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5) The F-KPP equation

#I
.

5
. 1) The lik between BBL and F-KPP equation

We witef(s) = Els] ,
Se10 . 1] ,

for the generating function of L

Theorem (ockean 1975) : Assume ELL]CA .

Let
g

: IR-10 , 17 be a measurable function
.

For stand k.o
,
zet ult,) = Elg(Xv( + ul) (0 . 1) .

The:

· v is continuous
on 10 . 2)xiR and weakly continuous at 1 = 0 (ie for

any
Yet()

. Si Yalvltra) don
to SY(r) -10 ,

x) doc)
·G and exist o (0 ,0

·~ is solution to

S ·
= 1 + futu o (0

.
xi

~ (0 , a) =g(x)
-> prove

it !

Remah
:
If
g

is chinuous
,

then
w is continuous

on 10 .0)xIR (which is a

more classical sense for
a strong solution to the PDE above

Remah
:
The F-KPP equation Introduced by Fisher 1937 and Kolmogorov-

Petrovskii-Pishonor 1937) is usually the one obtained by eplacing - by ve1-0
which

gives &1 (1-w-fl.

Example: Choosing thenitial condition gla) = Jaso ,
we get

&~ (a) = Ele Exaso =P(XwENr
,
Xu(k - x)

= P(minXw(H3 - x) = 1P) - maxXw(l) - x) = P(M = x) -

NEN NENL
-

has the same law as -man Xoll

So ult
, o) is the cumulative distribution function of Mr !

Understanding the asymptotic behavior of Th or of ult, :) is equialet.



Before
proving

the theorem
we

need
some

facts on Brownica motion
.

For h :R-R measurable and bounded and 130
,

we set

(Prh)(x) = #Fu(h(31)] ·

Fercise 1 :
For s

,

k
.

0
, prove

that Pras = PLPs ·

Hl :
Mahon properly !

In other words
, (Pulnso is a

semi-group
.

It is called the sevi-group
associated to Brownian motion

.

We will use the following results
Ferrise 2 :

1) Let h:-IR be measurable and bounded.

1 Prove that (hix) - (0
.
00) xiR me (Prh)(a) is continuous.

1 Prove that
,
for
any

10
,
Pch is 22

,
111Ph'llo =Flo and 111ch)"llo2.

1) Assume now
that his differentiable with a bounded drivative

.

Prove that
,
for
any

10
, 1118h'llo = Khilla and 111ch)"llo = Mlhllo.

1. Prove that if h.-R is 22 with hihih"bounded
.
the

· ko
, 11 Phtha : Ellh'lla

· Fati
, l (Ph)(x) = 1h(x).

Hind /elementary approach) : Show (Prh-h)(a) = Cr (his +z)-hal)e do

and Taylor en (h(x+ iz) .

para
Hart/stochastic calculus approach) :

With tho formula
,

show Pph(a) = hal+1EnthBs)] as
2) Prove that ,

if hiR-IR is measurable and bounded
,

then
,

for
any

E,

↓ (PrL)() is differentiable at
any

600 with derivative E(Prh)"(2) .

Wh : Combine questions 1 . b and I with Exercise 1.

Re-ah :
The operator lim PE ,

which ishe E ,
is called theinfinitesimal genera

D The
precise

definition of the infinitesimal generator includes the domain (more subte !)



E

Proof : We use the "backward approach" seen ot the beginning of the class.

Let > 0. EM .

ult,a):n g(X( + u))+ )BS
=Eltog(X(H - X(Ti = u +XT
= Eld+ -(t-Te ,

x + Xo(tel)4] by the branching property al Love To
= Eld+ef(u(t-Tex+ Yo(tel)) integrating first with respect to he

= Se Elf(u(t-s ,
x + Yp(s)))]ds integrating v.rb . Te (Yoisie

so v(hal = So e s Ps(f(u(t -s
, %))(x)ds +

et (Prg)(x)
↓ s =

t - -

= Soet Pro (f(u( , a))(x)dr =
et (Prg)(x) .

We now use this formula to deduce egularity of
w and the differenticle it with

& and &
2

↳ get the desired PDE :

or dx

· v is continuous on (0 . ) xiR : it follows from Eat Q1 . a .

What (tm)re(Prg(k)
and (h) + (

, 0)xR me Pro (f(v( , %))(x) are continuous and the

conhinity ofa follows by dominating /Pr -
- (f(0( , 01)(2)(1 in the integral

·v is weakly continuous at 1 = 0 : Note that glad by definition .

y
sing again (Pr -

-(f(v( , 01)()([1 ,
we get ~I .

r) = 0() + e-"Efg(Br - x))
as te0

, uniformly ina
.
So

,

for YEC
, IR)

,

SM-( .m)Y(m) daE 0(1) + e

= " E((rg(B + x)Y(x)d]
by Fubini , using

that
d

· (1) + e

=

E((rg(y)Y(Bi +y)dy)b change of variable
I

g .

Y are bounded and
T has compact support to (2 g(y)Mlyldy = SR-10 ,y) Ylgldy-

6

by dominated convey
e-c usingf(Brig) to Yy) by continuity of 4

and dominating Igly)Y(Broy)1 &IIgllo 1141ls Ebayezee] for of such that suppYc(9 .M]



· Emultia) is differentiable for 10 : fluir , ol) is bounded by 1 so by
Ea2Q1 .

b
, Pro (f(u(,)) is differentiable and IPr--(f(u(,))]'()-

This provides the domination to justify that
· SePr(flu,)() drefu, ](or e

and it bounded by"evr
By EC2Q1 .

6
again , Pry is differentiable and its drivative is boundedby

It follows thatult
, of is differentiable with derivative bounded by Caf

· Emultia) is Lovice differentiable for 10 : We now know that flut , o

is differentable with dervative bounded by ElL] (C) (note
that fl) ELL]

for se(o, 1]) .

So wean apply Ea2 Q1 . 2
.

toget that Pr.- (f(v( , %1) is Leice differentiable

ad I(Pr
-
- (((( ,01)]"(1-E] (C +#) which is integrable in

Finally , applying EC2Q1 .
6
again

to Peg ,
we conclude that ultiol is twice

differentiable and(Ser(f(u(, ]"() dre (g)"l
· ↳o me ultial is differentiable forE : First note that

① By Ea [Q3 ,

for
any

-40
,
Le (r

. 0) mo Pro Iful, 1) (a) is differentiable

and its derivative att equals E(Pr - - (f(v( , ·)))]" (2) which is bounded

by ELL](C + 1) ·

So Letting 4) =
en-

-
Pro Iful, (l) (2) ,

we have
Fr

1 4( . -1) = 1 + (C + 1) for
any
kar

② U is conturous on 4(6 . -) : +03 because

Pr
- ~ (f(u(, (l)(e) = E)f(u) ,

a + Bu-))) and
v is continuous on (0 , 2) XR.

These to facts are enough to conclude that some 41- I do is

differentiable with derivative Y
. 11 +14- dr . (Fercise 3 : show this .

Moreover
, by EaZQ3 ,

20m (Prg)(n) is differentiable with derivative 1(Prg)" (a)
It follows that vlo

,
a) is differentiable and



& Chal = f(u(t=) + 5) - e

= "Pr (f(u( , ·(l)(x) +
e&(P - (f(u(r, )))]"(a)d

- e

-t

(Prg)(x) + e

-

1(Pg)"(a)
= f(u(t ,z)) = v(t , x) + 1(x) .

⑭

Solution to exercise3 : For E
,

to we have

14d-d-dl
For (1) : By ,

416 + 2
,
r)-4(h- /

-> 41,) for
any

- E(0 ,2)
E 2-g

and domination bySs+ egable
so (II to So"41 , -) do .

For (11) : Changing variables ,
(1)=,+us) do

and domination by 1
- Y(h

.H by②

so (1) to S
.

"

Y(
,
H) do = 4(6

.
H.

Ecucre 4 : Assume ElL]0 .

Let
g

:- be a measurable bounded function

For strand K
.

0
,
jet vItin) = #) [ g(Xv(t) + 2)] -

NEM

1) Prove that for
any

mER and 10
,

u (t ,
x) = E(L) = So e =+Pr

- -
(v( , a)(x)dr =

et (Prg)(x)
2 ProveNat :

· v is continuous
on 10 . 2)xiR and weakly continuous at 1 = 0

·G and exist o (0 ,0

·~ is solution↳ =1 on 10
.
00xiR (recall m = E(L] - 1)S

~ (0 , a) =g(x)
Mint : For the regularity properties , you

do not need to do everything over

again ,
more that one can apply the argument in the proof above to fls) = s.


