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SINGULAR KAHLER-EINSTEIN METRICS

PHILIPPE EYSSIDIEUX, VINCENT GUEDJ, AND AHMED ZERIAHI

INTRODUCTION

Thirty years ago, in a celebrated article [Y], S. T. Yau (and independently T.
Aubin [A]) solved the Calabi conjecture by studying complex Monge-Ampeére equa-
tions on a compact Kéhler manifold.

Since then, complex Monge-Ampere equations have been extremely useful in
Kéhler geometry (see for instance [DP]) and in the dynamical study of rational
mappings (see [S] and references therein).

Two major developments in the theory of complex Monge-Ampere equations
occurred in the last decade. In the local theory, a deeper analysis of the image of
the complex Monge-Ampere operator [Cel], [K1] has followed the pioneering work
of E. Bedford and B. A. Taylor [BT]. In the global theory a new proof of the
C%-estimate [K1], [K2] has allowed one to treat complex Monge-Ampere equations
with more degenerate R.H.S.

In [GZ1], [GZ2], two of us revisited and extended the results of [BT], [Ce] on
complex Monge-Ampeére operators to compact Kéhler manifolds. In the present
article, we use these methods to study complex Monge-Ampere equations with
degenerate L.H.S. We first define, in the spirit of [Ce], [GZ2], weak solutions to
degenerate complex Monge-Ampere equations and then prove, using ideas of [K1J,
[K2], that these solutions are bounded:

Theorem A. Let X be a compact Kihler manifold, w a semi-positive (1,1)-form
such that [, w™ >0 and 0 < f € LP(X,w"), p > 1, a density such that [, fu™ =
fX w™. Then there is a unique bounded function ¢ on X such that w+ dd°p > 0
and
(w+dd°p)" = fw" with supp = —1.
X

Furthermore, ¢ is continuous provided there exists a decreasing sequence ; of
continuous w-psh functions with lim p; = ¢ and f — ¢ is a continuous map from
LP(X,w™) to L (X).

When w has algebraic singularities, then p can be assumed to have LP density
(p > 1) with respect to the Lebesgue measure.

When for every w-psh ¢ there is a decreasing sequence of continuous w-psh
functions converging to ¢ pointwise, we will say (X, [w]) enjoys the continuous
approximation property. We believe it holds in great generality but the problem
turned out to be more subtle than expected; hence we leave this as an open problem
for further research.
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608 PHILIPPE EYSSIDIEUX, VINCENT GUEDJ, AND AHMED ZERIAHI

With this L>°-estimate, it is possible to adapt classical ideas of [Y] and [Ts] and
prove

Theorem B. Let X be projective algebraic complex manifold, w a smooth semi-
positive closed (1,1)-form that is positive outside a complex subvariety S C X. Let
Q be a Kdhler form on X. Assume furthermore that w™ = DQ™ where D¢ is in
LY(Q") and that [w], [Q] € NSg(X).

Let 01, ...,0p (Tesp. T1,...,7Tq) be holomorphic sections of some line bundle (resp.
of some other line bundle). Assume k,l € R>q and F € C*(X,R) are fized so that

1 2k 2k
/ 5 2lQ” < oo and ‘Ul‘zl—’— +|Up|2l eFQ"=/ w™.
x [T+ 4 7 x M+ 47 X

Then the unique bounded function ¢ such that w + dd®p > 0 and

e e R o [ A Y
= e’ Q" with supp = —1,
P+ gl W

is smooth outside B = S U(,{o; =0} U(),{r: = 0}.

This result should be compared with [Y], Theorem 8, p. 403. Yau’s result is
stronger in many respects, most notably in the absence of any projectivity /rational-
ity assumption and a more precise regularity theory. On the other hand, the con-
dition on the poles of the L.H.S. is less optimal than here. We expect the projec-
tivity /rationality assumptions to be superfluous.

Observe that the condition on the singularity in the L.H.S. is precisely the condi-
tion that the singular metric associated to {(7;) has a trivial multiplier ideal sheaf,
or if ¢ = 1, that the pair (X,I(r1)) is klt (see Definition 6.7). The possibility of
solving complex Monge-Ampere equations with LP-R.H.S. was first established by
S. Kolodziej [K1l, [K2], and the connection with the singularities of the Minimal
Model Program (MMP for short) has been a strong incentive to our work.

From an algebraic geometer’s perspective, these results may be viewed as a
version of [Y] for normal Kéhler spaces.

As a by-product, S. T. Yau constructed Kéahler-Einstein metrics on smooth
canonically polarized manifolds and Ricci-flat metrics on what is now known as
Calabi-Yau manifolds. It had been soon realized [K&| that this also yields Kéahler-
FEinstein metrics on Kéahler orbifolds, hence on the canonical models of surfaces of
general type, since they have isolated quotient singularities.

In higher dimension, in spite of the development of the MMP during the 1980s—
culminating with [Mo] and the proof of the existence of canonical models for general
type 3-folds [Ka]—there was no satisfying analog of these Kéahler-Einstein metrics.

For smooth minimal general type projective manifolds, H. Tsuji proved [Ts] that
an appropriate Kahler-Ricci flow starting with an arbitrary Kéhler datum exists in
infinite time, converges towards a current representing the canonical class which is
smooth outside the exceptional locus of the map to the canonical model, and defines
a Kihler-Einstein metric therd]. The conjecture made there that the current has
continuous (or even bounded) local potentials partly motivated our work.

The article [Ts] has been revisited in the recent preprint [CN] and in [TZ] (we
learned of them when finishing the present work), where a very satisfactory proof of
convergence towards a current with bounded potentials is given. The independent

(w+dd°p)"

L Although his idea was rather compelling, the details of the proof for convergence were some-
what hard to follow.
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SINGULAR KAHLER-EINSTEIN METRICS 609

work [TZ] uses a slightly weaker version of Theorem A and does not give any detail
on the proof. These details have been indeed provided subsequently in [Zha]. On
the other hand, the three approaches tend to emphasize different aspects of the
problem and seem to complement each other nicely.

In this article we give a more general theory of singular Kahler-Einstein metrics
as a consequence of the following result:

Theorem C. Let (V,A) be a projective kit pair such that Ky + A is an ample
Q-divisor. Then there is a unique semi-Kdhler current in [Ky + A] with bounded
potentials, which satisfies a global degenerate Monge-Ampére equation on V and
defines a smooth Kdihler-Einstein metric of negative curvature on (V — A)79.

Let (V,A) be a projective kit pair such that Ky + A = 0 (Q-linear equivalence
of Q-Cartier divisors). Then in every ample class in NSg(V) there is a unique
semi-Kdhler current with bounded potentials, which satisfies a global degenerate
Monge-Ampére equation on V and defines a Ricci flat metric on (V. — A)7¢9.

The precise formulation and Monge-Ampeére equations are to be found in Theo-
rems 7.5 and 7.8 below.

A large part of the MMP is now confirmed to work in higher dimension. Based
on ideas of [Sho|, developped further on by [HMcK], the preprint [BCHM] has
achieved a full proof of the finite generation of the canonical ring for any projective
manifold. Using this, we obtain

Corollary D. Let X be a projective manifold of general type and let V = X 4, be
the unique model of X with only canonical singularities and Ky ample. Then Ky
contains a unique singular Kdahler-Finstein metric wix g of negative curvature.

Note that we do not assume that the singularities are quotient singularities nor
that X has a smooth minimal model (a strong restriction present in [Ts], [TZI,
[CN]). On the other hand if 7 : X — X, is a resolution of singularities, then
[T*wikp] &2 Kx + F where F > 0 and = 0 iff 7 is crepant and X is a smooth
minimal model.

The problem of constructing a singular Kahler-Einstein metric on a canonically
polarized projective variety with canonical singularities X,.,, had already been con-
sidered in [Sg]ﬁ, with a different approach. Theorem 5.6 in [Sg] there and its proof
imply that given 7 : X — X, a log-resolution, there is a closed positive current
Txp in m*Kx,,, with zero Lelong numbers such that Tk is smooth on 7= 1(X7¢9)
and defines a KE metric there. This construction agrees with ours, and our contri-
bution is that Tk g has a bounded potential coming from X ..

One may also try to construct these singular KE metrics unconditionnally in
an approach to the finiteness of the canonical ring [Siu2]. Needless to say, it is a
substantially harder task.

Let us state yet another corollary:

can

Corollary E. Let X be a projective variety with only canonical singularities such
that Kx ~g 0 and let A € NSg(X) be an ample class. Then A contains a unique
singular Ricci-flat metric woy with bounded potentials.

The local potentials of wey are continuous provided (V, A) satisfies the continu-
ous approzximation property.

2We apologize for having overlooked this reference in the first circulated version of this work.
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610 PHILIPPE EYSSIDIEUX, VINCENT GUEDJ, AND AHMED ZERIAHI

For the applications, the regularity theory of singular Kéhler-Einstein metrics
still needs to be developped more thoroughly.

NOTATION AND ORGANIZATION OF THE PAPER

In the entire paper, X will denote a compact Kéhler manifold of dimension n,
w a smooth closed form of bidegree (1,1) which is non-negative and big, i.e. the
smooth measure w” is not identical to zero. For convenience we normalize w so
that

Vol,(X) ::/ wt=1.
b'e

V' will denote a normal complex space. A resolution of V' will be a locally
projective bimeromorphic holomorphic morphism 7 : X — V, X being smooth,
such that 7 : 771(V"®) — V"% is an isomorphism. A resolution 7 is a log-
resolution iff 771 (V*™9) is a divisor with simple normal crossings. Assume we
have a coherent ideal sheaf Z C Oy. A log-resolution of (V,Z) is a projective
bimeromorphic holomorphic morphism 7 : X — V| X being smooth, such that
7 (V= Z(2))re9) — (V - Z(Igmg is an isomorphism with the additional
property that the ideal sheaf 7~ 1Z.0xiJ satisfies 77 1Z7.0x = Ox (- Y. vgE) C Ox
where vg € N is a positive integer attached to an exceptional divisor E of 7.

A pair is a pair (V,A) with V' a normal complex space and A a Q-Weil divisor
A =3, d;E; where 0 < d; <1 are rational numbers and (E;); is a finite family of
pairwise distinct irreducible codimension 1 subvarieties of V. A log-resolution of a
pair is a log-resolution of the ideal Zya where N is an integer such that Nd; € N a

All these flavors of log-resolutions exist by [Hi|, [BM] if the variety (resp. pair)
under consideration is open in (resp. a restriction to an open subset of) a compact
variety (pair). The resolution can then be assumed to be a projective morphism.

The paper is organized as follows. In Section 1 we define, following [GZ2], the
set £1(X,w) of w-psh functions with finite self-energy and produce weak solutions
to complex Monge-Ampere equations (w + dd®p)™ = u in the class £1(X,w) (see
Proposition 1.4). This is our first basic observation: weak solutions are easy to
produce in £}(X,w).

The continuity of the solutions is studied in Section 2 (see Theorem 2.1) by using
ideas from [KI|, [K2], [K3] and [GZ1]. This, together with Propositions 3.1 and
3.3, yields Theorem A. We actually expect the solutions to be Hélder-continuous,
as Theorem 3.5 indicates. We indeed establish further regularity results in Section
3, especially Theorem 3.6, by using ideas of [Y], [Ts]. This yields Theorem B.

In Section 4 we solve Monge-Ampere equations of the type (w + dd®p)"™ = et p,
t > 0 (see Theorem 4.1 and Proposition 4.4) by a fixed point method. Here again
the use of class £1(X,w) makes life easier and allows us to reduce our analysis to
previously studied Monge-Ampere equations (w + ddp)"™ = 1.

3 71=1Z.0x is locallly the ideal sheaf of Ox generated by the family of holomorphic functions
(7* fr)1, where (fr)r are local generators of Z. The set Z(Z) is the analytic subvariety defined by
T.

4The MMP is conjectured to work for Q-factorial dlt pairs provided V is projective algebraic.
This seemingly technical extension of the MMP is known as log-MMP. log-MMP works in di-
mension < 3. The philosophy of the log-MMP is to define the canonical divisor of a pair to be
K(v,a) = Kv + A and to try to prove the same theorems for pairs and for varieties. See [BCHM]|

for the strongest results in this direction.
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In Section 5 we recall some basic facts on some of the singularities encountered
in the MMP, and in Section 6 we explain what sort of measures p we need to
consider in order to produce Kéahler-Einstein metrics. An important observation is
Lemma 6.4, which shows that it is necessary to restrict to the case of log-terminal
singularities (see Definition 5.3).

In section 7 we show how our results from Sections 2, 3, 4 allow us to produce
singular Kéhler-Einstein metrics (see Theorems 7.5, 7.8, 7.12). This is where we
prove Theorem C.

1. WEAK SOLUTIONS TO MONGE-AMPERE EQUATIONS

In this section w will denote a smooth semi-positive closed (1,1)-form which is
big, i.e. satisfies fX w™ > 0. For any Kahler form 2 on X and for all € > 0, the
form w, := w + € is again Kéahler on X.

We are going to extend several results that are known to hold true when w is
Kahler to the present more general setting.

Recall that the set of w-plurisubharmonic functions (w-psh for short) is

PSH(X,w) :={p € L"(X,RU{~00}) /dd°p > —w and ¢ is us.c.}.

We refer the reader to [GZI] for basic properties of w-psh functions. The following
subclass has been extensively studied in [GZ2]:

Definition 1.1. We let £}(X,w) denote the set of w-psh functions with finite self-
energy: this is the set of functions ¢ € PSH (X, w) for which there exists a sequence
w; € PSH(X,w)N L*°(X) such that

v; ¢ and sup/ (—@j)(w+dd°p;)" < +00.
i Jx

This class of functions is studied in [GZ2] when w is a Kéhler form. We leave it
to the reader to check that the basic properties of this class of functions proved in
[GZ2] when w is Kéhler apply with no modification to the present case. In particular
the complex Monge-Ampere operator (w + dd®p)™ is well-defined for ¢ € £1(X,w),
and it is continuous on decreasing sequences of functions in £1(X,w).

We shall need a slightly more general continuity result, which takes into account
the dependence in w:

Proposition 1.2. Fiz Q a Kdhler form on X, and let (¢;) be a sequence of positive
real numbers decreasing to zero. Let ¢; € EY(X,w+¢;Q) be a sequence of functions
which decrease pointwise towards ¢ and such that

sup/ loj|(w+e;Q + ddp;)" < 4o00.
Jj21JX

Then ¢ € EY(X,w), and (w+ &;Q + dd°p;)" — (w + dd°p)™.
Proof. Set w; := w 4+ ;9. We can assume w.l.o.g. that ¢ < ¢; < 0. Set
o == max(p, —-K) € PSH(X,w) and <p]K = max(p;, —K) € PSH(X,wj).

Observe that, K being fixed, ((p]K );j is uniformly bounded and decreases towards
¢ as j goes to infinity. Therefore (w; + ddccpJK)" — (w+ dd°e™)", by a classical
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612 PHILIPPE EYSSIDIEUX, VINCENT GUEDJ, AND AHMED ZERIAHI

result of E. Bedford and A. Taylor [BT]. Moreover the sequence of positive measures
(fgojK)(wj + ddccpf)” has uniformly bounded mass, since by Lemma 2.3 in [GZ2],

0< /X (— k) (w; + dde )" < 27 /X (—5)(w; + dd°p;)" < 2°M,

where M := sup; [y (—¢;)(w;j + dd°p;)" < +oo.
Since ¢; is u.s.c., a standard argument yields that any cluster point v of the
sequence (—wf)(wj —|—ddc<p]K)” satisfies 0 < (—®)(w+dd°p)™ < v. In particular

0< / (=) (w + ddep™ )" < ljminf/(—tpf)(wj L ddegK ) < 2n M
X

Jj—+o0

is bounded from above uniformly with respect to K. Since o’ decreases towards
¢, this shows ¢ € (X, w).

It remains to show that (w; + dd°p;)" — (w + dd°p)™. Since (w; + ddcgof)” —
(w + dd°@™)™ for any fixed K, it is enough to get an upper bound on the mass of
(wj + ddcapf)" in (¢; < —K) which is uniform in j. This follows from Chebyshev
inequality, namely

C n 1 C n
/ (wj +ddp;)" < g/ (—pj)(wj +dd°p;)" <
(p;<—K) X

This yields the desired result. O

M
-

The Monge-Ampere capacity Cap,,(-) has been studied in [GZ1],

Capy(K) == sup{/ wy /u€ PSH(X,w),0 <u< 1},
K

where K is a Borel subset of X. Here—and in the sequel—we use the notation
Wy = w4+ dd°u > 0. In this article we are interested in measures which are
dominated by the Monge-Ampere capacity in the following way:

Definition 1.3. A probability measure u on X satisfies condition H(a, A, w) if for
all Borel subset K of X,

p(K) < ACap,(K)'+e.

It has been shown by S. Kolodziej that when w is Kdhler, a probability measure
w which satisfies H(«, A, w) can be written as the Monge-Ampere measure of some
continuous w-psh function. This is still true when w is merely semi-positive and big,
and the proof will occupy us until the end of Section 2. We start by observing—
following [GZ2]—that p is the Monge-Ampere of a function ¢ which is not too
singular.

Proposition 1.4. Let p be a probability measure on X which satisfies condition
H(c, A,w). Then there exists a unique function p € EY(X,w) s.t.

p=(w+dd°¢)" and supyp = —1.
X
Proof. Fix Q a Kahler form on X, and set w; := w + €;{), where ¢; > 0 decreases
to 0. We start by showing that £'(X,w;) C L*(p).

Fix p € £(X,w;). We can assume without loss of generality that supy ¢ = —1.
It follows from Propositions 3.6 and 2.7 in [GZI] that there exists a constant C =
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SINGULAR KAHLER-EINSTEIN METRICS 613

C(w, ) > 0 independent of j such that Cap,,, (¢ < —t) < C/t for all £ > 0. Since
Cap,(-) < Cap,,(+), the measure y satisfies H(a, A, w;). We infer

+oo A01+a
1) 0< [ (o= [ o<t < < 1o,
t

=1 «
with an upper bound which is independent of j.

The main result in [GZ2] guarantees in this case that there exists a unique
function ¢; € £*(X,w;) such that

(wj +dd°p;)" = \jp and Sl}l{p p; = —1,

where \; = fX(o.) +¢,9)™ > 1 decreases to 1 as j goes to infinity.

The normalization supy ¢; = —1 implies that the sequence (p;) is relatively
compact in L'(X) (see Proposition 2.7 in [GZI]). Let ¢ be a cluster point of (¢;).
Relabelling if necessary, we assume ¢; — ¢ in L'(X). Note that ¢ € PSH(X,w)
and supy ¢ = —1 (by Hartogs’ lemma; see Proposition 2.7, [GZI]). We are going
to show that ¢ € £'(X,w) and W} = p.

Set ®; = (suplzj ©1)*, where u* denotes the upper-semi-continuous regular-
ization of u. Then ®; € PSH(X,w;) with ®; > ¢;, hence ®; € (X, w;) (see
Proposition 3.2 in [GZ2]), and ®; decreases towards ¢. For [ > j, we have

(wj +ddp)" > (W +dd°¢)" = Nip > pu.
It follows therefore from an inequality due to J. -P. Demailly [Deml] that
(wj +dd°®;)" > p.
Now by (1) and Lemma 2.3 in [GZ2],

0< /X(—‘I’j)(wj +dd°®;)" < 2" /X(—%‘)(wj +ddp;)" = 2", /X(_‘Pj)dﬂ

is uniformly bounded with respect to j thanks to (1).

We infer from Proposition 1.2 that ¢ € £'(X,w) and (w; + dd°®;)" —
(w+ddp)™. Thus (w+dd°p)™ > u, but these are two probability measures, whence
i = (w+ dd°p)"™. The uniqueness of ¢ follows from Theorem 3.3 in [GZ2]. O

2. CONTINUOUS SOLUTIONS
The goal of this section is to prove the following result:

Theorem 2.1. Let p be a probability measure on X which satisfies condition
H(a, A,w). Then there exists a unique bounded function ¢ € PSH(X,w) such
that

w=(w+dd°)" and supyp = —1.
X

Moreover ||| (x)y < C, where C only depends on o, A and w.
Furthermore ¢ is continuous provided (X, [w]) satisfies the continuous approxi-
mation property.

Definition 2.2. Let X be a compact K&hler manifold and w a smooth semi-positive
closed (1, 1)-form. We say (X, [w]) satisfies the continuous approximation property
if for every w-psh bounded function ¢ there is a decreasing sequence of continuous
w-psh functions such that lim ¢; = ¢ pointwise.
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It follows from Demailly’s regularisation theorem that if X is smooth and [w]
Kéhler, then (X, [w]) satisfies the continuous approximation property; see [BK] for
a simple proof.

The authors believe the approximation property is satisfied if X is a resolution
of singularities of a normal projective variety with canonical singularities and [w] €
NS(X) is the pull-back of an ample A class of V. If so, one says that (V, A) enjoys
the continuous approximation property.

It follows from Proposition 1.4 that we already know the existence of a unique
solution ¢ € £1(X,w) to this Monge-Ampere equation. We need to show it is
continuous. The following result is the key to everything to follow.

Lemma 2.3. Let p,v € £Y(X,w) be two negative functions. Then for all s > 0
and 0 <t <1,
t"Cap,(p—9p < —s—1) < / Wi
(p—p<—s—t1)

Proof. Fixu € PSH(X,w) with0 <wu < 1. For >0 weset t =J/(1+7). Observe
that 0 <¢ <1 and

{o—9p<—-s—t}C {<p< wlj_(;u—s—t} C{p—9v < —s—ty}.
Set ¢ := (Y +0u)/(1+9) —s—t € PSH(X,w). Observe that

u = T, MY T, Fu > .
(p—th<—s—1) (p—t<—s—t) L1 +0 1+4 (9<®)

It follows from the comparison principle in class £'(X,w) that

/ M+M%P§/ w+mwrg/ -+ dd°]".
(p<®) (p<®) (p—p<—s—t1h)

Taking the supremum over all u’s yields the desired result. O

We will also need the following elementary observation:

Lemma 2.4. Let f : RT — RT be a decreasing right-continuous function such that
limy o f=0. Assume there exists o, B > 0 such that [ satisfies

(H(a, B)) tf(s+1) <B[f(s)]'**, ¥s >0, Y0 <t < 1.
Then there exists Soo = Soo(, B) € RT such that f(s) =0 for all s > S..

Proof. Fix sg > 0 large enough so that f(sg)® < 1/2B. We define a sequence
(s;) € RY by induction in the following way. If f(sg) = 0, we stop here; otherwise
we set

svimsup {5 00/ £(5) > 70}

Observe that s; < 14 sg thanks to (H(«, B)) and by definition of so.
Since f is right-continuous, we get f(s1) < f(s0)/2. If f(s1) = 0, we stop here;
otherwise we go on by induction, setting

sy = sup (s> 55/ 1(6) > 31l |
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At each step f(sj+1) < f(s;)/2 and sj41 < 1+ s;. However the sequence (s;) does
not grow too fast. It follows indeed from (H(«, B)) that if s €]s;, sj41],

(s — 55)f(5) < Bf(s;)"+* < 2B (s)(s,)",
since f(s;)/2 < f(s) < f(s;) on the interval [s;, s;11]. We infer
sj41 — 8; < 2Bf(s;)* < 2B277% f(s0)* <277
Thus the sequence (s;) is bounded from above, with limit

2Bf(s0)" < so+

Sm250+2(5j+1—3j)§50+ 1—9a = 1o a

Jj=0

O

Remarks 2.5. Observe that the starting time so(f, o, B) is invariant under dilatation
f+— Af, which transforms B into B/A*. Note also that if f(0)* < 1/2B, then we
can take sy = 0; hence we get in this case
2B
< ——[f(0)]*.
o < 1o /(0]

To see how previous lemmas can be used, we first prove that the unique solution
¢ € £1(X,w) given by Proposition 1.4 is bounded.

S

A uniform bound on the solution. Let » € £1(X,w) be the unique function such
that g = (w+ ddp)™ and supy ¢ = —1. Set

f(s) = [Capu(p < =)™
Observe that f : RT™ — R is a right-continuous decreasing function with lim o, f =
0. Since p = wy; satisfies H(a, A,w), it follows from Lemma 2.2 applied to the func-
tion ¢ = 0 that f satisfies (H(a, B)) with B = A/,

It follows from Propositions 2.7 and 3.6 in [GZI] that f(s) < C;/s"/™ for some
constant C7; which only depends on w. We can thus take a starting time sy =
27/ Cp AV« (see the proof of Lemma 2.3) and get f(s) = 0 for s > So = 59 +
(1 —272)~!: this shows that the sets (¢ < —s) are empty if s > S,.; hence

1
1—2-o’

We are now going to use a refinement of the previous reasoning in order to show
that ¢ is actually continuous if the continuous approximation property holds.

(2) ol oo (x) < 2/*CpAY™ 4

Proposition 2.6. Let ¢, € EYX,w) be two functions such that supy ¢ =
supy ¢ = —1 and fix e > 0. Assume w} = p satisfies H(a, A,w) and 1 is bounded.
There exists C = C(a, A,w, |[1)]|p(x)) > 0 such that

gﬂw—@S6+OWwdw—w<—MM”

This inequality can be interpreted as follows. Assume 1 is also a solution to a
Monge-Ampere equation wy, = i, where p’ also satisfies H(«, A,w). Then we can
interchange the roles of ¢ and 1 and get an upper bound on |[¢ — ¥|[z~(x). The
proposition then tells us that if ¢ and v are close in capacity, they are close in
L*°-norm.
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Proof. Set M := ||¢||p(x). Observe that when t > 0, (¢ — ¢ < —s —t)) C
(¢ — 1 < —s+ tM); hence it follows from Lemma 2.3 that for all s > 0,0 <¢ <1,

(3) t"Cap,(p—p < —s—1t) < (1+M)”/ Wi
(p—<—s)
using the obvious substitutions s — s — Mt, t — (14 M)t. Since pu = wy, satisfies
H(a, A,w), we infer
t"Capy,(p — b < —s —t) < A1+ M)"Cap,,(p —p < —s)' T
Consider
f(s) = [Capulp = < —s =)'/, s> 0.

Then f satisfies the condition (H(e, B)) of Lemma 2.3 with B = (1 4+ M)A'/".
Assume f(0) = [Capy, (o — 9 < —&)]"/" < W.
Remarks 2.5 that f(s) =0 for s > S, where

2B a/n

Soo < T-9a [Capu(p — 1 < =)™
Therefore the sets {¢ — ¥ < —s — €} are empty for s > S.o; hence
2(1+ M)A/
1—2~«

It follows in this case from

sup(vp — ) < e+ Ss <e+ [Cap,(p —9 < —5)]0‘/".
X

Thus we can take here C' > 2B/(1 —27%).
If f(0) = [Capu(p — v < —)]'/" > (2B)7"/*, then

SUPW - 90) < - 1nf<p < CQ(aa Aaw)a
b'e X
by (2); hence it suffices to take C' > 2BC; to conclude. O

Proof of Theorem 2.1. Let ¢ € £1(X,w) be the unique solution to the normalized
Monge-Ampere equation u = (w + dd®p)™, supy ¢ = —1 (see Proposition 1.4). Tt
follows from (2) that ¢ is bounded.

If (X, [w]) enjoys the continuous approximation property, let ; be a decreasing
sequence of w-psh functions decreasing pointwise to ¢. Since supy ¢ = —1, we can
assume @; < 0. Since ¢ is bounded and ¢; > ¢, the functions ¢; are uniformly
bounded on X.

Observe that ¢; converges towards ¢ in capacity (see Proposition 3.7 in [GZI]);
hence lim Cap,, (¢ — ¢; < —¢) =0, for all € > 0. It follows therefore from Proposi-
tion 2.6 (applied with 1 = ;) that for all ¢ > 0,

lim — il = lim su i—w) <e.
i fle = @illieco = lm sup(e; —¢) <

Thus (¢;) converges uniformly towards ¢; hence ¢ is continuous. (]

3. MORE REGULARITY

3.1. Measures with density. We now turn to the study of the complex Monge-
Ampere equation

(w+ddp)" = p,
when p = fw™ is a measure with density 0 < f € LP(w™), p > 1.
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Proposition 3.1. Assume p = fw™ is a probability measure with density 0 < f €
LP(X), for some p > 1. Then for any o > 0, there exists A, > 0 such that u
satisfies H(o, Aq,w).

Proof. It is enough to establish H(«, A,,w) for compact subsets, by regularity of
© and Cap,,. Let K be a compact subset of X. It follows from Holder’s inequality
that

0 < u(K) < [|f|| 1o (wmy [Volu (K)]?,

where 1/p +1/q = 1. Note that ||f||zr(n») = 1 since we assume p is a probability
measure. We claim that

(4) VOIW(K) < C,exp *Vw(capw(K))il/n s

for some constants C,,, 7y, > 0 that only depend on w. We will be done if we can
prove (4) since we can then check by elementary computations that exp(—z~°) is
dominated from above by A,z®, for all z € [0, 1].

The set of functions Fo := {¢ € PSH(X,w) / supy ¢ = 0} is compact in L!(X)
(see Proposition 2.7 in [GZ1]). These functions have Lelong numbers v (¢, z) < v,
bounded from above by a uniform constant. It follows therefore from Skoda’s
uniform integrability theorem [Z] that

2
sup /exp{— L }w”§02<+oo.
(,OE}-Q V(.d + ]-

Set v, :=2/(vy +1) > 0 and let
Vicw(@) = (sup{p(z) / ¢ € PSH(X,w), ¢ <0 on K})*
denote the Siciak extremal function of K (see Section 5.1 in [GZ1]). Then

Vol,(K) < / exp (= Vi w) w" < CoT,(K)™,
X

where T, (K) := exp(—supyx Vi ,) denotes the Alexander capacity of K. It follows
now from Theorem 7.1 in [GZ1] that

T,(K) < eexp {—C’apw(K)fl/"} ,
which yields (4). O

It follows therefore from Theorem 2.1 that there exists a unique continuous
function ¢ € PSH(X,w) such that

u= fw" = (w+dd°p)", with supp = —1,
X

when 0 < f € LP(w"), p > 1, with [, fw" = 1.

Actually we will be interested in measures with LP-density with respect to a
positive definite volume form dX, while the smooth measure w™ may vanish along
a divisor. This does not make much difference, as follows from Holder’s inequality:

Lemma 3.2. Let V be an n-dimensional compact normal Kdahler space and let §2
be a smooth Kdhler form on V. Let w: X — V be a resolution, w = 7*€), and let
dX be a positive definite smooth volume form on X.

If p = frdA\, with f; € LP(X,d)\) for some p > 1, then there exists p’ > 1 such
that u = fw™ and f € LP (X,w™).
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Proof. Observe that w™ = EdA for some smooth density £ > 0 which vanishes
along the exceptional locus of 7; thus
w= fidh = fw", where f = fi/E.
Fix local coordinates (2)1<;<, on a polydisk D C X and a local embedding
F :V — C™. Note that E is comparable to |% A A % 2 SN fil?s fi
being holomorphic on D. Therefore E € L{ (D) and E~* € L}, (D, d\) for some

loc
O0<ax<l
Choose 0 < o/ < « such that % + é = é Then f* = f¥ E~ is the product

of a function in LP/® (d\) and a function in L®/ (d\); hence it is in L1 (DD, d)) by

loc

Holder’s inequality. A second application of Holder’s inequality yields

e i (r)" ()" <o

where ¢ denotes the conjugate exponent to p. This shows that f € )i (w™) if
p' =1+ > 1is chosen so small that eq < o’. O

3.2. Holder continuity.
Proposition 3.3. Assume wj = fw", wy = gw", where ¢, € PSH(X,w) are
bounded and f,g € LP(w™), p > 1. Then for all0 < v < 2/(2+ ng),
o = Pl (x) < Cllo = Yl 72 (yny
where ¢ = p/(p — 1) denotes the conjugate exponent to p.

Proof. Fix € > 0 and a > 0 to be chosen later. It follows from (2) and Propositions
2.6, 3.1 that

a/n

o = Yllre(x) <€+ Cr[Capu(le — ¥| > )]
Applying the refined version of Lemma 2.3 which involves the uniform bound on
]| Lo (x5 1[%]| Lo (x) (see inequality (3)), we obtain

02 2/q n
Capully =l > €) < ot [ lo—wP/o(s + g,
It follows thus from Hoélder’s inequality that

Cs|lf +gller

2/q
Capy (|l — | >¢) < RNy P [ng_wHLQ(w")} .

Choose now ¢ := || — ¥||], where 0 <~ < 2/(2+ ng). Then
Capu (| — 9| > €) < Cy [[l — || /4.
‘We infer
e = ¥llzoex) < llp = wllTa + Cslle = $llY, where v/ = = [2/q = y(n +2/q)].

We finally choose o > 0 so large that v < 4/ and adjust the value of the constant
C' this yields the desired estimate. O

Being able to control the L>®-norm of ¢ — 9 by its L?-norm is a powerful tool.
If for instance 1) = ¢;, ¢ satisfy the assumptions of Proposition 3.3—with ¢; being
uniformly bounded—and ¢; — ¢ in L', then ¢; — ¢ in L?(w™); hence (p;) actually
uniformly converges towards ¢. This yields the continuity of the map

ferlP(Ww)—pe CO(X),
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where ¢ is the unique w-psh solution to (w + ddp)™ = fw™, supy ¢ = —1. Thus
Theorem A is proved.

We now give an application of this estimate, which requires the manifold X to be
a rational homogenous manifold, i.e. X = G/P where G is a complex semi-simple
algebraic group and P a parabolic subgroup?

Theorem 3.4. Assume X is a rational homogeneous manifold. If p = fw™ is a
probability measure with density 0 < f € LP(w™), p > 1, then the unique solution
¢ € PSH(X,w) € C°(X) to the normalized Monge-Ampére equation

(Wddp)" =p=fu",  swpp=-1,

is Holder continuous of exponent v > 0, for all v < 2/(2+ngq), where g =p/(p—1)
is the conjugate exponent to p.

Proof. Let K be the maximal compact subgroup of G. Then, K acts transitively
on X. Furthermore, we may assume w..o.g. that w is fixed by K. One can
regularize w-psh functions by averaging over the Haar measure of K. This is very
similar to the way one regularizes psh functions in C™ by using convolutions with
an approximation of the identity for the convolution product. We refer the reader
to [Hu] and the Appendix of [G] for more details.

Let ¢, be the w-psh function which is the translate of ¢ by an element of K
which is at distance h from the identity. We use the notation ¢; by analogy with
the C"-situation, where ¢ (z) = ¢(z + h). Since ¢ is bounded, it has gradient in
L?; hence

llen = llz < Clhl,
by using Cauchy-Schwarz inequality in a local chart. We can thus apply Proposition
3.3 to obtain that
llon = @l < C7IAI7,
for all v < 2/(2+nq). Since pp(x) ~ ¢(x+ h) in a local chart, this precisely means
that ¢ is Holder-continuous of exponent ~. O

3.3. Regularity on the smooth locus.

Theorem 3.5. Let X be a projective algebraic complex manifold, wy a smooth semi-
positive closed (1,1)-form that is positive outside a complex subvariety S C X, and
fiz Q to be a Kihler form on X. Assume that w? = DQ", where D¢ is in L'(Q"),
and that [wol, [QY] € NSR(X).

Let 01,...,0p (resp. Ti,...,74) be holomorphic sections of some line bundle L
(resp L') on X. Fiz k € R>g, | € R>¢ and F € C*(X,R). Assume that

1 2k 2k
/ 2l 5 $Y" < oo and il 20 et ‘Up|2l e = / o
x P+ 47y x TP+ 4l X

Then the unique bounded function ¢ € PSH(X,wq) such that

12 + .+ o e
= e" Q" and supp = —1
R W

is smooth outside B = S U(\,{o; =0} U(,{7: = 0}.

(wo + ddp)"

5In particular, the cohomology class of w is Kihler and w itself can be supposed to be Kihler
without loss of generality.
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Remark 3.6. This result should be compared with [Y], Theorem 8. Yau’s result is
stronger in many respects (there is no projectivity /rationality assumption and it
gives a more precise regularity theory); on the other hand the conditions on the
poles of the L.H.S. are less optimal than here.

We expect the projectivity /rationality assumptions to be superfluous. We also
expect that a finer regularity theory might be developed for singular KE metrics
depending on a finer analysis of the klt singularities involved.

The rest of this subsection will be devoted to the proof of Theorem For
the reader’s convenience, we will treat two special cases before tackling the general
case

Preliminary considerations. Thanks to Lemma B2 here we use that D—¢ € L'—
and Theorem 2] for every ¢ € [0, 1] there is a unique continuous function ¢; €
PSH(X,wy+ t2) such that

2%k 2%k
o1 4 o eF'Q™ and sup gy = —1,
[ERESEE R

where Cy > 0 is an adequate normalization constant and [|¢¢||co(x) is uniformly
bounded by a constant independant of ¢t > 0.

We cannot use [Y], Theorem 8, p. 403, right away to ensure that () is smooth
outside B for t > 0, since our integral condition is stronger than his. However we
can use [Y], Theorem 3, p. 365, to conclude that, in case ({7 = 0} =0, (¢) is
smooth outside B and dd°y; is a form whose coefficients are globally bounded on
X. Since this does not imply ellipticity if (),{o; = 0} # 0, this does not imply
higher regularity on the whole of X.

The required uniformity in ¢ > 0 is not proved in [Y]. To deal with this case, we
use a nice trick due to H. Tsuji [T4].

(wo +tQ + dd®py)" = Cy

The simplest case. First, assume (),{o; = 0} U[);,{7s = 0} = 0. Hence the family
of equations under consideration can be rewritten as

(wo + tQ + dd°p;)"™ = Cref O™,

F' being smooth.

Tsuji’s trick is as follows. By Kodaira’s lemma, there exists F, an effective
Cartier divisor of X, such that [w,] = [kc] +¢[E] where [k.] is ample; hence we may
choose a representative k. which is a Kahler form for every € > 0 small enough. We
may actually assume F contains B and use a family of F such that () Supp(F) = B,
by Nakamaye’s theorem on base loci [Na].

Actually, despite the notation, it will NOT be necessary to let € decrease to OE
and we will fix once for all such an £ > 0.

Let 0 € H°(X,Ox(E)) be the canonical section vanishing on E with the appro-
priate multiplicity. We can fix a smooth hermitian metric on this line bundle such
that the Poincaré Lelong equation holds:

Wo = ke + €[E] — edd®log |a|?.
6 Notice that apart from the CY-estimate with degenerate L.H.S., the methods used here are
standard and are in [Y], [Ts| and [K&]. Higher regularity in [TZ] is treated along similar lines

given the L°°-estimate the authors announce.
7This technical device could be useful to study finer regularity results.
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The function ¢; := ¢; — elog|c|? is smooth in X \ F and is a classical solution

to the PDE

(Ke +tQ+dd°¢y)" = eF= (k. +1Q)",
where (Fy;)1>1>0 is uniformly bounded in the C*°(X)-topology of functions and
K¢ = ke + t€) is uniformly bounded in the C*°-topology of Kéhler forms on X.

We can use the result of the calculation in [Y], Section 2. The important formula
is (2.22), p. 351, and in a subsidiary fashion (2.21). In these formulae, at each point
p € X — E, an adequate system of normal coordinates for x; is constructed and
comparing the notation here and there, we substitute n for m, x; for g;;, f¢ +dd°¢;
for gé;, ¢y for ¢ and F.; for F. The operator A is the Laplace operator (with the
analyst’s sign) of x; and A’ the Laplace operator of k; + dd°¢;. Also R = Rl
is the holomorphic bissectional curvature of k; expressed in the above system of
normal coordinates.

Since k; is uniformly bounded in the C2-topology of Kihler forms, then certainly
there are constants C' = C. independent of ¢ such that (2.21) holds and C’ also
independent of ¢ such that C’ > inf R ..

After these substitutions are made, (2.22), p. 351, reads:

€O A (e=C% (n 4 Ady)) > A(Fey) — n2C" — Crl(n+ Ady) + e 71 (n+ Agy) 7T,
We can fix constants C; independent of ¢ such that
AF,;>C; and e~ e¢/n—1 >C3>0.
Thus setting y = n + A¢; yields
e“P N (e (n+ Ady)) > Cs + Coy + eyt
Now by definition
e % (n 4 Ady) = |o|Te 9Pt (n + Apy + eAlog|o]?).

For each ¢ > 0 the functions ¢y, eAlog|o|? and Ag; are bounded on X. Hence
the positive function e=“%t(n + A¢;) is continuous on X, vanishes on E and is
smooth on X — F. Its maximum is achieved at some point p; € E. It follows from
the maximum principle that

0> Cs + Coy + e“7y77 at point y = y(p;).

Therefore y < Cg with a constant independent of ¢ > 0. Now e~ Coe(pe)
lo(pe)| T~ CeP) | Using the uniform CC-estimate for ¢y, we get 0 < (n -+ Agy)
CoeTC%t. Since |¢;| and eAlog |o|? are uniformly bounded by a constant indepen-
dent of ¢t > 0, we infer

(n + A(,Dt) < C’lo|0’|7c6 = C’lo|0'|7058.

This yields a t-independent C°- estimate of dd°p; on the compact subsets of X — E B
Standard arguments of the theory of complex Monge-Ampere equations give an
interior estimate of ¢ in Clko’ca(X—E) for every k > 2, a €]0, 1] which is independent

of t > 0 (see for instance Theorem 5.1, p. 15, in [B2]). Hence the family (¢;)i>0 is

zk;?(X — E). Tts cluster values are cluster values in C°(X — E);

IA

precompact in every C

hence they are all equal to ¢|x_g. This implies ¢ € Clko’f(X — E), hence that
pelC®(X—-E).

8Note that C' = C: and that eC: might blow up as € goes to 0.
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Case where (;{T; = 0} = 0 We study here the equation
(wo +tQ + dd o)™ = Cy(|o1|** + ... + |0, [*F)ef Q"

The first few steps of the preceding argument can be repeated without changes.
Next we apply formula (2.22) in [Y] as earlier, except that we set F = F., +
log||s]|®®), where ||s]|(?*) := |o1|?* + ... + |o,|?*. This yields

PN (e (n+ Ady)) > AF., + Alog||s||®®) —n2C" — Cn(n + Ady)

e~ Fer \ /(07D n
+ <|S|(2k)> (n‘i’A(ZSt)"*l.

We recall the two preceding inequalities and observe two new ones that are
available:

AF,;>C; and e st/n=1 > Cu > 0;
Alog||s||®® >y and €y > ||s]|®P.
Setting as earlier y = n + A¢y, we get
YU N (e (n+ Ady)) > Cs + Coy + ey,
After this point, the proof is entirely the same as before.

Remark 3.7. In order to carry out the second-order a priori estimate, one needs
information that only depend on supy F' and infx AF. This is pointed out in [Y],
p. 351, and it is the basis for the proof of [Y], Theorem 3.

3.4. Formal reduction of the general case to the second case using smooth
orbifolds. In order to carry out the present argument, which in essence is just
a change of variables z ~» ¢ = 2!/, we need to use analysis on certain smooth
orbifolds. We will not give complete definitions since they are in the recent reference
[BGK], Section 2, pp. 560-564; see also [MO] and the references therein.

Let (X, A) be a smooth orbifold pair. By this we mean that we have the prime
decomposition A = 3°.(1 — m; ")E; where m; € N* is an integer. We assume
that supp(A) is a simple normal crossing divisor. Then, a classical construction
surveyed in [BGK] enables one to construct an orbifold [X, A] with a 1-morphism
of orbifolds ¢ : [X, A] — X with the following properties:

e ¢ is the reduction to the coarse moduli space of [X, A].

® cx_supp(a) : U = [X, Al xx (X — Supp(A)) — X — Supp(A) is an isomor-
phism. Hence U is an open suborbifold of [X, A] which is an old-fashioned
manifold).

e For every open polydisk D C X with local coordinates z1, ..., 2z, such that
Supp(A) = {H?:l zj =0} [X, Al xx D = [D'/Gioc)-

In this formula, the local isotropy group is G, = H?:l Z)m;Z, m;j is
the integer multiplicity of the divisor £;; such that £;, ND = {z; = 0}, Gioc
acts on the polydisk D’ by (C1, -+, (p)-(21, -+, 27,) = (1215 -5 Cp2ps Zps 15 )

The orbifold 1-morphism [D'/Gee] — D is induced by s, @ (21, .., 2,) —
((z5)™, ).

e For sufficiently divisible s, c.Ox a1(sK[x,a]) = Ox (s(Kx + 4)).

91t suffices to consider this case for constructing singular KE metrics on algebraic varieties
with canonical singularities
10The usual isomorphism of Z/mZ with the group of m-th root of unity is used.
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It is possible to define all the basic concepts of Kahler geometry on orbifolds
such as smooth functions, Kahler metrics, etc. The principle is to think of %l;i as
a (multivalued) smooth coordinate chart.

A continuous function on [X, A] is a continuous function on X. A Radon measure
on [X,A] is a Radon measure on X.

A smooth function f on [X, A] is a continuous function on X such that for every
local chart s¢ f is smooth. In particular f is Holder continuous.

A Kihler metric Qpx a) on [X, A] is a Kihler metric Qx_gupp(a) on X —Supp(A)
with the property that s ) extends to a smooth Kéahler metric on I'. In partic-
ular, it also extends as a closed Kéahler current on X with Holder potentials.

The pull back of a K&hler form on X to [X, Al is a semi-positive closed (1, 1)-form
that is actually cohomologous to a Kéhler clasd'l.

Observe that »,_dz = m;, (z])™4~1dz]; hence a smooth volume form on [X, A]
can be interpreted as a volume form v on X — Supp(A) such that

H?:l(\/ —1dz; N dfl)
Hf:l |Zl‘2(171/mil) .

v is comparable to

In case the pair (X,[71(71)) is an orbifold pair, the equation

jou [ + .+ o

(5) (wo +dd°py)™ = Cy B

e Q%

can be interpreted on [X, A] as an equation of the form
(Cwo +dd0y)" = Cy(|o1|* + ... + |op*)e" Uy -

The method used to analyze the case where (,{7; = 0} = 0 extends with almost
no changes to the orbifold case. Hence the unique continuous solution of equation
(@) is smooth outside its singular locus if (X, (1)) is an orbifold pair.

Under the more general hypothesis that [, |71|72' < co and }(71) is a divisor
with simple normal crossings, then we can construct an orbifold pair (X, A) with
0 < (m1) < A and we are back to the previous case.

For the most general case, consider the ideal Z generated by the ¢; and fix
@ X' — X alog-resolution of (X,Z). Then we are back to the previous case, with
an equation on X’ . This ends the proof of Theorem 3.5.

In certain rare circumstances, there is a finite smooth covering ¥ — X such
that Y/G = X and [Y/G] = [X,A] and the argument we use here reduces to a
G-equivariant argument on Y.

Remarks 3.8. If we start with w, Kéhler and the log-resolution is non-trivial, p*w,
is not Kahler anymore.

This method that dates back to [Kd] can be used to prove a variant of [Y],
Theorem 7, p. 399, where the divisor of o5 is a simple normal crossing divisor,
under the sole assumption that [}, o272 < occ.

Now, it could not have been used to prove Theorem 8, p. 403, in 1978 since
log-resolutions force the use of Monge-Ampere equations with degenerate L.H.S.,
for which the CY-estimate proved here was not available then.

HHere no reference can be given. But it is easy to extend the gluing methods for Kahler forms
developed in [Dem3| and [Pal to orbifolds. Hence [DP] extends to Kéahler orbifolds.
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4. MORE MONGE-AMPERE EQUATIONS

As we aim at constructing singular Ké&hler-Einstein metrics, it is important to
consider Monge-Ampere equations of the type
(w+ dd*p)" = €%,

where 1 is a probability measure which satisfies condition H(a, A,w) (see Definition
1.3), and ¢ is a real parameter. The case t = 0, treated in Theorem 2.1, will
correspond to Ricci-flat metrics (see Section 6). We focus here on the case t > 0.

Theorem 4.1. Let i1 be a probability measure which satisfies condition H(a, A, w)
and fix t > 0. There exists a unique function ¢ € PSH(X,w) N L>*(X) such that
(w+ ddp)™ = et p.

Furthermore @y is continuous provided (X, [w]) enjoys the continuous approzimation

property.

Proof. The uniqueness easily follows from the comparison principle as we explain
in Proposition 4.3 below. We are going to prove the existence by a fixed point
method.

Fix ¢ € £1(X,w) such that fX wdu = 0, and let us consider the equation

(MA()) (w+ddp)" = etz/;—cwm

where the constant ¢, := log[ [y e"¥dyu] is chosen so that

1= / (w4 ddép)" = e / e dp.
b'e b's

Observe that p, = ¥~y satisfies condition H(a, Ay,w), where A, =
exp(tsupy ¥ —cy). It follows therefore from Theorem 2.1 that there exists a unique
bounded function ¢ € PSH(X,w) which is a solution to (M A(+)) and normalized
by [ + wdp = 0. We use here this linear normalization rather than the non-linear
sup-normalization: they are comparable thanks to Proposition 2.7 in [GZI], which
shows that

-M, §/ udp —supu < 0,
X X

for all functions v € PSH(X,w) and for some uniform constant M, > 0. Since
Jx dp =0, we infer

(©) 0<Ee)i= [ lolur=ees [ foletdu < 20,6,
X X

by observing that cy > 0 since ¢ > 0, and

/ lpldp S/ |l — sup ¢|du + sup p < 2M,,,
X X X X

since [y @dp = 0.

The important fact here is that the energy &, (¢) of ¢ is bounded from above by
a constant My := 2MMetM“ which is independent of ). We have thus defined an
operator

T:l/JECMHQOGCMO

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SINGULAR KAHLER-EINSTEIN METRICS 625

which associates to i € Cps the unique solution ¢ € Cpy, to (M A(v))), where

Cor := {qp c &Y X,w)/ /qudﬂ =0and &,(¢¥) < M} :

It follows from [GZ2] that £'(X,w) is convex. So is the subset of functions ¢ €
EY(X,w) such that fX dp = 0. The set Cps is not convex, but it is relatively
compact in L'(X) and its closed convex hull Cur is contained in Cy,, v for some
uniform constant x,, which only depends on the dimension of X: this follows from
easy computations (see Proposition 2.10 in [GZ2]). Therefore T maps the compact
convex set Cpy into itself if M is large enough.

We claim that 7' is continuous. Let (¢;) € C}; be a sequence of functions
which converges in L'(X) towards ¢ € Cps. We need to show that ¢; = T(3;)
converges in L'(X) towards T'(¢). Since the set {u € PSH(X,w)/ [, udy = 0}
is relatively compact in L'(X) (see Proposition 2.7 in [GZI]), we can assume—
relabelling if necessary—that (p;) converges in L'(X) towards a function ¢ €
PSH(X,w). We show in Lemma 4.2 below that (¢;) converges in L'(u) towards
¢. In particular [ v ¢dp = 0 and, passing to a subsequence if necessary, we can
assume that e/¥i(®) — et¥(®) for 1 almost every point z. Set

Qj = (sup <pl> and zﬁj = %Eg Y.

1>y

Observe that ((;) decreases towards ¢, while (e'¥7) increases towards e'¥ at u
almost every point. The energy of ¢; is controlled by that of ¢; since ¢; > ;
(see Lemma 2.3 in [GZ2]), and &, (¢j) < My by (5); therefore ¢ € £1(X,w) and
(wHdd°@;)" — (w+dd°p)™. Tt follows from an inequality of J. -P. Demailly [Dem1]
that

(@ + dd@;)" > e,
where ¢; := sup;s; ¢y,. Observe that ¢; — cy; thus
(w+ dd°p)™ > Vv .

Since these are two probability measures, there is actually equality; hence ¢ = T'():
this shows that T is continuous.

We can now invoke the Schauder fixed point theorem, which yields a fixed point
v = T(p),¢p € Cp. The function ¢ is automatically bounded (by Theorem 2.1,
since e'?~% 1 satisfies H(a, A’,w)); hence ® := ¢ — t~1¢,, is the solution we were
looking for. O

Lemma 4.2. The functions ¢; = T(1;) (respectively e¥i) converge in L*(p) to-
wards ¢ (respectively e'? ).

Proof. We first show that (¢;) converges to ¢ in L!(p). Observe that the sequence
(¢;) is uniformly bounded: this follows from Theorem 2.1 since (w+dd®y;)" satisfies
H(a, Aj,w), where A; = e'*"Px YiTC; A < eMu4 is bounded from above. It
follows then from standard arguments that [y p;du — [ @dp (see e.g. the proof
of Lemma 5.2 in [Cé]).

Fix € > 0 and let G be an open set of X such that ¢ is continuous on X \ G and
Cap,,(G) < € (see Corollary 3.8 in [GZ1]). By Hartogs’ lemma, ¢; < ¢ + ¢ on the
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compact set X \ G, if j > j.. Observe that
| le-etdnsrr [ lo-gldn<ae
X\G X\G
if 5 > jL. On the other hand since p satisfies H(o, A,w), we get
/Ww—%WuSMﬂMHS2MA8”,
G

where M = sup; ||¢;[|pe(x). This shows that [|¢ — ¢;||z1(,) — 0.

The proof for (e'¥7) is similar: it suffices to note that the functions u; :=
e!i—tsupx ¥i are w-psh and uniformly bounded. One can then apply the rest of
the argument. 0

Proposition 4.3. Let p,9 € E1(X,w) and t > 0 be such that
(w4 dd°p)"e™ = (w + dd°¢)"e™t.
Then ¢ = 1.

Proof. Tt follows from the comparison principle (see [GZ2]) that

/‘ w+mww§/ w+wwwz/ PV (w 4 ddy)".
(p<tp) (p<¥p) (p<tp)

Since e!*~%) < 1 on (¢ < ), we infer ¢ > 9 for v almost every point, where
v = (w+dd°)™. Reversing the roles of ¢, 1 yields ¢ = 1 for v almost every point.
Therefore (w+ ddp)™ = (w+ dd°)™; hence ¢ — 1) = ¢ is constant by Theorem 3.4
in [GZ2]. Finally ¢ = 0 since e’ = 1 and ¢ > 0. O

When Kx is nef and big, H. Tsuji constructed in [Ts|—using Kéhler-Ricci flow
techniques—a function ¢ € PSH(X,w) such that

/ eVdp=1, 9y € C°(X\ E) and (w+ dd“y)" = ey in X \ E,
p's

where F is the exceptional locus of the map associated to the base point free linear
system |[NKx|, N € N big enough and the current Txp = w + dd®y defines a
Kahler-Einstein metric. This function coincides with our solution thanks to the
following unicity result.

Proposition 4.4. Let u be a probability measure and t > 0. Let p,¢ € PSH (X, w)
be such that [y e"dp = [y e™dp = 1. Assume ¢ € EY(X,w) is a global solution
to the complex Monge-Ampére equation (w + dd°p)™ = e, while 1 € CO(X \ E)
satisfies (w + dd“y)" = ey only in X \ E.

Then ¢ € EY(X,w) and ¥ = .

Proof. Set 1; := max(¢, —j) € PSH(X,w)NL>(X). Observe that the probability
measures (w + ddt;)" converge in X \ E towards the measure v = €Y. Since
v(X)=v(X \ E) =1, it follows that (w+ ddy;)"™ converges to v on all of X.

Fix e > 0 and set v, := (¢ + ev)/(1 +¢) € PSH(X,w), where v € PSH(X,w),
v < 0, is such that e’ is continuous and (v = —o0) = E. It follows from Lemma
2.3 that for all s > 0,

Capu(u; < —s-D < |

(w4 dd“y;)" < / (w+ddY;)".
(Pj<—s)

(ve<—s/(1+¢))
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Observe that e’= is continuous on X; hence the sublevel sets (v. < ¢) are compact.
We infer, letting j — o0,

Cap,(p < —s—1) < / e dp.
(ve<—s/(1+¢€))

Letting € go to zero and using that p(X) = 1 yields

Cap,(h < —s—1) < / eVdu < e”*.
(p<—s)
Therefore the capacity of the sublevel sets of ¥ decreases fast as s — +o0; hence by
Lemma 5.1 in [GZ2] we get ) € E1(X,w). Since e~ (w+dd°p)" = e~ (w+dd°y)",
it follows from Proposition 4.3 that ¢ = . O

Theorem 4.5. Let X be a projective algebraic complexr manifold, wy a smooth
semi-positive closed (1,1)-form that is Kdhler outside a complex subvariety S C X,
and fix Q to be a Kdhler form on X. Assume that w) = DQ", where D™ is in
LY(Q"), and that [wo], [Q)] € NSr(X).

Let 01,...,0p (resp. Ti,...,74) be holomorphic sections of some line bundle L
(resp L') on X. Fiz k € R>o, | € R>¢ and F € C*°(X,R). Assume that

1 2k 2k
/ 2l 5§V < o0 and |Ul|2l+ - ‘ap|2l e :/ @
x TP 4+ 7y x P+ 47y X

For each t > 0, the unique function p € PSH(X,wy) N L>®(X) such that

N o ()

wo + dd¢p)"™ = F+te Q"
(ot ) = o
is smooth outside B =S U, {o; =0} U(,{r = 0}.
Proof. The proof of Theorem applies here almost verbatim. O

Remark 4.6. We will apply Theorem 4.1 in Section 6 to construct singular Kéhler-
Einstein metrics on manifolds of general type. This will follow from the resolution of
(w+dd¢p)™ = et?p for large enough values of t > 0. The Monge-Ampere equations

(w+ddp)" =e u, t>0,

can also be solved with a similar method, but only for small values of t < tx.
The critical exponent tx depends on the manifold X and may be too small to pro-
duce Kéhler-Einstein metrics when ¢;(X) > 0: even smooth manifolds of positive
scalar curvature do not necessarily admit Kéhler-Einstein metrics (see [I]). Since
technical details are much more involved in this case, we postpone this study to a
forthcoming article.

5. SINGULARITIES IN MORI THEORY

The singular locus of the normal complex space of pure dimension n is a codi-
mension > 2 analytic subvariety denoted by V™9, Let V"¢ =V — V"9 and let
7 : V7 — V be the natural open immersion.
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5.1. Log terminal singularities. Since this material may not be familiar to com-
plex analysts or differential geometers, we briefly recall some basic facts on some
of the singularities encountered in the Minimal Model Program (MMP for short).
See [KM] for a detailled account in the algebraic case, the analytic theory being
also surveyed there in less detail.

The sheaf of holomorphic functions Oy is the subsheaf of the sheaf of continuous
functions on V' consisting of the functions whose restriction to V"¢9 is holomorphic.
Actually, by Hartogs’ theorem, any holomorphic function on V"9 extends to V,
which means that j,Oyres = Oy .

Every meromorphic n-form a on V" extends to V; ie. let 7 : X — V be
a resolution of singularities of V, then the meromorphic n-form 7*«a defined on
771V extends to a meromorphic n-form on X. Let wyres be the canonical sheaf
of the smooth variety V"¢9. The sheaf wy = j.wyres is a coherent analytic sheaf
on V.

More generally every meromorphic pluricanonical form on V"¢ extends to V

and w‘[g] = Jswireq, ¢ > 0, is a coherent analytic sheaf on V.

Definition 5.1. Say V is 1-Gorenstein iff one of the following equivalent condi-
tions holds:
(1) Every « € V has an open neighborhood U such that U™ carries a holo-
morphic n-form with an empty zero divisor.
(2) wy is a rank one locally free sheaf.
(3) Every z € V has an open neighborhood U such that wyres is isomorphic to
Ovv‘eg |U-
A local section of wy defining a holomorphic n-form without zeroes on V"¢ will
be called a local generator of wy . If furthermore V' is Cohen-Macaulay, V is said
to be Gorenstein.
Say V is Q-Gorenstein iff one of the following equivalent conditions is satisfied:
(1) Every € V has an open neighborhood U such that U™ carries a holo-
morphic pluricanonical form with an empty zero divisor.
(2) For every x € V, there exists N, € N and an open neighborhood U of z
such that w,[jv =l is a rank one locally free sheaf.
(3) For every x € V there is N, € N and an open neighborhood U of z such
that wgfeg is isomorphic to Oy res|y.

A local section of wg\r ] defining a holomorphic pluricanonical form without zeroes

on V7 will be called a local generator of wgv )
For every x € V, the smallest N, fulfilling condition (3) near z is called the local
index of V' at x. The l.c.m. of all local indices, if finite, is called the index of V.

Definition 5.2. Say V has only canonical singularities iff V' is Q-Gorenstein,
of finite index N and one of the following equivalent conditions is fulfilled:

(1) Let m : X — V be a resolution. Let a be a local generator of wg\’]. The
meromorphic pluricanonical form 7*« is holomorphic.

(2) Let 7 : X — V be a resolution. For every m € N, mwy(vm] = w‘[}vm].
(3) (Assuming V is an algebraic variety) Let m : X — V be a resolution. Then

Kx 2n*Ky + Z apFE with ag > 0 where & means numerical equivalence
of Q-Cartier divisors and the sum runs over the exceptional divisors of 7.
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Observe that it is enough to check the first two conditions for some resolution.
In the third condition Nag is the order of vanishing of 7*« along the divisor E.

Definition 5.3. Say V has only log-terminal singularities iff V' is Q-Gorenstein,
of finite index NV and the following holds. Let 7 : X — V be a log-resolution and
let « be a local generator of wgv]; then the pole along any component E of exc(r)
of the meromorphic N-canonical form 7*a on X is of order < N — 1.
When V is algebraic, an equivalent formulation is: let # : X — V be a log-
resolution. Then Kx = n* Ky + ZaEE with ag > —1.
E

The importance of the class of canonical Singularitie comes from a theorem
due to M. Reid [R1] (see also [Deb], p. 174):

Theorem 5.4. Let X be a projective algebraic manifold of general type whose

canonical ring R = GBHO(X7 w%) is of finite type. Then the canonical model of

neN
X, Xean := Proj(R), has only canonical singularities. If N = Index(Xcqn), then
wg](i]an is ample.

The finiteness of the canonical ring for varieties of general type is known in
dimension 3 [Ka]. In higher dimension, Y. Kawamata has proved that it is a
consequence of the existence of minimal models. X ., is a uniquely defined singular
birational model of X. The minimal models of X in the sense of the MMP are
crepant terminalizations of X, and do not enjoy the above unicity since they
may be related by non-trivial flops.

Examples 5.5. Let S be a normal algebraic surface. The following are equivalent:

(1) S has only canonical singularities.

(2) S is locally analytically isomorphic to X = C2/G, G C SLy(C) a finite
subgroup.

(3) The exceptional divisors of the minimal resolution 7,,;, of S have simple
normal crossings, their components are (—2) smooth rational curves, their
incidence graphs are of type A — D — E (Du Val singularities).

The log-terminal surface singularities are precisely the singularities of the form
X =C?/G, G € GL(C) a finite subgroup.

Examples 5.6. In higher dimension, quotient singularities are still log-terminal.
Fix n > 0 and let H C CP™*! be a smooth degree d hypersurface. The affine cone
over H has only canonical singularities iff d < n + 1.

In particular, the ordinary double point x2 4 3% + 22 +t2 = 0 has only canonical
singularities but it is not a quotient singularity.

The hypersurface singularities of type A — D — E are canonical.

120n the other hand, the class of log-terminal singlarities of varieties is less important. Indeed
let X be a complex projective normal variety with log-terminal singularities. Then there is a
Deligne Mumford stack X — X which is etale in codimension one and has only Gorenstein
canonical singularities. At the expense of working with this canonical cover, one could avoid the
consideration of log-terminal singularities for varieties.
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5.2. Normal Kahler spaces.

Plurisubharmonic functions. Let V be a normal analytic space of pure dimension
n. A plurisubharmonic (psh) function ¢ on V' is an upper-semi-continuous function
on V with values in R U {—oc0}, which is not locally —oo, and extends to a psh
function in some local embedding V' — C~. The function ¢ is strongly psh (resp.
CY resp. C*) iff it extends to a strongly psh function (resp. C°, resp. C*°) in some
local embedding. A continuous function is psh iff its restriction to V"¢ is so [FN].
A bounded psh function on V"9 extends to V.

A pluriharmonic function f on V is a real-valued continuous function such that
one of the following equivalent conditions holds:

e f is locally the real part of a holomorphic function.

e Given a local embedding V' — C¥, f extends locally to a pluriharmonic
function on CV.

o f|yres is pluriharmonic.

Semi-Kahler currents.

Definition 5.7. A semi-Kéhler, resp. Kéhler, resp. smooth Kéhler, potential on V'
is a family (U;, ¢i)icr where (U;) is an open covering of V' and ¢; is a psh function,
resp. a strongly psh function, resp. a C*°-smooth strongly psh function, on U; such
that ¢; — ¢, is pluriharmonic on U; N Uj;.

Define an equivalence relation on semi-Kéahler potentials requiring that (U, ¢;) ~
(Vi,9;) iff ¢; — 1, is pluriharmonic on U; N'V;.

Definition 5.8. A smooth Kéhler metric 2 on V' is a ~-equivalence class of smooth
Kéhler potentials. A semi-Kéhler (resp. Kéhler) current on V is a ~-equivalence
class of semi-Kahler (resp. Kéhler) potentials.

A semi-Kéhler current 2 is said to have LS. (resp. C°, resp. Holder continuous)
potentials iff, given a potential (U;, ¢;)ier for ©, each ¢; is LiS, (resp. C°, resp.
Holder continuous).

We will on occasion drop the requirement that the local potentials of 2 are psh,
replacing it by the requirement that they are locally the sum of a smooth and a
psh function. The current  will then be called a quasi-positive closed current on
V.

If it has locally bounded potentials, 2 is fully determined by the closed (1,1)-
form €4 on V. defined on U; by Qyeq = ddp;.

Let Q be a smooth Kéhler metric on V' with Kéhler potential (U;, ;). An upper-
semi-continuous function ¢ : X — RU—o0 is said to be Q-psh iff Vi ¢; + ¢ is psh on
U;. The semi-Kéhler current whose potential is (U;, ¢ + ;) is denoted by Q+dd .

Example 5.9. Let V = C?/£1. Let (z,y) be the usual affine coordinates on C2,
(u,v,w) those on C3. The formulas v = 22, v = 3%, w = wxy realize V as the
closed subscheme of C3 whose equation is uv — w? = 0. We have two ‘natural’
Kihler metrics on V. The first one is smooth with potential ¢! = |u|? +|v|? + |w|?,
induced by the euclidean Kihler metric of C?; the second one is the Kihler current
whose potential is ¢? = |u| + |v|. On V" it is the quotient of the euclidean metric
restricted to C2 — {0}. Near 0, dd°p? >> dd°p".
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The metric dd°p? is an example of an orbifold Kihler metric on V. The results
of [Y] extend without major modifications to Kéhler orbifolds. For instance, in
each Kéhler class of a nodal K3 surface there is a unique Ricci flat orbifold metric.

Chern-Weil forms and hermitian metrics. Let PHy be the sheaf of real-valued
pluriharmonic functions on V. By definition, a closed (1,1)-form on V is a section
of the sheaf C3 /PHy. We have the exact sequence:

]

Cx(V) = T(V,C¥ /PHy) “=) BV (V, PHy) — 0.

A class in H(X,PHx) will be called Kihler if it is in the [ . ] image of a
smooth Kahler metric.

Remark 5.10. Assume X is smooth. A class [w] in H'(X,PHy) will be called
numerically base point free iff there exists a proper surjective holomorphic mapping
X — Y, Y normal, such that [w] is the pull back of a K&hler class on Y. This is in
principle a stronger condition than being cohomologous to a smooth semi-positive
closed (1, 1)-form, although no counterexample seems to be known.

If X is projective and [w] € NSr(X), [w] is numerically a base point free class
iff it is semi-ample.

In the non-big case (i.e. [y w™ = 0), it is straightforward to construct semi-
Kéhler classes that are not numerically base point free (e.g. on complex tori).

Let L be a holomorphic line bundle on V. The notion of smooth hermitian
metric on (V, L) is defined as in the smooth case. Let h be such a metric on (V, L).

Let s € H°(U,L) be a nowhere zero local holomorphic section of L (a local
generator of L) defined over the open subset U C V. Set e~ %+ := ||s||?, where
is a C*°-smooth function on U. The current dd“p; is a smooth closed (1,1)-form on
V' which does not depend on s; it is a semi-Kéhler current if ¢, is psh.

More generally, let (U;); be an open covering of V and o; € H°(U;, Oy (L)) a
local generator of L. Let ¢; = ¢,,. The datum (U;, ¢;) defines a smooth closed
(1,1)-form on V.

Definition 5.11. The Chern-Weil form of (V, L, h) (or of h) is the ~-equivalence
class of the data (U;, ;) constructed above. We will denote it by ¢1(L, h).

It is immediate that [c;(L,h)] is independent of h. Hence there is a linear
map c¢; : Pic(V) — HY(V,PHy). The connection with the more widely known
smooth case is made by the observation that, if X is a compact Ké&hler manifold,
HY (X,R) = HY(X,PHx).

Proposition 5.12. Let V' a compact normal complex analytic variety.

The space H*(V, PHy) is finite dimensional.

Let L be a holomorphic line bundle on V. FEvery representative of ci(L) in
HY(V,PHy) is the Chern-Weil form of a smooth hermitian on L.

If there exists a smooth hermitian metric h such that ¢1(L, h) is Kdhler, then V
is projective-algebraic and L is ample.

Proof. The most difficult task is to show that, in the last assertion, V' is Moishezon.
This follows from Siu’s solution of the Grauert-Riemenschneider conjecture [Siul.
O
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A singular metric on L is an expression h = e~ %hg,,, ¢ being a locally smooth
+ psh function and hg,, a smooth hermitian metric. Its Chern-Weil form is the
quasi-positive current ci (L, hgy,) + ddCep.

6. ADAPTED VOLUME FORMS

6.1. Monge-Ampeére equations on normal Kahler spaces. Let ) be a smooth
Kéhler metric on V. A classical result of P. Lelong states that if U is relatively
compact in V', then U"® is of finite volume with respect to the smooth volume
form QF, .

This has been generalized by E. Bedford and B. A. Taylor in [BT], where the
authors study Monge-Ampere measures for locally bounded psh functions. Since

these measures do not charge proper analytic subsets, we obtain

Proposition 6.1. Let Q be a semi-Kdhler current with LT, potentials on V. The
Monge-Ampére measure Q7. is well defined on Viey and satisfies [i;.cq ey <
00, for all relatively compact subsets U C V.

For any resolution 7 : X — V, the Monge-Ampére measure (7*Q)" is well
defined on X and satisfies . (7*Q)" = j.S0,,. Moreover if T : X - Visa
resolution dominating w (i.e. T = wo for some bimeromorphic proper holomorphic
map 1 : X' — X'), then 1. (7*Q)" = (7*Q)".

The measure 7, (7*Q)™ is thus well defined on V" and independent of the choice
of resolution. We will call it the Monge-Ampére measure of (2 and denote it
by ™. The mass of this measure only depends on the cohomology class of €2, as
follows again from [BT]:

Lemma 6.2. Assume V is compact. Let Q1,5 be two semi-Kdhler currents with
LS. potentiel on V. If they are cohomologous, i.e. q = Qo + dd°p for some
@ € L™(X), then [, QF = [, Q5.

We can now reformulate some of our previous results.

Theorem 6.3. Let V be an n-dimensional compact normal Kdahler space and let
Q be a smooth Kdhler form on V. Then for every f € LP(V,Q"), p > 1, such that
[y fQ" = [ Q", there is a unique p € L>°(V') such that

(Q+dd°p)" = fQ" and supp = —1.
%

Proof. Let m : X — V be a resolution of V. We may define a semi-positive big
smooth form on X by w = 7*Q. By Theorem 1] and Proposition [3.I] we can solve
uniquely (w + dd°@)™ = f o mw™ where @ is a continuous function on X such that
w + dd°g is semi-positive. Let F' be a fiber of 7 and i : F' — X the inclusion map.
The fiber F' is connected by Zariski’s main theorem. Furthermore i*w + dd®i*@ is
semi-positive on F'. Since i*w = 0, it follows that i* is a psh function on F'. Hence
1*@ is constant. This implies that ¢ = ¢ o m where ¢ is a bounded u.s.c. function
on V. We do have (Q+ dd°p)™ = fQ". O

6.2. Adapted measures on log-terminal Kihler spaces. Let V' be an n-
dimensional Gorenstein Kéahler space and let 2 be a smooth Kéhler form on V.
Fix z € V and let « be a local generator of wy defined over an open subset x € U,
then v = ¢, A @ is a positive definite volume form on U"®9, for an appropriate

choice of the constant ¢, = \/7171(71)%'
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When V is merely Q-Gorenstein of finite index N, we choose 8 a local generator
of wgv ] defined over an open subset x € U and we set

1
V=g = (\/—_1N7L(_1)NLL("2+1)/6/\/B) N .

This is a positive definite volume form on U"%Y.

Our next observation is that log-terminal singularities are the worst singulari-
ties we can allow in order to globally solve Monge-Ampere equations associated to
volume forms on V.

Lemma 6.4. For every Uy CC U, fUreg v < oo iff X is log-terminal.
1

If V' is log-terminal, then the Radon measure u = j.v satisfies p = fQ" with
f e LY (U, Q") for some e > 0.

Proof. Let m : X — V be a log-resolution. Write Kx = n*Ky + ZaEE. Since
exc(m) has simple normal crossings, at every P € E = exc(m) there are local
coordinates (zi)izlw’n such that E is described by the equation z'...27 = 0. Let
Ej be the divisor z; = 0. We have m*v = []]_, |27|2*7i dX where d\ is a Lebesgue
measure on X; hence the measure 7*v has finite mass near P iff Vj,ap, > —1.
Thus foeg v < oo iff VE, ag > —1.

Let f; be the density of n*v with respect to dA. Since f; is comparable to

) |272*7i near P, it follows that fi belongs actually to LP(X,d\) for some
p > 1 when X is log-terminal.

Let D = 1/f be the density of Q™ with respect to v. We will see here below
that D is bounded but it might have zeroes on F; hence f is unbounded in general.
However we will show that f onm € L*(X,d)\) for @ > 0 small enough; hence it
follows from Holder’s inequality (as in the proof of Lemma 3.2) that

/ Frean = / FEfrdX < 400
upes wo1Upes

if € > 0 is small enough.
Fixz € V and let ¢ : U, — C™ be a local embedding of a neighborhood U, of x.

We consider the ( Zl ) n-forms on U9 dul = du® A ...du', where (u?) is a set

of affine coordinates on C™. Observe that Q" is comparable to >, Udul Since
0 is a local generator at = of wgv]’ we have (du!)N = f;8 where f; € Oy, is the
germ of a holomorphic function at «. Therefore Q" is comparable to ) | f[|%v;
hence D is comparable to [, |f1|%]7! near .

The functions (f;) generate an ideal Z, C Oy,. Actually, the construction can
be globalized to provide a coherent ideal sheaf T C Oy cosupported on V"9,

We may assume [Hi|, [BM] that 7 : X — V' is a log-resolution of (V,Z), namely
a log-resolution of V with the additional property that the ideal sheaf 7= '7.0x,
which is the ideal sheaf of Ox generated by the family of holomorphic functions
(* f1)1, satisfies 771Z.0x = Ox (=Y. NbgE) C Ox where N.bg € N is a positive
multiplicity attached to any exceptional divisor of 7.

In local coordinates near P € X, n*D is comparable to Hj |zj\2bEj; hence

7 (f1D~F) is comparable to []; |2; 225 =2b25) Tt follows that for every relatively

13Note that the formula for vg makes sense even if 3 is not a local generator.
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compact subset Uy CC U, f € L'*e(U, Q") iff VE, n(E)NU # 0 = ap — ebp >
—1. O

Definition 6.5. Assume V has only log-terminal singularities. A positive definite
adapted measure on V is a positive Radon measure locally of the form ef.v where
f is a bounded measurable function. A positive definite adapted measure has C°,
C®, C* density if f is such.

Remark 6.6. It follows from Lemma that if V' is Q-Gorenstein but has non-log-
terminal singularities, v is a volume form on V"¢9 but does not extend to a measure

on V.

6.3. Adapted volume forms for klt K&hler pairs. We will be briefer since
pairs are mainly of interest to MMP practitioners. The key definition for us will be

Definition 6.7. A pair (V,A) is kit iff Ky + A is Q-Cartier and if for any log-
resolution 7 : X — V of (V,A), we have the numerical equivalence of Cartier
divisors:
N(Kx +A)=a*N(Ky +A)+ Y NagE
E exc.
with ag > —1, A’ the proper transform of A in X (same multiplicities) and N is
an integer such that N(Ky + A) is Cartier.

Thus a variety V has only klt singularities iff (X, () is klt.

Let 8 be a local generator of Oy (N(Ky + A)). Then fByres can be viewed as a
meromorphic N-canonical form with a pole of order Nd; on E; where A =" d; E;
is the decomposition of A into prime divisors. Thus vg,, .., defines a volume form
with poles on V"9; namely vg,,,., is comparable to [[; |o;| 2% d), where o; denotes
the canonical section of O(E;). If vg,.,., is a finite measure, then d; < 1, but the
converse is not true. We have the following staightforward extension of Lemma

Lemma 6.8. Let j' : V —J, E; — V be the canonical inclusion. Then jlvg is a
well defined Radon measure on V' iff (X, A) is kit.

The definition of an adapted measure for a klt pair is left to the reader.

7. SINGULAR KAHLER-EINSTEIN METRICS
7.1. Singular Ricci curvature.

The smooth case. The link between Monge-Ampeére equations and Kéahler-Einstein
metrics is provided by the following classical

Lemma 7.1. Let X be a complex manifold, let h be a smooth hermitian metric on
wx and let Q be a Kdhler form such that Q™ = v(h). The Ricci curvature divided
by 2w of Q is the Chern-Weil form —ci(Kx,h).

Adapted measures and hermitian metrics on the canonical sheaf. Assume V is com-
pact with only canonical singularities and that it has index N and let A" be a
smooth hermitian metric on wgv]. Let 3 be a local generator of wgv]. Define vg(h)

to be the volume form on V"¢9:

2z}~

) = (VT 22
[
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Since vg(h) is independent of 3, this expression defines an adapted measure v(h)
with C* density on V.

Now, let hﬁng = e~ VXpN be a singular metric on wgv]. The Chern-Weil form
c1 (WY, h,,) is then well defined as a quasi-positive current. Since hl), , has locally

C>°+psh potentials, x is locally bounded above and the above formula defines a
measure v(hging) = eXv(h) on V such that vlhaing) ¢ 2o In particular

v(h) loc*
U(hsing)
Qn
We have ¢1(Kx, hging) = c1(Kx, h) 4+ dd°x, where ¢ (Kx,h) := %cl(wﬁ, hN).

€ L'*5(V, Q") for € > 0 small enough.

Definition 7.2. Assume V has only canonical singularities. An adapted measure
on V is a positive Radon measure locally of the form ef.v where f is locally given
as the sum of a psh and a smooth function on V. An adapted measure has C°, resp.
C%, resp. C*, density if ef is C°, resp. C%, resp. C™.

The definition has the virtue of generalizing the usual equivalence between
smooth metrics on the canonical sheaf of a manifold and positive definite volume
forms to singular metrics and log-terminal spaces. This suggests the following:

Definition 7.3. Let V be a Q-Gorenstein Kahler normal n-dimensional complex
space with only log terminal singularities. Let ) be a semi-Kéhler current with
L7°. potential and adapted Monge-Ampere measure. Let h be the singular metric
on the canonical sheaf such that Q™ = v(h). We define

Ric(Q) :== —c1(Kv, h),

where the equality is to be taken in the sense of currents.
Here Q will be called a singular Kahler-Einstein metric if Ric(Q) = ¢ for some
ceR.

7.2. Singular Ricci flat metrics.

Definition 7.4. Let V be a Kéahler space with only canonical singularities. The
space V is said to be Q-CY iff there is some multiple N’ of index(X) such that
HO(V, wg\’ ]) = Ca, where « is a global generator of wgv I,

Theorem 7.5. Assume V is a compact Q-CY Kdhler space. Let Q be a smooth
Kahler metric on V. Then there is a unique semi-Kdhler current with locally
bounded potential and adapted Monge-Ampére measure Q' = Q + dd®p, such that

(Q+dd°p)" = Cvy and supp = —1,
%
where [, Q" = C [,(—1)"vq.

Furthermore, if V' is projective-algebraic and [QY] € NSg(V), then Q + dd°p is
smooth on V" where it defines a bona fide Ricci flat metric.

Corollary 7.6. In each cohomology class of a smooth Kdhler form, there is a
unique singular Ricci flat metric.

Proof. This follows straighforwardly from Theorems [6.3] 3.5, Lemma [6.4] and Defi-
nition 0

Example 7.7. A nodal quintic threefold is Q-CY and does not have quotient
singularities, so the orbifold method of [Kd] does not work.
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7.3. Singular Kihler-Einstein metrics of negative curvature.

Theorem 7.8. Let V be a general type projective algebraic variety with only canon-
ical singularities such that Ky is ample. Let hYN be a smooth hermitian metric on
wi such that Q = c1(Ky, h) is a smooth Kdihler form on V.

There is a unique ¢ € L>®(V,R) such that

(1) ¢ is Q-psh.

(2) Q4+ dd°p is a semi-Kdhler current with L potentials.

(3) (2+ddp)™ = e?v(h).
Consequently Q+ddp is the unique singular KE metric on V' of negative curvature
in the canonical class of V. The current ) 4 dd®p has locally bounded potentials
and is smooth on V"¢ where it defines a bona fide KE metric.

Proof. This is a consequence of Theorem [£] Proposition 4.4, and Definition
(I

Remark 7.9. Thanks to Theorem B4 for X a projective algebraic manifold of
general type such that R(X) := @,y H*(X,Ox(nKx)) is finitely generated, X
has a unique birational model V' such that the above hypotheses hold. Thus we have
a birational map 7 : X --+ V which is well defined outside an indeterminacy locus
S of codimension < 2. In particular 7*(w 4 dd°y) is a closed positive current on
X — S that extends to a closed positive current 7" on X itself. The current 7" defines
a KE metric on X — S. It does not need to be a singular KE metric on X though,
since its potentials may have logarithmic poles on .S, in fact algebraic singularities
of the form alog(}_|f;|?) + O(1), f; holomorphic and o € Qsg. Moreover, T lies
in the canonical class of X iff X is a smooth minimal model as in [T§].

Connection with [Ts]. Let X be a complex projective manifold such that Kx is nef
and big. Let Q2 be a smooth Kéhler metric on X and consider the Kéhler-Ricci flow

0
% = —Ric() — Qi Q=9Q.

In [Ts], it was proved that this flow has a global solution for all time ¢ € [0, oo,
and an argument was given, recently fully completed in [TZ], to the effect that
Q; converges to a closed positive current Tk g, independent of (), which defines a
smooth Kéhler-Einstein metric outside the exceptional divisor F of the holomorphic
bimeromorphic map X — X.u,. Its potential satisfies the Monge Ampere équation
considered in Theorem [ outside E. It follows from Proposition 4.4 that the
current Tk g coincides with the solution produced by Theorem 7.8.

The independant work [TZ] gives a proof of the following properties, already
conjectured by [Ts], that Tk g has locally bounded potential and satisfies the de-
generate Monge-Ampere equation considered in Theorem [Z.8

Example 7.10. A nodal sextic threefold is of general type, Gorenstein, terminal, is
its own canonical model, has no smooth minimal model and does not have quotient
singularities. Therefore the orbifold method of [KG] does not work and [Ts] does
not apply.

7.4. Singular KE metrics on klt pairs. Let us now state the immediate gener-
alization to klt pairs.

Definition 7.11. Let (V, A) be a klt compact Kéhler pair.
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The pair (V, A) is said to be Q-CY iff there is some multiple N’ of index (X, A)
such that
H(V,0v(N'(Ky + A))) = Ca,
where « is a global generator of Oy (N'(Ky + A)).
The pair (V, A) is canonically polarized iff Ky + A is ample.

Theorem 7.12. Let (V,A) be a kit compact Kdhler pair.

If (V,A) is Q-CY, it carries a singular Ricci flat metric with adapted volume
form in any Kdhler class of V, this current being smooth outside AUV ™9 4if V is
projective and the Kdhler class is rational.

If it is canonically polarized, it carries a unique singular KE metric in the coho-
mology class of Ky + A, regular outside A U V"9,

Furthermore, let V° be the largest open subset of V" such that ANV° has snc
support and multiplicities of the form 1 — % with n € N*. Then, the singular KE
metric becomes smooth on the stack [V°, ANV?].

Proof. For regularity on the smooth locus, we need the full statement of Theorems
and [£5] poles included. O
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