DY + F7 +T%) + (2T + Fl' + DF). (4.7)

We have on T* the proper transform of a pencil of (bitangent) conics that meet the curves I'* and
ij in one point respectively, and do not meet any other curve in the anticanonical cycle (4.6): we call
this pencil |®*|, and we have

k j k k ji k k
|®F| = |2H — (F” + D§; +2T%) — (F' + T +2Dy)|.

The restriction of O (1) on T* is trivial.

(v) The 12 surfaces A¥, with i,k € {1,...,4} distinct.

Each of them identifies with a blown—up plane as indicated in Figure 7. It is equipped with the ruling
|H — T¥|, the members of which meet the curves G¥ and T'¥ at one point respectively, and do not meet
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Ly

Figure 7: A;? as a blown-up plane

any other curve in the length 8 anticanonical cycle cut out by Xo — AF on A¥. The restriction of O¢(1)
on AF is trivial.

(vi) The 24 surfaces V% with 4, j,k € {1,...4} distinct.

These are all copies of P2, on which the restriction of O (1) is trivial.

4.3 — The limit linear system, I: construction

According with the general principles stated in §2.2, we shall now describe the limit linear system of
|Ox%,(1)| as t € A* tends to 0. This will suffice for the proof, presented in §4.7, that @ : X — Ais a
d0—good model for 1 < § < 3.

We start with P := P(w,(Ox(1))), which is a P3~bundle over A, whose fibre at t € A is |Ox, (1)].
We set £ = Ox(1), and |Og, (1)| = |L¢]; note that |Lo| = |Og,(1)]. We will often use the same notation
to denote a divisor (or a divisor class) on the central fibre and its restriction to a component of the central
fibre, if this does not cause any confusion.

We will proceed as follows:

(1) we first blow—up P at the points m; corresponding to the irreducible components P; of So, for i €
{1,...,4} (the new central fibre then consists of |Os,(1)| =2 P3 blown—up at four independent points, plus
the four exceptional P3’s);

(II) next, we blow—up the total space along the proper transforms £;; of the siz lines of |Og,(1)| joining
two distinct points m;,m;, with i,j € {1,...,4}, corresponding to pencils of planes with base locus an
edge of Sy (the mew central fibre is the proper transform of the previous one, plus the sixz exceptional
P (Op: @ Op: (1)%2) s);

(1) finally, we further blow-up along the proper transforms of the planes Iy, corresponding to the webs of
planes passing through the vertices pi of So, for k € {1,...,4} (this adds four more exceptional divisors
to the central fibre, for a total of fifteen irreducible components).

In other words, we successively blow—up P along all the cells of the tetrahedron dual to Sy in Bg, by
increasing order of dimension.

Each of these blow—ups will be interpreted in terms of suitable twisted linear systems as indicated in
Remark 2.5. It will then become apparent that every point in the central fibre of the obtained birational
modification of % corresponds to a curve in Xg (see §4.7), and hence that this modification is indeed the
limit linear system £.

Step (I)

In H%(Xo, Ox, (1)) there is for each i € {1,...,4} the 1-dimensional subspace of sections vanishing on P;,
which corresponds to the sections of H%(Sg, Og, (1)) vanishing on the plane P;. As indicated in Remark
2.5, in order to construct the limit linear system, we have to blow up the corresponding points m; € |Lo|.
Let 98’ — P be this blow—up, and call £;, 1 < i < 4, the exceptional divisors. Each £; is a P3, and can be
interpreted as the trace of the linear system ‘Eo(fPi)‘ on Xy (see Lemma 2.7 and Example 2.8). However,
any section of H%(Xy, Lo(—P;)) still vanishes on components of X different from P,. By subtracting all
of them with the appropriate multiplicities (this computation is tedious but not difficult and can be left
to the reader), one sees that £, can be identified as the linear system £; := ‘EO(—Mi)’, where
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M; = 6P+ Y (5W; + 4W}} + 3Wi; + 2W); + W)+
J#i

+y° (2T’“ +aAb+ YT (3VE v+ AN + > (VE+ Vj;)) . (4.8)
ey jelik} (<7 ik} =0

With the notation introduced in §4.2, one has:

Lemma 4.1 The restriction class of Lo(—M;) to the irreducible components of Xq is as follows:
(i) on P;, we find 4H — >, . (Ej; + Ey;);

(i) on Pj, j # i, we find Ej; + E;;

(iii) for each j # i, we find 2F on each of the surfaces W/, Wi,
(iv) on the remaining components the restriction is trivial.

Wi, W

ji’

!
Wi

Proof. This is a tedious but standard computation. As a typical sample we prove (iii), and leave the
remaining cases to the reader. Set {h,k} = {1,...,4} — {4,7}. Then, recalling (4.4) and (4.5), we see
that the restriction of L£o(—M;) to W;; is the line bundle determined by the divisor class

P (Wi-wie Y (AS+vELT - ah))
ke {i,j} Wij
~ F+Aji — Ny + (2G% + Ff, + DE — GE) + (2G); + Fl + DIy — G)
=F+ (Aji + (2G% + FJ; + DY) + (2G); + Fls + D)) — (Aij + GY; + G) = 2F.

O
From this, we deduce that £; identifies with its restriction to P;:
Proposition 4.2 There is a natural isomorphism
2= |op, (44 - > B+ E;)) ® 1z (4.9)

Proof. For each j # i, the restriction of £; to P; has E; + E;; as its only member. This implies that its
restriction to WJ; has only one member as well, which is the sum of the two curves in |F'| intersecting E;
and E;; respectively. On Wi, we then only have the sum of the two curves in |F| intersecting the two
curves on W, respectively, and so on on W;;, Wi, and W;;. Now the two curves on W}, impose the two
base points zj; and z;; to the restriction of £; to P;. The right hand side in (4.9) being 3-dimensional,

this ends the proof with (i) of Lemma 4.1. O

Step (II)

Next, we consider the blow—up PB"” — P’ along the proper transforms ¢;; of the six lines of | £y| joining two
distinct points m;, 7, with 4, j € {1,...,4}, corresponding to the pencils of planes in |Og, (1)| respectively
containing the lines P, N P;. The exceptional divisors are isomorphic to P(Op:1 & Op1(1)®?); we call them
i}ij, 1< i< j<4. Arguing as in Step (I) and leaving the details to the reader, we see that f)ij isin a
natural way a birational modification (see §4.5 below) of the complete linear system £;; := |Lo(—M;;)],
where

+ > <2Tk+ZA’;+2(VjI§+Vi’;)+ > (VS’HWZ)) (4.10)
kg{i,j} s#k sefi,j}
r@{i,jk}

We will denote by k < h the two indices in {1,...,4}—{i,j}, and go on using the notations introduced
in §4.2.
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Lemma 4.3 The restriction class of Lo(—M;;) to the irreducible components of Xo is as follows:
(i) on Py (resp. Py) we find H— G} (resp. H — G¥);
(i1) on each of the surfaces W;,, W\, Win, W}, and W}, , we find F;
(iii) on AY (resp. Al) we find H —T% (resp. H—T%});
(iv) on T* (resp. T"), we find ®F (resp. ®});
(v) on P; (resp. Pj), we find E; + E;; (resp. Ef; + E7,);
(vi) on W, Wi, Wi, Wi, we find 2F;
(vii) on W;;, with H as in (4.4), we find
k h k k k h h h k h.
(viii) on the remaining components the restriction is trivial.

Proof. As for Lemma 4.1, this is a tedious but not difficult computation. Again we make a sample
verification, proving (vii) above. The restriction class is

F+ (W;; + ) (AL +VE+ T V) 4 240) + Wi’§|wij)
I=k,h

Wij

~F+ A+ Y (2Gh + Fl,+ DY + Fl, +2GL) + Ay
I=k,h

which, by taking into account the identification of Figure 5, i.e. with (4.4) and (4.5), is easily seen to be
equivalent to the required class. O

Let w;; € W;; be the two points cut out on W;; by the two connected chains of curves in |F |W{j x| F |W{§
meeting Efj respectively. We let wﬁ- € Wi; be the two points defined in a similar fashion by starting with
Eﬁ Define the 0-cycle Z;; = wi*j +w;; + w; +wj; on Wij, and let Zz,; C Ow,; be its defining sheaf of
ideals.

Proposition 4.4 There is a natural isomorphism between £;; and its restriction to Wi;, which is the
3—-dimensional linear system

|Ow,, (4H =2 (Aj + Gl + Gly) = (Ffy + Gl + DE) = (Fli + Gl + Dly) = Dl = DIy ) © Tz, |, (4.11)

i3
where we set {1,...,4} = {i,j,h,k}, and H as in (4.4).

Proof. Consider a triangle Ly, Ly, L3 in P2, with vertices a1, as,as, where a1 is opposite to L1, etc.
Consider the linear system W of quartics with a double point at a1, two simple base points infinitely near
to a; not on Lo and Lg, two base points at as and az with two infinitely near base points along L3 and
Ly respectively, two more base points along L;. There is a birational transformation of W;; to the plane
(see Figure 5) mapping (4.11) to a linear system of type W. One sees that two independent conditions
are needed to impose to the curves of W to contain the three lines Li, Lo, L3 and the residual system
consists of the pencil of lines through a;. This proves the dimensionality assertion (see §4.5 below for a
more detailed discussion).
Consider then the restriction of £;; to the chain of surfaces

By taking into account (v), (vi), and (vii), of Lemma 4.3, we see that each divisor C' of this system
determines, and is determined, by its restriction C’ on Wj;, since C' consists of C plus four rational tails
matching it.

The remaining components of Xy on which £i; is non—trivial all sit in the chain

T + Af + Py + Wiy + Wik + Wi + W) + W, + P+ Al + T (4.12)

The restrictions of £;; to each irreducible component of this chain is a base point free pencil of rational
curves, hence £;; restricts on (4.12) to the 1-dimensional system of connected chains of rational curves
in these pencils: we call it 91¥". Given a curve in Lij, it cuts T* and T" in one point each, and there is
a unique chain of rational curves in 9*" matching these two points. a
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Step (III)

Finally, we consider the blow-up "/ — B along the proper transforms of the three planes that are
strict transforms of the webs of planes in |Og,(1)| containing a vertex py, with 1 < k& < 4. For each
k, the exceptional divisor £F is a birational modification (see §4.6 below) of the complete linear system
£F = |Lo(—M¥)|, where
Mb=orh N AR N (VR vE).
s#k {s<r}Zk

Lemma 4.5 The restriction class of Lo(—MP¥) to the irreducible components of X is as follows:

(i) on P;, i # k, we find H — G¥;

(i) on A¥, i # k, we find H —T¥;

(tii) on Py, as well as on the chains W/, + W/ + Wiy, + W' + W/, i # k, we find the restriction class
Of Eo,‘

(iv) on T*, we find

3H — (F{/ + Dk, +2U%) — (F]' + D + 2r'%) — (Fi® + DE, + 2r%),

with {s,1,7,k} ={1,...,4}, and H as in (4.7);
(v) on the remaining components it is trivial.

Proof. We limit ourselves to a brief outline of how things work for T*. The restriction class is

(A X (v 2w +4)

rk {r<r'}#k

Tk

which is seen to be equal to the required class with the identification of Figures 5 and 6, i.e. with H as
in (4.7). ]

Proposition 4.6 There is a natural isomorphism between £F and its restriction to T*, which is the
3-dimensional linear system

|3H — (F}’ + D%, +2r%) — (FJ" + DF + 2r%) — (Fj* + Df, + 21%)|,
where we set {s,i,5,k} ={1,...,4}, and H as in (4.7).

Proof. This is similar (in fact, easier) to the proof of Proposition 4.4, so we will be sketchy here. The
dimensionality assertion will be discussed in §4.6 below.
For each i # k, the restriction of £* to each irreducible component of the chain

AF + P+ W) + W+ Wi + Wi + Wi, (4.13)

is a base point free pencil of rational curves, and £ restricts on (4.13) to the 1-dimensional system of
connected chains of rational curves in these pencils, that we will call M.

Now the general member of £F consists of a curve in £k| 7x> Which uniquely determines three chains
of rational curves in MY, i # k, which in turn determine a unique line in |Opx (H)|. O

4.4 — The linear systems £;.

Let a, b, ¢ be three independent lines in P2, and consider a 0-dimensional scheme Z cut out on a +b+c
by a general quartic curve. Consider the linear system P of plane quartics containing Z. This is a linear
system of dimension 3. Indeed containing the union of the three lines a, b, ¢ is one condition for the curves
in P and the residual system is the 2-dimensional complete linear system of all lines in the plane.

Proposition 4.2 shows that £; can be identified with a system of type P. We denote by o; : P; --» P3
(or simply by o) the rational map determined by £; and by Y its image, which is the same as the image
of the plane via the rational map determined by the linear system P.

20



Proposition 4.7 The map o : P; --+ Y is birational, and Y is a monoid quartic surface, with a triple
point p with tangent cone consisting of a triple of independent planes through p, and with no other
singularity.

Proof. The triple point p € Y is the image of the curve C' = Z?: y (2Df + L;;) (alternatively, of the sides
of the triangle a, b, ¢). By subtracting C to £; one gets a homaloidal net, mapping to the net of lines in
the plane. This proves the assertion. O

Remark 4.8 The image of X by the complete linear system |£(—M;)| provides a model f’': S’ — A of
the initial family f :.S — A, such that the corresponding flat limit of S} = Sy with t # 0, is S; =Y
the quartic monoid image of the face P; of the tetrahedron via o. The map Xy — S} contracts all other
irreducible components of Xy to the triple point of the monoid.

Remark 4.9 Theorem D says that the degree of the dual surface of the monoid Y is 21.

The strict transform of £; in Py’ (which we still denote by £, see §1) can be identified as a blow—up
of £, =2 P: first blow—up the three points corresponding to the three non-reduced curves 2a + b + ¢,
2b+a+ ¢, 2c+ a + b. Then blow—up the proper transforms of the three pencils of lines with centres at
A, B, C plus the fixed part a + b+ ¢. We will interpret this geometrically in §4.7, using Lemma 2.7.

4.5 — The linear systems £;;.

Next, we need to study some of the geometric properties of the linear systems £;; as in Proposition 4.4.
Consider the rational map ¢;; : W;; --» P3 (or simply ¢) determined by £;;. Alternatively, one may
consider the rational map, with the same image W (up to projective transformations), determined by
the planar linear system W of quartics considered in the proof of Proposition 4.4.

Proposition 4.10 The map ¢ is birational onto its image, which is a quartic surface W C P3, with a
double line D, and two triple points on D.

Proof. First we get rid of the four base points in Z;; by blowing them up and taking the proper transform
£ij of the system. Let u : W — W;; be this blow-up, and let I;; (resp. I3;) be the two (—1)-curves that
meet Aij (resp. Aﬂ)

The strict transform f}ij = u* (L)) — (Ijj + 1+ Iji + Ii}), has self-intersection 4. Set, as usual,
{1,...,4} = {i,j, h, k} and consider the curves

Cji == Aji + (2G% + FE) + (G + F)) and  Cjj = Ayj + (2GE, + Ff) + 2Gl + Fl).  (4.14)

One has B
£ij-Ce=0, pa(Cs)=0, CZ=-3, for se{(if),(ji)}

By mapping W to W;;, and this to the plane as in Figure 5 with (4.2) and (4.3) identified, one sees that
Cj; goes to the line L; and Cj; to the union of the two lines Lo, L3. The considerations in the proof of
Proposition 4.4 show that f}ij has no base points on C;; UC;; (i.e., W has only the prescribed base points
along the triangle L1 + Lo + L3). On the other hand, the same considerations show that the base points
of f}ij may only lie on C}; U C;;. This shows that f}ij is base points free, and the associated morphism
p: W — P3 contracts Cj; and Cj; to points ¢; and cy respectively.

The points ¢; and co are distinct, since subtracting the line L; from the planar linear system W
does not force subtracting the whole triangle L; + Lo + L3 to the system. By subtracting C;; from £;;,
the residual linear system is a linear system of rational curves with self-intersection 1, mapping W;;
birationally to the plane. Indeed, this residual linear system corresponds to the residual linear system of
L, with respect to W, which is the linear system of plane cubics, with a double point at a;, two simple
base points infinitely near to a; not on Ly and L3, two base points at as and ag, and this is a homaloidal
system. This shows that ¢; is a triple point of W and that @ is birational. The same for ¢y. Finally ¢
maps (the proper transforms of) Di—“j and D?j both to the unique line D containing c¢; and cs. O

21



/B

Figure 8: Desingularization of the branch curve of the projection of W;;

Remark 4.11 The subpencil of £;; corresponding to planes in P? that contain the line D corresponds
to the subpencil of curves in W with the triangle L; + Lo + L3 as its fixed part, plus the pencil of lines
through a;. In this subpencil we have two special curves, namely L1 +2Ls+ L3y and Ly + Lo+ 2L3. This
shows that the tangent cone to W at the general point of D is fixed, formed by two planes.

Remark 4.12 The image of X via the complete linear system |£(—M;;)| provides a model f’:S" — A
of the initial family f: S — A, such that the corresponding flat limit of S} & Sie with ¢ # 0, is S) = W
the image of W;; via ¢. The map X — S} contracts the chain (4.12) to the double line of W, and the
two connected components of Xy — W;; minus the chain (4.12) (cf. Figure 1) to the two triple points of
W respectively.

Corollary 4.13 The exceptional divisor f}ij of B — P’ is naturally isomorphic to the blow-up of the
complete linear system £;; = |Ow (1)| along its subpencil corresponding to planes in P? containing the
line D.

Proof. This is a reformulation of the description of " — B’ (cf. Step (II) in §4.3 above), taking into
account Propositions 4.4 and 4.10. O

The divisor £;; C P4 is a P(Op1(1)®2 @ Op1), and its structure of P2-bundle over P! is the minimal
resolution of indeterminacies of the rational map £;; --» |Op(1)|, which sends a general divisor C' € £;;
to its intersection point with D. The next Proposition provides an identification of the general fibres of
£;; over |Op(1)| = P! as certain linear systems.

Proposition 4.14 The projection of W from a general point of D is a double cover of the plane, branched
over a sextic B which is the union
B = By+ B; + B

of a quartic By with a node p, and of its tangent cone By + By at p, such that the two branches of By at
p both have a flex there (see Figure 8; the intersection B; N By is concentrated at the double point p, for
1<i<2).

Proof. Let us consider a double cover of the plane as in the statement. It is singular. Following [8,
§4], we may obtain a resolution of singularities as a double cover of a blown—up plane with non—singular
branch curve. We will then observe that it identifies with W blown—up at two general conjugate points
on Di—“j and ij respectively (here conjugate means that the two points are mapped to the same point

x of D by ). We will denote by W the surface W blown-up at two such points, and by I, I” the two
exceptional divisors.

First note that our double plane is rational, because it has a pencil of rational curves, namely the
pull-back of the pencil of lines passing through p (eventually this will correspond to the pencil of conics
cut out on W by the planes through D).

In order to resolve the singularities of the branch curve (see Figure 8), we first blow—up p, pull-back
the double cover and normalize it. Since p has multiplicity 4, which is even, the exceptional divisor E of
the blow—up does not belong to the branch curve of the new double cover, which is the proper transform
B (still denoted by B according to our general convention). Next we blow—up the two double points of
B which lie on F, and repeat the process. Again, the two exceptional divisors E7, F» do not belong to
the branch curve. Finally we blow—up the two double points of B (which lie one on E; one on Es, off
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E), and repeat the process. Once more, the two exceptional divisors E7, F} do not belong to the branch
curve which is the union of By, By and By (which denote here the proper transforms of the curves with
the same names on the plane). This curve is smooth, so the corresponding double cover is smooth.

The final double cover has the following configuration of negative curves: B; (resp. Bs) is contained in
the branch divisor, so over it we find a (—1)-curve; E{ (resp. E%) meets the branch divisor at two points,
so its pull-back is a (—2)-curve; E; (resp. Es) does not meet the branch divisor, so its pull-back is the
sum of two disjoint (—2)-curves; similarly, the pull-back of F is the sum of two disjoint (—3)-curves. In
addition, there are four lines through p tangent to By and distinct from B; and Bs. After the resolution,
they are curves with self-intersection 0 and meet the branch divisor at exactly one point with multiplicity
2. The pull-back of any such a curve is the transverse union of two (—1)-curves, each of which meets
transversely one component of the pull-back of E.

This configuration is precisely the one we have on W, after the contraction of the four (—1)-curves Gfi,

Gi—“j, G?i, and GZ Moreover, the pull-back of the line class of P2 is the pull-back to W of £;;(—(I.+17)).
O

Corollary 4.15 In the general fibre of the generic P? bundle structure of f}ij, the Severi variety of 1—
nodal (resp. 2-nodal) irreducible curves is an irreducible curve of degree 10 (resp. the union of 16 distinct
points).

Proof. This follows from the fact that the above mentioned Severi varieties are respectively the dual
curve By of a plane quartic as in Proposition 4.14, and the set of ordinary double points of By. One
computes the degrees using Pliicker formulae. ]

4.6 — The linear systems £F

Here we study some geometric properties of the linear systems £¥ appearing in the third step of §4.3.

Consider a triangle L1, Lo, L3 in P2, with vertices a1, as, as, where a, is opposite to Lq, etc. Con-
sider the linear system 7 of cubics through ai,as,as and tangent there to L3, L1, Lo respectively. By
Proposition 4.6, there is a birational transformation of T* to the plane (see Figure 5) mapping £F to
T. We consider the rational map ¢ : T¥ --» P3 (or simply ¢) determined by the linear system £%, or,
alternatively, the rational map, with the same image T (up to projective transformations), determined
by the planar linear system 7. The usual notation is {1,...,4} = {4, 4, s, k}.

Proposition 4.16 The map ¢ : T — T C P? is a birational morphism, and T is a cubic surface with
three double points of type As as its only singularities. The minimal resolution of T is the blow-down
of T* contracting the (—1)-curves ij,Dfs,
containing two of the double points.

D;?S. This cubic contains exactly three lines, each of them

Proof. The linear system 7T is a system of plane cubics with six simple base points, whose general
member is clearly irreducible. This implies that ¢ : T* — T C P? is a birational morphism and T is a
cubic surface. The linear system £F contracts the three chains of rational curves

Ci=F®+2D5 + F)7, Cy=F' +2Df + Fj*, C3=F7+2Df + F}',

which map in the plane to the sides of the triangle Lq, Lo, L3. By contracting the (—1)—curves ij, Dfs,
D;-“S, the three curves C1,Ca,C5 are mapped to three (—2)—cycles contracted by ¢ to double points of
type As.

The rest follows from the classification of cubic hypersurfaces in P? (see, e.g., [5]). The three lines on

T are the images via ¢ of the three exceptional divisors Ff , F? Tk O

Remark 4.17 We now see that the image of X by the complete linear system |£(—M¥)| provides a
model f’:S" — A of the initial family f : S — A, such that the corresponding flat limit of S} = Sy with
t#0,is S) = T + P, where T is the image of T* via ¢, and P is the plane in P? through the three lines
contained in 7', image of P, by the map associated to £F. The three other faces of the initial tetrahedron
So are contracted to the three lines in T" respectively.
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Proposition 4.18 The dual surface T C P3 to T is itself a cubic hypersurface with three double points
of type As as its only singularities. Indeed, the Gauss map ~yr fits into the commutative diagram

T+
VRN
T——,Y—T—>T

where ¢ is the morphism associated to the linear system
|3H — (K7 +T% +2D%) — (F{' + I'¥ + 2DF,) — (Fi* + I} + 2D},)|,

which is mapped to the linear system T' of cubics through ai,as,as and tangent there to Ls, Ls, Ly
respectively, by the birational map T* —-» P? identifying £F with T.

Proof. The dual hypersurface T has degree 3 by Proposition 3.2. Let p be a double point of 7. The
tangent cone to 1" at p is a rank 2 quadric, with vertex a line L,. A local computation shows that the
limits of all tangent planes to 7" at smooth points tending to p are planes through L,. This means that
yr is not well defined on the minimal resolution of T, which is the blow—down of T* contracting the
(—1)—curves Du , DE DJS, its indeterminacy points being exactly the three points images of these curves.
The same local computation also shows that ~7 is well defined on T*, hence 7 fits in the diagram as
stated.

In 7 there are the three curves 2L1 + L3, 2L + L1,2L3 4+ Lo, which implies that for any given line
¢ C T there is a plane I, in P? tangent to T at the general point of £ (actually one has H,NT = 3¢). Then
~r contracts each of the three lines contained in T to three different points, equivalently ¢ contracts to
three different points the three curves I'¥, Fk I'*. Being Ta (weak) Del Pezzo surface, this implies that é

must contract the three chains of rational curves Fk” + 2Tk + Fgt, Fis 42Tk + F,z], and F,gz + 21"? + F]?s,
because they have 0 intersection with the anticanonical system, and the rest of the assertion follows. O

Recalling the description of 3" — 98, one can realize £ as a birational modification of £ 22 |O7(1)|:
first blow—up the point corresponding to the plane containing the three lines of T', then blow—up the
strict transforms of the three lines in |Op(1 )| corresponding to the three pencils of planes respectively
containing the three lines of T. Notice that £* has a structure of P!~bundle on the blow—up of P2 at
three non—colinear points, as required.

Alternatively, we have in T the four curves Cy = L1 + Lo + L3, C; = 2Ly + L3, Co = 2Ly + L1,C3 =
2L3 + La, corresponding to four independent points c¢q ..., c3 of 7. Then £ is the blow—up of T at co,
further blown—up along the proper transforms of the lines (co,c1), {(co,ca2), and {(cg,c3). Via the map
£k — T, the projection of the P'~bundle structure corresponds to the projection of 7 from ¢ to the
plane spanned by ¢y, c2, c3.

This will be interpreted using Lemma 2.7 in §4.7 below.

4.7 — The limit linear system, II: description

We are now ready to prove:

Proposition 4.19 The limit linear system of |Li| = |Ox, (1) as t € A* tends to 0 is Py’

Proof. The identification of " as Hilb(L) will follow from the fact that every point in Bj’ corresponds
to a curve in X (see Lemma 2.6). Having the results of §§4.3—4.6 at hand, we are thus left with the
task of describing how the various components of the limit linear system intersect each other. We carry
this out by analyzing, with Lemma 2.7, the birational modifications operated on the components By, £;,
£;;, and £¥, during the various steps of the construction of " (see §4.3).

(I) In Py, the strict transform of Py (which we shall go on calling Py, according to the conventions
set in §1) is the blow up of |£g| 2 |Os,(1)] at the four points corresponding to the faces of Sy. For each
i € {1,...,4}, the corresponding exceptional plane is the intersection g N £;, and it identifies with the
subsystem of £; consisting of curves

L+ > (Lij + G} + Gf), Le|0p,(H),
j#i
{ivjakah}:{lv'“A}
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together with six rational tails respectively joining E]iz to zjii, j #i.

(IT) For each {i # j} C {1,...,4}, the intersection PoNL;; C Py identifies as the exceptional P x P!
of both the blow—up of Py C P{, along the line ¢;;, and the blow—up £;; — Eij described in Corollary
4.13. As a consequence, it parametrizes the curves

C+®+ Df; + D+ Cji+ Cij, {i,j.k,h}={1,...,4}, Cj; and Cy; as in (4.14), (4.15)

where C' is a chain in 9%, and ® € |F lw,,; is the proper transform by ¢;; of a conic through the two
triple points of W (cf. Proposition 4.10), together with four rational tails respectively joining Ef] and
Ei to wU and w] The two components C' and ® are independent one from another, and respectively
move in a 1-dimensional linear system.

The intersection £;; N £; C P4 is a P2, In £;;, it identifies as the proper transform via £;; — £;; of
the linear system of curves

Cij +C, Ce|Lo(—M;i;) ® Ow,;(=Cij)|, and Cj; as in (4.14), (4.16)
while in £; it is the exceptional divisor of the blow—up of £ C B at the point corresponding to the curve
2(Lij + G + GF) + (Lin + GL + GF) + (Lin + G+ GT),  {i,j. k,h} ={1,...,4}.

It follows that it parametrizes sums of a curve as in (4.16), plus the special member of 9*" consisting of
double curves of Xy and joining the two points ij N FZIE and D?j N FZ’]‘

(ITT) For each k € {1,...,4}, the intersection IT, = £¥ NP is a P2 blown up at three non colinear
points. Seen in Py, it 1dent1ﬁes as the blow—up of the web of planes in |£y| = |Og,(1)| passing through
the vertex k of Sp, at the three points corresponding to the faces of Sy containing this very vertex. In £*
on the other hand, it is the strict transform of the exceptional P2 of the blow—up 7 — 7 = £F at the
point [a 4+ b+ ¢|. It therefore parametrizes the curves

L+Z(Fk+ 3« ”+Dk) (4.17)

ik jé{i,k}

where L is a line in Py, together with three rational tails joining respectively L N Ly; to ¥, i # k.

For i # k, £8 N &; is a P! x P!, identified as the exceptional divisor of both the blow—up £¢ — T
along the strict transform of the line parametrizing planes in 7 = |O7(1)| containing the line ¢*(T'F),
and the blow—up of £; C Py along the strict transform of the line parametrizing curves

L+GF+ > (Lij + G? + GF), Le|Op,(H-GY). (4.18)

J#
{i.g,kh}y={1,....4}

It therefore parametrizes sums of

o+ (Th+ Y (K 4205+ F')+C) (4.19)
(k)

(where ® € fﬁk and the second summand is a member of Sk‘Tk plus the fixed part Ly; + E}, + Er, +

> jefik) (G +®;), where ®; is the special member of ‘ﬁk consisting of double curves of X and joining the

two points G N Ly; on Py, and NI% on T*, for each j & {i, k}, with jsuch that {i,k, 5,7} = {1,...,4}.
The two curves ® and C' are 1ndependent one from another, and respectively move in a 1- dlmensmnal
linear system.

For each j & {k,i}, £ N Eij is an F1, and identifies as the blow—up of the plane in £* corresponding
to divisors in [O7(1)| passing through the double point ¢*(I'¥) N ¢*(I'}), at the point [Z#k o (TH)];
it also identifies as the exceptional divisor of the blow—up of f)ij C By along the P! corresponding to
the curves as in (4.15), with ® the only member of |F|y,; containing ij We only need to identify the
curves parametrized by the exceptional curve of this Fy; they are as in (4.17), with L corresponding to
a line in the pencil |Op, (H — G})|, s € {3, J, k}.

In conclusion, " is an irreducible Zariski closed subset of the relative Hilbert scheme of X over A,
and this proves the assertion. O
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4.8 — The limit Severi varieties

We shall now identify the regular parts of the limit Severi varieties 0 5(X) = Us(X, L) for 1 <6 < 3
(see Definition 2.16). To formulate the subsequent statements, we use Notation 2.13 and the notion of
n—degree introduced in §2.5.

We will be interested in those n that correspond to a choice of 3 — § general base points on the faces
P; of Sp, with 1 < i < 4. These choices can be identified with 4-tuples n = (n1,n2,n3,n4) € N* with
In| =3 — § (by choosing n; general points on P;). The vector n is non—zero only if 1 <6 < 2. For§ =1
(resp. for § = 2), to give n is equivalent to give two indices 4,5 € {1,...,4}2 (resp. an i € {1,...,4}):
we let n; ; (resp. n;) be the 4-tuple corresponding to the choice of general base points on P; and FP;
respectively if ¢ # j, and of two general base points on P; if i = j (resp. a general base point on F;).

Proposition 4.20 (Limits of 1-nodal curves) The regular components of the limit Severi variety
011(X) are the following (they all appear with multiplicity 1):

(i) the proper transforms of the 24 planes V(E) C |Os,(1)|, where E is any one of the (—1)-curves E;,
for1<i,j<4andi#j. The np,—degree is 1 if h # k; when h =k, it is 1 if h & {i, 5}, and 0 otherwise;
(ii) the proper transforms of the four degree 3 surfaces V(M* 6pr = 1) C £F, 1 < k < 4. The n;;—degree
is 3 if i # j; when i =j, it is 3 if k =1, and 0 otherwise;

(iil) the proper transforms of the four degree 21 surfaces V(M;,ép, =1) C £;, 1 < i < 4. The npi—degree
is 21 if h = k =1, and 0 otherwise;

(iv) the proper transforms of the siz surfaces in V (M, dw,, = 1) C £, 1 < i < j < 4. They have
ny,;,—degree 0 for every h,k € {1,...,4}>.

Proof. This follows from (2.1), and from Propositions 4.18 and 8.3. Proposition 8.3 tells us that
V(M;,0p, = 1) has degree at least 21 in £; for 1 < ¢ < 4; the computations in Remark 4.21 (a) be-
low yield that it cannot be strictly larger than 21 (see also the proof of Corollary 4.23), which proves
Theorem D for § = 1. The npp—degree computation is straightforward. o

Remark 4.21 (a) The degree of the dual of a smooth surface of degree 4 in P is 36. It is instructive
to identify, in the above setting, the 36 limiting curves passing through two general points on the proper
transform of Sy in X. This requires the nyj—degree information in Proposition 4.20. If we choose the
two points on different planes, 24 of the 36 limiting curves through them come from (i), and 4 more,
each with multiplicity 3, come from (ii). If the two points are chosen in the same plane, then we have 12
contributions from (i), only one contribution, with multiplicity 3, from (ii), and 21 more contributions
form (iii). No contribution ever comes from (iv) if we choose points on the faces of the tetrahedron.

(b) We have here an illustration of Remark 2.18: the components V' (M;, dp, = 1) are mapped to points
in |Og,(1)[, hence they do not appear in the crude limit 2{";(S) (see Corollary 4.22 below); they are
however visible in the crude limit Severi variety of the degeneration to the quartic monoid corresponding
to the face P;. In a similar fashion, to see the component V' (Mjj, dw,; = 1) one should consider the flat
limit of the S, t € A*, given by the surface W described in Proposition 4.10.

Corollary 4.22 (Theorem B for § = 1) Consider a family f : S — A of general quartic surfaces in
P32 degenerating to a tetrahedron Sy. The singularities of the total space S consist in 24 ordinary double
points, four on each edge of Sy (see §2.1). It is 1-well behaved, with good model @ : X — A. The limit in
|05, (1)| of the dual surfaces Sy, t € A* (which is the crude limit Severi variety US| (S)), consists in the
union of the 24 webs of planes passing through a singular point of S, and of the 4 webs of planes passing
through a vertex of Sp, each counted with multiplicity 3.

Proof. The only components of 0;°¢(X) which are not contracted to lower dimensional varieties by

the morphism P/ — P are the ones in (i) and in (ii) of Proposition 4.20. Their push—forward in
PBo = |Os,(1)| has total degree 36. The assertion follows. O

Corollary 4.23 Consider a family f' : S’ — A of general quartic surfaces in P3, degenerating to a
monoid quartic surface Y with tangent cone at its triple point p consisting of a triple of independent
planes (see Remark 4.8). This family is 1-well behaved, with good model @ : X — A. The crude limit
Severi variety BT, (S") consists in the surface Y (which has degree 21), plus the plane p counted with
multiplicity 15.
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Proof. We have a morphism PB"”" — P (w@. (L(—M;))) = P(f/(Os/(1))). The push—forward by this map
of the regular components of U, 1(X) are Y for V(M;,ép, = 1), 3 - p for V(M?, ép: = 1), p for each of
the twelve V(E) corresponding to a (—1)—curve E;;, with i € {h,k}, and 0 otherwise. The degree of
V(M;,dp, = 1) in £; is at least 21 by Proposition 8.3, so the total degree of the push—forward in |Og; (1)
of the regular components of U7 1(X) is at least 36. The assertion follows. a

Proposition 4.24 (Limits of 2-nodal curves) The regular components of the limit Severi variety
1 .2(X) are the following (they all appear with multiplicity 1):

(i) V(E, E') for each set of two curves E,E' € {Efj, 1< 4,5 <4,i# j} that do not meet the same edge
of the tetrahedron Sy. The ny,—degree is 1 if P, C Sy does not contain the two edges met by E, E’, and 0
otherwise;

(i) V(M*, 6pn = 1,E) fork=1,...,4 and E € {Eiij,l <i,j <4,i# 4,k € {i,j}}, which is a degree
3 curve in £F. The ny—degree is 3 if P, does not contain both the edge met by E and the vertex corre-
sponding to T*, it is 0 otherwise;

(iii) V(Mijz,0w,; = 2) for 1 <i < j < 4, which has ny-degree 16 for h € {i,j}, and 0 otherwise;

(iv) V(M;,0p, = 2) for 1 < i < 4, which which has ny,-degree 132 for h =i, and 0 otherwise;

(v) V(Myj,0w,;, =1,E) for1 <i<j<4, and E € {E%, {r,;}U{i,j} ={1,.. .,4}}, which is a curve of
ny-degree 0 for 1 < h < 4.

Proof. It goes as the proof of Proposition 4.20. Again, Proposition 8.4 asserts that V(M;,dp, = 2) has
degree at least 132 in £;, but it follows from the computations in Remark 4.25 (a) below that it is exactly
132, which proves Theorem D for § = 2. O

Remark 4.25 (a) The degree of the Severi variety V2(X, Ox(1)) for a general quartic surface X is 480
(see Proposition 3.1). Hence if we fix a general point x on one of the components P, of Sy we should
be able to see the 480 points of the limit Severi variety U; o through x. The nj—degree information in
Proposition 4.24 tells us this.

For each choice of two distinct edges of Sy spanning a plane distinct from P, and of two (—1)-curves
E and E’ meeting these edges, we have a curve containing x in each of the items of type (i) . This
amounts to a total of 192 such curves.

For each choice of a vertex and an edge of Sy, such that they span a plane distinct from Py, there are
3 curves containing x in each of the four corresponding items (ii). This amounts to a total of 108 such
curves.

For each choice of an edge of Sy not contained in Py, there are 16 curves containing x in the corre-
sponding item (iv). This gives a contribution of 48 curves.

Finally, there are 132 plane quartics containing z in the item (iv) for ¢ = h. Adding up, one finds the
right number 480.

(b) Considerations similar to the ones in Remark 4.21 (b) could be made here, but we do not dwell
on this.

Corollary 4.26 (Theorem B for 6§ = 2) Same setting as in Corollary 4.22. The family f : S — A is
2-well behaved, with good model @ : X — A. The crude limit Severi variety $9(S) consists of the
image in |Og,(1)| of:

(i) the 240 components in (i) of Proposition 4.24, which map to as many lines in |Og,(1)|;

(ii) the 48 components in (ii) of Proposition 4.24, each mapping 3 : 1 to as many lines in |Og,(1)|;

(iii) the 6 components in (iii) of Proposition 4.24, respectively mapping 16 : 1 to the dual lines of the
edges of Sy.

Proof. The components in question are the only ones not contracted to points by the morphism

§ = |Os,(1)], and their push—forward sum up to a degree 480 curve. O

Corollary 4.27 Same setting as in Corollary 4.23; the family f 8 — A is 2—well behaved, with good
model w : X — A. The crude limit Severi variety 0{'5(S") consists of the ordinary double curve of the

surface Y, which has degree 132, plus a sum (with multiplicities) of lines contained in the dual plane p
of the vertex of Y.
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Proof. It is similar to that of Corollary 4.23. The lines of U{',(S’) contained in p are the push-forward
by By — |Oy(1)| of the regular components of U 2(X) listed in Remark 4.25 (a), with the excep-
tion of V(M;,dp, = 2). They sum up (with their respective multiplicities) to a degree 348 curve, while
V(M;,dp, = 2) has degree at least 132 in £; by Proposition 8.4. O

Proposition 4.28 (Limits of 3-nodal curves) The family @ : X — A is absolutely 3—-good, and the
limit Severi variety U1 3(X) is reduced, consisting of:

(i) the 1024 points V(E,E',E"), for E,E',E" € {E;‘;, 1 < i< j <4} such that the span of the three
corresponding double points of S is not contained in a face of Sp;

(ii) the 192 schemes V(MP¥ 671 = 1,E,E"), for 1 <k < 4 and E,E' € {Eiij,l < i < j < 4}, such that
the two double points of S corresponding to E and E' and the vertex with index k span a plane which is
not a face of Sy. They each consist of 3 points;

(ili) the 24 schemes V(Mij, 0w, = 2, E), for 1 <i < j <4, and E € {E};,1 < i < j <4}, such that the
double point of S corresponding to E does not lie on the edge P; N P; of So, and that these two together
do not span a face of So. They each consist of 16 points;

(iv) the 4 schemes V(M;,dp, = 3), each consisting of 304 points.

Proof. The list in the statement enumerates all regular components of the limit Severi variety U 3(X)
with their degrees (as before, Corollary 8.7 only gives 304 as a lower bound for the degree of (iv)). They
therefore add up to a total of at least 3200 points, which implies, by Proposition 4.28, that m1,3()_() has
no component besides the regular ones, and that those in (iv) have degree exactly 304. Reducedness then

follows from Remark 8.8, (b). |

In conclusion, all the above degenerations of quartic surfaces constructed from X — A with a twist
of L are 3—well behaved, with X as a good model. In particular:

Corollary 4.29 (Theorem B for § = 3) Same setting as in Corollary 4.22. The limits in |Og,(1)| of
3-tangent planes to Sy, for t € A*, consist of:

(i) the 1024 planes (each with multiplicity 1) containing three double points of S but no edge of Sy;

(ii) the 192 planes (each with multiplicity 3) containing a vertex of Sy and two double points of S, but no
edge of So;

(iil) the 24 planes (each with multiplicity 16) containing an edge of Sy and a double point of S on the
opposite edge;

(iv) the 4 faces of So (each with multiplicity 304).

5 — Other degenerations

The degeneration of a general quartic we considered in §4 is, in a sense, one of the most intricate. There
are milder ones, e.g. to:
(i) a general union of a cubic and a plane;
(ii) a general union of two quadrics (this is an incarnation of a well known degeneration of K3 surfaces
described in [12]).
Though we encourage the reader to study in detail the instructive cases of degenerations (i) and (ii),
we will not dwell on this here, and only make the following observation about degeneration (ii). Let
f S — A be such a degeneration, with central fibre Sy = Q1 U @2, where @)1, Q> are two general
quadrics meeting along a smooth quartic elliptic curve R. Then the limit linear system of |Og, (1)| as
t € A* tends to 0 is just |Og,(1)], so that f:S — A endowed with Og(1) is absolutely good.

On the other hand, there are also degenerations to special singular irreducible surfaces, as the one we
will consider in §6 below. In the subsequent sub—section, we will consider for further purposes another
degeneration, the central fibre of which is still a (smooth) K3 surface.

5.1 — Degeneration to a double quadric

Let @ C P? be a smooth quadric and let B be a general curve of type (4,4) on Q. We consider the
double cover p : Sg — @ branched along B. This is a K3 surface and there is a smooth family f: S — A
with general fibre a general quartic surface and central fibre Sy. The pull-back to Sy of plane sections
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of @ which are bitangent to B fill up a component U of multiplicity 1 of the crude limit Severi variety
205", Note that g naturally sits in |Og, (1)| = P? in this case, hence one can unambiguously talk about
its degree. Although it makes sense to conjecture that 2 is irreducible, we will only prove the following
weaker statement:

Proposition 5.1 The curve U contains an irreducible component of degree at least 36.

We point out the following immediate consequence, which will be needed in §9.1 below:

Corollary 5.2 If X is a general quartic surface in P3, then the Severi variety Vo(X,Ox (1)) (which
naturally sits in |Ox(1)| 2 P3) has an irreducible component of degree at least 36.

To prove Proposition 5.1 we make a further degeneration to the case in which B splits as B = D+ H,
where D is a general curve of type (3,3) on @, and H is a general curve of type (1,1), i.e. a general
plane section of @ C P3. Then the limit of % contains the curve 2 := 20p g in P3 parametrizing those
planes in P? tangent to both H and D (i.e., 2 is the intersection curve of the dual surfaces H and D).
Note that H is the quadric cone circumscribed to the quadric @ and with vertex the point P orthogonal
to the plane P cutting out H on @, while D is a surface scroll, the degree of which is 18 by Proposition
3.4, hence deg(20) = 36. To prove Proposition 5.1, it suffices to prove that:

Lemma 5.3 The curve 20 s irreducible.

To show this, we need a preliminary information. Let us consider the irreducible, locally closed
subvariety U C |Og(4)| of dimension 18, consisting of all curves B = D + H, where D is a smooth,
irreducible curve of type (3,3), and H is a plane section of @ which is not tangent to D. Consider
T C U x P? the Zariski closure of the set of all pairs (D + H,1I) such that the plane II is tangent to both
D and H, ie. II € HN D. We have the projections p; : Z — U and py : T — P3. The curve 20 is a
general fibre of p;.

Lemma 5.4 The variety I contains a unique irreducible component J of dimension 19 which dominates
P? wia the map p-.

Proof. Let II be a general plane of P3. Consider the conic I' := II N Q, and fix distinct points q1, ..., gs
on I'. There is a plane P tangent to I' at ¢;, and a cubic surface F' passing through ¢s, . .., g and tangent
to I' at go; moreover P and F' can be chosen general enough for D + H to belong to U, where H = PNQ
and D = FNQ. Then (D + H,1I) € Z, which proves that py is dominant.

Let Fr1 be the fibre of ps over II. The above argument shows that there is a dominant map
Fi1 --» I'? xSym*(T") whose general fibre is an open subset of P* x PY: precisely, if ((q1,¢2), g3+ . .+ qs) €
I'? x Sym4(F) is a general point, the P! is the linear system of plane sections of @ tangent to I' at ¢,
and the P? is the linear subsystem of |Og(3)| consisting of curves passing through ¢s, ..., g and tangent
to I' at g2. The existence and unicity of J follow. O

Now we consider the commutative diagram

J —=J (5.1)

INF

u’ 5 u
where v is the normalization of J, and f op’ is the Stein factorization of p; ov : J' — U. The morphism
f U — U is finite of degree h, equal to the number of irreducible components of the general fibre of py,
which is 2. The irreduciblity of 7 implies that the monodromy group of f : U’ — U acts transitively on
the set of components of 20.

Proof of Lemma 5.3. We need to prove that h = 1. To do this, fix a general D € |Og(3)|, and
consider the curve 20 = Wp g, with H general, which consists of A components. We can move H to be
a section of @ by a general tangent plane Z. Then the quadric cone H degenerates to the tangent plane
Ty, to Q at z := Z, counted with multiplicity 2.
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We claim that, for z € ) general, the intersection of Ty, with D is irreducible. Indeed, since D is a
scroll, a plane section of D is reducible if and only if it contains a ruling, i.e. if and only if it is a tangent
plane section of D. Since D # @, the biduality theorem implies the claim.

The above assertion implies A < 2. If equality holds, the general curve 20 consists of two curves
which, by transitivity of the monodromy action of f, are both unisecant to the lines of the ruling of D.

To see that this is impossible, let us degenerate D as Dy + D5, where D, is a general curve of type
(2,1) and Dy is a general curve of type (1,2) on Q. Then D accordingly degenerates and its limit contains
as irreducible components D; and Dy, which are both scrolls of degree 4 (though we will not use it, we
note that D; - Do = 5 and the (crude) limit of D in the above degeneration consists of the union of Dl,
Dy, and of the five planes dual to the points of D; N Dy, each of the latter counted with multiplicity 2).
We denote by ® either one of the curves D, Ds.

Let again H be a general plane section of Q. We claim that the intersection of © with H does not
contain any unisecant curve to the lines of the ruling of ©. This clearly implies that the general curve
90 cannot split into two unisecant curves to the lines of the ruling of D, thus proving that h = 1.

To prove the claim, it suffices to do it for specific ©, @ and H. For © we take the rational normal
cubic with affine parametric equations x = t,y = 2,z = t3, with t € C. For Q we take the quadric
with affine equation 22 + y? — 2z —y = 0, and for H the intersection of Q with the plane z = 0. Let
(p,q,7) be affine coordinates in the dual space, so that (p,q,r) corresponds to the plane with equation
pr+qy+rz+1=0 (ie., we take as plane at infinity in the dual space the orthogonal to the origin).
Then the affine equation of ® is gotten by eliminating ¢ in the system

pt+qt? +rt2 +1=0, p+2qt+3rt> =0, (5.2)

which defines the ruling p; of Qvorthogonal to the tangent line to D at the point with coordinates (¢,t2,3),
t € C. The affine equation of H is gotten by imposing that the system

pr+qy+qz+1=0, x2+y2—xz—y:0, z =0,

has one solution with multiplicity 2; the resulting equation is p? —4g—4 = 0. Adding this to (5.2) means
intersecting H with p¢; for ¢ # 0, the resulting system can be written as

2 2
2,2 2 p 4-p p
t“ +8pt —4(t* —3)=0 =— -1 = - .

p p ( ) » 4 1 , T 61 312

For a general t € C, the first equation gives two values of p and the remaining equations the corresponding
values of ¢ and r, i.e., we get the coordinates (p, g, r) of the two intersection points of H and p;. Now we
note that the discriminant of p?t2 + 8pt — 4(¢? — 3) as a polynomial in p is 16t2(¢2 + 1), which has the two
simple solutions +i. This implies that the projection on © = P! of the curve cut out by H on © has two
simple ramification points. In particular HN® is locally irreducible at these points, and it cannot split as
two unisecant curves to the lines of the ruling. This proves the claim and ends the proof of the Lemma. O

6 — Kummer quartic surfaces in P?

This section is devoted to the description of some properties of quartic Kummer surfaces in P3. They
are quartic surfaces with 16 ordinary double points p1,...,p1s as their only singularities. Alternatively
a Kummer surface X is the image of the Jacobian J(C') of a smooth genus 2 curve C, via the degree
2 morphism ¥ : J(C) — X C P3 determined by the complete linear system |2C|, where C C J(C) is
the Abel-Jacobi embedding, so that (J(C),C) is a principally polarised abelian surface (see, e.g., [4,
Chap.10]). Since ¢ is composed with the + involution on J(C), the 16 nodes of X are the images of the
16 points of order 2 of J(C'). By projecting from a node, Kummer surfaces can be realised as double
covers of the plane, branched along the union of six distinct lines tangent to one single conic (see, e.g.,
[2, Chap.VIII, Exercises]). We refer to the classical book [26] for a thorough description of these surfaces
(see also [14, Chap.10]).

6.1 — The 164 configuration and self-duality

An important feature of Kummer surfaces is that they carry a so-called 16¢—configuration (see [20], as
well as the above listed references). Let X be such a surface. There are exactly 16 distinct planes II;
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tangent to X along a contact conic T';, for 1 < i < 16. The contact conics are the images of the 16
symmetric theta divisors C,...,Cis on J(C). Each of them contains exactly 6 nodes of X, coinciding
with the branch points of the map 9|, : C; = C' — I'; = P' determined by the canonical g5 on C.

Two conics I';, I';, 4 # 7, intersect at exactly two points, which are double points of X: they are the
nodes corresponding to the two order 2 points of J(C) where C; and C; meet. Since the restriction map
Pic’(J(C)) — Pic’(C) is an isomorphism, there is no pair of points of J(C) contained in three different
theta divisors. This implies that, given a pair of nodes of X, there are exactly two contact conics
containing both of them. In other words, if we fix an ¢ € {1,...,16}, the map from {1,...,16} — {i}
to the set of pairs of distinct nodes of X on I';, which maps j to I'; N T';, is bijective. This yields that
each node of X is contained in exactly 6 conics I';. The configuration of 16 nodes and 16 conics with the
above described incidence property is called a 16g—configuration.

Let X be the minimal smooth model of X, Fi, ..., Eig the (—2)-curves over the nodes p1,...,pis of
X respectively, and D; the proper transform of the conic I'y, for 1 <4 < 16. Since X is a K3 surface and
the D;’s are rational curves, the latter are (—2)-curves. The 16g—configuration can be described in terms
of the existence of the two sets

SZ{El,...,Elg} and D:{Dl,...,D16}

of 16 pairwise disjoint (—2)—curves, enjoying the further property that each curve of a given set meets
exactly six curves of the other set, transversely at a single point.

Proposition 6.1 Let X be a Kummer surface. Then its dual X C P3 is also a Kummer surface.

Proof. By Proposition 3.2, we have deg(X) = 4. Because of the singularities on X, the Gauss map
vx : X --» X is not a morphism. However we get an elimination of indeterminacies

; X
VN
X-—=-5%—"*X
by considering the minimal smooth model X of X. The morphism f is the contraction of the sixteen
curves in &£, and g maps each E; to a conic which is the dual of the tangent cone to X at the node
corresponding to F;. On the other hand, since vx contracts each of the curves I'y,...,I'1g to a point,
then g contracts the curves in D to as many ordinary double points of X. The assertion follows. O

6.2 — The monodromy action on the nodes

Let K° be the locally closed subset of |Ops(4)| whose points correspond to Kummer surfaces and let  :
X — K° be the universal family: over z € K°, we have the corresponding Kummer surface X = 7~ 1(z).
We have a subscheme A" C X such that p := 7|, : N' = K° is a finite morphism of degree 16: the fibre
p~1(z) over z € K° consists of the nodes of X. We denote by Gis6 C G16 the monodromy group of
p: N — K°

There is in addition another degree 16 finite covering q : G — K°: for x € K°, the fibre ¢~!(z) consists
of the set of the contact conics on X. Proposition 6.1 implies that the monodromy group of this covering
is isomorphic to G6,6. Then we can consider the commutative square

’

q

J N (6.1)
v I’
g Ke

q

where J is the incidence correspondence between nodes and conics. Note that p’, ¢ are both finite of
degree 6, with isomorphic monodromy groups (see again Proposition 6.1).

Here, we collect some results on the monodromy groups of the coverings appearing in (6.1). They are
probably well known to the experts, but we could not find any reference for them.

Lemma 6.2 The monodromy group of ¢ : J — N and of p' : J — G is the full symmetric group Gg.
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Proof. It suffices to prove only one of the two assertions, e.g. the one about p’. Let X be a general
Kummer surface and let e be a node of X. As we noticed, by projecting from e, we realise X as a double
cover of P? branched along 6 lines tangent to a conic E, which is the image of the (—2)—curve over e.
These 6 lines are the images of the six contact conics through e, i.e. the fibre over ¢’. Since X is general,
these 6 tangent lines are general. The assertion follows. a

Corollary 6.3 The group Gig,6 acts transitively, so G and N are irreducible.

Proof. It suffices to prove that the monodromy of p : N/ — K° is transitive. This follows from Lemma
6.2 and from the fact that any two nodes of a Kummer surface lie on some contact conic. o

It is also possible to deduce the transitivity of the monodromy action of p and ¢ from the irreducibility
of the Igusa quartic solid, which parametrizes quartic Kummer surfaces with one marked node (see, e.g.,
[14, Chap.10]). The following is stronger:

Proposition 6.4 The group Gie¢ acts 2—-transitively.

Proof. Again, it suffices to prove the assertion for p : N' — K°. By Corollary 6.3, proving that the
monodromy is 2-transitive is equivalent to showing that the stabilizer of a point in the general fibre of p
acts transitively on the remaining points of the fibre. Let X be a general Kummer surface and e € X a
node. Consider the projection from e, which realizes X as a double cover of P2 branched along 6 lines
tangent to a conic E. The 15 nodes on X different from e correspond to the pairwise intersections of the 6
lines. Moving the tangent lines to E one leaves the node e fixed, while acting transitively on the others. O

Look now at the pull back ¢*(N). Of course J is a component of ¢*(N). We set W = ¢*(N) — J,
and the morphism p’ : W — G which is finite of degree 10. We let Hi66 C S109 be the monodromy of
this covering.

Lemma 6.5 The group Hig, acts transitively, i.e. W is irreducible.

Proof. Let a,b € X be two nodes not lying on the contact conic I'. There is a contact conic I that
contains both a and b; it meets I' transversely in two points, distinct from a and b, that we shall call ¢
and d. Now a monodromy transformation that fixes I and fixes ¢ and d necessarily fixes I". It therefore
suffices to find a monodromy transformation fixing I'" which fixes ¢ and d, and sends a to b. Such a
transformation exists by Lemma 6.2. O

Proposition 6.6 Let X be a general Kummer surface. Then:

(i) G1e,6 acts transitively the set of unordered triples of distinct nodes belonging to a contact conic;

(i) the action of Gie6 on the set of unordered triples of distinct nodes not belonging to a contact conic
has at most two orbits.

To prove this, we need to consider degenerations of Kummer surfaces when the principally polarised
abelian surface (J(C), C) becomes non—simple, e.g., when C' degenerates to the union of two elliptic curves
E1, Es transversally meeting at a point. In this case the linear system |2(E; 4+ F2)| on the abelian surface
A = E; x Es, is still base point free, but it determines a degree 4 morphism ¥ : A -+ Q 2 P! x P! c P3
(where Q C P3 is a smooth quadric), factoring through the product Kummer surface X = A/+, and a
double cover X — Q branched along a curve of bidegree (4,4) which is a union of 8 lines; the lines in
question are Li, = P! x {a} (resp. Lgp = {b} x P') where a (resp. b) ranges among the four branch
points of the morphism E; — (E;/+) = P! (resp. Ey — (Eo/4) =2 P1). We call the former horizontal
lines, and the latter vertical lines. Each of them has four marked points: on a line Ly, (resp. Lap), these
are the four points Loy N L1, where b (resp. a) varies as above. One thus gets 16 points, which are the
limits on X of the 16 nodes of a general Kummer surface X. The limits on X of the sixteen contact conics
on a general Kummer surface X are the sixteen curves L1, + Lop. On such a curve, the limits of the six
double points on a contact conic on a general Kummer surface are the six marked points on Ly, and Loy
that are distinct from L, N Loy.

Proof of Proposition 6.6. Part (i) follows from Lemma 6.2. As for part (ii), consider three distinct
nodes a, a’ and a” (resp. b, b’ and b”) of X that do not lie on a common conic of the 164 configuration
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Figure 9: Limits in a product Kummer surface of three double points not on a double conic

on X. We look at their limits a, a’ and a” (resp. b, b’ and b”) on the product Kummer surface X; they
are in one of the two configurations (a) and (b) described in Figure 9.

The result follows from the fact that the monodromy of the family of product Kummer surfaces acts
as the full symmetric group &4 on the two sets of vertical and horizontal lines respectively. Hence the
triples in configuration (a) [resp. in configuration (b)] are certainly in one and the same orbit. O

7 — Degeneration to a Kummer surface

We consider a family f : S — A of surfaces in P? induced (as explained in §2.1) by a pencil generated by
a general quartic surface S and a general Kummer surface So. We will describe a related d-good model
w: X —-Aforl1<§<3.

7.1 — The good model

Our construction is as follows:

(1) we first perform a degree 2 base change on f:S — A;

(II) then we resolve the singularities of the new family;

(II1) we blow—up the proper transforms of the sizteen contact conics on Sg.

The base change is useful to analyze the contribution of curves passing through a node of Sy.

Steps (I) and (IT)

The total space S is smooth, analytically—locally given by the equation
2 + y2 + 22 =t

around each of the double points of Sy. We perform a degree 2 base change on f, and call f : § — A the
resulting family. The total space S has 16 ordinary double points at the preimages of the nodes of S.

We let €1 : X — S be the resolution of these 16 points, gotten by a simple blow—up at each point.
We have the new family 7 : X — A, with 7 = f oe;. The new central fibre X consists of the minimal
smooth model Sy of Sy, plus the exceptional divisors Q1, ..., Q1. These are all isomorphic to a smooth
quadric Q = P! x P1 ¢ P3. We let Ei, ..., E1g be the exceptional divisors of Sg — So. Each Q; meets
So transversely along the curve E;, and two distinct );, Q); do not meet.

Step (III)

As in §6.1, we let D1, ..., D1 be the proper transforms of the 16 contact conics I'r, ..., T'16 on So: they
are pairwise disjoint (—2)-curves in X,. We consider the blow-up €2 : X — X of X along them. The

surface Sp is isomorphic to its strict transform on Xo. Let Wy,..., Wi be the exceptional divisors of
£2. Each W; meets Sy transversely along the (strict transform of the) curve D;. Note that, by the Triple
Point Formula 2.2, one has deg(Np,w,) = _deg(NDi|A§0) — 6 = —4, so that W; is an F4—Hirzebruch

surface, and D; is the negative section on it. ~
We call Qq,...,Q16 the strict transforms of @1,...,Q16 respectively. They respectively meet Sy

transversely along (the strict transforms of) Fy,..., F1g. For 1 < i < 1§, there are exactly six curves
among the D;’s that meet F;: we call them Dj,...,D§. The surface @; is the blow-up of Q; at the
six intersection points of E; with DY, ..., D§: we call ‘G, ..., G§ respectively the six corresponding
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(—1)-curves on Q;. Accordingly, Q; meets transversely six W;’s, that we denote by W}l,... W5, along
'GY, ..., G} respectively. The surface Q; is disjoint from the remaining W;’s.
For 1 < j < 16, we denote by E}, cee E? the six E;’s that meet D;. There are correspondingly six

Qi’s that meet W;: we denote them by ~]1, . ,Q?, and let G}, e G? be their respective intersection
curves with ;. Note the equality of sets

{/Gl 1<i<16, 15 <6} = {6, 1< <16, 1< s <6},

We shall furthermore use the following notation (cf. §1). For 1 < j < 16, we let Fyy, (or simply F')
be the divisor class of the ruling on W}, and Hyy, (or simply H) the divisor class D; 4+ 4Fy,. Note that
G; ~w,; F and 'G ~we F,for1<i,j<16and1<s<6. We write Hy for the pull-back to 5'0 of the
plane section class of Sy C P3. For 1 < i < 16, we let L, and LY be the two rulings of Q;, and Hg, (or
simply H) be the divisor class L;j + Lj'; we use the same symbols for their respective pull-backs in Q;.
When designing one of these surfaces by ()], we use the obvious notation Lj»/ and Lj»".

7.2 — The limit linear system

We shall now describe the limit linear system of |Og, (1) as t € A* tends to 0, and from this we will
see that X is a good model of S over A. We start with = P(w.(Ox(1))), which is a P3-bundle
over A, whose fibre at ¢t € A is [Ox, (1)|; we set £ = Ox(1), and |Ox,(1)] = |L4| for t € A. Note that
L0l =05, (1))

We will proceed as follows:
(I) we first blow—up B at the points of Po = |Lo| corresponding to planes in P3 containing at least three
distinct nodes of Sy (i.e. either planes containing exactly three nodes, or planes in the 16¢ configuration);
(IT) then we blow-up the resulting variety along the proper transforms of the lines of |Lo| corresponding
to pencils of planes in P3 containing two distinct nodes of So;
(1) finally we blow—up along the proper transforms of the planes of |Lo| corresponding to webs of planes
in P3 containing a node of Sy.

The description of these steps parallels the one in §4.3, so we will be sketchy here.

Step (Ia)

The (136) — 16(?) = 240 planes in P? containing exactly three distinct nodes of Sy correspond to the
0-dimensional subsystems

|Ho — By — Egn — Egn| 5. (7.1)

of |Hy| = |Loy|, where {s',s"”,s"} ranges through all subsets of cardinality 3 of {1,...,16} such that
the nodes py/, ps, psr corresponding to the (—2)—curves Ey, Egr, Eg» do not lie in a plane of the 164
configuration of Sy. We denote by Cy s the unique curve in the system (7.1) and we set Hygrgn =
Cs’s”s”’ + Es’ + ESH + Esm, Wthh lies n |H0| .

The exceptional component Ly grgm of the blow-up of 3 at the point corresponding to Hy s/ g can
be identified with the 3—dimensional complete linear system

ES/SHS/H = ‘50(_Qs’ — QS// — QS///)

which is isomorphic to the projectivization of the kernel of the surjective map

)

f : (§I’§/I7§/II7§) S ( @ HO (Qsa OQS (H))> @ HO (SOa 05'0 (Cs’s”s’”))
SG{S/,S//,S/”}
s (gl -, g” -, g”l o §) c @ HO (OES (*Es)) o~ HO (Pl, Op1 (2))693.

SE{S/,S//,S///}

The typical element of £y 45 consists of
(i) the curve Cygvg on Sp, plus
(ii) one curve in |Op (H)| for each s € {s’,s", s"'}, matching Cysv g along E, plus
(iii) two rulings in each W; (i.e. a member of |Ow, (2F)| = |Lo ® Ow;,|), 1 < j < 16, matching along the
divisor D;, while
(iv) the restriction to Qs is trivial for every s € {1,...,16} — {s/,s”,s"'}.
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The strict transform of Py is isomorphic to the blow—up of | Hp| at the point corresponding to Hg g g
By Lemma 2.7, the exceptional divisor H 4 ¢ = P? of this blow-up identifies with the pull-back linear
series on Hg g of the 2-dimensional linear system of lines in the plane spanned by py, ps», ps (note
that in this linear series there are three linear subseries corresponding to sections vanishing on the curves
FEy, Esr, Egr which are components of Hs/,s”,s“’)-

The divisor Hy g5 is cut out on the strict transform of | Hy| by Lorgrsm, along the plane II C L4 g9
given by the equation ¢ = 0 in the above notation. The identification of Hs s ¢ with II is not immediate.
It would become more apparent by blowing up the curves Cy ¢4 in the central fibre; we will not do
this here, because we do not need it, and we leave it to the reader (see Step (Ib) for a similar argument).
However, we note that ker(f) N {¢ = 0} coincides with the C? spanned by three non—zero sections
(¢s,0,0,0),(0,657,0,0),(0,0,55,0), where ¢, vanishes exactly on F, for each s € {s',s"”,s"”"}. These
three sections correspond to three points 7y, g, mg in II. In the identification of II with Hg g
the points 7y, ws, wer are mapped to the respective pull-backs on Hgy g of the three lines lgigm =

<ps”aps”/>a£s’s”/ = <ps’aps”/>a£s’s” = <ps’aps”>'

Step (Ib)
The 16 planes of the 16¢ configuration correspond to the 0-dimensional subsystems

Ho—E} —---— E}|s C|Ho|=|Lo|] (1<j<16),

5,
consisting of the only curve 2D;. The blow-up of P at these points introduces 16 new components £ ,
1 < j €16, in the central fibre, respectively isomorphic to the linear systems

Ej = ’ﬁo(—QWj — Q]l — s — Q_?)‘
The corresponding line bundles restrict to the trivial bundle on all components of X, but W; and Q‘;,
for 1 < s < 6, where the restriction is to Ow, (2H) and to Og.(H — 2Gj3), respectively.
J
For each s € {1,...,16}, the complete linear system |H — 2G§|QS_ is O-dimensional, its only divisor is
J

the strict transform in Qj of the unique curve in |H |Q§ that is singular at the point D; N Q3. This is the

union of the proper transforms of the two curves in |L§'|Q; and |Lj-"|Q§ through D; N Q3, and it cuts out
a O-cycle Z7 of degree 2 on G. We conclude that

&= |Ow, (2H) ® Iz

, for 1<j<16, (7.2)

where Tz, C Ow, is the defining sheaf of ideals of the 0-cycle Z; := Zj 4 --- + Z? supported on the six
fibres G}, ceey G? of the ruling of W;. We shall later study the rational map determined by this linear
system on W; (see Proposition 7.4).

For each j, the glueing of £/ with the strict transform of |Hp| is as follows: the exceptional plane
H7 on the strict transform of |Ho| identifies with |Op, (Ho)| = |Op1(2)| by Lemma 2.7, and the latter
naturally identifies as the 2-dimensional linear subsystem of ‘Owj (2H) ® IZ].’ consisting of divisors of
the form

2D;+Gj+---+ G+ @, @ €|Ow,(2F)|

Step (II)

Let B’ be the blow-up of B at the 240 + 16 distinct points described in the preceding step. The next
operation is the blow-up B” — P’ along the (126) pairwise disjoint respective strict transforms of the
pencils

|Ho — Ey — Eq

g 1S s’ <" <16. (7.3)

To describe the exceptional divisor i}s/s//~of B” — P’ on the proper transform of (7.3), consider the
3—dimensional linear system £ 4 := }EO(fQS/ — qu)}, isomorphic to the projectivization of the kernel
of the surjective map

< @ HO(QS,(’)@S(H))> @ H°(So,0g,(Hy — Ey — Egr)) — @ HO(E,,Op, (- E,))  (7.4)

se{s’,s"} se{s’,s"}

(¢",¢",¢) = (¢ —¢,¢" —9).
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Then f}srsu identifies as the blow—up of £4 ¢+ along the line defined by ¢ = 0 in the above notation; in
particular it is isomorphic to P(Op1 @ Op1(1)®?), with P?~bundle structure

ps/s// :ES/S” — ‘HO — ES/ — ES” 50
induced by the projection of the left-hand side of (7.4) on its last summand, as follows from Lemma 2.7.
The typical element of £ 4 consists of
(i) a member C of |Hy — Es — Es//|§0, plus
(ii) two curves in [H|s, and |H|a, respectively, matching C' along Ey and Ey-, together with
(iii) rational tails on the W;’s (two on those W; meeting neither Q¢ nor Q~, one on those W; meeting
exactly one component among Qs and Qs~, and none on the two W;’s meeting both Qs and Q)
matching C' along D;.
The image by ps s of such a curve is the point corresponding to its component (i).

Remark 7.1 The image of X via the complete linear system |£(—Qs — Qy)| provides a model f’ :
S’ — A of the initial family f: S — A, with central fibre the transverse union of two double planes I,
and II,r. For s € {s,s"}, the plane II, is the projection of Q, from the point ps corresponding to the
direction of the line s & in |0y (H)|" = |Lo(—Qs)|Y, where {s,5} = {s',s"}; there is a marked conic on
II,, corresponding to the branch locus of this projection. The restriction to E of the morphism Q. — I,
is a degree 2 covering Fy — Iy NIl;» =: L. The two marked conics on Ily and II,» intersect at two
points on the line Ly 4/, which are the two branch points of both the double coverings Fy — Ly g and
Ey — Ly gr. These points correspond to the two points cut out on Ey (resp. Egv) by the two curves D;
that correspond to the two double conics of Sy passing through ps and pss. There are in addition six
distinguished points on Ly 4, corresponding to the six pairs of points cut out on Ey (resp. Fg) by the
six curves Cy/ v g on So.

Step (IITI)

The last operation is the blow-up "’ — P” along the 16 disjoint surfaces that are the strict transforms
of the 2-dimensional linear systems

|Ho — Es|g, 1<s<16.

We want to understand the exceptional divisor £,. Consider the linear system £, := |£0(7Q5)‘,
which identifies with the projectivization of the kernel of the surjective map

fs: H(Qs, Op. (H)) @ H (S0, O (Ho — Es)) — HO(Es, Op, (—E.))

(c;6) = (s —9)

(itself isomorphic to HO(Q., Og, (H)), by the way). Blow—up £, at the point { corresponding to ¢ = 0;
one thus gets a P'~bundle over the plane |Hy — E| §,- Then £, is obtained by further blowing—up along
the proper transforms of the lines joining £ with the 6+ [(125) - 6(;)} = 51 points of |Hy — E;| we blew—up

in Step (I). The typical member of £, consists of two members of |Hy — Eq|s, and |H|g  respectively,
matching along E,, together with rational tails on the surfaces Wj.

Remark 7.2 The image of X by the complete linear system |£(—Q,)| provides a model f': S" — A of
the initial family f : S — A, with central fibre the transverse union of a smooth quadric @, and a double
plane IT branched along six lines tangent to the conic I' := IINQ (i.e. the projection of Sy from the node
ps). There are fifteen marked points on II, namely the intersection points of the six branch lines of the
double covering Sy — II.

Conclusion

We shall now describe the curves parametrized by the intersections of the various components of By,

thus proving:

Proposition 7.3 The central fibre By’ is the limit linear system of |Ls| = |Ox,| ast € A* tends to 0.
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Proof. We analyze step by step the effect on the central fibre of the birational modifications operated
on P in the above construction, each time using Lemma 2.7 without further notification.

(I) At this step, recall (cf. §1) that Py C P’ denotes the proper transform of Py C P in the blow—
up P’ — PB. For each {s',s",s"”} C {1,...,16} such that (p’,p”,p""’) is a plane that does not belong
to the 164 configuration, the intersection Lorgrgm N Po C P’ is the exceptional P2 of the blow—up of
|Lo| =2 |Osg,(1)] at the point corresponding to Hg sve. Its points, but those lying on one of the three
lines joining two points among 7, s, s which also have been blown—up (the notation is that of Step
(Ta)), correspond to the trace of the pull-back of |Og,(1)| on Cysvgm + Eg + Esnr + Egimi.

For each j € {1,...,16}, the intersection £ NPy C P’ is a plane, the points of which correspond to
curves 2D;+Gi+- - -+ GS+® of Xo, ® € |Ow, (2F)], except for those points on the six lines corresponding
to the cases when ® contains one of the six curves GJ,...,GS.

(IT) Let {s" # s”} C {1,...,16}. The intersection £y 4 NPy C P” is a P! x P'; the first factor is
isomorphic to the proper transform of the line [Ho — Ey — Esr[5, in PBo, while the second is isomorphic
to the line {¢ = 0} C £y~ in the notation of Step (II) above. Then the points in Losr NPy C B’
correspond to curves C' + Ey + Egr in Xo, with C € |Hy — Ey — Egn |§0, exception made for the points
with second coordinate [¢5r : 0 : 0] or [0 : ¢o : 0] in L4, where ¢5 € HO(OQS (H)) vanishes on E; for
each s € {¢/,s"}.

Let s & {s’,s"} be such that (p/,p”,p"’) is a plane outside the 16 configuration. The intersection
Lo N Logrgm CP" is the P2 preimage of the point corresponding to Cly g in |Ho — By — Egn|g, via
ps' s, and parametrizes curves Cy g g + E g +C'+C" +-rational tails, with C’ € |H|Qs/ and C" € |H|@S”
matching Cy/4v g along Eg and Egr respectively.

On the other hand, for s ¢ {s',s"} such that (p/,p”,p"”’) belongs to the 164 configuration, let
j €{1,...,16} be such that 2D; is cut out on Sy by (p/,p”,p"), and set Q. = Q]l and Qg = Q?, then
Logr N Lyrgrgm C P” is the preimage by p s~ of the point corresponding to D; in |Hy — Ey — ES//|§0,
and parametrizes the curves

2D+ (GL+C) + (G +C") + 3 (G5 + B,

where C' € |H — G;|Q | is the proper transform by Qs — Qg of a member of |H|g_, tangent to Ey at
D; N Ey, and similarly for C”.

(IIT) Let s € {1,...,16}. The intersection £,NYPo C P is isomorphic to the plane | Hy — Es| g, blown—
up at the 51 points corresponding to the intersection of at least two lines among the fifteen |Hy— Es— Ey/|,
s’ # s. Each point of the non—exceptional locus of this surface corresponds to a curve C + E, C X, with
Ce |H0 — ES|§0.

Let s’ € {1,...,16} — {s}. The intersection £, N £,y C P"” is an F1, isomorphic to the blow—up at &
of the plane in £, projectivization of the kernel of the restriction of f, to H’(Og_ (H)) & H*(Og (Ho —
E,— Es/)). It has the structure of a P'~bundle over |Hy — E5 — E¢|, and its points correspond to curves
C + Ey + C, + rational tails, with Cy € |H|Q matching with C € |Hy — Es — Ey| along Eg; note that
the points on the exceptional section correspond to the curves C'+ Fy + E4 4 rational tails.

Let s € {1,...,16} — {s, s'}, and assume the plane (p’, p”, p""’) is outside the 164 configuration. Then
£sNLessn C P is a PLx P, the two factors of which are respectively isomorphic to the projectivization
of the kernel of the restriction of §, to H° (OQ (H)) ® H° (Ogo (Hy — Es — Ey — Ey»)), and to the line

s

(Tgr, T} In Lsgr g (with the notations of Step (Ib)). It therefore parametrizes the curves
Csgrs + Eg + Egn + C + rational tails,

where C € |H|Q matches Csy 4 along Es.

Let j € {1,...,16} be such that W; intersects Qs, and set Q]l = Q,. Then £,N&7 C P" isa P! x P!,
the two factors of which are respectively isomorphic to the pencil of pull-backs to Q, of members of
|H|QS tangent to E at the point D; N E;, and to the subpencil 2D; 4+ 2G} + G3 4 --- + G% + |Flw, of
£, It parametrizes curves

2D, + (G +0) + Y (G +E5),

where C € |H — G}|QS is the proper transform of a curve on @), tangent to Es at D; N E,.
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It follows from the above analysis that the points of Py’ all correspond in a canonical way to curves
on Xp, which implies our assertion by Lemma 2.6. a

7.3 — The linear system £’

In this section, we study the rational map ¢; (or simply ¢) determined by the linear system £/ =
|Ow, (2H) ® Iz,| on Wj, for 1 < j < 16.

Let u; : W; — W; be the blow—up at the twelve points in the support of Z;. For 1 < s < 6, we denote
by G; the strict transform of the ruling G3, and by I ]‘?', I J‘?” the two exceptional curves of u; meeting G‘j
Then the pull-back via u; induces a natural isomorphism

6
|Ow, (2H) ® Tz, | = |0, 2H = > (13 + ;")
s=1

we denote by £/ the right hand side linear system.

Proposition 7.4 The linear system £ determines a 2 : 1 morphism
p: Wj - X C Ps,

where X is a quadric cone. The divisor bj =D, + Fjl 4+ -+ Ff s contracted by @ to the vertex of .
The branch curve B of ¢ is irreducible, cut out on 3 by a quartic surface; it is rational, with an ordinary
siz—fold point at the vertex of X.

Before the proof, let us point out the following corollary, which we will later need.

Corollary 7.5 The Severi variety of irreducible d—nodal curves in ‘OWJ, (2H) ®IZJ,’ is isomorphic to the
subvariety of P? parametrizing §-tangent planes to B, for 6 =1,...,3. They have degree 14, 60, and 80,
respectively.

For the proof of Proposition 7.4 we need two preliminary lemmas.
Lemma 7.6 The linear system |Ow,(2H) ® Zz,| C |2Hw,| has dimension 3.
Proof. The 0-cycle Z; is cut out on G]l 4+ G? by a general curve in |2H|. Let then
6
o € @PH(G}, Og: (2H)) = HO(P', Op: (2))®
s=1

be a non-sero section vanishing at Z;. Then H°(W;, Ow, (2H) ® Iz,) = r~'({o)) where
6
H° (W}, Ow, (2H)) - @ H’(G;, Oc: (2H)) = H*(P', Op:1(2))®°
s=1

is the restriction map. The assertion now follows from the restriction exact sequence, since

W (W;, 0w, (2H) ® I,) = 1+ h%(W;, Ow, (2H — 6F)) = 4.

Lemma 7.7 The rational map ¢; has degree 2 onto its image, and its restriction to any line of the ruling
|Fw,| but the siz G5, 1 <5< 6, has degree 2 as well.
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Proof. Let z € W; be a general point and let F, be the line of the ruling containing x. One can
find a divisor D € |Ow, (2H) ® Zz,| containing = but not containing F,. Let 2 + 2’ be the length two
scheme cut out by D on F,. By an argument similar to the one in the proof of Lemma 7.6, one has
dim(|(9wj (2H)®Zz;, ® Lot |) = 2. This shows that x and 2’ are mapped to the same point by ¢. Then,
considering the sublinear system

2D;+ G+ + G+ F, +®, ® < |Ow,(F),

of £7, with fixed divisor 2D; 4+ G} + - - + G + Fi, the assertion follows from the base point freeness of
|Ow, (F)]. ]

Proof of Proposition 7.4. First we prove that £/ has no fixed components, hence that the same holds
for £7. Suppose ® is such a fixed component. By Lemma 7.7, ®- F' = 0, hence ® should consist of curves
contained in rulings. The argument of the proof of Lemma 7.6 shows that no such a curve may occur in
®, a contradiction.

Let D € £ be a general element. By Lemmas 7.6 and 7.7, D is irreducible and hyperelliptic, since
D - F = 2. Moreover D? = 4 and p,(D) = 3. This implies that D is smooth and that £’ is base point
free. Moreover the image Y of ¢ has degree 2. Since D - Dj =0 and E? = —4, the connected divisor Dj
is contracted to a double point v of ¥, which is therefore a cone.

Since D is mapped 2 : 1 to a general plane section of ¥, which is a conic, we see that deg(B) = 8.
Let @ € |F|w, be general, and / its image via ¢, which is a ruling of ¥. The restriction ¢[g : & — ¢
is a degree 2 morphism, which is ramified at the intersection point of ® with D;. This implies that ¢
meets B at one single point off the vertex v of ¥. Hence B has a unique irreducible component By which
meets the general ruling ¢ in one point off v. We claim that B = By. If not, B — By consists of rulings
l1, ..., Ly, corresponding to rulings Fi, ..., F,, clearly all different from the G, with 1 < s < 6. Then
the restrictions ¢ r, o Fi = {; would be isomorphisms, for 1 < ¢ < n, which is clearly impossible. Hence
B is irreducible, rational, sits in |Ox(4)|. Finally, taking a plane section of ¥ consisting of two general
rulings, we see that it has only two intersection points with B off v. Hence B has a point of multipilicity
6 at v and the assertion follows. a

Remark 7.8 Each of the curves Gj + IJ‘?' + I]‘?" € |F|v’vj7 for 1 < s < 6, is mapped by ¢ to a ruling #
of ¥, and this ruling has no intersection point with B off v. This implies that v is an ordinary 6—tuple
point for B and that the tangent cone to B at v consists of the rulings ¢1,...,{s of .

Remark 7.9 Let S’ — A be the image of X — A via the map defined by the linear system |£(—2W; —
D os Q§)| One has S; = Sj2 for t # 0, and the new central fibre S} is a double quadratic cone ¥ in P3.

7.4 — The limit Severi varieties

In this section we describe the regular components of the limit Severi varieties %1,5()_( ) for 1 <6 < 3.
The discussion here parallels the one in §4.8, therefore we will be sketchy, leaving to the reader most of
the straightforward verifications, based on the description of the limit linear system in §7.2.

Proposition 7.10 (Limits of 1-nodal curves) The regular components of the limit Severi variety
V11(X) are the following (they all appear with multiplicity 1, but the ones in (iii) which appear with
multiplicity 2): 5 §

(i) V(5§0 = 1), which is isomorphic to the Kummer quartic surface So C |Os,(1)] = P3;

ii) V(Qs,5QS = 1), which is isomorphic to the smooth quadric Qg C |0g.(1)] = P3, for 1 < s < 16;

iit) V(Qs, Tm, 2 = 1), which is isomorphic to a quadric cone in |Og,(1)|, for 1 < s < 16;

iv) V(QS/ + Q5,05 , = 1), which is isomorphic to Qg C |Og.(1)] = P3, for 1 <s' < s’ <16;

V) V(Qs/ +Qy + Qsm,(sé = 1), for 1< ¢,s",s" < 16 such that Qy,Qgr, Qg are pairwise distinct
and do not meet a common Wj: it is again isomorphic to Qs C |Og. (1)] = P3;

(vi) V(2W; + Q]l + -+ Q?,(Swj = 1), which is isomorphic to the degree 14 surface B c |0p(1)] = P?,
for 1 <5< 16.

(
(
(
(
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Corollary 7.11 (Theorem C for § = 1) The family f : S — A of general quartic surfaces degenerat-
ing to a Kummer surface Sy we started with, with smooth total space S, and endowed with the line bundle
Os(1), is 1-well behaved, with good model w : X — A. The limit in |Os,(1)| of the dual surfaces S,
t € A*, consists in the union of the dual Sy of So (which is again a Kummer surface), plus the 16 planes
of the 16¢ configuration of Sy, each counted with multiplicity 2.

Proof. The push—forward by the morphism By’ — PBo = |Og,(1)| of the regular components of U 5
with their respective multiplicities in DUAT Sp in case (i), 2 - P, in case (ii), and 0 otherwise. The
push-forward of 27" (X) has thus total degree 36, and is therefore the crude limit Severi variety 0", (S)
by Proposition 3.1. a

Remark 7.12 (a) Similar arguments show that @ : X — A is a 1-good model for the degenerations
of general quartic surfaces obtained from X — A via the line bundles £(—2W; — Q]l — = Q?) and

L(—Qs) respectively (see Remarks 7.9 and 7.2 for a description of these degenerations).

To see this in the former case, let us consider two general points on a given W;, and enumerate the
regular members of 2, ; that contain them. There are 2 curves in (i) (indeed, the two points on W;
project to two general points on D; 2 T'; C Sy C P2, which span a line £ C P?; the limiting curves in Sy
passing through the two original points on W; correspond to the intersection points of ¢ with Sp; now ¢
meets Sy with multiplicity 2 at the double point which is the image of I'; via the Gauss map, and only
the two remaining intersection points are relevant). There are in addition 2 limiting curves in each of
the 10 components of type (ii) corresponding to the Q,’s that do not meet W;, and 14 in the relevant
component of type (vi).

In this case, the crude limit Severi variety therefore consists, in the notation of Remark 7.9, of the
degree 14 surface B, plus the plane ¥ with multiplicity 22 (this has degree 36 as required).

For the degeneration given by E(—Qs), the crude limit Severi variety consists, in the notation of
Remark 7.2, of the dual to the smooth quadric @, plus the dual to the conic I" with multiplicity 2, plus
the fifteen planes p with multiplicity 2, where p ranges among the fifteen marked points on the double
plane II.

(b) One can see that @ : X — A is not a 1-good model for the degeneration to a union of two double
planes obtained via the line bundle £(—Q, — Q) described in Remark 7.1. In addition (see Step (Ia))
the line bundles £(— Qs — Qg — Qsm) though corresponding to 3—dimensional components of the limit
linear system, do not provide suitable degenerations of surfaces. Despite all this, it seems plausible that
one can obtain a good model by making further modifications of X — A. The first thing to do would be
to blow—up the curves Cyr g gm.

Proposition 7.13 (Limits of 2-nodal curves) The regular components of the limit Severi variety
01 2(X) are the following (they all appear with multiplicity 1, except the ones in (ii) appearing with
multiplicity 2):

(i) V(QS/JrQSu, 5@5/ = Q = 1) for s’ £ s", proper transform of the intersection of two smooth quadrics
in Lergrr; }

(i) V(Qs + Qs 05, = 1,7E,,2 = 1) for s' # s, proper transform of the intersection of a smooth
quadric and a quadric cone in Ly g

(iii) V(Qs/ +Qyr + QS/H’(SQS/ = 5@5” = 1) for 1< s, 8", 8" <16 such that Qy, Qg , Qyn are pairwise
distinct and do not meet a common W;, proper tmnsform of the intersection of two smooth quadrics in
fgs/s”s/” ;

(iv) V(2Wj +C~2}+- : '+Q?, ow, = 2) for each j € {1,...,16}, proper transform of a degree 60 curve in £7.

Proof. Again, one checks that the components listed in the above statement are the only ones provided
by Proposition 2.14, taking the following points into account:

(a) the condition & 3, = 2 is impossible to fulfil, because there is no plane of P? tangent to Sy at exactly
two points (see Proposition 6.1);

(b) the condition 530 = 5@_ =1 is also impossible to fulfil, because there is no plane in P? tangent to Sy
at exactly one point, and passing through one of its double points. Indeeed, let p; be a double point of
So, the dual plane p; is everywhere tangent to Sy along the contact conic Gauss image of Fj;

(c) the condition d5_ = 7k, 2 = 1 imposes to a member of [H|5_ to be the sum of two rulings intersecting
at a point on Eg, and such a curve does not belong to the hmlt Severi variety:
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(d) the condition TE, 2 = TE,, 2 = 1 imposes to contain one of the two curves D; intersecting both E
and E, which violates condition (i) of Definition 2.12. O

Remark 7.14 As in Remark 4.25, we can enumerate the 480 limits of 2-nodal curves passing through
a general point in certain irreducible components of Xo:

(a) for a general point on Sy, we find 4 limit curves in each of the (') = 120 components in (i) of
Proposition 7.13;

(b) for a general point on a given W;, we find 60 limit curves in the appropriate component in (iv), and
4 in each of the (126) — (g) = 105 different components of type (i) such that Q. and Q. do not both

meet W;.
This shows that X — A is a 2-good model for the degenerations of quartics corresponding to the line
bundles £ and L£(—2W; — Q} — = Q?). In particular, it implies Corollary 7.15 below.

Corollary 7.15 (Theorem C for § = 2) Same setting as in Corollary 7.11. The crude limit Severi
variety V§'5(S) consists of the images in |Og,(1)| of the 120 irreducible curves listed in case (a) of
Remark 7.14. Each of them projects 4 : 1 onto a pencil of planes containing two double points of Sy.

Proposition 7.16 (Limits of 3-nodal curves) The family X — A is absolutely 3-good, and the limit
Severi variety U1 3 is reduced, consisting of:

(i) 8 distinct points in each V(—er — Qg — QS””‘SQS/ = 6@5// = 6@5/” = 1), where 1 < s',s", 5" < 16
are such that (ps,ps»,psn) is a plane that does not belong to the 16¢ configuration of So;

(ii) the 80 distinct points in each V(2Wj + Q]l 4+t Q?, ow, = 3), corresponding to the triple points of
the double curve of B C |Op(1)| =2 P? that are also triple points of B.

Proof. There are 240 unordered triples {s’, s”, s’} such that the corresponding double points of Sy do
not lie on a common Dy, so U;5 has degree 3200, which fits with Proposition 3.1. O

Corollary 7.17 (Theorem C for § = 3) Same setting as in Corollary 7.11. The crude limit Severi
variety BVi'5(S) C |Os,(1)| consists of:

(i) the 240 points corresponding to a plane through three nodes of So, but not member of the 16¢ configu-
ration, each counted with multiplicity 8;

(ii) the 16 points corresponding to a member of the 16¢ configuration, each counted with multiplicity 80.

8 — Plane quartics curves through points in special position

In this section we prove the key result needed for the proof of Theorem D, itself given in §4.8. We believe
this result, independently predicted with tropical methods by E. Brugallé and G. Mikhalkin (private
communication), is interesting on its own. Its proof shows once again the usefulness of constructing
(relative) good models.

The general framework is the same as that of §4 and §7, and we are going to be sketchy here.

8.1 — The degeneration and its good model

We start with the trivial family f : S := P? x A — A, together with flatly varying data for t € A of
three independent lines ay, by, ¢; lying in Sy, and of a 0-dimensional scheme Z; of degree 12 cut out on
a; + by + ¢ by a quartic curve I'y in Sy, which is general for t € A*. We denote by Og(1) the pull-back
line bundle of Op2(1) via the projection S — P2.

We blow—up S along the line ¢y. This produces a new family Y — A, the central fibre Y, of which is
the transverse union of a plane P (the proper transform of Sy, which we may identify with P) and of an
F, surface W (the exceptional divisor). The curve E := PNW is the line ¢ in P, and the (—1)- section
in W. The limit on Yy of the three lines ay, b¢, ¢; on the fibre Y; = P2, for t € A*, consists of:

(i) two general lines a,b in P plus the curves a’,b’ € |F|y matching them on E;
(ii) a curve ¢ € |H|w = |F + E|w on W.

We denote by Oy (1) the pull-back of Og(1) and we set £ = Oy (4)® Oy (—W). One has L] = Op2(4)

for t € A*, whereas EE) restrict to Op(3H) and Ow (4F + E) = Ow(4H — 3E) respectively. We may
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Figure 10: Degeneration of base points on a triangle

assume that the quartic curve I'; € |£5| cutting Z; on a; + by + ¢; for t € A* tends, for ¢t — 0, to a general
curve Ty € |£4|. Then Iy = I'p + Ty, where I'p is a general cubic in P and T'q € |[4H — 3E|yw, with T'p
and I'yy matching along E. Accordigly Zo = Zp + Zw, where Zp has length 6 consisting of 3 points on
a and 3 on b, and Zw counsists of 1 point on both a’ and V', and 4 points on ¢ (see Figure 10).

Next we consider the blow—up ¢ : X — Y along the curve Z in Y described by Z;, for t € A, and
thus obtain a new family 7 : X — A, where each X; is the blow—up of Y; along Z;. We call Ez the
exceptional divisor of e. The fibre of €[5 : Ez — A at t € A consists of the twelve (—1)-curves of the
blow—up of Y; at Z;. The central fibre X is the transverse union of Pand W, respectively the blow—ups
of P and W along Zp and Zy; we denote by Ep and Eyy the corresponding exceptional divisors.

We let £ :=*L8® Ox(—Ez). Recall from §4.4 that the fibre of P(m, (L)) over t € A* has dimension
3. We will see that X — A, endowed with £, is well behaved and we will describe the crude limit Severi
variety U§" for 1 < ¢ < 3. This analysis will prove Theorem D.

Remark 8.1 We shall need a detailed description of the linear system |Lo|. The vector space H° (X, Lo)
is the subspace of H*(W,Oy,(4H — 3E — Ew)) x HY(P,Op(3H — Ep)) which is the fibred product
corresponding to the Cartesian diagram

HO(X,, L) HY(P,045(3H — Ep)) (8.1)

¢ -

HO(W, Oy, (4H — 3E — Eyw)) —— HY(E, L|5) = H(P', Op:1(3))

where rp,ry are restriction maps. The map ry is injective, whereas rp has a 1-dimensional kernel
generated by a section s vanishing on the proper transforms of a + b + ¢. Since h®(Xo, Ly) > 4 by
semicontinuity, one has Im(rp) = Im(rw ), and therefore HO(Xy, £o) = HO(P, O5(3H — Ep)) has also
dimension 4. Geometrically, for a general curve Cp € |3H — Ep|, there is a unique curve Cy € |[4H —
3E — Ew| matching it along E and Cp + Cw € |Lo|. On the other hand (0,s) € H%(Xy, Lo) is the
only non—trivial section (up to a constant) identically vanishing on a component of the central fibre
(namely W), and H(Xo, £o)/(s) = HO(W, Oy, (4H — 3E — Eyw)). Therefore, if we denote by D the point
corresponding to (0,s) in |Lol, a line through D parametrizes the pencil consisting of a fixed divisor in
|4H — 3E — Eyw| on W plus all divisors in |[3H — Ep| matching it on E.
We will denote by R the g3 on E given by |Im(rp)| = [Im(rw)|.

To get a good model, we first blow—up the proper transform of a in P, and then we blow—up the
proper transform of b on the strict transform of P. We thus obtain a new family @ : X — A. The
general fibre X;, t € A*, is isomorphic to X;. The central fibre X, has four components (see Figure 11):
(i) the proper transform of P, which is isomorphic to P;

(ii) the proper transform W of W, which is isomorphic to the blow—up of W at the two points aNE, bNE,
with exceptional divisors F, and FEj;

(iii) the exceptional divisor W}, of the last blow—up, which is isomorphic to F;

(iv) the proper transform W, of the exceptional divisor over a, which is the blow—up of an Fy—surface,
at the point corresponding to a N'b (which is a general point of Fy) with exceptional divisor Egp.

As usual, we go on calling £ the pull-back to X of the line bundle £ on X.
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Figure 11: Good model for plane quartics through twelve points

8.2 — The limit linear system

We shall now describe the limit linear system £ associated to £. As usual, we start with 8 := P(w. (L)),
and we consider the blow—up P’ — P at the point D € Py = |Ly]. The central fibre of P’ — A is, as we
will see, the limit linear system £. It consists of only two components: the proper transform £, of | L]
and the exceptional divisor £, 22 P3. Let us describe these two components in terms of twisted linear
systems on the central fibre.

Since the map ry in (8.1) is injective, it is clear that £o = |Lo(=W — W, — W})|. The line bundle
Lo(—W —W,—W,) is trivial on P and restricts to Oy, (4H —2E—3E, —3E,—Ew ), Ow, (H—Eu), Ow, (H)
on W, W,, W, respectively. Once chosen Cy € ‘OW(ALH — 2F — 3E, — 3E, — Ew)|, there is only one
possible choice of two curves C, and Cj in ‘OWa (H — Eab)’ and ‘OWb (H )‘ respectively, that match with
Cw along E,, E} respectively. They automatically match along Fqy.

In conclusion, by mapping W to P? (via |H|y, ), we have:

Proposition 8.2 The component Lo = |Lo(=W — W, — W,)| of By is isomorphic to a 3-dimensional
linear system of plane quartics with an imposed double point x, prescribed tangent lines t1,t2 at x, and
six further base points, two of which general on t1,ty and the remaining four on a general line.

To identify £; as the blow—up of |£y| at D, we take into account Lemma 2.7, which tells us that the
exceptional divisor & C £ identifies with PR. Since € = £ N £5, the linear system € identifies with a
sublinear system of codimension 1 in £, namely that of curves

a+b+E+C, Cel|[4H—3E—-3E,—3E,— Ew|,,

(in the setting of Proposition 8.2, C' corresponds to a quartic plane curve with a triple point at x passing
through the six simple base points).

It follows from this analysis that £ is the limit as ¢ — 0 of the linear systems |L;|, t € A*, in the sense
of §2.2.

8.3 — The limit Severi varieties

We will use the notion of n—degree introduced in Definition 2.21. However we will restrict our attention
to the case in which we fix 1 or 2 points only on P. Hence, if we agree to set P = (1, then we call
P—degree of a component V' of s its n—degree with n = (3 — 4,0, 0,0); we denote it by degp(V).

Proposition 8.3 (Limits of 1-nodal curves) The regular components of the limit Severi wvariety
0,(X, L) are the following, all appearing with multiplicity 1, except (iii), which has multiplicity 2:

(i) V(0p = 1), with P-degree 9;

(ii) V(0w = 1), with P—degree 4;

(i) V(rg2 = 1), with P-degree 4;

(iv) V(W + W, + Wy, 6y = 1), with P—degree 0.
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Proof. The list is an application of Proposition 2.14. The only things to prove are the degree assertions.
Since £ is trivial on P, case (iv) is trivial. Case (i) follows from Proposition 3.2, because the P-degree
of V(65 = 1) is the degree 9 of the dual surface of the image Xp of P via the hnear system |3H — Ep|,
which is a cubic surface with an As double point (see Proposition 3.2).

As for (ii), note that nodal curves in [4H — 3E — Ey/| on W consist of a ruling in |F| plus a curve C
in [4H — F — 3E — Ew|. If F does not intersect one of the 4 exceptional curves in Ey meeting co, then
C = ¢y +d +V and the matching curve on P contains the proper transform of ¢ and b, which is not
allowed. So F' has to contain one of the 4 exceptional curves in Ey meeting cg. This gives rise to four
pencils of singular curves in |[4H — 3FE — Eyw |, which produce (see Remark 8.1) four 2-dimensional linear
subsystems in |Lg], and this implies the degree assertion.

The degree assertion in (iii) follows from the fact that a g} on E has 4 ramification points. O

Proposition 8.4 (Limits of 2-nodal curves) The regular components of the limit Severi wvariety
Vo(X, L) are the following, all appearing with multiplicity 1, except (iv) and (v), which have multi-
plicity 2, and (vi), which has multiplicity 3:

(i) V(0p =2), with P-degree 9;

(i ) V(6w = 2), with P-degree 6;

(i) V(0p = oy = 1), with P-degree 36;

(iv) V(0p = Tr2 = 1), with P-degree 28;

(V) V(éyr = Tp2 = 1), with P-degree 8;

(vi) V(tps = 1), with P-degree 3;

(vii) V(W + W, + Wy, 0y = 2), with P—degree 0.

Proof. Again, the list is an immediate application of Proposition 2.14, and the only things to prove are
the degree assertions. Once more case (vii) is clear.

In case (i) the degree equals the number of lines on Xp (the cubic surface image of P), that do not
contain the double point; this is 9.

In case (ii), we have to consider the binodal curves in [4H — 3E — Eyw/| not containing E. Such curves
split into a sum ®; + &5 + C, where ®; and P, are the strict transforms of two curves in |F|y. They
are uniquely determined by the choice of two curves in Ey meeting c¢p: these fix the two rulings in |F|
containing them, and there is a unique curve in |[2H — E/| containing the remaining curves in Fy. This
shows that the degree is 6.

Next, the limit curves of type (iii) consist of a nodal cubic in |[3H — Ep|s and a nodal curve in
|[4H — 3E — Ew|yy; a ruling necessarily splits from the latter curve. Again, the splitting rulings F are
the ones containing one of the four curves in Ey meeting ¢p. The curves in |[3H — 2E|y;; containing the
remaining curves in Eyy, fill up a pencil. Let Fy be one of these four rulings. The number of nodal curves
in |[3H — Ep|p passing through the base point Fy N E and through a fixed general point on P equals
the degree of the dual surface of Xp, which is 9. For each such curve, there is a unique curve in the
aforementioned pencil on W matching it. This shows that the degree is 36.

The general limit curve of type (iv) can be identified with the general plane of P3 = [3H — Ep|%
which is tangent to both Xp and the curve Cg (image of E in Xp), at different points. The required
degree is the number of such planes passing through a general point p of Xp. The planes in question are
parametrized in pP3 by a component I'; of Xp N Cg: one needs to remove from Xp N Cy the component,
T'5, the general point of which corresponds to a plane which is tangent to Xp at a general point of Cg.
The latter appears with multiplicity 2 in Xp N Cg by Lemma 3.5. Moreover, Xp and Cr have respective
degrees 9 and 4 by Proposition 3.2. Thus we have

degp(V(6p =Tp2 =1)) =36 — 2deg(T'2).

To compute deg(I'2), take a general point ¢ = (qo : ... : g3) € P3, and let P,(Xp) be the first polar of
Xp with respect to g, i.e. the surface of homogeneous equation
af af
' =0,
qo D0 + -+ QT O3

where f = 0 is the homogeneous equation of Xp. The number of planes containing ¢ and tangent to Xp
at a point of Cg is then equal to the number of points of P,(Xp) N Cg, distinct from the singular point
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v of Xp. A local computation, which can be left to the reader, shows that v appears with multiplicity 2
in P,(Xp)NCg, which shows that deg(I'2) = 4, whence degp (V(éls =Tpo = 1)) = 28.

In case (v), we have to determine the curves in |[4H — 3FE — Eyw| with one node (so that some ruling
splits) that are also tangent to E. As usual, the splitting rulings are the one containing one of the four
curves in Ey meeting c¢g. Inside the residual pencil there are 2 tangent curves at E. This yields the
degree 8 assertion.

Finally, in case (vi), the degree equals the number of flexes of Cr, which is a nodal plane cubic: this
is 3. O

Proposition 8.5 (Limits of 3-nodal curves) The regular components of the limit Severi variety
V3(X, L) are the following 0-dimensional varieties, all appearing with multiplicity 1, except the ones
in (iv) and (v) appearing with multiplicity 2, and (vi) with multiplicity 3:

(i) V(65 = 3), which consists of 6 points;

(i) V(6p = 2,055 = 1), which consists of 36 points;

(ili) V(6p = 1,0y = 2), which consists of 54 points;

(iv) V(0p = 2,72 = 1), which consists of 18 points;

(v) V(6p = 0y = Tp,2 = 1), which consists of 56 points;
(vi) V(0p = Tr,3 = 1), which consists of 18 points;

(vii) V(W + W, + W, 8y, = 3), which consists of 6 points.

In the course of the proof, we will need the following lemma.

Lemma 8.6 Let p,q be general points on E.

(i) The pencil L C |3H — Ep| of curves containing q, and tangent to E at p, contains exactly 7 irreducible
nodal curves not singular at p.

(ii) The pencilm C |3H — Ep| of curves with a contact of order 3 with E at p contains exactly 6 irreducible
nodal curves not singular at p.

Proof. First note that [ and m are indeed pencils by Remark 8.1. Let P, — P be the blow-up at p and g,
with exceptional curves I, and E; above p and ¢ respectively. Let leaq — P, be the blow-up at the point
E N E,, with exceptional divisor E,. Then [ pulls back to the linear system |3H —Ep—E, - E;—2E),
which induces an elliptic fibration P;q — P!, with singular fibres in number of 12 (each counted with its
multiplicity) by Lemma 3.3. Among them are: (i) the proper transform of a + b + E, which has 3 nodes,
hence multiplicity 3 as a singular fibre; (ii) the unique curve of [ containing the (—2)-curve E,, which has
2 nodes along E,, hence multiplicity 2 as a singular fibre. The remaining 7 singular fibres are the ones
we want to count.

The proof of (ii) is similar and can be left to the reader. a

Proof of Proposition 8.5. There is no member of £ with 3 nodes on W, because every such curve
contains one of the curves a’, V', cg.

There is no member of £; with two nodes on W and a tacnode on E either. Indeed, the component on
W of such a curve would be the proper transform of a curve of W consisting of two rulings plus a curve
in |2H — E|, altogether containing Zy . Each of the two lines passes through one of the points of Zy, on
¢p. The curve in |2H — E| must contain the remaining points of Zy,, hence it is uniquely determined and
cannot be tangent to F.

Then the list covers all remaining possible cases, and we only have to prove the assertion about the
cardinality of the various sets.

The limiting curves of type (i) are in one-to-one correspondence with the unordered triples of lines
distinct from @ and b in P, the union of which contains the six points of Zp. There are 6 such triples.

The limiting curves of type (ii) consist of the proper transform Cp in P of the union of a conic and a
line on P containing Zp, plus the union Cyy of the proper transforms in W of a curve in |F| and one in
|3H — 2F)| altogether containing Zy, with Cp and Cyy matching along E. We have 9 possible pencils for
Cp, corresponding to the choice of two points on Zp, one on a and one on b; each such pencil determines
by restriction on E a line [ C R. There are 4 possible pencils for Cyy, corresponding to the choice of
one of the points of Zy on ¢p: there is a unique ruling containing this point, and a pencil of curves in
|3H — 2F| containing the five remaining points in Zy; each such pencil defines a line m C R. For each
of the above choices, the lines [ and m intersect at one point, whence the order 36.
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We know from the proof of Proposition 8.4 that there are six 2-nodal curves in [4H —3E — Ey|. For
each such curve, there is a pencil of matching curves in [3H — Ep|. This pencil contains deg(Xp) = 9
nodal curves, whence the number 54 of limiting curves of type (iii).

The component on P of a limiting curve of type (iv) is the proper transform of the union of a conic
and a line on P, containing Ep. As above, there are 9 possible choices for the line. For each such choice,
there is a pencil of conics containing the 4 points of Zp not on the line. This pencil cuts out a g2 on E,
and therefore contains 2 curves tangent to E. It follows that there are 18 limiting curves of type (iv).

The component on W of a limiting curve of type (v) is the proper transform of a ruling of W plus a
curve in |3H — 2F| tangent to E, altogether passing through Zy,. The line necessarily contains one of
the four points of Zy on ¢g. There is then a pencil of curves in |3H — 2E| containing the five remaining
points of Zy . It cuts out a g3 on E, hence contains 2 curves tangent to E. For any such curve Cy, on
W, there is a pencil of curves on the P-side matching it. By Lemma 8.6, this pencil contains 7 curves,
the union of which with Cy is a limiting curve of type (v). This proves that there are 56 such limiting
curves.

As for (vi), there are 3 members of R that are triple points (see the proof of Proposition 8.4). Each
of them determines a pencil of curves on the P-side, which contains six 1-nodal curves by Lemma 8.6.
This implies that there are 18 limiting curves of type (vi).

Finally we have to count the members of V(W + W, + W, 0y, = 3). They are in one-to-one corre-
spondence with their components on W, which decompose into the proper transform of unions C, U Cy
of two curves C, € |2H — E — 2E, — Ey| and Cy, € |2H — E — E, — 2E}|, altogether containing Zyy .
The curves C,, C, must contain the two base points on ¥’, a’ respectively. We conclude that each limiting
curve of type (vii) corresponds to a partition of the 4 points of Zy on ¢g in two disjoint sets of two points,
and the assertion follows. |

In conclusion, the following is an immediate consequence of Propositions 8.3, 8.4, and 8.5, together
with the formula (2.2).

Corollary 8.7 (preliminary version of Theorem D) Leta,b, ¢ be three independent lines in the pro-
jective plane, and Z be a degree 12 divisor on a + b+ ¢ cut out by a general quartic curve. We consider
the 3—dimensional sub-linear system V of |Op2(4)| parametrizing curves containing Z, and we let, for
1 <6 <3, Vs be the Zariski closure in V' of the codimension § locally closed subset parametrizing irre-
ducible d—nodal curves. One has

deg(V1) = 21, deg(Vs) > 132, and deg(Vs) > 304. (8.2)

Remark 8.8 (a) (Theorem D) The three inequalities in (8.2) above are actually equalities. This is
proved in §4.8, by using both (8.2) and the degrees of the Severi varieties of a general quartic surface,
given by Proposition 3.1.

Incidentally, this proves that @ : X — A is a good model for the family f : § — A obtained by
blowing—up S = P? x A along Z, and endowed with the appropriate subline bundle of Og(1).

(b) In particular, we have U3 = U5™®. It then follows from Remark 2.15 that the relative Severi
variety V3(X, £) is smooth at the points of Us3. This implies that the general fibre of V3(X, £) is reduced.
Therefore, in the setting of Corollary 8.7, if a + b + ¢ and Z are sufficiently general, then V3 consists of
304 distinct points.

9 — Application to the irreducibility of Severi varieties and to the monodromy
action

Set B = |Ops(4)|. We have the universal family p : P — B, such that the fibre of p over S € B is
the linear system |Og(1)|. The variety P is a component of the flag Hilbert scheme, namely the one
parametrizing pairs (C, S), where C is a plane quartic curve in P? and S € B contains C. So P C Bx W,
where W is the component of the Hilbert scheme of curves in P3 whose general point corresponds to a
plane quartic. The map p is the projection to the first factor; we let ¢ be the projection to the second
factor.

Denote by U C B the open subset parametrizing smooth surfaces, and set Py = p~1(U). Inside Py
we have the universal Severi varieties V5, 1 < 0 < 3, such that for all S € U, the fibre of V§ over S is
the Severi variety V5(S,Og(1)). Since S is a K3 surface, we know that for all irreducible components V
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of V5(S,0s(1)), we have dim(V') = 3 — 4, so that all components of V§ have codimension § in P. We
then let Vs be the Zariski closure of V§ in P; we will call it universal Severi variety as well.
The following is immediate (and it is a special case of a more general result, see [11]):

Proposition 9.1 The universal Severi varieties Vs are irreducible for 1 <6 < 3.

Proof. It suffices to consider the projection ¢ : Vs — W, and notice that its image is the irreducible
variety whose general point corresponds to a quartic curve with ¢ nodes (cf. [23, 25]), and that the fibres
are all irreducible of the same dimension 20. a

_ Note that the irreducibility of V; also follows from the fact that for all S € U, we have Vi (5, Os(1)) =
S. To the other extreme, p : V§ — U is a finite cover of degree 3200. We will denote by G4,3 < G3290 the
monodromy group of this covering, which acts transitively because Vs is irreducible.

9.1 — The irreducibility of the family of binodal plane sections of a general quartic surface

In the middle we have p : V5 — U. Though V; is irreducible, we cannot deduce from this that for the
general S € U, the Severi variety V2(S, Og(1)) (i.e., the curve of binodal plane sections of S) is irreducible.
Though commonly accepted as a known fact, we have not been able to find any proof of this in the current
literature. It is the purpose of this paragraph to provide a proof of this fact.

In any event, we have a commutative diagram similar to the one in (5.1)

v
Vo —=Vy

N

!
u —f>U
where v is the normalization of V5, and f op’ is the Stein factorization of pov : V4 — U. The morphism
f:U — U is finite, of degree h equal to the number of irreducible components of V2(S, Og(1)) for general
S € U. The monodromy group of this covering acts transitively. This ensures that, for general S € U,
all irreducible components of V2(S, Og(1)) have the same degree, which we denote by n. By Proposition
5.1, we have n > 36.

Theorem 9.2 If S C P? is a general quartic surface, then the curve Vao(S, Os(1)) is irreducible.

Proof. Let Sy be a general quartic Kummer surface, and f : S — A a family of surfaces induced as in
Example 2.1 by a pencil generated by Sy and a general quartic So,. Given two distinct nodes p and g of
So, we denote by [,, the pencil of plane sections of Sy passing through p and g. Corollary 7.15 asserts that
the union of these lines, each counted with multiplicity 4, is the crude limit Severi variety U§' (S, Os(1)).
Let T'; be an irreducible component of Vi (St, Og, (1)), for t € A*, and let T’y be its (crude) limit as ¢
tends to 0, which consists of a certain number of (quadruple) curves l,,. Note that, by Proposition 7.13,
the pull-back of the lines [, to the good limit constructed in §7 all appear with multiplicity 1 in the
limit Severi variety. This yields that, if [ is an irreducible component of I'g, then it cannot be in the limit
of an irreducible component I'} of V1 (S, Og, (1)) other than T';.
We shall prove successively the following claims, the last one of which proves the theorem:
(i) Ty contains two curves lpq, lpy, wWith ¢ # ¢';
(i) Ty contains two curves l,q, [,e, with ¢ # ¢/, and p, ¢, ¢’ on a contact conic D of Sp;
(i) there is a contact conic D of Sy, such that I'y contains all curves [, with p,q € D;
(iv) property (iii) holds for every contact conic of Sp;
(v) Ty contains all curves .

If Ty does not verify (i), then it contains at most 8 curves of type l,q, a contradiction to n > 36. To
prove (ii), we consider two curves [, and [, contained in I'g, and assume that p,q, ¢’ do not lie on a
contact conic, otherwise there is nothing to prove. Consider a degeneration of Sy to a product Kummer
surface S, and let p, q,q’ be the limits on S of p, g, ¢’ respectively: they are necessarily in one of the three
configurations depicted in Figure 12. In all three cases, we can exchange two horizontal lines in S (as
indicated in Figure 12), thus moving q’ to q”, in such a way that p and q remain fixed, and there is a
limit in S of contact conics that contains the three points p, q’, and q”. Accordingly, there is an element
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(a) 4 (b7) g } (b”) L }

Figure 12: How to obtain three double points on a double conic

v € Gi6,6 mapping p,q,q’ to p,q,q" respectively, such that p,q’, ¢" lie on a contact conic D of Sy. Then
~v(To) contains y(lpg) = lpq. By the remark preceding the statement of (i)—(v), we have y(I'g) = T'g. It
follows that T'g contains I,y and l,,/, and therefore satisfies (ii).

Claim (iii) follows from (ii) and the fact that the monodromy acts as Sg on the set of nodes lying
on D (see Lemma 6.2). As for (iv), let D’ be any other contact conic of Sp. There exists v € Gig
interchanging D and D’ (again by Lemma 6.2). The action of v preserves D N D' = {x,y}. We know
that I'y contains [y, + I, with ¢’ € D different from y. Then the same argument as above yields that
Iy contains ()~ (), where y(z) € {z,y} and y(y') € D" — {z,y}. This implies that I'y satisfies (ii) for
D’ and therefore (iii) holds for D’. Finally (iv) implies (v). a

It is natural to conjecture that Theorem 9.2 is a particular case of the following general statement:

Conjecture 9.3 Let S C P3 be a general surface of degree d > 4. Then the following curves are irre-
ducible:

(i) Va(S,O0s(1)), the curve of binodal plane sections of S;

(i) Vi.(S,0s(1)), the curve of cuspidal plane sections of S.

We hope to come back to this in a future work.

9.2 — Some noteworthy subgroups of G4 3 < G3200

In this section we use the degenerations we studied in §§4 and 7 to give some information on the mon-
odromy group G4 3 of p: Vg — U. We will use the following:

Remark 9.4 Let f: X — Y be a dominant, generically finite morphism of degree n between projective
irreducible varieties, with monodromy group G < &,,. Let V C Y be an irreducible codimension 1
subvariety, the generic point of which is a smooth point of Y. Then fy := f|f*1(V) D fUV) = Vs
still generically finite, with monodromy group Gy . If V' is not contained in the branch locus of f, then
Gy < (.

Suppose to the contrary that V' is contained in a component of the branch locus of f. Then Gy < &,,,,,
with ny := deg fy < n, and Gy is no longer a subgroup of G. We can however consider the local
monodromy group G'2¢ of f around V, i.e. the subgroup of G < &,, generated by permutations associated
to non—trivial loops turning around V. Precisely: let Uy be a tubular neighbourhood of V' in Y’; then
Gl‘ﬁ’c is the image in G of the subgroup m (UV — V) of m (Y = V).

There is an epimorphism Gl‘ﬁ’c — Gy, obtained by deforming loops in Uy — V' to loops in V. We let
H%}’C be the kernel of this epimorphism, so that one has the exact sequence of groups

1— HY — G — Gy — 1. (9.1)
We first apply this to the degeneration studied in §4. To this end, we consider the 12-dimensional
subvariety 7 of B which is the Zariski closure of the set of fourtuples of distinct planes. Let f : Bietra — B

be the blow—up of B along T, with exceptional divisor 7. The proof of the following lemma (similar to
Lemma 2.7) can be left to the reader:

Lemma 9.5 Let X be a general point of T. Then the fibre of f over X can be identified with |Ox(4)],
where A = Sing(X).
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Thus, for general X € T, a general point of the fibre of f over X can be identified with a pair (X, D),
with D € |Oa(4)| general, where A = Sing(X). Consider a family f : S — A of surfaces in P?, induced
as in Example 2.1 by a pencil [ generated by X and a general quartic; then the singular locus of S is a
member of |0 (4)|, which corresponds to the tangent direction normal to 7 defined by [ in B.

Now the universal family p : P — B can be pulled back to p : P — Bietra, and the analysis of §4 tells
us that we have a generically finite map p : V3 — Bietra, which restricts to p: Vg — U over U, and such
that 7 is in the branch locus of § p. We let Gietra be the monodromy group of p : Vs — Bietra on T, and
Gloc ., resp. HI%C., be as in (9.1).

Proposition 9.6 Consider a general (X, D) € B:. One has:

(a) Grotra = H;l:l G, where:

(i) G1 = G124 is the monodromy group of planes containing three points in D, but no edge of X;

(ii) G = &4 x B3 x (64)? is the monodromy group of planes containing a vertexr of X and two points in
D, but no edge of X;

(m) G3s = Gg x Gy is the monodromy group of planes containing an edge of X, and a point in D on the
opposite edge of X ;

(iv) G4 = Gy is the monodromy group of faces of X;

(b) HISC., = &3 x G x H, where G < &1 is the monodromy group of bitangent lines to 1-nodal plane
quartics as in Proposition 4.14, and H < G394 is the monodromy group of irreducible trinodal curves
in the linear system of quartic curves with 12 base points at a general diwvisor of |Ogyptc(4)|, with a,b,c
three lines not in a pencil (see §8).

Proof. The proof follows from Corollary 4.29. Recall that a group G < G, is equal to &, if and only
if it contains a transposition and it is doubly transitive. Using this, it is easy to verify the assertions in
(ai)—(aiv) (see [22, p.698]). As for (b), the factor &3 comes from the fact that the monodromy acts as the
full symmetric group on a general line section of the irreducible cubic surface T as in Proposition 4.16.
O

Analogous considerations can be made for the degeneration studied in §7. In that case, we consider
the 18-dimensional subvariety K of B which is the Zariski closure of the set K° of Kummer surfaces. Let
g : Bxum — B be the blow—up along K, with exceptional divisor K. In this case we have:

Lemma 9.7 Let X € K be a general point, with singular locus N. Then the fibre of g over X can be
identified with |Oy(4)] = P15,

The universal family p : P — B can be pulled back to p : P — Bkum. The analysis of §7 tells us that
we have a map p : Vg — BKum, generlcally finite over IC which is in the branch locus of p. We let Gxum
be the monodromy group of § on K, and set G12¢,  and H%E’Sm as in (9.1).

Proposition 9.8 One has:

(a) Gkum = Gie6 X G', where G' is the monodromy group of unordered triples of distinct nodes of a
general Kummer surface which do not lie on a contact conic (see §6.2 for the definition of Gie,6);

(b) HigC = &g x G”, where G" is the monodromy group of the tritangent planes to a rational curve B

Kum —
of degree 8 as in the statement of Proposition 7.4.

Proof. Part (a) follows right away from Proposition 7.16. Part (b) also follows, since the monodromy on
complete intersections of three general quadrics in P3 (which gives the multiplicity 8 in (i) of Proposition
7.16) is clearly the full symmetric group. m]

Concerning the group G’ appearing in Proposition 9.8, (a), remember that it acts with at most two
orbits on the set of of unordered triples of distinct of nodes of a general Kummer surface which do not
lie on a contact conic (see Proposition 6.6, (ii)).
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