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The Federated Learning setting (FL)
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@ The central server coordinates the @ Global model maintained by the
participation of the local central server: sent to the devices

devices/cients/workers o Each worker computes an update

o Local training data sets, never of the global model

uploaded to the server o Only this update is communicated

@ FL reduces privacy and security to the central server; aggregation
risks by the central server

o Local data sets, heterogeneous, unbalanced

o Partial participation of the clients (charged devices, plugged-in, free wi-fi connection, - - -)

@ Massively distributed: large nbr devices w.r.t. the size of the local data
sets

Communication cost >> Computational cost
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In this talk

@ Design a novel algorithm for the optimization problem:
find s, € R? s.t. h(sx)=0

resulting from: finding the fixed points G(s) = s of an iterative algorithm
SrH»] - G(Sn)

@ in the Federated Learning setting,
1 n
h(s) = — he Ex. he(s) = G.oT(s) — «
(9= 2ohel) x hels) = Geo T(s) — s

- part of h, is known by the local worker #c and depends on local data
- and the other part is known by the central server.

@ tool: Stochastic optimization combining
o the Stochastic Approximation method Robbins and Monro (1951); Benveniste et al. (1990)

§n+1 =8, + Yn4+1Hny1 Hpi1 =~ h(gn)

e Variance reduction techniques
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Contributions

The Expectation Maximization (EM) algorithm with complete data model in
the curved exponential family is a root-finding algorithm peiyon et al. (1909).

@ Emphasis on EM in Federated Learning.

@ A new algorithm: FedEM supporting communication compression, partial
participation and data heterogeneity.

@ A variance reduced version VR-FedEl, progressively alleviating the variance
brought by the random oracles on which updates of the local workers are
based.

o Convergence guarantees of FedEM and VR-FedEM.

@ Pioneering work in the litterature "EM in Federated Learning”. contemporaneous
works with different goals: Marfoq et al. (2021), Louizos et al. (2021)
As a root finding algorithm, VR-FedEM state of the art (compared to
VR-DIANA Horvath et al. (2019)).
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I. Majorize-Minimization in the Federated Learning setting
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Majorize-Minimization in the Federated Learning setting

The learning task

The learning task

Given n local workers, with local data sets of size m.

n

. 1
argmingcecrd Z L.(0)

&=l Loss function, at
worker #c¢

when

L. (0) = mic chog/pci(z;e) du(z) pei(z;0) > 0.

g=il

Applications e.g.
@ Inference in latent variable models
@ Inference in hierarchical models
Optimization tool
@ Majorize-Minimization approach
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Majorize-Minimization in the Federated Learning setting

Motivations

First example: inference in mixture models

» The statistical task
@ i.i.d. observations Y¢;'s, with distribution y — Zle g fo(y; 9)
o Learn the parameters 6 := (71.¢, ).

@ Loss function: the negative log-likelihood

» The computational problem

n me G
. 1 1
argmingeecre — Z pro Z log Zﬂ'g fo(Yeis )
1% =1 g=1

o=
or equivalently

me Dist. Zo; = =
log / o L(Ya®)  dule)
1 A/—/

n
. 1 1
argmin a — — E —
6cOCR n 2 m.
= Dist. Yo;|Ze; = 2

i=

where p is the counting measure on {1,--- ,G}
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Majorize-Minimization in the Federated Learning setting

Motivations

Second example: inference in hierarchical models

» The statistical task
@ indep observations Y¢;'s, with distribution given a local parameter
Y= [y 0, 2ei)
@ Prior on the i.i.d. Zg's: z — p(z;7) u(dz)
@ Learn the parameters 0 := (¢, 7).

@ Loss function: the negative log-likelihood

» The computational problem

n
m
1

_ 1 1=
argmingeocrs — g E 10g/f(Ycz';197 z) p(z; 7)p(dz)
¢ =1

c=
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Majorize-Minimization in the Federated Learning setting

Motivations

General example: latent variable models

» The statistical task

@ independent observations Y¢;'s with density

Y= /pci(y72;9)u(d2)

Z: latent variable. (Y, Z) complete data.
@ Learn the parameters 6.

@ Loss function: the negative log-likelihood

» The computational problem

argming gcps — Zm Zlog/ pei(Yeir 2,0) p(dz)

i=1
= complete data model
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Majorize-Minimization in the Federated Learning setting
Optimization tool

Optimization tool: Majorize-Minimization algorithm Lunge 2o16)

@ At ieration #(t + 1), given 6, define a majorizing
function

F(0) <Q(6,6:) == —72 ZEe, [log pei(Z;0)]+C (6:)

i=1

Viajonaing

7
%)

Q) awhfheh
Flor) = o)
Fla) ¢ Fios)

Y : @ Minimize this function: ;41 = argmin, Q(6, 6;)

This is the Expectation-Maximization algorithm
Dempster et al. (1977)

Upon noting that for any distribution g(z) p(dz)

tog [ #(z)(d2) = log % 9(2)u(d=) 2 [ 1og (fé i) 9(2)u(d)

it holds for any 0

log /[)C,I-,(Z;O) du(z) > /logpm(z;Q)% + Cei(0¢)

> Eg, [logpci(Z;0)] + Cei(0:)
with equality at 0 = 6.
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Majorize-Minimization in the Federated Learning setting

L Optimization tool

Implementation of the Majorize-Minimization algorithm EM

@ Assumed "exponential family” (for the complete data model)

log pei(2;0) = {Sei(2), $(0)) — ¥(6)

and the argmax exists and is unique

Q(0,6:) = ¥(0) — (5(6:),0(0))  T(s) % argming v(8) — (s, 6(6))

o E-step. Explicit computation of the majorizing function 6 — Q(6, 6,) i.e.
of §(6t)

der 1 ) Pei(z00)p(dz)
st = ch;/s” J pes (w00 pa(du)

o M-step. Explicit computation of the minimum i.e. 041 = T(5(6:)).

In the s-space, the fixed points solve: so0T(s)—s=0
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Majorize-Minimization in the Federated Learning setting

L Conclusion

Conclusion part |

Design an algorithm

@ will find a root of

seRY: liifiio'r(s)—szo
N Me i

@ under the constraints
@ the data set #c is only available at the worker #c

det 1 <4
< §ci(7—)
Me i1

1 n
seR?: 7Z§C. oT(s)—s=0 Se.(7)
n
c=1
@ the maximization step T(s) is performed by the central server
e few communications between workers and the central server
@ robust to heterogeneous and unbalanced data sets

@ allowing partial participation of the workers
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Majorize-Minimization in the Federated Learning setting

Conclusion

Il. FedEM - Federated EM
and
VR-FedEM - Variance Reduced FedEM
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L FedEM and VR-FedEM
L Federated EM

Fed EM roots of h(s) def -1 Se_15c0T(s) —s.
FedEM with partial participation p € (0,1) e Possible
e Design parameters: kmax, a>0,v>0. partial
e Initialization: Vo, 80 Vo i=n"t o1 Voe participation of
eFork=0,...,kmnayx — 1: the workers
® Sample workers A1 with participation probability p o Federated
E-step
o (active local workers) For ¢ € Aj,1 do
- Sample S41,c an approximation of 5.. o T(Sy) e Random
- Set Apyi1,c =Sk41,c — Sk—Vi,e quantization w.
- Set Vk+1,c = Vk,c + aQuant(Ak_H,c) variance

- Send Quant(Ay41,.) to the central server

e (inactive local workers) For ¢ ¢ Aj41, set V11,0 = Ve reduction

(Mishchenko et al, 2019)
e (central server)
- Set §k+1 =5, + nlp EceAk+1 Quant(Agy1,e)+7Ve
<Set Vigr1 = Vie +an™ ! 35" Quant(Agi1,c).

e M-step only
at the central
server

- Send §k+1 and T(5, 1) to the n workers.

o Return: Sy, 0 < k < kmax
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L FedEM and VR-FedEM
Federated EM

Robustness FedEM is designed to find the roots of h

Toy example: inference of a R2-valued Gaussian mixture model with 2

components
@ Robustness to partial participation @ Robustness to heterogeneity
k—E [HII(S},)H'Z} vs the nbr of epochs. k—E [Hh(gk)Hz} vs the nbr of epochs.
Estimated by Monte Carlo Estimated by Monte Carlo
101 ) Mean Squared norm of h 1ot man Squared norm of h
FedEM FedEM e Homogeneous
Homogeneous p=1 e Heterogeneous
100 === Strongly heterogeneous
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L FedEM and VR-FedEM
L Federated EM

Robustness

FedEM is designed to find the roots of h

Toy example: inference of a R2-valued Gaussian mixture model with 2

components

o FedEM vs naive-FedEM 7 Estimation of the weight vs the nbr epoch; Case

"homogeneous” and case "strongly heterogeneous”

In naive-FedEM:
remove the variables
V..'s —i.e. the control
variates introduced to
control the variance of
the quantization step.

Weakly heterogeneous

Estimation of the weight
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L FedEM and VR-FedEM
Variance Reduced Federated EM

—1 m

VR-FedEM in the case 5.(7) = m M Sei (1)

Iteration index (cycles of length ki)

E+1+ (t—1Dkin+T t>1,7e{l, - ,kin}

Variance Reduction on Sy, (case p =1)

e Initialization: Sy o, = m~iym 15¢i © T(S,mc) and 5'1 0o =
Sl -1 = Smlt
e At time #(t — 1)kin + 7, at each local server #c

- Sample a mini-batch By ;. of size bin {1,---,m}

- Approximate 5. o T(S¢,-—1) with

Strei=b " Z 50 0 T(Se,7—1)
i€Byr o

+Sir—1,e—b" Z 5ci 0 T(S,r—2)
€8¢,

o At time #tkin, refresh the control vanate
- (central server) S;0 = 8y, _1 := 8y _1, Kin
- (local workers) Sy o,c :=m™ ' 32" 5. 0 T(§t,o)

e A control variate scheme
reduces the variability of
the approximations of

5.0 T(S.)

e The control variate is
biased: it is refreshed
every ki, iterations.

Same variance reduction as in SPIDER-EM, Fort
et al. (2020) — SPIDER = Stochastic

Path-Integrated Differential EstimatoR.
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L FedEM and VR-FedEM
L Variance Reduced Federated EM

VR-FedEM

FedEM is designed to find the roots of h

Toy example: inference of a R%-valued Gaussian mixture model with 2

components

@ Estimation of the weight vs the nbr epoch

of the weight
0.8
Homogeneous
0.75
0.7
h
- o
0.65 £
0.6 K
5
0.55 e -
80 100

Estimated by Monte Carlo

Mean Squared norm of h

@ k— E [Hh(gk.)Hz} vs the nbr of epochs.

10% Homogeneous
10°
1010
101
0 5 0 15 20 25 30 3
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Convergence analysis

I11. Explicit control of convergence
Complexity analysis
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Convergence analysis

Assumptions
:

ASSUmptionS argming g cpa F(0) = argmin cpq F o T(s) = s:h(s) =0

o) E Zc.cmw)., £es(0) = —10g [ exp(—0(0) + (Ses(2), 6(0))) =)
c=1 i=1

@ On the model

o For the existence of a Lyapunov function

@ On the local workers / local data sets

@ On the quantization step

@ On the participation of the workers
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Convergence analysis

Assumptions

Assumptions argming g pa F(0) = argmin cgq F o T(s) = s:h(s) =0

me

S L), £ei(6) = = og [ exp(=5(6) + (Sci(2). £(6))) du(2)

i=1

1

n

F(o) % 3

=1 Me

@ On the model

Al © C R? is open convex. Finite loss L.

A2 The conditional expectations 5.;(6) are well defined Vc, i
and 0 € ©.

A3 The map T: s — argming gt (0) — (s, ¢(0)) exists and is
unique.

@ For the existence of a Lyapunov function
@ On the local workers / local data sets
@ On the quantization step

@ On the participation of the workers
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Convergence analysis

Assumptions

ASSUmptionS argming . g cpd F(0) = argmin_czq FoT(s) = s:h(s) =0

me

Gef 2 Z LSz, £ei(6) = = og [ exp(=5(6) + (Sci(2). £(6))) du(2)
e=1 Me ;1
@ On the model

o For the existence of a Lyapunov function

A WE FoTis C', with globally Lipschitz gradient
(constant Ly, ). Furthermore, VW (s) = —B(s)h(s) for a
positive definite matrix B(s) with spectrum in [Umin, Vmax]
for any s, and vmin > 0.

On the local workers / local data sets

On the quantization step

On the participation of the workers
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Convergence analysis

Assumptions

ASSUmptionS argming . g cpd F(0) = argmin_czq FoT(s) = s:h(s) =0

n me

F(9) 1:*32 LS L),

e=1 Me 21

£ei(6) = = og [ exp(=5(6) + (Sci(2). £(6))) du(2)

@ On the model
o For the existence of a Lyapunov function
@ On the local workers / local data sets

A5 There exists L. such that for any s, s’,
[Sc. 0 T(s) — 8 —5c. o T(s") —&'|| < Le|ls — §.
A7 For any k, the local approximations Sy . are independent,
unbiased E [Sp11,c|Fk] = 5c 0 T(Sk)
and heteregeneous variance:
E[lSks1.c = 5c 0 TSWIPIF] < o2
@ On the quantization step

@ On the participation of the workers
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Convergence analysis

Assumptions

Assumptions argming g pa F(0) = argmin czq F o T(s) = s:h(s) =0

me

F (o) :EZ LSz, £0i(6) = ~1og [ exp(—(0) + (Ses(), 5(6))) du(2)

Me ;=1

@ On the model

o For the existence of a Lyapunov function
@ On the local workers / local data sets

@ On the quantization step

A6 Unbiased quantization operator E[Quant(z)] = x.
There exists w > 0 s.t. E[||Quant(x)]|?] < (1 +w)]|=|>.
e.g. random dithering; see also Aslistarh et al. (2018); Horvath et al. (2019); Mishchenko et al.

(2019)

@ On the participation of the workers
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Convergence analysis

Assumptions

Assumptions argming g pa F(0) = argmin czq F o T(s) = s:h(s) =0
el 1 e . ‘ )
PO 23S S L0i0), £ei(6) = = og [ exp(=5(6) + (Sci(2). £(6))) du(2)
e=1""%i=1

@ On the model

o For the existence of a Lyapunov function
@ On the local workers / local data sets

@ On the quantization step

@ On the participation of the workers

A8 l.i.d. Bernoulli r.v. with participation probability p.
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Convergence analysis

FedEM: explicit control

Explicit control for FedEM

Set
2df _12 2df —12:
L = LZ7 = 017

Theorem piculeveut, F., Moulines, Robin (2021)

Let {S’\k,k > 1} be given by FedEM, run with Vg | S.. 0 T(§o) — So,

o (14+w)” Yand e =~ € (0, Ymax], where
5 def Umin p\/ﬁ
Y 2Ly 2v2L(l+w)yw+ (1 - p) (A +w)/p

Denote by K the uniform random variable on [kmax — 1]. Then,

wmn (1-722 ) & [IG0I?] < (W(S‘jk;zinw)
1—|—5(w—|—(1—p)(1_|_w)/p)02.

+ 7Ly,




R

Federated Expectation Maximization with heterogeneity mitigation and variance reduction

Convergence analysis

FedEM: explicit control

Complexity analysis (when p = 1)
Given an accuracy level €, how to choose the design parameters in order to
minimize the number of optimization ?

@ Results valid when heterogeneous data sets
(] The number Of OptimiZatiOn is kmax chosen in order to reach the accuracy level e:

Kopi(€) = O (i%) vo( L >

€2 € Ymax

1st term is leader iff € << Ymax(1 +w)o?/n (high noise regime)
o Compression effect: -y is impacted by compression iff n << w®.

On ICopt:
. . . (l-Hu)o’2 1
Complexity regime: e p—
. High noise o2, Low o2
Ymax Fegime: E.g. case when
small € larger €
Fumin. large ratio n/w? Xw
w
Jn

H 3
m low ratio n/UJ Xw




Federated Expectation Maximization with heterogeneity mitigation and variance reduction
Convergence analysis
VR-FedEM: explicit control

Explicit control for VR-FedEM
Set (m. =m)

n m
2def —1 1 2
L “=n"m E E LZ;

c=1 i=1

Theorem pieuleveut, F., Moulines, Robin (2021)

Let {§t,k,t > 1,1 < k < kin} be given by VR-FedEM run with « =

1/(1+w), Vioe = 50 T(Sio0) = 810, b= [Einy] and
def Umin Umax L 1+ 10w 1/2 -1
= = 4 1 _— .

Let (7, K) be the uniform random variable on {1, -+, kous} X {1, , kin},
independent of {S; x,t > 1,k € {1,--- ,kin}}. Then, it holds

W(S\Lo)] — min W)
Umin’}/kinkout

E (15 < 2EL

E[Ihrrl?] < 2(1+7* g ).
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Convergence analysis
L VR-FedEM: explicit control

Complexity analysis

o First result on Federated EM including variance reduction techniques,
being robust to distribution heterogeneity.

@ The recommended batch size b decreases as 1/(1 + w)?.

@ The number of Optimization is kout Kin chosen in order to reach the accuracy level e:

Kopt(€) = <%)

o Compression effect on Copt

| Complexity: 1/(e)

vy regime: e.g. case when

Umin/ Lyj, large ratio n/w?
wmin\/ﬁ/(vmawa?’/Q) low ratio n/w®
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