Chapter 1

Convolution and application to
regularization

We introduce in this chapter the notion of convolution, essentially in R% endowed with
the Lebesgue measure. The convolution appears in a natural way in many contexts.
Typically, and it is one of our main motivation, convolution is intimately linked to
the regular product via the Fourier transform, that we will introduce later. Another
important application, that we will devellop in the second part of this chapter, is the
regularization of functions.

Without necessarily having mentioned it, we have already met convolution and the
links it has with the usual product. Let us have a quick and non exhaustive overview
before we get to the heart of the matter.

First, let us consider two real or complex sequences (a;);cy and (bg)yey that are
eventually vanishing (there exist N, M € N such that a; = 0 for j > N and b, = 0 for
k> M). We note P and @ the corresponding polynomials:

N M
P = 2 a; X7 and Q= 2 b X",
j=0 k=0

The usual product of these polynomials is

N+M n
PQ =) (2 ajbn_]) X"
n=0 \j=0

This polynomial is associated to the eventually vanishing sequence (cy),,oy defined by
n
VneN, ¢,= Z a;jbp—;. (1.1)
j=0

If we extend the sequences (a;) .y, (bk)gey €t (¢n)pey Py O to see them as Z indexed
sequences, we get that the sequence (c¢y,)nez is exactly what we will define as the con-
volution of (an)nez and (by,)nez. Thus, the usual product of polynomials is defined by
convolution.

If we remove the hypothesis saying that the sequences (a;) jeN and (by) ey are even-
tually vanishing, the polynomials become power series, but the discussion remains the

same. the product of Z;j% a;z) and Y% bpz* is the power series Y% ¢, where ¢, is
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again defined by (1.1).

This observation has, for example, applications in probabilities. If X and Y are two

independant random variables with values in N, then for any n € N we have
n n
P(X+Y =n)=) P(X=jandY =n—j) = > P(X = j)P(Y = n— j).
§=0 j=0

Thus, the distribution of X + Y is given by the convolution of the distributions of X
and Y. Thus it is relevant to associate to a random variable X :  — N the power series
(called probability-generating function) defined by

Gx(z) = Y P(X = j)7.
j=0

We have Gx,y = GxGy (usual power series product), and from Gx,y we can then
identify X + Y.

In the same spirit, but closer to the issues of this course, we consider the case of
Fourier series. Let f and g be two locally integrable and 2m-perodic functions on R. We
note (an)nez and (Bn)nez their Fourier coefficients. In L?(S) we have

fl@) = ane™ and g(x) = > Bne™™.
nez nez

The Fourier coefficients of fg are given by the convolution of the sequences of coefficients

of f and ¢:
(f)@) = 3 (Z akﬂn_k>

neZ \keZ
We observe the same phenomenon for the Fourier transform. More precisely, the
Fourier transform of a product of function will be the convolution of the Fourier trans-
forms of these functions. We will come back on this in the next chapter, but for this,
we will need convolution for functions on R?. This is the object of this chapter.

When we will study the Fourier transform, we will see that its main interest, as
for Fourier series, is its nice behaviour in the framework of differential equations. This
suggests that the convolution will naturally appear when solving differential equtions.
It is indeed the case, and can already be observed for the simplest cases. Consider o € R
and f a continuous function from R; to R. Using variation of parameters, we know
that the unique solution on R of the Cauchy problem

Yy +ay=f({), t=0
y(0) =0,
is the function .
y:t— J e =9) £(5) ds.
0
It is precisely the convolution of s — e~%% solution of
Y +ay=0, t=0,
y(0) =1,

with the source term f (these two functions being extended by 0 on R*). This is not
a coincidence, and the generalization of this remark will be one of the issues in the
following chapters.
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1.1 Convolution

R¢ and C are endowed with their usual Borel algebras. On (R%, B(R?%)) we consider the
Lebesgue measure.
1.1.1 Definitions and first properties

Let f and g be two measurable functions from R% to C. We observe once and for all
that for any x € R¢ the function y — f(x — y)g(y) is measurable from R to C. We will
no longer mention this point in the proofs of this chapter.

Definition 1.1. For 2 € R? such that the function y — f(z — y)g(y) is integrable, we
set

(Fea)a@) = | fla=u)glo) do

The function (f * g) is called the convolution of f and g.

Ezample 1.2. o For any f measurable on R? we have f %0 = 0.
e If f is integrable on R? we have

(L« f)(@)=| [f(y)dy.
R4

e For z € R we have

1 x if x € [0,1],
(Ljo,1) * Lo, () = j Tz —y)dy=42—-x ifxell,2],
0 0 if 2 ¢ [0,2].

o Let f be the characteristic function of the interval [ — 3,3]. Let g € £ (R). For

z € R we have
:er%

(f *9)(x) = f o(u) dy.

r—

N

Thus, considering the convolution of g with f, at the point x we replace g(z) (that has
no meaning since we consider almost everywhere equal functions) by the mean of g on
[ — 3. 3] (that always has a meaning, even for g in L] (R)). We observe that we obtain
a continuous function (f * g). Moreover, if g is of class C* for some k € N, then (f * g)
is of class CF+1,

e Let a e R. For n € N we now consider the function g, : © — «a + cos(nz). Thus, for

z € R we have

D=

sin (n(z + 3)) — sin (n(z —

)

(f # gn)(@) = o +

n

The function g, is of class C® for any n € N, but it oscillates with higher and higher

frequency when n grows. The convolution erases these high frequency oscillations and
(f * gn) is closer and closer to its mean value .

These first examples show the regularizing effect of the convolution mentioned in the
introduction. We will come back on this aspect in the second part of this chapter. For
now, we begin by describing some general properties of the convolution.

Proposition 1.3. Let x € R%. The convolution (f = g)(x) is well defined if and only if
(g = f)(z) is, and in that case their values coincide.
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Proof. Applying the change of variables n = x — y we get

J [f(x—y)l|g(y)| dy = f [f()] g(z —n)| dn.
R4 Rd

This proves that (f * g)(x) is defined if and only if (g * f)(z) is defined. in that case,
the same computation considering f and g instead of |f| and |g| shows that (f*g)(z) =

(g (). O

Proposition 1.4. Suppose there exist R, Ras > 0 such that f vanishes outside the ball
B(R1) and g is null outside the ball B(Ry). Then for x € R? such that |x| > Ry + R
the convolution (f = g) is well defined at x and (f % g)(x) = 0.

Proof. Let x € R? such that |z| > Ry + Ry. Let y € R If |y| < Ry then |z —y| > Ry so
f(z—y) = 0, while if |y| > Ry we have g(y) = 0. In both cases we have f(z—y)g(y) =0,
so the function y — f(x — y)g(y) is integrable with integral 0. O

1.1.2 Convolution in LP(R?) spaces

The purpose of this section is, just like the Holder inequality for the usual product, to
give necessary conditions which ensure that (f # g) is in some Lebesgue space if f and
g are. As for the usual product, there are some obvious cases.

Proposition 1.5. (i) Assume that f € L'(RY) and g € L®(R?). Then (f * g)(x) is
well defined for any x € R? and (f * g) € L*(R?) with

1 # gl <Tf11 19l -

(ii) We suppose that f € Li (R?) and g € L*(RY) vanishes outside a compact of Re.
Then (f = g)(x) is well defined for any x € RY.

Of course, we have analoguous properties if we switch the roles of f and g.

Proof. For this first proof, we emphasize the distinction between £'(R%) and L'(R%) or
L*(R?) and L®(R?). We will not do this in the rest of the chapter.
So let f e £L'(RY) and g € L*(RY). Let 2 € R For almost every y € R? we have

9| < llglles, s0

[ 1re=wlswl av<lol, [ 156@-vlay
yeRd d

yeR

Using the affine change of variables n = x — y, dn = dy, we get

J [f(z=y)llg(y)] dy < |goof [FO)l dn = [ £l gl -
yeRd d

neR

This proves that (f = g)(z) is well defined and

ru*mun<f F@ =) lg@)] dy < [£1; gl -

yeRd

Hence [[(f # 9)l < [f]11l9]-
We now consider f € L'(R?) and g € L®(RY). Let f1, f» € L (R?) be two elements of

the equivalence class of f, and g1, go € LZ(R?) be two elements of the equivalence class
of g. Let € R%. The functions y — f1(x—y)g1(y) and y — fa(x—1y)g2(y) are integrable
on RY. Since fi(z — y)g1(y) coincide for almost every y € R? with fo(z — y)g2(y), their
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integrals also coincide, so (f1#g1)(x) = (f2*g2)(z). We denote by (f*g)(z) this common
value. Moreover we have
If# gl = 1f1 %91l <[ f2llylgrle = 1£11 9l -

This gives the first property.
For the second, we do not give so many details, we just identify f and g with two of

their equivalence class representatives in £1 _(R?) and £*(R?), with g vanishing almost

everywhere outside B(0, R) for some R > 0. Let z € R%. As above, we have

f @)l lg(w) dy = j @ =) l9(w)] dy
yeRd

yeB(0,R)

<ol f Fla—y)| dy
yeB(0,R)

<lol [ ifidn
neB(z,R)
Since f is integrable on B(z, R), this proves that (f # g)(x) is well defined. O

Now we turn to the first important result about convolution. We prove that the
convolution of two integrable functions is an integrable function, and furthermore the
norm of the convolution is not greater than the product of the norms of the two factors.
From this perspective, convolution is more convenient than the usual product.

Proposition 1.6. Let f,ge L'(RY). The function y — f(z —y)g(y) is integrable (and
thus (f * g)(x) is well defined) for almost every x € R?. This defines a function (f % g)
which is integrable on R?, and

1f+ gl < 7l Nl -

Proof. We identify f and g to representatives of their equivalence class in £'(R?) (and
we check that everything is independant of the choice of the representative). The map
(z,y) — |f(z —y)||g(y)| is measurable from R? x R? to [0, +o0]. By the Fubini-Tonelli
theorem, the function

- j (= 9)llo()| dy
R4

is well defined and measurable from R¢ to [0, +00]. Moreover,

[ ([ 1= antatl an) az = [ 1ol ([ 156 -l ac) ay
- [t ([, vt an) ay )

~ £l | ot

= £l gl -

For the third equality we used the change of variables n = z — y, dn = dz, in the
z-variable integral. This proves that for almost every z € R? we have

JRd f(z =)l lg(y)] dy < +0.

Thus, by the Fubini-Lebesgue theorem, (f *g)(z) is well defined for almost every z € R,
Moreover,

[ ol < |

R

( [ 156 =llo) dy) az = |1, gl -
d \ Jrd

The proposition is proved. ]
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The aim of this section is to give more results of this kind, that is, prove that if
f and g are in suitable Lebesgue spaces, their convolution is well defined and satisfies
some useful properties.

The following result generalizes the first property of Proposition 1.5 and Proposition
1.6. If a function is in LP(R?) for some p, then so is its convolution with an integrable
function.

Proposition 1.7. Let p € [1,+], f € L'(R?) and g € LP(R?). Then the convolution
(f * g)(x) is well defined for almost every x € R, we have (f * g) € LP(R?) and

1+ gl, < £l 191, -

Using the commutativity of convolution, we have an analoguous result for f € LP(R?)
and g € L'(R%).

Proof. We identify f et g to representatives in £'(R%) and £P(R%). The result is already
known if p = +00, so we can assume that p € [1,400[. Let ¢ = 1% be the conjugate

exponent of p. For z € R? we have by the Holder inequality

f @ — ) lgw) dy=j F@— )5 1@ - o)) o) dy
Ra Rd

<ti ([ 1= ol ay)’

By the Fubini-Tonelli Theorem we get

p p—
1 +lally = |

<itf [ ([, e = mliatr av) ac
<11 [ o ([ 1760 ac) ay

< 115 gl -

We deduce that (|f| «[g]) € LP(R?) with [|f]*|gll, < [f],
function y — f(z — y)g(y) is integrable for almost every z € RY, and

p
fRd dr < fRd fRd |f(z —y)lg(y)] dy
Hence (f = g) € EP(Rd) and Hf * g”p < Hle Hng 0

P
dx

f @ — )] lo(v)] dy
Rd

lg],- In particular the

p
dz < || f17 gl -

flxz—y)g(y)dy
R4

Remark 1.8. For p e [1,+w] et f € L'(RY), we have proved that the map F : g+ f*g
is a continuous linear map on LP(R?), with 1E N 2wy < 11l

Let us discuss another generalization of Proposition 1.5. We still arrive in L®(R%),
but we now consider f and g in LP(RY) and LI(R?) for general conjugate exponents
p and ¢. It is interesting to compare this result with Hoélder inequality for the usual
product of functions.

Proposition 1.9. Let p,q € [1,4+0] be two conjugate exponents. Let f € LP(R?) and
g e LI(RY). Then the convolution (f = g)(x) is well defined for any x € R, (f * g) is
bounded on R* and

1F gl < [l 9] 2o -
Moreover, (f =g) is uniformly continuous and, if p and q are finite, then (f =g)(x) tends
to 0 when |x| tends to +o0.
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Proof. We identify f and g to representatives of their class in £P(R?) and £9(R?).
e Let z € RY By the Holder Inequality we have

fRd [fz—=y)llg(y)] dy < <JR |f(z—y)P dy)‘l’ UR lg(y)|? dy)é = £l g, -

Hence (f # g)(z) is well defined and

[(F=g) @) <[], gl -

This proves that (f = g) is bounded with

1 * gl < £, gl -

e Let h € RY We suppose that p < +o0. For 2 € R? we have, still using the Holder
Inequality,

(Fra)e+ 1) = ()@ < | 17+h=y) = f(o =)l lg)] dy

<lol, ([, +n-0) - sy )"
< Vrnf — f1, lal,

(recall that 7_pf is the function n — f(n + h)). By continuity of the translation in
LP(R7),

sup [(f # g)(z +h) = (f = 9)(@)| < |mnf = [, 9l — 0,

zeR4 h—0
so (f % g) is uniformly continuous. If p = 400 then ¢ = 1 and we can similarly write, by
commutativity of convolution,

(Fa)a+1) = (2@l < | 17Wlala+h=1) =g =) dy

<|fl,l7-rg — gl

— 0.

h—0

e Now assume that p and ¢ are finite. Then, there exist sequences (fy),,cny and (gn)en
of compactly supported and continuous functions that tends to f and g in LP(R?) and
in L4(R%), respectively. For any n € N, the function (f, * g,) has compact support (see
proposition 1.4). By linearity of the convolution with respect to each factor, we can
write

(f*g)_(fn*gn) = (f_fn)*g+fn*(g_gn)7
hence
ICf = 9) = (fa = gn)lloo < 1f = ful, lgly + 11, lg = gnlly, —— 0.

n—0o0

Thus (f * g) is the uniform limit of a sequence of compactly supported functions. This
implies that it goes to 0 when = goes to infinity. O

We can give a completely general result about the existence of convolution in Lebesgue
spaces.
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Proposition 1.10. Let p,q,r € [1,0] such that

+ —.
p q r
Let f € LP(RY) and g € LY(R?Y). Then (f * g)(z) is well defined for almost every x € RY,
(f * g) belongs to L"(RY) and

I+ gl < 171, Nl -

Proof. This result is a consequence of Proposition 1.7 if ¢ = 1 and r = p (where p = 1
and r = ¢q) and of Proposition 1.9 if r = co. Thus we can assume that r < o0 and p, q €
]1, +oo[. Notice that max(p,q) < r. As above, we identify f and g to representatives in
L£P(R?) and £9(R?). The function (|f| * |g|) is measurable from R? to [0, +c0] and for
x € R? we can write

(1 +lab@) = [ (15 =9I (o)

q
T

)1z =)' lgw)]' ™7 dy.

By the generalized Holder Inequality applied with exponents 7, % and Trqu we get

= p r—q

o < ([ st —or o ) ([ s -opan) 7 ([ o)™

We get

(1= gD @) < 171, gl ™ J]Rd [f(z =y lg()|* dy.

Integrating with respect to z € R we obtain by the Fubini Theorem that
sttty <111 [ ([ 1@ =0 lotr a ) aa
Rd \JR4
<ty ol [ oo ([, 6o - P ae) ay
Rd Rd

<l ol [ low)1* ay
< 1115 sl

Hence |f| * |g| € L"(R?) with ||| f] = |g]]|, < Ifll,lgll,- We conclude as before. O

1.1.3 Other convolutions

The aim of this chapter is to study convolution on R?, but since it was discussed in the
introduction, we briefly mention the standard convolution products in other contexts.
Let u and v be two sequences in CZ. When it makes sense, we define the sequence
(u *v) by
(usv), = Z Up— Uk (1.3)

We can also consider convolution on the space of 27-periodic functions from R to C. If
f and g are two 27-periodic functions we set

(F+9)@) = o | fale =)y

We cannot define this convolution on any measured space. We see here that we
need to have an additive group (to give sense to f(z — y)). Thus we cannot define a
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convolution on N or R;. However, we can extend by zeros a sequence indexed by N to
a sequence indexed by Z. Thus, if u and v are sequences in CN that we extend in Z
indexed sequences setting u_,, = v_,, = 0 for m € N, then (1.3) gives

0 sin <0,
(u*v), = "
Diheo Un—kvr ifn >0,

We obtain again a sequence whose terms with negative indices vanish, and we can see
(u *v) as a sequence indexed by N.

Likewise, if f and g are two functions on R, we can extend them by 0 on R_ (we
still note f and g the extended functions), and the convolution of f and g is given by

six <0,

(f+9)(=) = {go () dy if x>0,

As for sequences, we can consider (f * g) as a function on R.

1.2 Regularization of functions

Since we introduced them, we have worked a lot with functions in Lebesgue spaces, and
these functions can be very singular. We have already seen that the set of compact
support continuous functions is dense in LP(R?) for p € [1, +oo[. The aim of this section
is to go further and to approximate integrable functions by smooth (and compactly
supported) functions.

1.2.1 Approximation to the identity

We have seen that convolution defines a product on L'(R%). A natural question is wether
this product has an identity element 1, such that for any f e L'(R?)

1xf=f=1=f

A formal computation shows that the “Dirac function” (supported on {0} and of integral
1) could play this role, but we know that such a function cannot exist.

Notice that we could introduce the convolution of a function and a measure. When
it has a meaning, we could set for a function f and a measure p

(s (@) = (f f £ — ) duly).

With the Dirac measure, we would get (§ * f)(z) = f(z). This will be done in the more
general cases of distributions.

For now, we only work with (equivalence classes of) functions. So there is no identity
element for the convolution, but we can consider arbitrarily close functions, in the sense
that their integral is equal to 1 and that most of their mass is close to 0. More precisely,
we introduce the following notion.

Definition 1.11. We call approximation to the identity a sequence (py,),,cy of measur-
able functions on R¢ such that

(i) pn has positive values ! for any n € N,

'we could also consider approximation of the unit of variable signs, but we need to ensure that the
sequence (pn),,cy is bounded in L. In practice, we use positive unit approximation.
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(ii) §ga pndX =1 for any ne N,

(iii) for any € > 0 we have

We could consider approximations to the identity parametrized by a real number
instead of natural numbers.

In general we use the following result to build the sequences of approximation of the
unit.

Proposition 1.12. Let p : R — R, be a measurable function such that SIR{d pdA = 1.
For n e N* et x € R? we set

pu(@) = np(nz).

Then the sequence (pp)nen+ @s an approximation of the unit on RY.

For example, we can consider the mollifiers defined by

2
II\

p(x) = R (1'4)
(2m)8
or, on R,
1

= — 1.5
o) = (15)

The proof of Proposition 1.12 simply uses the affine change of variables y = nx.
The aim of an approximation of the unit is to ... approach the unit. In particular,

we expect that (p, * f) is close to f for n large. We begin with the most convenient
case.

Proposition 1.13. Let (pn)nen be an approzimation to the unit. Let f be a bounded
and continuous function on R%. Then f  p, converges uniformly to f as n goes to +o0.

Proof. Since {z4 pn dX = 1 we have for all z € R¢

(F#p)@) = F@) = | (F@=1) = F(@) puly) o

Let ¢ > 0. There exists 6 > 0 such that for 2,y € R? with |z —y| < § we have
|f(x) = f(y)| < 5. Let M > 0 be a bound for |f|. There exists N € N such that for all

n = N we have
€

pn(y)dy < —.
fyIBn 4M

Then for z € R? and n > N we have

# pn)(z) — f(2)]
<f JIES >—f<as>|pn<y>dy+f @ —y) — F@) pny)d
yeRA\ B(z,6)
E
<3 f y)dy +2M pn(y) dy
yeRA\ B(z,6)
<S4
2 2
The result follows. O
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Now we show that p, * f is close to f for any f € L'(R?), and even for f € LP(R?)
for p € [1,4+00[. Taking for example p,, = 2nl ] for n € N* and f = 1_; 1) we see

[,l 1

n’n

that the following result cannot hold for p = +o0.

Proposition 1.14. Let (pn)nen be an approzimation of the unit. Let p € [1,4+0[ and
f e LP(RY). We have

[ # pn) = flp == O-

P noowo

Proof. We identify f a representative in £P(R?). Let n € N*. Since Sga pndX =1 we
have for any = € R¢

U*%xm—f@%:£ﬁﬂx—w_f@»%@ﬁm
B fw (Fla =) = F()) puy)? puly)* dy.

where ¢ the conjugate exponent of p. By the Holder Inequality we get

o1 < ([ 150 s@Paw ) ([ moa)"

The last integral is equal to 1. Integrating with respect to z € R% an using the Fubini-
Tonelli Theorem we get

If * pn = FlIh < f <J}Rd [f(z—y) — fl)P dw) pn(y) dy < JRd Imyf = fl; pa(y) dy.

Rd

Let € > 0. By continuity of the translation there exists 7 > 0 such that for any y € R?
with |y| < n we have

9
Inf —Fl < 5.

On the other hand there exists N € N such that for any n > N we have

%u@fpaw@<
y|=n

[N Q)

Then for n > N we have

W*%—f@<f

lyl<n

n@f—ﬂg%@wm+J‘ 7f = FI2 pa() dy < c.

lyl=n

This proves that
If o pn = flp —— 0. O

n—-+ao0

At the beginning of the chapter, we observed that convolution has a regularizing
effect. So we can expect p, * f to be more regular than f. All the more so if p, is
itself regular. Hence, Proposition 1.14 will allow us to approach LP by a sequence of
regular functions. To do that, we will use a sequence of approximation of the unit made
of regular functions for example by building it from regular kernels (1.4) or (1.5). If we
want to approach f by regular functions that have compact support, we will need to use
compact support regularizing functions. This is not the case for (1.4) or (1.5).
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1.2.2 Localized and regular functions

Let © be an open set of R?. We begin by giving basic properties of the space of smooth
and compactly supported functions on €. In particular, the fact that this set is not
reduced to the zero function.

Definition 1.15. We denote by C{(Q2), CF

() or D(2) the set of smooth and com-
pactly supported functions on €.

Before going any further, we check that C(R?) contains non trivial functions.

Proposition 1.16. The function f defined on R¢ by

fa) = {exp (—ﬁ) if x| <1,
0 if |z =1,

belongs in CL(RY). Its support is the closed ball B(0,1).

—_

Proof. e The function f is positive on the unit ball B(0,
so its support is B(0,1). Moreover, f is of class C® on B

e Forr > 0 we set
1 .
exp (—T> if r <1,
g(r) = { e

) and vanishes on R\B(0, 1),
0,1) and R\B(0,1).

—

0 if r > 1.

g is of class C® on ]0,1[. We can check by induction on n € N that there exists a
polynomial P, € R[X] such that for any r €]0, 1[ we have

¢ () = P, <11r> exp (_1 L r) .

Let n € N. The function s — P, (s)e™® tends to 0 when s tends to +o0, so

g™ (r) — 0.

r—1

In particular, g is continuous at x = 1. In addition, the derivatives of g vanish on
]1, +o0[. By the theorem of C'! extension (based on the mean value theorem) we get by
induction that g is n times differentiable at x = 1 with g(”)(l) = 0. Finaly g is of class
C* on |0, +o0].

e By composition of g with the smooth function  — |z|* = 2} + - - - + 22, we get that
f is of class C® on R?\ {0}. Since it is also C* on B(0, 1), it is of class C* on R?. [

From this first non trivial example of C$°(RY) function, we can build “peak func-
tions”, that we will use as approximations of the unit.

Proposition 1.17. Let ¢ > 0. There exists p. € C(R% R) such that supp(p.) <
B(0,¢) andf pe = 1.
R4

Proof. Let f be the function given by proposition 1.16. It is continuous and has compact
support thus it is integrable on R%. Moreover, it is non-negative and non identically zero,
so its integral is positive. Thus for 2 € R% we can set

f@
e W TOTTA

This defines a smooth function p : R? — R, whose support is B(0, 1) and whose integral
is equal to 1. We conclude by setting, for any x € R,

pe(z) = gidp (x) O

3
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1.2.3 Regularization of functions

In this paragraph we prove that the convolution of a general function with a CSO(Rd)
function is well defined and regular. We will then deduce that C°(R?) is dense in LP(R%)
for any p € [1, +o0l.

We first recall some notation for derivatives in any dimension. For o = (a1, ...,a5) €
N we set
la| = a1 + -+ + oy,

and then, for f e C®(R?),

o ol f o \™ o\
5f—aa;§“...axgd_(ax1> (axd) /

Recall that by the Schwarz Theorem, the order of differentiation is not important.

Proposition 1.18. Let p € CF(RY). For f € L .(RY) we have (p = f) € C°(R?) and
for any a € N% we have
o aap
e PE )= (M>*f (1.6)
Proof. The convolution is well defined by Proposition 1.5. Let j € [1,d]. There exists
R > 0 and M > 0 such that for any z € R?

|9p(2)] < M1 R)(2)-

Let r > 0. For any y € R? the map = — p(z — y)f(y) is of class C' on B(0,7) and

aij(p(x - y)f(y))‘ = ‘aip(x - y)‘ |fW) < M1peren (@) [ f)].

By differentiation under the integral sign, the function (p = f) is differentiable with
respect to z; on B(0,r) and its derivative is

0
3, (p=f)=(0jp) = f.

Since this holds for any r > 0, the proposition is proved for |a| = 1. We conclude by
induction, replacing p by its successive derivatives. O

Theorem 1.19. Let p € [1,+[. Then CL(R?) is dense in LP(RY).

Proof. Let f e LP(RY) and € > 0. There exists R > 0 such that g = 1 B(r)f satisfies

If —gl, < 5. Let (pn)nen be a sequence of approximation to the identity such that

pn € CL(RY) for all n € N. By Proposition 1.18, (p, * g) is of class C® for all n € N*.
It also has compact support by Proposition 1.4. Finally, by Proposition 1.14, we have
lg— (g pa)l, < § for n large enough, o |.f — (g # pa), < =. O

Remark 1.20. Let p,q € [1,4+o[. Let f e LP(R?) n L9(R%). Let £ > 0. In the previous

proof we can chose R such that |f — g, < § and |f — g, < §. Since (g * py) tends to

g in LP(R%) and L9(R?), there exists n € N such that ||g — gnl, < 5 and |lg — gnl, < 5

This proves that one can construct a sequence (f,),,oy of functions in C°(R?) such
that f,, tends to f both in LP(R?%) and in L(R%).
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Theorem 1.21. Let Q be an open subset of R and p € [1, +oo[. Then CL(R?) is dense
in LP(RY).

Proof. e Let f e LP(Q). Assume that there exists a compact K of Q such that f =0
outside K. We extend f by 0 on R This defines a function f € LP(R?%). There exists
§ > 0 such that B(x,20) c Q forall x € K. Let p e C(R?, R ) be supported in B(0, )
and such that {pdz = 1. For n e N* and z € R? we set p,(z) = n~%p(nz). Then we set

fn = f * pn. Then we have

|fn = floo@a) = 0.

Moreover, f,, is compactly supported in €, so its restriction f, to Q belongs to C5P ()
and satisfies

an - fHLP(Q) m’ 0.

This proves the result in this case.
e For m e N* we set

— 1 _
sz{xEQ |x|<nandB(x,)cQ}.
m

Then K, is compact for all m € N* and
Q=] Kn
meN*

Let f e LP(Q2) and € > 0. By the dominated convergence theorem we have

If = 1k, o) == 0,

0

so there exists n € N such that

™

If = k| o) <

D |

By the first step there exists g € C{°(§2) such that

115, = gl ey <

DN ™

Then | f = g 1»() < €, and the conclusion follows. O

Ezercise 1. Let Q be an open subset of R?. For m € N* we set

1
K, = {x € Q| |z| <m and dist(z, RN\Q) > } .
m
Let f € L'(Q) and ¢ > 0. The purpose of the exercise is to construct g € C°(€) such
that | f — g1 <e
1. We first consider a particular case. Assume that there exists a compact K <  such
that f = 0 outside K. For € R? we set

@) = {f(:r) if 2 € Q,

0 otherwise.

Let p € CP(R% R,) supported in B(0,1) and such that Sga pdz = 1. For n € N* and
z € R? we set p,(z) = nip(nz).

a. Prove that H(f* Pn) — fHLl(]Rd) — 0 as n — .

b. Prove that f = pr is supported in Q for n large enough.

¢. Conclude in this case.
2. Prove the general case.

38 J. Royer (translation by S. Damage) - Université Toulouse 3



CONVOLUTION AND APPLICATION TO REGULARIZATION

1.2.4 Partitions of unity

We end this chapter with partitions of unity. The purpose is to be able to localize a
problem, considering a function f defined on an open set 2 as a sum of functions that
are localized on smaller and simpler open subsets. We could do it by multiplying f by
characteristic functions of a partition of €2, but we often need to localize with regular
functions.

Proposition 1.22. Let K and O be compact and open subsets of R% such that K < O.
Then there ezists x € CL(R%,[0,1]) such that x = 1 in a neighbourhood of K and x = 0
in a neighbourhood of RNO.

Proof. There exists € > 0 such that for any = € K we have B(xz,4e) < O. We consider
a peak function p. as given by proposition 1.17 and we set

K. = | J B(z,22),
reK

sothat K c K. c K. < O. Tt only remains to regularize the characteristic function of
K.. For this we set, for z € R,

x(x) = fR Ik, (z —y)pe(y) dy.
We check that x verifies the required properties. O

Proposition 1.23. Let K be a compact set of R®. Let n € N* and wi,...,w, be open
sets of R¢ such that
n
K c U wj.
j=1

Then there exist functions X1, . .., xn € C(R%,[0,1]) such that supp(x;) < w; for any
j€[1,N] and 37_, x; is equal to 1 on K.

Proof. ¢ Let z € K. There exists j(z) € [1,n] and r(z) > 0 such that B(z,r(z))

Wj(z)- The family of balls B(x,r(x)) for z € K is an open cover of K, so there exist

ke N*and x1,...,x; € K such that

k
K < 0= B(,r().
=1
For j € [1,n] we set

Kj= ] Bla,r(a)).
1<I<k
J(x)=j

Then Kj is a compact included in w;. In addition we have

n
Kc | JK;
j=1
e We consider ¢y € C*(R%,[0,1]) equal to 1 outside @ and equal to 0 on K. For
instance, we can set ¢ = 1 — x, where x € CF(R%[0,1]) is given by Proposition

1.22. For j € [1,n] we also consider ¢; € CF(R?,[0,1]) such that ¢; = 1 on K; and
supp(¢;) < w;. For any x € R? we have

i qb, > 0.
i=0
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For j € [1,n] we set
Xj = nd)j :
Zi:O bi
The xj, 0 < j < n, are of class C* and they take values in [0, 1], their sum is 1

everywhere and x; has compact support for j # 0. Moreover, since xo vanishes on K,
we have >.7_; x; =1on K. O
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