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Abstract Let (X, w) be a compact Kihler manifold. We introduce and study the largest set
DMA(X, w) of w-plurisubharmonic (psh) functions on which the complex Monge-Ampere
operator is well defined. It is much larger than the corresponding local domain of definition,
though still a proper subset of the set P.S H (X, w) of all w-psh functions. We prove that certain
twisted Monge-Ampere operators are well defined for all w-psh functions. As a consequence,
any w-psh function with slightly attenuated singularities has finite weighted Monge-Ampere
energy.
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0 Introduction

It is well known that the complex Monge-Ampere operator is not well defined for arbitrary
plurisubharmonic (psh) functions. Bedford and Taylor [1-3] found a way to define it for
locally bounded psh functions. Later the definition was extended to classes of unbounded
functions (see [11,13,19]). Whenever defined, the Monge-Ampere operator was shown to be
continuous along decreasing sequences, but it is discontinuous along sequences in L”. The
natural domain of definition of the Monge-Ampere operator on open sets in C" was recently
characterized in [5,6,9].
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394 D. Coman et al.

In the case of compact Kihler manifolds, Monge-Ampere equations arising from geomet-
ric questions were intensively studied (see [12,17,18,21,23]). A systematic discussion of the
pluripotential theory in this compact setting is started in [14].

We consider here the problem of defining Monge-Ampere operators on a compact Kéhler
manifold X of complex dimension n. Let PSH (X, w) denote the set of w-plurisubharmonic
(w-psh) functions on X. Here, and throughout the paper, w is a fixed Kéhler form on X.
Recall that an upper semicontinuous function ¢ € L'(X) is called w-psh if the current
wy = w + dd° ¢ is positive. Motivated by the results of [3,5,6,9], it is natural to define the
domain of the Monge-Ampere operator as follows:

Definition Let DM A(X, w) be the set of functions ¢ € PSH (X, w) for which there is
a positive Radon measure M A(gp) with the following property: If {¢;} is any sequence of
bounded w-psh functions decreasing to ¢ then (w + dd¢;)" — M A(g), in the weak sense
of measures. We set

a)g = (w+ddp)" := MA(p).

According to this definition, DM A(X, ) is the largest set of w-psh functions on which
the Monge-Ampere operator (@ + dd€-)" can be defined so that it is continuous with respect
to decreasing sequences of bounded w-psh functions. It includes all the classes in which the
operator was previously defined, either as a consequence of the local theory, or genuinely in
the compact setting (the class £(X, ) from [15]). The set DM A(X, w) is a proper subset
of PSH (X, w) (see Examples 1.3 and 1.4). We show in Proposition 1.1 that the operator is
continuous under decreasing sequences in its domain. Moreover, if ¢ € DM A(X, ®) then
we prove in Proposition 1.2 that the set of points where ¢ has positive Lelong number is at
most countable.

There are several properties of DM A (X, w) that we expect to hold. We discuss these in
Sect. 1.2, and we introduce a few subclasses of interest, especially the class m(X , W)
(Definition 1.7): a function ¢ € PSH (X, w) belongs to this class if itis in DM A(X, w) and
moreover for any sequence of bounded w-psh function ¢; decreasing towards ¢, and for any
“test function” u € PSH (X, w) N L*(X),

/u(w+ddc<pj)” — /u(w—i—ddcgo)”.
X X

This convergence property interpolates in between the two natures of the Monge-Ampere
measure (w + dd“p)™: on one hand it is stronger than the weak convergence in the sense of
positive Radon measures (any smooth test function is Cw-psh for some constant C > 0), on
the other hand it is weaker than the convergence in the sense of Borel measures. We show
(Theorem 1.9) that a generalized comparison principle holds in m(X , w), and that all
concrete classes under consideration are subsets of this class (see Corollary 2.3 and Theorem
3.2).

In [15] a class £(X, w) C PSH(X, w) was introduced, on which the Monge-Ampere
operator is well defined and continuous along decreasing sequences, hence £(X, w) C
DMA(X, w). Defining this class requires that one works globally on a compact manifold,
hence many of its properties have no analogue in the local context (see [15]). We study in
Sect. 2 more general classes £(T, ) of w-psh functions with finite energy with respect to
a closed positive current 7. These help us in studying twisted Monge-Ampere operators,
which happen to be well defined in all of PSH (X, @) (Theorems 2.4 and 2.5). As a con-
sequence, we show that any w-psh function with slightly attenuated singularities has finite
energy (Corollary 2.6):
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Domains of definition of Monge-Ampere operators on compact Kdhler manifolds 395

Theorem Let x : R~ — R~ be a smooth convex increasing function, with x'(—1) < 1,
x'(—00) = 0. Fix g € PSH(X, w) with supy ¢ < —1. Then

xop€e&(X,w) C DMAX, w),
hence its Monge-Ampere measure does not charge pluripolar sets.

Note that it is necessary to slightly attenuate the singularities of ¢ (condition x'(—o0) =
0), since functions in £(X, w) have zero Lelong numbers at all points (see Lemma 3.5).

In Sects. 3 and 4 we consider the set DM Aj,.(X, w) on which the Monge-Ampere oper-
ator is defined as a consequence of the local theory [5,6]. We prove in Theorem 3.2 that this
local domain can be characterized in terms of energy classes. Moreover, DM A, (X, w) is a
proper subset of DM A(X, w) and consists of functions whose gradient is square integrable
(Proposition 4.2). In Proposition 4.6 we show that w-psh functions, bounded in a neighbor-
hood of an ample divisor, belong to DM A, (X, ). In Proposition 4.1 we prove that the
measure x(¢)dg Ad g A" has density in L' (X) forevery ¢ € PSH (X, w), where x is
any convex increasing function. It is an interesting problem to study the stability of subclasses
in DM A(X, w) under standard geometric constructions. We show that DM A, (X, w) is not
preserved by blowing up, but behaves well under blowing down.

We conclude this paper by analyzing further the connection between DM A(X, w) and
various energy classes in some concrete cases of Kihler surfaces. The motivation comes from
the fact that energy classes have important properties, such as convexity and stability under
taking maximum. Hence an equivalent description of DM A(X, w) in terms of such energy
classes would be very useful. Let £(w, w) be the class of w-psh functions on X such that the
trace measure wy, A @ does not charge the set {¢ = —oo}. Then both DM A, (X, w) and
E(X, w) are contained in £(w, w). We give some evidence that £(w, @) might be equal to
DMA(X, w) when dim¢ X = 2.

1 General properties and examples
1.1 Lelong numbers and other constraints

It is important to require in the definition that the convergence holds on any sequence of
bounded w-psh functions (see Example 1.3). This allows us to show that the operator is
continuous under decreasing sequences in DM A(X, w). We have in fact the following more
general property.

Proposition 1.1 Lete; > 0, €; — 0, and let o; € DMA(X, (1 + €;)w) be a decreasing
sequence towards ¢ € DM A(X, w). Then

(14 €)w+ddej)" — (w+ddp)"
in the weak sense of measures.

Proof We first assume that all €; = 0. Fix x a test function and set, for an integer k > 0,
gof = max(¢;, —k) € PSH(X,w) N L°(X). Since ¢; € DMA(X, w), we can find an
increasing sequence k; so that

(@ +dd g} )", x) — (@ +dd )" x)| <277,

Thus ¢; := max(¢;, —k;) is a sequence of bounded w-psh functions decreasing towards ¢,
hence (a):}j, xX) — (a)(’/ﬁ, x ). The desired convergence follows.

@ Springer



396 D. Coman et al.

In the general case, subtracting a constant we may assume that ¢; < 0. The sequence
of measures ((1 4 €;)w + ddp;)" has bounded mass, so by passing to a subsequence we
may assume that it converges weakly to a measure . By taking another subsequence we
may assume that €; decreases to 0. Then (p;. =¢;j/(1+¢€;) € DMA(X, ) is a decreasing

sequence to ¢, so a)Z)/ — . We conclude that © = o m}

n
g ¢ ¢

If o € PSH(X, w), let v(p, x) be the Lelong number of ¢ at x € X, and

Ec(p)={x e X /v(p,x) = ¢}, E*(p) =] Ec(p).
e>0

Proposition 1.2 If 9 € DM A(X, w) then wy,({p}) = v" (¢, p), for all p € X. Moreover,
the set EY(¢) is at most countable and

Z v”(go,x)f/w".

xeE*(p) X

Proof Observe that the measure a)g has at most countably many atoms. We are going to show
that if v(p, x) > 0 then a)g has an atom at x. Let g = x logdist (-, x), where x > O is a
smooth cut off function such that x = 1 in a neighborhood of x. Since w is Kéhler, dd“g > 0
near x, and g is smooth on X\{x}, we can find ¢g > O such thategg € PSH (X, w). Consider

@j = max(gp, g0g — j) € PSH(X, w) N L7,.(X\{x}).

Proposition 4.6 from Sect. 4 implies ¢; € DM A(X, w). Since ¢; is in the local domain of
definition of the Monge-Ampere operator, we have by [11]

wy, ({x}) = v"(gj, x) = (min(eg, v(p, x)))".

Using Proposition 1.1, we infer that w; has a Dirac mass at x.

By [10], there exist sequences €, ; \( 0,and ¥/; € PSH (X, (1+8;)w), ¥; \{ @, such
that ¥; is smooth in X\E¢; (¢) and sup ¢ x [v(¥;, x) — v(p, x)| — 0. Using Siu’s theorem
[20] and the previous discussion, we conclude that E, : (¢) is a finite set and

(1+5,-)”/w” > D> VX)), (48w +dd Y )" (p) = V" (Y. p).
X

xeE*(p)

where p € X. We conclude by Proposition 1.1, letting j — +o00. O
Proposition 1.2 provides examples of functions notin DM A(X, w).

Example 1.3 Let X = P2, @ be the Fubini-Study Kéhler form, and ¢ € PSH (IP’Z, w) be
so that w, = d—'[C], where [C] is the current of integration along an algebraic curve C
of degree d > 1. By Proposition 1.2, ¢ ¢ DMA(P?, w) since E*(¢) is not countable.
Alternatively, we can construct two sequences of functions in DM A(P?, w) decreasing to
¢ with constant Monge-Ampere measures that are different. Indeed, if L is a generic line,
<p14 = max(p, u; — j) € PSH(P?, w), where @ + dd°u; = [L], then <ij is continuous
outside the finite set L N C, and <ij \\ ¢. Hence (pJL € DM A(P?, w) and

1
(@+dd“¢) = w, A[L] = 5 > 5
peLNC
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Domains of definition of Monge-Ampere operators on compact Kdhler manifolds 397

is independent of j. Here §, is the Dirac mass at p, and the first equality follows easily
since the currents involved have local potentials which are pluriharmonic away from their
(—o00)-locus. Using sequences (p;, (pJL , for lines L # L’, we conclude by Proposition 1.1

that ¢ ¢ DM A(P?, w).

The previous construction can be generalized to exhibit examples of functions
¢ ¢ DM A(X, w) with zero Lelong numbers at all but one point.

Example 1.4 Assume ¢ € PSH (P?, ) is such that {¢p = —oo} is a closed proper subset of
IP2, and the positive current wy, is supported on {9 = —oo}. We claim thatgp ¢ DM A(P?, ).
Indeed, let p ¢ {¢ = —oo}and g1, ¢ be distinct points in {¢p = —oo}. The lines Ly = (pgqx)

intersect {¢p = —oo} in compact subsets of C C P' ~ Ly, hence both sequences
¢;* =max(p,u, — j) € DMA(P, w), where ® +dd“ur, = [Lg],

decrease towards ¢. Now (o + dd”goj.“")2 = wy A [Lyg] are distinct measures (independent
of j), hence ¢ ¢ DMA(P?, w).

A concrete function ¢ as in Example 1.4 is obtained as follows. Fix a € P? and a line
L ~ P!, a ¢ L.Let w denote the projection from a onto L: this is a meromorphic map
which is holomorphic in P2\ {a}. Fix v a probability measure on L with no atom, whose
logarithmic potential is —oo exactly on the support of v (one can consider for instance the
Evans potential of a compact polar Cantor set). Then 7*v = w,, where ¢ € PSH (P2, w)
satisfies our assumptions. Note that v(¢, x) = 0, x # a, and v(¢, a) = 1. Further examples
can be obtained by considering functions ¢ such that w,, is alaminar current, whose transverse
measure is an Evans measure.

1.2 Special subclasses

There are several properties of DM A(X, w) that we expect to hold. We analyze here some
of these and introduce interesting subclasses of DM A(X, w).

1.2.1 Intermediate Monge-Ampére operators

It is natural to expect that if a function ¢ € PSH (X, w) has a well defined Monge-Ampere
measure (w + dd®¢)", then the currents (w + dd°p)¢ are also well defined for 1 < £ < n.
Unfortunately we are unable to prove this (except of course in dimension 2), hence the
following:

Definition 1.5 We let DM A,(X, w), where 1 < ¢ < n, be the set of functions ¢ €
PSH(X, w) for which there is a positive closed current M A*(¢) of bidegree (¢, £) with
the following property: If {¢;} is any sequence of bounded w-psh functions decreasing to ¢
then wf;/, — M A%(@), in the weak sense of currents. We set wé = (w+dd°p)t == MA (p).
We also set
k
DMA< (X, 0) = (| DMAy(X, ).
=1
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We let the reader check that Proposition 1.1 holds forp € DM A¢(X,w) and 1 < £ < n.
Clearly

DMA-,(X,w) € DMA,(X,w) = DMA(X, w),

with equality when n = 2 since ¢ — w,, is well defined for all w-psh functions. We expect
the equality to hold also when n > 3.

It is clear from the definition that ¢ € DM A(X, w) if and only if A9 € DMA(X, Lw),
where . > 0. One would expect moreover that, if ¢ € DM A(X, w),thenlp € DMA(X, w)
for 0 < A < 1, as the function A¢ is slightly less singular than ¢. It is also natural to expect
that the class DM A(X, w) is stable under taking maximum:

¢ € DMAX,»w) and ¢ € PSH(X, ») —> max(¢, ¥) € DMA(X, »).

If this property holds, then applying it to ¥ = g < 0,0 < A < 1, shows that Ap =
max (¢, Ap) € DMA(X, w) as soon as ¢ € DMA(X, ). An alternative and desirable
property is

DMA(X, w) 2 DMA(X, o' )N PSH(X, w),

when @ < «'. All these properties are related to convexity properties of DM A(X, o).

1.2.2 The non pluripolar part

It was observed in [15] that if ¢ is w-psh and ¢; := max(¢, —j), then
Jr— wj(@) =1 jj(@+dd¢;)"

is an increasing sequence of positive Radon measures, of total mass uniformly bounded above
by f x @". Thus {1 (@)} converges to a positive Radon measure () on X. It is generally
expected (see [4] for similar considerations in the local context) that i (¢) should correspond
to the non pluripolar part of (w + dd“p)”, whenever the latter makes sense. We can justify
this expectation in two special cases:

Proposition 1.6 Fix ¢ € DM A(X, w). Then
n(p) < 1{(p>—oo} (0 + ddc(/))”s

with equality if exp ¢ is continuous, or if wg is concentrated on {¢p = —o0}.

Proof We can assume wlog that ¢ < 0. Set u; := max(¢/s + 1,0). Note that us are
bounded w-psh functions which increase towards 1{,~ _o0). Moreover {uy > 0} = {¢ > —s}
and u; = 0 elsewhere. We infer, when j > s, that

us(w+dde;)" = uglyp-—_jj(w+ddp))",

where ¢; = max(¢, — j) are the canonical approximants.

When e¥ is continuous, then so is uy, hence passing to the limit yields us (@ + dd¢)" =
usp(e). Letting s — +o00, we infer (1(¢) = (g —0oj (@) = lips oo} (@ + dd p)".

In the general case, we only get usu(p) < ug(w + ddp)", since ug is upper-
semi-continuous. This yields 1(¢) = 1{p> 0o}t (@) < 1jp> o) (@+dd p)", whence equal-
ity if (w + dd )" is concentrated on {¢ = —oo}. m}
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Domains of definition of Monge-Ampere operators on compact Kdhler manifolds 399

To overcome this difficulty in the general case, we introduce interesting subclasses of
DMA(X, w):

Definition 1.7 Fix 1 < ¢ < n. We let DM A, (X, w) (resp. DMA (X, w)) denote the

set of functions ¢ € DMA((X, w) (resp. DM A<,(X, ®)) such that for any sequence
@;j € PSH(X, w) N L*(X) decreasing to ¢,

/u(a)—l—ddC(pj)K Aot —s /u(a)—i—ddcrp)g A"t
X X

forallu € PSH(X, w) N L*®(X).

Note that this convergence property is stronger than the usual convergence in the weak
sense of Radon measures: any smooth test function is Cw-psh for some constant C > 0. The
following corollary can be proved exactly like Proposition 1.6.

Corollary 1.8 If¢ € m(X, w) then
(@) = Ligs ooy (@ + dd“p)".
Moreover, if o; = max(¢, —j) and B C {¢ > —0o0} is any Borel set then
/wg =20 / “
B BN{p>—j}
As a consequence, we obtain the following generalized comparison principle:
Theorem 1.9 Let ¢, € PSH(X, ) and set ¢ vV { := max (¢, V). Then
Ligsyyi(9) = Ligsyyulp vV V).

Moreover if ¢, ¥ € m(X, w) then

Proof Setg; = max (¢, —j)and ¥; = max(y, —j).Recall from [4] that the desired equality
is known for bounded psh functions,

1{‘Pl>¢j+l}(w + ddc(pj)n = 1{¢_j>1//j+1}(a) + dd* max(g;, 1/fj+l))n-
Observe that {¢ > ¥} C {¢; > ¥j11}, hence

Ligoy) - Lips—jj(@ + dd9))" = Lig=y) - Lig=—j) (@ + dd“ max(e, ¥, —j))"
= L=y} - Lpvys—j} (@ + dd max(p v ¢, —j)".

Note that the sequence of measures 1(,- —jj(w + dd“p;)" converges in the strong sense of
Borel measures towards 14(¢) and the sequence 1,y y > — jj(@+dd (¢ vV, — j))" converges
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400 D. Coman et al.

in the strong sense of Borel measures towards (¢ V ). Hence

Ligsyy (@) = Ligsyyn(o V ).
Now let ¢, ¥ € D/AZMX , ) and assume first that v is bounded. Then it follows from
Corollary 1.8 that

/ (0 +dd“Y)" = / (@ + dd° max(¥, ¢))".
lp<y} lo<y}

Since [y (w + dd° max (¥, ¢))" = [y (@ + dd )" it follows that

/ (0 + dd°y)" < / (0 + dd°p)" — / (0 + dd°p)" = / (0 + dd°p)".
{o<v} X {o>v} {o<y}

If v € m(X, ) is not bounded, we apply the previous inequality to ¢ and
¥ :=max(y, —j) for j € N. Then we get forany j € N

[ @ratvy s [ @rdaor.
{o<¥rj} {o<v;}
Since {¢p < ¥}N{Y > —j} C {p < ¥;}forany jand {¢ < v;}is a decreasing sequence of

Borel sets converging to the Borel set {¢ < 1/}, by taking the limit in the previous inequalities
and applying Corollary 1.8, we obtain

/ (0 +dd*py" < / (0 +dd°p)".
{p<y} {p=<y}

Now take 0 < ¢ < 1 and apply the previous result with ¢ 4 ¢ and 1. Then let ¢ — 0 to
obtain the required inequality. O

Remark 1.10 Letg € PSH(X, w)and ¢; := max(¢, —j).Itfollows asin [15] that M§ (p) =
1> jy(o+ dd”gpj)‘Z is an increasing sequence of positive currents of mass at most [y ",
so it converges in the strong sense to a positive current (@) on X. We leave it to the
reader to check that Proposition 1.6, Corollary 1.8 and Theorem 1.9 have analogues in
the clﬁs&s DM Ay (X, w). For instance, if ¢ € DMA;(X, w) and ﬂcontinuous, or if
0 € DMAy(X, w), then ué((p) = 1{¢,>_Oo}a)5). Moreover, if ¢, vy € DM A;(X, w) then

/ a)ﬁ Aot < / a)é A"t
{o<y) {p<y}Ulp=—00}
Remark 1.11 Observe that in dimensionn = 1,
PSH(X,w) = DMA(X, w) = DMA(X, o).

The latter equality follows easily by integrating by parts and using the monotone convergence
theorem. We expect that DM A(X, w) = DM A(X, w) continues to hold in higher dimension.
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Domains of definition of Monge-Ampere operators on compact Kdhler manifolds 401

1.2.3 The class E(X, w)

We consider here

EX.w) = | g e PSH(X. 0) / 1) (X) =/w"
X

Equivalently, ¢ € £(X, w) if and only if (0 + dd¢;)"({¢ < —j}) — 0. This class of
functions was studied in [15], where it was shown that

1) &X,w) C DMA(X, w);
(i1)) &(X, w) is convex and stable under maximum;
(i) &(X, w) is the largest subclass of DM A(X, w) on which the comparison principle
holds.

The rough idea is that a w-psh function ¢ should belong to £(X, w) iff it belongs to
DM A(X, w) and its Monge-Ampere measure does not charge pluripolar sets. This is partly
justified by the following result:

Proposition 1.12 A function ¢ belongs to £(X, w) if and only if it belongs to m(X , @)
and (w + dd€p)" does not charge pluripolar sets.

Proof The inclusion £(X, w) C m(X , w) will follow from Theorem 2.1 below. Assume

conversely that ¢ € DM A(X, w) is such that (w + dd“p)" does not charge pluripolar sets.
Then

w(@) = Ligs—oo(@ + ddp)" = (w + dd¢)"
has full mass, hence ¢ € £(X, w). ]

Remark 1.13 The previous characterization of £(X, w) is related to the question of unique-
ness of solutions to the equation (@ + dd®-)" = . Indeed assume ¢ € DM A(X, w) is such
that u := (w4 dd°p)" does not charge pluripolar sets. It was shown in [15] that there exists
Y € E(X, w) sothat u = (w4 ddy)". It is expected that the solution ¥ is unique up to an
additive constant. If such is the case, then ¢ =  + constant belongs to £(X, w).

2 Finite energy classes

In this section we establish further properties of the class £(X, w) and we consider energy
classes with respect to a fixed current 7.

2.1 Weighted energies
Let T be a positive closed current of bidimension (m, m) on X. In the sequel 7" will be of
the form T = (w +dd up41) A -+ - A (w +dduy), where u; € PSH (X, w) N L®(X). Let

x : R — R be a convex increasing function such that x (—oo) = —oo. Following [15] we
consider

E(T,w) =19 € PSH(X,w)/ sup/(—x)mpjw% AT < +o0yt,
J
X
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402 D. Coman et al.

where ¢; := max(¢, — j) denote the canonical approximants of ¢. We let the reader check that
[15] can be adapted line by line, showing that the Monge-Ampere measure (w+dd“g)" AT
is well defined for ¢ € £, (T, w) and that x o ¢ € L'((w + dd¢o)" A T).

When m = n, i.e. T = [X] is the current of integration along X, then the classes
Ey(T,w) = &y (X,w) yield the following alternative description of £(X, w) (see [15,
Proposition 2.2]):

EX 0= | §X.0). §X. o) ={petX. 0): xopeL W)},

XEW™
where W~ = {x : R — R/ x convex, increasing, x(—o0o) = —oo}. We set
ET.0) = | ) &(T. ).
XEW™

Theorem 2.1 Fix x € W~. Let ¢; be a sequence of w-psh functions decreasing towards
9 € E(T,w). Then ¢ € £4(T, w) and

/(—x) 00; (@+dd°e;)" AT —> /(—x) o9 (@+dd°g)" AT.

Moreover for any u € PSH (X, w) N L*(X),

/u(w +dd°o)" NT — /u(a) +dd°p)" A T.

X
Proof When ¢; is the canonical sequence of approximants, the theorem follows by a similar
argument as in [15, Theorem 2.6]. Moreover, it also follows from [15, Theorem 2.6] that
the first convergence in the statement holds for an arbitrary decreasing sequence, if there
exists a weight function x such that x = o(x) and ¢ € £;(T, w). It turns out that such a
weight always exists. Indeed, since x (¢) € L (a)$ A T), it follows from standard measure
theory arguments that there exists a convex increasing function # : RT™ — R™ such that
lim;— 400 h(t)/t = 400 and h(—x (¢)) € L (a)g‘ A T). Note that we can assume that / has
polynomial growth, which implies that ¢ € £;(T, ), where ¥ = —h(—x) € W~ U W;f,
(see [15] for the definition of this latter class).

We now prove the second assertion. Set (pf := max(¢;, —k) and <pk := max(g, —k).

Then
m m _ m m
/ua)wj/\T—ua)(ﬂ/\T—/ua)wj/\T—/ua)(pf_/\T

X X X

+/uw$kAT—/uw(’;‘kAT
J

X

+ ua)Z’k/\T—/ua)Zl/\T.

X

><\><

It suffices to prove that f xu w’“ AT — f xu a) « A\ T converges to 0 as k — 400 uniformly

in j. This is a consequence of the following estlmate
/uwm /\T—/ua)’” AT <M/(—X(¢~))wm AT
“ G5 T IRl e

X X X
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Domains of definition of Monge-Ampere operators on compact Kdhler manifolds 403

The latter integral is uniformly bounded since ¢ € &£, (T, ). O
Let (0"~ P, w) denote the class Ex(T,w)forT =" P and x(¢t) =t.

Corollary 2.2 Let1 < p <n —1andlet {¢;} be a decreasing sequence of w-psh functions
converging to ¢ € ENW" P, w). Then for any u € PSH (X, w) N L*®(X) we have

lim uwPt' APl = [yl A" P
j—+oo @i v
X X

In particular, ENW" P, w) C mPH (X, w).

Proof Forsimplicity, we consider the case p = n— 1. The general case follows along the same
lines. We want to prove thatif ¢; \ ¢ € EY(w, w) then for anyu € PSH(X, w) N L®(X)
we have

lim uo! = [ uo.
Jj—=+oo i ¢
X

Observe that since a)gj — a)g in the weak sense of Radon measures on X, the above
equality holds when u is continuous on X.

We claim that for any € £ Y w, w), we have
/( u)a)w—/( u)a)/\a)'&,l—l—/( l/f)a)u/\a)l// —i—/l//w/\a)i/’;l. 1)

Observe that this identity is just integration by parts which clearly holds when u is a smooth
test function on X. The identity also holds when u, ¥ € PSH (X, w) N L*°(X) (see [15]).
Fix u a bounded w-psh function and set y; := max{y, —j} for j € N. Applying (1) to u
and v}, it follows immediately that £ Lwy, w) = EY(w, w). Hence the corollary follows at
once from Theorem 2.1, as soon as (1) is established for ¢ € Elw, w).
To prove (1) we can assume that # < 0. Note that a)w_ — a)l// weakly. Using the upper
semicontinuity of « and applying (1) to u and v}, it follows from Theorem 2.1 that

/(—u)a) <11m1nf/( u)a)]/, —/( u)w/\w" !
X
+/(—1/f)a)uAu)w +/¢wAw" I ?)
X

Next let u ; “\ u be a sequence of smooth w-psh functions (see [7]). Note that u ; a)’v’l_l —
u "~ in the weak sense of currents, hence @y; A o' wy N a):‘bfl weakly in the sense
of measures. Applying (1) to u; and ¥, it follows by monotone convergence and the upper

semicontinuity of i that

/(—u)w'l’ﬁ = /(—u)w/\w'f[l +‘/’EI_~I_IOO/(—I//)CL)MI. /\a){'{l —i—/lﬁa)/\a)yl
X X X

X
> /(—u)a) A w’f[l +/(—1/f)a)u A a)"]/;l + / Yo A a):};l. 3)
X X X
The identity (1) now follows from the inequalities (2) and (3). ]
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Corollary 2.3 £(X,w) C DMA<,(X, w).

Proof Fix ¢ € £(X, w). Then there exists x € W~ such that ¢ € £, (X, w). Recall now that
forany 1 < p <n—1,

Ex(X,w) C &y (0, w),

as follows from simple integration by parts (see [15]). We can thus apply Theorem 2.1 several
times to conclude. O

2.2 Twisted Monge-Ampere operators

We show here that certain Monge-Ampere operators with weights are always well defined.

Theorem 2.4 Letn : R — R be a continuous function with n(—oo) = 0 and 1 < £ < n.
Let o € PSH (X, w) and {¢;} be any sequence of bounded w-psh functions decreasing to ¢.
Then the twisted Monge-Ampere currents

M; (@) :=no@j(w+ddp))"

converge weakly towards a positive current M f; (), which is independent of the sequence {¢; }.
The twisted Monge-Ampére operator Mﬁ is well defined on PSH (X, w) and is continuous
along any decreasing sequences of w-psh functions. If ¢ € D/AZM (X, w) then

M, (p) =nog(w+ddp).

Proof 1t is a standard fact that the operator Mg (@) = 1o (w+ddp)t is well defined and
continuous under decreasing sequences in the subclass of bounded w-psh functions [3].
As it was observed in Remark 1.10, the sequence

k > 1ips i) (@ + dd® max(p, —k))"

is an increasing sequence of positive currents of total mass bounded by f y @". Hence this
sequence converges in a strong sense to a positive current u¢(p) which puts no mass on
pluripolar sets and satisfies (see [15, Theorem 1.3])

L= k) (@ + dd max(p, —k)" = Lig= " (). &)

Since 71 o ¢ is a bounded positive Borel function on X, we can define a positive current on X
M,y () == n(p) 11 (9).

Note that when ¢ is bounded then ;¢ (¢) = cof, hence Mﬁ (@) = n(p) a)f).

To prove the continuity of this operator, let ¢; be any sequence of w-psh functions
decreasing to ¢, and set <p/j? :=max(¢;, —k), @~ := max (¢, —k) for j, k € N.

Since the forms of type (n — £, n—¥£) on X have a basis consisting of forms 7V, where / are
smooth functions and W are positive closed forms, it suffices to prove that n(¢;) ut (pj) A
¥ — 5(p) ut(p) A ¥ weakly as measures on X. For simplicity, we may assume that
W = "¢ Then
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[raputepne = [ '@ no
=/h77((ﬂj)l/((/’j)/\wn_e—/hﬂ((/’_l;)l/((/’f)/\wn_e
+ /hn(sojf)u‘w?) N —/hn(wk);/(qz") N

+ /h (") 1t @*) A" —/h n(@) nb(@) A" .

We claim that the first term in the sum tends to O uniformly in j as k — +oo. Indeed, we
have by (4)

’/h (@) n' (@) A" —/h (@) n (@) Aot

= [ winepueprete [ mnehuteh e
{pj<—k} {pj<—k}

<200l [ of.
X
where 7(—k) := sup{n(s) : s < —k} — 0as k — +o0o. In the same way we see that the

last term tends to 0 as k — +o00. Now for fixed &, it follows from the uniformly bounded
case that the second term tends to 0 as j — +oo. The desired continuity result follows. 0O

Theorem 2.5 Let np : R — R be an increasing function of class C' and 0 < £ < n — 1.
Let o € PSH (X, w) and {¢;} be any sequence of bounded w-psh functions decreasing to ¢.
Then the currents

Sf]((pj) =nogjdej Ndpj A (w—|—a’dc<,0j)"_z_1

converge weakly towards a positive current Sfl (@) which is independent of the sequence {¢;}.

The operator Sﬁ is well defined on PSH (X, w) and is continuous along any decreasing
sequences of w-psh functions.

Proof By subtracting a constant, we may assume that n(—o0) =0.Fixfandp € PSH (X, w).
We can assume that ¢ < 0 and n(0) = 1.

Observe that if 86 : R — R is any C! function with 0 < 6 < 1 then for any
u € PSH(X, w) N L*°(X) and any positive closed current R on X of bidimension (1, 1),
we have

dOw)du AR) = 0" (u)du Adu AR+ 60w, AR —6u)w A R.
Using Stokes’ formula and the fact that 0 < 6(u) < 1, we get the following uniform bound
/9/(u)du/\d”u/\R§/w/\R. 5)
X X

Assume that ¢ < 0 and set ¢¥ := max(p, —k) for k > 0. We want to prove that the
sequence of positive currents
L= (") do* A d¢* Aol
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converges to a positive current of bidimension (¢, £) which will be denoted by S,‘;(ga). It
follows from the quasi-continuity of bounded psh functions [4] that for j > k > O,

-1 1

Ligs—ign (@)de* Ad¢t AT = Loy (0))de! ndp) AT

This implies that

Lo i (@")de* A d o* A w(’;k_l_l
is an increasing sequence of positive currents of bidimension (¢, £), with uniformly bounded
mass < [y @" by (5). Therefore it converges in a strong sense to a positive current S,‘; (¢) on

X which satisfies the following equation
Lip>—1S,(@) = Lip=—ignf (@)d* A dp* Al (6)

Observe that if ¢ is bounded then S!(¢) = n/(p)de A d°p A o~ 7".

Now we want to prove that for any decreasing sequence {¢;} which converges to ¢, the
currents Sg (¢;) converge to the current S,‘; () in the sense of currents on X. As before it is
enough to prove that the sequence of positive measures S,‘; (@j) A o’ converges weakly to the
positive measure S,‘; (¢) A b on X. Let h be a continuous function on X. Proceeding as in
the proof of the previous theorem, it suffices to show that

‘/h Sf;(goj) At —/h n’(go?)dqoj‘» A d‘(pl; A wgk_ﬁzfl N )
J

as k — oo, uniformly in j, where go’;. = max(¢;, —k). Indeed, if 6 = ./ then ' =2,/n6’,
so it follows at once from the definition of Sf] that Sf] (pj) =2, /1;(g0j)SéZ (). Since n’((pf) <
2«/77(—/()9’((,0;?) on the set {¢; < —k}, we have by (6) that

‘/th;(q)j) At —/hn’(galj)dq)f /\dc(pf A wg,;z_l At
J
< 2/n(—k) / 1] S5(0j) A "
{pj<—k)
+2v/n(=k) / 110" (@)de Ad gl A w;;“‘ Aot
J
{0; <k}

< 4/n (Dl / o,

X

which tends to 0 as k — +oo uniformly in j. O

2.3 Attenuation of singularities

The goal of this section is to show that a very small attenuation of singularities transforms a
function ¢ € PSH (X, w) into a function x o ¢ € £(X, w). In particular most functions in
the class £(X, w) do not belong to the local domain of definition DM A, (X, w), which we
consider in Sect. 3.
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Let x : R~ — R~ be a convex increasing function of class C? and such that x (—oc) =
—00, x'(—00) = 0and x’'(—1) < 1. Define for x < —1

’

X

—

X)

ne(x) = (X' — X )" e = [ TN -t

o

Corollary 2.6 Ifp € PSH(X, w), ¢ < —1, then x o ¢ € E(X, w) and

n n—1
Wy = Z(Z)M,‘M(w) Aol +n2(" S 1)Sfl((p)/\a)z, %)
£=0 £=0
where Mﬁ( and sz are the operators defined in Theorems 2.4 and 2.5.
Proof Note first that if ¢ is bounded then
(@+ddxop)" =[(1 = X' @)+ X' (@) 0]

+nx"(9)dg Adp A (1= 1 @)oo+ X (@ 0p]"

which equals the measure from (7). In the general case, let ¢* = max(gp,s), s < 0. As
s — —oo we have, by the proofs of Theorems 2.4 and 2.5, that

(82((ps)d(ps AdQ* AT A w‘f) (I < s} — 0,
(ne@") ol 7 @) o < 5D = 0.

Since max(x (¢), —j) = x(¢*), where s; = x Y (=j) > —ooas j - +oo, we conclude
by formula (7) applied to ¢°/ that

(@ + dd® max(x (), —))" Ux () < =j}H = 0,

so x o ¢ € E(X, w). Moreover, using the continuity of the operators in Theorems 2.4 and
2.5, it follows that (7) holds for ¢. ]

Examples 2.7 1) For x(t) = —(—t)?, Corollary 2.6 shows that —(—¢)? € &(X,w) C
DMA(X, w) for all p < 1, although it usually does not have gradient in L*(X) when
p > 1/2. Functions with less attenuated singularities can be obtained by considering for
instance x (t) = t/log(M —t).

2) Recall from Example 1.4 that there are functions ¢ ¢ DM A(X, w) such that the
current w,, has support in {¢ = —oo}. The smoothing effect of the composition with x is
quite striking: indeed, by Corollary 2.6 and Proposition 4.1,

(@+ddx o) =[1 = x'@"@" +nll — x' @1 %" (@) dp Adp A"

is a measure with density in LY(X, ™).

3 The local versus global domains of definition

Cegrell [9] found in the largest class of psh functions on a bounded hyperconvex domain on
which the Monge-Ampere operator is well defined, stable under maximum and continuous
under decreasing limits. Later, Blocki [6] gave in a complete characterization of the domain
of definition of the Monge-Ampere operator on any open set in C", n > 2. For an open subset
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U c C", the domain of definition D(U) C PSH (U) of the Monge-Ampere operator on U
is given by (n — 1) local boundedness conditions on weighted gradients [6]. In particular, for
n=2,D(U)=PSHU)N Wllo’CZ(U), where WZIU’CZ(U) is the Sobolev space of functions in
L[20 .(U) with locally square integrable gradient [5].

We describe here the class of w-psh functions on X which locally belong to the domain
of definition of the Monge-Ampere operator. As we shall see, it is smaller than the global
domain DM A(X, w).

Definition 3.1 Let DM A;,.(X, w) be the set of functions ¢ € PSH (X, w) such thatlocally,
on any small open coordinate chart U C X, the psh function ¢|y 4+ py € D(U), where py
is a psh potential of w on U.

The goal of this section is to establish the following:

Theorem 3.2 We have
DMAjpe(X, w) = m EP(w?, w).

I<p=n-—1
Moreover
DMApe(X, 0) C £'(w, w) C DMA=,(X, w).
Here £ (w”, w) denotes the class £, (T, ) for T = w? and x (1) = —(—1)".

Proof We first show that DM A, (X, w) = ) I<p<n—I EP (wP, w). By [6], a w-psh function
¢ € DMAj, (X, w) if and only if

sup/(—wj)"“d¢j Ndpj Ay P AP < oo, T<p<n—1, ®)
J
X

where {¢;} is any sequence of bounded w-psh functions decreasing to ¢ on X. For our first
claim we need to prove that (8) is equivalent to the following

sup/(—wj)”ng‘” AoP <400, 1<p<n-—1. &)
J
X

This follows by integration by parts. Indeed for v € PSH(X, w) N L*°(X), ¥ < —1 and
1 < p<n-—1,wehave

/(—tﬁ)”w';fp AwP = /(—lﬁ)pwﬁ”*l A P!
X X
+p/(—x/f)"*ld¢f AdSY A wfb‘f"l AP,
X

By iterating the above formula we get

[ewrayr nor = [urer
X X

n—

1

tp > [ewray nacy a7 ot
X

p—
k=0
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This yields (8) <= (9). 50 DM Ajoe(X, ) = ()< pep_; £ (@7, ).

By Corollary 2.2 we have El(w/’,w) C mn_p+1(X, w), forany 1 < p <n—1.
Therefore the class

Ew,w)={pe PSHX,w)/ sup/ |<pj|(a>—|—ddcg0‘,-)”*l Aw < +00
J
X

is contained in D/I\Z4§n (X, w) (here ¢; := max(p, —j) denote as usually the canonical
approximants), since

Elw, w) = ﬂ ENw?, w).

I<p=n-1
This equality also shows that DM Aj, (X, ) C Elw, w). ]
Remark 3.3 A class similar to £!(w, w) has been very recently considered by Y. Xing [22].

Note that in dimension n = 2, the class £ (w, ) = DM Ajpe (X, ) is simply the set of
w-psh functions whose gradient is in LZ(X ). However when n > 3, the class £ 1(a), w) is
strictly larger than DM Aj,.(X, w), as the following example shows:

Example 3.4 Observe that £1(X, w) C £'(w,w). We are going to exhibit an example
of a function ¢ such that ¢ € £/(X, w), but ¢ ¢ Lz(w(p A @"1). This will show that
0 ¢ DMAj,.(X,w) whenn > 3.

Assume X = P"! x P! and w(x, y) := a(x) + B(y), where « is the Fubini-Study form
on P"~! and B is the Fubini-Study form on P!. Fix u € PSH(P" !, a) N C®(P"*~!) and
v € E(P', B). The function ¢ defined by ¢(x,y) := u(x) + v(y) for (x, y) € X belongs to
&(X, w). Moreover wy, = a, + B, and for any 1 < ¢ < n, we have

¢ _ L -1
w, =0y, + Lo, A Py

Therefore
g € LP(0f) &= v e LP(B) <= ¢ € LV (w, A" 7).

Thus choosing v € L'(8,)\L*(8,), we obtain an example of a w-psh function ¢ such that
v e\ (X, w) C EYw, w)but g ¢ DM Ajoe(X, w).

We finally observe that there are functions in DM A;,.(X, w) which do not belong to the
class £(X, w), since the latter cannot have positive Lelong numbers.

Lemma 3.5 Let ¢ € PSH(X, w) be such that ¢ > clogdist(-, p), for some ¢ > 0 and
p€X. Thenp € DMA,.(X, w), and

¢ € E(X,w) ifandonlyifv(p, p) =0.

Proof If o, € PSH(X, ) is a function comparable to c logdist (-, p), then by Proposition
4.6, 9,0p € DMAjpc(X, w). We can assume without loss of generality that g, < ¢ < 0.
Note that the positive Radon measure wy A wg_l is well defined on X and has a Dirac mass
at p if and only if v(¢, p) > 0 (see [11]).
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It follows from the proof of Proposition 1.2 that if v(¢, p) > 0, then a)g has a Dirac mass
at p, hence ¢ ¢ £(X, w). If v(p, p) = 0, then we can find a convex increasing function
X : R™ — R™ such that y (—00) = —o0 and fx(—)() 00p Wy /\a)’Q’p_1 < 4-00. Using Stokes
theorem (in the spirit of the fundamental inequality in [15]), it follows that

/(_X)Ofﬂw; 52}171 /(_X)C'pr(/; /\Cl)z;l < +OO,
X X

hence ¢ € £, (X, w) C £(X, w). O

4 Sobolev classes
4.1 Weighted gradients

Let x : R — R be a convex increasing function of class C2. If ¢ € PSH (X, ) is smooth
then

w+ddxop=x"opdp ANdp+ x' opw,+ (1 — x opw. (10)

Soif x/(=1) < land ¢ < —1,then x o ¢ € PSH(X, w). It is well-known that (w-)psh

functions have gradient in lea_cg for all ¢ > 0 [16], but in general not in L120c~ The previous

computation indicates that a weighted version of the gradient is in L?(X).

We denote by W12 (X, w) the set of functions ¢ € PSH (X, w) whose gradient is square
integrable. Since w is Kihler, we can in fact define, for ¢ € PSH(X, w), the function
[Vo| = |Vg|, a.e.on X by

|Vga|2 =dp ANd°p A w"il/w”.
Note that 9 € WH2(X, w) if and only if |[Vg| € L?>(X, o).

Proposition 4.1 Let y : R — R be a convex increasing function of class C2. Then for every
¢ € PSH(X, w),
/x” 0g|Velf " < supx/(w)/w”.
X X X

In particular, if ¢ < —1 and 0 < p < 1/2, then —(—@)? € WH2(X, w).

Proof Let M = supy x'(¢) and @/ :=max(p, —j) for j € N. It follows from (10) that
/XN 0@l [Ve/|? " :/X” ol dp! Ndp) AT < M/a)".
X X X

This shows that the sequence f; := x"(9?) [Vl |?isbounded in L' (X, ™). Since i\ o,
we use [16, Theorem 4.1.8] to conclude, after taking a subsequence, that f; — x"(¢) V|
a.e. on X. The inequality in the statement now follows from Fatou’s lemma.

For our second claim, set ¢, := —(—¢)%,0 < a < 1. Applying (10) with x () = —(—1)¢
yields ¢, € PSH (X, ) and

. 1
/(—(p)afzdgo/\d%a/\w"fl i /wn.
a(l —a)
X X
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If p=a/2thendy, Nd°¢, = P2 (—9)*P~2dg A d¢, hence

. - p
d AdS Ao l<7/ o
/% e =aa-ap )¢
X X

[}

Note that using x (t) = t/log(M — t), for M large enough, one can improve the previous
weighted L2-bound to

/(—w)*l[log(M — )72 Ve|? o < +o0.
X

Observe also that this cannot be improved much farther: in the case when w,, is the current
of integration along a hypersurface, —(—¢)/2 does not have square integrable gradient.

Next, we show that functions in the class DM A;,.(X, w) satisfy stronger weighted
gradient boundedness conditions.

Proposition4.2 If o € DMA;,(X, ®), ¢ < —1, then

1
/(—(p)"_zd(p ANdSp A o < p— /(—(/J)"_la)w N
X X

In particular, DM Ajpe(X, 0) C WH2(X, ).

Proof If ¢ := max(p, —j), j € N, then integrating by parts we get

n — 1)/(—90_,»)”72d<p.,‘ Ndpj A "l < /(—(pi,‘)”fla)(pj N
X X

The sequence of functions f; := (—¢ j)"’ZIV(p j |2 is thus uniformly bounded in LY(X, o™).
Since ¢; “\ ¢, the conclusion follows as in the previous proof by [16, Theorem 4.1.8] and
by Fatou’s lemma. O

4.2 Blowing up and down

We saw in Sect. 2 that there are many functions ¢ € DM A(X, w) whose gradient does
not belong to L2(X). This condition, although the best possible in the local two-dimensional
theory, is thus not the right one from the global point of view. We show here that this condition
does not behave well under a birational change of coordinates. For simplicity, and without
loss of generality, we restrict ourselves to the two-dimensional local setting.

Let7 : Y — B be the blow up at the origin of a ball B C C2, and let E be the exceptional
divisor.

loc

Lemma 4.3 If§ > 0 then 7* (LIZ;‘S(B)) C L) .(Y), but* (L2 (B)) ¢ L}, .(Y).

Proof Letz = (x, y) € B, and fix a coordinate chartin Y given by (s, t) — (s, st,[1 : t]) €
Y. Then (s, t) = (x,y), x = s, y = st. For fixed positive constants M and a, let

A={(s,t):|s| <a, [t| <M}, K=n(A)={(x,y): |x| <a, |y| < M|x|}.
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Let f € L?*3(B),and f = n* f,s0 f(s, 1) = f(s, st). Note that the function z — |x| 2

loc

is in L>7¢(K) for every € > 0. We take y = 8/(1 + 8) and apply Hélder’s inequality with
conjugate exponents 2 4+ § and 2 — y:

1/(2+9) 1/2=y)

T |f| / 248 / 1
Hence f € Lloc(Y) The function f(z) = 1/(||z||210g ||z||) is in LIZUL(B), but |f(s, 1] >
Cls|~2(|log|s|| + 1)~ on A, for some C > 0.So f & L1(A). |

In dimension 7, a similar proof shows that 7* (L’”"3 (B)) Cc L. (Y).

loc

Example 4.4 7 (PSHOWA(B)) ¢ Wis2(¥). Indeed, let

uqg(z) = —(—log|zD% O<a<Il.

One checks easily that u, € wh4B)ifa < 3/4. Let g, = m*uy. With the notation from
the proof of Lemma 4.3, we have for |s| small

ﬁa(s,t)=—(—10g|s|—10g\/1+|t|2)a, ’ 5. 0)| >

for some constant C > 0. So ity & Wlm (A)ifa > 1/2. Note thatifu € PSHﬂWl1 4J”S(B),
8 > 0, then, by the Sobolev embedding theorem, u is continuous and so is 7*u. Hence
i € WEA(Y) (see [5).

> ¢
= lsl(=loglsp! ="

The previous example shows that the condition Vo € L?(X) does not behave well under
blow-up. We show it behaves well under blowing down.

Proposition 4.5 Let T be a positive closed current of bidegree (1,1) on B, and let R =
a*T — v[E], where v = v(T,0). If R has psh potentials in Wlla'f(Y), then T has psh
potentials in WI]U’L,Z(B).

Recall that any positive closed (1, 1)-current in the blow up of B at the origin writes
R = n*T — v[E] + ALE], where T is a positive closed current in B, v = v(T, 0) is the
Lelong number of T at the origin, and A > 0. Clearly R cannot have potentials in WI]O’L_2 if
A>0.

Proof Let u be a psh potential of 7 on B. We only have to check that the gradient of u is
L’-integrable in a neighborhood of the origin. Using the notation from the proof of Lemma
4.3, a psh potential for R on A is v(s,t) = u(s,st) — vlog|s|. Hence on K we have
u(x,y) =v(x, y/x) + vlog |x|. Therefore for almost all (x, y) € K

ou du
af(x,y) (x y/x) — (x y/X)+ , (x y) = (x y/x).
X )C
Now
219
% 9 ey / ]2
/| HE (x y/x) /‘ (s, t)
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Since the function (x, y) — 1/x isin L2(K), we conclude that the partial derivatives of u
belong to L2%(K). A similar argument shows that the partial derivatives of u are in L%(K"),
where K" = {(x, y) : [y| <a, |x| < M|yl[}. o

4.3 Compact singularities

We give here an important class of functions in DM Aj,.(X, w). Let D be a divisor on X
and set

LY (X, w) ={p € PSH(X, ®) / ¢ is bounded near D}.

Thus the singularities of ¢ € L7 (X, @) are constrained to a compact subset of X\ D. When
D = H is a hyperplane of the complex projective space X = P", the set LY (X, ) is in
one-to-one correspondence with the Lelong class £ (C") of psh functions u in C* such that
u(z) —log ||z|| is bounded near infinity. So these are the w-psh analogues of the psh functions
with compact singularities introduced by Sibony [19] (see also [11]).

Proposition 4.6 If D is an ample divisor then LT (X, w) C DM Ajoc(X, ).

Proof Fix ¢ € L3 (X, w) and let V be a small neighborhood of D, so that ¢ is bounded in V.
We can assume that ¢ < 0 and fx " = 1.

Let o’ be a smooth semi-positive closed (1, 1) form in the cohomology class of D, such
that ' = 0in X\ V. Since D is ample, o’ is cohomologous to a Kihler form wq. For
simplicity, we assume wp = o (otherwise we bound w < Cwyp in all arguments below).
Hence w = o' + dd€ x, where x is a smooth function on X, chosen to be either negative or
positive, as we like.

We assume here x > 0, and we first observe that ¢ € L! (wy N o

/(—go)a)(p A" = /(—(p)w(/, Ao AT+ /(—go)a)q, AddSx A2
X X X

= ||§0||L°°(V)/a)¢ Ao A2 +/szp A (_ddc(p) A2
X X
< llellLeevy + lIxliLex)y < o0,

since —dd¢ < , xw, > 0and [y w, A ' A "2 = Jyo" =1

It follows that the positive current wé ‘= wy A ®+ dd°(pw,) is well defined. We can
thus show by a similar argument that ¢ € L' (a)é A @"2), so that a)g) is also well defined,
and so on. At last, we show that ¢ € L! (wZ’l Aw).

We now prove that (p2 € Ll(a)f/’)_2 A w?). We assume here that x < 0. Observe that
—ddp? = —2dp A d°p — 2¢dd g < 2(—¢)w,, therefore

/gazw;*z Aot < /gozw;*z A" Ao+ 2| xllLe) /(—ga)a)gfl Aw.

X X X
The integrals are finite because ' has support in V, where ¢ is bounded, and because
¢ eL! (a)(';‘1 A ). Thus ¢* € L! (a)g_2 A ®?). Similar integration by parts allows us to

show that @3 e L! (co(’/‘)_3 A @), by using ¢? € L! (a)(’/‘,_2 A w?). Continuing like this, we see
that g € DM Ajpe (X, ). O
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Proposition 4.6 shows that PSH (X, w) N L7y (X\{p}) C DM Ajpe(X, ). Indeed, if X is
projective, one can find for each p € X adivisor D # p. In the general case, it follows from
the proof that one only needs to construct a smooth semi-positive form ' cohomologous to
a Kéhler form, and such that ' = 0 near p. This can be achieved on any K¢ihler manifold.

5 Concluding remarks

In this section we restrict our attention to the two-dimensional case. In the local setting of an
open subset U C C2, a psh function u on U belongs to the domain of definition D(U) if and
only if the gradient of u is locally square integrable (W'-2) on U [5]. Such characterization
allows to prove important properties of D(U), such as convexity and stability under taking
the maximum of elements of D(U) with arbitrary psh functions (see [5]).

Let X be a compact Kéhler surface and w be a Kéhler form on X. In order to prove further
properties of DM A(X, w) it would be useful to obtain equivalent characterizations for this
domain. We present here the connection in certain cases between DM A (X, w) and certain
energy classes.

5.1 Direct sums

Let X = P! x P! and w = w| + w), where w; = rri*a)/ is the pull-back of the Fubini-Study
form ' of P! by the projection onto the i-th factor, i = 1, 2.

Proposition 5.1 Let ¢ € PSH (X, w) be of the form
ox,y) =ulx)+v(y), whereu,v € PSH(]P’I, ).

Then
() p el 0) = u,vell(P,o) < ¢l (X 0);
(i) ¢ € E(w, w) = u,v € EP, ) < ¢ € E(X, w);
(iii) ¢ € DMAX, ) <= ¢ € E(w, w).

Proof (i) Note that

/(pww/\w:/uwl,u/\wz—i-/vwl/\wz,v—l—/uwl/\wz’v—l—/vwl_u/\a)z,

where the integrals f uw; A w,y and f v i, A wp are always finite by Fubini’s theorem.
We use here the obvious notations wy ;, = (w1 + ddu)(x) and wy , = (w2 + ddV)(y).
This shows that ¢ € £ (w, w) if and only if u, v € E' (P!, o).

Ifu,ve &' (P, o) thenp € W2, hence ¢ € DMA(X, w) and 02 = 201 4 A w2, By

Fubini’s theorem
/(pa)é:2/ua)1,u+2/va)2,v,

P! P!
s0 @ ({p = —oo}) = 0. We conclude that ¢ € £(X, w), hence ¢ € ' (X, ). This formula
also shows that ¢ € EI(X, w) implies that u, v € 81(]}"1, ).
ii) and (iii). The equivalence ¢ € £(w, w) <= u,v € , ') is a direct consequence
(i) and (iii). The equival (AR (CN D) EP', o) isadi q
of the following equality:

/ Wy N = / .y + / w2 yp.

{p=—00} {u=—o0} {v=—00}
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We show next that u, v € £(P!, @) = ¢ € E(X, w). Let ¢}, uj, v; be the canonical
approximants and set £; = {u > —j} N {v > —j}. Since the bounded w-psh functions ¢ ;
and u; + v; coincide on the plurifine open set E;, we have by [4] that

2 — . .
lE/a)(pzj =2 1ij1,uj A w2,v; = 2. 1{u>7j}wl,uj A 1{v>7]}w2,vj~

Note that the product measure wj,, Awa,, puts full mass 2 on the set {u > —oo}N{v > —o0},
.j:md that 1{(p>_2/-}w3)2j Z.IE]. a)ézj. This shows that the sequence of measures 1{y- 2}
increases to a measure with total mass 2, hence ¢ € £(X, w).

We conclude the proof by showing that ¢ € DM A(X, w) implies that u, v € £ (]P’l, ).
Assume for a contradiction that v ¢ £(P!, »’). We may assume that there exists a compact

K Cc{v=—oc0}N{[l:w]: w e C}so that

/ddCV =a>0, Vw):=logv1+|w?+v(l:w).

K

2
Dipaj

We use here (bi)homogeneous coordinates [zo : z1], [wo : wi] on X. Let u; be smooth
«’-psh functions decreasing to u on P!, and set

Uj(z) = logv/ 1+ |z +u;([1:z]),
®(z, w) = max(U;(z) + V(w),log|z — ¢| — j),

where ¢ € C. The functions ®; yield functions ¢; € DM A(X, w) decreasing to ¢, hence
(dd“®;)* - w; on C* C X. We will show that

2
/ w, > a.
{z=¢IxK

Since ¢ is arbitrary, we get a contradiction.

For r > 0 let x; > 0 be a smooth function such that x;(z) = 1 in the closed disc E,
of radius r centered at ¢ and xp is supported in the disc D, of radius 2r centered at ¢.
For fixed j let N be an open neighborhood of K so that V(w) < logr — j — maxp, U;
for w € N, and let x; > 0 be a smooth function supported in N such that ;(w) = 1
on K. Let x(z,w) = x1(2)x2(w). Since ddx A dd°®; is supported on the closed set
{Uj(z) + V(w) = log |z — ¢| — j} it follows that

/X (dd°®;)* = /(Uj +V)dd ) Add°dD;
z/xddeAdd”@j :/dDszdd")(l(z)/\dd"V(w).
Note that

Ui()+V(w) <logr —j <loglz—¢|—j

on the support of x2dd€ x1, thus
[y = [aoglz = el iddn naay

:/decloglz—{l/\dchZ/dd"V:a.
K
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We conclude that

and asr — 0, that [;__,
5.2 The case X = P2

We produce now similar examples in the case of X = P? with w the Fubini-Study form.
Let [# : z : w] denote the homogeneous coordinates and ¢ be a w-psh function with Lelong
number 1 at point p = [1 : 0 : O]. It is easy to see that ¢ can be written as

2 2
zZ|° + |w
oltiz:w] =L 212 + w]

(0] —+MZ:U) 11
2 e g wp TRV (b

where u is a '-psh function on {r = 0} ~ P!,
Proposition 5.2 Ifu ¢ E(P', ') and e* is continuous then ¢ ¢ DM A(P?, w).

Proof Suppose ¢ € DM A(P?, w) and let ¢ ; be functions defined by (11) with u replaced by
u j, where u j are bounded w-psh on P! decreasing to u. Then ¢ j decreases to ¢ and wéj =4
is the Dirac mass at p, hence a)é =6p.

On the other hand, we are going to construct another sequence of functions /; € DM A
(P2, w) decreasing to ¢ such that wﬁfj does not converge to §,,. Let K C {t = 0} be a compact
so that u = —oo on K and w,(K) = a > 0, and let

1
¥;([t : z : w]) = max (fp([r Pz wl), loglr] = 3 log(|t1* + [z* + [w|?) — j) .

Then v; € DM Aloc(IPz, ) by Ref. [13]. One can show, as in the Proof of Proposition 5.1,
that w%/,j (K) > a, for all j. This contradicts that a)é = §p. ]

For functions ¢ as in (11), it is easy to show that ¢ € DM Ay (P%, @) if and only if
u € WH2(PY). It is an interesting question whether ¢ € DMA(P?, ) if u € E(P!, o). A
concrete example is

1
t:z:w]:==lo og———
Pal 1 g > g|z|2+|w|2

lzI? + |w|? 1 lz> 7"
2 2 2 1=31
2 T2+ 1212 + |wl

where 0 < o < 1. Then ¢, ¢ E(P?, w) since it has positive Lelong number at p, and
Qo & DM Aje(P?, w) if @ > 1/2. Tt would be of interest to know if ¢, € DM A(P?, w) for
some o € [1/2,1].

5.3 A candidate?

Previous examples indicate that in dimension n = 2, the class

E(,w) :={p e PSH(X,w) /(w+dd¢)({p = —oc}) = 0}
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plays a central role. Note that it enjoys several interesting properties:

&(w, w) is convex and stable under maximum;
E(w,w) =E(,w)N PSH(X, w) whenever o < o';
DMA,(X, 0) C EN(w, w) C E(w, w);

E(X,w) C &(w, ).

Together with the special examples analyzed in Sects. 5.1 and 5.2, this motivates the

following:

Question 5.3 Assume n = dim¢ X = 2.
Do we have DM A(X, w) C £(w, w) and/or £(w, w) C DMA(X, w)?

Acknowledgments D. Coman is grateful to the Laboratoire Emile Picard for the support and hospitality
during his visits in Toulouse.
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