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Fundings: ANR-23-CE48-0009, project OptiMoCSI

ICASSP 2025

IEEE ICASSP 2025 1/11



The problem: Design a new MCMC sampler

when the target distribution has a density π w.r.t. the Lebesgue measure on Rd

nonsmooth

log-concave

restricted to a measurable set D ⊊ Rd

More precisely:

− log π(θ) =

{
f(θ) + g(θ) + h(Aθ) for θ ∈ D,

+∞ otherwise,

The set D

· measurable convex sub-

set of Rd

· f, g, h are proper con-

vex functions, with do-

main including D.

The term f

· f is convex and C1 on

a neighborhood of D

ex. −f is a log-likelihood

The term g

· g : Rd → R ∪ {+∞}
lower semi-continuous

convex function

· Proxγg(·) has a closed

form expression. γ > 0

Ex. −g is a penalty term.

The term h(A·)

· a d′ × d matrix A

· h : Rd′ → R ∪ {+∞}
lower semi-continuous

convex function

· Proxγh(·) has a closed

form expression but not

Proxγh(A·)(·). γ > 0

Ex. −h(A·) is a penalty term.
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Why ?

− log π(θ) = f(θ) + g(θ) + h(Aθ) on D

Applications: nonsmooth convex composite negative log-density in

- aggregation of estimators by exponential weighting in PAC-Bayesian learning (Dalalyan

and Tsybakov, 2012; Guedj and Alquier, 2013; Luu et al., 2019)

- Bayesian inverse problems in signal and image processing (Moulin and Liu, 1999; Dobigeon et al.,

2009; Chaâri et al., 2010; Lucka, 2012; Costa et al., 2015; Pereyra, 2016; Chaari et al., 2016; Pascal et al., 2022; Fort et al., 2023)

as few examples.

Not addressed in the literature:

When log π is C1

- MALA (Roberts and Tweedie, 1996), adapted to D ≠ Rd

- ULA (Durmus and Moulines, 2017; Dalalyan, 2017), not adapted to D ≠ Rd

When h = 0

- and D = Rd: combines MALA/ULA and a smoothing technique based on the

Moreau-Yoshida envelope (Pereyra, 2016; Durmus et al., 2018; Pereyra et al., 2020; Luu et al., 2021; Durmus et al., 2022;

Lau and Liu, 2022).

- and D ⊊ Rd, Langevin-based methods + projections/reflections: for specific

topologies of D (Bubeck et al., 2018; Melidonis et al., 2023).

With h ̸= 0 but D = Rd, ULA-based methods (Luu et al., 2021).

In our setting: our previous contribution (Fort et al., 2023).
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Hastings-Metropolis combined with first-order optimization methods

− lnπ(θ) = f(θ) + g(θ) + h(Aθ) on D

▶ A Hastings-Metropolis step to deal with the domain D

θt+1/2 = µγ(θt) +Nd (0,C)

θt+1 = Acceptance-Rejection step
(
θt, θt+1/2

)
.

Propose without constraints. Reject any candidate which is not in D.

▶ A drift term µγ(θ) based on first order informations on log π

- The rate of ergodicity of a Markov chain is related to how fast, starting from a small

set, the chain returns back to this small set (Meyn and Tweedie, 1993, Theorem 15.0.1.)

- Find drift terms that can push the chain towards the modes of π when the chain is

visiting the tails of π.

Choose µγ(θ) as one step of a convex optimization proce-

dure for minimizing − log π

▶ Characterization of the optimum θ⋆ see e.g. (Bauschke and Combettes, 2019, Theorem 16.3)

0 = ∇f(θ⋆) + u⋆ + A⊤s⋆ u⋆ ∈ ∂g(θ⋆) s⋆ ∈ (∂h)(Aθ⋆)

Find µγ s.t. θ⋆ = µγ(θ⋆).
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Two methods

The optimum θ⋆ solves 0 = ∇f(θ⋆) + u⋆ + A⊤s⋆ u⋆ ∈ ∂g(θ⋆), s⋆ ∈ ∂h(Aθ⋆)

▶ Full sub-gradient

µγ(θ) = θ − γ
(
∇f(θ) +G(θ) + A⊤H(Aθ)

) G(θ) ∈ ∂g(θ)

H(τ) ∈ ∂h(τ)

▶ Proximal sub-gradient
Prop 1. −∇f(θ⋆) − A⊤s⋆ = u⋆

Prop 2. u⋆ ∈ ∂g(θ⋆) iff θ⋆ = Proxγg(θ⋆ + γu⋆)

µγ(θ) = Proxγg
(
θ − γ∇f(θ)− γA⊤H(Aθ)

)
H(τ) ∈ ∂h(τ)

Proposal mechanism: µγ(θ) +
√
2γNd (0; I).
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Two other methods when A is invertible

The optimum θ⋆ solves 0 = ∇f(θ⋆) + u⋆ + A⊤s⋆ u⋆ ∈ ∂g(θ⋆), s⋆ ∈ ∂h(Aθ⋆)

Lemma: (θt)t is a Markov chain with invariant distribution π(·) iff (Aθt)t is a

Markov chain with invariant distribution ∝ π(A−1·).

▶ inv Full sub-gradient (Fort et al., 2023)

µγ(θ) = θ − γA−1A−⊤
(
∇f(θ) +G(θ) + A⊤H(Aθ)

) G(θ) ∈ ∂g(θ)

H(τ) ∈ ∂h(τ)

▶ inv Sub-gradient proximal
Prop 1. −A−⊤∇f(θ⋆) − A−⊤u⋆ = s⋆

Prop 2. s⋆ ∈ ∂h(Aθ⋆) iff Aθ⋆ = Proxγh(Aθ⋆ + γAs⋆)

µγ(θ) = A−1Proxγh

(
Aθ − γA−⊤∇f(θ)− γA−⊤G(θ)

)
G(τ) ∈ ∂g(τ)

Proposal mechanism: µγ(θ) +
√
2γNd

(
0;A−1A−⊤)

.
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Applications: Bayesian inference for count data in epidemiology

− lnπ(θ) = f(θ) + g(θ) + h(Aθ) on D

▶ The HMM model (Fort et al., 2023, Section II-C)

· Count data: Z1, · · · , ZT

· Set Φt :=
∑τ

u=1 ϕuZt−u

· Zt|Rt,Ot, pastt−1 ∼ P(RtΦt + Ot)

· Rt|pastt−1 ∼ 2Rt−1 − Rt−2 + Lapl(λR/4)

· Ot|pastt−1 ∼ Lapl(λO)

· (R0,R−1, Z0, · · · , Z1−τ ) ∈ past0

Explore: (R1, · · · ,RT ,O1, · · · ,OT ) ∈ R2T

The daily new infection counts Z1, · · · , ZT

(black curve) and the averaged past counts

Φ1, · · · ,ΦT (dashed red curve). Covid-19

data, France, from 2022/02/20 to 2022/04/28

▶ The a posteriori distribution of θ :=
(
R1, · · · ,RT , Ō1, · · · , ŌT

)
∈ R2T

For numerical considerations: Ot = ΦtŌt

· with f = 0 and g given by or with g = 0 and f given by

θ 7→
T∑

t=1

(
Φt(Rt + Ōt)−Zt ln(Rt + Ōt)

)
· with h and A s.t. h(A·) given by

θ 7→ λR∥DR + δ∥1+λO∥ΦŌ∥1, A block diagonal, with blocks D and λO/λRΦ

· and D is ⋂
t:Zt>0

{(R, Ō) : Rt + Ōt > 0} ∩
⋂

t:Zt=0

{(R, Ō) : Rt + Ōt ≥ 0}
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Comparison of the proposal mechanisms

(top) Normalized distance to the optimum of log π.

(bottom) Normalized distance to the MAP R

mean abs(ACF) of the Rt components (top) and the

Ōt components (bottom)

· Natural geometry: RW, FSG, Prox-SG

· After a change of geometry (use A−1)

inv-RW, inv-FSG, SG-Prox

· Full update are in solid lines

· one-at-a-time Gibbs samplers are in

dotted lines.

 
R

 
O

the step size γ at the end of the burn-in period

Conclusions: (i) Change of geometry → covariance structure; (ii) block / one-at-

a-time updates; (iii) FSG strategies
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Conclusions and perspectives

We compared different strategies for the definition of the drift term in a HM

sampler with a Gaussian proposal, that uses first-order information on log π.

What about the use of fully proximal drift terms by adapting the primal-dual

optimization method PD3O (Ming, 2018) ?

MALA is known to be poor for heavy-tailed distributions, except when combined

with preconditioning strategies (Fort and Roberts, 2005): what about primal-dual based

methods with state-dependent preconditioners ?

Application to inference of the reproduction number :

what about the design parameters (λR, λO) ?

what about the estimation of the Rt’s when using such MCMC samplers ?

see the talk* by P. Abry (CNRS, France) in ICASSP 2025.

*Session: Bayesian Signal Processing I; title of the talk “Hierarchical Bayesian Estimation of COVID-19

Reproduction Number “
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