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The problem

I. Problem and Motivations
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The problem

Stochastic Optimization

e Solve

(0 = % T 1 Gi(s) +9g(s) s € RQJ

where
- the fet g : R? — (—o00, +00] is lower semi-continuous, convex
- with domain § := {s € R? : g(s) < o0}
- the function G; : R? — RY

e Requirements: Design and study an algorithm such that
- possibly Preconditioned operators

B71Gy(s) B is a g X q positive definite matrix

- possibly approximated preconditioned operators
- finite-sum challenge: solution via a stochastic procedure with variance reduction.
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Motivations

Gradient-based algorithms for non convex optimization

Appli. 1: Gradient-based algorithms (1/2)

) 1 n
argmingcpq ~ Z 2;(s) + g(s)
i=1

e Ex. in statistical Learning
g is a regularization term, or an a priori on the parameter s
£; is a loss function associated to the example #1i

e When
- The fet g : R? — (—o00, +00] is lower semi-continuous, convex
- with domain S := {s € R? : g(s) < o0}
-sLi(s)isClon S no convexity assumptions on the ¢;’s
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Motivations

Gradient-based algorithms for non convex optimization

Appli. 1: Gradient-based algorithms (1/2)

) 1 n
argmingcpq ~ Z 2;(s) + g(s)
i=1

e Ex. in statistical Learning
g is a regularization term, or an a priori on the parameter s
£; is a loss function associated to the example #1i

e When
- The fet g : R? — (—o00, +00] is lower semi-continuous, convex
- with domain S := {s € R? : g(s) < o0}
-sLi(s)isClon S no convexity assumptions on the ¢;’s

e Often, "solved” by

1 n
0e— Z V;(s) + 0g(s) seR?
ni=
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Motivations

Gradient-based algorithms for non convex optimization

Appli. 1: Gradient-based algorithms (2/2)

1 n
0e— ZV&'(S) + +09g(s) s € R?
=t

Under smoothness assumptions on the ¢;’s,
e Forward-Backward splitting:

1 n
Sppd TSt T kL - ZVEi(st)
i=1

St+1 = ProXy, 4 g (st+%)
where Moreau (1965)

prox.,, (s) := argmingsy g() + 5 - —s|
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Motivations

Gradient-based algorithms for non convex optimization

Appli. 1: Gradient-based algorithms (2/2)

1 n
0e— ZV&'(S) + +09g(s) s € R?
=t

Under smoothness assumptions on the ¢;’s,
e Forward-Backward splitting:

1
Sepl =St ML D> Vei(se)
i€Biya
St4+1 = ProXy, g (SH-%)

where Moreau (1965)

prox, o(s) := argmingayg(-) + 31| - —s]2
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Motivations

Gradient-based algorithms for non convex optimization

Appli. 1: Gradient-based algorithms (2/2)

1 n
0 — ZV&-(S) + +09g(s) s € R?
=t

Under smoothness assumptions on the ¢;'s,
e Forward-Backward splitting:

1 _
St+% = St —Vt+1 B Z B 1V£i(8t)
i€Bi 1

_ B
St+1 = PIOXq, 1 g (st+%)
where see e.g. Hiriart-Urruty and Lemaréchal (1996)
B — H 1 2
proxB, (s) i= argminga 7 g() + 3 - sl

e Remark: Preconditioned gradients
- for acceleration chouzenoux et al (2014), Repetti et al (2014)

- variable metric on the gradient = variable metric on the proximal
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Motivations
Gradient-based algorithms for non convex optimization
:

Appli. 1: Gradient-based algorithms (2/2)

1 n
0 — Z Vi;i(s) + +0g(s) s € R?
=t

Under smoothness assumptions on the ¢;'s,
e Forward-Backward splitting:

1 1 .
Sipd =St E : B~ Wei(st) Let us go beyond:
1€B41 . . ..
- variance reduction of the mini
B . .
s = prox S, 1 batch approximation
1= proxt g (si41) PP
where see e.g. Hiriart-Urruty and Lemaréchal (1996) - aPPYOXimatEd gradient: sz (St)

proxB,(s) := argming,  y9(-) + 31 - —sl%

e Remark: Preconditioned gradients

- for acceleration chouzenoux et al (2014), Repetti et al (2014)
- variable metric on the gradient = variable metric on the proximal
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Motivations

Expectation Maximization in the statistic space

Appli. 2: Expectation-Maximization for curved exponential families (1/2)

Dempster et al (1977), Wu (1983)

e For inference by ML in latent variable models ex. mixture models
1 n
argmingcg — — Zlog/p(Yi, z;0) du(z) © CR?
ni= z
with complete data likelihood from the curved exponential family McLachian and Krishnan (2008)

log p(Yi, z;0) = (si(2), $(6)) — 1(6)
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Motivations
Expectation Maximization in the statistic space
:

Appli. 2: Expectation-Maximization for curved exponential families (1/2)

Dempster et al (1977), Wu (1983)

e For inference by ML in latent variable models ex. mixture models
1 n
argmingcg — — Zlog/p(Yi, z;0) du(z) © CR?
ni= z
with complete data likelihood from the curved exponential family McLachian and Krishnan (2008)

log p(Yi, z;0) = (si(2), $(6)) — 1(6)

E step
Expectation

M step
Maximization

M step 6 := T(s)
Esteps:=n~13" ,5(0)

5:(0) :== E[si(2);0,1]
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Motivations
Expectation Maximization in the statistic space

Appli. 2: Expectation-Maximization for curved exponential families (1/2)

Dempster et al (1977), Wu (1983)

e For inference by ML in latent variable models ex. mixture models
1 n
argmingcg — — Zlog/p(Yi, z;0) du(z) © CR?
ni= z
with complete data likelihood from the curved exponential family McLachian and Krishnan (2008)

log p(Yi, z;0) = (si(2), $(6)) — 1(6)

E step

Expectation e In the 0 space

S n n
1
1 =T < Zsi(et)> T 'Y 5(0)—0=0
::):iempization iz i=1
M step 6 := T(s) e In the statistic space
o —1 n =, n 1 n
Esteps:=n™ 2.y 5il0) st =235 (T(se)  ~ 3 5:(T(s) =5 =0
ni= ni=

5:(0) :== E[si(2);0,1]
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Motivations

Expectation Maximization in the statistic space

Appli. 2: Expectation-Maximization for curved exponential families (2/2)

e EM in the statistic space solves the problem

[o =150 {5 (T(s)—s} and se 3] :
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Motivations

Expectation Maximization in the statistic space

Appli. 2: Expectation-Maximization for curved exponential families (2/2)

e EM in the statistic space solves the problem

[o =150 {5 (T(s)—s} and se 3] :

e EM in the statistic space is a preconditioned gradient algorithm Delyon et al (1999), Fort et al
(2020)

=3 s (T(s) — s = —B() ! VI (s)
i=1
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Motivations

Expectation Maximization in the statistic space

Appli. 2: Expectation-Maximization for curved exponential families (2/2)

e EM in the statistic space solves the problem

[0 =15 (5(T(s)—s} and se s] :

e EM in the statistic space is a preconditioned gradient algorithm Delyon et al (1999), Fort et al
(2020)

=3 s (T(s) — s = —B() ! VI (s)
i=1

e Inexact preconditioned gradients: Celeux and Diebolt (1985), Wei and Tanner (1990), Delyon et al (1999), Fort
and Moulines (2003)

p(Yi, 2 1) du(2)

m random approximations, MCMC

5:(7) ::/Z si(2)



Stochastic Variable Metric Forward-Backward with variance reduction
Motivations

Expectation Maximization in the statistic space

Appli. 2: Expectation-Maximization for curved exponential families (2/2)

e EM in the statistic space solves the problem

[0 =15 (5(T(s)—s} and se s] :

e EM in the statistic space is a preconditioned gradient algorithm Delyon et al (1999), Fort et al
(2020)

S S (T s = —B(s) L VIV(s)
i=1

e Inexact preconditioned gradients: Celeux and Diebolt (1985), Wei and Tanner (1990), Delyon et al (1999), Fort
and Moulines (2003)

5:(T) :=/ si(2) M random approximations, MCMC
z S p(Yi,ws ) dp(u)

e Incremental EM algorithms: the finite sum setting addressed via stochastic EM in
the statistic space. Neal and Hinton (1998), Ng and McLachlan (2003), Cappé and Moulines (2009), Chen et al (2018),
Karimi et al (2019), Fort et al (2020, 2021)
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Contributions

1. Contributions
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Contributions

Contributions

(0eLsr, Gits) +ag) s ki)

®  sece e.g. Hiriart-Urruty and Lemaréchal (1996)
s = proxfg(s +~ h) iff 0 € —Bh+ 9g(s)

— (Variable Metric) Forward-Backward
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Contributions

Contributions

(0e L5, Gils) + ag(s) s ki)

®  sece e.g. Hiriart-Urruty and Lemaréchal (1996)
s = proxWBg(s +~ h) iff 0 € —Bh+ 9g(s)

< (Variable Metric) Forward-Backward

e We propose an algorithm
- forward step: preconditioned forward operators

hi(s, B) := —B~1 G,(s)

possibly approximated  h;(s, B),
- addresses the finite sum setting by minibatches & variance reduction
- backward step: proximity operator associated to g Prox.g, assumed exact
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Contributions

Contributions

[0 € L0, Gi(s) + dg(s) s € R‘f]

®  sece e.g. Hiriart-Urruty and Lemaréchal (1996)
s:prox59(8+’y h) iff 0 € —Bh+ 9g(s)

< (Variable Metric) Forward-Backward

e We propose an algorithm
- forward step: preconditioned forward operators

hi(s, B) := —B~1 G,(s)

possibly approximated hz(s/,\B)

- addresses the finite sum setting by minibatches & variance reduction

- backward step: proximity operator associated to g Prox.g, assumed exact
e We provide explicit convergence bounds in expectation

discuss the complexity of the algorithm (w.rt. n and the tolerance ¢)

discuss the impact of the approximations on the h;'s

in the non convex case.
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Contributions

For gradient-based algorithms

For gradient-based algorithms

Ghadimi and Lan (2013), Reddi et al (2016)
v’ v’ Allen-Zhu and Hazan (2016)
Nguen et al (2017), Allen-Zhu (2018)
Fang et al (2018), Dongruo et al (2020)

Ghadimi et al (2016), Karimi et al (2016)

NI

/ Li and Li (2018), Wang et al (2019)
Zhang and Xiao (2019), Nhan et al (2020)
Metel and Takeda (2021)

\/ \/ Yun et al (2021)

unbiased
& bounded

AR YA

A IR ERNIAN

v’ v~ Atchade et al (2017)

(un)biased

our contribution
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Contributions

For EM algorithms

For EM algorithms

v’

(un)biased

Celeux and Doebolt (1985)
Wei and Tanner (1990)
Delyon et al (1999)

Fort and Moulines (2003)

Neal and Hinton (1998)
Cappé and Moulines (2009)

NN

NN

NN

Chen et al (2018), Karimi et al (2019)
Fort et al (2020)

our contribution
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L3p_sPIDER

I1l. The 3P-SPIDER algorithm

Perturbed Proximal Preconditioned Stochastic Path-Integrated Differential EstimatoR
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L 3p_sPIDER
L 3P_SPIDER, step by step

3P-SPIDER

Algorithm: 3P-SPIDER

S'ka%]n = Sinit, Bo)%n = Binit
fort =1, ---,k°"" do
Sto = St71,k§{1' St-1= S’t—l,kitlll'
Bto = Bt—l,k;“_l
Sample a batch B; ¢ of size b} in {1,---,n}, with or without replacement.

For all i € B0, compute d¢ 0,; equal to or approximating hi(St,o, Bi,o).
Se0= (b))t ZiEBt,o 04,0,

fork=0,--- ki —1do

Sample a mini batch By 41 of size bin {1,---,n}, with or without replacement

Choose By k41, a positive definite matrix

For all ¢ € B¢ k41, compute 0y 41,3 ~ hi(§t7k, B kt1) — hi(é’t)k_l, B:.k)

Stkt1 =Stk +b7 1Y Ot k1,

€8y k41

St,k+% = Stk + Ve, k+1 St k+1

St 1 = S hi1) h = proxy i
tk+1 = proxt,k( t,k+% , where prox, ; := proxwt,kJrl g-
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L 3p_sPIDER
L 3P_SPIDER, step by step

Algorithm: Variable Metric Forward-Backward + Finite sum (with variance reduction)

S, i init Bo’k{)n = Binit
fort =1, ---,k°"" do
S0 =8 im0 St =8 g in
Bio=B i
) t—1,kin |
Sample a batch B; ¢ of size b} in {1,--- ,n}, with or without replacement.

For all i € By,0, compute §;,0,; equal to or approximating hi(S‘t‘o, Bio).
Sto = ()7 Tien, o 00,0
for k=0,--- ,ki® —1do

Sample a mini batch By 41 of size bin {1,--- ,n}, with or without replacement

Choose By k1, a positive definite matrix ‘

St ki1 =bt Z,-Egt B hi(Se,k, Be,k+1)

St’kJr% = Stk + Ve, k41 St,kt1

4 _ 5 — Bt k+1
St k+1 = proxtyk(StykJr%), where prox, ; := Prox,, g
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L 3p_sPIDER
L 3P_SPIDER, step by step

Algorithm: Variable Metric Forward-Backward + Finite sum (with variance reduction)

S, i init Bo’k{)n = Binit
fort =1, ---,k°"" do
S0 =8 im0 St =8 g in
Bio=B i
) t—1,kin |
Sample a batch B; ¢ of size b} in {1,--- ,n}, with or without replacement.

For all i € By,0, compute §;,0,; equal to or approximating hi(S‘t‘o, Bio).
Sto = ()7 Tien, o 00,0
for k=0,--- ,ki® —1do

Sample a mini batch By 41 of size bin {1,--- ,n}, with or without replacement

Choose By k1, a positive definite matrix

St k1 =b! 2ieB, w1 hi(gt,kat,k+1)+(St,k —b! 2ieByyy hi(Se,k—1, Bt,k))

Siktl = Stk Ve kt1 Stk

N N B
— — t,k+1
St k+1 = proxtyk(StykJr%), where Prox; j i= prox,, ;°" g.
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L3p-sPIDER
L 3P_SPIDER, step by step

Zoom on the variance reduction by SPIDER Fang et al (2018), Nguyen et al (2017), Wang et al (2019)

e The SPIDER control variate: if S; approximates n—! S pi(s¢—1) then

1 1 1 &
Stt1:= 5 > pilse)+ | St — 5 > pilse-1) ~ > pilst)
i=1

i€Byy1 1€By11

° e Biased control variate ! F. and Moulines (2022, Proposition 7.3.)
1 n

E [St+1’Pastt] 75 — Z Pi(St)
ol

@ Refresh regularly the control variate:
Outer loops
- initialize the control variate
- repeat k'™ inner loops of the stochastic VMFB algorithm
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L 3p_sPIDER
L 3P_SPIDER, step by step

Algorithm: 3P-SPIDER = VMFB + Finite sum with var red + Perturbed forward step

Soyk%]n = Sinit, Bo)%n = Binit
fort =1, ---,k°" do

Si0=15 in Si,-1=8 in B:o=B in
5 t—1,kn 0 5 t—1,k3 5 > t—1,ky2

Sample a batch B; ¢ of size b} in {1,---,n}, with or without replacement.

For all i € By,0, compute §;,0,; equal to or approximating hq;(S‘t,o, Bi,o).

St0 = (017! Tien, o S0,

for k=0,--- ,ki® —1do

Sample a mini batch By 41 of size bin {1,--- ,n}, with or without replacement

Choose By k41, a positive definite matrix ‘

For all i € By, k41, compute 0 41,5 = h,-(S't,k, By k1) — h-;(»é't,k—l, Bt k)

Se ki1 =b1t Ziegt B Ot,k+1,5 + Stk

St7k+% = Stk + Ve, k+1 St k+1

Sekt1 = S h = proxs 1
k1 = proxt,k( t,k+%)' where prox, , = prox,, "y
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L3p_sPIDER
L 3pP_SPIDER, step by step

IV. On an example
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Logistic regression with random effects

Logistic regression with random effects: the model petis in F.and Mouiines (2022)

e Given :
- Observations Y1,--+,Yy in {—1,1}; independent
- Covariates X1, -+, Xy in R4

e Random effects Z;

! Z; "B N0, 02T).

PY;=1Z;) = ——————
(¥ ) 1+ exp(X," Z;)
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Logistic regression with random effects

LOgiStiC regression with random effects: the model oeais in F.and Mouines (2022)

e Given :
- Observations Y1,--+,Yy in {—1,1}; independent
- Covariates X1, -+, Xy in R4

e Random effects Z;

1

PY; =12;) = ———————
(¥ ) 1+ exp(X," Z;)

e Estimation of 6 by penalized ML

1 n
argmin - — lo
gmingega — — > log /

1=1

1
L+ exp(Yi X, 2

Z; "B N0, 02T).

1
) exp (7ﬁ\|9 — zin) dz; + THOHz.

e Remark: the minimizers are in a compact set K := {# € R? : ||0]|2 < In(4)/7}.



e
Stochastic Variable Metric Forward-Backward with variance reduction

Logistic regression with random effects

In this example
o n = 24989 examples; d = 21.
o 3P-SPIDER = an EM in the statistic space.

° proxfg: projection on a compact set.
o MCMC approximation of the h;'s
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Logistic regression with random effects

In this example
o n = 24989 examples; d = 21.

o 3P-SPIDER = an EM in the statistic space.

° proxf?g: projection on a compact set.
o MCMC approximation of the h;'s

v’ v’ kn
v’ v’ v’ odd: -

even: kit

minibatch MCMC
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Logistic regression with random effects

In this example
o n = 24989 examples; d = 21.

o 3P-SPIDER = an EM in the statistic space.

° proxfg: projection on a compact set.
o MCMC approximation of the h;'s

v~
v’ v’ v’ odd: -

even: k'™

minibatch MCMC

o All of them, of the form Snew = prox,lfg(gold +H).

Compared through
- the sequence t +— 0; B a N 5
- a "distance” to the limiting set: ||Pr0xyg(5'old +H) - Sold”B

,72
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Logistic regression with random effects

The variance reduction by SPIDER (1/2)

EM Online EM
T B A inattts
002 1 002 e
- 5
0 p————— P
.
002 = 0.02
- i
T e | B
0.04 0,08 [ A CHARI AN A o
01 3 57 91113151719 01 3 57 91113151719
3P SPIDER 3P SPIDER corr
a0z | 002|
i
o 0
: i
0.02 | 4 0.02 |
[ \
-0.04 0.04

01 3 57 91113151719

01 3 57 91113151719

Estimation of three components of 6.
Evolution of the three components of 6 by A in green (top, left), AUE! in red (top, right), Ay gy for 3P-SPIDER in blue (bottom,

Show the benefits of

- many updates of the
iterates during the first
epochs (minibatch)

- the variance reduction
to control the variability
introduced by the mini-
batch

- a gain when increasing
the control variate effect.

left) and At,k+1 for 3P-SPIDER corr in black (bottom, right), as a function of the number of epochs
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Logistic regression with random effects

The variance reduction by SPIDER (2/2)

5 EM 5 Online EM
Show the benefits of
15 19 .
1 e ) - many updates of the
1 18 ‘ iterates during the first
epochs (minibatch)
03 5 7 91113151719 L7 5 7 9 1113151719
3P SPIDER 3P SPIDER corr - the variance red_”Ct.'.On
z to control the variability
introduced by the mini-
19 19
e batch
18 18
- a gain when increasing

A TRERTRTET) M s 315 1718 the control variate effect.

Evolution of the squared norm of the iterates.
Mean value over 25 runs; (shadowed) min/max fluctuations
Evolution of \\SEMHZ in green (top, left), HS‘E,EMHQ in red (top, right), Ay, g1 for 3P-SPIDER in blue (bottom, left) and At k1

for 3P-SPIDER corr in black (bottom, right), as a function of the number of epochs.
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Logistic regression with random effects

Fluctuations at convergence — Nbr of Monte Carlo points

Show the benefits of
- (same as before)

- a larger number of
Monte Carlo points

A larger step size from
epoch #7

01 3 57 91113151719 01 3 57 91113151719

Two strategies for the number of Monte Carlo points when approximating h;
Larger number on the right

Mean value over 25 runs; (shadowed) min/max fluctuations
Evolution of AR in green, A% in red, Ay 1| q for 3P-SPIDER in blue and Ay 11 q for 3P-SPIDER corr in black, as a function of
the number of epochs. [left] m0 = mt = 2[/n7, [right] mO = mt = 5[v/n].
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Logistic regression with random effects

Fluctuations at convergence — Role of k™™

10 10°
Show the benefits of
10% 10
- (same as before)
10* 10 .. .
g - a larger minibatch size
and a lower number of
10° 10 inner loops.
A larger step size from
10°% 10 epoch #7
01 357 91113151719 01 3 57 91113151719

Two strategies for the number of inner loops per epoch
Larger number on the right (= smaller minibatch size)

Mean value over 25 runs; (shadowed) min/max fluctuations
Evolution of A?wEM in red, At,k+1 for 3P-SPIDER in blue and At,k+1 for 3P-SPIDER corr in black, as a function of the number of

epochs. [left] k1 = [/n/10] and b = [n/ki™]. [right] I = [\/n/2] and b = [n/ki®].
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Convergence analysis

V. Convergence Analysis

in the case B g1 = B(S‘t,k)
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Convergence analysis

Approximate e-stationary point

(0 € % > Gi(s) + 9g(s) s € Rq]

e For any v > 0, B positive definite and h € RY see e.g. Hiriart-Urruty and Lemaréchal (1996)

s = proxfg(s 4+~ h) iff 0 € —Bh+ 9g(s).
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Convergence analysis

Approximate e-stationary point

(O € % > Gi(s) + 9g(s) s € RqJ

e For any v > 0, B positive definite and h € RY see e.g. Hiriart-Urruty and Lemaréchal (1996)

s = prox,}?g(s 4+~ h) iff 0 € —Bh+ 9g(s).

e A control along iterations of

B(S A NN n - N
) lprox, 23 s (Seuk +eer1 B(S) ™ n 7 00, GalSen)) = Senll? 5,
Af gy =E :

2
Vi k+1
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Convergence analysis

Approximate e-stationary point

(0 € = Zl_ Gi(s) + 9g(s) s € RqJ

e For any v > 0, B positive definite and h € RY see e.g. Hiriart-Urruty and Lemaréchal (1996)

s = prox,}?g(s 4+~ h) iff 0 € —Bh+ 9g(s).

e A control along iterations of

B(S & N " N
llproxs, 5 (St,k + 7 k1 B(SeR) Tt Tt 300, Gi(St,k)) Sy k||B(Sf )

. t,k+19
tk+1 = E 5
Y k+1
e Non-convex optimization: Lan (2020, Chapter 6)
pout km—l
E E Af i1 = E[AY] random stopping rule, T

out Lin
k ktlkO
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Convergence analysis

[ Assumptions

Assumptions (1/2)

A1l The non-smooth convex function g
g : R? — (—o0, +00] is proper, lower semicontinuous and convex.
Set S :={s € R?: g(s) < +o0}.

A2 Precond. Forward operators are globally Lipschitz
Set h; := h;(+,B(")).
Forallie {1,---,n}, 3L; > 0s.t. Vs, s’ €8,

l[hi(s) = hi(s)II < Li lls — 8|
Set L2 :=n~1Y01 | L2

A3 Smooth Lyapunov function
There exists W : R? — R, C! on S; VIV is globally Ly;,-Lipschitz on S s.t.

Z Gi(s);
i=1

VseS,  VW(s)=

A3’ Uniformly bounded spectrum of the preconditioning matrices
There exist positive definite matrices B(s) s.t. hi(s) = —B(s)~! Gi(s).
There exist 0 < Umin < Ymax < +00 s.t. § €S, Uminl| - ”2 <|- ”é(s) < Umax]| -
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Assumptions

Assumptions (2/2)

A4 On the approximations of the h;

o Conditionally to the past, {0 k41,i,% € Bt k+1} independent.
e There exist non negative constants C, Cy, Cy, and non decreasing deterministic
sequence {my ,k > 1} and {M; j,k > 1} s.t. almost-surely

”*Zﬂtk-klz”, : I

M, k41

Cy
*thkﬂz_iv

My k41

[ C [ C [ Cu ||
exact 0 0 0
deterministic >0 0 >0
random, unbiased 0 >0 0
random, biased >0 >0 >0

1 1 & C?
- Z et k1,0 — = Zut,k+1,j\|2 < b
nis nia My

where

(error) Etkr1,i = Ot kt1, — {hi(Ser) — hi(Ser—1)}

(bias)  ptkt1,i=E [ft,k+1,i

Past]

(variance) Ut2,k+1,i =E [||§t,k+1,i - Mt,k+1,i||2‘PaSt] .



Stochastic Variable Metric Forward-Backward with variance reduction
Convergence analysis

Main result

Theorem Fr. and Mouiines (2022, Theorem 4.1)

Assume Al to A4. Choose the step sizes {7y 41} s-t.

2C,
Ve, k+1 (1 + > < Ytk s
M, k+1

Ly 2 kin 20
Ap gt = e,k W+ L2 Ymax <1+ —vb >€(0,1/2).

min Umlnb \/EMt,k+1
Kout k‘n
ZZ’Ytk(*—Athrl){]E[ tk]+E[Dtk]}
<E [W(SLO) + g(Slyo)] — rrgn (W +g) (Init. of the algorithm)
Kout Kout kin
+ Umax Z t,0 kin]E [”615”2] + Umax Z Z (k,lgn —k+ 1) Ytk ut,k 5
t=1 t=1 k=1
(Init. of the control variates) (Approximation of the h;’s)
where
_ 2C C? C 2C C?
E = St,o — h(St,o) Uy 1 = b b v vb vb

T myg mfk bMir Vb My bMﬁk'
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Sketch of proof

Key ingredient for the proof: Lyapunov function

° The classical proof does not work

L .
W(st+1) < W(st) + (VW (st), st41 — s¢) + TW||St+1 - se?
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Sketch of proof

Key ingredient for the proof: Lyapunov function

° The classical proof does not work
E [W(sm)’]—}] S W(se) + (VW (se),E [se01 — e[ 7] ) + LTV"’]E [lse+1 - st||2‘]-'t]

E [3t+1 - St‘ft:' = —v+1 VW(s¢) 6not true in our case
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Convergence analysis
Sketch of proof

Key ingredient for the proof: Lyapunov function

° The classical proof does not work
Lo
E [W(St+1)‘ft:| < W(St) + <VW(St),IE [St+1 — St‘ft]> + TW]E [||st+1 — $t||2‘]:t]
E |:St+1 — st‘]-'t] = —7t+1 VW (s¢) enot true in our case
° In our case:
_ — B(st) S _
St41 — St = PIOX~,\ 7 g (st + ve+1Se41) — st

E [sm‘ft] #h(s))  h(s) == —B~(s) %ici(st)
i=1



Stochastic Variable Metric Forward-Backward with variance reduction

Convergence analysis
Sketch of proof

Key ingredient for the proof: Lyapunov function

The classical proof does not work

E [Wse)| 7] < Wese) - (TW 00, [ses1 — 0| ) + T8 s — sl | 71]

E [3t+l - St‘]‘—t] = —v+1 VW(s¢) enot true in our case

In our case:

St41 — St = prOX»BH(frtl)g (st + ¥t+1St+1) — st
1 n
E |:st+1‘ft:| 76 h(st) h(st) = —B_l(st) — ZGi(st)
nic

Another strategy for the Lyapunov function F. and Moulines (2022, Lemma 7.9. and Proposition 7.10)

E [W($t+l) + g(sHl)‘ft] < Wi(st) +9(st)
= 7t+1(1/2 4 0(7e+1)) E [Af 4 + D]
+ v E |:||St+1 - h(st)Ha(st)]
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Complexity analysis

Coro 1. The stepsize sequence

e Sufficient conditions :
- Constant when exact h;'s or randomly approximated with no bias
- Decreasing when deterministic approximation or randomly approximated with bias

Tx Vek o Vx> Max Yk

k -1
2C,
Vi, k+1 1= Vt,0 H (1 + —)

=0 mt,j4+1

where

2 .
b L= in L.:
W + 4'Umin'UmaxL'U _ W

< - T
TS A Lvmaxo B\ VL2 b L
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Coro 2. Exact h;'s (i.e. Uy =0) and & = 0 and k™ = k"

In order to satisfy

E[A7]<c Tl ({1 B {1, k)

e Stepsize sequence : v, = ~min

4Ly,

independent of €
[

Size of the minibatches, nbr of inner loops, nbr of outer loops

L
b=0 <\/E'Uminvmax

. L.
= k" =0 (\/E—W) kvt =0 ( !
LW L €

)
M VUmin

Nbr of proximal steps and Nbr of calls to h;

1 Ly;
ICprox =0 (*l) ICB
€ Umin

In adequation with the literature when 3P-SPIDER
(2019)

Precond Proximal-Gdt wang et al
Complete the literature when 3P-SPIDER = incremental EM Fort et al (2020)
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Coro 3. Unbiased Monte Carlo approximation of the h;'s

What is the cost of inexact preconditioned forward operators ?

e By choosing

5 elfa' n(a*5>/2 R 5
E[ll&]?] =0 Wt ) My 41 =0 617_375 (k+1)

for some a’,a,a € [0,1)

e then,

the same rates as with exact h;’s, at the price of a Monte Carlo complexity

Knme = O (\/—f) whatever a’,a,a € [0,1)
€
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