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Notation

The vector space of n x n matrices on the field K € {R, C} is denoted by M, (K). The vector space
of hermitian matrices is denoted by H,,(K).
We denote by P and E the probability and the expectation of our underlying random variables.



Lecture 1

Combinatorial proof of Wigner’s

semicircle law

1 Wigner’s semicircle Theorem

1.1 Empirical distribution of eigenvalues

Let X be an hermitian matrix in M, (C). Counting multiplicities, its ordered eigenvalues are
denoted as
AM(X) > > N (X).

The empirical spectral distribution (ESD) is

1 n
px = Z5A1(X)~

=1

This is a global function of the spectrum. From the spectral theorem, for any function f,
[ F 00 ) = £ ()
1.2 Wigner matrix
Consider an infinite array of complex random variables (X;;) where for 1 <1i < j
Xi; = Xj1

are iid with law P on C, independent of X;;,7 > 1 iid with common law @) on R.
The random matrix X = (Xjj)1<ij<n is hermitian. This matrix is called a Wigner matriz.

There are some important cases:



- For i > j, V2R(X;;), V23(X;;) and X;; are independent standard Gaussian variables: Gaussian
Unitary Ensemble (GUE).

- For i > j, X;; and X;;/ v/2 are independent standard Gaussian variables): Gaussian Orthogonal
Ensemble (GOE).

- For i > j, X;; and X;; are independent {0, 1}-Bernoulli distribution with parameters 0 < p <1
and 0 < ¢ <1.
1.3 Weak Convergence

Let pin, p € P(R), we say that u, converges weakly to pu if for any bounded continuous function f,

/fdun%/fu

This weak topology is metrizable with the Lévy distance d, and (P(R),dy) is a Polish space.
If p, is a random measure, we say that p, converges weakly in probability to p if for any

bounded continuous function f, in probability.

/fdun%/fu

Similarly, we say that u, converges weakly to p almost surely if almost surely, for any bounded

[t [ g

Exercise 1.1. If for any bounded continuous function f, almost surely, [ fdun, — [ fu then p,

continuous function f,

converges weakly to p almost surely (Hint : Arzela-Ascoli’s Theorem).

1.4 Wigner’s semicircle Theorem

In our setting, a general form of Wigner’s semicircle law is the following result.

Theorem 1.1 (Semicircle Law). Let X be a Wigner matriz. Assume that E| X1 — EX1o|? = 1.
SetY = X/\/n. Then a.s. weakly

Hy — Hse

where pg.(dr) = %\/4 — 2?1 <od



2 Method of moments

Let Z real random variable with law p and characteristic function F(t) = [ e®du(z). Assume that

all moments are finite: for all integers k& > 0, [ thdu(z) = BEZF = my, < 0.

Definition 1.1. The probability measure p is uniquely characterized by its moments if it is the

unique measure on R with moments my, for all integers k > 0.

From Carleman’s Theorem, g is uniquely characterized by its moments if
1
Z My, 2" = 00.
E>1

A simpler sufficient condition follows from the observation that if F' is analytic in a neighborhood
of 0 then it is uniquely characterized by its moments. The next lemma is characterizes the latter

condition.

Lemma 1.1. The characteristic function F is analytic in a complex neighborhood of 0 (or in a
complex neighborhood of R) if and only if

1
. may '\ %*
hmksup <(2/~c)'> < 00

Proof. Hadamard’s formula: the radius of convergence of ) a,z" associated to a sequence of

complex numbers (ay,) is 1/r with r = limsup,, |a,|*/™. Tt gives the equivalence. To show analiticity

on R, we may use Taylor expansion

L Gty PO (s Moy |t|?*
Flt+s)=>_ (@) () i ()+O<(2§]L)|! >
(=0

O]

Recall Stirling’s formula, k! ~ v27k(k/e)*. For example, if 1 has bounded support we have
pr < cF.If pis a subGaussian law then uy, < (cvVE)F. If p is subexponential, uy, < (ck)*. In these
three cases, p is uniquely characterized by its moments.

When a law is uniquely characterized by its moments, a commonly used method to prove that

a sequence of real random variables (Z,),>1 converges weakly to a random variable Z is to show
that for all integer k > 1, lim,, E[Z¥] = E[Z].

Lemma 1.2 (Method of moments). Assume that the law p is uniquely determined by its moments.

If for all integers k > 1, lim,, [ 2%du,(z) = [2*dp then u, — p weakly.



Proof. We have [ z2du(z) = ma+o0(1), hence (uy,) is relatively compact. Let v be an accumulation
point, since p is uniquely determined by its moments, it is sufficient to check that for any integer
k> 1, [2*dv(z) = my. This amounts to prove that x — x* is uniformly integrable for (i, )n>1.
Let us check this by hand. Let Z,, be a random variable with law u, and W with law v.
Since EZ?2* is uniformly bounded, we have P(|Z,| > t) < ct~2¥ and from Portemanteau Theorem
P(|W| > t) < Ct~2F. It follows that for any e > 0, there is t > 1, such that E|W]k‘1‘w‘zt < e and
E|Zn|k1‘zn‘2t < e. Consider f continuous f(z) = zF on [~t,t] and f(z) = t* on R\[—t,t]. We get

EWF = Ef(W) + EW* 1y — Ef (W) lgyse = Ef (W) + EWF g5, — t"P((W] > 1)
=EZF +Ef(W) —Ef(Z,) + 1,

With |r| < 4e. Then, since u, converges weakly to v along a subsequence, along that subsequence
for n large enough, we have |Ef(Z,) — Ef(W)| <e. O

There are many drawbacks to this method. First, the random variable Z, needs to have finite
moments of any order for all n large enough. Secondly, the computation of moments can more

tedious than analytic proofs when they are available (see exercise below).

Exercise 1.2. Let (X;) be an iid sequence of real random variables. Assume that the X;’s have
finite moment of any order, EX; = 0 and I[*]Xi2 = 1. Prove by the method of moments that
(X1+--- X,)/v/n converges weakly to a Gaussian random variable (Hint: check first that the 2k-th

moment of a standard Gaussian variable is equal to the number of pairings of {1,...,2k}).

3 Moments of Wigner’s semicircle law
1,
dpse(z) = %\/ 4 — 22dx
s
For integer k > 0,
Mokt1 = /$2k+1dusc(:c) =0 and Mmooy = /x%dusc(ac) =ci
where ¢, is the k-th Catalan number
1 2k 2k 2k
= —— = — .

k+1\ k k k+1

4 Graphs, Catalan’s number and Dyck paths

Let G = (V, E) be a finite graph: V is finite set and E is a set of multisets of size 2 of V' (G may
have loops, edges of the type {x,z} are called loops). A tree is a graph without cycles.



Lemma 1.3. If G = (V, E) is connected then |E| — |V|+ 1 > 0 with equality if and only if G is a

tree.

Proof. A spanning tree of a connected graph G = (V, E) is a subgraph of G which is a tree and has
same vertices V. Let us consider the set of subgraphs of G which are trees. This set is not empty
and is partially ordered by the inclusion. Since this set is finite, it contains a maximal element
for the inclusion. Such a maximal element is a tree. Moreover it contains all the vertices of G,
otherwise we could add an extra edge by using the connectivity of G.

Now, if G is a tree then |E| = |V|—1 follows easily by induction on |V|. Moreover if T' = (V, E’)
with E’ C E is the spanning tree of a finite connected graph G = (V, E) then |E| > |E'| =|V]| -1
from what precedes. Finally if G is such that |E| = |[V| — 1 then |E| = |E'| and thus G =T. [

Fix an integer k > 1. We set of Dyck paths of length 2k is the set of paths of length 2k from 0

to 0 with £1 increments and which remain non-negative:
Dy = {(z0,...,x9) € 221 > 0,20 = Top+1, Tre1 — o € {—1,1} for t =1,...,2k}.

Dy, is an obvious bijection with sequence of proper sequence of 2k parenthesis: fort =1,...,2k,
if x4y = x4—1 + 1 place a left parenthesis '(’ and right parenthesis ’)’ otherwise. For example, for
k = 3, the path (0,1,0,1,2,1,0) gives ()(()).

Lemma 1.4. For any integer k > 1,
|D| = ck.

Proof. Let W be set of walks of length 2k from 0 to even integer —2s with increments {—1, 41},
Wy = {(xo,...,z) € 72 g = 0,290 = =28, 2441 — 2 € {—1,1} fort = 0,...,2k}. We
have ]W,i\ = (,ffs) since such walks are made of k — s times ¢ such that ;41 —2: =1 and k + s
times such that x441 — 2, = —1. We check that |Dg| = |W2| — [W/|. This is a consequence of the
reflexion principle: paths in W,% are in bijections with paths in Wy such that z; = —1 for some ¢

(simply reflects x4 for s > 0 on z-axis). O]

Exercise 1.3. Prove the recursive equation for the Catalan’s number co = 1 (convention) and for
k>1,

k—1
Cr = ZCECk—Z—l- (1.1)
=0
Deduce that the generating function of Catalan’s number S(z) =>"72, ez’ satisfies

S(z) =14 25(2)>. (1.2)



5 Trace method

Recall that, for a random probability measure p € P(X), we may define its expectation Ey € P(X),

as for all Borel sets B,
(Ep)(B) = E[u(B)].

Now, let X be Wigner matrix of size n and Y = X/y/n. We will apply the method of moments
to the deterministic probabilty measure Euy .

We will prove the following statement

Theorem 1.2 (Semicircle law for averaged eigenvalues). Assume EX1; = EX19 =0, E|X12|? = 1
and for any integer k > 1, E|X12|¥ + E|X11|F < 00. Then, if Y = X/\/n, weakly

Epy — phse.

From Fubini’s Theorem and the spectral theorem

1
/ MNedEpy (\) = E / Nedpy (A) = gIETrY’f.

Hence, if (my) is the sequence moments of the semicircle law, in view of Lemma it is

sufficient to prove that

Lemma 1.5. For each integer k > 1,

1
ETrY* = — ).
T mk+0<\/ﬁ>

1
n

Proof. Expanding the trace, we have

1 i 1 i
1 k
- nk/2+1E Z HX"WH
(31, i) £=1
_ 1 P(i
- §+1 Z (1)7
n (il . '1ik)
where 4541 = 41 and
k
PE) =E ] Xiip,.-
(=1
We call such element i a path from i; to ixy; = i1. Let us say two paths i = (i1, - ,i) are
j= (j1, - ,Jx) are equivalent and write i ~ j if there exists a permutation o of size n such that
o(it) = jr for t = 1,..., k. This is relation of equivalence and from the invariance of the law of X



by permutation of the entries, P(i) is constant on each equivalence class. Observe also that if we

set |i| = [{é1,- - ,ix}| there are
n(n—1)...(n—li| + 1) ~ nff

paths in the equivalence class of i. We may pick a canonical path in each class by setting i1 = 1
and i;41 < maxg<tis+ 1 (new elements are visited by increasing order). If 7, is the set of canonical

paths, we may thus write

1 ro nn—1)...(n—1i|+1) .
“ETY" = g; o P(i), (1.3)
1Ly

Fix a path i. We first give a rough bound on P(i). We define G(i) = (V, E) as the graph (with
loops) obtained by setting V' = {i1,--- it} and E = {{i1,42}, - ,{ig,i1}} (we omit to write the
dependency in i for brevity). We note that G(i) is connected. For e = {i,j} € E, with i < j, we
define the multiplicities of the edge e as

k k
mz_ = Z 1((i£7i£+1) = (Z,])) and me_ = Z 1((i£;ié+l) = (]72))
=1 t=1
If i = j, we set 2m} = 2m_ = Z]Z:l 1((¢, ig1) = (4,4)). We have
I{::ij—i-me_- (1.4)
eck

From the idependence of the (Xj;);>; and Hélder inequality, we get

mj +me

P = [JEXX) and [PE)] < [TEXH™F < maxB|X [ < .
ec
ecE eclk

where Bj, = max(E|X11|¥, E|X12|F). Moreover, since EX;2 = EXy; = 0, P(i) = 0 unless the path i
is such that for all e € E, mI + m_ > 2. Therefore, the identity (1.4) yields

BI1< 5],

where [z] is the integer part of 2. By Lemma [1.3] we find
k
VI<IBl+1< 5| +1

If v, is the number of canonical paths which visit each edge at least twice, we get from (|1.3))

< o By

1
’EHYk
n




In particular, if k is odd the above expression is O(1/y/n). If k is even then
LETeAr = S PG) 4 0 (1) :

where Z7 is the set of of canonical paths i = (i1, ,i;) such that G(i) is a tree with ¢ edges
and the multiplicity of each edge e has multiplicity m™(e) + m~(e) = 2. If i € Z2, observe that
m*(e) = m~(e) = 1. Indeed otherwise, if m™(e) = 2 and e = (is,i541) = (ig,%941) With s < ¢, the
subpath of i, (is,%s+1,---,0t,%¢+1) must contain a cycle. The same argument implies also that for
any t = 1,...,k with igy; = 1: either ¢;41 = maxs<;is + 1 or {is,it41} is the last edge which has
been visited only once.

Set k = 2¢. We claim that I,? is in bijection with the set of Dyck paths Dy. Indeed, to any
canonical path i € I,% associate the sequence (xg,---,xx) given by o = 0 and for t = 1,...,k
xt — w41 = 1 if 4 = maxzc4is + 1 and z; — x;—1 = —1 otherwise. This is a Dyck path from what
precedes. Conversely, to any Dyck path (zo,--- ,zx), we define i = (i1,--- ,ix) by i1 = 0 and the
following iterative rule: if z; — z;—1 = 1, 4y = maxs<¢is + 1 and if x4 — 241 = —1, iy = 5, where
s¢ < t is the largest s such that xs = x;. Then i is a path in I,f.

We find finally

1
n

1
—ETrY? = |Dy| + O < > .
n

It remains to use Lemma [[.4] O

6 Second moment method

Theorem 1.3 (Semicircle law with finite moments). Assume EX1; = EX12 = 0, E|X12|?> = 1 and
for any integer k > 1, E|X12|F + E|X11|* < co. Then, if Y = X/\/n, a.s. weakly

Ky — Msc-
We prove the following lemma

Lemma 1.6. For each integer k > 1,
1
Var(ETrYk) =0(n?).
n
Assuming Lemma Theorem is proved as follows. From the monotone convergence

2
EZ (/xkduy—E/$kduy> < 00.

n>0

theorem

Hence a.s. ano (f zFuy — Eka,uy)2 < 0o and, a.s. ka,uy — ]Ef:ckuy — 0. Then the theorem
follows from Theorem [T.2l

10



Proof of Lemma. We use the notation of Lemma [I.5] We start with

2
k
1, 1 .
Var<nTrY > = E W( E HXieig+1 - P(l)

i1, i) £=1
1 . . R
= 5= ) PA)-POPG),

(i1, 588), (31, k)

where
k

P(,j)=E H Xigigp1 Xjojes -
=1

As in the proof of Lemma we define G(i,j) = (V, E) as the corresponding weighted graph.
Note that P(i,j) — P(i)P(j) = 0 if i and j do not have two successive indices in common. Hence we
may restrict to G = G(i,j) connected. We have > _pmt +m~e =2k and m} +m_ > 2. Hence
|E| <k, |V|<|E|+1<k+1 and, arguing Lemma [1.5] we get that

1 k nkJrl 1
Var<nTrY ) =0 <nk+2> =0 <n> .

It already implies that puy converges to us. weakly in probability. To improve the bound on the

variance, we may restrict ourself to indices such that
V|=|E|+1=k+1andforall ein E mS +m, = 2.

We may assume without loss of generality that (i1,42) = (j1, j2). Consider the path m = (i1, , i, 1).
Since mJ + m_ = 2, we have iy # is. Hence 7 is a closed path in G which contains a cycle. This

contradicts the assumption that G is a tree. Therefore, since does not occur, we have |E| < k — 1

and |V| < k. It follows that
N nk 1
Var<nTrY > =0 <nk+2) =0 <n2> .

It concludes the proof. O

11



Lecture 2

Random matrices: a playground for

concentration inequalities

It is possible to combine with a great effect classical pertubation inequalities and concentration
inequalities. In this chapter, we will use two perturbations inequalities for eigenvalues and we

review some classical concentration inequalities.

1 Two perturbation inequalities of eigenvalues

1.1 Courant-Fischer inequalities
Variational formula for the eigenvalues

We order the eigenvalues of A € H,,(C) non-increasingly
An(A) <o <A\ (A). (2.1)

Lemma 2.1 (Courant-Fischer min-max theorem). Let A € H,(C). Then

M (A) = i A )
SR O
Proof. Let (u;); be an eigenvector basis of A associated to A1, -+, A,,. We choose H = span(uy,--- ,ug).
We find
max min  (Az,z) > A.

H:dim(H)=k z€H,||z]2=1
On the other hand, let H be a vector space such that dim(H) = k. Define S = span(uy, - -, ux)
so that dim(S) =n — k + 1. Since

n > dim(H U S) = dim(H) + dim(S) — dim(S N H)

12



we find SN H # 0. In particular,

min  (Az,z) < Ag.
z€H,||z||2=1

as requested. ]

As an immediate corollary, we obtain the subadditivity of the largest eigenvalue, for any A, B €
H,(C),
M(A+ B) <A (A) + M\ (B). (2.2)

Interlacing of eigenvalues

An important corollary of the Courant-Fischer min-max theorem is the interlacing of eigenvalues.
The interlacing inequalities allow to derive deviation inequalities for eigenvalues where the deviation

is measured through its rank. By convention if A € H, (C), we set for integer i > 1,
Ati(A) = —0c0 and A_;(4) =40 (2.3)
Lemma 2.2 (Weak interlacing). Let A, B in H,(C) and assume that dim(A — B) = r Then, for
any 1 <k <n,
Nerr(A4) < M(B) < Ao (A).
Proof. We prove Apir(A) < A\(B). We may assume that k 4+ r < n. By definition, for some vector

space H of dimension k + r,
)‘k-l-r (A) = min <Al‘, SL‘>

z€H,||z||2=1
Take H' = H Nker(A — B). By construction

Aer(4) < (Az,z) = min (Bz,z) < A\ (B)

min , )
zeH' |z]|l2=1 zeH' ||z]]2=1
where k' = dim(H'). Now, the inequality,
n —dim(H') < (n —dim(H)) + dim(im(A — B))
yields k' > k. This concludes the proof of the inequality Agy,(4) < Ag(B). For the proof of

Me(B) < Ag—r(A), we may assume that £k —r > 1. Then, simply replace A and B in the above

argument. O

There are variants of the above interlacing inequality. The above argument gives also the

following lemma.

Lemma 2.3 (Strong Interlacing). Let A, B in H, and assume that A = B + C with C' positive

semi-definite with rank r. Then

Ak(B) < Ak(A) < Ap—r(B).

13



Deviation in Kolmogorov-Smirnov distance

We now give a perturbation inequality which is a consequence of interlacing. For u, p’ two real

probability measure, we introduce the Kolmogorov-Smirnov distance
dis(p, ') = Sup |1(—00,t] — i/ (=00, t]| = |Fy = Fi oo,
€

where F), is the cumulative partition function of x. The Kolmogorov-Smirnov distance is closely
related to functions with bounded variations. More precisely, for f : R — R the bounded variation

distance is defined as

1£llBv = sup > |f(@rs1) = (@),

keZ

where the supremum is over all sequence (zg)rcz with x, < zp41. If the f = 1((—o0,t)) then

|l fllsv = 1 while if the derivative of f is in L'(R), we have

I llsy = / )t

Functions with bounded variations have left and right limits at any points and have a countable
number of discontinuity points. To avoid minor complications, we will denote by BV™ the set of
right continuous function with || f|py < oo.

We have a variational formula for the Kolomogorov-Smirnov distance.

Lemma 2.4. For any real probability measures yu, i,
dis (1, 1) = sup {/fdu — [ fdut £ BV lny < 1} -

Proof. Choosing f = 1(_ 4 gives a first upper bound on dkg. The other way around, let f € BVT.
Then, a classical theorem (see [Roy63]) asserts that f can be written as f(y) = f(z) + [Y do(t)
with o signed measure on R and || f||gy = [ d|o].

Let 7 is a continuity point of F,(t) = u(—oo,t] and f, we have the integration by part formula

[ t@du = ~10Rn) - [ Fuviot)
This yields, letting 7 tend to infinity,

[ 1o~ [ sae) = - [ (£.0) - Fuoo)doto)

'/fdu—/fdu’

If gives the reverse inequality. O

In particular,

< / |Fu(t) = Fu ()] diol(®) < 1fllpv 1 E — Fyloc- (2.4)

14



As a corollary from the interlacing inequality, we obtain the following deviation inequality for

empirical spectral distributions.

Lemma 2.5 (Rank inequality for ESD). Let A, B in H,(C) and assume that dim(A — B) = r
Then,

31

dis(pa, pp) <

and for any f € BV,

[ 09asa) = [ 10as )| < ()11

Proof. Fix t € R. Let k and k' be the smallest indices such that A\y(A) <t and \g/(B) < ¢ (recall
our convention (2.3)). By lemma[2.2] we find

k=K <
This yields
m+1—k)—(n+1-F) r
F,(t)—F )] = < —.
[Fult) - Fut)| ; <z
This gives the first statement. The second statements follows from ([2.4)). ]

1.2 Hoffman-Wielandt inequality

We now present another matrix inequality which is particularly useful. It is an inequality in terms

of perturbations in Frobenius norm, for A € H,(C):
|Allp = VTrA2.

This norm is very natural: (H,(C),||-|#) is isomorphic to the Euclidean space (R™, || - ||2) through
the map A — (Ai;, V2R(Aij), V23(4;5))j>i- Recall the convention (2.1)) to order eigenvalues of an

hermitian matrix.

Lemma 2.6 (Hoffman-Wielandt inequality). Let A, B in H,(C),

Y (Ni(A) = Mi(B))? < Tr(A - B)* = | A - Bl .
i=1

Proof. From the septral theorem, we have A = UCU* and B = VDV* where U,V are uni-

tary matrices and C, D are diagonal matrices with respective diagonals (A;(A4),..., A\ (A)) and
(M(B),..., An(B)). Set W =U*V, since Tr(AB) = Tr(BA), we find

IA = B||% = |CW — WD||p.

15



Setting P;; = |W;;|* we get
IA—=Bl7 = Py(A(A) = Ai(B))*.
,L"j
Since W is unitary, P = (P;;) is an n x n doubly stochastic matrix. If S,, denotes the set of n x n

doubly stochastic matrices, we find
1A - B[ > dnf D Qi(Ni(A) = A\i(B))*.
4,3

The set S, is convex and compact. Moreover, the above variational expression is linear in Q). It
follows that the infimum is reached at an extremal point of S,,. Now, a theorem due to Birkhoff and
von Neumann states that the extremal points of S, are the permutation matrices: that is matrices

such that for some permutation o € S,,, Q;; = 1(o(i) = j) for every 1 <,i,j < n. It gives
14 BIF > inf S Ou(4) Aoy (B))

To conclude, we claim that if z1 > ... >z, and y; > ... > y, then

n n

Uieng (@i — Yo(i))* = Z(M — )% (2.5)
"i=1 i=1

Indeed, if o(j) < o(i) for some i < j, we find that

(@i = Yo))* + @ = Yo(5)? = @i —Yo()? + (@5 — Yo(i))® + 2(xi — ) (To(j) — To(s))
> (@ = Yor) + (@ — Yo)*-
It implies easily (12.5)). O

For p > 1, u, i’ two real probability measure such that [ |z|Pdu and [ |z[Pdy’ are finite. We

define the LP-Wasserstein distance as

Wyt i) = (i [ o yrar )’
™ JRxR

where the infimum is over all coupling 7 of 1 and y/ (i.e. 7 is probability measure on R x R whose
first marginal is equal to p and second marginal is equal to p’). Note that Holder inequality gives
for 1 <p<yp,

W, < Wy
For any p > 1, if Wy (pn, i) converges to 0 then p,, — p weakly. This follows for example from

Kantorovich-Rubinstein duality
Wit i) =sup { [ gau— [ gaud sl < 1.

16



where we have used the Lipschitz (semi)-norm

f) ~ S )

Ifllz = sup
THyY ‘3} - y‘

We may then deduce a perturbation inequality for empirical spectral distribution in terms of

Frobenius norm.

Corollary 2.1 (Trace inequality inequality for ESD). Let A, B in Hy,(C), then

1
Walpa, 1) < |/~ Te(A = B)? = | A~ B,

Proof. Consider the coupling m of (4, up) defined as

n

1
=" OnaE)

i=1
We find
1
/ |z — y|?dm < —Tr(A — B)>.
RxR n

The left hand side is lower bounded W (4, up) by construction (in fact it is even equal from

E3). =

We also get a Lipschitz bound for spectral statistics in terms of Frobenius norm.

Corollary 2.2 (Lipschitz continuity of spectral statistics). Let f : R™ — R be a Lipchitz function.
Then the map F : (Hy(C), || - ||r) = R

F(X) = f(A(X), -+, An(X)).

is Lispchitz with constant || f||z. In particular, if g : R — R is Lipschitz,

6 = 2efo( 52 )} = [odng )

is Lipschitz with constant ||g||L/n.

Proof. From Hoffman-Wielandt inequality, we get

[F(X) = FY)P < IFIE D (X)) = M) < IFIZIX = Y5
k=1

The second statement follows from the first statement, since the map

n

(@1, ) = Y @i

i=1

is Lipschitz with constant y/n (thanks to Cauchy-Schwartz inequality). O
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Remark 2.1 (Frobenius versus Euclid). It will sometimes be more convenient to see a matriz
X € H,(C) has a vector in R defined by (X, R(X; ij), S(Xij))j>i- Then, using that | X||p <
fHXHg the Lipschitz bounds in (H,(C),| - ||r) of Corollary. can be replaced by Lipschitz bound
in (R, || - ||2) with constants multiplied by a factor /2.

1.3 Deviation in bounded variation and Lipshitz norm

For real probability measures pu, i/, we define the distance

A, ) = sup { [ san= [ 1510 < 1Sl < 1},

so that we can apply both Corollary [2.T] and Lemma [2.5 to this distance :

d(pua, i) < min (W, %T&"(A - 3)2). (2.6)

This distance is stronger that the Lévy distance.
dr(p, i) =inf{e > 0: for allreal t, Fj,(t) < Fy(t+¢e) +e Fy(t) < Fu(t+¢)+e€}.

where F),(t) = p(—o0,t] is the cumulative partition function. It follows that if d(j,, 1) — 0 then

1n converges weakly to u.

Exercise 2.1. Deduce Theorem[I.1] from Theorem|[1.5 by a successive truncation argument relying

on Equation (12.6).

2 Bounds on the variance

2.1 Efron-Stein inequality

We follow Boucheron, Lugosi, Massart [BLM13]. Let X = &} x --- x A}, be a product of measurable
spaces and let X = (X1,...,X,,) € X be a vector of independent random variables.

We denote by [E; the conditional expectation with respect to the o-algebra generated by (X;);;
and, if Z = f(X) is a measurable function of X, Var;(Z) = E;(Z —E;Z)? is the conditional variance.

Efron-Inequality asserts that the variance is subadditive.

Theorem 2.1 (Efron-Stein Inequality). Let X = (X1,---,X,,) be independent random variables
and f: X — R such that Ef(X)? < oo then, if Z = f(X),

Var(Z <ZEVarZ ZEZ E;Z)?
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Moreover, if X' = (X1,---,X],) is an copy of X and Z! = f(X1,..., Xi—1, X[, Xiv1,..., Xpn),
n 1 n
Z;]EVari(Z) = 221@(2— Z2.
1= 1=

Proof. The second claim is easy as E;(Z — E;Z)(Z! — E;Z) = 0. We follow a beautiful argument
of Chatterjee. We may assume that Ef(X) = 0. Let X = (X1,...,,X], Xjy1,...,X,) and
Xéz) = (Xh---aXi—laXz{aXi—l—l’-'-an)- We have X(O) = X, X(n) = X’ and Zz/ = f(XEZ)) We
write, for any f,g: X - R

Eg(X)f(X) =) Eg(X)(f(Xi-1) — [(X@)
i=1

Switching X and X’, we note that g(X)(f(X(i,l)) — f(X(i)) has the same distribution than
—9(X () (f(X(i-1)) = f(X()). Hence,

n

1

Eg(X)£(X) = 5 3" E(9(X) — g(X(3))( (X)) — [(X)
i=1
It remains to set f = g and apply Cauchy-Schwartz inequality. O

A simple consequence of Efron-Stein inequality when f has bounded differences, that is f is

Lipschitz for a weighted Hamming pseudo-distance, i.e. for every z,y € X,
n
@) = FW) <D erlozy,- (2.7)
k=1
for some ¢ = (cy,- -+ ,c,) € R%. We denote by [|y|l2 = 1/>; ¥2, the usual Euclidean norm. Theorem

implies the following.

Corollary 2.3. Let X = (X1, -+, X,,) be independent random variables and f : X — R such that
(2.7) holds then

We will however see a much more powerful concentration inequality for functions with bounded
differences.
Random matrices with independent half-rows

We will obtain two applications for random matrices of Efron-Stein inequality, one for each per-
tubation inequality that we have seen (interlacing and Hoffman-Wielandt). The weakest bound

applies to a large class of random matrices and it is obtained thanks to the interlacing inequality.
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Theorem 2.2 (Variance of ESD with independent half-rows). Let X € H,(C) be an random
hermitian matriz and for 1 < k < n, define the variables Xj, = (Xpj)1<j<k € CFk. If the variables
(Xk)1<k<n are independent, then for every f € BV,

vir ([ ) < 2

There are examples of random matrices such that the conclusion of Theorem is sharp.

Proof. Forany x = (z1,...,2,) € X = { Vi<i<n @ m; € C1 x ]R} let H(x) be the nxn hermitian
matrix given by H(x);; = x5 for 1 < j <i <n. We thus have X = H(Xy,...,X,,). Forallz € X
and 7} € C*~! x R, the matrix

H(x1, ..y xn) — H(T1, o T 1, Ty Tia 1, o5 Ty
has only the i-th row and column possibly different from 0, and thus

rank (H(.CEl, vy Tn) — H(z1, o 21, T T, - - ,.CEn)) < 2.

Therefore from Lemma [2.5, we obtain,

2||fllBv
’/fdMH(m vvvv /f 'uH(wl TG 1T %) = n '

The desired result follows now from Corollary [2.3] O

Convex Poincaré inequality

In Efron-Stein inequality, when X is R™ or C™, we may use differential calculus to estimate the

upper bound in the inequality. If f is

Theorem 2.3 (Convex Poincaré for bounded variables). Let B be the unit ball of R¥ and X =
(X1, -+, X,) € B* C R be a vector of independent random variables. If f : RF* — R is convex
and such that Ef(X)? < oo then,

Var(f(X)) < 2E[|Vf(X)|3-

In particular, if f is Lipshitz with constant L, the variance is bounded by 2L>.

In the next subsection, we will introduce the probabilistic Poincaré inequality. Theorem
asserts that all vectors of independent bounded variables satisfy a Poincaré inequality restricted to

convex functions.
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Proof. Let X' be an independent copy of X and XEi) = (X1,..., Xi-1, X/, Xi1,..., Xp). By
symmetry and Theorem [2.I] we have

n

Var(f ZE (X)) = Y E(F(X) — F(XD)

i=1
where (a)% = max(a,0)%. The convexity assumption implies that f(z) — f(y) < Vf(z) - (z — y)
where - is the scalar product. Since a — (a)3 is non-decreasing, we get from Cauchy-Schwartz
inequality,
(F(X) = F(XD)E < IVaF(OI31X: = X713,
where V,; f(X) € R¥ is the gradient of X; — f(X). By assumption || X; — X/||2 < 2 and we find

S (FX) = FEDF < 2D IVif(X)5 =2V F(X)3
i=1
as requested. ]

In some cases it is possible to remove the assumption that f is convex. If f is smooth, a
possibility is to write a Taylor expansion to higher order. Another favorable case is when f is a

finite weighted sum of convex functions (we will see these two examples appear in random matrices).

Variance of largest eigenvalue and linear statistics

A first easy consequence of the convex Poincaré inequality is the following.

Theorem 2.4 (Variance of largest eigenvalue with independent entries). Let X € H,(C) be an

random hermitian matriz such that the variables (X;;)i<; are independent and bounded by D. Then
Var (A (X)) < 4D

Proof. By Corollary the real-valued function on R™ x C™=1/2 F: (Xy, Xii)icj = M (X) is
convex with Lipschitz constant /2 (see Remark . Moreover it is convex by inequality (2.2)). It
remains to apply Theorem O

This result is interesting but fails to capture the proper order of the fluctuations in n, the
variance of A1(X) is of order O( 1/3>
Another consequence of Theorem is the following.

Theorem 2.5 (Variance of ESD with independent entries). Let X € H,,(C) be an random hermitian
matriz such that the variables (X;;)i<j are independent and bounded by D. Then for every Cl-
function f: R — R with Lipschitz constant L and k inflection points,

</fd ) (k+711)22D2L2
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Note that if (Y7,...,Y,) are iid real random variables and f(Y;) is square-integrable then the

Var(:L > f(Y;)) = o(i).

Hence, Theorem implies that eigenvalues of random matrices are much more concentrated than

variance of

iid samples. The first step of proof is the following lemma.

Lemma 2.7 (Peierls). Suppose that the function f : R — R is convex. The function F : X —
Trf(X) on H,(C) is convex.

Proof. Let 1) € C" such that ||¢||2 = 1. Let X be in H,(C), (u1,...,u,) be an orthonormal basis

of eigenvectors of X with eigenvalues (A1, -, A,). From the spectral theorem,

W, FX)Y) = > FOw(, w)]?

k=1

where the last step follows from Jensen inequality together with Pythagoras theorem: >, (¢, uy) |2

NE

=
Il
A

|| = 1. Using again the spectral theorem, this proves the Peierls inequality

(0, [(X)) = F(($, Xp))  when [[¢[|y = 1. (2.8)

Now, let X,Y be in H,(C), t € [0,1] and (v1,...,v,) an orthornormal basis of eigenvectors of
tX + (1 —t)Y. For all k, using that vy is an eigenvector and the convexity of f, we have

{0k, F(EX + (1 = )Y )vg)

f(oe, (X + (1 = 8)Y)or))

f(t{vg, Xvg) + (1 = t)(vg, Yog))

tf (v, Xvg)) + (1 = 1) f ((vg, Yug))
tug, f(X)vk) + (1 = t){vk, f(Y)vg),

IA

IA

where at the last step, we have used (2.8)). It remains to recall that for any matrix A in M, (C),
Tr(A) = >, (vg, Avg). O

Lemma 2.8 (Weighted sum of convex functions). Suppose that the C'-function f : R — R has k
inflection points. Then, there exist e; € {—1,1}, fi convex with || fi|lr. < |/ fllr such that

k+1

[= Z €ifi-
=1
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Proof. By induction on k. Let 1 < --- < xp be the inflection points of f. Up to considering
+(f(-—xx)— f(zx)), we may assume without loss of generality that xx = 0, f(0) =0 and f”(z) > 0
for x > 0. We decompose f as

fl@) = f(@)—f0)z+ f(0)
= {(f(=) = F(0)2)1(z < 0) + f(0)z} + (f(z) = f(0)z)1(z = 0)
= g1(z) + g2(x).
Notice that g; and g2 are C''-functions. Moreover, go is convex and, for x > 0, gh(z) = f'(x)—f'(0) €

[0, f'(x)] so that [|g2]l.. < ||f|lL- Similarly, g1 has & — 1 inflection points and, since g;(x) = f(z) on
(—00,0] and g1 (x) = f'(0)x on [0,00) we find ||g1]L < ||f]lL- O

Proof of Theorem [2.5, From Lemma we have

k+1
du x = S / du x .
/ f Mﬁ ; t | fe Mﬁ
for some signs ¢; and convex functions f;. In particular, from Cauchy-Schwartz inequality,

k+1

Var </fd,u§ﬁ> < (k:+1)tz:;\/ar </ftduj%>.

By Corollary and Lemma the real-valued function on R™ x CM»—1/2 p . (Xii, Xij)icj

f frdu x is convex with Lipschitz constant \/iL/ n (see Remark . It remains to apply Theorem
v

to each term on the right hand side. O

2.2 Poincaré Inequality

Definition and first properties

Definition 2.1 (Poincaré inequality). A random wvariable X on R™ satisfies Poincaré inequality

with constant ¢ > 0 if for any differentiable function with Ef(X)? < oo,
Var(f(X)) < cE||Vf(X)|3

where |V f]13=>"",(8:f)%

We prove below that the standard Gaussian on R satisfies Poincaré with constant ¢ = 1. More
generally, let V : R" — R U {oo} such that V(x) — ¢||z||3/2 is convex. Then the probability
P(dz) = Z 'e V(@) dz satisfies Poincaré with constant ¢. We refer to Ledoux [Led01] for more
properties on Poincaré inequalities.

We will use the following elementary properties of the Poincaré inequality.
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Lemma 2.9 (Properties of Poincaré Inequality). Let X, Xy be independent random variables in

R™ and R™ which satisfy Poincaré with constants c1,co > 0.
- Homogeneity : for a € R, b € R™, aX; + b satisfies Poincaré with constant a’c;.
- Tensorization : (X1, X3) satisfies Poincaré in R™1"2 with constant max(cy, cz).

Proof. Homogeneity is obvious, the tensorization property is a direct consequence of Efron-Stein
inequality, Theorem if X = (X1, X2),

Var(f(X)) < E(Vary f(X)) + E(Vary f(X)) < a1E[|V1f(X)[[5 + 2E[[Vaf (X)]l5-

where V; f(X) is the gradient of X; — f(X). It concludes the proof as | V1 f(X)||3+ || V2f(X)|3 =
IV £ (X)13-

O

Gaussian vectors satisfy Poincaré inequality.

Lemma 2.10 (Gaussian Poincaré inequality). The standard Gaussian variable on R™ satisfies

Poincaré with constant ¢ = 1.

Proof. From the tensorization property, it is sufficent to prove the claim for n = 1. There are many
possible proofs, here we use the celebrated Gaussian integration by parts formula: for any-real

valued function f with obvious integrability conditions
EXf(X)=Ef(X), (2.9)

where X is a standard Gaussian variable.
Let X’ be an independent copy of X and f a C!-function such that Ef(X) = 0. For t € [0, 1],

we define

X;=VIX+V1-tX' and Y;=V1-tX - VitX'
Note that X; and Y; are independent standard Gaussian variables, X; = X, Xo = X' and X =
VtX; + /1 —tY;. Using Fubini’s Theorem, we may write
Ef(X)? = Ef(X)(f(X) - f(X")
1
— B[ o000
0
1 X X/
= E X)) —= - "(Xy)dt
[ a5 -5 )
1

1
= /0 WiVt mEf(\/iXt + V1 =YY f(Xe)dt.
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Using the independence of X; and Y;, we may use (2.9)) for ;. We get
1
1
BIX)? = [ SRSV VTS I)S (X

0

It remains to apply Cauchy-Schwartz inequality. O

Application to random matrices
An immediate consequence of Corollary [2.2]is the following.

Theorem 2.6 (Variance of ESD with Poincaré). Let X € H,(C) be an random hermitian matric
such that the vector (X;j;)i<; (seen as a vector in R") satisfies Poincaré with constant c. Then for

every C'-function f : R — R with Lipschitz constant L,

2¢cL?
V. d < .
o (frans ) <%

Compared to Theorem Theorem has removed the convexity assumption. The variance
bound in Theorem has the optimal order of magnitude.

Using the first part of Corollary [2.2], we can also derive a result for the concentration of a single

eigenvalue.

Theorem 2.7 (Variance of an eigenvalue with Poincaré). Let X € H, (C) be an hermitian random
matriz and assume that the vector (Xi;)i<; satisfies Poincaré with constant ¢ > 0 in R™ . Then
forany 1 <k <n,

Var(Ax (X)) < 2ec.

This result does not capture the actual variance. For GUE matrices and k£ = [pn| with 0 <
p < 1, the variance is of order O(log"). For k € {1,n}, the variance is of order O( L )

n nl/3

3 Exponential Tail Bounds

3.1 Bounded Martingale difference inequality

We now improve the variance bound of Corollary to sharper exponential tail bound. Recall the

setting of the previous section. Let A7 --- X, be metric spaces and set X = X7 X - -+ X A),.

Theorem 2.8 (Azuma-Hoeffding’s inequality). Let X = (Xi,---,X,) be independent random
variables and f : X — R such that (2.7)) holds then for any t > 0,

Pmm—wwmwSm{‘ﬂ)

2llcll3
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This type of result is called a concentration inequality. It has found numerous applications in
mathematics over the last decades. For more on concentration inequalities, we refer to [Led01,

BLM13|. As a corollary, we deduce the Hoeffding’s inequality.

Corollary 2.4 (Hoeffding’s inequality). Let (Xj)i1<kx<n be an independent sequence of real random
variables such that for all integer k, Xy, € |ag,b|. Then,

n —t2
P (Z X, —EX), > t) < exp (2 ST e ak)2> . (2.10)

k=1

The proof of Theorem [2.8 will be based on a lemma due to Hoeffding.

Lemma 2.11. Let X be real random variable in [a,b] such that EX = 0. Then, for all A > 0,

A2 (b—a)?
Ee X <e 3

Proof. By the convexity of the exponential,

AX b_XeAa_}_X_aeAb.
b—a b—a

Taking expectation, we obtain, with p = —a/(b — a),

b a
EAX < Xa _ Ab
c b— ae b— ae
_ (1 o+ peA(b—a)) o—PA(b—a)
= r(Ab-a)

where p(x) = —px + In(1 — p 4 pe®). The derivatives of ¢ are

xT

p(1 —p)
(1 —ple® +p)?

1
and ¢"(z) = < T

"(z) = — —i——pe
pla)=-p (I—-ple~®+p

Since p(0) = ¢’(0) = 0, we deduce from Taylor expansion that

’ z? " z?
QO(QC) < @(0) +37§0 (0) + ?H‘P Hoo < §
O

Proof of Theorem [2.8, Let (Xi,---,X,) be a random variable on X with distribution P. We shall
prove that

42
P(f(le"' »Xn)—Ef(Xl,“' aXn) Zt) < exp <2||CtH2>
2

For integer 1 < k < n, let Fy = o(X1, -+, Xz), Zo = Ef(X1, -+, Xp), Zp = E[F(X1, -, X)|Fil,
Zn = f(X1, -+ ,X,). We also define Y, = Zy — Zy_1, so that E[Y;|Fr_1] = 0. Finally, let
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R e an iIndependent copy o 1,7 ,Xp)- enote the expectation over ST
X1 X))b ind d f(X X,). IfE'd h i X1 X,
we have

Zk - E/f(X17 o 7Xk7 X]i;+17 o 7X;1,)
It follows by ([2.7))

Y = E,f(Xla ey Xy X];-i-l) T aX':z) - E,f(le T 7Xk—17XI:;7 T ,X,:l) € [—Ck,Ck].
Since E[Yy|Fk—1] = 0, we may apply Lemma for every A > 0,
A2ci
E[eM*|Fri] <e2 .

This estimates does not depend on Fj_1, it follows that

]Ee)\(Zn—Zo) — ]E[ex\zzzl Yk] < e%
From Chernov bound, for every A > 0,

N?lell3
P(f(Xh 7Xn) _Ef(X17 7XTL) > t) < €xp <_>‘t+ 2) .

Optimizing over the choice of A, we choose A = t/||c||3. O

Random matrices with independent half-rows
The proof of Theorem and Theorem [2.8] imply the following statement.

Theorem 2.9 (Concentration of ESD with independent half-rows). Let X € H,,(C) be an hermitian
random matriz and let for 1 < k < n, X = (Xpj)i<j<k € Ck. If the variables (Xk)1<k<n are
independent, then for every f € BVT and t > 0,

2
(| rans e [ran|z) s2e0 ()
BV

3.2 Logarithmic Sobolev inequality

We are now going to derive optimal concentration inequalities. We follow Section 2.3.2 in [AGZ10].

Definition 2.2 (Logarithmic Sobolev inequality (LSI)). A random variable X on R™ satisfies LSI

with constant c if for any differentiable square integrable function f

f(X)?
Ef(X)?

Entx (f(X)?) = Ef(X)? log ( ) < 2BV
where |V £ = S (0:1)2.
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Recall that the entropy bound which is naturally related to transport inequalities. For example,
the Pinsker’s inequality relates the entropy to the total variation distance between two probability

measures :
/ / oy’
drv(p, 1) = sup [u(A4) — p(A")| <y [2Ent, | o— ).
A O

The definition of LSI is due to Léonard Gross 1975. It bounds the entropy by an energy. It
is closely related to hypercontractivity in semi-group theory. Refer to Ané et al. |[ABCT00], to
Ledoux [Led01]. For techniques to prove LSI, see also Villani Chap. 21-22 ”optimal transport, old
and new” and Guionnet and Zegarlinski |[GZ03]. It is not difficult to check that a variable which
satisfies LSI satisfies Poincaré with the same constant.

For us, it will be important that the standard Gaussian on R satisfies LSI(1). More generally, let
V : R® — RU{oo} such that V(z)—¢||z||3/2 is convex. Then the probability P(dz) = Z~le™V®)dx

satisfies LSI(c), it is a consequence of Bakry—Emery criterion, see Bobkov-Ledoux 2000.

Lemma 2.12 (Properties of LSI). Let X1, Xy be independent random variables in R™ and R™2

which satisfy LSI with constants c1, co.
- Homogeneity: for a € R, b € R™, aX; + b satisfies LSI(a’c).
- Tensorization: (X1, X2) in R™ "2 satisfies LSI(max(c1, c3)).

Proof. Only the tensorization property deserves a proof. It is due to Han’s inequality which implies
the subbadivity of the relative entropy. Set X = (X1, X3) and Z = f2(X) we denote by E; the
conditional expectation given X, j # i and Ent;(Z) = E;Z log(Z/EZ;) the conditional entropy.
We decompose the entropy as

Z

A E Z
= [E, <E1 <Zlog W)) + Eq ((ElZ) log IEZ>
= Eg(Entl(Zl)) + Entg(ElZ).

Ent(2)

Recall the variational formula for the entropy :
Ent(Z) = sup {E(Zh(X)) : E(e"0) =1},

(which follows from the inequality : xy < xlogz —z + €Y, for any « > 0, y € R which is applied to
= Z/EZ and y = h(X))). This yields to, for any function ¢ : R — R with Eped(X2) =1,

E2((E12)9(X2)) = E1(E2(Zg(X2))) < E1(Ente(2)).
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Taking the supremum over all g, yields the tensorization inequality for the entropy:
Ent(Z) <Eo(Ent1(Z2)) + E1(Ente(Z)) = E(Ent1(Z)) + E(Enta(2)).
We may now apply the LSI(¢;), for i € {1, 2}, and the statement of the lemma is straightforward. [

Lemma 2.13 (Herbst’s argument). Assume that X satisfies LSI(c). Let f : R™ — R be Lipschitz
with constant 1. Then for all A € R,

EAUO-EF(X)) £ 2032

and so for any t > 0,

2

P(|f(X) ~Ef(X)| >t) < 2¢ 5.
Proof. We use Chernoff bound, for A € R,
P(f(X) —Ef(X)>t) < e MEAO-EFX)),

Applied A = t/(4c), f and —f, we deduce that the second statement is a consequence of the first
statement. By a density, we may assume that f continuously differentiable (refer to [ABCT00,
lemma 7.3.3]). By homogeneity, we can assume Ef(X) = 0 and A > 0. We set Z = f(X). Consider
the log-Laplace function

A(N) = log Ee*M.

Apply the definition of LSI to the function f = e*4. We find

n
2
2AES(X)e? — Ee logEe? < 2EY ‘(@-Z)A&Z ‘ < 2c[2Ee?,
i=1

where L? = max,cgn | VF(2)||3 = max,epe 327, [0;F(x)|* < 1. We observe that

AN _EZe?*  logRe*M
T C\Ee2 Z T ‘

A A2
(A0 <

Since EZ =0, A(X\) = o(\) as A ] 0, we find for all A > 0,

It yields to

A(N) < 2e)2.
This proves the first statement. ]

We can now derive powerful concentration inequalities for random matrices with independent
entries. From Lemma and Corollary we find the following.
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Theorem 2.10 (Concentration of ESD with LSI). Let X € H,(C) be an hermitian random matriz
and assume that the variable (X;j)i<j satisfies LSI(c) in R"™. Then for any f : R = R such that

I fllL <1 and everyt >0,
n?t?
P(’/fdﬂx/\/ﬁ—E/fdux/\/ﬁ Zt> < 2exp <— 166>.

We can also derive a result for the concentration of single eigenvalues (the same comment below
Theorem applies here also).

Theorem 2.11 (Concentration of single eigenvalue with LSI). Let X € H,(C) be an hermitian
random matriz and assume that the random variable (X;j)i<; satisfies LSI(c) in R™. Then for any

1<k<n andeveryt >0,

2
P (Ie(X) — EAG(X)| > ) < 2exp (—f6> .

3.3 With Talagrand’s concentration inequality
We start by recalling Talagrand’s concentration inequality.

Theorem 2.12 (Talagrand’s concentration inequality). Let B be the unit ball of C. Consider a
convez Lipshitz real-valued function f defined on B™. Let X = (Xi,...,X,) € B" a vector of
independent variables and let m(f) be the median of f(X). Then for any t > 0,

2
B(SX) =) = 0) < desp (g7 )

For a proof in the real case see Ledoux [Led01] (with constant 4 instead of 8). As in the proof
of Theorem we can use the subadditivity of relative entropy proved in Lemma together
with Herbst” argument Lemma to obtain an analog bound for the upper tail (see [BLM13| for
details). Oddly, this argument does not seem to give the bound for the lower tail (the assumption
f convex is not symmetric).

With the assumption of the theorem, we find

m(f) ~E(f(X))| < /OOOIP’(!f(X)—m(fNZt)dt

oo
< 2/ e ST gt

—00

4v2a|f .-

At the cost of changing the constants, in Talagrand’s Theorem we may replace m(f) by
Ef(X).
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Application to random matrices

Talagrand inequality readily implies the following concentration inequalities.

Theorem 2.13. Let X € H,(C) be an random hermitian matriz such that the variables (Xij)i<;
are independent and bounded by D. Then, for anyt > 0,

t2
P (A (X) m\_t)_4exp< 16D2>’

where m is the median of A\ (X).

As in the proof of Theorem [2.5] we get the following consequence on linear statistics of the

eigenvalues.

Theorem 2.14. Let X € H,(C) be an random hermitian matriz such that the variables (X;j)i<;
are independent and bounded by D. Then for any C'-function f : R — R with k inflection points,
for every t > 0,

2,42
Zt)gc(k‘—l—l)exp<— nt >7

P d -E [ fd
<‘/f Kx/ /f X/ c2(k+1)2D?| f|?

where ¢ > 0 is a universal constant.

Proof. First observe from Lemma 2.8 and the fact:

t
{z1+-+x >t} C U {%25}

1<i<t

that it is sufficient to prove the statement for f convex. The latter is a consequence of Theorem

Corollary [2.2] and Lemma O
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Lecture 3

Resolvent of random matrices

In Lecture [I| we have seen that the even moments of Wigner’s semi-circular law are given by the
Catalan number. The generating function of the Catalan’s number satisfies a very simple fixed point
equation (|1.2). This hints that the generating function of moments of ESD of random matrices

could be easier to compute than the actual moments. The resolvent method formalizes this ideas.

1 Cauchy-Stieltjes transform

1.1 Definition and properties

Let u be a finite measure on R. Define its Cauchy-Stieltjes transform as for all z € Cy = {z € C:
3(z) > 0},

au() = [ 5 dul)

Note that if u has bounded support we have

9u(5) == er [ My,

k>0

The Cauchy-Stieltjes transform is thus essentially the generating function of the moments of the

measure .

Lemma 3.1 (Properties of Cauchy-Stieltjes transform). Let u be a finite measure on R with mass
n(R) < 1.

(i) Analytic : the function g, is an analytic function from Cy — C,.
(i) Bounded : for any z € C4, |gu(2)| < (3(2)) L.

The Cauchy-Stieltjes transform characterizes the measure. More precisely, the following holds.
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Lemma 3.2 (Inversion of Cauchy-Stieltjes transform). Let p be a finite measure on R.

(i) For any bounded continous f,

/fdu = lim 1/f(at)%gu(m + it)dx.

tl0
(i) For any x € R,
p({z}) = ltig)lt%gu(w +it).
(iii) For almost all x € R, the density of p at x is equal to

1
lim =S it).
tlﬁ)lﬂ\sgu(x—l—z )

Proof. By linearity, we can assume that p is probability measure. We have the identity

Sq(a +it) = / mdﬂ(x).

Hence %Sg(x—i—it) is the equal to density at z of the distribution (u * P;), P; is a Cauchy distribution
with density

Pyx) = W

In other words,

i/f(q:)%gu(a: +it)dz = Ef (X + 1Y),

where X has law p and is independent of Y with distribution P;. The statements follow easily. [

1.2 Cauchy-Stieltjes transform and weak convergence

The convergence of Cauchy-Stieltjes transform is equivalent to the weak convergence.

Corollary 3.1. Let p and (pn)n>1 be a sequence of real probability measures. The following are

equivalent
(i) As n — oo, weakly pi, — p.
(ii) For all z € C4, as n — 00, gu,(2) = gu(2).

(iii) There exists a set D C Cy with an accumulation point in Cy such that for all z € D, as

n — 00, gu,(2) = gu(2).
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Proof. Statement ” (i) implies (ii)” follows from the definition of weak convergence applied to the
real and imaginary part of f(\) = (A — 2)~!. Statement " (ii) implies (iii)” is trivial. For statement
7 (iii) implies (i)”, from Helly selection theorem, the sequence (uy,) is relatively compact for the vague
convergence. Let v be such vague limit, it is a finite measure with mass at most 1. By assumption,
for any z € D, g,(2) = g,(2). Two analytic functions equal on a set with an accumulation point
are equal on their domain (principle of analytic extension). Hence, by lemma for any z € C,,
9u(2) = gu(2). By lemma we deduce that v is a probability measure and v = p. O

1.3 Cauchy-Stieltjes transform of the semicircle law

The Cauchy-Stieltjes semi-circular distribution ps. satisfies the fixed point for all z € C,

1

2
— or g, (2)" +29,,.(2)+1=0. 3.1
Z+g,usc(z) K ( ) 3 () ( )

Guse(2) =

Let z + /z be the analytical continuation of x +— /z on C\R_ with a positive imaginary part.

We find
—1++v1—4z
gIJ‘SC(Z) = f.

2 Resolvent

2.1 Spectral measure at a vector

Let A € H,(C) and ¢ € C™ be a vector with unit fo-norm, ||¢||2 = 1.

The spectral theorem guarantees the existence of (vq,---,vy), an orthonormal basis of C" of
eigenvectors of A, that is, for any 1 <1i < n, Av; = \;(A)v;. The spectral measure with vector 1 is
the real probability measure defined by

n

5= vk, )05, () (3.2)
=1

It may also be defined as the unique probability measure ,uﬁ such that
/)\kd,uﬁ()\) = (¢, A¥y)  for all integers k > 1. (3.3)

If (e1,- -+ ,ey) is the canonical basis of C", summing (3.2)), we find, with ¢; = (¥, e;),

n n
) 1 )
ph =" [Pu  and  pa = - > " uf. (3.4)
=1 j=1
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2.2 Resolvent matrix

If Ae H,(C) and z € CL = {z € C:(z) > 0}, then A — 21 is invertible. We define the resolvent
of A as the function R : C4 — M,(C),

R(z) = (A— 2D~

We have the identity

P
w.REw) = [ s _ o o), (3.5)

A—z KA

where ,uﬁ is the spectral measure with vector 1. Also,

gua(z) = TH(R(2)).

Lemma 3.3 (Basic properties of the resolvent matrix). Let A € H,(C) and R(z) = (A —2zI)~" be

its resolvent. For any z € C4, 1 <1i,5 <mn,
(i) Analytic : z — R(2)i; is an analytic function on CL — C.
(i) Bounded : ||R(2)| < S(2)~ L

(11i) Normal : R(z)R(2)* = R(2)*R(z).

Proof. All properties come from the decomposition
- VRV
R(z) = ; m7
where (v1,...,v,) is an orthogonal basis of eigenvectors of A. O

2.3 Resolvent identity and perturbation inequalities

Let A, B in H,(C). For z € C,, we denote their resolvent by R4(z) = (A — zI,,)~! and Rp(z) =
(B — zI,)~!. For invertible matrices M, N, the identity

M P=N' 4+ MY N-MNT=N 14+ NYN-MM!
implies the resolvent identity:
Ry =Rp+ Ra(B— A)Rp=Rp+ Rp(B—A)R4. (3.6)

The following lemma strengthens Equation ({2.6]).
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Lemma 3.4 (Pertubation of resolvent). Let A, B in H,(C). Then, if 2 € Cy, Ra(z) = (A—=2I,)"*
and Rp(z) = (B — zI,,) ™!

- rank(A — B)
; |RA(2)kk — RB(2)kk| < 2T
e jA-B|
B
|Ra — Rp|| < TSGR

Proof. The second statement is an obvious consequence of the resolvent identity. For the first

statement, the resolvent identity asserts that
M =Rs— Rp=Rys(B—-A)Rp.

It follows that r = rank(M) < rank(A — B). We notice also that ||M| < 23(z)~!. Hence, in the
singular value decomposition of M = UDV, at most r entries of D = diag(si,--- ,S,) are non zero
and they are bounded by || M||. We denote by uy,--- ,u, and vy, - - - , v, the associated orthonormal

vectors so that
.
*
M = E S U;v;
i=1

and

|Ra(2)kk — Rp(2)kk| = |[Myr| =

< HMHZ! (ui, ex)| (i, ex) |-

uz: ek 7)17 €k>

i=1 i=1
We obtain from Cauchy-Schwarz,
n n n
> IRa(2)k — Rp(2)iel < M| Z [(ui, ex)|? [(vi, ex)|?
k=1 i=1 \ k=1 k=1
= rl[M].
Its proves the first claim. O

As a corollary, we have a concentration inequality for the resolvent.

Corollary 3.2 (Concentration of diagonal resolvent entries). Let X € H,(C) be an hermitian
random matriz and let for 1 < k < n, X = (Xpj)i<j<k € Ck. If the variables (X1,)1<k<n are

independent, then for every complex valued functions (fi,..., fx) with Lipschitz constants 1 and

t>0,
1 n Cx 2t2
P(|= >t < 2exp (LSBT
n— 32

1 n
> felBiw) — E~ > felRiw)
where R = (X — 2I)~! is the resolvent of X at z € C4.

k=1
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Proof. By Lemma [3.4] if A and B differs only the i-th row and column, we have the inequality

1< 4
- > Fr((Ra)re) — *ka ((RB)kk) Z| (Ra)we = (Bp)wl =~
k=1 k=1 "=
It remains to argue as in the proof of Theorem [2.2] and use Theorem O

2.4 Resolvent complement formula
The Schur complement is simply a block inversion by part of an invertible matrix.
Lemma 3.5 (Schur’s complement formula). Let A € M,,(C) be an invertible matriz. Set

A A B B

A 11 A2 and AL — 11 D2

A21 A22 BQI BQQ

where A1, Bi1 € M,(C). Then, if Ags and By1 are invertible, we have
Byy = (A1 — AppAg) Agy) ™t
An immediate consequence is the following formula:

Corollary 3.3 (Resolvent complement formula). Let n > 2, A = (A;j)1<ij<n € Hn(C), z € C4
and R = (A — zI,)'. For any 1 <i <n,

Ry = —(z — Ay + (A, RiA))

where A; = (Agj)j4i € C Y, Ry = (A" — 2I,,_1)~! and A" € H,,_1(C) is the principal minor of A

where the 1-th row and column have been remowved.

3 Resolvent method for random matrices

In this section, we will present on an exemple the resolvent method for random matrix. This
method will be based on two components : a probabilistic component, the concentration of bilinear

forms and a linear algebra component, the Schur complement formula.

3.1 Concentration for bilinear forms

Lemma 3.6 (Variance of Bilinear form of independent vectors). Let A € M,(C) and X =
(X1, ,X,) € C" be a vector of centered and independent variables with E|X;|? < 1 and Var(|X;|?) <
K for1<i<mn. Then

E(X, AX) ZE]X\ A and  Var(X, AX) <2TrAA* + K> |Ail*.
=1
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Proof. We have

This yields to

and
Var(X,AX) = Y AqjAipEX X5, X0, X, ZE[X PE|X;|?Au A,
11,J1,12,J2 i,J

The ﬁI“St sum is non zero only if (il,iz) = (jl,jg), (il,jl) = (iQ,jg) or (’il,jl) = (jQ,ig). We get

Var(X, AX) ZVar X2 Aal* + D 1A PEIXGPEIXG ) + > Ay AEXEXS
i#] i#]

<KZ|AM\2+ ST1AlP+ DD AlAL

1<i,5<n 1<4,5<n

The second term is equal Tr(AA*), while the third term is upper bounded by Tr(AA*) from Cauchy-
Schwarz inequality. O

With more moments assumption, it is of course possible to strengthen lemma For example,
for entries with sub-Gaussian tail, this is topic of the Hanson-Wright theorem.
3.2 Random matrices with variance profile

We illustrate the resolvent method for random matrices with inhomogeneous variances. For each

integer n > 1, we assume that (Yj;)1<i<; are independent centered variables with variance

sz;(/ ) gy 4 b5 >> (3.7)

n 5 Qi)

where Q;; = [(i — 1)/n,i/n] x [(j — 1)/n,j/n], o : [0,1]> = [0,1] is a measurable function such
that o(z,y) = o(y,x) and d;;(n) is a vanishing sequence. The function o is fixed but the law of Yj;

depends n. We set Y}; = Yij and we consider the hermitian matrix
Yo = (Yij)i<ij<n:

If o is continuous, Equation (3.7)) asserts that the variance of \/nY;; is roughly o?(i/n,j/n).

We assume that all these matrices are defined on a common probability space.
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Theorem 3.1 (ESD of matrices with variance profile). Assume that for all i,j, EY;; = 0, E|Y;;|?
as in ([3.7) with [6;5(n)| < §(n) and E|Yi;|* < 8(n)/n for some sequence §(n) going to 0. Then,

there exists a probability measure p, depending on o such that a.s. weakly

ny — Ho-

The Cauchy-Stieltjes transform g, of po is given by the formula

1
gua(z):/o g(z, z)dz,

where the [0,1] x Cy — C4 map, g: (z,2) — g(x, z) satisfies : for a.a. x € [0,1], z — g(x, z) ana-
lytic on Cy and for each z € Cy with I(z) > 1, x + g(x, 2) is the unique function in L'([0,1];C)
solution of the equation, for a.a. x € [0, 1],

-1

gla,z) = —<z+/01 o?(2,9)9(y, Z)dy) : (3.8)

Note that by analyticity, for 0 < J(2) < 1, x — g(x,z) is also a solution of (3.8) (which
may however a priorl not be unique in ; . typical application o eorem |3.1{1s the
y b priori not be unique in L'([0,1];C4)). A typical application of Th B.1]is th

following.

Corollary 3.4 (ESD of generalized Wigner matrices). Assume that for a.a. x € [0, 1], fol o?(x,y)dx =
1. Then, a.s. weakly

Hy — Hsc-

The above corollary follows from noticing that the semicircle law satisfies the fixed point equa-
tion (3.1) and the unicity statement in Theorem The following exercise is an easy Corollary of
B.4

Exercise 3.1 (Adjacency matrix of Erdés-Rényi graphs). Consider the adjacency matriz A of
G(n,d/n) with 0 < d(n) < n and d(n) — oco. Namely (Aij)i<i<j<n are i.i.d. {0,1}-Bernoulli

random variables with mean d/n. Prove that a.s. weakly Hasya = Hse-

Let 1 < p < n and define the matrix in M, ,(R),

X = (Xigh<i<pi<j<n-
where (Xj;) are iid random variables.

Corollary 3.5 (Marcenko-Pastur law). Assume p(n)/n — ¢ € (0,1], EX11 = 0 and E|X11)? = 1,

then a.s weakly

KX X*/n = M-
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where, b_ = (1 —+/c)?, by = (1+/c)? and

_ 1
- 27

pre(da) V(@ —=b)(by — 2)ly_<pcp, do

Note that from the above corollary, it is also possible to deal with case ¢ > 1. It suffices to

reverse the role of p and n and notice that, for 1 <p <mn
nMX*X = p/_LXx* —|— (7’L —p)50

Proof of Corollary[3.5, By a trunction argument, we may assume that the variables are uniformly

bounded. Consider the block matrix in H,,4,(C),

0, X*
7 = (X 0p>' (3.9)

If0 < A <--- < A, are the eigenvalues of XX* with Ay = --- = X\, = 0, A\pyy1 > 0, then the

non-zero eigenvalues of Z are

OV, WY, v

In particular, if pi/, sy converges weakly toward a limit measure v with

1—06 n 2c
UV =
1+c¢ 0

v
1+e¢

9

where 7 is a symmetric probability measure on R with density f, then pxx«/, converges weakly

to p with density on (0, 00) given by

Now, coming back to (3.9)), we introduce the [0, 1]2 — [0, 1] function

1 1 1 1
=1 11— 1 1 1)1 — .
o(x,y) <O<x<1+c> <1+C<y< >+ <1+C<x< ) <0<y<1+c)

Note that o(z,y) = o(y,z) and Y = Z//n + p satisfies the assumptions of Theorem with o

and 0 = O(1/n). It is an exercise to compute explicitly 1, in this case. O

3.3 Proof of Theorem [3.1]

The proof of Theorem is a typical instance of the resolvent method. In the first step of the
proof, we check tightness of uy and that for each z € C4, a.s.

1 — 1
n;Rii(zH /0 oz, 2)da, (3.10)
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where, R is the resolvent of Y and for each z € C4, g : © — g(x,2) is a fixed point of the
L'([0,1};C) — L'([0,1]; C4) map

F.o(g)(@) = - ( +f 02<x,y>g<y>dy)l.

Observe that implies that, if D is countable dense set in C4, a.s. for all z € D,
holds. Then, in a second step, we prove the uniqueness of the solution of F, ,(g) = g for I(z) large
enough. Now, consider a converging subsequence of (py),>1 to p. Invoking and Corollary
we conclude that a.s. for z € Cy, g,(2) = fol g(x, z)dz . By the unicity of the limit and a new
application of Corollary it will conclude the proof of Theorem In the sequel, the parameter

z € C4 is fixed and, for ease of notation, we will often omit it.

Tightness and concentration

We write

1 1 2
IE/)\Qd,uy —E-TrY2 < — / TEY) Gty + 5i;(n) | = 0(1).
n n® = \Jay |Qij]

Hence the sequence of probability measures (Euy ),>1 is tight. By Theorem and Borel-Cantelli

Lemma, it implies that a.s., the sequence of probability measures (py )p>1 is tight.

Moreover, Theorem [2.9] implies that it is sufficient to prove that
1o !
Eﬁ Z;Ru — /0 g(x, z)dz, (3.11)
=

and (3.10) will follow.

Approximation of the variance profile

Let L be a integer and let (Pyy)1<k¢<z be the usual partition of [0,1]? into squares of size 1/L.

Define
p=>_ pedpy,
1<k <L

where pyy = L? fPu o(x,y)dxdy. We define the hermitian matrix Z whose entries are, if Var(Y;;) #

0,
v o
Zij = ——— p<z, J>, (3.12)
nVar(Y;;) \n n
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and if Var(Y;;) = 0, we set Z;; = 0. We write

1 2 1 2
E-Tr(Z -Y)" = HE;’Zz‘j—Eﬂ
1 i
= ;Z |P<n7n> — \/nVar(Y;)[?
i,
2 i
2 1 (5 3) Vet
z’]

1
< 2/ lo2(z,y) — p*(z,y)|dzdy + O(&(n) + 2),
[0,1]2 L

IN

From Lebesgue’ Theorem, for a.a (z,y) as L — oo, o(x,y) — p(x,y) — 0. Hence, by dominated
convergence we deduce that
lo? = p*[lh =00 0
In particular,
lim sup lIETr(Z —Y)?<e(L), (3.13)

n—oo N
for some function € going to 0 as L goes to infinity.

Approximate fixed point equation

Consider the matrix Z given by and denote by R its resolvent. The objective is to prove that
the resolvent of Z satisfies nearly a fixed point equation. To this end, we use Schur complement
formula, corollary
Ri=— (2~ Zu+ (%, R“’Zﬁ)fl,
where Z; = (Zij)jz and R = (Z(®) — 2T)~! is the resolvent of the minor matrix Z(*) obtained
from Z where the i-th row and column have been removed.
Notice that if z,w,w’ € C4, then

1 1

z—i—w_z—i-w’ -

jw —w'|

SO (3.14)

. , N
Since (Z;, RV Z;) € C, R%) € C; and nE|Z;;? = p(l l) , we find

n’n
—1

1 AT 1 i i
Rt (o2 o) B ) | i |11+ (0RO 20 - @Iz
jF#i JFi

Now, by construction, the vector (Z;;); is independent of R®. We condition on R® and use Lemma
m we deduce that in L?(P),
-1

1 i3\ p0
Ril’Jr ZﬁLn%:P(n,n) Rjj — 0.
JFT
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We define Ny, = {1 <i <n:(k—1)/L <i/n<k/L} and N\ = N,\{i}. So that |Ny|/n — 1/L.
If i € Ny, it yields to, in L?(PP),

L —1
1 (i)
Ry + (Z + T E szGZ > — 0,

(=1

where we have defined

6 =g DB w6 3R

]EN( ]GN

Now, by Lemma

and Corollary [3.2] gives that

E|G —EG|2—O+ —OLi2
TR T SEANE) T U\SE)
It conclusion, using again (3.14]), for any 1 <k < L,

L —1
1
EG), + (z +7 ; p%ﬂ@Gg) -0, (3.15)

and
1 & 1<
EL;G,C:E”;RM.
= 1=

Unicity of fixed point equation

Consider the function G : [0,1] — C, given

L
DTN,
sz

k=1

~ \

Consider an accumulation point of the vector (EG1,--- ,EGL), say (g1, - ,91). Then G converges

in L°°-norm to

h\?r

h

L
k=1
By (3.15), g, satisfies the fixed point equation, for all z € [0, 1],

g= Fz,p(g)y
with

F,p(9)(x) = —(z + /p(x,y)2g(y)dy) B
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If g, h € L}(]0,1];C.), we find,

2z, — h(y)ld _h
Feplo)(e) — Fey(h)(o)] < L2 = MOyl -2

where we have used again (3.14) and p(z,y) < 1. In particular

Hg—hlh‘

”Fz,p(g) - Fz,p(h)Hl < 3(2)2

Hence for $(z) > 1, F,, is a contraction on the Banach space L'([0,1];C;). Hence there is a

unique solution of the fixed point
9= "rF.,(9)

The same argument works for the functions o and its associated map F. ,. Now similarly, we have,
if g € L((0, 1];C4),
J1p*@.y) = o* @ yllgW)ldy _ llgllllo® — oI

”Fz,(f(g) - FZ,P(g)Hl S %(2)2 — %(2)2 ’

In particular, if g, is the unique fixed point g = F. 5(g), since [|g,|lco < 1/3(2), we deduce

9o — ngl = ||FZ,0(90) - FZ,p(gp)Hl < HFz,a(ga) - FZ,J(gp)Hl + ||FZ,U(gp) - Fz,pngI

9o = goll1 , ll0* = P*|ln
3(z)? S(z)3 7
This gives
lo® = p?[Ix

Hgo - gp”l < %(2)2(3(2) — 1), (3.16)

As already pointed, |p? — 02| — 0 as L — oo.

End of proof

In summary, we have proved the following, fix e > 0, z € C4 with J(z) > 1. From Theorem

we have, a.s., for all n large enough,
|9uy (2) — Egpy (2)] < €.
By , we may fix L large enough so that
190(2) — 90(2)| <.
Then, by, for all n large enough,
[Egy,(2) — Egpy (2)] <&,
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and by (3.15)

B, (2) — gp(2)] < e.

This concludes the proof of Theorem (since Epz and Epy are tight, g, and g, are necessarily

Cauchy-Stieltjes transforms of probability measures). O
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Lecture 4

Gaussian Wigner matrices

1 Matrix differentiation formulas and Gaussian integration by

parts

1.1 Derivative of resolvent

We identify H,(C) with R"*. Then, if ® : H,(C) — C is a continuously differentiable function, we
define Oy (j3)®(X) as the derivative with respect to #(Xj1), and for 1 < j # k < n, 9g(;r) P(X) as
the derivative with respect to (Xy).

Define the resolvent R4 = (A — 2)™', z € C4. From the resolvent identity (3.6), a simple
computation shows that for any integers 1 < j,k <n,and 1 <a # b < n,

Op(ar) Rjk = —(RjaRpp + RjpRar)  and  Og(apyRjk = —i(RjaRor, — RjpRak),

while if 1 < a < n, then
8%(aa)Rjk = _RjaRak-

1.2 Gaussian differentiation formulas

We consider a Wigner matrix X = (Xj;)i<i j<n. We assume that
(A1) (R(X12),3(X12)) is a centered Gaussian vector in R? with covariance K € Ha(R), Tr(K) = 1.

(A2) X7 is a centered Gaussian in R with variance o2.

We recall the Gaussian integration by part formula which we have already use in (2.9)).

Lemma 4.1. Let X be a centered Gaussian vector in R™ with covariance matriz K = EXX™*. For

any continuously differentiable function f : R™ — R, with E||V f(X)||2 < oo,

Ef(X)X = KEVf(X). (4.1)
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The use of Gaussian integration by part in random matrix theory was initiated by Khorunzhy,
Khoruzhenko and Pastur [KKP96]. Introduce the resolvent of X/y/n at z € C,,

SCNCED

(For ease of notation, we do not write explicitly the dependency in z). Using (4.1) we get, for
0<a#b<n,andall j,k:

1
ERjiXap = —=E [K110%(ap) Rjk + K1205(ap) Rjk + iK2100(a5) Rjk + i1K2205(ap) Rji]
Vn
1 . . . .
= —%E (K11 — Ko +iK12 + iKo1)Rjq Ry + (K11 + Ko — iK12 + iKo1) Rjp Rag]
1
= —%E(’ijaRbk + ijRak), (4.2)

where at the last line, we have used the symmetry of K and Tr(K) = 1, together with the notation
v = K11 — Koy + 2iK12 = EX{,.

Notice that |y| < 1. Similarly, for @ = b one has
2
o

ERjtXea = —

For further use, we also set

K=0%—1—7.

In the GUE and GOE case k = 0 while « is equal respectively to 0 and 1.

2 Semicircle law for Gaussian random matrices

The resolvent identity gives

HGHCE, for 1 S j’ k S n, uSing "‘ )

ZER]k = lj k— Z RjaXak]
V[71<a<n
1 ol (02 —1)
=1,_ — RikRua) + — E[R;aRka) + ——E[Ri Ri].
j=k o Z E[R;x - ; ja K [Rjk Rk

1<a<n

We set
1
9= Guy, () = ;Tr(R% g=Eg, g=g-Eg,
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and consider the diagonal matrix D with Dj, = 1,—xR;x. We find
—2ER =1 +E[gR] + %E[R(KD +yR")].
Subtracting gR one has
—gER — :ER =1+ EgR + %ER(/QD +9R").

Finally, multiplying by —+

n

and taking the trace,
1 1
7 +25+1=-Egg— —SET[R(xD + YR")] = —Eg* - —SET[R(xD + YRD)].  (4.4)

As a function of the entries of X, g has Lipschitz constant O(n~13(z)72). This fact follows from
Corollary [2.2 applied to f(x) =1/(x — z) . Since the entries of X satisfy a Poincaré inequality, by
Theorem [2.6]

Elgl> = O(n™23(2) ™). (4.5)

Also, since |Tr(AB)| < n| Al|||B||, we find
TrR(kD 4+ vR")| = O(nS(2)72).
We deduce
Eg> = O(n?S(z)™*) and %ETI‘[R(FLD + RN = 0(n13(2)72).

We thus have proved that
T4 25+1=0.(n"1). (4.6)

Lemma 4.2. Let § € C and z € C,. If x € C, satisfies x° + zx + 1 = 6, then,

o ol 6]
[z — gse(2)] < 302

Proof. Recall that ¢g2,.(z) + 2gsc(z) + 1 = 0. Tt follows that
2 2

2\ 2 z Z\ 2 z
(980(2)+§> __1+Z and (3:—1—5) __1+Z+5'

Hence
z

—((o+3) - (32 +5)) = 0= gl + g2) + ).

It yields, 61
|z — gse(2)| = |7+ goo(2) + Z|
Since z, gsc(2) € Co, |+ gse(2) + 2| = S(x + gse(2) + 2) > S(2). m

From (4.6)) and lemma we deduce a new proof of the semicircle law for Gaussian Wigner

matrices.
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3 Convergence of edge eigenvalues for (Gaussian matrices

We pursue the analysis of Gaussian Wigner matrices to the study of extremal eigenvalues of X/+/n.

Our aim is to prove

Theorem 4.1. Let X be a Gaussian Wigner matrixz satisfying assumptions (A). We have a.s.

. X . X\
s () = mon( 5 ) =2

For simplicity, we set Ay = Ax(X/+/n). Note that X and —X have the same law. Hence, by

symmetry, we may restrict to A\;. Note also that Wigner semicircle law implies that a.s.

liminf A\ > 2.

n—oo

We first observe that the method of moments used in the proof of Theorem implies that
X € H,(C) is an hermitian random matrix such that (Xj;;);>; are independent centered variables

with k-th moment bounded by ¢ > 0, then there exists a constant K (depending on k) such that

1/ x\*
IETr<> < cK.
n vn

Since, for even k, \¥ < Tr(X/y/n)¥, we deduce that

EA; < (EXO)VE < pl/k(cK)F,

This rough bound can be improved by a net argument. A centered complex variable Y is

subgaussian with constant c if for any complex A,
Eexp (R(AY)) < exp (CQ|)\|2).

(the Laplace transform of a centered subgaussian variable is dominated by the Laplace transform

a Gaussian variable).

Lemma 4.3. Let X = (Xjj)i<ij<n € Hn(C) be an hermitian random matriz such (Xi;)i>; are

independent centered and subgaussian random variables with common constant ¢ > 0.
E|IX|| < Ky,
where K s a universal constant.

The lemma is a consequence of the following classical statement. In a metric space X, for ¢ > 0,

an e-net is a subset Y of X such that for any x € X there exists a y € Y at distance at most €.
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Lemma 4.4 (Net of the sphere). For any integer n > 1, there exists an e-net of the sphere S"~1
of cardinality at most (1 +2/e)™ (for the Euclidean distance in R™).

Proof. There is a simple volumetric argument. Let N be a maximal e-separated set (that is all
pairs x # y in N are at distance larger than € and it is not possible to increase N without
breaking this property). Then N is also an e-net by the maximality assumption. We will prove
that [N| < (14¢/2)". Observe that the set UzenB(z,e/2) where B(x,r) is the open ball of radius
r and center z is a disjoint union and it is contained in B(0,1+¢/2). Its volume is thus N(e/2)"v,
where vy, is the volume of the unit ball in R™. Since the volume of B(0,1+¢/2) is (1 +¢/2)" vy, it
follows that |[N|(g/2)" < (14 ¢/2)" as required. O

Proof of Lemma[].3. We may assume ¢ = 1. Let N be an 1/4-net of S"~! of cardinality at most
5" (guaranteed by Lemma [1.4). Let || X||ny = maxyen |(u, Xu)|. We claim that

X1 < 4] X ]| (4.7)

Indeed, Let v € S"~! be such that |(v, Xv)| = || X|| (recall that || X|| = max(\(X), -\, (X)) =
max,cgn—1 |(v, Xv)|). There exists u € N, such that ||u — v|]2 < 1/4. In particular, from the
triangle inequality
X1 = [{v, X0)| = [{u+v—u X(ut+v—u))
< [u, Xu)| 4 2[(u, X (v — )| + [{(v —u), X (v —u))]
1 1

< |X —|| X — || X]|

< Xl + G IX1 + 15X
It proves (4.7). It follows from the union bound that for any ¢ > 0,

P(IX] = 4t) = B(| Xy = t) < [N max P(|{u, Xu)| = 7).
ue

Now, for u € S"~! and real A\, we claim that

EeA(u,XU) < 62)\2

Indeed, since (u, Xu) = >, |u;|*X;i + >isj 2R(uiXijuj), by independence and the subgaussian
assumption,
EeMuXu) _ HEGMWFX“- HE62A§R(uixijuj) < BN L[l 2 JuilPlus
i i>j
as claimed. It follows from Chernov’ bound, with A\ = t\/n/4,

nt2

P(|(u, Xu)| > ty/n) < 27 MV < 26775

We write E||X||/v/n < a+ [°P(|X| > ty/n)dt and use [N| < 5", the conclusion follows easily by

choosing a large enough. O
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We now prove Theorem [£.1] A proof of this result can be proved by using the moment method,
see Fiiredi and Komlés [FK81]. Here, we will instead use the resolvent differentiation formulas. In
the GUE case, this approach was initiated by Haagerup and Thorbjgrnsen [HT05].

By Lemma [2.11] and Borel-Cantelli Lemma, a.s.
lim |)\1 —E)\1| = 0.
n—oo
Hence, in view of Lemma it is thus sufficient to prove that, for any € > 0, a.s. for all n > 1,
1(A\1 € 2+ 2¢,K]) =0.
where K is a large constant. To this end, we fix € > 0 and set
A=[2+2¢K]. (4.8)

Consider a smooth function ¢ : R — [0, 1] with support [2+4¢, 2K] such that ¢(x) = 1 on [2+2¢, K].

By Lemma [2.11] and Borel-Cantelli Lemma, a.s.
lim |@(A1) — Ep(A1)] = 0.
n—oo
Assume that we manage to prove that
1 1
E-> o) =E [ edpx; s < 5. (4.9)
k=1

Then, using 1(A € A) < p(A), we would deduce, that

—_

P(A1 € A) <Ep(\) < nE/SOdMX/\/ﬁ <

And it would yields to a.s. for n > 1,

5 (4.10)

1\ € A) < 1/3.

Hence, the indicator function is equal to 0 and A; € A. It follows that if holds for any € > 0,
our Theorem [4.1]is proved.

The first step of proof is to relate [ ¢du to an integral over g,,(z). For C! functions f : C — C,
we set Of(2) = 0, f(2) + 0, f(2), where z = x + iy. In the next lemma y : R — R is a compactly
supported smooth function such that x(y) =1 in a neighbourhood of 0.

Lemma 4.5 (Helfer and Sjostrand). Let k > 1 be an integer and ¢ : R — R a compactly supported
C**1_function, then for any u € P(R),

1 _
/@du =-R 0P (x + iy)gu(z + iy)dxdy,

™ Cy

. iy)*
where ®(x + iy) = 12::0 %&Z) (z)x(y)-
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Proof. Observe that in a neighbourhood of R,
B (z + iy) = ¥V () (iy)* /K1 (4.11)
It follows that for any A € R, 9®(z)/(z — \) is integrable. Now, from Fubini’s Theorem, it suffices

to check this for p = dg:

0®(x + iy)

dxd
T+ 1y ey,

o) = 2(0) =%
Cy
If z = x 4 iy, we have

z

00(2)\  x0,®(z) | yo,®(z) 1
§R< >_ $2+y2 $2+y2 - Tar(p(Z)J

where r = |z| and 0, is the radial derivative in polar coordinates. We thus find

09 (z + iy)

R -
c, Tt

dzdy = / / 0,®(re)drdd = —nd(0).
0 0

as requested. ]

Proof of Theorem GUE case. we can now prove Theorem [4.1] for GUE matrices. Indeed,
in this case, ¥ = 0 and x = 0. In particular, from Equations (4.4)) and (4.5)), we find

T +2g+1=0n"23(2)™).
From Lemma [£.2 we find
g gse =06(2) = O(n?3(2) 7). (4.12)
We may apply Lemma with k£ = 6 to our smooth function ¢ with support [2 + ¢,2K]. We find

1 (o] o0 _
E/gpd,ux/\/ﬁ = %E/H /0 0®(z +iy)g(x + iy)dydx

™

1 (o] OO_
= RE [ [ 50+ i) (g + i) + Sl dyds
Q 24 JO

1 2K  poo
= /godusc + %IE/ / 00 (x + 1y)d(z,y)dydx
T 2+e JO
Now, the support of js. is [—2,2]. Hence [ @dus. = 0. Also, from (4.11])
0% (x + iy)6(z,y) = O(n?).
and is compactly supported from (4.8]) and the definition of p. We thus have proved that
E/apdux/\/ﬁ =0(n?).

It concludes the proof of (4.9)) in the GUE case.
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Proof of Theorem general case. The above argument cannot work directly if v # 0 or
k # 0. Indeed, Equation (4.4) gives only

P +2g+1=00n""'S(=)"2+n%S(2)™).

and from Lemma [4.2
T=gse + O(n HS(2)° A L)). (4.13)

We thus have to study more precisely
%Tr(R(nD +9R")).
We first need a lemma
Lemma 4.6. For any € > 0, we have
inf {|gsc(2)| : 2 € C, d(z,[-2,2]) > e} < 1,
where d(z, A) = inf{|w — z| : w € A}.

Proof. Let 7(2) = |gsc(2)| and t = £/+/2. If d(z,[~2,2]) > ¢ then either |3(z)| >t or |R(2)| > 2+
We first assume that $(z) > ¢. Note that if z = E + in and & has distribution s, then r(z) =
E|(¢ — E) — in|~!. By symmetry and monotony, 7(z) > r(in) > r(it). We find

, 1 (2 t/4— 22 1 (24— (tx)? 1 [>® 2
m™)_ 9 t°+z 2m ) oy 14z 27 Joo 142

It remains to deal with z = E 4 in and |E| > 2 +¢. We have r(z) > r(E) =r(|E|) > r(2+1) and

1 [? V4— 22 1 (2 V4—2a2
r(2+t):/ YT < — | YT T =
2 | 524t —x 2r J_9 2—x

Lemma 4.7. Let f(2) = v92%.(2)/(79%.(2) + 1) + kg2.(2), we have

E%Tr(R(ﬁD +9R") = f(2) + O(n ' (1 — [gsc(2)*) ML AS(2) 7).

Proof. We may again use the Gaussian integration by part formula. Using (4.1)-(4.2))-(4.3), we get,
for 0 <a#b<n,andall j,k, £, m:

1
ER;iRomXap = _E(E(’)’RjaRbk + RjpRar) Rem + ERji.(YRea Rom + Ry Ram)), (4.14)
and
52
ERijémXaa = _E(ERjaRakam + ERijEaRam)a (415)
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We use again the identity —zR = I — ﬁRX . Taking conjugate and composing by R yields to
—2RRT =R — %RXTRT, we find
n

—z(RRT)kk = Ryr — Z Ry Rio Xap-

1
\/ﬁ a,b
We now take expectation and use (4.14))-(4.15)),

1
E(RR" ) =ERp+ + Y ER} Ry + — > ERiwRapRia+ ~ > ERiyRiaRia
a#b a#b a#b

1 202
- E 2 aaq - E 2 aa
+na2# R}y Raa + = Za: R? R

We set

1
m=—Tr(RR"), m=Em and m=m—Em.
n

Recall that Dy, = Rii. Taking Tr and dividing by n, in the above expression we obtain

—2m =g+ (v+ 1)Egm + %Tr(R(RTV +vR?RT + 2kRRT D).
We deduce that

(4 (y+ g)m =7+ Egm + %Tr(RRT((l + )BT 1 2xD)). (4.16)
Using [.5), |m| < S(2) 72 and |Tr(A4)| < n||A]], we find

~(z+(y+Dgm=g+0mn"H3I(z)"* AL)).
We deduce from
—(2+ (7 + 1)gse)T = gse + O(nH(S(2)° A 1)).

We multiply by gsc = O(1) and use that ggc + zgsc + 1 = 0. From Lemma and |y] < 1,
‘fyggc + 1’ >1- |gsc|2 > (0. We find

2
M= 5+ 0 (1= () THOE) P AT,

we have (z + (v + 1)gsc)-

We set similarly
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so that %Tr(RD) =m/. From —zR =1 — ﬁRX, multiplying by R, we obtain

—2(Ryk)? = Ri — \/15 Za: Ryo Rk X k-
We find analogously
—(z+9)m =7+ O0(n13(2)73). (4.17)
and, from ([(£.13), g2, 4+ zgsc + 1 = 0 and |gsc| = O(1).
m = g%+ 0 (S(2) 5 AL)).
This concludes the proof. O

We may now conclude the proof of Theorem (4.9). Let S = {z € C: R(z) > 2+ ¢} and
Sy =5NC4. We also set
1
L= _SET[R(xD + YR
On S, we have L = O(n~'3(z)~2). From Equations (4.4) and (4.5)), we find
@+L)?+2G+L)+1=0n"23(z)"".

For n large enough, g+ L € C,. Hence, from Lemma 4.2 we find

G+ L—gee=06(2) =0(n23(2)7°).
So finally, from (4.13)) and Lemma for all z € K,

7= g0~ L& L 0327 1)), (4.18)

where the O(-) depends on €.
As above, for our smooth function ¢ with support [2 4 €,2K) we may apply Lemma with
k =>5. We find

1 _
E/gpd,uX/\/ﬁ = —R 00 (x + 1y)g(x + iy)dxdy

™ S+
1 ) .
= L [ 60+ iy)guelo+iy) — LT 4 50, y))dray
™ S+ n
= Y [ a0t i) uele i) — 1T gy
T S+ n
l?R 09 (z + iy)d(z, y)dzdy
™ S+
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Now, notice that gs.(z) — f(z)/n is analytic on an open neighbourhood of Sy. In particular,

0(gsc — f/n) = 0 on this neighbourhood. Hence, by integration by part, the first integral of the

above expression is 0. Also, from (4.11))
O0(x +iy)d(x,y) = O(n™?).
and is compactly supported. We thus have proved that

E/gpdux/\/ﬁ =0(n™?).

It concludes the proof of Theorem O

4 Variance of linear statistics

Our goal is to prove the following theorem.

Theorem 4.2. Let be real-valued function f € C' and X be a GUE matriz. We have

- 3 X\ )1 f(Al)—f(Az)>2 4- Mo
nlinolovar<;f (A’“<\/ﬁ>>>_4w2 e USEY) g

such that

We essentially follow Pastur and Scherbina [PS11, Chapter 3]. Using Lemma the proof is

a consequence of the following lemma (we use the notation of the previous section)

Lemma 4.8. For GUE matrices, for any z1, 22 € C,

n*Cov(g(1).0(:2)) = n*Eg(e1)glz2) = 5 L 5 ( ﬁ% - 1) " o(nlyg>
27 — 425 —

where y = min(|S(z1)], |S(22)]).

Proof. Since g(z) = g(z), we may assume without loss of generality that (z1), 3(z2) are positive.
We have

Cov(g(21), g(22)) = Eg(21)g(22) = Eg(21)g(22).

Using as always the resolvent identity, we write

1
—219(z1) =1— 3 R (21) X .
75

kol

Hence,

1
—21Bg(21)g(z2) = —21Eg(21)g(22) = — 575 > ERjk(21) Reg(22) Xij-
7,k
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Using ([4)From (4.14)-(4.15)), we get

—aEg()g(z2) = Bog 3 ARik(e1) Rag (1) Bap(22) + Rig(o0) R (1) Ba(22)
g,k

1
+ Eﬁ Z 'YRjk(Zl)RZk(Z2)Rj (22) + Rjk(zl)jo(ZQ)ng(ZQ)
7.kl

+E ;(Rjj(zl))sze(ZZ) + Rjj(21) Rej(22) Rje(22)
= ;Eﬁlé;(zl)g(zz) + Eg(21)°g(22) + %ETrR(zl)TR%zg)
+ %ETrR(zl)RQ(ZQ) + %ETrD2(zl)g(22) + %ETrD(zl)RQ(ZQ).
We write that
Eg(21)°g(22) = 23(21)Eg(21)g(22) + Eg(21)*g(22).

Besides, from Theorem [2.10] and Cauchy-Schwartz inequality,

Eg(z1)g(z2) < \/E\g(zl)\‘lE\g(zQ)\? = 0<1>

n3yb

In the GUE case, k = v = 0, we deduce that

n?Cov(g(z1),9(22)) = _Z1+;g(z1) (TllETrR(Z1)R2(22) +0 <nly6>>

We may linearize the expression R(z1)R(z;) as follows. We use that,

R(21) — R(22)

R(z1)R(22) = 21 — 2
and
R? = 9,R.
We find (21) (22)
1 g(z1) — g(z2 1
ot o 2)
n OV(g(zl) 9(22)) 2+ 2@(21) 2 21 — 29 * nyﬁ

Now, in order to use (4.12)), we will benefit from the analyticity of g. We write

— - 1

3@M — / G (29 + t(z1 — 22))tdt
21 — %2 0

and, if zg = z9 + t(21 — 22) from the residue theorem

ww=?ffW)u

it )] (z—20)3
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where we take a contour on a disc around zp with radius y/2 (which stays at distance at least y/2
from the real axis since (z1), 3(z2) > y). We get from (4.12))

9 g(zl) _g(22> _ 8Z2gsc(zl) _gsc(22) —|—O< 1 )

zZ
22— 21 — 29 n2y8

Similarly, since $(z1 + 2g(z1)) > v,

IR L 0< 1 )
21 +2g(z1) 21+ 2gsc(21) n2yb )

It remains to use the explicit formula of the Cauchy-Stieltjes transform of the semicircle law. [

Proof of Theorem[{.3 By a Theorem [2.6] we already know that the variance of > ;_; f(A) is of
order || f||2. By concentration and Theorem with exponentially large probability, all eigenvalues
are in a neighborhood of [-2,2]. By a density argument, we may thus assume that f is analytic In
this case, the residue theorem implies that
1 [ f(2)
=— ¢ —=d
/(@) 2mi ) r— =z ®
where the direct contour is around z. It follows that if all eigenvalues are in [-2 — ¢, 2 + ¢] that
- n
> 10w = o f F@lale)az,
— i

k=1

where the contour is around [-2 — ¢,2 4 ¢]. We get

Var (;f(xk@ﬁ))) - § § 1eseCova. g2 ddz,

It remains to use Lemma and let the contour go to [—2,2] ... O

5 Beyond Gaussian Wigner matrices

It is possible to extend the Gaussian methods developped in the previous section to more general
distributions. By a truncation step, it is often possible to reduce ourselves to bounded variables.
Then Talagrand’s concentration inequality for bounded variables is available in place of Gaussian
concentration inequalities. The Gaussian integration by part is no longer exactly available. This
issue can be addressed with the following lemma due to Khorunzhy, Khoruzhenko and Pastur
IKKP96].
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Lemma 4.9. Let £ be a real-valued random variable such that E|¢|*+2 < co. Let f : R — C be a
CF*1 function such that the (k + 1)-th derivative is uniformly bounded. Then,

k

Eef(6) = Y RO (€) + O(| £ | Ele] ),

1l
£=0
where kg is the (-th cumulant of & and O(-) depends only on k.

Hence, at the cost of taking more derivatives, we may also use differential calculus to compute
the expectation of expressions with resolvent entries. For example, to prove the analog of Theorem
for a random real symmetric matrix with bounded entries above the diagonal, we need to take

k = 3 in the above lemma. We will however not pursue this method any further here.
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