Expectation Maximization algorithm for Federated Learning

Expectation Maximization algorithm for Federated Learning

Gersende Fort
(IMT & CNRS)

Joint work with Aymeric Dieuleveut (CMAP, Ecole Polytechnique), Eric Moulines (CMAP,
Ecole Polytechnique) and Geneviéve Robin (LAMME, CNRS)

Publication: " Federated Expectation Maximization with heterogeneity mitigation and
variance reduction” NeurlPS 2021

Q INSTITUT
de MATHEMATIQUES

ﬁ-l de TOULOUSE




R
Expectation Maximization algorithm for Federated Learning

I. The Expectation-Maximization algorithm in the finite sum setting

Dempster, Laird, Rubin (1977)
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The Expectation Maximization algorithm
L What for ?

EM, designed for ...

» Designed for solving

N
. 1
argming g F'(6) F(0) = N E log/zpi(zi;ﬂ),u(dzi)
=1

e O CR?
@ F' has no closed form

@ positive integrals (p; > 0)
» lterative algorithm: 6,11 = EM-MAP(6;)

» Limiting values: the fixed points of the EM-MAP operator.
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The Expectation Maximization algorithm
L What for ?

An example 7 (1/2) Statistical inference in latent variable models

Independent observations Y := (Y1,...,Yn)

Parametric statistical model, indexed by 6 € ©

Negative normalized Log-Likelihood (loss) function Fy

Latent variable models

= _7210g/ K)Zly )‘LL(dZZ)
Of the form

aH_leog/mzz, 0)(d=:)
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The Expectation Maximization algorithm
L What for ?

An example 7 (2/2) Mixture models

» The statistical task
@ i.i.d. observations with distribution y — 25:1 g fg(y; 9)

o Learn the parameters 6 := (71.¢, ).

» Latent model: for each Y;, a hidden label variable Z; € {1,--- ,G}

Dist. Z; = z

-LogLikey. (0) : Z 2 ( T2
H/_/
Dlst Yi|Z; = =z

» The optimization problem:

N
. 1
argmingeocrd ~ 3 Zlog . f2(Yi;0) du(z)

=1

where p is the counting measure on {1,--- ,G}.
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The Expectation Maximization algorithm
— How EM works

The EM al Orlthm argming F'(0) F(0) := —N le\' log [5 pi(zi;0)pu(dz;)
i=1 Jz

At ieration #(t + 1), given 6,
define a current knowledge of Z through the (' a posteriori) distribution

pi(zi; 0¢)

7o, (dz) := Hmﬂ(dzz)

o E-step. Compute the function

0 Q(0,0:) := ——Z/logpz zi;0) mo,(dz)

@ M-step. Minimize this function: 6,41 = argmin, Q(6,6¢)

Rmk: EM is a Majorize-Minimization algorithm Lange (2016), and E-step =
compute the majorizing function.
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The Expectation Maximization algorithm
How EM works

|mp|ementatlon Of EM argming F'(0) F(0) := —N~1 Zf\;l log [7 pi(zi;0)p(dzy)

o Assumed (often, in the literature) "exponential family” (for the
complete data model)

Pi(2i;0) = hi(zi) exp ((Si(z:), (0)) — ©(0))

Q(0,0:) =(0) — <Jif Zsi(et)a¢(0)>

where

5i(00) = / Si(z4) 7o, (dz)

o Assumed (here, in our works) the argmin exists and is unique

T(s) := argming 9(6) — (s, $(0))
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The Expectation Maximization algorithm
How EM works

Limiting points of EM: fixed points of the EM map

» in the O-space E-M-E-M-. ..

Orp1 =T <Jb Zsi(ﬂt)>

In the 6-space, the fixed points solve: T (% >N §i(0)) —-0=0

» in the s-space M-E-M-E-. ..

In the s-space, the fixed points solve: - SN 5ioT(s)—s=0
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From EM to EM in Federated Learning

Il. From EM to "EM in Federated Learning”
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From EM to EM in Federated Learning

EM as a root-finding algorithm
» The root-finding problem, finite sum setting
L&
s eR? such that N ZEi oT(s) —

in the setting
@ sum over a large number of functions «— sum over the examples

@ each function §; o T is (assumed) explicit

» Incremental EMs based on Stochastic Approximation algorithms senveniste et al.

(1990)

N
~ ~ 1
St+1 = St + Ye+1 St+1 S¢41 := approx (N Z T(St )
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From EM to EM in Federated Learning

The Federated Learning setting (FL)
, y

TP RPN R N e

Central " Central e Central

x| [ CHEEY Zammnt CHEE LA S
@ The central server coordinates the o Global model maintained by the
participation of the local central server: sent to the devices

devices ciients/workers o Each worker computes an update

o Local training data sets, never of the global model

uploaded to the server @ Only this update is communicated

@ FL reduces privacy and security to the central server; aggregation
risks by the central server

o Local data sets, heterogeneous, unbalanced

o Partial participation of the clients (charged devices, plugged-in, free wi-fi connection, - - - )

@ Massively distributed: large nbr devices w.r.t. the size of the local data
sets

Communication cost >> Computational cost
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From EM to EM in Federated Learning

Batch EM is not adapted for Federated Learning

N
1
s eR? such that N ;5 oT(s)—s=0
@ The optimization step T: run by the central server.

@ The expectation step can not be run by the central server:

X
N; oT(s) = gchsmoT

i=1
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From EM to EM in Federated Learning

Naive idea

Naive algorithm

o Design parameters: kpax v > 0.
e Initialization: Sg

eFork=0,...,kmax — L

o (active workers) For each worker #c do
- Sample Sy 1,c an approximation of m_ ' S°1"¢ ¢ 0 T(S5))
- Send Agy1,c := Sk41, — Sk to the central server

e (central server)
- Update: Sk+1 = S + ’)’% 22:1 Ak+1,c

- Send §k+1 and T(5,.11) to the n workers.

o Return: S, 0 < k < Emax

Communication cost
Partial participation of the local agents.
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From EM to EM in Federated Learning

Ill. FedEM - Federated EM
and
VR-FedEM - Variance Reduced FedEM
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L FedEM and VR-FedEM
Federated EM

FedEM roots of h(s) :=n~ 1 37 1{’” lz "¢ Se; 0 T(s )7s}

FedEM with partial participation p € (0, 1)
e Design parameters: kmax, a>0,v>0.
o Initialization: Vjp, ¢y 8o; Vo i=n~1 ez Voe
e Fork=0,...,kmax — 1:

® "Sample” workers Aj,1 "with participation probability p”

o (active local workers) For ¢ € Aj,1 do
- Sample Sy 1,c an approximation of mzl Z 0% Sei oT(Sk)
- Set Apyi1,c =Skt1,e — Sk—Vi,e
- Set Vk+1,c = Vk,c + Quant(A;H_l,c)
- Send Quant(Ag41,.) to the central server
o (inactive local workers) For ¢ ¢ Aj41, set Vit1,c = Vie,e

o (central server)
- Set Sk+1 = Sk + nl EFE.A]C+1 Quant(Ak_H C)+7Vk
- Set Vg1 = Vik + an S 1 Quant(Agi1,c)-

- Send §k+1 and T(§;..+1) to the n workers.

o Return: S, 0 < k < kmax

e Possible
partial
participation of
the workers

e Federated
E-step

e Random
quantization w.
variance
reduction

(Mishchenko et al, 2019)

e M-step only
at the central
server
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L FedEM and VR-FedEM
Federated EM

Robustness FedEM is designed to find the roots of h

Toy example: inference of a R2-valued Gaussian mixture model with 2

components
@ Robustness to partial participation @ Robustness to heterogeneity
k—E [HII(S},)H'Z} vs the nbr of epochs. k—E [Hh(gk)Hz} vs the nbr of epochs.
Estimated by Monte Carlo Estimated by Monte Carlo
101 ) Mean Squared norm of h 1ot man Squared norm of h
FedEM FedEM e Homogeneous
Homogeneous p=1 e Heterogeneous
100 === Strongly heterogeneous




Expectation Maximization algorithm for Federated Learning

L FedEM and VR-FedEM
L Federated EM

Robustness

FedEM is designed to find the roots of h

Toy example: inference of a R2-valued Gaussian mixture model with 2

components

o FedEM vs naive-FedEM 7 Estimation of the weight vs the nbr epoch; Case

"homogeneous” and case "strongly heterogeneous”

In naive-FedEM:
remove the variables
V..'s —i.e. the control
variates introduced to
control the variance of
the quantization step.

Weakly heterogeneous

Estimation of the weight
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L FedEM and VR-FedEM
Variance Reduced Federated EM

How to reduce the variance of the local approximations 7

» in FedEM
Sk+1,c = approx (m_l ng o T(§k)> .
i—1

Consider the case "mini batch”

1 .
Sktl,e = 5 Z Sei 0 T(Sk)

1€BE 11,

» the SPIDER variance reduction technique

1 _ ~ _ _ ~
Stre =1 > 5 oT(Sk)+Ske—b 1’ > 5o T(Sk1)
P€Bgt1,c 1€Bky1,c

~ % Z 5.0 T(Sk) +0

i€BLr41,e

add a control variate
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L FedEM and VR-FedEM
Variance Reduced Federated EM

—1 m

VR-FedEM in the case 5.(7) = m M Sei (1)

Iteration index (cycles of length ki)

E+1+ (t—1Dkin+T t>1,7e{l, - ,kin}

Variance Reduction on Sy, (case p =1)

e Initialization: Sy o, = m~iym 15¢i © T(S,mc) and 5'1 0o =
Sl -1 = Smlt
e At time #(t — 1)kin + 7, at each local server #c

- Sample a mini-batch By ;. of size bin {1,---,m}

- Approximate 5. o T(S¢,-—1) with

Strei=b " Z 50 0 T(Se,7—1)
i€Byr o

+Sir—1,e—b" Z 5ci 0 T(S,r—2)
€8¢,

o At time #tkin, refresh the control vanate
- (central server) S;0 = 8y, _1 := 8y _1, Kin
- (local workers) Sy o,c :=m™ ' 32" 5. 0 T(§t,o)

e A control variate scheme
reduces the variability of
the approximations of

5.0 T(S.)

e The control variate is
biased: it is refreshed
every ki, iterations.

Same variance reduction as in SPIDER-EM, Fort
et al. (2020) — SPIDER = Stochastic

Path-Integrated Differential EstimatoR.
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L FedEM and VR-FedEM
L Variance Reduced Federated EM

FedEM is designed to find the roots of h

VR-FedEM

Toy example: inference of a R%-valued Gaussian mixture model with 2

components
@ Estimation of the weight vs the nbr epoch @ k—E [Hh(gk.)Hz} vs the nbr of epochs.
Estimated by Monte Carlo
08 of the weight Mean Squared norm of h
- Homogeneous 10° Homogeneous
0.75
0.7 105
3
- —
0.65 :'.
0.6 ‘:: 1010
0.55 F ot awrrtt
101
80 100 0 5 10 15 20 25 30 35 40
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Convergence analysis

IV. Explicit control of convergence
Complexity analysis
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Convergence analysis

Assumptions

Assumptions argming g cpa F(0) = argmingcpg FoT(s) = s:h(s) =0

= % Z Zﬁci(ﬁ)-, Lei(0) = —log / exp(—(0) + (Sci(z), $(0))) du(z)
c=1 i=1
On the model

For the existence of a Lyapunov function
On the local workers / local data sets

On the quantization step

On the participation of the workers
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Convergence analysis

Assumptions

Assumptions argming g pa F(0) = argmin cgq F o T(s) = s:h(s) =0

me

> L), £ei(6) = —og [ exp(=5(6) + (Sei(2). #(6))) du(2)

i=1

1

me

F(0) ::%i

c=1

@ On the model
Al © C R? is open convex. Finite loss L.
A2 The conditional expectations 5.;(6) are well defined Vc, i
and 0 € ©.
A3 The map T: s — argming gt (0) — (s, ¢(0)) exists and is
unique.

For the existence of a Lyapunov function

@ On the local workers / local data sets

On the quantization step

On the participation of the workers
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Convergence analysis

Assumptions

Assumptions argming g pa F(0) = argmin cgq F o T(s) = s:h(s) =0

1 me

> L), £ei(6) = —og [ exp(=5(6) + (Sei(2). #(6))) du(2)

i=1

ol
=
<
=
|

1
n rZ:l me

On the model

o For the existence of a Lyapunov function

A4 W := FoTis C', with globally Lipschitz gradient
(constant Ly, ). Furthermore, VW (s) = —B(s)h(s) for a
positive definite matrix B(s) with spectrum in [Umin, Vmax)
for any s, and vmin > 0.

@ On the local workers / local data sets
@ On the quantization step

@ On the participation of the workers
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Convergence analysis

L Assumptions

ASSUmptionS argming . g cpd F(0) = argmin_czq FoT(s) = s:h(s) =0

1 me

FO) =3 =3 L), £0s(8) = ~1og [ exp(—(0) + (Ses(=), 6(6))) du(2)

c=1 i=1

@ On the model
o For the existence of a Lyapunov function
@ On the local workers / local data sets
A5 There exists L. such that for any s, s’,
[Sc. 0 T(s) — 8 —5c. o T(s") —&'|| < Le|ls — §.
A7 For any k, the local approximations Sy . are independent,

unbiased E [Sy11.¢|Fx] = 5. o T(5k)
and heteregeneous variance:

E [[|Sksre =5 0 TSR] < o2.
@ On the quantization step

@ On the participation of the workers
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Convergence analysis

Assumptions

Assumptions argming g pa F(0) = argmin czq F o T(s) = s:h(s) =0

1 n 1 me n
FO) =3 — 3 L), £ei(6) = —og [ exp(=5(6) + (Sei(2). #(6))) du(2)
c=1 """ i=1
@ On the model
o For the existence of a Lyapunov function
@ On the local workers / local data sets
@ On the quantization step
A6 Unbiased quantization operator E[Quant(z)] = x.
There exists w > 0 s.t. E[||Quant(x)]|?] < (1 +w)]|=|>.
e.g. random dithering; see also Aslistarh et al. (2018); Horvath et al. (2019); Mishchenko et al.
(2019)
@ On the participation of the workers
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Convergence analysis

Assumptions

Assumptions argming g cpa F(0) = argmin cpq F o T(s) = s:h(s) =0

1

Me

S Li(0), £ei(6) = —og [ exp(=5(6) + (Sei(2). #(6))) du(2)

i=1

1
F(0) := - ;

@ On the model

o For the existence of a Lyapunov function

@ On the local workers / local data sets

@ On the quantization step

@ On the participation of the workers

A8 l.i.d. Bernoulli r.v. with participation probability p.
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Convergence analysis

FedEM: explicit control

Explicit control for FedEM

Set
n n
2 -1 2 2 -1 2
L% :=n E L;, o i=n E ;s
i—1 i=1

Theorem pieuleveut, F., Moulines, Robin (2021)
Let {Sk,k > 1} be given by FedEM, run with V.o := 5. o T(S0) — So,
a:=(1+w)"' and 1 = 7 € (0, Ymax], where

- Umin A p\/ﬁ .
2Ly, 2v2L(1+w)y/w+ (1 —p)(1+w)/p

Denote by K the uniform random variable on {0, - - , kmax — 1}. Then,
§0) — min W)

A+5w+A=p)(A+w)/p) »
w n .

+~L
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Convergence analysis

FedEM: explicit control

Complexity analysis (when p = 1)
Given an accuracy level €, how to choose the design parameters in order to
minimize the number of optimization ?

@ Results valid when heterogeneous data sets
(] The number Of OptimiZatiOn is kmax chosen in order to reach the accuracy level e:

Kopi(€) = O (i%) vo( L >

€2 € Ymax

1st term is leader iff € << Ymax(1 +w)o?/n (high noise regime)
o Compression effect: -y is impacted by compression iff n << w®.

On ICopt:
. . . (l-Hu)o’2 1
Complexity regime: e p—
. High noise o2, Low o2
Ymax Fegime: E.g. case when
small € larger €
Fumin. large ratio n/w? Xw
w
Jn

low ratio n/w? Xw

2v2L (1+w)v/w
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Convergence analysis
L VR-FedEM: explicit control

Explicit control for VR-FedEM

Set (m. =m)
L =n"'m™! Z Z Lii

c=1 i=1

Theorem Dieuleveut, F., Moulines, Robin (2021)

Let {Sir,t > 1,1 < k < kin} be given by VR-FedEM run with o :=

1/(1+w), Vi,0,c :=5c o0 T(§1,0) - §1,0v f(1+ )21 and

Umin Umax L 1+ 10w 1/2 -t
== 1+4 — ——— .
Yoo =Y LW< + \fL Vi w)(w+ 3 ) )

Let (7, K) be the uniform random variable on {1, -, kous } X {1, , kin},
independent of {S;x,t > 1,k € {1,---,kin}}. Then, it holds

W(§1,o)] — min W)

Umin’}/kinkout

E[Ihr ] < 2(1+ g ).

E [1H ) < 2EL
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Convergence analysis
L VR-FedEM: explicit control

Complexity analysis

o First result on Federated EM including variance reduction techniques,
being robust to distribution heterogeneity.

@ The recommended batch size b decreases as 1/(1 + w)?.

@ The number of Optimization is kout Kin chosen in order to reach the accuracy level e:

Kopt(€) = <%)

o Compression effect on Copt

| Complexity: 1/(e)

vy regime: e.g. case when

Umin/ Lyj, large ratio n/w?
wmin\/ﬁ/(vmawa?’/Q) low ratio n/w®
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Conclusion

Contributions

The Expectation Maximization (EM) algorithm with complete data model in
the curved exponential family is a root-finding algorithm peiyon et al. (1909).

@ Emphasis on EM in Federated Learning.

@ A new algorithm: FedEM supporting communication compression, partial
participation and data heterogeneity.

@ A variance reduced version VR-FedEl, progressively alleviating the variance
brought by the random oracles on which updates of the local workers are
based.

o Convergence guarantees of FedEM and VR-FedEM.

@ Pioneering work in the litterature "EM in Federated Learning”. contemporaneous
works with different goals: Marfoq et al. (2021), Louizos et al. (2021)
As a root finding algorithm, VR-FedEM state of the art (compared to
VR-DIANA Horvath et al. (2019)).
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