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SUMMARY

This paper discusses quantitative bounds for the fluctuations of the n-step transition law of a
Markov kernel P on a general state space ||P™(xz,-) — P"(z',)||. The fluctuations are succes-
sively measured in total variation norm and in V-norm. The basic assumptions are couched
in terms of (a) a minorization condition on some m-iterated of the kernel (m > 1), and (b) a
Foster-Lyapunov drift condition on the (one-iterated) kernel P, which are conditions implying

a geometrical decay, in n, of the fluctuations.
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1. INTRODUCTION

We consider a Markov chain ® = (Q, A, F,,, {¢.}, P.) on a general state space A" endowed
with a countably generated o-field B(X'). Let P be the transition kernel and denote by P"(z, )
its n-step transition law, P"(z,-) := P (¢, € :|¢o = ). For some probability distribution A and
some positive measurable function f, we denote by AP" f the conditional expectation of f(®,)

given the initial distribution A

AP f = / Ndz) P™(z, dy) f(y);

the notation P f(z) stands for 6, P" f. We assume throughout the paper that P is ¢-irreducible
and aperiodic (see Meyn and Tweedie (1993) for relevant definitions on Markov chains). Our

aim is to give an explicit upper-bound B for the fluctuations of the iterated of P i.e.

1P (2, ) = P"(2', )|l < Bw,a'sn), (1)
where || - || will be successively the total variation norm and the V-norm. Remind that the total
variation norm of a signed measure pu is given by

p(A)— inf p(A)=sup |u(f)],

lpllTy == sup
AeB(X) AeB(Y) {£lF1<1}

and for a positive measurable function V| the V-norm
lullv == sup [u(f)l,
{1515V}

so that ||¢|l1 = ||g|lrv. Markov chains are widely used in statistics and this necessitates ex-
plicit control of the convergence. For example, the bound (1) yields quantitative control for
V-ergodicity of the Markov chains and thus is of practical interest to monitor convergence
of Markov Chain Monte Carlo samplers. We improve and extend earlier results for control
in total variation norm and in V-norm (Baxendale (1993); Fort (2001); Kolassa (2000); Lund
and Tweedie (1996); Mengersen and Tweedie (1996); Meyn and Tweedie (1994); Roberts and
Tweedie (1999); Rosenthal (1995, 2002)). To that goal, we formulate basic assumptions, couched
in terms of a minorization condition on some m-iterated kernel, coupled with a drift condition
on the one-iterated kernel. For the control in total variation norm and in V-norm, we give the
expression of a rate 5 > 1 such that limsup, 5" B(z,z';n) < oo, expression in terms of the
constants appearing in the minorization condition and in the drift condition. This rate improves
previous ones and coincides with the rate exhibited in Rosenthal (2002) in a contemporaneous

work restricted to the control of the fluctuations (1) in total variation norm.
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For countable Markov chain, the basic condition involved for such a scope is the existence of a
state a such that > B"F,(r, > n) is finite, where 7, is the return-time to {a}, 7, := inf{n >
1, ¢, = a}. For general Markov chain, the corresponding condition has to be satisfied for some
Vm-small set C' € B(X) i.e. a set such that there exist a positive integer m, a constant ¢ > 0

and a probability distribution v, and
Ve e O, P (z,-) > evp(4). (2)

It is well-known that if there exists a small set C' which is a Kendall set i.e. sup,co Ey [£7¢] < 00

for some x > 1, then there exist some constants § > 1 and R < oo such that

Y BIP () = Pl < B (e [579) + Bur [57)). (3)

For controlin V-norm, the small set has to be a V-Kendall set i.e. sup,.cq E; { et I{kV((I)k)} <

oo for some x > 1. In that case,

Zﬁnupn(x, J=P"@' )|lv <R {El, [Cz_: KV (@) | + By Cz_: KAV (@) } .4
n k=0 k=0

for some constants 3 > 1 and R < oo (Nummelin and Tuominen, 1982; Meyn and Tweedie,
1993, Theorem 15.0.1.). In this contribution, the rate 8 and the upper bound are explicitly
expressed, and we will see that the given bound is closely related to the modulated moment as
in (3) and (4). Most of earlier works on the computation of the bound B in (1) are based on

the coupling construction, and we do in this manner. We assume throughout this paper that

A1 there exist some measurable set C' C D of B(X'), a positive integer m, a constant ¢ > 0

and a transition kernel ¥ on X' x A to A such that
V(z,2') € A, Pz, ) ANP™(a',) > e V(w,x'; ) ,

where A := (C'x D) U (D x C).

For example, one may choose
arm (xv ) m
v(z,a'; A) x /A {W/\ 1} P (2!, dy),
where dP™ (z,-)/dP™(2',-) denotes the derivative of the absolutely continuous part of P™(z,-)
w.r.t. P™(2’,-); in that case, assumption Al is known in the literature as the local Doeblin

condition. It generalizes the v,,-smallness assumption. Small sets always exist for i-irreducible
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Markov kernel so that assumption Al is always verified with a v,,-small set C' and A :=C x C.

This assumption allows the definition of a residual kernel R on X' x X' to X' x X,

m _ ' 3 m n o ' Lo gt
R(x,x';dyx dy’) :: (P (z,dy) e]IA(w,x)l/(w,x,dy)) (P (z,dy’) — ellp(z, 2 )v(z, 2 ,dy))‘

1 —1a(z,z’)e 1—1a(z,z’)e 5

For a function U on X%, set RU(z,2") := [ R(x,2";dyxdy’)U(y,y’). The geometrical decreasing
rate of the fluctuations, measured either in total variation norm or in V-norm, is related to the
geometrical decreasing rate of the tails of some random-time T, that in words is defined as
follows. Let ¢ be the hitting-time on A of two independent copies of a Markov chain with

transition kernel PP. Define

U*(wil) = By g (3] Bu > 1, (6)

some geometrical moment for the associated canonical probability given the process starts from
(x,2). (a) Run two independent copies (¢, ¢)) of the Markov chain, with initial value (z,2),
till & when they enter the set A. (b) With probability €, set T':= m + o and otherwise, that is
with probability 1 — € run two independent copies with initial distribution R(¢,, ¢.;-) till they
enter the set A. Repeat step (b) until a successful Bernoulli trial. Roughly speaking, as the
use of the residual kernel introduces a gap of size m, T = m + T’ where T" is defined as the
combination of (a) a hitting-time on A of two independent copies of a Markov chain with kernel
P and initial distribution R(z,2’;-) for some (z,2') € A and (b) a successful Bernoulli trial with
parameter ¢, independent of the Markov chains. This description stresses that the tails of T
(and thus the upper bound B) are geometrically decreasing at a rate S, depending on € and
B supa RU.. We will see that while the rate does not depend upon the norm, the "maximal”
control function V is related to the moment U,. This first result is of theoretical interest except
when U, can be computed in closed form. Nevertheless, we verify that a similar conclusion holds
by substituting U, for an upper-estimate U, > U,. It is well-known that any function U > 1
solving the drift condition P @ P(U) < B7'U on A is a candidate for U,. From a practical
point of view, one would prefer to solve a drift condition for the kernel P. We establish that

condition A2 enables the construction of such a function U*
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A2 there exist a measurable function V' > 1 and some positive constants A < 1, b < oo such

that supp P"V < oo and

PV <AV + bllg (7)

Boli= A4 {igfv+ig§V}—1 < 1. (8)

Observe that by iterating (7), supp P"V < oo if supp V' < oco. The inequality (7) is known
in the literature as the Foster-Lyapunov drift condition. If (7) holds for some set C' then it
still holds for some D D C', (X, b) remaining unchanged. If C'is small and V' goes to infinity
outside C', then the set D satisfying (8) may be chosen as a level set of V' and thus inherits of

the smallness property. This discussion evidences that

if there exist a small set €', a measurable function V > 1 that goes to infinity outside C
and some constants A < 1, b < oo such that PV < AV + b, then there exists a small
set D D C' such that A1-2 are verified.

In the literature, explicit control of the fluctuations in total-variation norm are derived under a
minorization condition and a drift condition both on the original kernel P. The work by Meyn
and Tweedie (1994) for control in V-norm is developed under the same set assumptions. This is
a restrictive framework as in many applications, one is able to establish the drift condition A2
for some set D, which is v,-small, m > 1. In that case, it is basically suggested to consider the
m-skeleton () = P, the one-step of which satisfies a minorization condition on D. This yields
a control of the fluctuations for the initial kernel P upon noting that P"* = Qlr/mlm o Qf for
some 0 <! < m — 1, where |r] is the largest integer that does not exceed r. Nevertheless, this
approach leads to cumbersome computations (see e.g. (Fort, 2001, Chapter 3)), and it is quite
difficult to give an explicit expression of the bound in terms of the quantities appearing in Al
and A2. For these reasons, we think that our ”un-coupled” assumptions are of interest since the
present method provides an alternative to a method that has never been carried out.

In Sections 2.1 and 2.2, we set out the obtained result. Section 2.1 is devoted to the control
of the fluctuations (1) in total variation norm. To our best knowledge, very few is known on
explicit computations of a bound for the fluctuations (1) in V-norm, the only results available in
this direction are in Meyn and Tweedie (1994) and Fort (2001). In Section 2.2, we extend and
improve these previous contributions. Examples are worked out in Section 3. The proofs are

postponed in Section 4 and 5. As mentioned above, they rely on the coupling method, which
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consists in defining a process Z = (Q, A, ]—'nZ, {Z, = (X,, X!, dn)}7 ]13’1,795/72') on Z := A xXx{0,1}
such that

IF”xx/Z()N(n €)= P"(z,-) IF”xx/Z()N(fl €)= P a',"), (9)
and for some coupling time 7T, Xn]ITSn = Xé]lTSn. When m = 1, our approach is nothing
else that the Nummelin’s splitting (see Nummelin (1978)). For m > 1, we propose an unusual
construction which is adapted from the procedure in Kalashnikov (1994) initially proposed to
embed the original Markov process in a regenerative one. This approach differs from the usually

suggested sub-sampling technique. In Section 4, we address the case when Al is verified with

m = 1. The case m > 1 is more technical and is presented in Section 5.

2. STATEMENTS OF THE RESULTS

2.1. Rate of convergence in total variation norm. Let 3, be the largest value such that
E, o [87] < 0o at least at some point in A°. Then the fluctuations ||P"(x,-) — P*(2,-)||7v are
geometrically decreasing with rate 5. whenever (1 — €)57 sup, RU. < 1. Otherwise the largest

rate that can be achieved is given by the solution to

1 <8< By and (1—¢) p™ sup /R(ac, a'sdy x dy'\E, . [37] = 1. (10)
(z,z')EA

When the state space is v,,-small i.e. (2) holds with C' := X, then ¢ = 0 w.p.1 and the maximal
rate is B, such that 1 = (1 —€)87 i.e. By := (1 —€)~"/™. We establish in Section 5.3 Remark 12

that in that case,
V(z,2') [P, — P2, )|rv <2 (1—al™ n>m—1,

which is a well-known result (Meyn and Tweedie, 1993, Theorem 16.0.2.).
By using the Jensen’s inequality, the solution of (10) may be approximated and lower-bounded

by 8 such that
1< B8 <B. and (1 —¢) {87 sup RU, W8/ Bx — 7 (11)
A

This yields the following theorem, proved in Section 4.2 for m = 1 and Section 5.3 for m > 1.

Theorem 1. Assume A1. Assume in addition that

A3 there exists B > 1 such that sup RU. < 0.
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For any (x,2') such that Ug(z,2") < oo and any 0 < a < 1,
1P (2,) = P (2, Yty < 2 2o g7 02T (@ 0y, w>m— 1, (12)

where

7 :=min{l; —In(1 —€)/ In[8 szp RU.]}. (13)

When applied with o« = 1, Theorem 1 asserts that
sup " ||P"(2,) = P (@ ey < 2 57T UZ(a, o),

If ¢ = 0, the probability that some hitting-time on A and a successful Bernoulli trial would
coincide goes to zero. The tails of the random-time T' get heavier and thus the obtained rate of
convergence degenerates (1 — 0 and 8] — 1). In that case, the right-hand side of (12) tends to
2 and inequality (12) is trivial. Conversely, if € — 1, it is very likely that the first hitting-time
on A and the successful Bernoulli trial would coincide. In that case, 7 — 1 and the obtained
rate is O,.

The dependence upon the initial value is "collected” in U,; it is indeed related to the first time
two independent copies of the Markov kernel P reach the set A. Observe that the greater the
rate, the stronger the dependence upon the initial value. Finally, Theorem 1 implies that for
any 1< 8 < 67,

S B IP (@) = P ey <2 8107 (1= 88777 UL (e, 2.

n

The same radius of convergence is obtained in (Fort, 2001, Proposition 4.17) under the same
assumptions Al and A2.

In many applications, U, can not be computed in closed form. Nevertheless, if there exists
U, > U,, then the above conclusion still holds with U, replaced by U,. Two methods are
proposed to obtain such an upper-estimate U, both based on a Foster-Lyapunov drift condition.

It is well-known that the minimal pointwise solution to
[ Pl P an)Uny) < 570G (o) € A U>1 on A, (14)

is E, o [B7] (see e.g. (Meyn and Tweedie, 1993, Chapter 15); a proof is also given in Section 4.4
for the sake of completeness). Any function U solving (14) is a candidate for U.. When the
expression of P ® P is complex, one may prefer to verify assumption A2, couched in terms

of a drift condition on the one-iterated kernel P. In that case, we prove in Section 4.4 that

Udz,z') ~ (V(z)+ V(a"))/2.
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Proposition 2. Assume A1-2. Then the function
(V(2) + V(") (15)
verifies the conditions (1) and U, > U,.

Theorem 1 extends as follows. The proof is given in Section 4.3 for m = 1 and in Section 5.4

for m > 1.

Proposition 3. Assume A1, A3.

(i) For any function U, > U, such that sup, RU, < oo and any 0 < o < 1,
HPn($7 ) - Pn(xlv ')HTV < 2 ﬁ*—oﬁ'n 53?(m_1) ﬁ*om"($7$/)7 n>m-— 17 (16)
where
7 :=min{1; — In(1 — ¢)/ In[87 sup RU,]}. (17)
A
(ii) If in addition U, solves the drift condition (14) then (16) holds with 7 replaced by

7 :=min{l; —In(1 — €)/ In[8" sip RU,/U.}. (18)

From Propositions 2 and 3, we are able to derive under the assumptions A1-2, an upper bound

for the fluctuations (1) in total variation norm. Define

Ji= s (V@) + V)T [ Rleasdydy) (V) + V) (19
(z,z')EA

Then,

2(1—¢)J< sup [(PmV(ac) + PV (2')) - 26/V(967w’;dy)‘/(y)] ,
(z,z')EA

J<(1-e™" sup [(P"V(x)+P"V(a")/2-¢],
(z,z')EA

and J is finite since supp PV is finite. Hence,

Corollary 4. Assume A1-2. For any (z,2') € {V < 00}?, any 0 <a <1, andn > m — 1,
I ) = P&y <207 g g7 (V) 1 v )

where 7 := min{1; — In(1 — €)/ In[7*J]}-
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Corollary 4 corroborates (and improves) assertion (3). It is known that the minimal pointwise
solution to the drift inequality (7) is the function E, [A™7¢] where o¢ :=inf{n > 0,9, € C'} is
the hitting-time on C' of a chain with kernel P. In addition, any solution V' to the drift condition
is equivalent to the minimal one (Meyn and Tweedie, 1993, Theorem 15.0.1.) i.e. there exist
constants c¢g, ¢y such that

coV(z) < By [B79] < eV (2).

Hence, the set of assumptions A1-2 is similar to the assumption that there exists a Kendall small
set, and the dependence upon the initial value exhibited in the Corollary is equivalent to the
dependence given in (3).

When A2 holds with C' = D and C'is a vq-small set, Roberts and Tweedie (1999, 2001) gives

an explicit expression of a bound B(x,z’; 8) and a rate Sgr such that
limsup " ||P"(z,-) — P*(2,)||tv < B(=z,2; 8) < o0,

for all B < Brr, where Srr coincides with 37 given in Corollary 4. They establish (Roberts
and Tweedie, 1999, Theorem 3.1.) that the rate Spr improves previous rates due to Meyn and
Tweedie (1994); Rosenthal (1995). Corollary 4 claims that this maximal rate can be achieved.
When 7 = 1, a similar assertion can be deduced from a recent work by (Rosenthal, 2002,
Theorem 1); under a minorization condition on the original chain P and the assumption that
there exists a function h that solves (14), it is proved that if 7 = 1, then lim sup,, 5Z||P"(x,-) —
P, )|ty < B(z, 2') for some explicitly defined function B(z,2’). In all of these contributions,
the computation of the bound is in two steps, similar to those of the present work. First, a bound
is derived under the assumption that there exists a solution U, to the drift condition (14) outside
a set C' x ' where C' has to be a vy-small set for P. The second step is to compute U, from
a solution V' to the drift condition (7) on the original chain P; this is done by assuming that
supe V is sufficiently large (see e.g. (Roberts and Tweedie, 1999, Eq.(49)) or (Rosenthal, 1995,
Theorem 12)). When this condition is violated, it is suggested to increase ' which may be no
longer vi-small; the stated result can not be directly applied and the calculations have to be
adapted in a non-trivial way. To our best knowledge, these extensions have never been carried
out. The present work is thus an alternative since the sets C, D are allowed to be v,,-small,
m > 1. A numerical illustration is developed in Section 3.1.

While derived under weaker conditions, the rate Sk computed in Kolassa (2000) also suffers
from that smallness condition. Nevertheless, when available, Sk may in some cases improve Srr

and thus 7. This is numerically illustrated in Section 3.1.
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Remark 5. Computable bounds for geometrical ergodicity As V is finite at some point and P is -
irreducible, the drift condition (7) implies that the set {V < oo} is absorbing and thus V' is finite
¥ a.e. (Meyn and Tweedie, 1993, Proposition 4.2.3.). If there exists an invariant probability
measure 7 for the kernel P such that 7(V7) < oo then ¢ < 7 and #({V < oo}) = 1 (Meyn
and Tweedie, 1993, Proposition 10.1.2.). For example, when (7) holds for some v,,,-small set C,
then the chain is positive-recurrent with invariant probability measure 7 such that #(V) < oo
(Meyn and Tweedie, 1993, Theorem 14.0.1.). We thus deduce from Corollary 4 applied with
o = 1 that for n > m — 1,

7

forman v, [P(a) = wClly <27 500 B0 i) (V) + V) <,
(20)

where 7 is given in Corollary 4.

2.2. Rate of convergence in V-norm. Let V| f be real-valued functions on X. Define the

V-norm of a (signed) function f by
ISl = sup \é\ .

Let . be the largest value such that E, ,/[37] < co. If (1 —¢€)57 supy RU, < 1, the fluctuations
|[P™(x,-)—P™(z',-)||v are geometrically decreasing with rate 5, where V' is any positive function

such that
IV (z) + V(2")||u, < oo, and sup sup {PkV(x) + PkV(x')} < 00.

ke{l,--,;m—-1} (z,z')EA
If m = 1, the condition gets into ||V (z) + V(2')||r, < oo. If (1 —€)B7 supp RU, > 1, B, have to
be substituted for 3,y defined as solving

1 <8< By and (1—¢) 8™ sup /R(x,x’;dy x dy"\E, . [87] = 1.
(z,z')EA

By the Jensen’s inequality, fop¢ is lower-bounded by 3 satisfying (11). This yields Theorem 6
proved in Section 4.2 for m = 1 and in Section 5.3 for m > 1. For a function U on A'? and

€ [0, 1], define

Cl(U, 1) = 07

if r <1, C1(U,7) :=suplU ((1 —¢) B sup{RU/U} — 1) ( = _ 1)_1.
A A

(21)
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Theorem 6. Assume A1, A3. Let V be a positive function such that C2(V,1) < oo where
Covia) =sup (V@) +VE)log: sup sup 8PV (@) + PV()}) <o (22)
1<k<m—1 (z,@')EA
For all (x,2') such that U.(z,2") < oo, for all 0 < a < 1 such that Cy(V,a) < oo, for all

n>m-—1,
1P () = P )l < Co(Vya) (B2 Uslar,a!) 4+ 527 g 000 (U, 7) UZ(a, o))

where T and Cy are given by (13) and (21).

When applied with o = 1, Theorem 6 claims that the V-norm of the fluctuations (1) is geomet-

rically decreasing with maximal rate 3]
I TP () = PR )y < Co(V, 1) BUTIY (M 4 O (U, )y ) U (2,2
imsup 87" ||[P"* (2, ) (', )y < C2(V, 1) Bs =1+ C1(Us; 7)1y Iz, ).

The rate does not depend upon the norm involved and results from a balance between ¢, m and
the largest geometrical moment U, of the hitting-time o. For a given V-norm, the upper-bound
also stresses that the stronger the rate, the stronger the dependence upon the initial value in
the bound. For example, let 0 < p < 1. Then C3(V,1) < oo implies that C3(V*?, ) < oo for
p < a < 1. By Theorem 6, there exists B < oo such that

limsup B27" || P (2, ) — P™(2',)||lve < R U (2,2") < o0,

for all p < a < 1 and (2,2') such that U.(z,2') < co. A similar balance had already been
observed for explicit control of the fluctuations in V-norm when decreasing at a polynomial rate
(Fort and Moulines (2002)).

If U, can not be computed in closed form but there exists U, > U., it is proved in Section 4.3.1
for m = 1 and in Section 5.4.1 for m > 1 that, under the assumptions of Theorem 6, for any

0<a<l,

1P () = P! )l < Co(Vya) (B2 Outa, )+ 577 070D Gy, 7) 02, 21))
(23)
for 7 and C given by (17) and (22), and C; defined as

Ci(U,1)=0 and if 7 <1, C(U,7) := ((1 —¢) B sup RU — 1) (877 - 1)_1.
A

This result is of minor interest since, in many applications a lower-bound for U, is not available

and thus it is quite difficult to determine a function V such that C3(V, 1) < co. Nevertheless, if
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the upper-bound U, solves the drift condition (14) then Theorem 6 may be modified as follows.
The proof is in Section 4.3.2 for m = 1 and Section 5.4.2 for m > 1.

Proposition 7. Assume Al. Assume in addition that there exists a function U, such that (14)
holds for some B, > 1 and supx RU, < co. LetV be a positive function such that C'Q(V, 1) < o0

where

CaVya) smsup (IIV (@) + V@ )lggs sup  sup AEHPHV (@) + PPV (')} /Ou(a, 2')) < oo
¥ 1<k<m—1 (z,2)EA

For any (x,z'") such that U*(ac,x’) < oo, any 0 < a < 1 such that C'Q(V, a) < oo and any

n>m-—1,
1P () = P! )l < Co(Vya) (B2 Oty a!) 4+ 27 g0 0 €4(00,7) Ul a,a))

where 7 and Cy are given by (18) and (21).

As established in Proposition 2, assumption A2 allows the construction of a function ﬁ*(w, 2’y ~
(V(z) + V(2'))/2 that solves (14). By using A2, PV (z) + PV (2') < 7' (V(z) + V(2')) +
20" A (x, ") where

Wo=0b(1- info V .
infc V +infpe V

By iterating the drift,

kg phk k(o / v Bl
(xiglfl)peAﬁ* PV + PVE@ V) + V) < 1 infe V1 -1

showing that Cy(V, 1) < co. Therefore, set

Ci(1) =0 andif # < 1,C4(7) == sup {V(2)+V(@)} (1-)B™ J —1) ( 17 1)_1,
(z,z')EA

for J given by (19) and,

Cy:=1V sup sup  BE{PV (2) + PPV (2} {V(2) + V (2}
1<k<m—1 (z,z')EA

Corollary 8. Assume A1-2. Let 7 be given in Corollary 4. For all (z,3") € {V < o0}?,

n>m-—1,

1P (2, ) =P (', )|l < C3 [5;n (V@) + Vi) +277607 g0 Cyr) (Viw) + V(x’))%] .
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From the discussion above, 1 < Cy < 14 b/(infe V)7H(B7~! — 1)(1 — g-H) ™! and if m = 1,
Cy=1.
Hence, if m = 1, this asserts that when 1 < —In(1 — €)/In[8./],

limsup 37 ([P (2, ) = P (o, )lv < (V@) + V(")
whereas if 1 > —In(1 —€)/In[g.J] =: T,
lim sup ﬁi—n H]gn(x7 ) _ Pn($/, )HV < 9—7 Cl(f—) (V($> + V(x’))%

Corollary 8 improves previous work by the author, work that gives the expression of a constant

B such that
> BMP (x, ) = P’ )lv < B(x,2'; 8)

for all 8 < B] (Fort, 2001, Theorem 4.20.). It extends results by Meyn and Tweedie (1994) that
successively address the case when the Foster-Lyapunov drift condition holds for some atom and
some vi-small set. The rate given in the present paper has a simple expression in terms of the
constants appearing in the minorization condition and in the drift condition. It also (explicitly)
covers the case when the drift condition holds for P outside a set € which is not necessarily
vi-small.

Finally, Corollary 8 corroborates (and improves) assertion (4). Indeed, if V' solves the drift
condition (7) then for any k < A™1, there exists R < oo such that (Meyn and Tweedie, 1993,
Theorem 15.2.5.)

Tc—l

V(z) <E, [Z KV (®)

k=0

< R V(z).

This shows that (a) our set of conditions and the assumption that there exists a V-Kendall
small-set are similar conditions, and (b) that the dependence upon the initial value exhibited in
the Corollary is equivalent to the dependence given in (4).

Remark 9. Computable bound for V -geometrical ergodicity If there exists an invariant probability
distribution 7 such that #(V7) < oo for 7 given in Corollary 4, (see Remark 5 for sufficient

conditions), then under the assumptions of Corollary 8, n > m — 1,
for 7 a.a. z, |P™(2,) —7()|lv < B.™" B /ﬂ'(dx’) (V(2)+ V(ac’))%. (24)

The constant B reads into Corollary 8.
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3. EXAMPLES
In that section, we denote by Sp the optimal rate 37 for # given by Corollary 4.

3.1. A reflecting random walk. Consider the random walk on Z defined by
P(0,0) := «, P(0,1):=1—q,
Yn > 1, P(n,n—1):=p> 0.5, Pn,n+1):=1-p.
We verify (7) with

(z—1)VvO
C={0,1}  V(z):=+vp/(1-p) Ai=2/p(l=p)  bi=p—p(l—p)
Denote by mp the non-negative integer such that D := {0,---,mp}. By definition, B, :=

A+b/(14++/p/(1—Dp) Dvo) and we choose mp > mg)min) V 1 where

(min) [2111[1)(1 ) 1]1 .
b Inp—In(l-p) |’

[r] denotes upper integer part of r. In Table 1, we give for different models the values of A, b,

(min)

mp ', mp and B! (quantities that do not depend upon «). The rate Srr derived in Roberts
and Tweedie (1999) can be computed when C' = D and the set €' is vy-small. In that case, as
commented above, SrT = Op. When mg)min) > 1, which implies D D C' and D v,,-small with
m > 1, our un-coupled conditions A1-A2 is thus an alternative. To check the condition Al, we

set m := mp and we successively consider two minorizing kernels. First, we set

v(z,2's-) == do(") € = ing P (2,0); (25)
€
Then we set
mp
v(z,z's-) = P™(a',") €9 1= ( in)f AZ{Pm(x, EYANP™ (2! k) };
r,x')e
k=0

€1, €2 and the corresponding rate Sp are listed in Tables 2 and 3. It is easily checked (the details
are omitted) that for the considered values (o, p), if m =1 then ¢; = ¢ = a A p, and if m = 2,
€1 = €3 = ap.
We compare Sp with the rate Sk given in (Kolassa, 2000, Theorem 2.5.). Sk is computed
as suggested in (Kolassa, 2000, Section 3.3.) with p := +/p/(1 —p), and with the uniform
minorization condition

v(-) :=0d(") e:=pAa.

In the investigated values, Sr may improve Sk except when p is close to 1/2.
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Original kernel or m-skeleton? For that toy-example, one can easily check a drift condition
for the m-iterated kernel when C' C D are y,,-small sets. We can thus compare the method
proposed in the present paper with the method usually suggested in such a case.

For p = 0.9 and o = 0.7, we establish A2 with C' := {0,1}, D := {0,1,2} and the constants
A= 0.6, b:= 0.6 and B, := 1.5151. Al holds with m = 2, v(z,2’;-) and € given by (25), so
that € := 0.6300. By Corollary 4, limsup,, 8"||P"(x, ) — P"(2',)||Tv < oo for all g < 1.3179.

Nevertheless, since PV < ¢V for some ¢ < 0o, there exists R < oo such that
1P (2, ) = P (@, )lrv < BP0 = P @y

and this yields a second method to determine the largest rate 8. such that lim sup,, 85.¢||P" (2, -)—
P*(z,)||tv < co. One may compute 3 such that lim sup,, U2 |QU/2 (2, ) —QU/2 (2, ) ||rv <
oo, where @ := P?, and then set S,p¢ 1= B2, We establish that QV < AV +bll¢ with A := 0.54,
b:=0.54 and C := {0,1}. Then we find 3, := 1.6835 by choosing D := {0, 1,2}. Finally, we

check
V(z,2') € A, Qz, )NQ(z',") > ev (x,x’; ) ,

for (¢,) as in (25). By Corollary 4, 871 := 0.6463 and thus SB,p, = 1.2439. This numerical
illustration stresses the interest of the method developed in the present paper when the mi-
norization condition holds for some m > 1. Roughly speaking, this may be explained as follows.
As said above, the optimal rate is related to the decreasing rate of the tails of the coupling time
T: in turn, T is related to some constructive hitting-time on A for two independent Markov
chains (¢,; ¢,,) with kernel P, and initial distribution R(x,2';-) for some (z,2') € A. When
m > 1, the widely used definition of this constructive hitting-time is the first hitting-time on A
for the sampled process (¢pm; @),,), k € Z4. In the present paper, the constructive time is the
hitting-time following iteration m — 1. This makes T shorter and then improves the computed

maximal rate Sg.

3.2. Contracting normals. We compare the upper bound B(A, X';n) given in Corollary 4 for
the fluctuation ||[AP™(-) — NP"||py with the upper bound (45) given in Roberts and Tweedie
(1999, 2001). To that goal, let P(z,-) be the A (2/2,3/4) gaussian distribution. As established
in (Roberts and Rosenthal, 1997, Example 6.1), PV (z) = V(2)/4 + 3/2 where V(z) := 1 + 22,
Hence, A2 is verified with

V(z):=1+2? C = {z,|z] <3}, A:=5/8, b:=9/8.
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We choose D := (' so that 87! := 0.85. Finally, Al holds with m = 1 and ¢ = 0.3173. This
yields 7 = 0.2881 and Sp = frr = 1.0479. To apply the results by Roberts and Tweedie (1999),

we verify the assumptions of Theorem 5.2. with
A2 = A+b/(1+supV)=p5" by :==bsupV/(14+sup V) =10.9.
C C C

We compute the bound for n = 45 and n = 60 and assume that A\(V) + X (V) = 2. By applying

Corollary 4, we obtain
B(X, X';45) = 0.1485 B(X, X';:60) = 0.0735,
which improves the bound by Roberts and Tweedie (1999) that gives

B(X, N;45) = 0.5291 B(A, X;60) = 0.3435.

4. PROOFS: CASE m =1

Throughout this section, we assume that A1 holds with m = 1. The minorization condition Al
enables the construction of a Markovian process Z = (Q, A, FZ,{Z, = (X, X!, dp)}, Py or;)
on Z described by the following algorithm.

4.1. Construction of an extended process. Initialize Zy = (2, 2',d) and do recursively

(1) if d,, = 0 and
(i) (X, X)) ¢ A, then set d,1; := 0 and sample independently (conditionally to (X,,, X}))
the r.v. X, 41 and X _ | from the distributions P(X,,-) and P(X],").
(ii) (X,,X,) € A, then
e with probability ¢, set dy41 := 1, and draw X, = X, | ~v(X,, X];-).
e with probability 1 — ¢, set d,,11 := 0 and sample independently (conditionally to
(X0 X2}, Xt ~ (X X050 and Xy, ~ R(X,, XU o).
(2) if d, = 1, set dppqy i= 1, draw X,y = X] | ~ P(X,, ).

It is well-known that the fundamental relation (9) is satisfied with Z := Z. Setting T := inf{n >
0,d, = 1}, with the convention that inf ) = +o00, the coupling’s inequality states that for any
probability distributions A, A" on B(X)

AP = NPy < [ MdoN (@) [P, ) = Py £ 2 Pao (T > 1) (26)
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and for any positive function V,

AP = NPy < [ Ade) N (@ P o) = P

< sup By o [Trsal f(Xn) = X)) = Exxo [Trsa{V(Xa) + VX (27)
{1712V}

We derive a bound for the fluctuations by controlling the tails of the coupling time T', which is by
definition closely related to the control of moments of some hitting-time on A of the Markovian

process /. Let
To :=inf{n > 0,(X,, X}) € A}
be the hitting-time on A and

Tjp=inf{n > T;j+ 1, (X, X7) € A}, j>0,

be the successive return-times to A. Then 711 = Tp o 6T+t where 0 denotes the usual shift
operator. Any times Z enters the set A x {0}, (say at 7}) then 7" = T; 4+ 1 with probability
¢. Consequently, the tails of 7" depend both on the minorization constant € and, by using the

strong Markov property, on the tails of Tp. Such a connection is established in Theorem 10.

4.2. A fundamental result. By construction, the transition kernel P, of the Markov process

7 satisfies for all (z,2') € A°,
P, (2, 2',0;dy x dy' x {i}) = P(x,dy) P(z',dy’) ().

Hence, the geometrical moment U, (z,2') defined by (6) coincides on A® with E, . o[31°], the
geometrical moment of Ty for the process 7 starting from (z,2’,0). On A, both functions have

the same value 1. Then
U*(xvxl):Ex,x’,O[ 30] ($7$/) eX xAX.

Theorem 10. Under Al and A3,

(i) for any 0 < a < 1,
Px,ac’,O (T > n) S Eac,ac’,O [U*OZT(Xnv Xé) ]IanO] S B*_O[Tn U*O[T($7 $/)7 (28)
(ii) and if T < 1, for any 0 < o < 1,

E, o0 [U2 (X0, X)) g, =0] < (B Ui, 2") + 877" C(Us,7) U (2,2'))"
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where Uy, 7 and Cy are respectively given by (6), (13) and (21).

Theorems 1 and 6 result from Theorem 10 and (26-27).

Proof. (i) Forall 1 <p<p,0<a<1
PowroT > n) =Ppooldy =0) < By or o [M]] < By oo o [M,]7
where M,, :={U.(X,, X{l)}lnﬁ/ln*@* 14, =0. Applying the Jensen’s inequality,
E. . 0 [Mn-|-1|‘7:nZ] < 5_1{U*(XmX7/z)}ln6/lnB* Taey 01 (Zn)
+ (1= O RULX 0, XY P 5 g0)(Z0)
so, upon noting that U, = 1 on A,
By o0 [Maia|[FZ] < 87 M+ 57 (8 (1= €) {RUL(X, XY/ = 1)l 103 (Z0)
< BT M, + 87 (5 (1= {sup RU Y7/t be — 1) Tawqoy(Zn).  (29)

If 5. (1 —¢) supp RU. <1 i.e. 7 =1 then (29) applied with 8 = B, yields E, ,» o [Mn+1|fnZ] <
ﬁlen. Hence,
E. .0 [M,] < B "Ey 0 [Mo] = 87 Ui(z, 2').

Otherwise, choose 3 such that 8 (1 — €) {supy RU,}"P/ "B« =1 that is 8 := BI; then

By o0 [Mn] < 877" By o o [Mo] = 577" UL (2, 2).
(ii) Set C' := (1 —€) supp RU, — 8715 as 7 < 1 then C’ > 0 and by applying (29) with 8 = 3.,
Ey o0 [Mp41] < 5*_1]Ex,x/,0 (M 4+C" Pywro (Zn € A x {0}) < 5*_1]Ex,x/,0 My 4+C" Pypro (T > 1),
where M,, := U.(X,,, X])14,=0. Using the first assertion with a =1

Eac,ac',o [Mn—l—l] S ﬁ*_lEx,x’,O [Mn] + C/ 5*_7% U*T(% $/)7

and
n—1
Ex,x’,O [Mn] S 5*—77‘(]*($7 w/) _I_ C/ Zﬁ*—kﬁ*—T(N—l—k) UI($7 x/)
k=0

< B UL, 2’y 4+ 877" BICT (1= BI7H 7 UL (2, 2).

Hence, By yr o [U2 (X, X)) g, 0] < (5;71(]*(9@, @) + ¢ BTV (1 - BTN U (a, x’))a. This
yields the desired result upon noting that U, = 1 on A. (|
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Two extensions of Theorem 10 may be proposed. The first one addresses the case when U,
is substituted for an upper-bound U.. The second one deals with the existence of a function U,

satisfying (14) (and thus also verifying U, > U.).
4.3. Two extensions of Theorem 10.

4.3.1. First extension. (i) If U, > U, (29) may be replaced with
Bero [Mop|FZ]) < B7'M, + 571 (8 (1- ¢ {sup RU Y7/ 10 — 1) a0y (Z0).

Set 7 := min{l; —In(1 — €)/In(B.supu RU*)} If (1 —€)Bs supy RU, < 1, i.e. 7 =1, choose
B = Bs; otherwise, choose 5 such that 5 (1 — ¢€) {supu Rﬁ*}lnﬁ/lnﬁ* = 1. In both cases, 8 = 37

and
Eoor 0[Mp] < 877" Ear o[Mo] < 877U (2, 2").
Hence,

Px,ac’,O (T > n) S Eac,ac',o [U*Oﬁ(Xnv X7/1) ]IanO] S B*_Oﬁn U'*oﬁ'($7 xl)

which yields Proposition 3(i).
(i) If 7 < 1, then C" := (1 — €) supp RU, — 87" > 0 and as in the proof of Theorem 10(ii), it
is established that

B0 [My1] < B B gr o [Ma] + €7 BT UL (w,0) < BT By g1 o [Mp] + C7 827" UL (3, 0)
where M,, := U (X,,, X)), =0. Thus,
Boor 0 [Un( X, X)) 1g,—0] < 87" Usl, 2') 48,7 ((1 — ¢) Busup RU, — 1) B0 Uz, '),
A
which yields (23).
4.3.2. Second extension. (i) If U, > U, and U, checks the drift condition (14) then the proof

of Theorem 10 may be altered by setting M,, := {(A]*(Xn7 X{l)}lnﬁ/ln*@* 14, =0. By applying the

drift inequality outside A

Eo o0 [Mot1|FZ] Tacxio}(Zn) < B My Taey (03 (Zn),

and

Ex,x’,O [Mn+1|fnz] HAX{O}(Zn) < (1 - 6) {R(A]*(XmXé)}lnB/lnB* HAX{O}(ZN)'
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(29) is thus replaced with
Ee a0 [Mn+1|fnz] < 5_1Mn‘|‘5_1 (5 (1-¢) {SZP Rﬁ*/ﬁ*}lnﬁ/lnﬁ*_l){ﬁ*(Xnv Xé)}lnﬁ/lnﬁ* HAX{O}(ZH)'

Set 7 := min{1; —In(1 — ¢)/ In[B.sup, RU,/U.]}. As in the proof of Theorem 10, by choosing
8=, E; o 0[M,] < B (A]*T(ac, 2"). Hence,

Px,ac’,O (T > n) S Eac,ac’,O {ﬁ*a%(Xan;z)HanO} S ﬁ*—oﬁ'n ﬁ*ozf'($7 $/)7

which yields Proposition 3(ii).
(i) If # < 1, then C" := supy U. ((1 — €)supp{RU, /U, — 5;1}) > 0. As above, it is easily
seen that

Ex,x',o Uv*(XmX;z)]Idnzo} S 5*_1 Ex,x’,o { *(Xn—17X£_1)]Idn_1:0} + ﬁ*_%n O/ ﬁf(x, xl)v

which yields Proposition 7.

4.4. Proof of Proposition 2. Let (z,2) € A°N{V < xo}?.
I(z,a) = 2/P(wydy)P(w’ydy’)ff*(%y’)
<PV(z)+PV() <A(V(2)+ V() +b(1c(z) + Le(") .
As (z,2") € A° 2 € C'implies 2’ € D° and 2’ € C implies & € D®. Then
I(z, ") (V(2)+ V()" < Mb {lowpe(z,2)/ (V(2) + V(@) + Upexe (z,2')/ (V(z) + V(") }.
As V(z) 4+ V(2') > info V +infpe V on (C' x D) U (D° x '), then
I(x,a) < p7H(V(2) + V() (z,2") € AN {V < oo}

This remains true on A°, consequently (P ® P)ﬁ* < B0, on AC.
This inequality shows that the hitting-time o is finite P, y-a.s. for all (z,2') € A°N{V <
oo}? (Meyn and Tweedie, 1993, Proposition 11.3.2.). On A, U, =U.=1and on A,

Ui, 2") > &/A(P@ P)(z,2'sdy x dy') x 1 +5*/ (P @ P)(z,2';dy x dy)U.(y, y)

c

> BP0 =1) + 53/ (P @ P)(z,2";dy x dy') (P @ P)U.(y,y).

c

By proceeding iteratively, for all n > 1,

(A]*(x7$/) > Zﬁwa,x’ (U = k) —n U*($7$/)7
k=1
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for all (z,2) € A°N{V < oo}?, and therefore on A°.

5. Proors: CASE m > 1

Throughout this section, it is assumed that A1 holds for some m > 1.
In that case, the fundamental property (9) is not satisfied for the process Z defined in Section 4.
We have to define a companion process Z := {Zn}7 which is no longer Markovian but for which
the property holds. The algorithm, also described in Fort and Moulines (2002), is included here

for the sake of completeness.

5.1. Construction of a companion process. Let {Z,} be the extended process defined as
in Section 4.1. In words, the use of the residual kernel introduces a jump of size (m — 1) on the
time-scale implying a kind of time distortion that has to be corrected.

Set Zm,my = (Zmy, "+ *  Zm,) With the convention that z,,, ., = 0 if my > may. Set Qo := 0 and

Zg := Zy. Do recursively

(1) if d,, = 0,
(i) if (X, X2) & A, set Qi1 :=Qu + Land Zg,,, = Zni1.
(i) if (X, X)) € A, set Qup1 = Qn +m and Zg,,, = Zyy1. Sample {Xg, 14}, for
ke{l,---,(m—1)}from the distribution of P(®1 € .,--- ,®,,1 € .|P, = Xyiy1, Po =

X,,); sample similarly and independently {Xén-l—k}? ke{l,---,(m—1)}. Finally, set
(2) ifd, =1, set Quy1 :=Q, + 1 and ZQn+1 = Zpt1-

In words, every time Z € A x {0}, a gap of size (m — 1) is inserted and filled in conditionally
independently from the conditional distribution of the Markov chain given the initial and final

values. Define the coupling-time 7 by T := inf{n > m,d, = 0}. Then
[AP™ = N P"||ry <2 Py o (T > n) (30)
and for any positive function V,

IAP™ = NPy < By o [Irsa{V (Xa) + V(X])} (31)
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where ]13’1,71,/70 (resp. Ex7x/70) denotes the probability (resp. expectation) on the canonical space
associated to the process Z, given that Zy = (z,2/,0). When m > 1, the tails of the coupling-
time 7" are closely related to the tails of some ”constructive” hitting-time on A x {0}. Because
of the inserted samples, if Z,, € A X {0}, this does not imply that with probability €, time n+m
is the coupling time. The hitting-times of interest are given by T7 := T; + j(m — 1) (so that
T4 = Tb), and in order to distinguish these constructive random times, we introduce a random
counter ¢, that counts at time n, the elapsed time from the last random time T](. Set 1", :=—m

and define a ]—'nZ—adapted process {c,} by
Cp =] if T,ggT,g—l—j:n<T,g+1 for some k > —1,

so that for any n > 0, ¢, = 0 iff n = T for some k£ > 0. The coupling-time 7" is thus related to
the hitting-time on the set A x {0} x {0} of the Z x Z -valued process {Z, := (Z,,¢,)}.

5.2. A fundamental result. Define for n > m — 1,

m—1

U*(Zn—l—l—m:n) = ﬁln_l U*(Xn7)~(7/1) (]IanO + ]Ianm) + Z ﬁln_l_k U*(Xn—kvX;z—k) ]Icn:k7
k=1

which in words, can be interpreted as the geometrical moment of the hitting-time on X2 x

{0,1} x {m — 1} for the process Z with initial value Z,,; remind that on {¢, =k}, 0 <k < m—1,

(Xn—kyX;l_k) € A and U*(Xn—k7X7/1_k) =1.

Theorem 11. Assume A1, A3. For alln > m — 1,

(i) and any 0 < o < 1,

Praro (T >n) < ]Ex,x'vo [UfT(Zn+1—m:n)Hd~n:0 < B BST(m_l) Ul (=, wl)'
(ii) and if T < 1, for any 0 < o < 1,

By a0 [U2(Zaacmin) g, o] < (827 807 Ul o) + 5270 52070 Gy (U m) UZ(e,0))

where Uy, 7 and Cy are given by (6), (13) and (21).

Proof. (i) Forall 1 << B, 0<a<l,n>m-—1,

IF>90,90’,0(/‘T > n) - Pw,x’,O(dn - 0) S Eﬂc,w’,O [My?] S El’,x’,O [Mn]a 3
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where M, = {U.(Z,41_ mn)}lnﬁ/lnﬁ*][cznzo' Forn>m -1,

By ot 0 (Mo Loy = 1] = Bovor 0 [Mos ey mon—it.001 (03]
= B [0 0 it K ]
=37 By 0 [Hdn+1 B p— {{U( it X1 ) YO F H
5 By 1 (1= O {RU(K r Kl P15}

B0 |1, g o1 (1= ) B RO S g1, Ky P05 | (32)

ntl— m=0, Cn4l—m=—

Similarly, upon noting that on {c, > m}, (ij(?/l) ¢ A,

El’w’,o [Mn+lﬂcn2m] = ]Ex,l”,o [Mn+lﬂcn2m,cn+1 E{O,m}]
= IEjac,av’,O {]IJn:O,anmEx,x’,O {ﬁm_l {U*(Xn-l-lvX7/1+1)}1n6/1n6*|fnZH
< a0 [T, e 877 UK, KNI = 570 E, [ Mo Ty 5] (33)
For k€ {0,---,m — 2},
Ex,x’,o [Mn—l—lﬂcn:k] — Ex,x’,O [Mn-l—l ch:k,cn_H :k-l—l]
=Evoro {HJnH:O,cn:kﬁm_l_(kH){U*(Xn+1—(k+1) Xn-l—l )}lnﬁ/lnﬁ*
— 5_1Ex,x’,0 {Hdnzo,cn:kﬁm_l_k{(]*(Xn—kv X{z—k)}lnﬁ/lnﬁ*} — 5_1Ex,x’,0 [MnHCnZk] . (34)
From (32) to (34), for all n > m — 1,
Ex,x’,o [Mn-l-l] S ﬁ_lﬁx,x’,O [Mn] + B_IEx,x’,O {Hcinzo,an,l_m:Op”"‘l (35)
where, upon noting that U, ( ntl— m7X7/1-|—1—m) =1lon {¢pt1-m = 0},
po+1 = (1 —¢) B"{RU. ( n+l1— mvj( )}lnﬁ/lnﬁ* - U*(Xn-l-l—mvX7/z+1—m)ln6/ln6*
= (1= 6) B™{RU(X g1y X 1) Y0 =10 (36)
For n > m — 1, by choosing 5 := 8], pn+1 < 0. Hence
Eror0[Ma] < 527" 8107 By o 0 [Myna].

We now prove that for g = S, Ex7x/70 [M,,_1] < UI(z,2"). By construction of the process Z,
Popro(dmo1 =0) =P, .o(co = 0) = 1forall (z,2'). If (z,2') € A, then P, (g = m—1) =
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1 and E, 1 o [M,—1] = UI(z,2') on A. Otherwise,

E. x',0 [Mm—lﬂcm—ﬁﬁm—l] = ﬁm_lﬁl’vl’/vo {Hcm_22m{U*(Xm—1vX;n—l)}lnﬁ/lnﬁ*}

)

m—3
+ Z 5m_1_(k+1)Eac,x’,0 {Hcm—2=k{U*(Xm—1—(k—|—1)7X;n_l_(lﬂ_l))}lnﬁ/lnﬁ*}
k=0

< B_IEI’JUO {Hcm_22m5m_1{U*(Xm—2v X;n—Z)}lnB/lnB*}

m—3
FBUS B [Ty UKo Ky PP/
k=0

< 5_1 El’,l”,O [Mm—Q]Icm_l;ém—l] = 5_1 Eac,ac’,O [Mm—Q]Icm_g;ém—Q] .

.. . or
By a trivial recursion, as 8 = 5]

Ew7$/70 [Mm—l ]Icm_l;ém—l] S BIT(m_l)E$7$/7O [MO]ICO;EO] = ]IAc ($7 $/)U;—($7 $/)7

upon noting that ]13’1,790/70(00 € {0,m})=1. Then

Byoro [M,] < 877 8107 U7 (2, 2)). (37)

(ii) If 7 < 1, then C" := (1 — €)B7 L sup, RU. — 87! > 0. Hence, by applying (35) with 8 = 3,
and upon noting that 87 p,q1 < 7,

Eﬂc,w’,O [Mn-l—l] S 5*_11@1’,1”,0 [Mn] + c’ INPx,x’,O (Jn — 07 Cntl-m = 0)

where M, := U*(Zn+1—m:n)ﬂgn:0- By using the first assertion of the Theorem, this yields that

forall n > m — 1,

Ew,x’,O [Mn—l—l] S 5*_11@1’,1”,0 [Mn] + C/ Iﬁx,l”,O (T > n) .

As above, it may be proved that ]Ex7x/70 [My—1] < U.(2,2'). Hence,

3

—m

Eﬂc,w’,O [Mn] S ﬁ*—n—l—m—l Eﬂc,w’,O [Mm—l] + C/ 5:(m_1) Z 555*—7(71—]6—1) U;— ($7 x/)7
k=0
)

Vgl (1= Ul e,

S ﬁ*—n—l—m—l U*($7$/) ‘I'B*_T(n_

which yields the desired result. O
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5.3. Proofs of Theorems 1 and 6. For any positive function V, for all 1 < k <m — 1,

Bearo |17, 0V X + VDY = B |17 Lo APV (Rmi) + PRV

Hence, upon noting that U2 (X,_, X! ) =1on {c, =k} forall 0 < a < 1,

B0 [ 17,20 {V (X0) + V(X1

a(l—m = a(m—1 RTAY, oy
< BT V(@) + V@) lop Braro [ (14,2000 + g, co00mm ) 877702 (X0 K1)
-1

F 0TS B sup( PV (@) + PV (@) B 1,00, 52T U2 (R, X7 )
1

3

o
Il

(38)

and

E, o0 (17 _ofV(X2) + VXD <8207 Co(Via) Ber o U (Zngr—man) g _o | -

)

where Cf is given by (22).
If V =1, by choosing o« = 7,

1P (@) = Pt ey < A1 (2 28070 By 0 UL Zttmen) 1, 2o

and by Theorem 11(i), ||[P™(z, ) — P™(2',)||Tv < 28;7" grm=1) UJ(x,2"). This establishes
Theorem 1.

For any function V/,
[P () = Pl v < 8207 CoVia) B o [U2(Zra i) g,

If 7 =1, by Theorem 11(i), ||[P"(z, ) — P™(a/, )|[v < 7" Co(V,a) U2 (2, 2');if 7 < 1, by
Theorem 11(ii),

1P () = P! )l < Ca(Vya) (B2 Ua(a, )+ 577 800D Cy(i,7) U2 (2, 1))

Theorem 6 results from these inequalities.

Remark 12. The upper bound given in Theorem 1 can be improved when the whole state space
is small.

By the contraction property, for all & < n, ||P"(x, ) =P (', )||7v < ||P** (2, )= P75 (2, )| 1v.

If the state space is v,,-small, this implies that (a)

HPn(xv ) - Pn(wlv ')HTV < HPLn/me(wv ) - PLn/me(xlv ')HTV7
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and (b) P, po(cqm = 0) =1 for all ¢ € Z4, and for all (z,2'). Hence, in the above calculations
(38) applied with V' =1 and n = ¢m, the cases {c;,, = k} for k € {1,---,m — 1} have to be
omitted. This implies that

IP"(x,-) = P*(a’, Ylev < [P @) = PUT ey
S 25:(1—m) El’,x’,O UI(ZLn/me—I—l—mzl_n/me)]IJLn/me:()
< 25:(1—m) ﬁ*—ﬂ'l_n/mjm ﬁz(m—l) UT($7$/)

5.4. Two extensions of Theorem 11.

5.4.1. First extension. If there exists U* > U,, then U, may be substituted for U* in (36) and
(37). In that case, 7 has to be replaced by 7, defined by (17). This yields Proposition 3(i).
The proof of Theorem 11(%i) may be easily modified (the modification is on the same line as in

Section 4.3.1 and the details are omitted). Then

By | UKy X, o] < 8077 O, )07 1070 27070 (12 7)™ 07 (o, ),

where C7 := ((1 — )BT L sup, RU, — 5;1) > 0. The discussion of Section 5.3 extends easily,
and this yields Eq.(23).

5.4.2. Second extension. If U, > U, and U, checks the drift condition (14), the proof of Theo-
rem 11(i) may be altered by substituting U, for U. in the definition of U,. Therefore,

By 000 | UX(Zrs 1) W, o] < 527 877 02 (2",
where 7 is given by (18) and

m—1

[[Aj*(Zn-I-l—m:n) = ﬁln_l ﬁ*(Xn7X7/1) (]ICnZO —I_ Hanm) —I_ Z ﬁln—l—k ﬁ*(XN—k7X7/1—k) chzk‘
k=1

This yields Proposition 3(ii). Theorem 11 (ii) gets into

Eac,ac',O U*(Xnv Xé)ﬂ*

~ ~ A A N -1 ..
dnzo} < B U (w, )+ O gL g (1_ ;—1) 07 (2, 2'),

where (7 :— (supu (7*) ((1 — e)ﬁln_l supA{Rﬁ*/ﬁ*} - 5*_1) > 0.

The discussion of Section 5.3 extends easily, and this yields Proposition 7.
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6. TABLES

0.6
0.7
0.8
0.9
0.95

0.9798
0.9165
0.8000
0.6000
0.4359

0.1101
0.2417
0.4000
0.6000
0.7320

TABLE 1

0.6
o 0.05

0.6
0.25

0.6
0.5

0.7
0.05

0.7
0.25

0.7
0.5

€1

Byt

0.0008
0.9999

0.0042
0.9999

0.0084
0.9999

0.0245
0.9986

0.1225
0.9932

0.2450
0.9865

€2

Byt

0.0680
0.9997

0.1075
0.9995

0.1152
0.9994

0.0577
0.9964

0.2537
0.9830

0.4180
0.9757

Bt

€ 0.05
0.9968

0.25
0.9841

0.5 0.05
0.9798 | 0.9956

0.25
0.9782

0.5
0.9573

TABLE 2

0.8
o 0.05

0.8
0.25

0.8
0.5

0.9
0.05

0.9
0.25

0.9
0.5

0.95
0.05

0.95
0.25

0.95
0.5

0.05 0.25

0.9793 0.9333 0.9333

0.5

0.05 0.25 0.5
0.9696 0.8539 0.7500

0.05 0.25 0.5
0.9564 0.7853 0.5814

€ 0.05 0.25

0.9855 0.9302 0.8673

0.5

0.05 0.25 0.5
0.9775 0.8993 0.8000

0.05 0.25 0.5
0.9709 0.8616 0.7419

TABLE 3
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