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Outline

@ Stochastic Approximation,  beyond gradient

@ Two examples

© Non asymptotic convergence bounds in expectation
@ Variance Reduction by the SPIDER control variate
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l. Stochastic Approximation
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Stochastic Approximation

Stochastic Approximation: solve the root-finding problem

Solve
w e R? sit. h(w)=0

when only stochastic estimates of the mean field h are available.

by an iterative algorithm

W1 = Wk + Y1 H(we, Xey1)
where

® Y41 is a positive step size

® H(wy, Xk41) is a stochastic oracle for h(wy).

Time discretization of the ODE
dw

— =h(w(®)
dt

vields 7 1) = T + Vp41 h(7g)-
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Stochastic Approximation

Beyond the gradient case

The gradient case:
e Solve argmin,f(w) “by” solving Vf =0 when —Vf(w) =E[H(w, X)]

for batch data flw) = (1/n) 7 €(w, Z4)

Expected Risk Minimization for streaming data F(w) = E[£(w), X)]

e Available oracles  given wy, a random variable X}, 1 and the stochastic gradient
term H(wy, Xk+1)-

for batch data H(w, Xpq1) = =D1o€(w, Zx, 1) Xpy1 € {1+, n}

Expected Risk Minimization .
for streaming data H(w, Xp11) = —Dyol(w, Xg11)

Two extensions:
e The function h is not necessarily a gradient

e The oracle can be biased

]E[H(wk,Xk+1)‘Fk] # h(wg) Fp o= o(wo, X1, - -5 Xg)
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Il. Two examples of SA beyond gradient
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Two examples of SA beyond gradient

1st ex.: Compressed gradient

Compression operator C(z,U), if the cost of storing/transmitting C(z,U) is less

than the cost of storing/transmitting x

First family:
Wit1 = Wi + Y41 C(H (Wi Xk41)s Uk41)

Ex. The Gauss-Southwell coordinate descent estimator C(z,u) = zyeqy we {1,---,d}

Second family:

W1 = Wi + Yer1 H(C(wk, Ugy1), Xpt1)

Ex. Stoch Gdt for deep learning, the Straight-Through Estimator quantizes the model w . before computing the oracle.

Third family:
wpt1 = C(wp + Vg1 H(wp, Xig1), Ury1)

Ex. Low precision Stoch Gdt: the model is quantized after computing the oracle.
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Two examples of SA beyond gradient

2nd ex.: Stochastic EXpeCtation Maximization in the curved exponential family

e The goal
argming f(0) := —log/D p(x; 0) v(dz) p(x;0) = &(x) exp((S(x), p(0))—v(0))
e The EM algorithm

5 e g SU08) i Ot 1= T(5(64)

c M- E- _
sk :==5(0) pt—;'% T(sk) —2 st = S(T(sk))

where

5(0) = /1: S(z) m(x; 0) v(dz) T(s) := argming(0) — (s, 6(0))

e Limiting points of EM

EM finds s, solving the root-

finding pbm

EM finds 6, solving the root- B
finding pbm or S(T(s)) =s

T(S(0)) =6 and then set

0y = T(s4).
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Two examples of SA beyond gradient

Which oracle of S | in order to solve

S(Tw)) —w=0 S(T(w)) := /S(a:) m(z; T(w)) v(dx)

e Stochastic Approximation EM (SAEM) when S intractable

M
1
W41 = W + Vi1 (M > S(Xkt1m) —wk>

m=1

where Xy ,, obtained from self-normalized importance sampling, MCMC, - - -

e Mini-batch EM: when  S(z) := (1/n) >, Si(z) and large n

1
Wh1 =Wk T Ve | L > Si(T(wk)) —wk
1€EX K11
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111. Non-asymptotic convergence bounds in expectation
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Non-asymptotic convergence bounds in expectation

The assumptions wit1 = wk + e H(wk, Xgp1)

On the oracles, for some W > 0:
o L2-moment E [||H(wk,Xk+1)||2} < oo
o Growth of the mean field 3cg, 1, Vw |[h(w)||? < co 4 e1 W (w)
o Bias 370,71, Vk IIE [H(wk, Xeq1)|Fi] = hwi)l|? < 1o + 11 W (wy) as.

@ Variance
oo, 01, Yk, E {”H(wks Xp+1) —E [H(Wk: Xk+1)|-7:k} ”2|~7:k] < od +oiW(wy) as.

Ex. Gradient: W (w) = ||V f(w)||2 Stoch EM: W (w) = [|5(T(w)) — w]|?

A smooth Lyapunov function: V'

o Lower bounded infy, V(w) > —oo

@ Smooth fct VisCland 3Ly, |[|[VV(w) — VV(W)| < Ly |lw — o

@ Lyapunov V' and control W Ip > 0,Vw (VV(w), h(w)) < —pW(w)
Ex. Gradient: V(w) = f(w) Stoch EM: V (w) = f(T(w))

If biased oracles ie. 7y + r; > 0, additional conditions

o Ivvi?
cv~—5tl)Pw<°°x Vev (VTo/2 4+ vT1) < p.
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Non-asymptotic convergence bounds in expectation

Main theorem

Theorem 1, Dieuleveut-F.-Moulines-Wai (2023)

any T > 1
= Ve
1 1
Y e E[W ()]
k=0 Zg:() Ye+1He+1

<2

+ Lvno

+ 2bg

E [V (wo)] — mi
T-1

>0 W+1M+1
Zk 0 ”Yk+1

o Yer1bet
Zk=o Vk+1
T—1

Do Yer1ter1

In addition to the previous assumptions, assume that v € (0, ymax). Then, for

min V' L
initial cond.

bo = O iff unbiased oracles

° Meaningful results under the assumptions

min
w:d(w,{h=0})>€

W(w) >0 Ve >0
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Non-asymptotic convergence bounds in expectation

A Robbins-Siegmund type inequality

Lemma 9, Dieuleveut-F.-Moulines-Wai (2023)

E [V(wk+1)|-7:k] < V(wk) — Yr+1 Bkt1 W (wr)

positive for
Vi1 small enough

+ Ye+1 bo
Vit Jo,

> 0 and zero
iff unbiased oracles

+ ’Yx%+15

o From the assumptions on the Lyapunov function V'
Lv 2
Vi(wpg1) € Viwp) + (VV(wp) wpq1 — wp) + 5 ekt = wnll®

W41 — @i = Ye+1h(wr) + veg1 (H(wk» Xp41) — h(wk)) .

® Negative term: <VV(wk), Y41 h(wk)> < P41 Wiwy)
® Apply the conditional expectations E [ ‘]—'k] and use the assumptions on the bias and variance of the oracles.



e
Stochastic Approximation Beyond Gradient

Non-asymptotic convergence bounds in expectation

Corollary 1: which parameter ?

On the left hand side:
T—1
TEk+1HEk4+1

—T—1 - E[W(wy)]
k=0 Zg—g Ve4+1He+1

. If W is convex,
T—1 T-1
w <Z Z:chf—ll‘k-&-l wk) < Z T’Yfikllik-kl W (w)
o 2ot—0 Ve+1He+1 o om0 Yer1thesl

adopt a convex combination of the iterates

. Otherwise,

Ve+1Hk+1

—rr———— W(w) =E[W (wg)] P(R = k) o< Yet1Hk+1-
k=0 Ee:o Ye+1He+1

stop at a random time / choose randomly one of the iterates
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Non-asymptotic convergence bounds in expectation

Corollary 2: Constant step size

Ymax 1
= ANO | —
K (\/T)

then
T—1 Ay Ay
E[W(wp)] < B +—= A —=

1
T ~ /T
T k=0 null T T

iff unbiased oracles

o If unbiased oracles,
the RHS goes to zero when T" — +00 by choosing vj, = Ymax/ VT
the convergence rate of SA is O(1/VT).

e If biased oracles: the RHS can not be made small when the step sizes are constant.
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Non-asymptotic convergence bounds in expectation

Corollary 3: e-approximate stationarity

In non-convex optimization: in general, it is intractable to find a global minimum or to
test if a point is a local minimum.

e Stationarity as a convergence criterion: For a precision ¢, find a random stopping

time R s.t.
B W (wr)) < e
e When the oracles are unbiased: choose R uniform on {1,---,T} for T larger than
A A
T(e) := —23 v
€ €

high-precision regime:  T(e) = O(1/e?)  step size 7. = O(e¢)
low-precision regime: T(e) =0(1/¢) step size Ve = Ymax/2

®  Section lIl-A, Dieuleveut-F -Moulines-Wai (2023) explicit constants, not detailed here
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Variance reduction by SPIDER

IV. Variance reduction by SPIDER
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Variance reduction by SPIDER

Control variates

° The oracles are not unique:

E[H(w,X)] = h(w) = E[H(w, X) + U] = h(w) where E[U]=0.

° Choose U correlated with the natural oracle H(w, X) s.t.

Var (H(w, X) + U) << Var (H(w, X))
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Variance reduction by SPIDER

The SPIDER control variate when h is a finite sum

Adapted from the gradient case: Stochastic Path-I d Differential Esti R

For problems of the form

1 n
w: h(w) =0 when h(w) = — Z hi(w) and n large
m %

. At iteration #k, a natural oracle for h(wy) is

1
H(wg, Xgy1) = 5 Z hi(wk) X1 mini-batch from {1, ...,
i€X gt

e The SPIDER oracle is

sp . Sp
HE | = Z hi(wi) + H - Z hi(wr—1)
zEX;H_l oracle lexk"'l
for h(wr—1) oracle

for h(wg_1)
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Variance reduction by SPIDER

Efficiency ... via plots (here)
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Conclusion

Conclusion

e A unifying framework for SA, that covers gradient SA, non-gradient SA, possibly
with biased oracles is introduced.

e Explicit controls of convergence in expectation are provided.

e From which are deduced: stopping rules strategies, constant step sizes strategies,
rates of convergence.
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