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ABSTRACT. We prove that infinitely many irreducible components of the moduli space
of polarized Enriques surfaces are unirational (resp. uniruled), characterizing them in
terms of decompositions of the polarization as an effective sum of isotropic classes. In
particular, this applies to components of arbitrarily large genus g and ¢-invariant of
the polarization.

1. INTRODUCTION

Let £ denote the smooth 10-dimensional moduli space parametrizing smooth Enriques
surfaces over C. A polarized (resp. numerically polarized) Enriques surface is a pair made
of an Enriques surface together with an ample linear (resp. numerical) equivalence class
on it. For integers g > 1 and ¢ > 0, let & 4 (resp., éA’g@) denote the moduli space of
polarized (resp. numerically polarized) Enriques surfaces (S, H) (resp. (S,[H])) such
that H? = 2g — 2 and ¢(H) = ¢, where

(1) G(H) :=min {E-H | E*=0,E > 0}.

Thus g is the arithmetic genus of all curves in the linear system |H|. There is an étale
double cover p: £y — gg@ mapping the two pairs (S, H) and (S, H + Kg) to (S, [H]).
We refer to §2 for more details.

The space & is irreducible and rational, as has been shown by Kondo [13], and the
forgetful maps &, 4 — & are étale. Nevertheless the spaces &, 4 and ég,qg are in general
reducible, and it is an open problem to determine their Kodaira dimensions (cf. [8]).

It is known that & 5 is irreducible and rational (cf. [3]), that &4 2 is irreducible and ra-
tional (this is the classical case of Enriques sextics, cf. [8, §3]) and that & 3 is irreducible
and unirational (cf. [16]), and it has been conjectured that the moduli spaces of polar-
ized Enriques surfaces are all unirational (or at least, of negative Kodaira dimension),
see [8, §4]. This was disproved by Gritsenko and Hulek in the recent paper [9], where
the existence of infinitely many irreducible components of general type of the moduli
space of numerically polarized Enriques surfaces is established. On the other hand, they
show that all components of gg@ have negative Kodaira dimension for g < 17.

In the present paper we improve these results. Our interest lies in the moduli spaces
of polarized Enriques surfaces &, 4: We give a description of their irreducible components
in terms of decompositions of the polarization as an effective sum of isotropic classes and
prove their unirationality (resp. uniruledness) in infinitely many cases (for arbitrarily
large g and ¢).
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To explain our results, we introduce some notions. Any effective line bundle H with
H? > 0 on an Enriques surface may be written as (cf. Corollary 4.6 below)

(2) H=aFEi+---+a,FE,

—

(where =" denotes numerical equivalence), such that all E; are effective, non—zero,
isotropic (i.e., E? = 0) and primitive (i.e., indivisible in Num(S)), all a; are positive
integers, n < 10 and

either n # 9, E; - E; = 1 for all i # j,
(3) orn # 10, By - E; =2 and E; - Ej = 1 for all other indices i # 7,
or By -Fy=FE;-FE3=2and E; - E; =1 for all other indices i # j,

up to reordering indices. We call this a simple isotropic decomposition, cf. Definition 4.1.
An expression H ~ a1 F1+- -+ a,E, +cKg (where '~’ denotes linear equivalence) with
e € {0, 1} satisfying the same conditions is also called a simple isotropic decomposition.
We say that two polarized (respectively, numerically polarized) Enriques surfaces
(S,H) and (S',H') in &, 4 (resp., (S,[H]) and (S,[H']) in gg@) admit the same simple
decomposition type (cf. Definition 4.13) if one has simple isotropic decompositions

(4) H~a1E1+--+a,Ey+eKg and H ~ a1 E|+---+a,El,+eKg, with €€ {0,1}

(resp. H=aEy +--+apE, and H = a1 E| + -+ a,E))

such that E; - E; = E;- E} for all i # j. We call n the length of the decomposition (type).

If, possibly after reordering indices, there exists r < n such that a; = --- = a, and
E;-Ej=1foralll <i<rand1l<j<n,i#}j, then we say that (S,H) and (S, H')
admit the same simple r-symmetric decomposition type.

We note that in (4) the case € = 1 is only needed when all a;’s are even, otherwise one
may substitute any F; having odd coefficient with E; + Kg. Also note that a given line
bundle may admit decompositions of different types, cf. Remark 4.14, but nevertheless
the property of admitting the same decomposition type is an equivalence relation on
Eg.6 (and ég,¢)a cf. Proposition 4.15.

The main result of this paper is the identification of many unirational (resp. uniruled)
irreducible components of &, 4. These are components of £, 4 parametrizing precisely
those pairs (S, H) with H admitting the same simple decomposition type.

Theorem 1.1. The locus of pairs (S, H) € £y.4 admitting the same simple decomposition
type of length n < 4 is an irreducible, unirational component of £, 4.

The locus of pairs (S,H) € &, 4 admitting the same simple decomposition type of
length 5 is an irreducible component of £y 4, which is unirational if all E; - E; = 1 for
all i # j, and uniruled otherwise.

Theorem 1.2. The locus of pairs (S, H) € £, 4 admitting the same simple 7-symmetric
(respectively, 6-symmetric) decomposition type is an irreducible, unirational (resp., unir-
uled) component of £, 4.

We stress that there are line bundles satisfying the assumptions of these statements
with arbitrarily large g and ¢. Moreover, there are decomposition types of all possible
lengths 1 < n < 10 to which these results apply. For small values of g or ¢ they actually
provide all irreducible components of &, 4, as stated in the following corollaries:
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Corollary 1.3. When ¢ < 4 the different irreducible components of £, 4 are precisely
the loci parametrizing pairs (S, H) admitting the same simple decomposition type and
they are all unirational.

Corollary 1.4. When g < 20 the different irreducible components of £, 4 are pre-
cisely the loci parametrizing pairs (S, H) admitting the same simple decomposition type.
Moreover, they are all unirational, except possibly 165 and E175, which are in any event
irreducible and uniruled.

As a further example, our results can also be used to describe the irreducible compo-
nents of &, 4 for the highest values of ¢ with respect to g, cf. Corollary 5.8.

We note that the proofs of our results do not rely on the construction of c‘?g@ in [9].

By the above results the (equivalence class of) simple decomposition type seems to be
the correct invariant to distinguish all the irreducible components of the moduli space
of polarized Enriques surfaces. This is indeed true for numerical polarizations: we prove
in Proposition 4.16 that the various irreducible components of SAg,(;g are precisely the loci
of pairs admitting the same simple decomposition type. We do not know if the same
holds for linear polarizations in full generality, cf. Question 4.17".

As another application we answer [9, Question 4.2] about the irreducibility of the
preimage by p: &, 4 — ég,qﬁ of a component of gg@ under the assumptions of Theorems
1.1 and 1.2:

Corollary 1.5. Let C C &;4 be an irreducible component parametrizing classes ad-
mitting the same simple decomposition type of length < 5 or being 6-symmetric. Then
p~1(p(C)) is reducible if and only if C parametrizes pairs (S, H) such that H is 2-divisible
in Num(S).

Note that a class is 2-divisible in Num(S) if and only if all coefficients in any simple
isotropic decomposition are even, cf. Lemma, 4.8.

It is an interesting question whether this last corollary holds in general, that is,
without any assumption on the decomposition types?.

An interesting feature of our approach via simple isotropic decompositions is that
it enables one to write down efficiently the complete list of all possible decompositions
within a given numerical range. (Note that the datum of such a decomposition prescribes
of course the genus, but also the ¢-invariant, cf. Remark 4.12). As an illustration of our
methods we catalogue all the irreducible components of all the moduli spaces (E:\g’(z, with
g < 30 in an appendix; for almost all of them we are able to determine the number of
corresponding irreducible components of &£, 4, as well as unirationality or uniruledness.
We do not make use of this list in the present paper, but this information is needed
in our paper [4] on moduli of curves on Enriques surfaces. Moreover, the approach to
moduli spaces of polarized Enriques surfaces via simple isotropic decompositions also
plays a central role in our subsequent work [5] on Severi varieties on Enriques surfaces.

Our proofs of Theorems 1.1 and 1.2 are based on the fact that a general Enriques
surface has a model in P? as an Enriques sextic, i.e., a sextic surface singular along
the six edges of a tetrahedron; such a model corresponds to the datum of an isotropic

IThis question has subsequently been answered positively in [10, Thm. 1.1].

2This has subsequently been proved in [10, Thm. 4.2], i.e., Corollary 1.5 is valid in full generality,
without any assumptions on the decomposition types. The proof of [10, Thm. 4.2] is different from our
proof of Corollary 1.5, but still relies on our results on simple isotropic decompositions in §4.



4 C. CILIBERTO, T. DEDIEU, C. GALATI, AND A. L. KNUTSEN

sequence (Eq, Ep, E3) with E; - Ej =1 for i # j, the E;’s corresponding to three edges
of some face of the tetrahedron. The idea is then to exhibit various irreducible and
rational (resp. uniruled) families F of elliptic curves in P3 with prescribed intersection
numbers with the edges of some fixed tetrahedron, such that a general Enriques sextic
singular along this particular tetrahedron contains a member of F. One thus gets
incidence varieties that are irreducible and rational (resp. uniruled) and dominate the
corresponding components of the moduli space of polarized Enriques surfaces. This
whole construction, which is very geometric in nature, is done in §5, where the proofs
of our theorems and corollaries stated in this introduction are given; in particular,
Theorems 1.1 and 1.2 are consequences of Propositions 5.5 and 5.6. Before this, in §4,
we prove the existence of simple isotropic decompositions together with related technical
results needed in §5.
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2. BACKGROUND RESULTS ON MODULI SPACES

Let &, €54 and é\g,(b be as in the introduction. The moduli space £ is an open subset
of a 10-dimensional orthogonal modular variety, cf. [2, VIII §19-21]. The moduli spaces
&, of polarized Enriques surfaces exist as quasi-projective varieties by [15, Thm. 1.13].

We have the forgetful map

(5) Eg.p — &,

whose differential at a point (S, H) is the linear map

(6) H'(S, £q) — H'(8,Ts)

coming from the Atiyah extension of H
0—0s —Eyg — Ts — 0,

by [14, Prop. 3.3.12]. Since h'(Og) = h?(Og) = 0, the map (6) is an isomorphism,
hence &, 4 is smooth and the map (5) is an étale cover.

The moduli spaces 597(75 exist by [9]. More precisely, fixing an orbit h of the action of
the orthogonal group in the Enriques lattice U & Eg(—1), in [9] the authors construct
(irreducible) moduli spaces Mg, ; parametrizing isomorphism classes of numerically
polarized Enriques surfaces (5, [H]) with [H] in the orbit h C U & Eg(—1) ~ Num(S)
(see 2, Lemma VIIL.15.1]). The spaces Mg, , are open subsets of suitable orthogonal
modular varieties. Then our space gg7¢ is the union of all M“En’h where § varies over all
orbits with h? = 2g — 2 and ¢(h) = ¢, cf. (1). It follows by [9, Prop. 4.1] that there is

~

an étale double cover p: £, 4 — €44 mapping (S, H) and (S, H + Kg) to (S, [H]).
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3. BACKGROUND RESULTS ON LINE BUNDLES ON EXNRIQUES SURFACES

Any irreducible curve C on an Enriques surface S satisfies C? > —2, with equality if
and only if C' is smooth and rational. An Enriques surface containing such a curve is
called nodal, otherwise it is called unnodal. On an unnodal Enriques surface, all divisors
are nef and all divisors with positive self-intersection are ample. It is well-known that
the general Enriques surface is unnodal, cf. references in [6, p. 577].

Recall that a divisor F is said to be isotropic if E? = 0 and E # 0. By Riemann-Roch,
either E or —F is effective. It is said to be primitive if it is non-divisible in Num/(.S5).
On an unnodal surface, any effective primitive isotropic divisor E is represented by an
irreducible curve of arithmetic genus one.

Let H be an effective line bundle with H? > 0 and ¢(H) as in (1). One has

(7) ¢(H)? < H?,

by [7, Cor. 2.7.1], and there are no cases satisfying ¢(H)? < H? < ¢(H)?>+ ¢(H) — 2 by
[12, Prop. 1.4]. Moreover [12, Prop. 1.4] also classifies the borderline cases as follows:

Proposition 3.1. Let H be an effective line bundle on an Enriques surface satisfying
¢(H)? < H> < ¢(H)? + ¢(H) — 2. Then one of the following occurs, where Ey, By, F
are primitive, effective isotropic divisors satisfying E1-FEo =1 and E1-F = Ey- F = 2:
(i) H? = ¢(H)?, in which case H = @ (E1+ F),
(ii) H? = ¢(H)? + ¢(H) — 2, in which case,
o H~ ®WL(E | F) 4 By if $(H) is odd, and
o H~W2p | ¢ p gy or H=2(E + Ey+ F) (and ¢(H) = 6), if
o(H) is even.

We recall the following from [7, p. 122]:

Definition 3.2. An isotropic r-sequence on an Enriques surface S is a sequence of
isotropic effective divisors {En, ..., E.} such that E; - E; =1 for i # j.

It is well-known that any Enriques surface contains such sequences for every r < 10
and that there are no such sequences with r > 10 (cf. [7, p. 175]); moreover, by [7, Cor.
2.5.6], we have

Proposition 3.3. Any isotropic r-sequence with r # 9 can be extended to a 10-sequence.
We will also make use of the following result:

Lemma 3.4. (a) Let {E\,...,E1p} be an isotropic 10-sequence. Then there exists a
divisor D on S such that D?> = 10, ¢(D) = 3 and 3D ~ Ey + --- + Eig. Furthermore,
for any i # j, we have

(8) D~ E;+ Ej + E;j, with E}; =0 and E;; > 0.
Hence, in particular, E; - F; ; = E; - E; j = 2, and

1
(9) Bij~ 5 (Br+ -+ Buo) - Ei — Bj,

L i fi il
Ey-E;j=1 for k#1,j, and E; j - E,; = {2’ zjfcl{;,ﬁ;}k’li i g’
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(b) Any divisor D on S such that D* = 10 and ¢(D) = 3 satisfies 3D ~ E1+---+ Eyg,
for an isotropic 10-sequence {En, ..., E1g} consisting precisely of all isotropic divisors
computing ¢(D) up to numerical equivalence. Moreover, if F is a divisor satisfying
F2=0and F-D =4, then F = E; j for some i # j, where E; ; is defined by (9).

Proof. (a) The existence of D is [6, Lemma 1.6.2(i)] or [7, Cor. 2.5.5]. Its properties are
easily checked and E; j := D — E; — Ej, cf. also [6, Lemma 1.6.2(ii)].

(b) The first statement follows from [7, Cor. 2.5.5] and its proof. For the last one,
note that F'- E; > 0 for i = 1,...,10 by [11, Lemma 2.1], whence, after permuting
indices if necessary, one gets F'- (E1 + F2) =4 and F - E; =1 for i = 3,...,10. Then
F-Eis=0and E3-F = E3- E3 =1, so that ' = E; 3 by [11, Lemma 2.1] again. O

4. SIMPLE, ISOTROPIC DECOMPOSITIONS

One of the aims of this section is to prove the existence of simple isotropic decomposi-
tions stated in the introduction (see Corollary 4.6) and prove that the isotropic divisors
occurring in such decompositions can always be extended to an isotropic 10-sequence
plus one of the divisors F; ; occurring in Lemma 3.4 (see Corollary 4.7). The latter will
be needed in the proof of our main results, see the comment right after Proposition 5.6.
We will also deduce several results on simple isotropic decompositions, like for instance
the fact that 2-divisibility can be read off any isotropic decomposition (see Lemma 4.8)
and the fact that the property of admitting the same decomposition type as defined in
the introduction is an equivalence relation on &; 4 and gg,¢> (see Proposition 4.15).

We start by recalling the following from the introduction:

Definition 4.1. Let H be an effective line bundle H with H?> > 0 on an Enriques
surface S.

o An expression H = a1 E1+- - -+ anE,, where all a; are positive integers, n < 10 and
all E; are primitive, effective, isotropic divisors is called a simple isotropic decomposition
if (3) is satisfied, up to reordering indices.

o An expression H ~ a1Ey + -+ + apn B, + eKg, with € € {0,1}, satisfying the same
conditions will also be called a simple isotropic decomposition.

e The number n is the length of the decomposition.

e The decomposition is r-symmetric if, possibly after reordering indices, there exists
r<n suchthata; =---=a, and E; - E; =1 forall1 <i<randl <j<n,i#j
(equivalently, there is a set of r isotropic divisors occurring in the decomposition with
the same coefficient and each having intersection 1 with the remaining isotropic divisors
in the decomposition).

Example 4.2. Consider, in the notation of Lemma 3.4, the simple isotropic decomposi-
tion H = Eq 9+ F1+2F>+ E3+ F4. This is 2-symmetric but not 3-symmetric. Indeed,
the set {F3, E4} has the property that each member occurs in the decomposition with
coefficient 1 and intersects the remaining isotropic divisors in the decomposition in one
point. There is no larger such set, since E; - 1 2 = 2 and E» occurs with coefficient 2.

We recall [12, Lemma 2.12]:

Lemma 4.3. Any effective line bundle H with H?> > 0 on an Enriques surface can
be written as H = a1F1 + -+ + an,E,, where all a; are positive integers, 1 < n < 10,
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and all E; are primitive, effective, isotropic divisors satisfying one of the following three
conditions:
(i) E; - Ej =1 foralli # j,
(i) E1-Ey =2 and E; - E; =1 for all other indices i # j, or
(iii) E1- By =Ey-E3=2 and E; - Ej = 1 for all other indices i # j.

This lemma guarantees the existence of an effective decomposition satisfying almost
all the conditions of a simple isotropic decomposition; indeed, what is missing, cf. (3),
is the additional requirement that n # 9 in case (i) and that n # 10 in case (ii).

Definition 4.4. A set {E1,...,E,} of primitive isotropic divisors on an Enriques sur-
face is called a simple isotropic set if it satisfies one of the conditions (i)-(iii) in Lemma
4.8, possibly after permuting indices.

It is called a maximal simple isotropic set if it is of the form {E1, ..., Evo, E; ;}, where
{E1, ..., Ei} is an isotropic 10-sequence and E; j is defined up to numerical equivalence
as in (9) for some i # j.

Note that since any simple isotropic set of n elements contains members of an isotropic
(n — 1)-sequence, any simple isotropic set contains at most 11 elements (cf. [7, p. 179]).
If it contains 11 elements, then they necessarily satisfy (iii) in Lemma 4.3, possibly after
permuting indices. It will follow from Proposition 4.5 right below (cf. the footnote) that
simple isotropic sets of 11 elements are precisely the maximal simple isotropic sets. Also
note that by [6, Rem. p. 584] any maximal simple isotropic set generates Num(.S).

The following is a key result, which generalizes Proposition 3.3.

Proposition 4.5. Any simple isotropic set J can be extended to a maximal simple
isotropic set.> Furthermore, if J = {F1,....,Fp} withn<9, Fi-Fo=2and F;- F; =1
for {i,j} # {1,2}, then J can be extended to mazximal simple isotropic sets such that
either of F1 or Fy equals F; ;.

We postpone the proof until the very end of the section to discuss some consequences.
The first one yields the existence of simple, isotropic decompositions:

Corollary 4.6. Any effective line bundle H with H> > 0 on an Enriques surface has a
stmple isotropic decomposition.

Proof. By Lemma 4.3, we are done unless possibly if we end up in case (i) with n =9
or in case (ii) with n = 10. We treat these two cases separately and prove that in both
cases we will find a different isotropic decomposition of H satisfying condition (iii) of
Lemma 4.3, thus being a simple isotropic decomposition as desired.

Assume first that H = a1y + --- + agFg with all E; - E; = 1 for ¢ # j. Recalling
Proposition 3.3, we divide the treatment into the two cases:

(a) {Eh,...,Eg} can be extended to an isotropic 10-sequence {E1, ..., Fio};
(b) {E1,...,E9} cannot be extended to an isotropic 10-sequence {E1, ..., Eig}.

In case (a), there is by Lemma 3.4(a) a primitive effective isotropic Eyg 19 such that
3E9 10+ 2E9 +2FE 190 = E1 + - - - + Eg. Let m := min;;<g{a;}. Then
H = 3mEg,10 + (2m + ag)Eg + 2mFE + (a1 — m)E1 =+ -+ (ag — m)Eg,

3This includes the case of simple isotropic sets of 11 elements, which means that such are automatically
maximal.
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where all a;—m > 0 for 1 < i < 8, at least one being zero. Thus, the latter decomposition
satisfies condition (iii) of Lemma 4.3.
In case (b), then, by Proposition 4.5, the set {Ej,...,E9} can be extended to a

maximal simple isotropic set {F1, ..., Fg, E19, F11}. This set contains an isotropic 10-
sequence by definition, which cannot contain {E1, ..., Eg} by assumption. Possibly after
reordering indices, we may thus assume that {Es,..., F9, E10, E11} is an isotropic 10-

sequence, F1 - E1g=F1-F11 =2and F1 = %(Eg +---+ E11) — Ei9 — E11, equivalently
3E1+2F1 0+ 2E11=Fy+ -+ Eg. Let m := minggigg{ai}. Then

H = (a1 +3m)E1 + 2mE10 + 2mE11 + (ag — m)Es + -+ - + (ag — m) Ey,

where all a;—m > 0 for 2 < i < 9, at least one being zero. Thus, the latter decomposition
satisfies condition (iii) of Lemma 4.3.

Assume next that H = a1 Fy+- - -+a10F10 with Ey-Fy = 2 and E;-E; = 1 for all other
indices i # j. By Proposition 4.5, the set {E1, ..., Ejp} can be extended to a maximal
simple isotropic set {E1, ..., E19, F11}. Possibly after interchanging Fy and E2, we may
assume that B4 - Fj1 =2, FE;- Fy1 =1fori > 2and E; = %(Eg + - +E11) — FEy — Fqq,
equivalently 3E) 4+ 2Fs + 2F11 = E5 + - -+ + Ej9. Let m := ming<;<10{a;}. Then

H = (a1 + 3m)E1 + (a2 + 2m)E2 +2mE71 + (a3 — m)E3 + -+ (aw — m)Elo,

where all a; — m > 0 for 7 > 3, at least one being zero. Thus, the latter decomposition
satisfies condition (iii) of Lemma 4.3. O

The next result yields a “canonical” way of writing any simple isotropic decomposition
in Pic(S), which will be central in our proofs.

Corollary 4.7. Let H be any effective divisor on an Enriques surface such that H?> > 0.
Then there is an isotropic 10-sequence {F1, ..., F19} (depending on H) such that

(10) H ~agk12+ a1k + -+ aiokio + €K,

where Ey 9 ~ % (E1+ -+ Ew) — E1 — Es (¢f. (9)) and ag, a1, ...,a19 are nonnegative
integers with

(11) {either ap =0 and #{i |i€{1,...,10},a; > 0} #9,

or ajg =0,

and

(12) _ {0, if some a; is odd

0orl, ifalla; are even.

In particular, (10) is a simple isotropic decomposition.

More precisely, given any simple isotropic decomposition H = b1 Fy + - - - + by Fy,, we
may find an expression (10) such that each F; occurs in it (up to numerical equivalence)
with coefficient b; (and the remaining coefficients in (10) are zero). Moreover, if F;-F; =
2 for only one pair of indices 1,7, then we may find isotropic 10-sequences satisfying
either of the conditions F; = E1 2 and F; = F 2.
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Proof. Let H = b1Fy + --- + b, F,, be a simple isotropic decomposition, n < 10. By
Proposition 4.5 there is a maximal simple isotropic set {E1,..., Ey, Eq12} containing
the set {F1,..., Fy,}. Moreover, if F;- F; = 2 for only one pair of indices i, j, then n <9
by definition of a simple isotropic decomposition, so that we can make sure, still by
Proposition 4.5, that either of F; or F; equals Fy 2. Thus, we may write H = aoE12 +
a1E1+ - -+ ajoE10, where each F; occurs (up to numerical equivalence) with coefficient
b;, the other coefficients are zero and where 2 = % (E1+ -+ Fy) — E1 — Eo. This
gives an expression of H as in (10) with € € {0,1}. Note that a; = 0 for at least one i.
We may furthermore by symmetry assume that

a; = az and az = --- > ajo.

We claim that either ag = 0 or a;g = 0. Indeed, if ag > 0 and a19 > 0, then we must
have ay = 0. If a3 = 0, then the length of the decomposition is 9 and this contradicts
the first line in (3). If a3 > 0, then the length of the decomposition is 10 and this
contradicts the second line in (3). This proves our claim. Moreover, if ag = 0, the first
line in (3) implies that #{i | i € {1,...,10},a; > 0} # 9. Thus, (11) is satisfied.

If not all a; are even, we can, possibly after replacing one F; having odd coefficient
a; by E; + Kg, assume ¢ = 0. We can thus make sure that (12) is satisfied. If E; o ~
% (E1+ -+ + E10) — E1 — E», we are done. If not, we have 3E o +2E1+2Ey ~ Es+---+
E10+ Kg. If ap = 0 (respectively, ajg = 0), we may replace Ej 2 by Ej 2+ Kg (resp., Eig
by Eip+ Kg) without altering (10), and obtain the desired relation 3E o +2FE; +2FE3 ~
FEs + .-+ Ejg, that is, ELQN%(El—i_"'—'_ElO)—El—EQ.

One readily checks that (10) under condition (11) is a simple isotropic decomposition.

O

The condition in (12) concerning the parity of the coefficients a; is related to divisi-
bility properties of H, by the following:

Lemma 4.8. A line bundle H on an Enriques surface S is numerically 2-divisible
(that is, its class in Num(S) is 2-divisible) if and only if all coefficients in any simple
isotropic decomposition of H in Num(S) are even. Furthermore, in this case, (S, H) and
(S, H + Kg) belong to different irreducible components of the moduli space of polarized
Enriques surfaces.

Proof. The if part of the first assertion is clear. To prove the converse, assume that H
is numerically 2-divisible and let

H =aogE12 +a1Ey + agks + azE3 + -+ - + a0 Eo,

be a simple isotropic decomposition in the form of Corollary 4.7 (modulo numerical
equivalence); in particular, all a; > 0 and ap = 0 or a;gp = 0. We consider these two
cases separately and let F; ; be defined as in (8).

Assume ag = 0. Since (E;; — E;) - H = 2a; + aj, for i # j, and H is numerically
2-divisible, we must have all a; even, as desired.

Assume ajg = 0. For i = 1,2 we have (Ej;10 — E10) - H = a;, hence a; and ay are
even. For i > 3 we have (E; — Eyy) - H = —aj;, hence also a; for i > 3 is even. Moreover
FEs-H=uayp+ay+as+aq+ -+ ag, and since a1,...,ag are all even, also ag is even.

To prove the last assertion, assume, to get a contradiction, that (S, H) and (S, H+Kg)
belong to the same irreducible component of the moduli space of polarized Enriques
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surfaces. Then H and H + Kg are either both 2-divisible in Pic(.S) or not. However, we
know that in the present case only one of them is 2-divisible, a contradiction. U

Notation 4.9. When writing a simple isotropic decomposition (2) verifying (3) (up
to permutation of indices), we will usually adopt the convention that E;, E;, E;; are
primitive isotropic satisfying E;-E; = 1fori # j, F; j-E; = E; j-Fj =2and E; j-E, = 1
for k # i,7. This notation has already been used in Lemma 3.4 and Example 4.2. (By
Corollary 4.7, there is no ambiguity in this notation.)

Remark 4.10. The requirement that a simple isotropic decomposition satisfies n # 9
in case (i) and n # 10 in case (ii) of Lemma 4.3, which is equivalent to condition (11),
is crucial in the last proof. Indeed, take H = aoEi2 + a1 E1 + azE3 + -+ + ai0Eo,
where a1 is an even nonnegative integer, and ag, as, . . ., a1g are odd positive integers. If
a1 = 0, then this decomposition is as in case (i) of Lemma 4.3 with n = 9, and if a; > 0,
then it is as in case (ii) with n = 10. Hence, this is not a simple isotropic decoposition
according to our definition. On the other hand H is numerically 2-divisible. Indeed, the
claim is equivalent to B := Ey 2 + E3 + - - - + Ejo being numerically 2-divisible. As

B = 3(Bi2+Ei1+E))+ (E1+Ey+Es+---+ Eyg) —2E1 9 —4E; —4E,
= 2(E1 + -+ ElO) - 2E1,2 —4F] — 4F,,

using Lemma 3.4(a), the claim follows.
Note that by Lemma 4.8 we have that (S, H) and (S, H + Kg) belong to different
irreducible components of the moduli space of polarized Enriques surfaces.

Remark 4.11. By Lemma 4.8 we get that (12) is equivalent to

(13) 0, if H+ Kg is not 2-divisible in Pic(95),
E =
1, if H + Kg is 2-divisible in Pic(.5).

This means that the ’¢’ in expression (12) only depends on H and not on the simple
isotropic decomposition.

Remark 4.12. Writing a simple isotropic decomposition of H as in (10) has the ad-
vantage that ¢(H) is calculated by one among F1 2, E1, ..., Ejg. More precisely, setting
a:= 2320 a;, one has

(14) ¢(H) = a — max{a; — ag, a2 — ap,as,...,aip,ap — a1 — ag}.

Indeed, for any nontrivial isotropic effective £ # Ej 9, E, ..., Eqg, the divisor E in-
tersects Ej 9, Eq, ..., Eg positively by [11, Lemma 2.1|, hence E- H > a > a —a; =
E; - H, for any 7 > 3. Then (14) follows since E; - H = a + a9 — a; for ¢ = 1,2 and
Ei2-H =a+ a; + a2 — ag. By symmetry, arguing as in the proof of Corollary 4.7, one
can furthermore make sure that

(15) a1 >0, a1 = a9, ag = -+ > a1g and either ag > 0 or as > ag,
in which case
(16) ¢(H) =min{E, - H,E3 - H,E12- H} = a —max{a; — ap,a3,ap — a1 — az}.

We next recall the following from the introduction:
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Definition 4.13. Two polarized (respectively, numerically polarized) Enriques surfaces
(S,H) and (S',H') in ;4 (resp., (S,[H]) and (S,[H']) in &) admit the same simple

decomposition type if there are simple isotropic decompositions

H~aE)+ - +a,E,+cKg and H ~ a1 E] + -+ a, B, + eKg, with € € {0,1}

(resp. H=a1Ey+ -+ apnE, and H =a1E] + -+ + a,E))
such that E; - Ej = Ej - E} for all i # j.

Remark 4.14. A decomposition type is not necessarily unique within the same linear
or numerical equivalence class, even imposing the conditions (15) on the coefficients.
Moreover, also properties such as the length or being r-symmetric may vary with the
different ways of writing the decompositions. Consider for instance the decomposition
type H = 2E1+Ey+ E3+Ey+Es+ Eg+ Ey 7 (with g = 30 and ¢(H) = 7), written in the
form of Corollary 4.7, that is, {F1, ..., Fg} may be extended to an isotropic 10-sequence
{E1,...,E1p} so that Ey 7 is defined as in (8). This has length 7 and is 5-symmetric,
but not 6-symmetric. It therefore does not satisfy the conditions of Theorems 1.1 and
1.2. Let also E7 g be as defined by (8). It follows that Ey + Ej 7 ~ Eg + E7g. Thus, we
may also write H = Ey + Fo + E3 + FE4 + Es + Eg + Eg + E7 3, which has length 8 and
is 6-symmetric. This decomposition satisfies the conditions of Theorem 1.2.

Proposition 4.15. The property of admitting the same simple decomposition type de-
fines equivalence relations on &, 4 and &, 4, respectively.

Proof. The property is clearly reflexive and symmetric, so we have left to prove transi-
tivity. Assume therefore that (S, H) and (S’, H') admit the same simple decomposition
type and (S’, H') and (S”, H") admit the same simple decomposition type. We will prove
that so do (S, H) and (S”, H"). The same proof will work for numerical polarizations.
By assumption, using the notation of Corollary 4.7, we have
17
18
19

20

H ~ agE12+a1Ey+ -+ appk+eKg,
H ~ aoELQ + alE{ + -+ alOEio +eKgr,
H' ~ boF|o+biF 4 +bioFy+ &' Ko,

(
(
(
( H" ~ boF{y+b0Fy' + -+ bioFjp + &' Kgn.

— — ~— ~—

Here all a; and b; are nonnegative integers, {E1, ..., Eio}, {El, ..., Elo}, {Fl, ..., Fio}
and {F{,..., F{\} are isotropic 10-sequences, E1 3 ~ x(Ey + -+ + Eyg) — By — E3, and
similarly for E 5, F] 5 and F{'5. Moreover, by Remark 4.11 and (18)-(19) we see that
e = £’; more precisely, combining with (17) and (20) we have

0, if H+ Kg, H + Kg/, H' + Kgr are not 2-divisible in the Picard group,
1, if H+ Kg, H + Kg:, H" + Kgn are 2-divisible in the Picard group.

(21) 6:6':{

Now denote by ’[ ]” the numerical equivalence classes of all divisors above. Choose
isomorphisms ¢ : Num(S) = U@ Fg(—1) and ¢ : Num(S’) = U®Eg(—1) (cf. [2, Lemma
VIII.15.1]). The orthogonal group on U @ Eg(—1) acts transitively on the set of isotropic
10-sequences by [7, Lemma 2.5.2], whence we may find an element o of this group such
that o ([E/]) = w([E]) for 1 < i < 10. As [Eya] = §([Ba] + -+ + [Bo]) — (1] - [Ba]
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and [E] 5] = 3([B{] + - + [Eiy]) — [E1] — [E3], we also have o([E] 5]) = ¢([E1p]). It
follows from (17)-(18) that 1~ tow([H']) = [H]. By (19) we also have

Y rop([H') = bop ™ op([F] o)) + b1y~ op([F]) + - - + bioty™ Lo ([Fg)).
Setting [EY ] := ¢ lop([F] 5]) and [E]] := ¢~ op([F]]), we thus have
(22) [H] = bo[EY 5] + b1 [EX] + -+ - + o[ B,

where [EY,] = 3 ([E{] + - + [Ef)) — [EY] — [E¥] and {[EY],...,[Efp]} is an isotropic
10-sequence in Num(S). We have [EY |- [H] = 2b1 +2by + b3+ - +b1g = [F] o] - [H'] > 0
(as FY 5 is effective) and likewise [E]'] - [H] > 0 for 1 <4 < 10. Hence, by Riemann-Roch
and Serre duality, [EY ] and [E]], 1 < i < 10, can be represented by effective classes
in Pic(S). It follows that (22) is a simple isotropic decomposition in Num(S). By
Corollary 4.7 and Remark 4.11 we may find representatives Y, and EJ, respectively,
so that By ~ 3(E{ +--- + Ef) — E{ — B3, and
H ~boEY 5+ b Ef +--- 4 bioEjy + K.

Thus, comparing with (20), recalling (21), we see that (S, H) and (S”, H"”) admit the
same simple decomposition type. O

Proposition 4.16. Two numerically polarized Enriques surfaces (S,[H|) and (S',[H'])
lie in the same irreducible component of £, 4 if and only if they admit the same simple
decomposition type.

Proof. Since Num(S) ~ U @ Eg(—1) is constant among all S € &, the only if part is
immediate. R

Conversely, it is proved in [9] that the irreducible components of &, 4 correspond
precisely to the different orbits of the action of the orthogonal group on U @& Eg(—1).
Since this group acts transitively on the set of isotropic 10-sequences by [7, Lemma 2.5.2],
and Ej 9 = %(El + -+ Ej9) — By — E3, we see that any two numerical polarizations
admitting the same simple decomposition type lie in the same irreducible component of
Eg.¢, as claimed. O

Question 4.17. * Does Proposition 4.16 also hold for polarized Enriques surfaces? In
other words, is it true that (S, H) and (S, H') lie in the same irreducible component of
Eg.0 if and only if H and H' admit the same simple decomposition type? (The “only if”
part follows as in the first lines of the proof of 4.16, as Pic(S) ~ U @ Eg(—1) ® Z/27 is
also constant among all S € £.)

Theorems 1.1 and 1.2 give a positive answer in the case of simple decomposition types
that are of length < 5 or 6-symmetric.

The following lemma classifies all possible equivalence classes of simple decomposition
types with ¢ < 5. Note that all decomposition types do exist on any Enriques surface,
by Lemma 3.4(a) and the existence of isotropic 10-sequences.

Lemma 4.18. Assume H is an effective line bundle on an Enriques surface S such that
H? =2(9g—1) > 0. If1 < ¢(H) < 5, the line bundle H has one and only one of the
following simple isotropic decompositions:

(i) If p(H) =1, then H ~ (g — 1)E1 + Es.

4This question has subsequently been answered positively in [10, Thm. 1.1].



MODULI SPACES OF POLARIZED ENRIQUES SURFACES 13

(ii) If p(H) = 2, then
° HN%El—i—Eg—i-Eg if g is even,
o I~ %E1+E1,2 or H= %E1+2E2 (with g > 5), if g is odd.
(iii) If o(H) = 3, then
° ngg;?’El%—Eg—kEl,g 07”HN93;3E1+2E2+E3 (with g > 9) if g =0 mod 3,
o H~ 92E + Ey+ By + Ey or H ~ %52 Ey + 3B, (with g > 10) if g = 1 mod 3,
° HN%El—l-EQ—FELg if g =2 mod 3.
(iv) If p(H) = 4, then
. H~9AE + 3B, + E3, g > 16, or
H~%3E + FEy+ B3+ Er4, g > 12,
if g =0 mod 4,
. H=%1E +4F, g > 17, or
H= QZ—IEl +2E12,929, or
H=%°F +2F +2F5, g > 13, or
H ~ %E1+2E2+E1,2, g =13,
if g =1 mod4,
. H~%5E + 2B, + F3+ Ey, g > 14, or
H~S2E 5+ By + B, g > 10,
if g =2 mod 4,
. H~9%3F +2B,+ Fi3, g > 15 or
H~ 9By + By + B3+ By + Es, g > 11,
if g = 3 mod 4.
(v) If p(H) =5, then
° H ~ %El + Ey+2F12, g > 15, or
H~ 2 F + 2By + B3+ Ey + Es5, g > 20, or
H~ 925F) +4E; + B3, g > 25
if g =0 mod 5,
. H~%UE + Ey+ Es+ Ey+ Es + Eg, g > 16, or
H ~ %E1+2E2+E3+E1,4, g =21, or
H~ B +5E,, g > 26
ifg=1mod5,
. H~ % B + By + Es+ Es+ Ei5, g > 17, or
H ~ g%?E1+3E2+E172, g =22, or
H ~ %Ey + 3B, + 2E3, g > 22
if g =2 modb5,
. H~%3E +2B15+ Fy, g > 18, or
H~ E8E + 2B, + By + Ep, g > 18, or
H~ 25F + 3B, + B3 + Ey, g > 23
if g =3 mod 5,
. H~ 9 E + 2B, +2E3+ Ey, g > 19, or
H~ 2B g+ By + By + B3, g > 19, or
H~ S4B + 3B, + B3, g > 24
if g =4 mod 5,
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Proof. The proof is tedious but straightforward and similar to [12, pf. of Prop. 1.4 in
§2.2], and we therefore will leave most of it to the reader. The idea is to pick an effective,
isotropic E such that E- H = ¢(H), find a suitable integer k so that ¢(H —kE) < ¢(H)
(in which case we use the classification for lower ¢), or so that ¢(H — kE) = ¢(H) and
H — kE is as in Proposition 3.1(i) or (ii). As a sample, we show how this works in the
case ¢(H) =5 and g = 3 mod 5.

We pick an effective, isotropic E such that E- H = ¢(H) = 5 and set k := 9%13.
Then (H — kE)? = 24, so that ¢(H — kE) < 4 by (7).

Assume ¢(H —kE) = 4 and note that E-(H —kE) = E- H = 5. By the classification
in the case ¢ = 4, we have the three possibilities, where we use Notation 4.9:

(a) H—kE ~ 3F + 2F172,
(b) H—-kE = 2(F1 —+ F2 + Fg),
(C) H—kE ~2F) + 2F, + F1’2.

Case (b) is impossible, as 5 = E - (H — kE).

In case (a) we have F} - (H —kE) =4 and Fi2- H = 6, hence E # Fy, F 5. Thus,
E'FlZE‘FLQ:l. LetF::Fl—FFLQ—E. ThenFQZO, E-F:2andF1-F:1,
so that F' is effective, non—zero and we have

H~EKE+3F +2F 192~ (k+2)E+ F) + 2F.

Using Notation 4.9, we set Ey := FE, Ey := Fy and F;3 := F and, recalling that
k+2= %, we obtain the desired form

—3
(23) H ~ g—El + By +2E; 5.

As5=¢(H) < Ey-H = %= 312, Wehaveg 18.

In case (c) we have Fj - (H kE)=Fy,-(H—-kE)=4and Fi5-(H —kE) = 8, hence
E £ Fl,FQ,FLQ. Thus, F-F, = FE - FQ =F. FLQ = 1. Let F := Iy + F172 — E. Then
F2=0,E-F=F, -F=2and F,-F =1 and we have

HNkZE+2F1+2F2+F1’2N(k‘+1)E+2F1+F2+F

Using Notation 4 9, we set By := E, Fy := F1, F3 := Fy and Fy3 := F and, recalling
that k +1 = 2=°, we obtain the desired form

-8
(24) H ~ Q?El +2FEy + FE3 + ELQ.

As5=¢(H) < By- H = =2 8 +3, we have g > 18.
We claim that H cannot simultaneously have a simple isotropic decomposition as
n (23) and (24). Indeed, there are two (respectively, three) isotropic, effective classes
F € Num(S) such that F'- H = QT” in case (24) if g > 18 (resp., g = 18), namely
F = FEy, E3 (resp., F' = Ey, Ey, E3), whereas there is only one (resp., two) such classes
in case (23) namely F' = Ej (resp., F = Ey,E»), as E13- H = 295_1 > %7 and
F-H>%34+1+2=%%2 for F# Ey, By, E1 3 by [11, Lemma 2.1].
Assume ¢(H — kE) = 3. By the classification in the case ¢ = 3, we have the two
possibilities:
(d) H—kE ~3F + Fy + F3 + Fy,
(e) H —kE ~ 4F) + 3F,
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In case (d) we have F} - (H — kE) = 3, hence E # F;. Thus, we must have E- F} = 1
and, possily after rearranging indices, £ - F, = E - F3 = 1 and £ = F,. Thus, using
again Notation 4.9, we set E1 := E, Fy := Fy, E3 := F5 and E,; := Fj and, recalling
that k+1 = %, we obtain the desired form
(25) H~ %El + 3Ey + E3 + Ey,
possibly after substituting E; with E4 + Kg. Since 5 = ¢(H) < Eo - H = 9%8 + 2, we
obtain g > 23.

Because of the different values of ¢(H — kE), it is again not possible that H can be
written both as in (25) and as in (23) or (24).

In case (e) we have F} - (H —kE) =3 and Fy - (H — kE) = 4, whence E # Fy, F5. It
follows that E- F; >0 and E - F5 > 0, so that 5= FE - (H — kE) > 7, a contradiction.

Assume ¢(H — kE) = 2. By the classification in the case ¢ = 2, we have the two
possibilities:
(f) H—kE ~6F| + Fi 2,
(g) H—kE =6F, 4+ 2F,.
In both cases, since Fy - (H — kE) = 2, we have E # F}, whence the contradiction
5=FE-(H—-kE)>6E-F >6.

Assume finally ¢(H — kE) = 1. By the classification in the case ¢ = 1, we have
H—kE ~12F, + F>. As Fy - (H — kE) = 1, we have E # F, whence the contradiction
S5=FE-(H—-kE)>12E-F > 12. O

Remark 4.19. We will later use the observation immediately deduced from parts (i)-(ii)
of Lemma 4.18 that for ¢(H) < 2 there are at most three distinct numerical, effective,
isotropic classes E such that £ - H < 2.

We will now prove Proposition 4.5. First we need three auxiliary results.

Lemma 4.20. Let {E1,...,E,} be an isotropic r-sequence with 2 < r < 9, and F an
isotropic divisor such that F'- Ey = F - Ey =2 and F - E; =1 for alli € {3,...,r}.
Then there is an isotropic 10-sequence {F1, ..., Ep, Eri1,...,E19} such that F - E; =1
forallie{r+1,...,10}.

Proof. The divisor D := Ey + E5 + F satisfies D? = 10 and ¢(D) = 3 = E; - D for all
i€ {l,...,r}. Thus, 3D ~ E; +---+ Ejp for an isotropic 10-sequence {E1, ..., E1p} by
Lemma 3.4(b). Since F'- D = 4, we have F' # E; for any i, hence F' - E; > 0 for all i by
[11, Lemma 2.1]. As 12=3F-D =F -(3D) =4+ F - (E3+---+ Ej9), we must have
F-E; =1 for all 1. U
Lemma 4.21. Let {Ey, ..., Eg, F'} be an isotropic 9-sequence. Then, for any extensison
of {E1,...,Eg} to an isotropic 10-sequence {E1, ..., Ejo}, we have either

(i) F = E;, fori=29 or 10, or

(ii) F-Eg=F - Ey=2.

Proof. If F - E; =0 for i = 9 or 10, then F' = E; by [11, Lemma 2.1] and we are done.
Otherwise, as E1 + - - - + E1g is 3-divisible by Lemma 3.4, we must have

F-(Ey+ Ej) =1 mod3 and F-E; >0 for i=09,10.
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We are therefore done if we show that
(26) F-E; <2, for i €{9,10}.

To prove this, assume by contradiction that n := F - Eg > 3, say. Set k = L"T_lj >1
and B := F + Eg — kE;. Then B> € {2,4} and E;- B=2—-k < 1foralliec {2,...,8},
contradicting Remark 4.19. This proves (26), whence the lemma. O

Lemma 4.22. Let Fy and Fy be isotropic divisors such that Fy-Fy =2 and {Ex, ..., E.}
be an isotropic r-sequence, with 0 < r < 8, such that F; - E; = 1 for all i € {1,2},
jedl,...,r}

Then, for k =1 or 2, there is an isotropic 10-sequence {Fy, E1,...,E., E,41,...,E9}
such that, for j # k, Fj - E; =1 forie {r+1,...,8} and F} - Eyg = 2.

Proof. Assume first that » < 7. By Proposition 3.3, the set A of A € Pic(S) such that
A2=0,A-Fl=A-Fi1=---=A-E, =1, A2E, + Ey+ E3— Fyifr = 3,

is nonempty. Pick A € A such that A - F, is minimal.

Claim. A - F; < 2.

Assume, to get a contradiction, that n := A-F, > 3. Let k = [%;1] and set
B := A4 Fy — kF|. Then 2 < B? < 6 and B has a simple isotropic decomposition
containing at least two summands. None of these may be Fy, since B — Fy, = A — kF}
has negative square, unless k = 0, in which case B = F5 + A is not a simple isotropic
decomposition.

Since Fy - B = n — 2k, the intersection of F5 with each of the summands in the simple
isotropic decomposition of B is smaller than n. Since F; - B = 3, there is at least one of
these summands, say E’, such that Fy - E' = 1. If r = 0, since F, - E' < n, the curve E’
contradicts the minimality of A and finishes the proof in this case.

If r >0, then, as F; - B=2—k for any ¢ € {1,...,r}, we must have k < 1.

Case k = 0. Thenn =3, B~ A+ Fy, B> = 6 and ¢(B) = E; - B = 2. Thus, by
Lemma 4.18(ii), B can be written as a sum of three isotropic divisors, containing all E;
for i € {1,...,r}. This implies » < 3. Since F; - B = 3, for i = 1,2, each summand has
intersection one with Fj, for ¢ = 1,2. This implies r = 3. Indeed, if r < 3, then at least
one of the summands of B, say E’, is different from the E;s, and has E' - E; = 1 for
i=1,...,7. Hence F' € A and E'- F, = 1, contradicting the minimality of A. Since
r =3, we have B = E1 + Eo + F3. But then A = E1 + Es + E35 — Fy, thus A € A, a
contradiction.

Case k = 1. One has B~ A+ F, — Fy and ¢(B) = E; - B = 1. Moreover B2 = 2n — 6,
hence (n, B?) € {(4,2), (5,4), (6,6)}.

Subcase (n, B) = (4,2). As E;- B =1, for i € {2,...,r}, by Lemma 4.18(i) we have
r < 2 and, if »r = 2, we have B = E; + E». Butngl-B:Fl-(El—i-Eg) =2 a
contradiction. Hence we have r = 1 and B ~ E; + E} with E}> =0 and E; - B = 1.
We have F} - B = 3, and since Fy - E1 = 1, we have F; - B = 2. Since Fy - B = 2
and 5 - By = 1, we have Fy - B, = 1. Set G := [} + [, + E}. Then G? = 10,
Fi-G=4and ¢(G) = E1 -G = Ey-G = F» - G = 3. By Lemma 3.4(b), we have
3G ~ Ey + E4y+ Fy + F{ + - - -+ F. for an isotropic 10-sequence {E1, ES, Fo, Fy, ..., Fi}.
As Fy - (3G) =12, and F; - (E1 + E) + F3) = 5, it follows that Fy - (F| +---+ F}) =T,
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whence Fy - F/ =1 for alli € {1,...,7}. Since F - F/ =1 for all i € {1,...,7}, we find
a contradiction to the minimality of A.

Subcase (n, B%) = (5,4). As E;- B =1, for i € {2,...,r}, by Lemma 4.18(i) we have
r=1and B~ 2B + E, with B} =0and By - E, = 1. As F{ - B = Fy- B = 3, it
follows that Fy - ) = F5 - E}, = 1, contradicting the minimality of A.

Subcase (n, B%) = (6,6). As Fy - B=1and F; - B = 3, we must have B = 3E; + F.
But then we get the contradiction

4:F2'(A—|—F2—F1):FQ-B:3E1-FQ+F1-F2:5.

Therefore, we have proved the claim that A - Fy < 2.

Assume now that A-F» = 2. By Lemma 4.20, the isotropic sequence {1, A, E1, ..., E,}
can be extended to an isotropic 10-sequence such that F5 - F; = Fy - A = 2 and F5 has
intersection one with the remaining divisors in the sequence. Hence, we are done.

Assume next that A - F» = 1. We then repeat the process starting with the isotropic
(r 4+ 1)-sequence {E1,...,E,, E,y1 := A}, unless r + 1 = 8. We thus reduce to proving
the lemma when r = 8.

For the rest of the proof we therefore let r = 8. Then we can by Proposition 3.3
extend {F1,..., Eg} to an isotropic 10-sequence {Fj, ..., E19}. We claim that

(27) there is an ¢ € {1,2} and a j € {9,10} such that F; = Ej.

Indeed, if not, by Lemma 4.21 we must have all F; - E; = 2 for i € {1,2},j € {9,10}.
Set B := F| + Iy + Eg + Eg — 2E,. Then B? =6 and Ej'BZ?fOI’ all j € {2,...,8},
which is impossible by Remark 4.19. This proves (27).

By (27) we have, say, Fi = E1g9. Then Eg # F5, so Fy- Fg = 2 by Lemma 4.21. Hence,
{F\,Er,...,Eg, E9} is the desired isotropic 10-sequence. O

Proof of Proposition 4.5. We first prove the first statement. Consider the simple isotropic
set {E1,..., B, } satisfying (3). If E;- Ej = 1 for all i # j, and if r # 9, we apply Proposi-
tion 3.3. If instead r = 9, we apply Lemmas 4.21 and 3.4(b). If E;-Ey = 2 and otherwise
E;-Ej =1 for i # j, we apply Lemmas 4.22 and 3.4(b). Finally, if Ey - Ey = Ey - E3 = 2
and otherwise E; - E; =1 for i # j, we apply Lemmas 4.20 and 3.4(b).

To prove the last statement, assume J satisfies the conditions therein, and that we
have extended it to the maximal simple isotropic set J' = {F1 2, F1, ..., Eip}. We must
have, possibly after reordering, J = {FE1 2, F1, E3, ..., E,}, for n < 9. Then J can also
be extended to J"” = {E1 2, E1, Es,...,Ey, E110,E210}, which satisfies the condition
that the only mutual intersections different from 1 are Ey - 12 = Eq - Eq 19 = 2. O

9. IRREDUCIBILITY, UNIRATIONALITY AND UNIRULEDNESS OF MODULI SPACES

To prove our results, we extend a construction from [16]. First we recall some basic
facts about classical Enriques sextic surfaces in P? (see [7]).
Fix homogeneous coordinates (zg : o1 : 22 : x3) on P? and let

T = Z(.%'oafll'gxg)

be the coordinate tetrahedron. We label by (1,0, €3, 0], 05, 05 the edges of T, in such a
way that £y, lo, ¢35 are coplanar, and ¢} is skew to ¢; for all i = 1,2, 3.
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Consider the linear system S of surfaces of degree 6 that are singular along the edges
of T. They are called Enriques sextic surfaces and have equations of the form

(28) 03(x0x1x2)2+cQ(:1:0371m3)2+61 (.T():L’ng)2+Co($11}2x3)2+Q($0, ceey .733)-.%03}1:82.733 =0,

where Q(xo,...,z3) = Eigj gijrir; and co,...,c3,q; are constants. This shows that
dim(8) = 13 and we may identify S with the P! with homogeneous coordinates

q=(co:cricaic3iqoo:qor:qo2:qos: qil: g2 q13 : G2 © G23 : G33)-

If ¥ € S is a general surface, its normalization ¢ : § — ¥ is an Enriques surface and
H = ¢*(Ox(1)) is an ample divisor class with H? = 6 and ¢(H) = 2. More precisely,
H ~ Ey + E3 + E3, with the usual Notation 4.9, and the edges ¢; and ¢; of T are the
images by ¢ of the curves E; and E! ~ E; + Kg, with i = 1,2,3. (Recall that for a
primitive, isotropic E, the complete linear system |E + Kg| has a unique element.)

We thus have a natural rational map

p:S-—» 54,2,

assigning to a general surface ¥ € S the pair (S, H), where ¢ : S — ¥ is the normaliza-
tion and H = ¢*(Ox(1)). Composing with the forgetful map £, — £, we have a rational
map S --+ &, which is dominant. Indeed, given a general, whence unnodal, Enriques
surface S, we can find a 3-isotropic sequence {1, Eo, E3}. If we set H = E; + E5 + Es,
then (S, H) € €42 and the linear system |H| determines a morphism @ : S — P3, cf.,
e.g., [7, Thm. 4.6.3 and 4.7.2], and, up to a change of coordinates, ¥ = g (S) is an
Enriques sextic surface. Accordingly, the map p is dominant. If (S, H) is a point of &4 2,
the fibre p~1(S, H) consists of the orbit of ¥ = ¢y (S) via the 3-dimensional group of
projective transformations fixing 7T'.

Denote by v the vertex of T' not contained in the face spanned by ¢1, f2, £3. We define
Fi,i=0,1,2, to be the family of irreducible cubic (resp., quartic, quintic) curves F' C P3
of arithmetic genus 1 such that v € F and F' meets
e all edges of T' exactly once, if i = 0;

e the edges ¢; and ¢] of T exactly twice, and the remaining edges exactly once, if i = 1;
e the edges (3 and ¢5 of T' exactly once, and the remaining edges exactly twice, if i = 2.

Note that if S is an Enriques surface that is the normalization of a sextic ¥ € §
containing an elliptic curve F' as above, then {E1, Eo, E3, F'} is a simple isotropic set on
S, where we still denote by F' the strict transform of F' C ¥ in S. In particular, since
such simple isotropic sets exist with F' irreducible on an unnodal Enriques surface, the
families F; are non—empty.

Lemma 5.1. (a) The family F» is irreducible, 10-dimensional and rational, and each
F € Fs is contained in a 3-dimensional linear system of Enriques sextics.

(b) The family Fy is irreducible, 8-dimensional and rational, and each F € Fi is
contained in a 5-dimensional linear system of Enriques sextics.

(¢) The family Fo is irreducible, 6-dimensional and rational, and each F € Fy is
contained in a 7-dimensional linear system of Enriques sextics.

Proof. We first prove (b) (resp. (c)). Let F' € F; (resp. F' € Fp). The linear system S
cuts out on F' a linear system of divisors with base locus (containing) TN F' and a moving
part g of degree (at most) 8 (resp., 6). Note that S contains the 9-dimensional linear
system formed by surfaces of the form 7'+ Q, where Q is a general quadric in P3: looking
at equation (28), these are the surfaces obtained by setting ¢; = 0, fori = 1,...,4. Since
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quadrics cut out on F' a complete linear system, we see that g is complete, of dimension
7 (resp. 5). This proves that the linear system of Enriques sextics containing F' has
dimension 5 (resp., 7).

We now prove the rest of (b). Given F' € Fi, the intersection of F' with the edges of
T is a subscheme Z of length 8 of the union of these edges off the vertices of T'. Let Z
be the Hilbert scheme of such subschemes. We have a restriction morphism ~ : F; — Z.

Claim. The morphism ~ is injective and dominant.

Indeed, let F' be in F; and let Z = ~(F'). To prove the injectivity, it suffices to prove
that the linear system of quadrics passing through Z has dimension 1. Suppose this is
false. Then there would be a net Q of quadrics through these 8 points. Fix the attention
on a face I of T' containing four of these points (on three edges). Then the quadrics in Q
containing two fixed general points of I contain II, because there is no conic containing
the four points of Z on II and two general points of II. Consequently, the remaining
four of the eight points should be coplanar, a contradiction, proving the injectivity. The
dominance is then clear because, consequently, the quadrics containing a general Z in
Z form a pencil whose base locus is in Fj.

Since Z is birational to Sym?(¢1) x Sym?(£}) x o x £ x £3 x £§ ~ P8, the claim yields
that F is irreducible, rational of dimension 8. This proves (b).

We next prove the rest of (c). If F € Foy, then F spans a plane Il C P3, which
intersects the set of edges of T in six distinct points. These six points are the vertices
of the quadrilateral cut out on IIgp by the faces of T. Hence the cubic F is smooth
at these points, otherwise it would contain one of the sides of the above quadrilateral.
Now we claim that the set of plane cubics through these six points is a linear system
of dimension 3. Indeed, otherwise, the cubics in this linear system, of dimension r > 4,
would cut out on F, off the six points, a g§_1 with » — 1 > 3, which is impossible, since
F has arithmetic genus 1. Thus, Fy is a P3-bundle over an open subset of |Ops(1)| =~ P3,
and is therefore irreducible, rational and 6-dimensional. This proves (c).

As for item (a), the fact that Fs is irreducible, 10-dimensional and rational is proved
in [16, Prop. 1.1 and §2]. The rest of the assertion is proved exactly in the same way
we did it for cases (b) and (c) above. O

We next define Fyg to be the family of ordered pairs (F, F') of irreducible cubic curves
F,F" C P? of arithmetic genus 1 such that F, F’ € Fy and F and F’ intersect exactly in
one point not on 7', with distinct tangent lines.

Note that if S is an Enriques surface that is the normalization of a sextic ¥ € §
containing a pair (F, F’) of elliptic curves as above, then {FE1, Ey, E3, F, F'} is a simple
isotropic set on S, where we still denote by F and F’ the respective strict transforms
of F and F" in S. As above, since such isotropic sets of irreducible curves exist on an
unnodal Enriques surface, we have that Fgg is non—empty.

Lemma 5.2. The family Foo is irreducible, 11-dimensional and rational and each pair
(F,F") € Foo is contained in a 2-dimensional linear system of Enriques sextics.

Proof. The family Fo9 can be constructed in the following way: fix a pair of general
planes IT and II’ in P? intersecting along a line ¢, and fix a point p € ¢. Consider in both
IT and II' the family of cubic curves passing through p and the six intersection points
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of IT and II', respectively, with the edges of T'; each of these is a two-dimensional linear
system. Varying II, IT' and p and taking the two families of cubic curves, we obtain all
elements of Fgg. This description shows the rationality and the dimension.

Now fix (F, F') € Foo and let Spy g be the linear system of Enriques sextics containing
F U F'. First we prove that dim(Spyp/) > 2. Indeed, the linear system Sp of Enriques
sextics containing F' is 7-dimensional by Lemma 5.1(c). It cuts on F’ a linear system of
divisors with base locus (containing) TN F and p = F N F’ and a moving part of degree
(at most) 5, hence of dimension at most 4. Therefore, containing F’ imposes at most 5
conditions on Sp.

Next we prove that dim(Spyp/) < 2, which will finish our proof. Consider the pair
F Cc ITand F’' C IT" in Fyg, with the planes they span. Set ¢ = IINII" and FN¢ = {a,b, p}
and F'n¢ = {d,V,p}. Let ¥ € Spyp be general. Then ¢ intersects X in six points,
among these are {a,b,a’,b’, p}; call p’ the sixth point. The surface ¥ intersects IT (resp.,
IT') in a cubic G off F' (resp., G’ off F'), passing through a’, ' and p’ (resp., a, b and
p), in addition to the six intersection points of II (resp., II') with the edges of T'. Then
G (resp. G') is uniquely determined by the condition of passing through the six points
E (resp. Z') of intersection of II (resp. II') with the edges of T" and through o', ¥/, p/
(resp., a, b, p'). Let us prove this for G (the proof for G’ is identical). Suppose there is a
pencil of cubics containing = and a/, ¥, p’. Since d’, V', p’ lie on £, there is a cubic in the
pencil containing ¢. The remaining conic component of this cubic should pass through
=, and this is clearly impossibile. Consequently, as ¥ varies in Sp g, the intersection
YN (TTUIT’) may at most vary with the point p’ € . Thus the restriction Sy of Spy
to ITUII" is at most one-dimensional. Consider the restriction map Spyp --+ Snurr,
which is linear, rational and surjective by assumption. Its indeterminacy locus is the
unique surface T UTIT U TII'. Since dim(Spurr) < 1, we deduce that dim(Spypr) < 2, as
desired. O

We next define Fy;, for ¢ = 1,2, to be the family of ordered pairs of irreducible curves
(F,F’") in P3 of arithmetic genus 1 such that F' € Fy, F’ € F; and F and F’ intersect
exactly in ¢ points not on 7', with distinct tangent lines.

Note that, as before, if S is an Enriques surface that is the normalization of a sextic
Y € S containing a pair (F, F’) of elliptic curves as above, then {Ey, Es, E3, F, F'} is
a simple isotropic set on S, where we still denote by F and F’ the respective strict
transforms of F and F’ in S. Since such isotropic sets of irreducible curves exist on an
unnodal Enriques surface, we have that each Fp; is non—empty.

Lemma 5.3. The family Fo; is irreducible, uniruled and (14 — i)-dimensional and each
pair (F, F') € Fy; is contained in a linear system Spy g of Enriques sextics of dimension
at least i — 1. If (F, F') € Fo; is contained in an Enriques sextic ¥ whose normalization
S is an Enriques surface, then Spip has dimension exactly i — 1, unless F + F' is
contained in only nodal Enriques sextics (that is, Enriques sextics whose normalizations
are nodal).

Proof. We have a natural dominant map ¢ : Fo; — F1 x (P?)V sending the pair (F, F')
to I’ € F; and the plane Il spanned by F in (P3)Y.

For i = 1, the fiber of ¢ over (F’,1I) consists of the union of four 2-dimensional linear
systems of cubics in II through the six intersection points of II with the edges of T" and
one of the four intersection points of II with F’. This proves the irreduciblity because
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the monodromy action of the four intersection points is the symmetric group (see [1,
Lemma on p. 111]), and shows also the uniruledness. The dimension also follows easily.

For i = 2, the fiber of ¢ over (F’,II) consists of the union of six 1-dimensional linear
systems of cubics in II through the six intersection points of Il with the edges of T" and
two of the four intersection points of II with F’. As above, this proves irreduciblity,
uniruledness and the dimension.

The dimension of the linear system of Enriques sextics Sgr containing a fixed F' € F;
is 5 by Lemma 5.1(b). Containing an additional cubic F' € Fy intersecting F’ in i points,
imposes at most 6 — ¢ conditions, arguing as in the proof of Lemma 5.2. Therefore, the
linear system of Enriques sextics Sy containing a pair (F, F') € Fy; has dimension
at least 5 — (6 —i) =i — 1.

Let X be an Enriques sextic containing F' + F” such that its normalization ¢ : S — %
is an unnodal Enriques surface. The linear system S cuts on X a linear system whose
pull-back on S via ¢ is the sublinear system of |6(E; + E» + E3)| with base locus twice
the sum of the pullback of the edges of the tetrahedron, which is

2(E1+ By + By + (By + Ks) + (By + Kg) + (B3 + Ks)) ~ 4(Ex + By + Ey).
Hence, the free part is |2(E; + E2 + E3)|. So we have a linear, rational restriction map
SFJrF’ -—> |B|, with B := 2(E1 + E2 —+ Eg) — (F —+ F/)

whose indeterminacy locus is just the surface Y.

We have B? = 2(i — 2). If i = 1 and S is unnodal, then |B| = ), which shows that
Srir = {X} has dimension 0, as wanted. If i = 2, then B2 = 0 and E; - B = 1, hence
h(B) = 1 by Riemann-Roch. This yields dim(Sp, /) < 1, proving the assertion. [

Consider now the incidence varieties
G ={(F,Y)eF;xS|FCXx},
for : =0,1,2, and
Goo :={(F,F',X) € Foo x S| F+ F' C &},

which are irreducible, rational and 13-dimensional, by Lemmas 5.1 and 5.2. Similarly,
fori=1,2, let

Goi == {(F,F',%) € Fo; x S | ¥ is unnodal, F + F' C ¥},
which are irreducible, uniruled and 13-dimensional, by Lemma 5.3.

Proposition 5.4. If G is any of the incidence varieties G;, for i = 0,1,2, Goo, Goi,
for i = 1,2, the obvious projection m : G — S is dominant, hence generically finite.
Accordingly, if £ € G is a general point, then ¥ = () is a general element of S and its
normalization S is a general Enriques surface.

Proof. We prove the assertion for G = Gy, the proof in the other cases being similar.
Let S be a general Enriques surface. There is an isotropic 5-sequence {F, ..., E5}
on S. Set H = Ey + Ey + F3. Then ¢y : S — ¥ C P3 maps S, up to a projective
transformation, to a general surface in S. Moreover Ey, F5 are mapped to two elliptic
cubic curves F, F’ meeting at a point. This proves the assertion. O
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We now define various maps from these incidence varieties to some &, 4s, for various
g and ¢, which we eventually prove to be dominant, establishing irreducibility and
unirationality or uniruledness.

Consider a general element (F,X) of G;, for ¢ = 0,1,2. Then the normalization S of
> is an Enriques surface and on S we have the three curves E1, Fo, E3, plus the strict
transform of F' which, by abuse of notation, we still denote by F. Similar convention
we introduce for Gy;, for ¢ = 0,1, 2.

Fix four nonnegative integers «q, ag, as, g, at least two nonzero. Then, for each
1=0,1,2, and € = 0,1, we have a rational map

i O __
fal,az,as,m;ﬁ : gl ? ggv‘ﬁ

sending the general point (F,X) € G; to (S,O0s(a1E1 + agFs + asFEs + oy F + eKg)),
where g = po(a1 E1 + agFs + asEs + ayF) and ¢ = ¢(a1 By + asEs + agFEs + a4 F).

Next, fix five positive integers ajq,...,as, at least two nonzero. For each ¢ = 0,1, 2,
and € = 0,1, we have a rational map

0i .o
o 0,03 00 - 90i = Eg.o

sending a general (F, F' X)) € Gy; to (S, Og(a1 By + agFEs + asEs + ayF + asF' + eKg)),
where g = pa(1 E1 + agFs + asEs + auF + asF') and ¢ := ¢(a1 By + asEs + asEs +
asF + asF').

Let now (F,3) € Gy be general and consider the curves Ep, Fy, E3, F on S. Then
E) + E; + F satisfies the conditions of Lemma 3.4(b). Since F; - (E) + E2 + F') = 3, for
i =1,2,3, we obtain an isotropic 10-sequence {E1, s, E3, Ey, ..., E1p} such that

3(Ey+ Ey+ F) ~ By + - + Eyg.

In particular, F' = Fj5. Note that each E; for i > 4 is uniquely determined up to
numerical equivalence class and permutation of indices; in particular, E4 + --- 4+ Fqg ~
2E; + 2FE3 + 3F — Ej is a well-defined element of Pic(S). For any five nonnegative
integers ay, ..., a4 such that at least one among ag, ..., a3 is zero, we can consider the
rational map

ha07a1,az,043,0¢4;€ :Gg -->» 59705

sending (F, Z) € Gy to (S, Os(aoF + a1 B+ asEs +asEs + Oé4(E4 +- 1+ ElO) + 8K5')),
where g 1= po(aoF + a1 E1 + aoEs + asFEs + ag(E4 + -+ + Eyp)) and ¢ = ¢(aoF +
a1 B + coFy + azBs + as(Ey + - - + Ep)).

Finally, let (F,F’,3) € Goa be a general point and consider Ey, Fs, Es, F, F" curves
in S. Then F + F' + E; satisfies the conditions of Lemma 3.4(b). Since F - (E; +
F+F)=E;-(E1+F+F') =3, fori =1,2,3, we obtain an isotropic 10-sequence
{El, Es, B3, By :=F, F5, ..., EIO} such that

3(Ey+F+F)~E +--+ E.

In particular, F/ = E; 4. Note that each E; for ¢ > 5 is uniquely determined up to
numerical equivalence class and permutation of indices; in particular, E5 + --- 4+ Fqg ~
2F1 + 2F + 3F' — Ey — Ej3 is a well-defined element of Pic(S). For any six nonnegative
integers ag, ..., a5 such that at least one among «y, ..., a4 is zero, we have a map

0 . __
QQ,01,002,03,004,055€ * g02 i ggﬂf)
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Sending (F, F/, 2) to (S, Os(OéQF/ + a1y +asEy 4+ agEs +OZ4F+O£5(E5 + - +E10) +€Ks)),
where g := po(aoF’ + a1E1 + asEy + asEs + ayEy + a5(Es + -+ + Eyp)) and ¢ =
d(aoF' + a1 By + aoEy + a3E3 + cuEy + a5(Es + - - - + Eqp)).

Our main results, Theorem 1.1 and Theorem 1.2, are, respectively, immediate conse-
quences of the following two propositions and the fact that the varieties G; and G ; are
irreducible and unirational or uniruled, as mentioned above. Let as usual € € {0, 1}.

Proposition 5.5. Let i € {0,1,2} and aq,...,a4 € N, at least two nonzero. The map
féha%ag,a%s is dominant onto the locus of pairs (S, H) € £y 4 admitting the same simple
decomposition type as a1 F1 + asFEs + agFEs + a4 F + cKg.

Leti€{0,1,2} and on,...,a5 € N, at least two nonzero. The map [ ) ws os.nie 05
dominant onto the locus of pairs (S, H) € £, 4 admitting the same simple decomposition
type as a1 Fh + asFs + asFs + asF + asF' +eKg.

Proposition 5.6. Let g, ...,aq € N, with at least one among ay, . . ., a3 being nonzero.
The map hag.a1,a0,03,040:¢ 45 dominant onto the locus of pairs (S, H) € £; 4 admitting the
same simple decomposition type as cgF'+a1 E1+asFEs+asEs+agq(Eys+- - -+ Fi9)+eKg.

Let ag,...,a5 € N, with at least one among ag,...,as being nonzero. The map
hgm%%%%%;a is dominant onto the locus of pairs (S, H) € £, 4 admitting the same

simple decomposition type as agF'+a1 E1+asEs+asEs+asF+as(Es+- - -+ FE)+eKg.
The proofs of Propositions 5.5 and 5.6 require the results of Section 4 (more precisely,
Corollary 4.7) to make sure we have enough isotropic divisors in the decompositions
of H to map S to an Enriques sextic in the appropriate way. For instance, if H ~
a1 B+ oo Ey 2, one writes H ~ a1 By + asFq 2 +0F2 + 0E3 so that By + FEo + E3 defines
a mapping of S to an Enriques sextic (following Notation 4.9 everywhere).
We use the following definition in the proofs of Propositions 5.5 and 5.6.

Definition 5.7. For an isotropic 3-sequence 3 = {E1, Eo, E3} on the Enriques surface
S, we let F;(J),i=0,1,2, be the set of all primitive, isotropic divisors F' on S satisfying

(1L,L1) if FeFo(d),
(F-E|,F-Ey F-E3)={(2,1,1) if FeF?Q),
(2,2,1) if Fe F(7)

and .7?07;(3), i =0,1,2, the set of all pairs (F, F") of primitive, isotropic divisors F, F’
on S such that F' € Fo(J) and

e Fle Fo(B) and F-F' =1, ifi =0,

« e F(0) and F-F =1, ifi =1,

e F'e Fi(J) and F - F' =2, ifi = 2.

Proof of Proposition 5.5. Let (S, H) be as in either of the statements of the proposition.
In particular, H admits a simple decomposition type of length n, with 2 < n < 5. By
Corollary 4.7, if n < 4, we may write H ~ a1 E1 + asFs + agFEs + a4 F + €¢Kg with
J = {FE1, Es, E3} an isotropic 3-sequence and F' € .7?,-(’3), possibly allowing some of the
a;s to be 0. If n = 5, we may write H ~ a1 Fy + asFs + agE3 + ayF + asF' + eKg
with (F, F') € Foi(J). We may assume (S, H) to be general, in particular, S is unnodal.
Then by [7, Thm. 4.6.3 and 4.7.2] the complete linear system |E; + Ea + E3| maps
S birationally onto an Enriques sextic in P3, with double lines along the edges of the
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tetrahedron 7' defined by the images of all E; and E; := E; + Kg. Under this map, F
(respectively, (F, F")) is mapped to an element of F; (resp., Fo;), finishing the proof. 0

Proof of Proposition 5.6. To prove the surjectivity of hqy,.. a4, assume (S, H) admits
the given simple decomposition type as in the statement. We may assume that ay > 0,
otherwise the result follows from Proposition 5.5. By Corollary 4.7, we may always write
H ~ agE1 2+ a1E1 + asBy + a3Es+ oy(Es+ - - 4+ Eig) + €Kg, possibly allowing more
than one among oy, a1, a2, ag to be zero. Since Ey 9 € ]":2 (E1, Es, E3), the result follows
as in the proof of Proposition 5.5.

To prove the surjectivity of hgo’._ﬂs;a, assume (S, H) admits the given simple decom-
position type as in the statement. We may again assume that as > 0. By Corollary 4.7,
we may always write H ~ aoE1 4 + a1 E1 + aoEs + azE3 + cuEy + as(Es + - - - + Eqp),
possibly allowing more than one among g, a1, a2, a3, as to be zero. Then (Ey, E14) €
.7?02 (E1, B9, FE3) and the result follows as in the proof of Proposition 5.5. U

We now give the proofs of the three corollaries in the introduction.

Proof of Corollary 1.3. By Lemma 4.18, all cases with ¢ < 4 admit simple decomposi-
tion types of length n < 4, except for the decomposition type 9%47]5’1 + B+ Es+Ey+ Es.
The result thus follows from Theorem 1.1. O

Proof of Corollary 1.4. Since g < 20, we have H? < 38, whence ¢ < 6 by (7), with
equality ¢ = 6 possible only for H? = 36 by Proposition 3.1, in which case the simple
decomposition type has length 2. Thus the result follows from Theorem 1.1 in this case.

We have left to treat the cases where ¢ < 5. By Lemma 4.18, all cases with ¢ < 5 and
g < 20 have decomposition types of length n < 5, except for the type E1 + Fs + E3 +
E; + E5 + Eg for (g,¢) = (16,5), which is the only type occurring for these values of g
and ¢. Hence &6 5 is irreducible and uniruled by Theorem 1.2. Again by Lemma 4.18,
all remaining cases with ¢ < 5 and g < 20 admit simple decomposition types of length
n < 4 or of length 5 with all nonzero intersections occurring equal to one, except for the
type 2Ey + Ey + E3 + Ey + E; 5 for (g,¢) = (17,5), which is the only type occurring
for these values of g and ¢. Hence &175 is irreducible and uniruled and all irreducible
components of the remaining &£, 4 are unirational by Theorem 1.1. U

Proof of Corollary 1.5. If [H] € Num(S) is not 2-divisible, then by Lemma 4.8 some
simple decomposition types of H and H 4+ Kg have not all even coefficients in front of
the isotropic, primitive summands. Hence, by substituting one E; with odd coeflicient
with F; + Kg, we see that H and H + Kg admit the same simple decomposition type,
and thus belong to the same irreducible component of & 4, by Theorems 1.1 or 1.2 and
the assumption on the decomposition types. Hence p~1(p(C)) is irreducible.
Conversely, assume [H] € Num(S) is 2-divisible. Then H and H + Kg do not lie
in the same irreducible component of &; 4 by the last assertion in Lemma 4.8, whence
p~1(p(C)) consists of two disjoint components. O

Finally, we note that our results can also be used to describe the irreducible compo-
nents of £, 4 for the highest values of ¢ with respect to g. Indeed, one has #? <2(g—1)
(cf. [7, Cor. 2.7.1]) and there are no cases with ¢ < 2(g — 1) < ¢* + ¢ — 2 (cf. [12,
Prop. 1.4]). In the bordeline cases, we obtain:
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Corollary 5.8. For each even ¢, the space & s is irreducible and unirational if

+17¢
¢ =2 mod 4 and has two irreducible componentsf both unirational, if ¢ =0 mod 4.
For each ¢ > 1, the space 5¢<¢+1) 5 is irreducible and unirational when ¢ # 6, and

consists of three irreducible ummtwnal components when ¢ = 6.

Proof. When g = %2 + 1, equivalently H? = ¢2, then Proposition 3.1, Theorem 1.1

and Lemma 4.8 yield that, when % is even, i.e., ¢ =0 mod 4 (respectively, when % is

odd, i.e., ¢ =2 mod 4) then &, 14 has two irreducible, unirational components (resp.
2 )

only one irreducible, unirational component), Corresponding to the simple decomposition
types (E1 + E12) and £ 5 (E1+ E12) + Kg (resp. § 2(E1 + E12)).

When g = %, Propos1t10n 3.1 yields that there is a unique simple decomposition

type, of length 3, for each ¢, except for ¢ = 6, where there are three possible types
2F71 + 3E172 + Fo, 2(E1 + FEy + ELQ), 2(E1 + Ey + ELQ) + Kg,
The result follows from Theorem 1.1. O

The cases of the latter corollary are of particular interest from a Brill-Noether theo-
retical point of view, since they are precisely the cases where the gonality of a general
curve in the complete linear system |H| is less than both 2¢ and [ %52 |, the first being
the lowest degree of the restriction of an elliptic pencil on the surface, the latter being
the gonality of a general curve of genus g, cf. [12, Cor. 1.5].
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APPENDIX: IRREDUCIBLE COMPONENTS OF &; 4 AND &g 4 FOR g < 30

Using Proposition 4.16 (and Notation 4.9) we list all irreducible components of the moduli
I of these components obtained by
Theorems 1.1 and 1.2 and Corollary 1.5. We thus obtain information about all irreducible

components of the moduli spaces &; 4, with few exceptions®. The various decomposition types

spaces gg,(b for g < 30, and describe the properties of p~

can be obtained from Lemma 4.18 and Proposition 3.1, and an ad hoc treatment as in the proof
of Lemma 4.18 for the cases ¢ = 6 and 7. The fact that all decomposition types below are in
different equivalence classes can be checked by computing suitable intersections as in the proof
of Lemma 4.18, and the fact that they all do exist on any Enriques surface follows from Lemma
3.4(a).

—T

[g [¢] comp. [ dec. type [p " | g | ¢ | comp. | dec. type P
‘ 2 ‘ 1 ‘ Ea ‘ Ey + Es ‘ irred. unirat. ‘ 14 |1 | E1an 13E, + E» irred. unirat.
‘ 3 ‘ 1 ‘ €31 ‘ 28, + B ‘ irred. unirat. ‘ 1412 | &z GE} + Fz + Fix ?rred. un?rat.
‘ 3 ‘ 2 ‘ E32 ‘ Ei+Ei» ‘ irred. rational [3] ‘ 14 3 2}1’)3 4By + Bz + Brs !rrcd. un%ra‘t.
14 14| &y |2E1+2E2+ E3+ Ea irred. unirat.
4 |1 & 36 + B> irred. unirat. 144 ailj 3B+ By + Bs irred. unirat.
4 |2 & Ei+E;+Es irred. rational, [8, §4] 15| 1 | &51 | 4B+ BEs irred. unirat.
5 1| & 4E1 + E» irred. unirat. 15| 2 a?; TE, + Er2 irred. unirat.
5 |2 5\5(12) 2B+ Ei2 irred. unirat. 15| 2 ﬂé’z) TE; + 2E» irred. unirat.
5 12 55121) 2(Ey + Ea) two unirat. components 15| 3 aé){ AE, +2E> + E3 irred. unirat.
6 | 1| & 5E1 + E» irred. unirat. 1513 51({’2 4E1 + B2+ B2 irred. unirat.
6 |2 & 9F1 + Es + E5 irred. unirat. 1514 %(%}1) 2E1 + B2+ Es + Es+ Es irred. unirat.
6 |3|&3 |Er+Ex+Eip irred. unirat. [16] 15 |4 | &5q 3B +2E+ Fag irred. unirat.
- - - 155 | €155 | 2B1 + B2+ 2B1s irred. unirat.
; ; é";ll) ggl igg - ?r“j: un%rflz. 16 | 1 | 160 | 15E1 4 By irred. unirat.
. AT('IZI) . ! P 2 ?HL ' unfrd ’ 16 |2 | &2 | TE1+E2+ B3 irred. unirat.
T 1216, 3B, + 2B, irred. unirat. 16| 3 aé)a 4E1 + E2 + E3 + Ea irred. unirat.
7 13| & Ei+ Ey + E3+ Ey irred. unirat. 163 ﬂé’% 5E + 38s irred. unirat.
8 |1 ]&na TEL + B> irred. unirat. 16 | 4 Ef{,; 3E; + 3E, + B3 irred. unirat.
8 |2 | &pe 3E1+ E>+ E3 irred. unirat. 16 | 4 51({,11) 3B+ Eo+ E3s + B4 irred. unirat.
8 |3 | &3 2E1 + Ex+ E13 irred. unirat. 16 | 5 | £165 | F1 + Eo+ E3 + Ea + Es + Fe | irred. uniruled
9 1] & 8F1 + Ea irred. unirat. 171 | &7a 16E; + E» irred. unirat.
9 |2 5&’3 4B, + B2 irred. unirat. 172 ﬂg} 8E1 + Ei 2 irred. unirat.
9 |2 %121) 2(2E: + E») two unirat. components 17| 2 SAI(”) 2(4E1 + E») .two unira%t. components
9 13 2(313) 2By + Ex + B2 irred. unirat. 11; i %;}3 z;l i‘;; ++F;1§ ::Zg EZ:?:
9 |3|&Y |28 +2E:+E: irred. unirat. AT i red. unirat.
9 |4 S:i 2(E11++ E::; ) two unirat. components i 631414)1) 3B 20 + Fag irred. gnirat.
! d 1714 | &7 | 2(2E1 + Er2) two unirat. components
10| 1| &10n 9E + B irred. unirat. 17 | 4 E{é‘j’ 4(Ey + E») two unirat. components
10 |2 | &2 | 4B+ Ex+ E3 irred. unirat. 1715 | &irs | 2E1+ Ea+ Es+ Ea+ Eus irred. uniruled
103 | &L, |2B1+ B2+ Bs + Ea irred. unirat. 18| 1 | &gy | 1TE 4+ By irred. unirat.
1013 ‘;:\L?J) 3(E1 + E») irred. unirat. 18 | 2 | &2 8Ey + Ex + E3 irred. unirat.
10 | 4 | &0 2FE12+ E1+ E> irred. unirat. 18 |3 ffi)i 5E1 + 2F> + E3 irred. unirat.
111 | & 10E, + B> irred. unirat. 1813 51({411) S5E + Ez + En 2 irred. unirat.
112 gH)g 5E1+ FEi2 irred. unirat. 18| 4 é/\(\l(%)li) 3Ey +2E;+ Es+ Ey irred. unirat.
12 a({lz) 5E1 +2E> irred. unirat. 1814 i‘(‘?’{‘ 4E 12 + E1 + B> ?rred. un%rat.
11 |3 | &us |3E1+Ex+Eis irred. unirat. 1815 ‘5(?})1‘)) 3B+ ?2 +2E13 f"“’d- “ﬂ%m'ﬂ-
11 |4 | &g | By + Eo+ E3 + Ey + Es | irred. unirat. 1815 | Siss |25 +2F + Byt Pua irred. unirat.
19 (1| & 18E, + E» irred. unirat.
12 |1 | &2p | 11E 4+ B irred. unirat. 192 &Y, | 9B+ Eia irred. unirat.
12 |2 | E122 | SE1+ Ex+ Es irred. unirat. 192 gl(glz) 0F, + 2> irred. unirat.
1213 é\g)d 3EL+2E2 + By irred. unirat. 19| 3 aé)s SEy+ E2 + Es + Ea irred. unirat.
12 |3 SASI,) 3E1+ By + E12 irred. unirat. 193 ffé',j) 3(2E1 + E») irred. unirat.
12 | 4 | E12a 26+ Ex+ E3+ Ev4 irred. unirat. 19| 4 a{a)x 3E1+Ey+Es+E,+ Es irred. unirat.
131 | &1 12E, + E» irred. unirat. 19 | 4 é\l({,ll) 4FE1 +2E> + B3 irred. unirat.
132 &, |6E:+Eiq irred. unirat. 195 ﬁléi 2E1 + 2F; + 2E5 + B4 irred. unirat.
132 ffﬁ'j 2(3E1 + Es) two unirat. components 1915 ?\(9 ) | 3B+ By + B + By irred. unirat.
1313 é\g)q 3B, + Es + Es + E4 irred. unirat. 1916 | 196 | 3(E1+ Ei2) irred. unirat.
1313 g‘\l(éla) 4B + 3E> irred. unirat. 20 | 1 | &0 | 19E1 + B» irred. unirat.
134 é\g)a 2F1 + 2B + E12 irred. unirat. 20]2 | &0z QE} + FZ + F’:X i”ed- un?rat.
13 14 SAEI;I; 2(E1 + E2 + E3) two unirat. components 2013 | &0s |6E1+ Bt Bis irred. unirat.
134 | EYD | 3B+ 2B, irred. unirat.

5The few cases marked with “??” in the tables are now known to be irreducible as a consequence of
[10, Thm. 1.1]. Their unirationality /uniruledness, or even Kodaira dimension, is however still open.
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g | ¢ | comp. | dec. type p T g | ¢ [ comp. | dec. type p T
20 [4 [ &), [4E: +3Es + Es irred. unirat. 256 %;?I : 2(B\ + B2 + B3 + Eu) two unirat. components
90 |4 | 800 | 4B, + ot By + Bra irred. unirat. 25 |6 | EL'D | 3E1s + By + B> + B3 + By irred. uniruled
20 |5 | &Y. | 2By +2E2 + Bs + Ea+ B irred. unirat. 26| 1] Exa | 25E) + By irred. unirat.
20 | 5 é;(é? 3E\ + Ex+2E 2 irred. unirat. 262 ¢ 128, + By + By irred. unirat.
= 26 | 3 | €26 8E\ + By + B, irred. unirat.
21 [1 | &y | 20E1 + B irred. unirat. %1 TEr ,)F: ”;Z m ;j+ oA P —,
21 [ 2 | €D, | 10E, + B irred. unirat. I I = R I . .
212 26 |4 | EGT) | 6Ba+ B+ By irred. unirat.
21 |2 4‘:‘\2(12) 10Ey + 2B, two unirat. components 26 |5 | £, | 3B1+ Bz + Bs + Ba+ Bs + Bo 77
21 |3 | ED, | 6E1+ B>+ E1a irred. unirat. 26 |5 | €LY | 4B+ 2B+ Bs + Era irred. unirat.
21 |3 | EQ) | 6B + 2B+ By irred. unirat. 26 |5 | EVID | 5By + By) irred. unirat.
21 [ 4 | ED, | 5E: + 4B, irred. unirat. 26| 6 | £y | 3E1 + Bz + B3 +2E1» irred. unirat.
21 |4 | EM) | 5E 4+ 2B irred. unirat. 2|6 | Ego | 281 +2B: + 2B+ Ea+ Bs irred. unirat.
21 | 4 Ei,”;) 4E1 4+ 2E2 + 2E3 two unirat. components 271 %731 26E: + B> d. unirat.
V) 5 P (1 P A .
21 |4 | ELY) | 4By +2E; + B irred. unirat. 27| 2 22';]2‘ 13Ey + B rred. unirat.
20 (5| &0, |28 + Bs + Bs+ Ba + Bs + Bo 7 27| 2 {%2 13E) + 28, irred. unirat.
21 |5 | 800 | 3B, 4 2B+ By + Era irred. unirat. 27| 3 iﬂf) 8E\ + Es+ Era irted. unirat.
6 e 205 4 5o s Fua) P—— " 27 | 3 | ELD) | 8By 4 2B + By irred. unirat.
216 L o o unral. components 27 [ 4| &), | 6B+ 2B+ Eia irred. unirat.
22 21E: + By irred. unirat. 27 |4 | EQY) | 5B\ + Eat B3+ Bu+ s irred. unirat.
22 L0E: + B2 + B irred. unirat. 27 |5 | Dy | 4B+ Bs + Es + Es+ Ers irred. uniruled
22 6E1 + E2 + Es + By irred. unirat. 27| 5 | EUD | 4By + 3By + B irred. unirat.
22 TE) + 3B, irred. unirat. 27 |5 | EGTD | 4B + 3B, 4 2B irred. unirat.
2 1E1 + 2B + B + s frred. unirat. 27| 6 5:(% 3E; + 2B +2E1 2 irred. unirat.
2 5Eia+ By 4+ B irred. unirat. 27l Bl 3E1 + 2B, +2E3 + Era irred. unirat.
p i - 2 2 s s 77
2 3E1+ B2+ Bs+ Bat Bis irred. uniruled 2716 | Eyo |2B1 4280+ Bt But ot B i
22 3E) +3E; + i irred. unirat. ki : ?*“ 2,7? *? - ?"Cj‘ niat.
2 3B + 3Es + 285 irred. unirat. 212 G |13 H B+ By irred. unirat.
) Bt Byt Bt it Bt Bot B | irred. umirat 28 |3 | ), | 8E1+ Ea+ Bs+ Es irred. unirat.
LR e et B o 27 | Trred unirat 28 |3 | &) | 33B1+ ) irred. unirat.
23 22F: + E» irred. unirat. 284 gfél‘) 6E) +3E> + B3 irred. unirat.
23 11E1 + Er 2 irred. unirat. 28 |4 | &4 |6EV+ Ex+ E3+ Eia irred. unirat.
23 11E; + 2B, irred. unirat. 28 |5 |EWs | 5By + B2 + 2B irred. unirat.
23 |3 | Eans | 7B+ Bzt Brg irred. unirat. 28 |5 | ELY | 4By + 2B+ Fa+ Fuo irred. unirat.
ST - - o - . .
23 |4 | D, | 5B +2E2 + Ers irred. unirat. 2815 %z‘(ia 4B +3F2 + By + Eu irred. unirat.
93| 4 | &) | 4B + Byt Est Bt Bs irred. unirat. 28 [6 | g [ 2B+ By By + B+ By Ho By [ ired. uninuled
235 | £, |4E: + B, + 2B 4 irred. unirat. ;i 2 ;23;6,, fz(f‘j;? 1?& o p f"“‘i‘ ““f‘d:‘ |
y ! 3B+ 2B + By + By + Big irred. unirulec
23 |5 | EQY | 3E1 +2E2 + Es + Ers irred. unirat. R R T AT AT L . -
o | = | AU . . 28 |7 | Es7 | 3B+ Ex+3E1» irred. unirat.
23 |5 | Ess’ | 3E1 +3E2 + B3+ By irred. unirat. = > = =
ARG DT Ay o - 20 [ 1] Esos | 28B4 s irred. unirat.

. 23,6 1t Bet Bt Bat Bs+ B = 29 |2 [ &), |14E + By irred. unirat.
24 |1 | &un |23, + B irred. unirat. 20 | 2 | EQD | 2B + E2) two unirat. components
24 | 2 | Eaa0 11E, + E> + E3 irred. unirat. 29 |3 | €03 | 9B+ Er+Eis irred. unirat.
243 [ & | 7B+ B2+ Era irred. unirat. 20 [ 4| &0, | 7Bi+4Es irred. unirat.
24 |3 | EUD | 7B + 2B, + By irred. unirat. 20 | 4| Egld | 7By +2E10 irred. unirat.
20| 4| &0, |55 +3E: 1 B Trrod. unirat. 29| 4 2(3E1 + B + Es) w0 unirat. components
24 |4 | EX) | 5B+ B2+ Es+ Bia irred. unirat. 29 |4 | & 6;‘ + 2? + h; ~ ‘”e‘é- unirat.

; 20 |5 | €W | 4B + 2Bs + 2E: irred. unirat.
24 |5 | &)y | 3E: +2E2+2E; + Es irred. uniruled bl L = e ++ W i P ’:E 8 B
ST 2 irred. unirat.
24 |5 Sij’; 412+ Er+ Ex + E3 irred. unirat. 2|5 5{2?'150 5F:‘i '}F; Y Fis ? irred. unirat
5| E1D | 5By + 3B + By . .
24 |5 | & | 4B + 3B+ Bis irred. unirat. 29| 6 | €8y | 3E1 + B+ By + Bs + By + Eng 7
2416 5%,10 3E1+ B2+ B3 +2B14 irred. unirat. 29| 6 | ESL | 202B1 + B2 + Eua) two unirat. components
246 | ESQ) | 2B+ 2B + Es + Ea+ B irred. uniruled 20 |6 | 0D | 3B + 3B + By + Bia irred. unirat.
25 |1 | &1 | 24E0 + B irred. unirat. 30 |1 | Eon | 29B1 + B irred. unirat.
25 |2 | D, | 12B: + Eis irred. unirat. 30 [2 [0z |14Ei + B2+ B3 irred. unirat.
X : 75 5 -
25 | 2 | ELT) | 2(6E: + E2) two unirat. components 3013 %tm 9B +2E2 + Es irred. unirat.
25 |3 | &, |7Ei+ B+ Bs+Ea irred. unirat. 3013 éf(}f 9B + B+ B irred. unirat.
25 |3 | &0 | sEr 438 irred. unirat. 30 | 4 %‘:’f‘/ 61 + 2B, + Bs + Ea irted. unirat.

- o) — ~ - 30 |4 | EL) | TBis+ Bi 4 By irred. unirat.
25 | 4| &yl 2(3Ey + 2E») two unirat. components 3015 [0 5y + s+ 28 irred. wnirat
. SUD) | oy . - ) 30.5 2 8 .
25 4 i%;)ﬁ) 2(3E1 + Ei12) two unirat. components 30 |5 | &0 | 4B, 420 + By + By + By irred. unirat.
254 {%%) 5E1 + 2B +2E5 irred. unirat. 30 |5 | EUD | 5By 4 4B + By irred. unirat.
25 |4 | &5y | 5B +2E5 + Eap irred. unirat. 306 | EQ) | 4By + B2 + B3 +2E14 irred. unirat.
25 |5 | &, | 4B + B2 +2E12 irred. unirat. 30 |6 | ELL) | 8B +2Es + By + Ba+ Ero irred. unirat.
25 | 5 | EXD | 3E1 +2Es + Es + Ea+ Es irred. unirat. 30 | 6 | ELID | 3By + 3By +2Es + By irred. unirat.
25 |5 | XD | 4By + 4B, + By irred. unirat. 30 | 6 | EGY | 4Bia + Br+ By +28s irred. unirat.
25 |6 | &0y | 4F1 + 3F1, irrod. unirat. 30 |7 [ ER), | 2B1 + B2+ Es + Ba+ Es + Eg + Ev7 | irred. unirat. (cf. Rem. 4.14)

30 | 7 | EQY | 2B+ 4B+ By + Bat Bs irred. unirat.
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