
Lecture 11 : Traveling waves
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. 2) Traveling wave solutions

Abeveling wave solution to the F-KPP equation is a solution of the form

~ (b , x) = w(e-wH) for some t function w :-10 . 1] and a speed were .

Note that G =1 + flu-u if and only if Ew" +ww + fu-w=

At
a-

y
Line

,

such
a solution has the save shape was a function of a

but this shape is "traveling" at speed v.
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Kolmogorov , Petrously and Pishornow (1937) proved that there exists a non-constant

reveling wave solution at speed v2
,

O if and only if wh
.

Jo
.
Moreover,

for a given whby ,
the travely mave solution is unique up

to translation

by a
constant.

Here we prove
existence for wide using

the BBM lidea from McKean 197s).
Theorem : Let JE(0

, (c) , wil = E + = and
,

for MER
,
wha = Elep)-edWs))

Assume EIL) < a.

Then v(h
. x) = w(-v(t) is solution of1 fl

This covers all speeds us bei :"will
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Note that w is non-constant because W30 a . s .
on survival for Jade

More precisely ,
w is increasing

with uklao and valaet Pleatiction).

For J
, be ,

the proof below works but whl=1 because WS = 0 a .
S.



Proof: It is enough to
prove

that
,
for

any
10 andmeas,

~ ka-w(s)) = ELTEw(Xw(l + c) because the right. had side is

a solution of the PDE by the first theorem of this Lecture.

This equality follows from the following decomposition for W : for t
,
sc

.

O,

Wis =Ear( [
> Xu(t+s) - (b +m)(t+ s)

vEN(t+s)e
st . u,

~

=E edXw-(ult[s(ult +s) - Xw(t)) - (b m)s
2

wEUP(t) rEN(t+s)
st . u,

~

-

by
·
thebranching property, cotionally onThea b

hTakings- ,

we

ge
W =

& exel-EW(l) where Will= WSw , 1) las limit)
.

wEUP(t)

We can now

prove
the desired equality :

~ (x - w(b(t) =Leap) - edx + Jv() + WS)) - decomposition above and Jul = don

= Expl esp)- e -
b(a - X-(t))w](w

,H)]
= ESELEN eptcNWFS these we independentT

Fr-measurable rV
.
with the same law

asWdA

= El Terry w(x - X-(4)]
= E) Try ~(a +X(l)

& by symchiy of 1 see #

For more general initial conditions -10
,

%) ,

the solution also looks like a

front
moving

at some speed v (which depends on the initial condition
and the shape of the front now varies withlime

,

but
converges

to

the shape of the traveling wave
with speed w

.

We only see one example
of this fact :



Exercice 1 : Let be10b) and leto be the solution of1 fl
withinitial condition v(0 , 2) = epl-e-ba) ven by the first theoen .

S
CRb : such a

solution is

unique
but

we haven't proved it).
Let w(bl = E + = and

,

for MER
,
whal = Elep)-edWs))·

Prove that
,

for
any
E

, whie - wit wal

#6) Branson's results on the madison

Recall we proved Model3 stated as a theorem by Branso i 1978
logh

Branson's result was actually stronger : Lecall mr = bct- lgt
Theorem (Branson' 78) : Assume E[L2] < - .

Then
,
Mr = my- 0p(1) on the survival events

,
i

. e.

Faso
, Jy30 ,

Stoo
,

UK to
, Plth-mel-y ,y)(5) 1-9.

We proved this
precision

for the lower bound but not for the
upper

bound

and it wouldrequire a bit more
work to

prove Mr =mr-Op(1).

Branson's proof in 1978 was probabilistic ,
based on

many
hooe and

many-
to-twolemones with barriers.

He then refied hisresult in 1983
,

but
using

this hime the link with the

F-KPP equation .

He studies the asymptotic behavior of ulhine) for various

initial conditions
,

but in the case v(0
.
) = Ergo ,

his result eads :

Theorem (Branson 1983) : AssumeELL2) 10 and IP(L = 0) = 0
.

Then
,

for
any
str

, PIMa-ms=r) was whel ,

where

~. R-10 , 77 is the
unique

solution
, up

to translation
,

of

1 w" + J
,
w' + f(w) - w = 0 wh w( a) = 0 and w() = 1 .

JaxMoreover
,
there is Cr2O such that 1-w(l-Case as -e.



Remark
:

· In other words
,
No-my converges

in distribution
as heat towards

a r .v .

with cumulative distribution function we

& ~ is the shape of the travelling wave solution of speed b.

#I
.7) The derivative markingal

With the intention of
giving a probabilistic description of the limiting

law of M-ms , Valley and Selle introduced
a new molongale which

descodes the ground of the BBot in the direction of the macie

Lie with slopedo) and which eplaces WK which has a wero limit.

Let Er= (bct-X_ (H) eda(Xo(l)-Johl for 10.

Proposition :(ELIno is a (F1)-markingale -

The
process (Eluo is called the derivative marhingale ,

because it

is obtained by E1 = -Wils
= S,

Proof 1 (by direct calculation) :

· We first
prove (ch + -Bale

b
.Ba-k0 is a marlingale under Pr : for siteo,

Fal(bc(s = H + L - Bar) edbs
- d(r))Fs)

= (bas + L = Bs) ets--B-Es) + E((bL - (Br
+ s

- Bs))exBs+
- Bs) - E )Es)

! Bsol-Bs is indep of F and Br under IP

= (s + L = B
,
)e-Be by Girsanov= (bs + L = Bs) etBs - E

So (lbch + -Bil etB-0 is a martingale under P
many-to-one and ecEl

· In perlicher . El (ch-L-Xn() etXI-Silch + 2-Bu) eb-
= L (value at t =0



· Now we

prove (Elso is a marlingale :

#Ens /Fs) =Ep
,
Ele

,

(bc(s) - X-lles) edcX-Ches)
- S3(h+s)(F)

ub, ~

=E exels-bis El-K-Xr(s))e-X-
=: Lo(s) Fg-measurable

by the branching properly , conditionally on Es

(n It+ s) - Xer(s)
, vers , ve) for weas has the same law as

(X-CH , veril so by the
previous

calculation El---(Fs) = Lels)!
& ebaXe(s)-bisLn(s) = Es .

A
NENs

Proof2 (differelicting with respect to 6) : Let Oeset.

We alread know that
,
for JER, ElwilF] = US.YS
?

To justify this we
need

a domination/ggWp)* Ye independent of before).
with ElYr] < 0

.

This is provided by :

#Wil = 1 .0 (X-K-JH) edX-E-11) -E ((X-(4) + M1) eCWIl-mL . Ye

E(T1] = E((IBrl-tlleCIBil] < n

This
proves (GWPIc0 is a valingale for my

Jea and so (Zalk
,

is a makingale B

Note that here as

convergence
is unclear :En is not mornegative...

Theorem (Lalley-Sellbe 1987) : (Eulko converges
almost surely to

a
limit zo.

Moreover En > 0 a. s . on the survival event
.

Note that there is no (convergence :EIE] = 0 but ElEa] > 0.



Actually ,
we even have ElEn] = r ! (see the exercise for aproof

The proof of the thearn relies
on introducing another martingale ,

which is

a truncated and
morny

a
live version of (Elko

↳ ↳0
.

For K
.
0

,

Let Zi = En (Sch-L-Xn(II)ebcul-bahl Amy Xuls-b

Proposition : (E) no
is a (Fl-martingale and it converges a.s. to a

lime z82, 0.

Proof :

· We first show Nat (lbch + L- Bil ediba-AmponyBs-daso is a markingale :

Wile Mr = (ch + - BrletB- and T = ~(340 : Bs = b
,

s + L]
Then I is a shopping him so (Mancuso is a marhingale.
But Trai = tech +Mr = (ch + -Bil etB- &

selo ,]Bs-Jas-
G.

S.
mas

= A = Abecau + -Be = 0 MyBsJSLmyBJELa.

I
mas

So (lbch + -Bil ediba-denyBs-Jaso is a martingale .

· Note that
,

for k. 0
, by the many-to-one

#/z(" ] = e*El(bch + - Br) edBu-ball

= Ellbch + -Balebutt
Firstas-2]) m = b
I

mas

seo ,
2) Bs-Jas-]

= L using
that it is a markingale.

· Now Let s
.

k
,

0,

Z = En (c(s + 2) + L - Xn(s +h))ebc(Xv(+ H) - ba(s+ 1) A
mas Xn(r) - Juh

S + f ~ E(o, S +]

= [bc(XvIs]-bes)A veNXXexNEWS
2

reco.]Xw()-diL
E
us

, v

-E(0 ,] -

= Le(s)~
by the branching properly , given Es .

these are independant riv.

(Lv(s)with the same distribution as E



So ElZFs] =Eed(els)-b An DE (s)
reco.]Xw()-diL

and (E) ko is a martingale.
· Finally more thah it is a monnegative markingale so it

converges
as . A


