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COMPUTABLE BOUNDS FOR V -GEOMETRIC ERGODICITY OF MARKOV TRANSITION KERNELS 11. Introdu
tionWe 
onsider a Markov 
hain � = (
;A;Fn; f�ng; Px) on a general state spa
e X endowedwith a 
ountably generated �-�eld B(X ). Let P be the transition kernel and denote by Pn(x; �)its n-step transition law, Pn(x; �) := P (�n 2 �j�0 = x). For some probability distribution � andsome positive measurable fun
tion f , we denote by �Pnf the 
onditional expe
tation of f(�n)given the initial distribution � �Pnf := Z �(dx)Pn(x; dy)f(y);the notation Pnf(x) stands for ÆxPnf . We assume throughout the paper that P is  -irredu
ibleand aperiodi
 (see Meyn and Tweedie (1993) for relevant de�nitions on Markov 
hains). Ouraim is to give an expli
it upper-bound B for the 
u
tuations of the iterated of P i.e.kPn(x; �)� Pn(x0; �)k � B(x; x0;n); (1)where k � k will be su

essively the total variation norm and the V -norm. Remind that the totalvariation norm of a signed measure � is given byk�kTV := supA2B(X )�(A)� infA2B(X )�(A) = supff;jf j�1g j�(f)j;and for a positive measurable fun
tion V , the V -normk�kV := supff;jf j�V g j�(f)j;so that k�k1 = k�kTV. Markov 
hains are widely used in statisti
s and this ne
essitates ex-pli
it 
ontrol of the 
onvergen
e. For example, the bound (1) yields quantitative 
ontrol forV -ergodi
ity of the Markov 
hains and thus is of pra
ti
al interest to monitor 
onvergen
eof Markov Chain Monte Carlo samplers. We improve and extend earlier results for 
ontrolin total variation norm and in V -norm (Baxendale (1993); Fort (2001); Kolassa (2000); Lundand Tweedie (1996); Mengersen and Tweedie (1996); Meyn and Tweedie (1994); Roberts andTweedie (1999); Rosenthal (1995, 2002)). To that goal, we formulate basi
 assumptions, 
ou
hedin terms of a minorization 
ondition on some m-iterated kernel, 
oupled with a drift 
onditionon the one-iterated kernel. For the 
ontrol in total variation norm and in V -norm, we give theexpression of a rate � > 1 su
h that lim supn �nB(x; x0;n) < 1, expression in terms of the
onstants appearing in the minorization 
ondition and in the drift 
ondition. This rate improvesprevious ones and 
oin
ides with the rate exhibited in Rosenthal (2002) in a 
ontemporaneouswork restri
ted to the 
ontrol of the 
u
tuations (1) in total variation norm.



2 GERSENDE FORTFor 
ountable Markov 
hain, the basi
 
ondition involved for su
h a s
ope is the existen
e of astate a su
h that Pn �nPa(�a � n) is �nite, where �a is the return-time to fag, �a := inffn �1; �n = ag. For general Markov 
hain, the 
orresponding 
ondition has to be satis�ed for some�m-small set C 2 B(X ) i.e. a set su
h that there exist a positive integer m, a 
onstant � > 0and a probability distribution �m and8x 2 C; Pm(x; �) � ��m(�): (2)It is well-known that if there exists a small set C whi
h is a Kendall set i.e. supx2C Ex [��C ℄ <1for some � > 1, then there exist some 
onstants � > 1 and R <1 su
h thatXn �nkPn(x; �)� Pn(x0; �)kTV � R (Ex [��C ℄ + Ex0 [��C ℄) : (3)For 
ontrol in V -norm, the small set has to be a V -Kendall set i.e. supx2C Ex hP�C�1k=0 �kV (�k)i <1 for some � > 1. In that 
ase,Xn �nkPn(x; �)� Pn(x0; �)kV � R(Ex "�C�1Xk=0 �kV (�k)#+ Ex0 "�C�1Xk=0 �kV (�k)#) ; (4)for some 
onstants � > 1 and R < 1 (Nummelin and Tuominen, 1982; Meyn and Tweedie,1993, Theorem 15.0.1.). In this 
ontribution, the rate � and the upper bound are expli
itlyexpressed, and we will see that the given bound is 
losely related to the modulated moment asin (3) and (4). Most of earlier works on the 
omputation of the bound B in (1) are based onthe 
oupling 
onstru
tion, and we do in this manner. We assume throughout this paper thatA1 there exist some measurable set C � D of B(X ), a positive integer m, a 
onstant � > 0and a transition kernel � on X � X to X su
h that8(x; x0) 2 �; Pm(x; �) ^ Pm(x0; �) � � � �x; x0; �� ;where � := (C �D) [ (D � C).For example, one may 
hoose� �x; x0;A� / ZA� dPm(x; �)dPm(x0; �) ^ 1� Pm(x0; dy);where dPm(x; �)=dPm(x0; �) denotes the derivative of the absolutely 
ontinuous part of Pm(x; �)w.r.t. Pm(x0; �); in that 
ase, assumption A1 is known in the literature as the lo
al Doeblin
ondition. It generalizes the �m-smallness assumption. Small sets always exist for  -irredu
ible



COMPUTABLE BOUNDS FOR V -GEOMETRIC ERGODICITY OF MARKOV TRANSITION KERNELS 3Markov kernel so that assumption A1 is always veri�ed with a �m-small set C and � := C �C.This assumption allows the de�nition of a residual kernel R on X � X to X � X ,R �x; x0; dy � dy0� := �Pm(x; dy)� �1I�(x; x0)�(x; x0; dy)1� 1I�(x; x0)� ��Pm(x; dy0)� �1I�(x; x0)�(x; x0; dy0)1� 1I�(x; x0)� � :(5)For a fun
tion U on X 2, set RU(x; x0) := R R(x; x0; dy�dy0)U(y; y0). The geometri
al de
reasingrate of the 
u
tuations, measured either in total variation norm or in V -norm, is related to thegeometri
al de
reasing rate of the tails of some random-time T , that in words is de�ned asfollows. Let � be the hitting-time on � of two independent 
opies of a Markov 
hain withtransition kernel P . De�ne U�(x; x0) := Ex;x0 [��� ℄ �� > 1; (6)some geometri
al moment for the asso
iated 
anoni
al probability given the pro
ess starts from(x; x0). (a) Run two independent 
opies (�n; �0n) of the Markov 
hain, with initial value (x; x0),till � when they enter the set �. (b) With probability �, set T :=m+ � and otherwise, that iswith probability 1� � run two independent 
opies with initial distribution R(��; �0�; �) till theyenter the set �. Repeat step (b) until a su

essful Bernoulli trial. Roughly speaking, as theuse of the residual kernel introdu
es a gap of size m, T = m + T 0 where T 0 is de�ned as the
ombination of (a) a hitting-time on � of two independent 
opies of a Markov 
hain with kernelP and initial distribution R(x; x0; �) for some (x; x0) 2 � and (b) a su

essful Bernoulli trial withparameter �, independent of the Markov 
hains. This des
ription stresses that the tails of T(and thus the upper bound B) are geometri
ally de
reasing at a rate �opt, depending on � and�m� sup�RU�. We will see that while the rate does not depend upon the norm, the "maximal"
ontrol fun
tion V is related to the moment U�. This �rst result is of theoreti
al interest ex
eptwhen U� 
an be 
omputed in 
losed form. Nevertheless, we verify that a similar 
on
lusion holdsby substituting U� for an upper-estimate Û� � U�. It is well-known that any fun
tion U � 1solving the drift 
ondition P 
 P (U) � ��1� U on �
 is a 
andidate for Û�. From a pra
ti
alpoint of view, one would prefer to solve a drift 
ondition for the kernel P . We establish that
ondition A2 enables the 
onstru
tion of su
h a fun
tion Û�.



4 GERSENDE FORTA2 there exist a measurable fun
tion V � 1 and some positive 
onstants � < 1, b <1 su
hthat supD PmV <1 andPV � �V + b1IC (7)��1� := �+ b finfC V + infD
 V g�1 < 1: (8)Observe that by iterating (7), supD PmV < 1 if supD V < 1. The inequality (7) is knownin the literature as the Foster-Lyapunov drift 
ondition. If (7) holds for some set C then itstill holds for some D � C, (�; b) remaining un
hanged. If C is small and V goes to in�nityoutside C, then the set D satisfying (8) may be 
hosen as a level set of V and thus inherits ofthe smallness property. This dis
ussion eviden
es thatif there exist a small set C, a measurable fun
tion V � 1 that goes to in�nity outside Cand some 
onstants � < 1, b <1 su
h that PV � �V + b1IC , then there exists a smallset D � C su
h that A1-2 are veri�ed.In the literature, expli
it 
ontrol of the 
u
tuations in total-variation norm are derived under aminorization 
ondition and a drift 
ondition both on the original kernel P . The work by Meynand Tweedie (1994) for 
ontrol in V -norm is developed under the same set assumptions. This isa restri
tive framework as in many appli
ations, one is able to establish the drift 
ondition A2for some set D, whi
h is �m-small, m > 1. In that 
ase, it is basi
ally suggested to 
onsider them-skeleton Q = Pm, the one-step of whi
h satis�es a minorization 
ondition on D. This yieldsa 
ontrol of the 
u
tuations for the initial kernel P upon noting that Pn = Qbn=m
m Æ Ql forsome 0 � l � m� 1, where br
 is the largest integer that does not ex
eed r. Nevertheless, thisapproa
h leads to 
umbersome 
omputations (see e.g. (Fort, 2001, Chapter 3)), and it is quitediÆ
ult to give an expli
it expression of the bound in terms of the quantities appearing in A1and A2. For these reasons, we think that our "un-
oupled" assumptions are of interest sin
e thepresent method provides an alternative to a method that has never been 
arried out.In Se
tions 2.1 and 2.2, we set out the obtained result. Se
tion 2.1 is devoted to the 
ontrolof the 
u
tuations (1) in total variation norm. To our best knowledge, very few is known onexpli
it 
omputations of a bound for the 
u
tuations (1) in V -norm, the only results available inthis dire
tion are in Meyn and Tweedie (1994) and Fort (2001). In Se
tion 2.2, we extend andimprove these previous 
ontributions. Examples are worked out in Se
tion 3. The proofs arepostponed in Se
tion 4 and 5. As mentioned above, they rely on the 
oupling method, whi
h



COMPUTABLE BOUNDS FOR V -GEOMETRIC ERGODICITY OF MARKOV TRANSITION KERNELS 5
onsists in de�ning a pro
ess ~Z = (
;A;F ~Zn ; f ~Zn := ( ~Xn; ~X 0n; ~dn)g; ~Px;x0;i) on Z := X�X�f0; 1gsu
h that ~Px;x0;i( ~Xn 2 �) = Pn(x; �) ~Px;x0;i( ~X 0n 2 �) = Pn(x0; �); (9)and for some 
oupling time T , ~Xn1IT�n = ~X 0n1IT�n. When m = 1, our approa
h is nothingelse that the Nummelin's splitting (see Nummelin (1978)). For m > 1, we propose an unusual
onstru
tion whi
h is adapted from the pro
edure in Kalashnikov (1994) initially proposed toembed the original Markov pro
ess in a regenerative one. This approa
h di�ers from the usuallysuggested sub-sampling te
hnique. In Se
tion 4, we address the 
ase when A1 is veri�ed withm = 1. The 
ase m > 1 is more te
hni
al and is presented in Se
tion 5.2. Statements of the results2.1. Rate of 
onvergen
e in total variation norm. Let �� be the largest value su
h thatEx;x0 [�� ℄ <1 at least at some point in �
. Then the 
u
tuations kPn(x; �)� Pn(x0; �)kTV aregeometri
ally de
reasing with rate �� whenever (1� �)�m� sup�RU� � 1. Otherwise the largestrate that 
an be a
hieved is given by the solution to1 < � � �� and (1� �) �m sup(x;x0)2�Z R(x; x0; dy � dy0)Ey;y0 [�� ℄ = 1: (10)When the state spa
e is �m-small i.e. (2) holds with C := X , then � = 0 w.p.1 and the maximalrate is �� su
h that 1 = (1� �)�m� i.e. �� := (1� �)�1=m. We establish in Se
tion 5.3 Remark 12that in that 
ase,8(x; x0) kPn(x; �)� Pn(x0; �)kTV � 2 (1� �)bn=m
; n � m� 1;whi
h is a well-known result (Meyn and Tweedie, 1993, Theorem 16.0.2.).By using the Jensen's inequality, the solution of (10) may be approximated and lower-boundedby � su
h that 1 < � � �� and (1� �) f�m� sup� RU�gln�= ln�� = 1: (11)This yields the following theorem, proved in Se
tion 4.2 for m = 1 and Se
tion 5.3 for m > 1.Theorem 1. Assume A1. Assume in addition thatA3 there exists �� > 1 su
h that sup�RU� <1.



6 GERSENDE FORTFor any (x; x0) su
h that U�(x; x0) <1 and any 0 � � � 1,kPn(x; �)� Pn(x0; �)kTV � 2 ����n� ���(m�1)� U��� (x; x0); n � m� 1; (12)where � := minf1;� ln(1� �)= ln[�m� sup� RU�℄g: (13)When applied with � = 1, Theorem 1 asserts thatsupn ��n� kPn(x; �)� Pn(x0; �)kTV � 2 ��(m�1)� U �� (x; x0):If � ! 0, the probability that some hitting-time on � and a su

essful Bernoulli trial would
oin
ide goes to zero. The tails of the random-time T get heavier and thus the obtained rate of
onvergen
e degenerates (� ! 0 and ��� ! 1). In that 
ase, the right-hand side of (12) tends to2 and inequality (12) is trivial. Conversely, if � ! 1, it is very likely that the �rst hitting-timeon � and the su

essful Bernoulli trial would 
oin
ide. In that 
ase, � ! 1 and the obtainedrate is ��.The dependen
e upon the initial value is "
olle
ted" in U�; it is indeed related to the �rst timetwo independent 
opies of the Markov kernel P rea
h the set �. Observe that the greater therate, the stronger the dependen
e upon the initial value. Finally, Theorem 1 implies that forany 1 � � < ��� ,Xn �n kPn(x; �)� Pn(x0; �)kTV � 2 ��(m�1)� (1� ����� )�1 U �� (x; x0):The same radius of 
onvergen
e is obtained in (Fort, 2001, Proposition 4.17) under the sameassumptions A1 and A2.In many appli
ations, U� 
an not be 
omputed in 
losed form. Nevertheless, if there existsÛ� � U�, then the above 
on
lusion still holds with U� repla
ed by Û�. Two methods areproposed to obtain su
h an upper-estimate Û�, both based on a Foster-Lyapunov drift 
ondition.It is well-known that the minimal pointwise solution toZ P (x; dy)P (x0; dy0)U(y; y0) � ��1� U(x; x0) (x; x0) 2 �
; U � 1 on �; (14)is Ex;x0 [��� ℄ (see e.g. (Meyn and Tweedie, 1993, Chapter 15); a proof is also given in Se
tion 4.4for the sake of 
ompleteness). Any fun
tion U solving (14) is a 
andidate for Û�. When theexpression of P 
 P is 
omplex, one may prefer to verify assumption A2, 
ou
hed in termsof a drift 
ondition on the one-iterated kernel P . In that 
ase, we prove in Se
tion 4.4 thatÛ�(x; x0) � (V (x) + V (x0))=2.



COMPUTABLE BOUNDS FOR V -GEOMETRIC ERGODICITY OF MARKOV TRANSITION KERNELS 7Proposition 2. Assume A1-2. Then the fun
tionÛ�(x; x0) := 12 �V (x) + V (x0)� (15)veri�es the 
onditions (14) and Û� � U�.Theorem 1 extends as follows. The proof is given in Se
tion 4.3 for m = 1 and in Se
tion 5.4for m > 1.Proposition 3. Assume A1, A3.(i) For any fun
tion Û� � U� su
h that sup�RÛ� <1 and any 0 � � � 1,kPn(x; �)� Pn(x0; �)kTV � 2 �����n� ����(m�1)� Û���� (x; x0); n � m� 1; (16)where �� := minf1;� ln(1� �)= ln[�m� sup� RÛ�℄g: (17)(ii) If in addition Û� solves the drift 
ondition (14) then (16) holds with �� repla
ed by�̂ := minf1;� ln(1� �)= ln[�m� sup� RÛ�=Û�℄g: (18)From Propositions 2 and 3, we are able to derive under the assumptions A1-2, an upper boundfor the 
u
tuations (1) in total variation norm. De�neJ := sup(x;x0)2�(V (x) + V (x0))�1 Z R(x; x0; dy; dy0)(V (y) + V (y0)): (19)Then, 2 (1� �) J � sup(x;x0)2� ��PmV (x) + PmV (x0)�� 2� Z �(x; x0; dy)V (y)� ;J � (1� �)�1 sup(x;x0)2� ��PmV (x) + PmV (x0)� =2� �� ;and J is �nite sin
e supD PmV is �nite. Hen
e,Corollary 4. Assume A1-2. For any (x; x0) 2 fV <1g2, any 0 � � � 1, and n � m� 1,kPn(x; �)� Pn(x0; �)kTV � 21���̂ ����̂n� ���̂(m�1)� �V (x) + V (x0)���̂ ;where �̂ := minf1;� ln(1� �)= ln[�m� J ℄g�



8 GERSENDE FORTCorollary 4 
orroborates (and improves) assertion (3). It is known that the minimal pointwisesolution to the drift inequality (7) is the fun
tion Ex [���C ℄ where �C := inffn � 0;�n 2 Cg isthe hitting-time on C of a 
hain with kernel P . In addition, any solution V to the drift 
onditionis equivalent to the minimal one (Meyn and Tweedie, 1993, Theorem 15.0.1.) i.e. there exist
onstants 
0, 
1 su
h that 
0V (x) � Ex [��C� ℄ � 
1V (x):Hen
e, the set of assumptions A1-2 is similar to the assumption that there exists a Kendall smallset, and the dependen
e upon the initial value exhibited in the Corollary is equivalent to thedependen
e given in (3).When A2 holds with C = D and C is a �1-small set, Roberts and Tweedie (1999, 2001) givesan expli
it expression of a bound B(x; x0; �) and a rate �RT su
h thatlim supn �n kPn(x; �)� Pn(x0; �)kTV � B(x; x0; �) <1;for all � < �RT, where �RT 
oin
ides with ��̂� given in Corollary 4. They establish (Robertsand Tweedie, 1999, Theorem 3.1.) that the rate �RT improves previous rates due to Meyn andTweedie (1994); Rosenthal (1995). Corollary 4 
laims that this maximal rate 
an be a
hieved.When �̂ = 1, a similar assertion 
an be dedu
ed from a re
ent work by (Rosenthal, 2002,Theorem 1); under a minorization 
ondition on the original 
hain P and the assumption thatthere exists a fun
tion h that solves (14), it is proved that if �̂ = 1, then lim supn �n� kPn(x; �)�Pn(x0; �)kTV � B(x; x0) for some expli
itly de�ned fun
tion B(x; x0). In all of these 
ontributions,the 
omputation of the bound is in two steps, similar to those of the present work. First, a boundis derived under the assumption that there exists a solution Û� to the drift 
ondition (14) outsidea set C � C where C has to be a �1-small set for P . The se
ond step is to 
ompute Û� froma solution V to the drift 
ondition (7) on the original 
hain P ; this is done by assuming thatsupC V is suÆ
iently large (see e.g. (Roberts and Tweedie, 1999, Eq.(49)) or (Rosenthal, 1995,Theorem 12)). When this 
ondition is violated, it is suggested to in
rease C whi
h may be nolonger �1-small; the stated result 
an not be dire
tly applied and the 
al
ulations have to beadapted in a non-trivial way. To our best knowledge, these extensions have never been 
arriedout. The present work is thus an alternative sin
e the sets C;D are allowed to be �m-small,m > 1. A numeri
al illustration is developed in Se
tion 3.1.While derived under weaker 
onditions, the rate �K 
omputed in Kolassa (2000) also su�ersfrom that smallness 
ondition. Nevertheless, when available, �K may in some 
ases improve �RTand thus ��̂� . This is numeri
ally illustrated in Se
tion 3.1.



COMPUTABLE BOUNDS FOR V -GEOMETRIC ERGODICITY OF MARKOV TRANSITION KERNELS 9Remark 5. Computable bounds for geometri
al ergodi
ity As V is �nite at some point and P is  -irredu
ible, the drift 
ondition (7) implies that the set fV <1g is absorbing and thus V is �nite a.e. (Meyn and Tweedie, 1993, Proposition 4.2.3.). If there exists an invariant probabilitymeasure � for the kernel P su
h that �(V �̂ ) < 1 then  � � and �(fV < 1g) = 1 (Meynand Tweedie, 1993, Proposition 10.1.2.). For example, when (7) holds for some �m0 -small set C,then the 
hain is positive-re
urrent with invariant probability measure � su
h that �(V ) < 1(Meyn and Tweedie, 1993, Theorem 14.0.1.). We thus dedu
e from Corollary 4 applied with� = 1 that for n � m� 1,for � a.a. x; kPn(x; �)� �(�)kTV � 21��̂ ���̂n� ��̂(m�1)� Z �(dx0) �V (x) + V (x0)��̂ <1;(20)where �̂ is given in Corollary 4.2.2. Rate of 
onvergen
e in V -norm. Let V; f be real-valued fun
tions on X . De�ne theV -norm of a (signed) fun
tion f by kfkV := supX ���� fV ���� :Let �� be the largest value su
h that Ex;x0 [��℄ <1. If (1� �)�m� sup� RU� � 1, the 
u
tuationskPn(x; �)�Pn(x0; �)kV are geometri
ally de
reasing with rate �� where V is any positive fun
tionsu
h thatkV (x) + V (x0)kU� <1; and supk2f1;��� ;m�1g sup(x;x0)2�fP kV (x) + P kV (x0)g <1:If m = 1, the 
ondition gets into kV (x)+V (x0)kU� <1. If (1� �)�m� sup�RU� > 1, �� have tobe substituted for �opt de�ned as solving1 < � < �� and (1� �) �m sup(x;x0)2�Z R(x; x0; dy � dy0)Ey;y0 [��℄ = 1:By the Jensen's inequality, �opt is lower-bounded by � satisfying (11). This yields Theorem 6proved in Se
tion 4.2 for m = 1 and in Se
tion 5.3 for m > 1. For a fun
tion U on X 2 and� 2 [0; 1℄, de�neC1(U; 1) := 0;if � < 1; C1(U; �) := sup� U �(1� �) �m� sup� fRU=Ug � 1���1��� � 1��1 : (21)



10 GERSENDE FORTTheorem 6. Assume A1, A3. Let V be a positive fun
tion su
h that C2(V; 1)<1 whereC2(V; �) := sup� kV (x) + V (x0)kU�� ; sup1�k�m�1 sup(x;x0)2���k� fP kV (x) + P kV (x0)g� <1: (22)For all (x; x0) su
h that U�(x; x0) < 1, for all 0 � � � 1 su
h that C2(V; �) < 1, for alln � m� 1,kPn(x; �)� Pn(x0; �)kV � C2(V; �) ���n� U�(x; x0) + ���n� �(��1)(m�1)� C1(U�; �) U �� (x; x0)�� ;where � and C1 are given by (13) and (21).When applied with � = 1, Theorem 6 
laims that the V -norm of the 
u
tuations (1) is geomet-ri
ally de
reasing with maximal rate ���lim supn ��n� kPn(x; �)� Pn(x0; �)kV � C2(V; 1) �(��1)(m�1)� �1I�=1 + C1(U�; �)1I�<1� U �� (x; x0):The rate does not depend upon the norm involved and results from a balan
e between �, m andthe largest geometri
al moment U� of the hitting-time �. For a given V -norm, the upper-boundalso stresses that the stronger the rate, the stronger the dependen
e upon the initial value inthe bound. For example, let 0 � � � 1. Then C2(V; 1) < 1 implies that C2(V �; �) < 1 for� � � � 1. By Theorem 6, there exists R <1 su
h thatlim supn ���n� kPn(x; �)� Pn(x0; �)kV � � R U��� (x; x0) <1;for all � � � � 1 and (x; x0) su
h that U�(x; x0) < 1. A similar balan
e had already beenobserved for expli
it 
ontrol of the 
u
tuations in V -norm when de
reasing at a polynomial rate(Fort and Moulines (2002)).If U� 
an not be 
omputed in 
losed form but there exists Û� � U�, it is proved in Se
tion 4.3.1for m = 1 and in Se
tion 5.4.1 for m > 1 that, under the assumptions of Theorem 6, for any0 � � � 1,kPn(x; �)� Pn(x0; �)kV � C2(V; �) ���n� Û�(x; x0) + ����n� �(���1)(m�1)� �C1(Û�; ��) Û ��� (x; x0)�� ;(23)for �� and C2 given by (17) and (22), and �C1 de�ned as�C1(U; 1) = 0 and if �� < 1; �C1(U; ��) := �(1� �) �m� sup� RU � 1� ��1���� � 1��1 :This result is of minor interest sin
e, in many appli
ations a lower-bound for U� is not availableand thus it is quite diÆ
ult to determine a fun
tion V su
h that C2(V; 1)<1. Nevertheless, if



COMPUTABLE BOUNDS FOR V -GEOMETRIC ERGODICITY OF MARKOV TRANSITION KERNELS 11the upper-bound Û� solves the drift 
ondition (14) then Theorem 6 may be modi�ed as follows.The proof is in Se
tion 4.3.2 for m = 1 and Se
tion 5.4.2 for m > 1.Proposition 7. Assume A1. Assume in addition that there exists a fun
tion Û� su
h that (14)holds for some �� > 1 and sup�RÛ� <1. Let V be a positive fun
tion su
h that Ĉ2(V; 1)<1whereĈ2(V; �) := sup�kV (x) + V (x0)kÛ�� ; sup1�k�m�1 sup(x;x0)2���k� fP kV (x) + P kV (x0)g=Û�(x; x0)� <1:For any (x; x0) su
h that Û�(x; x0) < 1, any 0 � � � 1 su
h that Ĉ2(V; �) < 1 and anyn � m� 1,kPn(x; �)� Pn(x0; �)kV � Ĉ2(V; �) ���n� Û�(x; x0) + ���̂n� �(�̂�1)(m�1)� C1(Û�; �̂) Û �̂� (x; x0)�� ;where �̂ and C1 are given by (18) and (21).As established in Proposition 2, assumption A2 allows the 
onstru
tion of a fun
tion Û�(x; x0) �(V (x) + V (x0))=2 that solves (14). By using A2, PV (x) + PV (x0) � ��1� (V (x) + V (x0)) +2b01I�(x; x0) where b0 := b�1� infC VinfC V + infD
 V � :By iterating the drift,sup(x;x0)2��k�fP kV (x) + P kV (x0)g=fV (x) + V (x0)g � 1 + b0infC V �k� � 11� ��1� ;showing that Ĉ2(V; 1)<1. Therefore, setC1(1) := 0 and if �̂ < 1; C1(�̂) := sup(x;x0)2�fV (x) + V (x0)g ((1� �)�m� J � 1)��1��̂� � 1��1 ;for J given by (19) and,C2 := 1 _ sup1�k�m�1 sup(x;x0)2� �k�fP kV (x) + P kV (x0)g=fV (x) + V (x0)g:Corollary 8. Assume A1-2. Let �̂ be given in Corollary 4. For all (x; x0) 2 fV < 1g2,n � m� 1,kPn(x; �)�Pn(x0; �)kV � C2 ���n� �V (x) + V (x0)�+ 2��̂���̂n� �(�̂�1)(m�1)� C1(�̂) �V (x) + V (x0)��̂� :



12 GERSENDE FORTFrom the dis
ussion above, 1 � C2 � 1 + b0(infC V )�1(�m�1� � 1)(1� ��1� )�1 and if m = 1,C2 = 1.Hen
e, if m = 1, this asserts that when 1 � � ln(1� �)= ln[��J ℄,lim supn �n� kPn(x; �)� Pn(x0; �)kV � �V (x) + V (x0)�;whereas if 1 > � ln(1� �)= ln[��J ℄ =: �̂ ,lim supn ��̂n� kPn(x; �)� Pn(x0; �)kV � 2��̂ C1(�̂) �V (x) + V (x0)��̂ :Corollary 8 improves previous work by the author, work that gives the expression of a 
onstantB su
h that Xn �nkPn(x; �)� Pn(x0; �)kV � B(x; x0; �)for all � < ��� (Fort, 2001, Theorem 4.20.). It extends results by Meyn and Tweedie (1994) thatsu

essively address the 
ase when the Foster-Lyapunov drift 
ondition holds for some atom andsome �1-small set. The rate given in the present paper has a simple expression in terms of the
onstants appearing in the minorization 
ondition and in the drift 
ondition. It also (expli
itly)
overs the 
ase when the drift 
ondition holds for P outside a set C whi
h is not ne
essarily�1-small.Finally, Corollary 8 
orroborates (and improves) assertion (4). Indeed, if V solves the drift
ondition (7) then for any � < ��1, there exists R < 1 su
h that (Meyn and Tweedie, 1993,Theorem 15.2.5.) V (x) � Ex "�C�1Xk=0 �kV (�k)# � R V (x):This shows that (a) our set of 
onditions and the assumption that there exists a V -Kendallsmall-set are similar 
onditions, and (b) that the dependen
e upon the initial value exhibited inthe Corollary is equivalent to the dependen
e given in (4).Remark 9. Computable bound for V -geometri
al ergodi
ity If there exists an invariant probabilitydistribution � su
h that �(V �̂ ) < 1 for �̂ given in Corollary 4, (see Remark 5 for suÆ
ient
onditions), then under the assumptions of Corollary 8, n � m� 1,for � a.a. x; kPn(x; �)� �(�)kV � ���̂n� B Z �(dx0) �V (x) + V (x0)��̂ : (24)The 
onstant B reads into Corollary 8.



COMPUTABLE BOUNDS FOR V -GEOMETRIC ERGODICITY OF MARKOV TRANSITION KERNELS 133. ExamplesIn that se
tion, we denote by �F the optimal rate ��̂� for �̂ given by Corollary 4.3.1. A re
e
ting random walk. Consider the random walk on Z+ de�ned byP (0; 0) := �; P (0; 1) := 1� �;8n � 1; P (n; n� 1) := p > 0:5; P (n; n+ 1) := 1� p:We verify (7) withC := f0; 1g V (x) :=pp=(1� p)(x�1)_0 � := 2pp(1� p) b := p�pp(1� p):Denote by mD the non-negative integer su
h that D := f0; � � � ; mDg. By de�nition, �� :=�+ b=(1 +pp=(1� p)mD_0) and we 
hoose mD � m(min)D _ 1 wherem(min)D := �2 ln[b(1� �)�1 � 1℄ln p� ln(1� p) � ;dre denotes upper integer part of r. In Table 1, we give for di�erent models the values of �, b,m(min)D , mD and ��1� (quantities that do not depend upon �). The rate �RT derived in Robertsand Tweedie (1999) 
an be 
omputed when C = D and the set C is �1-small. In that 
ase, as
ommented above, �RT = �F. When m(min)D > 1, whi
h implies D � C and D �m-small withm > 1, our un-
oupled 
onditions A1-A2 is thus an alternative. To 
he
k the 
ondition A1, weset m := mD and we su

essively 
onsider two minorizing kernels. First, we set�(x; x0; �) := Æ0(�) �1 := infx2DPm(x; 0); (25)Then we set�(x; x0; �) := Pm(x0; �) �2 := inf(x;x0)2� mDXk=0fPm(x; k) ^ Pm(x0; k)g;�1; �2 and the 
orresponding rate �F are listed in Tables 2 and 3. It is easily 
he
ked (the detailsare omitted) that for the 
onsidered values (�; p), if m = 1 then �1 = �2 = � ^ p, and if m = 2,�1 = �2 = �p.We 
ompare �F with the rate �K given in (Kolassa, 2000, Theorem 2.5.). �K is 
omputedas suggested in (Kolassa, 2000, Se
tion 3.3.) with � := pp=(1� p), and with the uniformminorization 
ondition �(�) := Æ0(�) � := p ^ �:In the investigated values, �F may improve �K ex
ept when p is 
lose to 1=2.



14 GERSENDE FORTOriginal kernel or m-skeleton? For that toy-example, one 
an easily 
he
k a drift 
onditionfor the m-iterated kernel when C � D are �m-small sets. We 
an thus 
ompare the methodproposed in the present paper with the method usually suggested in su
h a 
ase.For p = 0:9 and � = 0:7, we establish A2 with C := f0; 1g, D := f0; 1; 2g and the 
onstants� := 0:6, b := 0:6 and �� := 1:5151. A1 holds with m = 2, �(x; x0; �) and � given by (25), sothat � := 0:6300. By Corollary 4, lim supn �nkPn(x; �)� Pn(x0; �)kTV < 1 for all � � 1:3179.Nevertheless, sin
e PV � 
V for some 
 <1, there exists R <1 su
h thatkPn(x; �)� Pn(x0; �)kTV � R kPmbn=m
(x; �)� Pmbn=m
(x0; �)kTV;and this yields a se
ond method to determine the largest rate �opt su
h that lim supn �noptkPn(x; �)�Pn(x0; �)kTV <1. One may 
ompute �� su
h that lim supn ��bn=2
kQbn=2
(x; �)�Qbn=2
(x0; �)kTV <1, where Q := P 2, and then set �opt := ��1=2. We establish that QV � ��V +�b1IC with �� := 0:54,�b := 0:54 and C := f0; 1g. Then we �nd ��� := 1:6835 by 
hoosing D := f0; 1; 2g. Finally, we
he
k 8(x; x0) 2 �; Q(x; �) ^Q(x0; �) � � � �x; x0; �� ;for (�; �) as in (25). By Corollary 4, ���1 := 0:6463 and thus �opt = 1:2439. This numeri
alillustration stresses the interest of the method developed in the present paper when the mi-norization 
ondition holds for some m > 1. Roughly speaking, this may be explained as follows.As said above, the optimal rate is related to the de
reasing rate of the tails of the 
oupling timeT ; in turn, T is related to some 
onstru
tive hitting-time on � for two independent Markov
hains (�n;�0n) with kernel P , and initial distribution R(x; x0; �) for some (x; x0) 2 �. Whenm > 1, the widely used de�nition of this 
onstru
tive hitting-time is the �rst hitting-time on �for the sampled pro
ess (�km;�0km), k 2 Z+. In the present paper, the 
onstru
tive time is thehitting-time following iteration m � 1. This makes T shorter and then improves the 
omputedmaximal rate �F.3.2. Contra
ting normals. We 
ompare the upper bound B(�; �0;n) given in Corollary 4 forthe 
u
tuation k�Pn(�) � �0PnkTV with the upper bound (45) given in Roberts and Tweedie(1999, 2001). To that goal, let P (x; �) be the N (x=2; 3=4) gaussian distribution. As establishedin (Roberts and Rosenthal, 1997, Example 6.1), PV (x) = V (x)=4 + 3=2 where V (x) := 1 + x2.Hen
e, A2 is veri�ed withV (x) := 1 + x2; C := fx; jxj � p3g; � := 5=8; b := 9=8:



COMPUTABLE BOUNDS FOR V -GEOMETRIC ERGODICITY OF MARKOV TRANSITION KERNELS 15We 
hoose D := C so that ��1� := 0:85. Finally, A1 holds with m = 1 and � = 0:3173. Thisyields � = 0:2881 and �F = �RT = 1:0479. To apply the results by Roberts and Tweedie (1999),we verify the assumptions of Theorem 5.2. with�2 := �+ b=(1 + supC V ) = ��1� b2 := b supC V=(1+ supC V ) = 0:9:We 
ompute the bound for n = 45 and n = 60 and assume that �(V ) + �0(V ) = 2. By applyingCorollary 4, we obtainB(�; �0; 45) = 0:1485 B(�; �0; 60) = 0:0735;whi
h improves the bound by Roberts and Tweedie (1999) that givesB(�; �0; 45) = 0:5291 B(�; �0; 60) = 0:3435:4. Proofs: 
ase m = 1Throughout this se
tion, we assume that A1 holds withm = 1. The minorization 
ondition A1enables the 
onstru
tion of a Markovian pro
ess Z := (
;A;FZn ; fZn := (Xn; X 0n; dn)g;Px;x0;i)on Z des
ribed by the following algorithm.4.1. Constru
tion of an extended pro
ess. Initialize Z0 = (x; x0; d) and do re
ursively(1) if dn = 0 and(i) (Xn; X 0n) =2 �, then set dn+1 := 0 and sample independently (
onditionally to (Xn; X 0n))the r.v. Xn+1 and X 0n+1 from the distributions P (Xn; �) and P (X 0n; �).(ii) (Xn; X 0n) 2 �, then� with probability �, set dn+1 := 1, and draw Xn+1 = X 0n+1 � �(Xn; X 0n; �).� with probability 1� �, set dn+1 := 0 and sample independently (
onditionally to(Xn; X 0n)), Xn+1 � R(Xn; X 0n; �) and X 0n+1 � R(Xn; X 0n; �).(2) if dn = 1, set dn+1 := 1, draw Xn+1 = X 0n+1 � P (Xn; �).It is well-known that the fundamental relation (9) is satis�ed with ~Z := Z. Setting T := inffn �0; dn = 1g, with the 
onvention that inf ; = +1, the 
oupling's inequality states that for anyprobability distributions �, �0 on B(X )k�Pn � �0PnkTV � Z �(dx)�0(dx0)kPn(x; �)� Pn(x0; �)kTV � 2 P�;�0;0 (T > n) (26)



16 GERSENDE FORTand for any positive fun
tion V ,k�Pn � �0PnkV � Z �(dx)�0(dx0)kPn(x; �)� Pn(x0; �)kV� supff;jf j�V gE�;�0 ;0 �1IT>njf(Xn)� f(X 0n)j� = E�;�0 ;0 �1IT>nfV (Xn) + V (X 0n)g� : (27)We derive a bound for the 
u
tuations by 
ontrolling the tails of the 
oupling time T , whi
h is byde�nition 
losely related to the 
ontrol of moments of some hitting-time on � of the Markovianpro
ess Z. Let T0 := inffn � 0; (Xn; X 0n) 2 �gbe the hitting-time on � andTj+1 := inffn � Tj + 1; (Xn; X 0n) 2 �g; j � 0;be the su

essive return-times to �. Then Tj+1 = T0 Æ �Tj+1 where � denotes the usual shiftoperator. Any times Z enters the set � � f0g, (say at Tj) then T = Tj + 1 with probability�. Consequently, the tails of T depend both on the minorization 
onstant � and, by using thestrong Markov property, on the tails of T0. Su
h a 
onne
tion is established in Theorem 10.4.2. A fundamental result. By 
onstru
tion, the transition kernel P� of the Markov pro
essZ satis�es for all (x; x0) 2 �
,P� �x; x0; 0; dy� dy0 � fig� = P (x; dy) P (x0; dy0) Æ0(i):Hen
e, the geometri
al moment U�(x; x0) de�ned by (6) 
oin
ides on �
 with Ex;x0 ;0[�T0� ℄, thegeometri
al moment of T0 for the pro
ess Z starting from (x; x0; 0). On �, both fun
tions havethe same value 1. ThenU�(x; x0) = Ex;x0 ;0 ��T0� � (x; x0) 2 X � X :Theorem 10. Under A1 and A3,(i) for any 0 � � � 1,Px;x0;0 (T > n) � Ex;x0 ;0 �U��� (Xn; X 0n)1Idn=0� � ����n� U��� (x; x0); (28)(ii) and if � < 1, for any 0 � � � 1,Ex;x0 ;0 �U�� (Xn; X 0n)1Idn=0� � ���n� U�(x; x0) + ���n� C1(U�; �) U �� (x; x0)��



COMPUTABLE BOUNDS FOR V -GEOMETRIC ERGODICITY OF MARKOV TRANSITION KERNELS 17where U�, � and C1 are respe
tively given by (6), (13) and (21).Theorems 1 and 6 result from Theorem 10 and (26-27).Proof. (i) For all 1 � � � ��, 0 � � � 1Px;x0;0(T > n) = Px;x0;0(dn = 0) � Ex;x0 ;0 [M�n ℄ � Ex;x0 ;0 [Mn℄� ;where Mn := fU�(Xn; X 0n)gln�= ln��1Idn=0. Applying the Jensen's inequality,Ex;x0 ;0 �Mn+1jFZn � � ��1fU�(Xn; X 0n)gln�= ln��1I�
�f0g(Zn)+ (1� �)fRU�(Xn; X 0n)gln�= ln��1I��f0g(Zn)so, upon noting that U� = 1 on �,Ex;x0 ;0 �Mn+1jFZn � � ��1Mn + ��1�� (1� �) fRU�(Xn; X 0n)gln�= ln�� � 1�1I��f0g(Zn)� ��1Mn + ��1�� (1� �) fsup� RU�gln�= ln�� � 1�1I��f0g(Zn): (29)If �� (1� �) sup�RU� � 1 i.e. � = 1 then (29) applied with � = �� yields Ex;x0 ;0 �Mn+1jFZn � ���1� Mn. Hen
e, Ex;x0 ;0 [Mn℄ � ��n� Ex;x0 ;0 [M0℄ = ��n� U�(x; x0):Otherwise, 
hoose � su
h that � (1� �) fsup�RU�gln�= ln�� = 1 that is � := ��� ; thenEx;x0 ;0 [Mn℄ � ���n� Ex;x0 ;0 [M0℄ = ���n� U �� (x; x0):(ii) Set C 0 := (1� �) sup�RU� � ��1� ; as � < 1 then C 0 > 0 and by applying (29) with � = ��,Ex;x0 ;0 [Mn+1℄ � ��1� Ex;x0 ;0 [Mn℄+C 0 Px;x0;0 (Zn 2 �� f0g) � ��1� Ex;x0 ;0 [Mn℄+C0 Px;x0;0 (T > n) ;where Mn := U�(Xn; X 0n)1Idn=0. Using the �rst assertion with � = 1Ex;x0 ;0 [Mn+1℄ � ��1� Ex;x0 ;0 [Mn℄ + C 0 ���n� U �� (x; x0);andEx;x0 ;0 [Mn℄ � ��n� U�(x; x0) + C 0 n�1Xk=0 ��k� ���(n�1�k)� U �� (x; x0)� ��n� U�(x; x0) + ���n� ���C 0 (1� ���1� )�1 U �� (x; x0):Hen
e, Ex;x0 ;0 [U�� (Xn; X 0n)1Idn=0℄ � ���n� U�(x; x0) + C0 ���(n�1)� (1� ���1� )�1 U �� (x; x0)��. Thisyields the desired result upon noting that U� = 1 on �. �



18 GERSENDE FORTTwo extensions of Theorem 10 may be proposed. The �rst one addresses the 
ase when U�is substituted for an upper-bound Û�. The se
ond one deals with the existen
e of a fun
tion Û�satisfying (14) (and thus also verifying Û� � U�).4.3. Two extensions of Theorem 10.4.3.1. First extension. (i) If Û� � U�, (29) may be repla
ed withEx;x0 ;0 �Mn+1jFZn � � ��1Mn + ��1�� (1� �) fsup� RÛ�gln�= ln�� � 1�1I��f0g(Zn):Set �� := minf1;� ln(1 � �)= ln(�� sup�RÛ�)g. If (1 � �)�� sup�RÛ� � 1, i.e. �� = 1, 
hoose� = ��; otherwise, 
hoose � su
h that � (1� �) fsup�RÛ�gln�= ln�� = 1. In both 
ases, � = ����and Ex;x0 ;0[Mn℄ � ����n� Ex;x0 ;0[M0℄ � ����n� Û ��� (x; x0):Hen
e, Px;x0;0 (T > n) � Ex;x0 ;0 �U���� (Xn; X 0n)1Idn=0� � �����n� Û���� (x; x0)whi
h yields Proposition 3(i).(ii) If �� < 1, then �C0 := (1� �) sup�RÛ� � ��1� > 0 and as in the proof of Theorem 10(ii), itis established thatEx;x0 ;0 [Mn+1℄ � ��1� Ex;x0 ;0 [Mn℄ + �C0 ����n� U ��� (x; x0) � ��1� Ex;x0 ;0 [Mn℄ + �C0 ����n� Û ��� (x; x0)where Mn := U�(Xn; X 0n)1Idn=0. Thus,Ex;x0 ;0 �U�(Xn; X 0n)1Idn=0� � ��n� Û�(x; x0)+����n� �(1� �) �� sup� RÛ� � 1� (�1���� �1)�1 Û ��� (x; x0);whi
h yields (23).4.3.2. Se
ond extension. (i) If Û� � U� and Û� 
he
ks the drift 
ondition (14) then the proofof Theorem 10 may be altered by setting Mn := fÛ�(Xn; X 0n)gln�= ln�� 1Idn=0. By applying thedrift inequality outside �Ex;x0 ;0 �Mn+1jFZn � 1I�
�f0g(Zn) � ��1Mn1I�
�f0g(Zn);and Ex;x0 ;0 �Mn+1jFZn � 1I��f0g(Zn) � (1� �) fRÛ�(Xn; X 0n)gln�= ln�� 1I��f0g(Zn):



COMPUTABLE BOUNDS FOR V -GEOMETRIC ERGODICITY OF MARKOV TRANSITION KERNELS 19(29) is thus repla
ed withEx;x0 ;0 �Mn+1jFZn � � ��1Mn+��1�� (1��) fsup� RÛ�=Û�gln�= ln���1�fÛ�(Xn; X 0n)gln�= ln��1I��f0g(Zn):Set �̂ := minf1;� ln(1� �)= ln[�� sup�RÛ�=Û�℄g. As in the proof of Theorem 10, by 
hoosing� = ��̂� , Ex;x0 ;0 [Mn℄ � ���̂n� Û �̂� (x; x0). Hen
e,Px;x0;0 (T > n) � Ex;x0 ;0 hÛ��̂� (Xn; X 0n)1Idn=0i � ����̂n� Û��̂� (x; x0);whi
h yields Proposition 3(ii).(ii) If �̂ < 1, then Ĉ0 := sup� Û� �(1� �) sup�fRÛ�=Û� � ��1� g� > 0. As above, it is easilyseen thatEx;x0 ;0 hÛ�(Xn; X 0n)1Idn=0i � ��1� Ex;x0 ;0 hÛ�(Xn�1; X 0n�1)1Idn�1=0i + ���̂n� Ĉ 0 Û �̂� (x; x0);whi
h yields Proposition 7.4.4. Proof of Proposition 2. Let (x; x0) 2 �
 \ fV <1g2.I(x; x0) := 2 Z P (x; dy)P (x0; dy0)Û�(y; y0)� PV (x) + PV (x0) � � �V (x) + V (x0)�+ b �1IC(x) + 1IC(x0)� :As (x; x0) 2 �
, x 2 C implies x0 2 D
 and x0 2 C implies x 2 D
. ThenI(x; x0) �V (x) + V (x0)��1 � �+b�1IC�D
(x; x0)= �V (x) + V (x0)�+ 1ID
�C(x; x0)= �V (x) + V (x0)�	 :As V (x) + V (x0) � infC V + infD
 V on (C �D
) [ (D
 � C), thenI(x; x0) � ��1� �V (x) + V (x0)� ; (x; x0) 2 �
 \ fV <1g2:This remains true on �
, 
onsequently (P 
 P )Û� � ��1Û� on �
.This inequality shows that the hitting-time � is �nite Px;x0-a.s. for all (x; x0) 2 �
 \ fV <1g2 (Meyn and Tweedie, 1993, Proposition 11.3.2.). On �, Û� = U� = 1 and on �
,Û�(x; x0) � �� Z�(P 
 P )(x; x0; dy � dy0)� 1 + �� Z�
(P 
 P )(x; x0; dy � dy0)Û�(y; y0)� ��Px;x0(� = 1) + �2� Z�
(P 
 P )(x; x0; dy� dy0) (P 
 P )Û�(y; y0):By pro
eeding iteratively, for all n � 1,Û�(x; x0) � nXk=1 �k�Px;x0 (� = k)!n U�(x; x0);



20 GERSENDE FORTfor all (x; x0) 2 �
 \ fV <1g2, and therefore on �
.5. Proofs: Case m > 1Throughout this se
tion, it is assumed that A1 holds for some m > 1.In that 
ase, the fundamental property (9) is not satis�ed for the pro
ess Z de�ned in Se
tion 4.We have to de�ne a 
ompanion pro
ess ~Z := f ~Zng, whi
h is no longer Markovian but for whi
hthe property holds. The algorithm, also des
ribed in Fort and Moulines (2002), is in
luded herefor the sake of 
ompleteness.5.1. Constru
tion of a 
ompanion pro
ess. Let fZng be the extended pro
ess de�ned asin Se
tion 4.1. In words, the use of the residual kernel introdu
es a jump of size (m� 1) on thetime-s
ale implying a kind of time distortion that has to be 
orre
ted.Set zm1:m2 := (zm1 ; � � � ; zm2) with the 
onvention that zm1:m2 = ; if m1 > m2. Set Q0 := 0 and~Z0 := Z0. Do re
ursively(1) if dn = 0,(i) if (Xn; X 0n) =2 �, set Qn+1 := Qn + 1 and ~ZQn+1 := Zn+1.(ii) if (Xn; X 0n) 2 �, set Qn+1 := Qn + m and ~ZQn+1 := Zn+1. Sample f ~XQn+kg, fork 2 f1; � � � ; (m�1)g from the distribution of P (�1 2 :; � � � ;�m�1 2 :j�m = Xn+1;�0 =Xn); sample similarly and independently f ~X 0Qn+kg, k 2 f1; � � � ; (m� 1)g . Finally, set~dQn+k := ~dQn , k 2 f1; � � � ; (m� 1)g.(2) if dn = 1, set Qn+1 := Qn + 1 and ~ZQn+1 := Zn+1.In words, every time Z 2 � � f0g, a gap of size (m � 1) is inserted and �lled in 
onditionallyindependently from the 
onditional distribution of the Markov 
hain given the initial and �nalvalues. De�ne the 
oupling-time T by T := inffn � m; ~dn = 0g. Thenk�Pn � �0PnkTV � 2 ~P�;�0;0 (T > n) (30)and for any positive fun
tion V ,k�Pn � �0PnkV � ~E�;�0 ;0 h1IT>nfV ( ~Xn) + V ( ~X 0n)gi ; (31)



COMPUTABLE BOUNDS FOR V -GEOMETRIC ERGODICITY OF MARKOV TRANSITION KERNELS 21where ~Px;x0;0 (resp. ~Ex;x0 ;0) denotes the probability (resp. expe
tation) on the 
anoni
al spa
easso
iated to the pro
ess ~Z, given that ~Z0 = (x; x0; 0). When m > 1, the tails of the 
oupling-time T are 
losely related to the tails of some "
onstru
tive" hitting-time on �� f0g. Be
auseof the inserted samples, if ~Zn 2 ��f0g, this does not imply that with probability �, time n+mis the 
oupling time. The hitting-times of interest are given by T 0j := Tj + j(m � 1) (so thatT 00 = T0), and in order to distinguish these 
onstru
tive random times, we introdu
e a random
ounter 
n that 
ounts at time n, the elapsed time from the last random time T 0j. Set T 0�1 := �mand de�ne a F ~Zn -adapted pro
ess f
ng by
n := j if T 0k � T 0k + j = n < T 0k+1 for some k � �1;so that for any n � 0, 
n = 0 i� n = T 0k for some k � 0. The 
oupling-time T is thus related tothe hitting-time on the set �� f0g � f0g of the Z �Z+-valued pro
ess f �Zn := ( ~Zn; 
n)g.5.2. A fundamental result. De�ne for n � m� 1,U�( �Zn+1�m:n) := �m�1� U�( ~Xn; ~X 0n) (1I
n=0 + 1I
n�m) + m�1Xk=1 �m�1�k� U�( ~Xn�k ; ~X 0n�k) 1I
n=k;whi
h in words, 
an be interpreted as the geometri
al moment of the hitting-time on X 2 �f0; 1g�fm�1g for the pro
ess �Z with initial value �Zn; remind that on f
n = kg, 0 � k � m�1,( ~Xn�k ; ~X 0n�k) 2 � and U�( ~Xn�k; ~X 0n�k) = 1.Theorem 11. Assume A1, A3. For all n � m� 1,(i) and any 0 � � � 1,~Px;x0;0 (T > n) � ~Ex;x0 ;0 hU��� ( �Zn+1�m:n)1I ~dn=0i � ����n� ���(m�1)� U��� (x; x0):(ii) and if � < 1, for any 0 � � � 1,~Ex;x0 ;0 hU��( �Zn+1�m:n)1I ~dn=0i � ���n� �m�1� U�(x; x0) + ���n� ��(m�1)� C1(U�; �) U �� (x; x0)�� ;where U�, � and C1 are given by (6), (13) and (21).Proof. (i) For all 1 � � � ��, 0 � � � 1, n � m� 1,~Px;x0;0(T > n) = ~Px;x0;0( ~dn = 0) � ~Ex;x0 ;0 [M�n ℄ � ~Ex;x0 ;0 [Mn℄� ;



22 GERSENDE FORTwhere Mn := fU�( �Zn+1�m:n)gln�= ln��1I~dn=0. For n � m� 1,~Ex;x0 ;0 [Mn+11I
n=m�1℄ = ~Ex;x0 ;0 �Mn+11I
n=m�1;
n+12f0;mg�= �m�1~Ex;x0 ;0 h1I ~dn+1=0fU�( ~Xn+1; ~X 0n+1)ln�= ln��g1I
n+1�m=0i= �m�1~Ex;x0 ;0 h1I ~dn+1�m=0;
n+1�m=0 ~Ex;x0 ;0 hfU�( ~Xn+1; ~X 0n+1)gln�= ln�� jF ~Zn+1�mii= �m�1 ~Ex;x0 ;0 h1I ~dn+1�m=0;
n+1�m=0(1� �) fRU�( ~Xn+1�m; ~X 0n+1�m)ln�= ln��gi� ~Ex;x0 ;0 h1I ~dn=0;
n=m�1(1� �) �m�1 fRU�( ~Xn+1�m; ~X 0n+1�m)gln�= ln��i : (32)Similarly, upon noting that on f
n � mg, ( ~Xn; ~X 0n) =2 �,~Ex;x0 ;0 [Mn+11I
n�m℄ = ~Ex;x0 ;0 �Mn+11I
n�m;
n+12f0;mg�= ~Ex;x0 ;0 h1I ~dn=0;
n�m~Ex;x0 ;0 h�m�1 fU�( ~Xn+1; ~X 0n+1)gln�= ln�� jF ~Zn ii� ��1 ~Ex;x0 ;0 h1I ~dn=0;
n�m �m�1 fU�( ~Xn; ~X 0n)gln�= ln��i = ��1~Ex;x0 ;0 [Mn1I
n�m℄ : (33)For k 2 f0; � � � ; m� 2g,~Ex;x0 ;0 [Mn+11I
n=k ℄ = ~Ex;x0 ;0 �Mn+11I
n=k;
n+1=k+1�= ~Ex;x0 ;0 h1I ~dn+1=0;
n=k�m�1�(k+1)fU�( ~Xn+1�(k+1); ~X 0n+1�(k+1))gln�= ln��i= ��1~Ex;x0 ;0 h1I ~dn=0;
n=k�m�1�kfU�( ~Xn�k ; ~X 0n�k)gln�= ln��i = ��1~Ex;x0 ;0 [Mn1I
n=k ℄ : (34)From (32) to (34), for all n � m� 1,~Ex;x0 ;0 [Mn+1℄ � ��1~Ex;x0 ;0 [Mn℄ + ��1~Ex;x0 ;0 h1I ~dn=0;
n+1�m=0�n+1i (35)where, upon noting that �U�( ~Xn+1�m; ~X 0n+1�m) = 1 on f
n+1�m = 0g,�n+1 := (1� �) �mfRU�( ~Xn+1�m; ~X 0n+1�m)gln�= ln�� � U�( ~Xn+1�m; ~X 0n+1�m)ln�= ln��= (1� �) �mfRU�( ~Xn+1�m; ~X 0n+1�m)gln�= ln�� � 1: (36)For n � m� 1, by 
hoosing � := ��� , �n+1 � 0. Hen
e~Ex;x0 ;0 [Mn℄ � ���n� ��(m�1)� ~Ex;x0 ;0 [Mm�1℄ :We now prove that for � = ��� , ~Ex;x0 ;0 [Mm�1℄ � U �� (x; x0). By 
onstru
tion of the pro
ess ~Z,~Px;x0;0( ~dm�1 = 0) = ~Px;x0;0(
0 = 0) = 1 for all (x; x0). If (x; x0) 2 �, then ~Px;x0;0(
m�1 = m�1) =



COMPUTABLE BOUNDS FOR V -GEOMETRIC ERGODICITY OF MARKOV TRANSITION KERNELS 231 and ~Ex;x0 ;0 [Mm�1℄ = U �� (x; x0) on �. Otherwise,~Ex;x0 ;0 �Mm�11I
m�1 6=m�1� = �m�1~Ex;x0 ;0 h1I
m�2�mfU�( ~Xm�1; ~X 0m�1)gln�= ln��i+ m�3Xk=0 �m�1�(k+1) ~Ex;x0 ;0 h1I
m�2=kfU�( ~Xm�1�(k+1); ~X 0m�1�(k+1))gln�= ln��i� ��1~Ex;x0 ;0 h1I
m�2�m�m�1fU�( ~Xm�2; ~X 0m�2)gln�= ln��i+ ��1 m�3Xk=0 ~Ex;x0 ;0 h1I
m�2=k�m�1�kfU�( ~Xm�2�k; ~X 0m�2�k)gln�= ln��i� ��1 ~Ex;x0 ;0 �Mm�21I
m�1 6=m�1� = ��1 ~Ex;x0 ;0 �Mm�21I
m�2 6=m�2� :By a trivial re
ursion, as � = ���~Ex;x0 ;0 �Mm�11I
m�1 6=m�1� � ���(m�1)� ~Ex;x0 ;0 [M01I
0 6=0℄ = 1I�
(x; x0)U �� (x; x0);upon noting that ~Px;x0;0(
0 2 f0; mg) = 1. Then~Ex;x0 ;0 [Mn℄ � ���n� ��(m�1)� U �� (x; x0): (37)(ii) If � < 1, then C 0 := (1� �)�m�1� sup�RU�� ��1� > 0. Hen
e, by applying (35) with � = ��and upon noting that ��1� �n+1 � C 0,~Ex;x0 ;0 [Mn+1℄ � ��1� ~Ex;x0 ;0 [Mn℄ + C0 ~Px;x0;0 � ~dn = 0; 
n+1�m = 0�where Mn := U�( �Zn+1�m:n)1I ~dn=0. By using the �rst assertion of the Theorem, this yields thatfor all n � m� 1, ~Ex;x0 ;0 [Mn+1℄ � ��1� ~Ex;x0 ;0 [Mn℄ + C0 ~Px;x0;0 (T > n) :As above, it may be proved that ~Ex;x0 ;0 [Mm�1℄ � U�(x; x0). Hen
e,~Ex;x0 ;0 [Mn℄ � ��n+m�1� ~Ex;x0 ;0 [Mm�1℄ + C0 ��(m�1)� n�mXk=0 �k����(n�k�1)� U �� (x; x0);� ��n+m�1� U�(x; x0) + ���(n�1)� C 0 ��(m�1)� �1� ���1� ��1 U �� (x; x0);whi
h yields the desired result. �



24 GERSENDE FORT5.3. Proofs of Theorems 1 and 6. For any positive fun
tion V , for all 1 � k � m� 1,~Ex;x0 ;0 h1I ~dn=0;
n=kfV ( ~Xn) + V ( ~X 0n)gi = ~Ex;x0 ;0 h1I ~dn=0;
n=kfP kV ( ~Xn�k) + P kV ( ~X 0n�k)gi :Hen
e, upon noting that U�� ( ~Xn�k ; ~X 0n�k) = 1 on f
n = kg for all 0 � � � 1,~Ex;x0 ;0 h1I ~dn=0fV ( ~Xn) + V ( ~X 0n)gi� ��(1�m)� kV (x) + V (x0)kU�� ~Ex;x0 ;0 h�1I ~dn=0;
n=0 + 1I ~dn=0;
n�m���(m�1)� U�� ( ~Xn; ~X 0n)i+ ��(1�m)� m�1Xk=1 ��k� sup� fP kV (x) + P kV (x0)g~Ex;x0 ;0 h1I ~dn=0;
n=k��(m�1�k)� U�� ( ~Xn�k; ~X 0n�k)i(38)and ~Ex;x0 ;0 h1I ~dn=0fV ( ~Xn) + V ( ~X 0n)gi � ��(1�m)� C2(V; �) ~Ex;x0 ;0 hU��( �Zn+1�m:n)1I ~dn=0i :where C2 is given by (22).If V = 1, by 
hoosing � = � ,kPn(x; �)� Pn(x0; �)kTV � ��(1�m)� �2 _ 2��(m�1)� � ~Ex;x0 ;0 hU��( �Zn+1�m:n)1I ~dn=0i ;and by Theorem 11(i), kPn(x; �) � Pn(x0; �)kTV � 2���n� ��(m�1)� U �� (x; x0). This establishesTheorem 1.For any fun
tion V ,kPn(x; �)� Pn(x0; �)kV � ��(1�m)� C2(V; �) ~Ex;x0 ;0 hU��( �Zn+1�m:n)1I~dn=0iIf � = 1, by Theorem 11(i), kPn(x; �) � Pn(x0; �)kV � ���n� C2(V; �) U�� (x; x0); if � < 1, byTheorem 11(ii),kPn(x; �)� Pn(x0; �)kV � C2(V; �)���n� U�(x; x0) + ���n� �(��1)(m�1)� C1(U�; �) U �� (x; x0)�� :Theorem 6 results from these inequalities.Remark 12. The upper bound given in Theorem 1 
an be improved when the whole state spa
eis small.By the 
ontra
tion property, for all k � n, kPn(x; �)�Pn(x0; �)kTV � kPn�k(x; �)�Pn�k(x0; �)kTV.If the state spa
e is �m-small, this implies that (a)kPn(x; �)� Pn(x0; �)kTV � kP bn=m
m(x; �)� P bn=m
m(x0; �)kTV;
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qm = 0) = 1 for all q 2 Z+, and for all (x; x0). Hen
e, in the above 
al
ulations(38) applied with V = 1 and n = qm, the 
ases f
qm = kg for k 2 f1; � � � ; m � 1g have to beomitted. This implies thatkPn(x; �)� Pn(x0; �)kTV � kP bn=m
m(x; �)� P bn=m
m(x0; �)kTV� 2��(1�m)� ~Ex;x0 ;0 hU��( �Zbn=m
m+1�m:bn=m
m)1I ~dbn=m
m=0i� 2��(1�m)� ���bn=m
m� ��(m�1)� U �� (x; x0)� 2 ���bn=m
m� :5.4. Two extensions of Theorem 11.5.4.1. First extension. If there exists Û� � U�, then U� may be substituted for Û� in (36) and(37). In that 
ase, � has to be repla
ed by �� , de�ned by (17). This yields Proposition 3(i).The proof of Theorem 11(ii) may be easily modi�ed (the modi�
ation is on the same line as inSe
tion 4.3.1 and the details are omitted). Then~Ex;x0 ;0 hU�( ~Xn; ~X 0n)1I ~dn=0i � ��(n+1�m)� Û�(x; x0)+ �C0 ���(m�1)� ����(n�1)� �1� ����1� ��1 Û ��� (x; x0);where �C 0 := �(1� �)�m�1� sup�RÛ� � ��1� � > 0. The dis
ussion of Se
tion 5.3 extends easily,and this yields Eq.(23).5.4.2. Se
ond extension. If Û� � U� and Û� 
he
ks the drift 
ondition (14), the proof of Theo-rem 11(i) may be altered by substituting U� for Û� in the de�nition of U�. Therefore,~Ex;x0 ;0 hÛ�̂�( �Zn+1�m:n)1I~dn=0i � ���̂n� �(m�1)�̂� Û �̂� (x; x0);where �̂ is given by (18) andÛ�( �Zn+1�m:n) := �m�1� Û�( ~Xn; ~X 0n) (1I
n=0 + 1I
n�m) + m�1Xk=1 �m�1�k� Û�( ~Xn�k ; ~X 0n�k) 1I
n=k:This yields Proposition 3(ii). Theorem 11(ii) gets into~Ex;x0 ;0 hÛ�( ~Xn; ~X 0n)1I ~dn=0i � ��n+m�1� Û�(x; x0)+ Ĉ0 ��̂(m�1)� ���̂(n�1)� �1� ��̂�1� ��1 Û �̂� (x; x0);where Ĉ 0 := (sup� Û�) �(1� �)�m�1� sup�fRÛ�=Û�g � ��1� � > 0.The dis
ussion of Se
tion 5.3 extends easily, and this yields Proposition 7.
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