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PREFACE

This book is a result of long-term cooperation between the authors. Our aim
has been to present, in book form, knowledge on two related subjects: extreme
values of continuous parameter random fields and their level sets. These are broad
subjects in probability theory and its applications. The book deals specifically
with the situation in which the paths of the random functions are regular in the
sense of having some degree of differentiability and the parameter set, some
geometric regularity. One finds few books that treat these topics, even though
they lead to interesting and difficult mathematical problems, as well as to deep
connections with other branches of mathematics and a wide variety of applications
in many fields of science and technology.

Our main references are two classical books: those of Cramér and Leadbetter
(1967) and Leadbetter, Rootzen, and Lindgren (1983). The appearance of the
recent book by Adler and Taylor (2007), which has several topics in common
with ours, even though approached differently, may indicate that these subjects
have recovered the wide interest that we believe they actually deserve.

We would like the book to be useful for people doing research in various fields
as well as for postgraduate training. The mathematical reader looking for active
research problems will find here a variety of open and interesting questions.
These problems have a wide spectrum of difficulty, from those that are tractable
by the methods contained here to others that appear to be more difficult and
seem to require new ideas. We would be happy if the book were of interest
to researchers in various areas of mathematics (probability and mathematical
statistics, of course, but also numerical analysis and algorithmic complexity). At
the same time, we believe the results should be useful to people using statistical

ix



X PREFACE

modeling in engineering, econometrics, and biology, and hope to have made
some contribution to building bridges in these directions.

Applications deserve a good deal of our attention. Concerning applications to
problems outside mathematics, we recognize that our choice has been strongly
dependent on the taste and experience of the authors: readers will find a section
on genetics, one on inference on mixtures of populations, and another on sta-
tistical modeling of ocean waves. However, we have not included applications
to mathematical physics or econometrics, in which the fine properties of the
distribution of maximum of stochastic processes and fields play a central role.

We have included applications of random field methods to other parts of
mathematics, especially to systems of equations and condition numbers of random
matrices. This is a new field, even though some of the problems it considers are
quite old, and has become a very important theme that mixes various branches of
mathematics. One of the aims is to help understanding of algorithm complexity
via the randomization of the problems that algorithms are designed to solve.
One can also apply random field methods to a study of the condition number of
systems of inequalities (as has been done by Cucker and Wschebor, 2003) or of
polynomial systems of equations. In our view, these are very interesting subjects
that are only beginning and we preferred not to include them in the book.

Numerical methods appear in various chapters. They are by no means simple
but are crucial to be able to use the mathematical results, so we stress their
importance. Some are solved, such as we do using the Matlab toolbox MAGP
described in Chapter 9. Some of them appear to be difficult: Even in the simplest
cases of Gaussian stationary one-dimensional parameter processes defined on an
interval, numerical computation of the moments of the number of crossings of the
paths with a given level presents difficult obstacles and is a source of interesting
open problems.

Since our purpose is to reach readers of quite different backgrounds, we have
attempted to make the book as self-contained as possible. The reader is expected
to have attained at least the level of a postgraduate student with basic training
in probability theory and analysis, including some elementary Fourier analysis.
However, given our intention to limit the size of the book, at certain points
we have not respected the rule of being self-contained. The following are the
most relevant cases in which we use ideas and results and do not give proofs:
Kolmogorov’s extension theorem (Chapter 1); the definition and main proper-
ties of the Itd integrals and their basic properties, which are used in the first
two chapters, including Itd’s formula, quadratic variation and the exponential
martingales; the convergence of empirical measures and asymptotic methods in
statistics, of which we give a quick account without proofs of the results we need
in Chapter 4; the co-area formula (Chapter 6) from integral geometry; ergodicity,
which underlies a certain number of results in Chapter 10; and finally, computa-
tion of the density of the eigenvalues of random matrices, used in Chapter 8. In
the applied examples, the nonmathematical background has not been discussed
in detail, and other references should be consulted to go more deeply into the
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subjects. In all these cases, we refer the reader to other books or scientific papers,
expecting that this will suffice for complete understanding.
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INTRODUCTION

The theory of stochastic processes is a powerful tool for the study of a vast
diversity of problems in the natural sciences, in which randomness is required
as a component to describe phenomena. In this book we consider two general
classes of problems that arise when studying random models.

Let X = {X(¢) : t € T} be a stochastic process with parameter set 7" defined
on a probability space (€2, .4, P). We are interested primarily in the following
subjects:

1. For each value u in the range space of X (-), understanding the properties of
the level sets of the paths of X, that is, the random sets {r € T : X (t) = u}

2. Whenever the process has real values, studying and computing the dis-
tribution function of the random variable M7 = sup,.; X (¢), that is, the
function Fy, (u) =P(Mr <u),u e R,

These are classical subjects in probability theory and have been considered for
a long time in a variety of contexts. Generally speaking, our framework will be
continuous parameter processes, which means here that 7" is a subset of the real
line (such as a finite or infinite interval) or of some higher-dimensional Euclidean
space. When the parameter set 7 is multidimensional, we will call X a random
field.

In most of the theory and the applications that we consider, the parameter set
T will have some geometric regularity, such as being a manifold embedded in a
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2 INTRODUCTION

finite-dimensional Euclidean space or having a more general structure. As for the
paths ¢ ~» X (t) of the stochastic function, we require that they satisfy regularity
properties, such as differentiability of a certain order. We also need results on
the supremum of random sequences, in which the geometry of the domain or
the regularity of the paths does not play any role. This provides us with basic
and useful ingredients (such as in Chapter 2), but the emphasis is on random
functions possessing certain regularities.

For random level sets, our main tools are Rice formulas. Assume that 7 is
a Borel subset of the Euclidean space R? and X a stochastic process or field
having regular paths, defined on some open set containing 7" and taking values
in R?. For given u € R4, denote by N,(X; T) the number of roots of X(t) = u
lying in the set T'. Rice formulas allow one to express the kth factorial moment of
the random variable N, (X; T') as an integral over T* of a function that depends
on the joint distribution of the process and its derivative and is evaluated at the
k-tuples (t1, ..., %) € Tk,

In fact, the main interest lies in the probability distribution of the random
variable N, (X, T), which remains unknown. The authors are not aware of any
nontrivial situation in which one can compute this distribution by means of a
reasonable formula. Rice formulas appear to be a contribution to understanding
the distribution of N, (X, T), giving a general expression for its moments. One
can measure to what extent this remains an open subject by the fact that for the
time being, no useful formula exists to compute the expectation of f[N,(X, T)],
where f : R — R is a simple function: as, for example, f(x) = x* when « is
not an integer.

When the dimension d of the domain is strictly larger than that of the range
space, say d’, generically a random level set has dimension d — d’, so that the
interesting questions do not refer to the number of points lying in a set, but
should aim to understand its geometry, which is of course richer than in the
d = d’ case. The natural questions concern the probabilistic properties of the
geometric measure of the level set, its Euler—Poincaré characteristic, and so
on. We give expressions and the corresponding proofs for the moments of the
geometric measure of the level set under quite general conditions. Even though
this is generally considered to be known, to our knowledge rigorous proofs are
available only in special cases, such as real-valued random fields or particular
probability laws. In Chapter 11 we present some applications to sea waves. We
should say that the results we present are only a minor part of an important
subject, which, however, remains largely unexplored.

The term Rice’s formula honors the pioneering work of S. O. Rice, who
computed the expectation of N,(X; T) for one-parameter Gaussian stationary
processes in the 1940s and used it in telecommunications in an early stage of
this discipline [this is formula (3.2)]. In the 1950s and 1960s one could find
applications of Rice’s formula to physical oceanography (e.g., in a series of
papers by M. S. Longuett-Higgins and collaborators on the statistical properties
of ocean waves, including some useful formulas in the multiparameter case).
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Applications to other areas of random mechanics were developed somewhat later
(see the book by Krée and Soize, 1983).

H. Cramér and M. R. Leadbetter’s excellent book contains a systematic pre-
sentation of what was known at the time of publication (1967), together with
connected subjects in probability theory and various applications. The book is on
one-parameter processes, and most of the material concerns Gaussian stationary
processes. We still use it as a reference on various subjects.

Around 1970, for one-parameter Gaussian processes, rigorous proofs of Rice
formulas had already been given for certain classes of processes, with contribu-
tion, among others, by K. Ito (1964), D. Ylvisaker (1965), and Y. Belayev (1966,
1972b). Some of this work included non-Gaussian processes and the multiparam-
eter case but to our knowledge, the first treatment of the multiparameter case in
book form is Adler’s Geometry of Random Fields (1981).

Our aim is to make a contribution to update the subject of Rice formulas,
including the improvements that have taken place during the last decades in both
the basic theory and in applications.

There is a part of probability theory that refers to level sets of random functions
which are not differentiable. This may have started with Paul Lévy’s definition
of local time [see, e.g., Ikeda and Watanabe (1981) or Karatzas and Shreeve
(1998) for a modern presentation of the subject] and has led to the study of the
geometry of level sets of semimartingales or some other classes of one-parameter
processes and similar problems for random fields. A short list of references on
this subject could include books by Kahane (1985) and Revuz and Yor (1998)
and a paper by Ehm (1981). We are not considering this type of problem in the
book; our processes and fields have regular paths and for fixed height, almost
surely, the level sets are nice sets. One can build up a bridge between these
two worlds: Take a process with nondifferentiable paths, smooth it by means
of some device, and try to reconstruct relevant properties of the geometry of
the level sets of the original (irregular) paths from the regularized paths. This
leads to asymptotic expansions which are interesting by themselves and have
important applications [see, e.g., Jacod (1998, 2000) for polygonal and related
approximations and Wschebor (2006) for a review without proofs].

With respect to the second main subject of this book, the general situation is
that the computation of the distribution function of the supremum by means of
a closed formula is known only for a very restricted number of stochastic pro-
cesses (and trivial functions of them). The following is a list of one-dimensional
parameter processes for which, as far as we know, an actual formula exists for
the distribution of M = Mo, rq:

Brownian motion or Wiener process {W (¢) : t > 0}, for which the distribu-
tion of M has, in fact, been known since the nineteenth century (Kelvin,
D. André)

Brownian bridge, B(¢) := W () —tW({1) (0 <t <1)
B(t) — [, B(s)ds (Darling, 1983)
Brownian motion with a linear drift (Malmquist, 1954; Shepp, 1979)
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o fot W(s)ds + yt (McKean, 1963; Goldman, 1971; Lachal, 1991)

¢ Restriction to the boundary of the unit square of the Wiener sheet (Paranjape
and Park, 1973)
o Each of the stationary Gaussian processes with covariance equal to:
e ['(t) = e "l (Ornstein—Uhlenbeck process; DelLong, 1981)
e I'(t) = (1 —|t))*, T a positive integer (Slepian process; Slepian, 1961;
Shepp, 1971)
e I'(#) even, periodic with period 2, I'(t) =1 —«]t| for 0 < |t| <1,
0 < o <2 (Shepp and Slepian, 1976)
e T =(1—ltl/A =BV (=B/A=B), ltl<(1—p)/B0<p<
1/2, T = (1 — B)/B (Cressie, 1980)
e I'(t) = cost (Berman, 1971b; Delmas, %ees)aoo?;b)
e I'(t) = [2|t] — 1%, T = 1 (Cabaia, 1991)

Methods for finding formulas for the distribution of the supremum over an
interval of this list of processes are ad hoc, hence nontransposable to more gen-
eral random functions, even in the Gaussian context. Given the interest in the
distribution of the random variable My, arising in a diversity of theoretical and
technical questions, a large body of mathematics has been developed beyond
these particular formulas.

A first method has been to obtain general inequalities for the distribution
function Fyy, (). Of course, if one cannot compute, one tries to get upper or lower
bounds. This is the subject of Chapter 2, which concerns Gaussian processes. The
inequalities therein are essential starting points for the remainder of the book; a
good part of the theory in the Gaussian case depends on these results.

However, generally speaking the situation is that these inequalities, when
applied to the computation of the distribution of the random variable My, have
two drawbacks. First, the bounds depend on certain parameters for which it is
difficult or impossible to obtain sharp estimates, implying that the actual compu-
tation of probabilities can become inaccurate or plainly useless, for statistical or
other purposes. Second, these bounds hold for general classes of random func-
tions, but may become rough when applied to a particular stochastic process or
field. Hence, a crucial question is to improve the estimations derived from the
general theory contained in Chapter 2. This is one of the purposes of this book,
which is attained to a certain extent but at the same time, leaves many open
problems. This question is considered in Chapters 4, 5, 8, and 9.

A second method has been to describe the behavior of Fj, (1) under various
asymptotics. This subject is considered in several chapters. In particular, a part
of Chapter 8 is devoted to the asymptotic behavior of the tail 1 — Fy, (u) for
a random field defined on a fixed domain as u — +oc. For extensions and a
diversity of results concerning asymptotic behavior as u — +oo that are not
mentioned here, we refer the reader to books (and the references therein) by
Berman (1992a), Lifshits (1995), and Piterbarg (1996a). We are not considering



INTRODUCTION 5

in this book the so-called “small ball probabilities,” consisting for example in the
behavior of P(sup, .7 (X () — X (#)) < u) asu | O (see Li and Shao, 2001, 2004).

A third method consists of studying the regularity of the function u ~~ Fi, ().
This is considered in Chapter 7.

Let us now give a quick overview of the contents of each chapter. This may
help the reader to choose. Our advice on the order in which the various chapters
might be read, especially based on the chain of prerequisites they require, is
given in Figure L.1.

Chapter 1 contains the basic definitions of stochastic processes and
Kolmogorov-type conditions, implying that, almost surely, the paths have a
certain regularity property (continuity, Holder condition, differentiability). These
classical and well-known results are not optimal, but they are sufficient for
most uses. We have included a reminder on the Gaussian distribution and its
elementary properties, since a large part of the book is devoted to Gaussian
processes and the reader may appreciate to have them in situ. We have not
included Fernique’s (1974) and Talagrand’s (1987) beautiful results giving
necessary and sufficient conditions for the continuity of the paths of Gaussian
processes in stationary and nonstationary cases, respectively. We do not use
them in the book.

Chapter 2 is about inequalities for Gaussian processes, related primarily to
the distribution of the supremum. For comparison inequalities (which we call
of Slepian type), the main result is the Li and Shao inequality (2002), which
includes and improves on a large set of similar results that have been in use for
50 years or so, apparently starting with a paper by Plackett in 1954, motivated
by statistical linear models with Gaussian noise.

The remainder of Chapter 2 is devoted to the classical upper bounds for the
tails of the distribution of the supremum. They roughly say that if X’ is a centered
Gaussian process with bounded paths, then 1 — Fy, (1) is bounded above by
some constant times a Gaussian density. This was known around 1975, due to
a series of key contributions: Dudley (1967), Landau and Shepp (1970), Marcus
and Shepp (1972), Fernique (1974), Sudakov and Tsirelson (1974), and Borell
(1975). To present isoperimetric inequalities, the basis is a quite recent proof by
Borell (2003) of the extension to a general case of Ehrhard’s inequality (1983),
a Minkowski-type inequality for the Gaussian measure in R”.

Rice formulas are proved in Chapters 3 and 6. Chapter 3 starts with a proof
for Gaussian one-parameter processes which is very simple; then we consider the
general non-Gaussian case. For various uses one only wants to know whether the
moments of crossings are finite, or to give upper bounds for them, but without
direct use of Rice formulas, since these can lead to nontractable calculations. This
has been the motivation for a series of papers deducing bounds from hypothesis
on the process, mainly in the Gaussian case, which are cited in Chapter 3. In the
same chapter we state a simple general criterion to ensure finiteness and obtain
some rough bounds for the moments. To illustrate this type of result, a corollary
is that if X is a Gaussian process defined on a compact interval [0, 7] of the real
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line having C*°-paths and satisfying the nondegeneracy condition Var(X (z)) > 0
for every ¢ € [0, T'], all the moments of crossings of any level are finite.

Rice formulas for random fields are considered in Chapter 6. Proofs are new
and self-contained except for the aforementioned co-area formula. In all cases,
formulas for the moments of weighted (or “marked”) crossings are stated and
proved. They are used in the sequel for various applications and, moreover, are
important by themselves.

Chapter 4 consists of two parts. In Sections 4.1 to 4.3, X is a Gaussian
process defined on a bounded interval of the real line, and some initial estimates
for P(M > u) are given, based on computations of the first two moments of
the number of crossings. In Sections 4.4 and 4.5, two statistical applications
are considered: the first to genomics and the second to statistical inference on
mixtures of populations. The common feature of these two applications is that
the relevant statistic for hypothesis testing is the maximum of a certain Gaussian
process, so that the calculation of its distribution appears to be naturally related
to the methods in the earlier sections.

Chapter 5 establishes a bridge between the distribution of the maximum on an
interval of a one-parameter process and the factorial moments of up-crossings of
the paths. The main result is the general formula (5.2), which expresses the tail of
the distribution of the maximum as the sum of a series (the Rice series) defined in
terms of certain factorial moments of the up-crossings of the given process. Rice
series have been used for a long time with the aim of computing the distribution of
the maximum of some special one-parameter Gaussian processes: as, for example,
in the work of Miroshin (1974). The main point in Theorems 5.1, 5.6, and 5.7
is that they provide general sufficient conditions to compute or approximate
the distribution of the maximum. Even though some of the theoretical results
are valid for non-Gaussian processes, if one wishes to apply them in specific
cases, it becomes difficult to compute the factorial moments of up-crossings for
non-Gaussian processes. An interesting feature of the Rice series is its enveloping
property: replacing the total sum of the series by partial sums gives upper and
lower bounds for the distribution of the maximum, and a fortiori, the error when
one replaces the total sum by a partial sum is bounded by the absolute value of the
last term computed. This allows one to calculate the distribution of the maximum
with some efficiency. We have included a comparison with the computation based
on Monte Carlo simulation of the paths of the process. However, in various
situations, more efficient methods exist; they are considered in Chapter 9.

In Section 7.1 we prove a general formula for the density of the probability
distribution of the maximum which is valid for a large class of random fields. This
is used in Section 7.2 to give strong results on the regularity of the distribution
of a one-parameter Gaussian process; as an example, if the paths are of class
C*° and the joint law of the process and its derivatives is nondegenerate (in the
sense specified in the text), the distribution of the maximum is also of class C*.
When it comes to random fields, the situation is more complicated and the known
results are essentially weaker, as one can see in Section 7.3.
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Chapters 4 and 5, as well as 8 and 9, point toward improving computation of
the distribution of the maximum on the basis of special properties of the process,
such as the regularity of the paths and the domain. In Chapter 8 one profits from
the implicit formula for the density of the distribution of the maximum that has
been proved in Chapter 7 to study second-order approximation of the tails of the
distribution as the level u tends to 400, as done in Adler and Taylor’s recent
book (2007) by other methods. The direct method employed here is also suited
to obtaining nonasymptotic results.

Chapter 10 contains a short account of limit theorems when the time domain
grows to infinity, including the Volkonskii—Rozanov theorem on the asymptotic
Poisson character of the stream of up-crossings for one-parameter stationary
Gaussian processes under an appropriate normalization. This implies that the
distribution of the maximum, after re-scaling, converges to a Gumbel distribu-
tion. Section 10.2 establishes a central limit theorem for nonlinear functionals of
Gaussian process, which applies to the limit behavior of the number of crossings.

In Chapter 11 we describe the modeling of the surface of the sea using Gaus-
sian random fields. Some geometric characteristics of waves, such as length of
crests and velocities of contours, are introduced. The Rice formula is used to
deduce from the directional spectrum of the sea, some properties of the distribu-
tion of these characteristics. Some non-Gaussian generalizations are proposed in
Section 11.5.

In Chapter 12 we study random systems of equations over the reals, having
more than one unknown. For polynomial systems, the first significant results on
the number of roots were published in the 1990s, starting with the Shub—Smale
theorem (1993), which gives a simple, elegant formula for the expectation of the
number of roots. This is a fascinating subject in which the main questions remain
unanswered. What can one say about the probability distribution of the number of
solutions, and how does it depend on the probability law of the coefficients? What
is the probability of having no solution? What can one say about the distribution
of the roots in space, and how can this help to solve the system numerically?
How do all these things behave as the number of unknowns grows indefinitely?
What about the same questions for undetermined systems? And so on.

Answering some of these natural questions would imply at the same time mak-
ing progress in key problems in numerical analysis and algorithmic complexity
as well as in other areas. The content of the chapter is extremely modest with
respect to the aforementioned questions, and it is our hope that it may stimulate
other people to work on the numerous problems arising in this field.

Chapter 13 is on condition numbers. Roughly speaking, the condition number
of a problem measures the difficulty of the problem to be solved by any algorithm.
Of course, there are many measures of this sort. The standard procedure is to give
a metric on the space of problems and define the condition number of a problem
as the inverse of its distance to the set of ill-posed problems, possibly with some
additional normalization. In this chapter we consider the simplest situation, in
which a “problem” is a square system of linear equations and the set of ill-posed
problems is the set of systems in which the matrix of coefficients is noninvertible.
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The condition number turns out to be related to the singular values of the matrix
of coefficients. The role of condition numbers in numerical linear algebra has
been well known since the 1940s, when they were introduced by Von Neumann
and Goldstine (1947) and Turing (1948) (see also Smale, 1997).

Condition numbers appear in the estimation of the complexity of algorithms
in a natural way. When a problem is chosen at random, the condition number
becomes a random variable. Of course, its probability distribution will depend on
the underlying probability law on the set of problems. In the linear case, comput-
ing the probability distribution of the condition number becomes a problem on
the spectrum of random matrices. The importance of studying the distribution of
condition numbers of random matrices has been put forward by Smale (1985).
The first precise result is due to Edelman (1988), who computed the equivalent
of the expected value of the logarithm of the condition number when the matrix
size n tends to infinity.

The methods we present to study the probability distribution of the condition
number of square random matrices again rely on random fields and Rice formula.
They are not optimal in some standard cases but in some others, produce at
present the best known bounds. We do not consider the similar and much more
difficult questions for nonlinear systems. The reader can consult the book by
Blum et al. (1998), which includes a basic presentation of this subject, or Cucker
et al. (2008).



CHAPTER 1

CLASSICAL RESULTS ON THE
REGULARITY OF PATHS

This initial chapter contains a number of elements that are used repeatedly in the
book and constitute necessary background. We will need to study the paths of
random processes and fields; the analytical properties of these functions play a
relevant role. This raises a certain number of basic questions, such as whether the
paths belong to a certain regularity class of functions, what one can say about
their global or local extrema and about local inversion, and so on. A typical
situation is that the available knowledge on the random function is given by
its probability law, so one is willing to know what one can deduce from this
probability law about these kinds of properties of paths. Generally speaking,
the result one can expect is the existence of a version of the random function
having good analytical properties. A version is a random function which, at
each parameter value, coincides almost surely with the one given. These are the
contents of Section 1.4, which includes the classical theorems due to Kolmogorov
and the results of Bulinskaya and Ylvisaker about the existence of critical points
or local extrema having given values. The essence of all this has been well known
for a long time, and in some cases proofs are only sketched. In other cases we
give full proofs and some refinements that will be necessary for further use.

As for the earlier sections, Section 1.1 contains starting notational conventions
and a statement of the Kolmogorov extension theorem of measure theory, and
Sections 1.2 and 1.3 provide a quick overview of the Gaussian distribution and
some connected results. Even though this is completely elementary, we call the
reader’s attention to Proposition 1.2, the Gaussian regression formula, which

Level Sets and Extrema of Random Processes and Fields, By Jean-Marc Azais and Mario Wschebor
Copyright © 2009 John Wiley & Sons, Inc.
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will appear now and again in the book and can be considered as the basis of
calculations using the Gaussian distribution.

1.1. KOLMOGOROV’S EXTENSION THEOREM

Let (€2, A, P) be a probability space and (F, F) a measurable space. For any
measurable function

Y: (R, A — (F,F),
that is, a random variable with values in F, the image measure
0(A) =P(Y~'(A)) AeF

is called the distribution of Y.

Except for explicit statements to the contrary, we assume that probability
spaces are complete; that is, every subset of a set that has zero probability is
measurable. Let us recall that if (F, F, ) is a measure space, one can always
define its completion (F, Fy, n1) by setting

Fi={A:3B,C,A=BAC,suhthat Be F,C C DeF,uD) =0},
(1.1)

and for A € F1, u1(A) = u(B), whenever A admits the representation in (1.1).
One can check that (F, Fi, ;1) is a complete measure space and (| an extension
of .

A real-valued stochastic process indexed by the set T is a collection of random
variables {X (¢) : t € T} defined on a probability space (2, A, P). In what follows
we assume that the process is bi-measurable. This means that we have a o -algebra
T of subsets of T and a Borel-measurable function of the pair (¢, @) to the reals:

X:(TxQ,TxA — R, Br)
(Br denotes the Borel o-algebra in R), so that
X(t)(w) = X(t, w).

Let T be a set and R” = {g : T — R} the set of real-valued functions defined
on T. (In what follows in this section, one may replace R by R¢, d > 1.) For
n=1,2,...,t,t,...,t,, n distinct elements of 7, and By, B>, ..., B, Borel
sets in R, we denote

Cti,tay-. . ta; B1,Ba, ..., B)) ={geR" : g(t;) e B;, j=1,2,...,n}

and C the family of all sets of the form C(ty, t5, ..., t,; B1, Ba, ..., B,). These
are usually called cylinder sets depending on ty, t, . . ., t,. The smallest o -algebra
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of parts of R” containing C will be called the Borel o-algebra of R and denoted
by o (C).
Consider now a family of probability measures

{Ptl,tz,...,tn}tl,tz ..... tweT; n=1,2,... (1~2)

as follows: For each n = 1,2, ... and each n-tuple 1, 5, ..., t, of distinct ele-
ments of T, P, ;, ., is a probability measure on the Borel sets of the product
space X; x X;, x ---x X, , where X; = R for each 1 € T (so that this product
space is canonically identified as R").

We say that the probability measures (1.2) satisfy the consistency condition if
for any choice of n = 1,2, ... and distinct tq, ..., t,, t,41 € T, we have

P, tn,zn+1(B x R) = Pt1 ..... tn (B)

Loeees
for any Borel set B in X, x --- x X, . The following is the basic Kolmogorov
extension theorem, which we state but do not prove here.

Theorem 1.1 (Kolmogorov). {P; ;, . }i 6. .1neT: n=1,2,.. satisfy the consis-
tency condition if and only if there exists one and only one probability measure
P on o (C) such that

P(C(r,....ta; By, ..., By)) =Py 1, (By X -+ X By) (1.3)

for any choice of n = 1,2, ..., distinct t,, ...,t, € T and B; Borel sets in Xy,
j=1,...,n.

It is clear that if there exists a probability measure P on o (C) satistying (1.3),
the consistency conditions must hold since

C(tla-'-aln’[n-f—];Bl7-~-’Bn’Xt,1+1) ZC(tly---»tn;Bl»--an)-

So the problem is how to prove the converse. This can be done in two steps:
(1) define P on the family of cylinders C using (1.3) and show that the definition
is unambiguous (note that each cylinder has more than one representation); and
(2) apply Caratheodory’s theorem on an extension of measures to prove that this
P can be extended in a unique form to o (C).

Remarks

1. Theorem 1.1 is interesting when 7 is an infinite set. The purpose is to be
able to measure the probability of sets of functions from 7 to R (i.e., subsets
of RT) which cannot be defined by means of a finite number of coordinates,
which amounts to looking only at the values of the functions at a finite number
of z-values.
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Notice that in the case of cylinders, if one wants to know whether a given

function g : T — R belongs to C(t,...,t,; By, ..., By), it suffices to look at
the values of g at the finite set of points #q,...,%, and check if g(t;) € B;
for j = 1,...,n. However, if one takes, for example, 7 = Z (the integers) and

considers the sets of functions
A={g:g: T — R, . HT g(t) exists and is finite}
—>+00

or
B={g:g:T — R,suplg(®)| <1},

teT

it is clear that these sets are in o (C) but are not cylinders (they “depend on an
infinite number of coordinates”).

2. In general, o (C) is strictly smaller than the family of all subsets of R”. To
see this, one can check that

o(C)={A cR” :3T4 C T, T4 countable and B, a Borel set in R74,
such that g € A if and only if g/ T4 € Ba}. (1.4)

The proof of (1.4) follows immediately from the fact that the right-hand side is
a o-algebra containing C. Equation (1.4) says that a subset of R” is a Borel set
if and only if it “depends only on a countable set of parameter values.” Hence,
if T is uncountable, the set

{g e RT : g is a bounded function}

or
{g € RT : g is a bounded function, |g(r)| <1 for all r € T}

does not belong to o (C). Another simple example is the following: If 7 = [0, 1],
then

{g e RT: g is a continuous function}

is not a Borel set in R”, since it is obvious that there does not exist a countable
subset of [0, 1] having the determining property in (1.4). These examples lead to
the notion of separable process that we introduce later.

3. In the special case when Q@ =R’, A=0(C), and X(t)(w) = o(t),
{X(t) : t € T} is called a canonical process.

4. We say that the stochastic process {Y (¢) : t € T} is a version of the process
(X(@#):teT}ifP(X(t) =Y(@) =1foreacht € T.
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1.2. REMINDER ON THE NORMAL DISTRIBUTION

Let 1 be a probability measure on the Borel subsets of R?. Its Fourier transform
L :R? — C is defined as

R(z) =/ exp(i(z, x))u(dx),
R4

where (-, -) denotes the usual scalar product in R¢.

We use Bochner’s theorem (see, e.g., Feller, 1966): [t is the Fourier transform
of a Borel probability measure on R¢ if and only if the following three conditions
hold true:

1. ©(0) = 1.

2. @ is continuous.

3. [ is positive semidefinite; that is, for any n = 1,2, ... and any choice of
the complex numbers c, ..., ¢, and of the points zy, ..., z,, one has

n

D A = wejer = 0.
jk=1

The random vector £ with values in R? is said to have the normal distribu-
tion, or the Gaussian distribution, with parameters (m, X)” [m € R? and ¥ a
d x d positive semidefinite matrix] if the Fourier transform of the probability
distribution g of & is equal to

e (2) = exp [i(m, 7) — %(z, Ez)] z e R4,

When m = 0 and ¥ = I; = identity d x d matrix, the distribution of £ is called
standard normal in R?. For d = 1 we use the notation

X

e/ and <I>(x)=/ p(y)dy

—00

px) = Ner

for the density and the cumulative distribution function of a standard normal
random variable, respectively.

If ¥ is nonsingular, pug is said to be nondegenerate and one can verify that it
has a density with respect to Lebesgue measure given by

1 Ts—1
Mme(dx) = p|:—§(x—m) P (x—m)]dx

@) (det(Z)17 7
xT denotes the transpose of x. One can check that
m=E®), T =Var§) =E(E -mE—-m),

so m and ¥ are, respectively, the mean and the variance of &.
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From the definition above it follows that if the random vector & with values
in R¢ has a normal distribution with parameters m and ¥, A is a real matrix
with n rows and d columns, and b is a nonrandom element of R”, then the
random vector A§ + b with values in R” has a normal distribution with param-
eters (Am + b, AEAT). In particular, if ¥ is nonsingular, the coordinates of the
random vector £~ /2(& —m) are independent random variables with standard
normal distribution on the real line.

Assume now that we have a pair £ and 1 of random vectors in R and R,
respectively, having finite moments of order 2. We define the d x d’ covariance
matrix as

Cov(&, n) = E((§ — E(§)(n — E(m™).

It follows that if the distribution of the random vector (&€, ) in R4+’ is normal
and Cov(&, n) = 0, the random vectors £ and 5 are independent. A consequence
of this is the following useful formula, which is standard in statistics and gives
a version of the conditional expectation of a function of £ given the value of 7.

Proposition 1.2. Let & and n be two random vectors with values in R and R,

respectively, and assume that the distribution of (&, n) in R+ s normal and
Var(n) is nonsingular. Then, for any bounded function f : R? — R, we have

E(f(&)In=y) =E(f (& +Cy)) (1.5)
for almost every y, where
C = Cov(§, m[Var(m] ™ (1.6)

and ¢ is a random vector with values in R4, having a normal distribution with
parameters

(E€) — CE(n), Var(€) — Cov(&, n)[Var(m]~'[Cov(§, m1"). (1.7
Proof. The proof consists of choosing the matrix C so that the random vector
{=§§-0Cn
becomes independent of 7. For this purpose, we need the fact that
Cov(§ = Cn,n) =0,

and this leads to the value of C given by (1.6). The parameters (1.7) follow
immediately. O

In what follows, we call the version of the conditional expectation given by
formula (1.5), Gaussian regression. To close this brief list of basic properties,
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we mention that a useful property of the Gaussian distribution is stability under
passage to the limit (see Exercise 1.5).

Let r: T x T — R be a positive semidefinite function and m : T — R a
function. In this more general context, that r is a positive semidefinite function,
means that for any n =1, 2, ... and any choice of distinct #,...,1, € T, the
matrix ((r(¢;, t%)))k=1,...n is positive semidefinite. [This is consistent with the
previous definition, which corresponds to saying that r (s, t) = (s — 1), s, € R4
is positive semidefinite. ]

Take now for P, ; the Gaussian probability measure in R” with mean

.....

Mgy = (1), o, m(t)"

and variance matrix

Xty = (@, 8))) jk=1,..n-

It is easily verified that the set of probability measures {P; _,} verifies the
consistency condition, so that Kolmogorov’s theorem applies and there exists
a unique probability measure P on the measurable space (R, o (C)), which
restricted to the cylinder sets depending on fq,...,1, is P, , for any choice
of distinct parameter values ¢, ..., t,. P is called the Gaussian measure gener-
ated by the pair (m,r). If {X(¢) :t € T} is a real-valued stochastic process with
distribution P, one verifies that:

o For any choice of distinct parameter values ¢, ..., f,, the joint distribution
of the random variables X (t), ..., X(#,) is Gaussian with mean m,, _,,
and variance X, ,.

e E(X(t)) =m(t) fort eT.

e Cov(X(s), X(1)) =E((X(s) —m(s))(X(t) —m(t))) =r(s,t) fors,t €T.

A class of examples that appears frequently in applications is the d-parameter
real-valued Gaussian processes, which are centered and stationary, which means
that

T =R4, m(t) =0, r@s, 1) =T —s).

A general definition of strictly stationary processes is given in Section 10.2.
If the function I' is continuous, I"'(0) #£ 0, one can write

I'(7) =/ exp(i(7, x))u(dx),
Rd

where 11 is a Borel measure on R with total mass equal to I'(0). y is called the
spectral measure of the process. We usually assume that I'(0) = 1: that is, that
W is a probability measure which is obtained simply by replacing the original
process {X (¢) : t € R?} by the process {X (1)/(I'(0))'/? : t € RY}.
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Example 1.1 (Trigonometric Polynomials). An important example of stationary
Gaussian processes is the following. Suppose that  is a purely atomic probability
symmetric measure on the real line; that is, there exists a sequence {x,},=12... of
positive real numbers such that

o

plba)) = pl—x)) = jeufor =120 p{O) =co: Y en=1
n=0

Then a centered Gaussian process having v as its spectral measure is

o0
X(0) =y’ o+ ey (Eucostx, +E ,sintx,)  reR, (1.8)

n=1

where the {£,},cz is a sequence of independent identically distributed random
variables, each having a standard normal distribution. In fact, the series in (1.8)
converges in L*(Q, F, P) and

E(X() =0 and EX()X () =co+ Z cp cos[(t — 8)x,] = it —s).

n=1

We use the notation
Ak ::/xku(dx) k=0,1,2,... (1.9)
R

whenever the integral exists. Ay is the kth spectral moment of the process.

An extension of the preceding class of examples is the following. Let
(T, T, p) be a measure space, H = L]ﬁ(T, T, p) the Hilbert space of real-valued
square-integrable functions on it, and {¢,(¢)},=12,... an orthonormal sequence
in H. We assume that each function ¢, : T — R is bounded and denote
M, = sup,.rle,()]. In addition, let {c,},=12,. be a sequence of positive

numbers such that
o0 o0
E Ccp < 00, chM,f < 00
n=1 n=1

and {&,},=12,.. a sequence of independent identically distributed (i.i.d.) random
variables, each with standard normal distribution in R.
Then the stochastic process

X0 =) ey Epn(t) (1.10)

n=1
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is Gaussian, centered with covariance

r(s,1) =E(X($)X O} =Y capu($)gn(0).

n=1

Formulas (1.8) and (1.10) are simple cases of spectral representations of
Gaussian processes, which is an important subject for both theoretical purposes
and for applications. A compact presentation of this subject, including the
Karhunen—Loeve representation and the connection with reproducing kernel
Hilbert spaces, may be found in Fernique’s lecture notes (1974).

1.3. 0-1 LAW FOR GAUSSIAN PROCESSES

We will prove a 0—1 law for Gaussian processes in this section without attempting
full generality. This will be sufficient for our requirements in what follows. For
a more general treatment, see Fernique (1974).

Definition 1.3. Let X ={X(t):t € T}and Y ={Y(t) : t € S} be real-valued
stochastic processes defined on some probability space (2, A, P). X and
Y are said to be independent if for any choice of the parameter values
H,....t, €T;s1,...,8, €S, n,m > 1, the random vectors

(X)), ..., X (1)), (Y (s1),....Y(sm))

are independent.

Proposition 1.4. Let the processes X and ) be independent and E (respectively,
F) belong to the o-algebra generated by the cylinders in RT (respectively, RY).
Then

P(X(-) € E,Y(-) € F) =P(X(-) € E)P(Y () € F). (1.11)

Proof. Equation (1.11) holds true for cylinders. Uniqueness in the extension
theorem provides the result. ([l

Theorem 1.5 (0-1 Law for Gaussian Processes). Let X = {X(t) :t € T}
be a real-valued centered Gaussian process defined on some probability space
(R, A, P) and (E, £) a measurable space, where E is a linear subspace of RT
and the o-algebra £ has the property that for any choice of the scalars a, b € R,
the function (x,y) ~» ax + by defined on E x E is measurable with respect
to the product o-algebra. We assume that the function X : Q — E defined as
X(w) = X(-, w) is measurable (2, A) — (E, £). Then, if L is a measurable
subspace of E, one has
P(X()eL)=0 or 1.
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Proof. Let {XW (1) :t € T} and {X®(¢) : t € T} be two independent processes
each having the same distribution as that of the given process {X(¢) : t € T}.
For each A, 0 < A < m/2, consider a new pair of stochastic processes, defined
fort € T by

ZM (1) = XD (1) cos 1 + X (1) sin &
(1.12)
Ziz)(t) = XD ()sina + XD (1) cos A

Each of the processes Z)(f)(t) (i =1, 2) has the same distribution as X.
In fact, E(Z\" (1)) = 0 and since E(X("(5)X® (1)) = 0, we have E(Z\" (s)
Z" (1)) = cos? A E(XD ()X D (1)) 4 sin® 2 E(X@ (5)XP (1)) = B(X (s)X (1))
A similar computation holds for Z §2).

Also, the processes Z il) and Z §2) are independent. To prove this, note that for
any choice of 11, ..., 1,581, ..., 8y, n,m > 1, the random vectors

V@) 2P ), (ZP 1) 23 (5m))
have a joint Gaussian distribution, so it suffices to show that
1 2
EZz"0)Z%(s)) =0

for any choice of s,7 € T to conclude that they are independent. This is easily
checked.
Now, if we put ¢ = P(X(-) € L), independence implies that for any A,

q(1 —q) =P(Ey)  where E, ={z"eL,z? ¢ L)

If A, A" € (0, /2), . # A/, the events E; and Ej are disjoint. In fact, the matrix
cosA sinAi
cos)  sinA’/

is nonsingular and (1.12) implies that if at the same time Z;l) eL, Zi}) elL,
then X (), X® () € L also, since XV (-), X (-) are linear combinations of
Z;l) and Z/(J). Hence, Zﬁz), Zf) € L and E,, E;, cannot occur simultaneously.
To finish, the only way in which we can have an infinite family {E)}o<y<z/2 of
pairwise disjoint events with equal probability is for this probability to be zero.
That is, g(1 —¢g) =0, so that g =0 or 1. O

In case the parameter set 7 is countable, the above shows directly that
any measurable linear subspace of R” has probability 0 or 1 under a centered
Gaussian law. If T is a o-compact topological space, E the set of real-valued
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continuous functions defined on 7', and £ the o-algebra generated by the topol-
ogy of uniform convergence on compact sets, one can conclude, for example, that
the subspace of E of bounded functions has probability 0 or 1 under a centered
Gaussian measure. The theorem can be applied in a variety of situations similar
to standard function spaces. For example, put a measure on the space (E, £) and
take for L an L? of this measure space.

1.4. REGULARITY OF PATHS

1.4.1. Conditions for Continuity of Paths

Theorem 1.6 (Kolmogorov). Let Y ={Y(¢t):t €[0,1]} be a real-valued
stochastic process that satisfies the condition

(K) For each pair t and t + h € [0, 1],
P{lY(t +h) =Y ()| = a(h)} < B(h),

where a and B are even real-valued functions defined on [—1, 1], increasing
on [0, 1], that verify

a(2™™) < oo, 2"B(27") < oo.
Z Z
n=1 n=1

Then there exists a version X = {X(t) : t € T} of the process Y such that the
paths t ~» X (t) are continuous on [0, 1].

Proof. Forn=1,2,..;k=0,1,...,2" — 1, let
2|

k+1 k .
Ek,nz{‘y( n >_Y<2—n)‘205(2 )}7 Ensz_JOEk,n-

From the hypothesis, P(E,) <2"B(27"), so that Z;‘;l P(E,) < co. The
Borel-Cantelli lemma implies that P(limsup,_, ., E,) = 0, where

limsup E,, = {w : @ belongs to infinitely many E,’s}.
n— oo

In other words, if @ ¢ limsup,,_, ., E,, one can find no(w) such that if n > ny(w),
one has

F(57) - (5)

<a2™) forallk=0,1,...,2" — 1.
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Denote by Y the function whose graph is the polygonal with vertices
(k/2", Y (k/2")), k=0,1,...,2"% that is, if k/2" <t < (k+ 1)/2", one has

YO0y = (k1 — 2"y (2]‘_’1) + Q" — k)Y (k; 1) .

The function ¢ ~ Y™ (¢) is continuous. Now, if @ ¢ limsup,_, ., E,, one easily
checks that there exists some integer ng(w) such that

[y — ¥ <o (270D)  forn+ 1> no(w)

(here | - |0 denotes the sup norm on [0, 1]). Since Zsil a2ty < 5o by
the hypothesis, the sequence of functions {¥ )} converges uniformly on [0, 1]
to a continuous limit function that we denote X (¢), t € [0, 1].

We set X(¢) =0 when w € limsup,,_, ., E,. To finish the proof, it suffices to
show that for each r € [0, 1], P(X(#) =Y (¢)) = 1.

o If ¢ is a dyadic point, say ¢ = k/2", then given the definition of the sequence
of functions Y™, it is clear that Y (¢) = Y(t) for m > n. Hence, for
o ¢ limsup,_, . E,, one has X(¢) = lim,,_, Y™ (t) = Y(r). The result
follows from P((limsup,,_, ., E,)¢) =1 (A€ is the complement of the set
A).

e If 7 is not a dyadic point, for eachn, n = 1,2, ..., let k, be an integer such
that |t — k,/2"| < 27", k,/2" € [0, 1]. Set

£o= [ -x ()| 2 a0,

We have the inequalities
kn
< f — —
)=# (-3

P(F,) <P (‘Y(t) - X(l;—n)‘ >« (

and a new application of the Borel-Cantelli lemma gives P(limsup,,_, ., F;)

= 0. So if w ¢ [limsup,,_, ., E,] U [limsup,_, ., F,], we have at the same
time, X (k,/2")(w) — X(t)(w) as n — oo because t ~» X (¢) is continu-
ous, and X (k,,/2")(w) — Y (t)(w) because |Y (r) — X (k,,/2™")| < a(27") for
n > ni(w) for some integer n(w).

kn
t— —
on

) =B2™),

This proves that X ()(w) = Y (t)(w) for almost every w. ]

Corollary 1.7 Assume that the process Y = {Y (t) : t € [0, 1]} satisfies one of the
Jfollowing conditions for t,t + h € [0, 1]:
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© E(Y G+ — Yolr) < (1.13)
= |log |||+ '
where p,r, and K are positive constants, p < r.
(b) YV is Gaussian, m(t) := E(Y (t)) is continuous, and
Var(Y(t +h) — Y (1)) < ¢ (1.14)
ar — < — .
[log ||

Jor all t, sufficiently small h, C some positive constant, and a > 3.

Then the conclusion of Theorem 1.6 holds.

Proof
(a) Set
1

’
oah)y = — 1<b<—
|log |72][? P

|h]
h)= ———
PO = Fog il
and check condition (K) using a Markov inequality.
(b) Since the expectation is continuous, it can be subtracted from Y (), so that
we may assume that ) is centered. To apply Theorem 1.6, take

1 , 1 ,
a(h) = TToalhlP with 1 <b < (a — 1)/2 and B(h) = exp [—E| log |h||* Zb].
Then
B a(h)
P(Y(t+h) —Y(@®)| = a(h)) =P <ISI > N Y(t))> ,

where & stands for standard normal variable. We use the following usual bound
for Gaussian tails, valid for u > 0O:

2 [t 21
P(|&] > u) = 2P(¢ > u) = \/i/ e 1% gy < \/j—e—“/”“z.
T Ju T U

With the foregoing choice of «(-) and B(-), if |h| is small enough, one has
a(h)/~/Var(Y (t +h) — Y (¢)) > 1 and

P([Yi4n — Y ()| = a(h)) = (const) B(h).

where (const) denotes a generic constant that may vary from line to line. On the
other hand, }"°a(2™") < 0o and ) °2"B(27") < oo are easily verified. [
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Some Examples

1. Gaussian stationary processes. Let {Y(t) : t € R} be a real-valued Gaus-
sian centered stationary process with covariance I'(t) = E(Y (t) Y (¢t + 7)). Then
condition (1.14) is equivalent to

rO) - < —°
Tog 11

for sufficiently small |t|, with the same meaning for C and a.
2. Wiener process. Take T = R*. The function r(s,t) =s At is positive

semidefinite. In fact, if 0 <s; < --- < s, and xq, ..., x, € R, one has
n n
D s AsOxxe =D (k= se-D) (5 + -+ x)? 20, (1.15)
J.k=1 k=1

where we have set 5o = 0.

Then, according to Kolmogorov’s extension theorem, there exists a centered
Gaussian process {Y (t) : t € R*} such that E(Y (s)Y (1)) = s At for s, t > 0. One
easily checks that this process satisfies the hypothesis in Corollary 1.7(b), since
the random variable Y (t + h) — Y (¢), h > 0 has the normal distribution N (0, i)
because of the simple computation

E(Y(+h) —Y@)]?)=t+h—2t+1=h.

It follows from Corollary 1.7(b) that this process has a continuous version on
every interval of the form [n,n + 1]. The reader will verify that one can also
find a version with continuous paths defined on all R*. This version, called the
Wiener process, is denoted {W (1) : t € R},

3. Ito integrals. Let {W(t) : t > 0} be a Wiener process on a probability space
(2, A, P). We define the filtration {F, :t > 0} as F;, = {W(s) : s < t}, where
the notation means the o-algebra generated by the set of random variables
{W(s):s <t} (i.e., the smallest o-algebra with respect to which these random
variables are all measurable) completed with respect to the probability measure P.

Let {a; : t = 0} be a stochastic process adapted to the filtration {F; : t > 0}.
This means that a, is F;-measurable for each ¢ > 0. For simplicity we assume
that {a; : + > 0} is uniformly locally bounded in the sense that for each 7 > 0
there exists a constant C7 such that |a,;(w)| < C7 for every w and all t € [0, T].
For each ¢ > 0, one can define the stochastic Ito integral

t
Y(t):/ as dW (s)
0

as the limit in L? = L?(R2, A, P) of the Riemann sums

m—1
So = ZEIJ-(W(UH) — W)
=0
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when Ny = sup{(¢;11 —¢;) : 0 < j < m — 1} tends to 0. Here Q denotes the par-
titon 0 =1y <t < --- < 1, =t of the interval [0, t] and {@, : ¢ > 0} an adapted
stochastic process, bounded by the same constant as {a, : ¢+ > 0} and such that

m—1
Z atj I{thS<l‘j+] }
i—0

tends to {a; : 0 < s <t} in the space L%([0,7] x 2, 2 x P) as Npo— 0. Aisa
Lebesgue measure on the line.

Of course, the statements above should be proved to be able to define Y (¢)
in this way (see, e.g., McKean, 1969). Our aim here is to prove that the process
{Y(¢) : t = 0} thus defined has a version with continuous paths. With no loss of
generality, we assume that ¢ varies on the interval [0, 1] and apply Corollary
1.7(a) with p = 4.

We will prove that

E((Y(t + h) — Y())*) < (const)h>.

For this, it is sufficient to see that if Q is a partition of the interval [z, ¢ + h],
h >0,

E(S5) < (const)h?, (1.16)

where (const) does not depend on ¢, h, and Q, and then apply Fatou’s lemma
when Ng — 0.

Let us compute the left-hand side of (1.16). Set A; = W(t;41) — W(z;). We
have

m—1
4 ~ o~ o~ o~
E(SQ) = Z E(a’jl al./z a’j3 at./’4 A-/l AJZ Aj3 A./4 . (1 . 17)
J1+J2+J3,ja=0

If one of the indices, say j4, satisfies js > ji, j2, j3, the corresponding term

becomes
4 4
h=1 h=1
3
—E (]‘[(a,_/.h A jh)Zz',j4E(A.,-4|}',j4)> =0
h=1
since

3
E(Aj|F,;) =E(A)) =0 and []@, A,)a, isF, —measurable.
h=1
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In a similar way, if j;4 < j; = j» = j3 (and similarly, if any one of the indices
is strictly smaller than the others and these are all equal), the corresponding term
vanishes since in this case

([1600)) (e (0,0 500,
h=1
=B (3}, @, A4E (317,)) =0

because
3 3
E (Ajlj:fj) =E (Aj) =0.
The terms with j; = j, = j3 = j4 give the sum

m—1 m—1

E ((EtjA,»)“) <Y 3G — 1P <30t
Jj=0

Finally, we have the sum of the terms corresponding to 4-tuples of indices
Jis J2, j3, and j4 such that for some permutation (i1, i»,i3,i4) of (1,2, 3,4),
one has j;, ji, < ji; = Ji,- This is

6"12_:1 3 (at“a,] AAAz).

J3=10<j1,j2<j3

Conditioning on F;; in each term yields for this sum

62 > et — 1B (@, @, 3 A AR)

J3=10=j1./2<j3

m—1 Jja—1 2
_ I TA
=O6E [ D (e — 1)@ | D ayA;

=1 j=0

m—1 -1 :

2 ~

<6CT Y (i —t)E| [ D a4,

J3=1 j=0

Jj3—1

m—1
=6CT > (1 = 1) D E(@) (1 — 1) =3CH 2,
=0

J3=1

Using (1.17), one obtains (1.16), and hence the existence of a version of the Itd
integral possessing continuous paths.
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Separability. Next, we consider the separability of stochastic processes. The
separability condition is shaped to avoid the measurability problems that we have
already mentioned and to use, without further reference, versions of stochastic
processes having good path properties. We begin with a definition.

Definition 1.8. We say that a real-valued stochastic process {X(t) :t € T}, T a
topological space, is separable if there exists a fixed countable subset D of T such
that with probability 1,

sup X(t) =supX(t) and inf X(t) = inf X(¢t) for all open sets V.
teVND teV teVND teV

A consequence of Theorem 1.6 is the following:

Proposition 1.9. Let {Y () : t € I}, I an interval in the line, be a separable ran-
dom process that satisfies the hypotheses of Theorem 1.6. Then, almost surely
(a.s.), its paths are continuous.

Proof. Denote by D the countable set in the definition of separability. With no
loss of generality, we may assume that D is dense in /. The theorem states that
there exists a version {X(¢) : t € I} that has continuous paths, so that

P(X(@#) =Y(t) forall t € D) = 1.

Let
E={X@) =Y() forall t € D}
and
F = Y(it) = Y (t d inf Y(#) =inf Y .
N fro=wro w pro=mrol

JcI,J=(r1,r2),r1,r€0
Since P(ENF) =1, it is sufficient to prove that if w e ENF, then

X(s)(w) =Y(s)(w) for all s € I.
So,letw e ENF and s € I. For any ¢ > 0, choose r, 7, € Q such that

Ss—E<r<s<nmn<s+e.
Then, setting J = (rq, r7),

Y(s)(w) < supY (1)(w) = sup Y(1)(w) = sup X(1)(w) < supX (7)(w).
telJ teJND teJND teJ
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Letting ¢ — 0, it follows that

Y (s)(@) < limsup X (1)(w) = X (s)(w)

11—

since t ~ X (t)(w) is continuous.
In a similar way, one proves that Y (s)(w) > X (s)(®). O

The separability condition is usually met when the paths have some minimal
regularity (see Exercise 1.7). For example, if {X(¢):t € R} is a real-valued
process having a.s. cad-lag paths (i.e., paths that are right-continuous with left
limits), it is separable. All processes considered in the sequel are separable.

Some Additional Remarks and References. A reference for Kolmogorov’s
extension theorem and the regularity of paths, at the level of generality we have
considered here, is the book by Cramér and Leadbetter (1967), where the reader
can find proofs that we have skipped as well as related results, examples, and
details. For d-parameter Gaussian processes, a subject that we consider in more
detail in Chapter 6, in the stationary case, necessary and sufficient conditions
to have continuous paths are due to Fernique (see his St. Flour 1974 lecture
notes) and to Talagrand (1987) in the general nonstationary case. In the Gaussian
stationary case, Belayev (1961) has shown that either: with probability 1 the paths
are continuous, or with probability 1 the supremum (respectively, the infimum)
on every interval is 400 (respectively, —oc). General references on Gaussian
processes are the books by Adler (1990) and Lifshits (1995).

1.4.2. Sample Path Differentiability and Holder Conditions

In this section we state some results, without detailed proofs. These follow the
lines of the preceding section.

Theorem 1.10. Let Y = {Y (¢) : t € [0, 1]} be a real-valued stochastic process

that satisfies the hypotheses of Theorem 1.6 and additionally, for any triplet t — h,
t,t+ h e€[0, 1], one has

P(Yt +h)+ Y@ —h)=2Y ()| = a1 (h)) < Bi(h),
where oy and By are two even functions, increasing for h > 0 and such that
o o
Y 2@ <00, Y 2"BI(27T") < oo
n=1 n=1

Then there exists a version X = {X(t) : t € T} of the process Y such that almost
surely the paths of X are of class C'.
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Sketch of the Proof. Consider the sequence {Y ()t €0, 11}y=1.2,.. of
polygonal processes introduced in the proof of Theorem 1.6. We know that
a.s. this sequence converges uniformly to X' = {X (¢) : t € [0, 1]}, a continuous
version of ). Define:

YO =Y (") for0 <t <1 (left derivative)
Y™ (0) := Y (0t) (right derivative).

One can show that the hypotheses imply:

1. Almost surely, as n — oo, Y ™ (.) converges uniformly on [0, 1] to a func-
tion X (-).
2. Almost surely, as n — oo, sup,e[o’l]|Y(”)(t+) —Y®()] — 0.

To complete the proof, check that the function ¢ ~~ X (t) a.s. is continuous
and coincides with the derivative of X (¢) at every ¢ € [0, 1]. O

Example 1.2 (Stationary Gaussian Processes). Let) = {Y(t) : t € R} be a cen-
tered stationary Gaussian process with covariance of the form

2

1
M) =By ®)Y (@ +1) =T0) — EAZTZ +0 (m)

with k» > 0, a > 3. Then there exists a version of Y with paths of class C'. For
the proof, apply Theorem 1.10.

A related result is the following. The proof is left to the reader.

Proposition 1.11 (Holder Conditions). Assume that
E(Y(t +h) —Y@0)|P) < KW' for t,t+he[0,1], (1.18)

where K, p, and r are positive constants, r < p. Then there exists a version of
the process Y = {Y (t) : t € [0, 1]} with paths that satisfy a Holder condition with
exponent o for any o such that 0 < o < r/p.

Note that, for example, this proposition can be applied to the Wiener pro-
cess (Brownian motion) with » = (p — 2)/2, showing that it satisfies a Holder
condition for every o < %
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1.4.3. Higher Derivatives

Let X = {X () : t € R} be a stochastic process and assume that for each t € R,
one has X (1) € L*(Q, A, P).

Definition 1.12. X is differentiable in quadratic mean (q.m.) if for all t € R,

X({t+h)—X@)
h

converges in quadratic mean as h — 0 to some limit that will be denoted X' (t).

The stability of Gaussian random variables under passage to the limit implies
that the derivative in g.m. of a Gaussian process remains Gaussian.

Proposition 1.13. Let X = {X(t) : t € R} be a stochastic process with mean m(t)
and covariance r(s,t) and suppose that m is C' and that r is C*. Then X is
differentiable in the quadratic mean.

Proof. We use the following result, which is easy to prove: The sequence
Zy,...,Z, of real random variables converges in q.m. if and only if there
exists a constant C such that E(Z,,Z,) — C as the pair (m, n) tends to infinity.
Since m(t) is differentiable, it can be substracted from X (¢) without changing
its differentiability, so we can assume that the process is centered. Then for all
real i and k,

E<X(t+h)—X(t)X(t+k)—X(t)>
h k

1
= E[r(t +ht+k)—r(t,t+k) —rt, i +h)+r@ 0]
— ru(t, 1) as (k,h) — (0,0),
where 711 (s, t) := 3°r(s, t)/dsdt. This shows differentiability in q.m. O

We assume, using the remark in the proof above, that X is centered and
satisfies the conditions of the proposition. It is easy to prove that

0
E(X()X'(t)) = roi(s. 1) = 3—;(s, 0,

and similarly, that the covariance of X’ = {X’(¢) : t € R} is ryi(s, 7). Now let X
be a Gaussian process and X" its derivative in quadratic mean. If this satisfies,
for example, the criterion in Corollary 1.7(b), it admits a continuous version
YV ={Y'(t) : Y'(t);t € R}. Set

Y(t) :=X(0) +/ Y'(s) ds.
0
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Clearly, Y has C'-paths and E(X (s), Y (s)) = r(s,0) + [; roi(s, 1) di =r(s,s).
In the same way, E(Y (s)?) = r(s, s), so that E((X(s) — Y(s)]*) = 0. As a con-
sequence, A admits a version with C 1 paths.

Using this construction inductively, one can prove the following:

e Let X be a Gaussian process with mean C* and covariance C?* and such that
its kth derivative in quadratic mean satisfies the weak condition of Corollary
1.7(b). Then X admits a version with paths of class CX.

o If X is a Gaussian process with mean of class C* and covariance of class
C*, X admits a version with paths of class C*°.

In the converse direction, regularity of the paths implies regularity of the
expectation and of the covariance function. For example, if X has continuous
sample paths, the mean and the variance are continuous. In fact, if t,,n = 1,2, ...
converges to ¢, then X (z,) converges a.s. to X(¢), hence also in distribution.
Using the form of the Fourier transform of the Gaussian distribution, one easily
proves that this implies convergence of the mean and the variance. Since for
Gaussian variables, all the moments are polynomial functions of the mean and
the variance, they are also continuous. If the process has differentiable sample
paths, in a similar way one shows the convergence

m(t +h) —m(t)

. — E(X'(1))

as h — 0, showing that the mean is differentiable.

For the covariance, restricting ourselves to stationary Gaussian processes
defined on the real line, without loss of generality we may assume that
the process is centered. Put I'(t) =r(s,s +¢). The convergence in dis-
tribution of (X(h) — X(0))/h to X'(0) plus the Gaussianity imply that
Var((X (h) — X(0))/ h) has a finite limit as # — 0. On the other hand,

X(h) — X(0 T 1 —cosh
Var(%) =2 /;OO %M(dx),

where p is the spectral measure.
Letting 7 — 0 and applying Fatou’s lemma, it follows that

h

too . X (h) — X(0)
Ay = x“u(dx) < 11}1’111(1)1fVar — | <
—00 —

Using the result in Exercise 1.4, T is of class C>.

This argument can be used in a similar form to show that if the process
has paths of class C¥, the covariance is of class C?*. As a conclusion, roughly
speaking, for Gaussian stationary processes, the order of differentiability of the
sample paths is half of the order of differentiability of the covariance.
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1.4.4. More General Tools

In this section we consider the case when the parameter of the process lies in R?
or, more generally, in some general metric space. We begin with an extension of
Theorem 1.6.

Theorem 1.14. Ler Y = {Y(¢) : t € [0, 119} be a real-valued random field that
satisfies the condition

(Ka) For each pairt,t +h € [0, 114,
P{Y(t+h) =Y ()| = a(h)} < B(h),

where h = (hy, ..., hg), h = Sup ;4 |hil, and o, B are even real-valued
functions defined on [—1, 1], increasing on [0, 1], which verify

Za(Z_”) < 00, sz"ﬂ(Z_") < 00.
n=1

n=1

Then there exists a version X = {X (t) : t € [0, 119} of the process ) such
that the paths t~~X (t) are continuous on [0, 174

Proof. The main change with respect to the proof of Theorem 1.6 is that
we replace the polygonal approximation, adapted to one-variable functions by
another interpolating procedure. Denote by D, the set of dyadic points of order
n in [0, 1]%; that is,

Dn={l=(l‘1,...,l‘d)il‘,'=

ki
2—;,k,~ integers ,05k,~§2”,i=1,...,d}.

Let f : [0, 11 — R be a function. For each n = 1,2, ..., one can construct a
function £ : [0, 1] — R with the following properties:

o f™ is continuous.
o fMW(t)= f(t) forall t € D,.

o |fUHD — F® o = maxiep,, \p, | S () — F™(1)], where |||l denotes
sup-norm on [0, 1]¢.

A way to define f ™ is the following: Let us consider a cube C;, of the
nth-order partition of [0, 11¢; that is,

1 d
Ct,n =1 + [0’ ?] 5
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where ¢t € D,, with the obvious notation for the sum. For each vertex t, set

") = f(o).

Now, for each permutation 7 of {1,2,...,d}, let S; be the simplex

1
871:{[+S:S:(Sn(l)s---asn(d))aofsn(l)f"'fsn(d)fz_n}-

It is clear that C; , is the union of the S;’s over all permutations. In a unique
way, extend f® to S, as an affine function. It is then easy to verify the afore
mentioned properties and that

£ — fP) < d sup 1f(s) = F(O)I.

5,0€Dp 41, |t—s|=2(+1D)
The remainder of the proof is essentially similar to that of Theorem 1.6. g
From this we deduce easily

Corollary 1.15. Assume that the process ) = {Y (t) : t € [0, 11?} verifies one of
two conditions:

(a)
E(Y(t +h) =Y @®)I") < M (1.19)
= |log A+’ '
where p, r, and K are positive constants, p < r.
(b) If Y is Gaussian, m(t) = E(Y (t)) is continuous and
C
Var(Y(t +h)— Y () < —— (1.20)
[log |A||

for all t and sufficiently small h and a > 3.
Then the process has a version with continuous paths.

Note that the case of processes with values in R need not to be considered
separately, since continuity can be addressed coordinate by coordinate. For Holder
regularity we have

Proposition 1.16. Let Y = (Y (¢) : t € [0, 119} be a real-valued stochastic pro-
cess with continuous paths such that for some g > 1, o > 0,

E(IY () — Y(1)]¢) < (consn)s — 1]+

Then almost surely, ) has Holder paths with exponent o /2q.
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Until now, we have deliberately chosen elementary methods that apply to
general random processes, not necessarily Gaussian. In the Gaussian case, even
when the parameter varies in a set that does not have a restricted geometric
structure, the question of continuity can be addressed using specific methods.
As we have remarked several times already, we only need to consider centered
processes.

Let {X(z) :t € T} be a centered Gaussian process taking values in R. We
assume that 7" is some metric space with distance denoted by . On T we define
the canonical distance d,

d(s, 1) ;== VEX () — X (5))2.

In fact, d is a pseudodistance because two distinct points can be at d distance
zero. A first point is that when the covariance r(s, ) function is r-continuous,
which is the only relevant case (otherwise there is no hope of having continuous
paths), d-continuity and t-continuity are equivalent. The reader is referred to
Adler (1990) for complements and proofs.

Definition 1.17. Let (T,d) be a metric space. For ¢ >0 denote by N(g) =

N(T,d, ¢) the minimum number of closed balls of radius & with which we can
cover T (the value of N, can be +00).

We have the following theorem:

Theorem 1.18 (Dudley, 1973). A sufficient condition for {X (t) : t € T} to have
continuous sample paths is

+00
/ (log(N(£)))'*de < oo.
0

log(N (¢)) is called the entropy of the set T.

A very important fact is that this condition is necessary in some relevant cases:

Theorem 1.19 (Fernique, 1974). Let {X(¢) : t € T}, T compact, a subset of R¢,
be a stationary Gaussian process. Then the following three statements are equiv-
alent:

o Almost surely, X () is bounded.
o Almost surely, X (-) is continuous.

+00
. / (log(N(s)))l/zde < 0.
0
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This condition can be compared with Kolmogorov’s theorem. The reader can
check that Theorem 1.19 permits us to weaken the condition of Corollary 1.7(b)
to a > 1. On the other hand, one can construct counterexamples (i.e., processes
not having continuous paths) such that (1.14) holds true with a = 1. This shows
that the condition of Corollary 1.7(b) is nearly optimal and sufficient for most
applications. When the Gaussian process is no longer stationary, M. Talagrand
has given necessary and sufficient conditions for sample path continuity in terms
of the existence of majorizing measures (see Talagrand, 1987).

The problem of differentiability can be addressed in the same manner as for
d = 1. A sufficient condition for a Gaussian process to have a version with C¥
sample paths is for its mean to be Ck, its covariance C?*, and its kth derivative
in quadratic mean to satisfy some of the criteria of continuity above.

1.4.5. Tangencies and Local Extrema

In this section we give two classical results that are used several times in the book.
The first gives a simple sufficient condition for a one-parameter random process
not to have a.s. critical points at a certain specified level. The second result
states that under mild conditions, a Gaussian process defined on a quite general
parameter set with probability 1 does not have local extrema at a given level.
We will use systematically the following notation: If £ is a random variable with
values in R? and its distribution has a density with respect to Lebesgue measure,
this density is denoted as

pe(x) x e RY,

Proposition 1.20 (Bulinskaya, 1961). Let {X () : t € I} be a stochastic process
with paths of class C' defined on the interval I of the real line. Assume that for
each t € I, the random variable X (t) has a density px ) (x) which is bounded as
t varies in a compact subset of I and x in a neighborhood v of u € R. Then

P(T} # @) =0,

where TuX ={t:tel, X&) =u, X'(t) = 0} is the set of critical points with value
u of the random path X (-).

Proof. 1t suffices to prove that P(T,X N J # @) = 0 for any compact subinterval
J of I. Let £ be the length of J and 7y <, <--- < t, be a uniform partition
of J (e, tjp1 —t;j =4£/m for j =0,1,---,m — 1). Denote by wx/(8, J) the
modulus of continuity X’ on the interval J and Ej . the event

Ese = {wx/(8,J) > &}.
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Let ¢ > 0 be given; choose 6 > 0 so that P(Es.) < & and m so that £/m < §,
and [u —I/m,u +1/m] C v. We have

m—1

P(TYNJT #0) <P(Es.)+ Y PATY Nltj. 15411 # O} N ES,)
j=0

m—1 m—1
¢
<e+ E P<|X(tj)_“| 58—>=8+ E / Px@;(x)dx.
j=0 m =0 |x—ul<e(l/m)

If C is an upper bound for px(x), t € J, |x —u| < el/m, we obtain
P(T NJ #@) <e+ Cel.
Since ¢ > 0 is arbitrary, the result follows. O

The second result is an extension of Ylvisaker’s theorem, which has the fol-
lowing statement:

Theorem 1.21 (Ylvisaker, 1968). Let {Z(t) : t € T} be a real-valued Gaus-
sian process indexed on a compact separable topological space T having con-
tinuous paths and Var(Z(t)) > 0 for all t € T. Then, for fixed u € R, one has
P(EuZ # @) =0, where EMZ is the set of local extrema of Z(-) having value equal
fo u.

The extension is the following:

Theorem 1.22 Let {Z(t) :t € T} be a real-valued Gaussian process on some
parameter set T and denote by M? = sup,cr Z(t) its supremum (which takes
values in R U {+o00}). We assume that there exists a nonrandom countable set
D, DCT, such that a.s. M4 = sup,cp Z(t). Assume further that there exist
002 >0, m_ > —o0 such that

m(t) =E(Z(@)) >m_
o2(t) = Var(Z(t)) = of  forevery t €T.

Then the distribution of the random variable M? is the sum of an atom at 400
and a (possibly defective) probability measure on R which has a locally bounded
density.

Proof. StEP 1. Suppose first that {X(¢) : t € T} satisfies the hypotheses of the
theorem, and, moreover,

Var(X (1)) =1, E(X(®)) =0
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for every t € T. We prove that the supremum M* has a density p,,x, which
satisfies the inequality

exp(—u’/2)
/OO exp(—v?/2) dv

pyx ) < yY(u) = for every u € R. (1.21)

Let D = {tx}x=1.2,... Almost surely, MX = sup{X (t1) ... X(t,)...}. We set

M, = sup X(&).

1<k<n

Since the joint distribution of X (#;),k =1, ..., n, is Gaussian, for any choice
of k, =1,...,n;k # £, the probability P{X (t;) = X ()} is equal to 0 or 1.
Hence, possibly excluding some of these random variables, we may assume that
these probabilities are all equal to 0 without changing the value of M, on a set
of probability 1. Then the distribution of the random variable M,, has a density
g,(-) that can be written as

ga(0) =) P(X(1)) < x,j=1,...,n5j # kX @) =x)
k=1

o~ (/2D (=m(1))*

X T = @x)G,(x),

where ¢ denotes the standard normal density and

n

Ga(x) =Y P(Y; <x—m(t)), j = 1,/.\..,;1;};' # k|Yx (12

k=1
= x — m(fy))e*™ = (1/2m? @)

with
Yj:X(tj)—m(tj) j:l,...,n.

Let us prove that x ~» G,(x) is an increasing function.
Since m(t) > 0, it is sufficient that the conditional probability in each term of
(1.22) be increasing as a function of x. Write the Gaussian regression

Y=Y, —ciuYr +ciY with  cjr = E(Y;Y}),

where the random variables ¥; — c¢;; Y} and Y are independent. Then the condi-
tional probability becomes

P(Y; —cpuYr <x—m(tj) —ciu(x —m(n)), j=1,...,n; j #k).
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This probability increases with x because 1 —cjr >0, due to the Cauchy-
Schwarz inequality. Now, if a, b € R, a < b, since M,, 1 MX,

P{a < MX < b} = lim P(a < M,, < b).

n—0o0

Using the monotonicity of G,, we obtain

400 400 +00
G (b) / o(x) dx < / Gu(0)p(x) dx = / gn () dx < 1,
b b b

so that

b b
Pla < M, < b} =/ gn(x) dx = Gn(b)/ p(x)dx

b +00
< / p(x) dx ( f <p(x)dX>
a b
This proves (1.21).

STEP 2. Now let Z satisfy the hypotheses of the theorem without assuming the
added ones in step 1. For given a, b € R, a < b, choose A € R* so that |a] < A
and consider the process

-1

Z(t)—a m_|+ A
(t) +| I ‘

X = o(t) 00

Clearly, for every t € T,

m(t) —a |m_|+A Im_|+lal |Im_|+ A
> — + =0
o (1) 00 00 00

E(X(1)) =

and
Var(X (1)) = 1,

so that (1.21) holds for the process X.
On the other hand,

a < M” <b} C {1 < M* < pa},
where

lm_| + A im_|+A b—a
= > M2 = + .
00 00 00

M1

It follows that

P{a<MZ§b}§/
0

b _
uzw(u) du:/ iW(v a+|m7|—|—A> dv.
1 a 00

00

which proves the statement. O
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Theorem 1.21 follows directly from Theorem 1.22, since under the hypotheses
of Theorem 1.21, we can write

EX #0)c | My =u}U{my =u)),

UeF

where My (respectively, m,) is the maximum (respectively, the minimum) of
the process on the set U and F denotes a countable family of open sets being a
basis for the topology of 7.

Remark. We come back in later chapters to the subject of the regularity prop-
erties of the probability distribution of the supremum of a Gaussian process.

EXERCISES

1.1. Let T = N be the set of natural numbers. Prove that the following sets
belong to o (C).

(a) co (the set of real-valued sequences {a,} such that a, — 0). Suggestion:
Note that co = (2, Un=i Mazmllanl < 1/k}.

(b) 2 (the set of real-valued sequences {a,} such that > la,|> < 00).

(¢) The set of real-valued sequences {a,} such that lim,— o0 an < 1.

1.2. Take T = R, 7 = Bg. Then if for each w €  the function
t~ X(t, w), (1.23)

the path corresponding to w, is a continuous function, the process is
bi-measurable. In fact, check that

X(t,w)= gglooX(")(r, w),

where forn = 1,2, ..., X®™is defined by

k=400
X", w) = Z Xy (@) Mg yon< ¢+ <kt1)/215

k=—o00

which is obviously measurable as a function of the pair (¢, w). So the limit
function X has the required property. If one replaces the continuity of the
path (1.23) by some other regularity properties such as right continuity,
bi-measurability follows in a similar way.
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1.3. Let U be a random variable defined on some probability space (€2, A, P),
having uniform distribution on the interval [0, 1]. Consider the two stochas-
tic processes

Y(t) = Li=u
X(t) =0.

The process Y () is sometimes called the random parasite.

(a) Prove that for all ¢ € [0, 1], a.s. X(z) = Y (¢).

(b) Deduce that the processes X () and Y (t) have the same probability
distribution P on R!%!! equipped with its Borel o-algebra.

(¢) Notice that for each w in the probability space, sup,c[o 1 Y (1) = 1 and
sup;co.1) X (1) = 0, so that the suprema of both processes are com-
pletely different. Is there a contradiction with the previous point?

1.4. Let u be a Borel probability measure on the real line and I" its Fourier
transform; that is,

I'(t) :/exp(itx),u(dx).
R

(a) Prove that if
e = / x| u(dx) < o0
R

for some positive integer k, the covariance I'() is of class C* and

r®e) = / (ix)* exp(itx)u(dx).
R

(b) Prove that if k is even, k = 2p, the reciprocal is true: If T" is of class
c?r , then A, is finite and

2 4 2p

1 t 5 1
PO =1—-ldos+ra—+--+ (=D

2
o1 1 o] +o(tP).

Hint: Using induction on p and supposing that Aj is infinite, then for
every A > 0, one can find some M > 0 such that

M
/ xKudx) = A.
M
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1.5.

1.6.

1.7.

1.8.

1.9.
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Show that it implies that

) = (1= o (12—
1k 221 2k —2)!
has a limit, when ¢ tends to zero, greater than A, which contradicts
differentiability.
(¢) When k is odd, the result is false [see Feller, 1966, Chap. XVII,
example (c)].

Let {&,},=1.2... be a sequence of random vectors defined on some prob-
ability space taking values in RY, and assume that &, — & in probability
for some random vector &. Prove that if each &, is Gaussian, £ is also
Gaussian.

Prove the following statements on the process defined by (1.10).

(a) For each r € T the series (1.10) converges a.s.

(b) Almost surely, the function ¢ ~» X(¢) is in H and ||X(‘)||2 =
ZZO:I Cngnz‘

(©) {¢nln=12.. ~are eigenfunctions—with eigenvalues {c,}n=12, . .,
respectively—of the linear operator A : H — H defined by

(Af)(s) =/Tr(s,t)f(t)/0(dt).

Let {X(¢) : t € T} be a stochastic process defined on some separable topo-
logical space T'.

(a) Prove that if X (7) has continuous paths, it is separable.

(b) Let T = R. Prove that if the paths of X (¢) are cad-lag, X (¢) is sepa-
rable.

Let {X(¢) :t € R’} be a separable stochastic process defined on some
(complete) probability space (€2, A, P).

(a) Prove that the subset of Q {X(-) is continuous} is in A.

(b) Prove that the conclusion in part (a) remains valid if one replaces “con-
tinuous” by “upper continuous”, “lower continuous,” or “continuous on
the right” [a real-valued function f defined on R is said to be contin-
uous on the right if for each ¢, f(¢) is equal to the limit of f(s) when
each coordinate of s tends to the corresponding coordinate of ¢ on its
right].

Show that in the case of the Wiener process, condition (1.18) holds for
every p > 2, with r = p/2 — 1. Hence, the proposition implies that a.s.,
the paths of the Wiener process satisfy a Holder condition with exponent
o, for every o < %
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(Wiener integral) Let {W(t) : t > 0} and {W,(¢) : t > 0} be two indepen-
dent Wiener processes defined on some probability space (2, .4, P), and
denote by {W(z) : t € R} the process defined as

W) =Wi(t)ift =0 and W() = Wa(—1)ift <O.

L*(R, %) denotes the standard L’-space of real-valued measurable
functions on the real line with respect to Lebesgue measure and
L*(Q, A, P) the L? of the probability space. C} (R) denotes the subspace
of L>(R, A) of C!-functions with compact support. Define the function
[:CL(R) - L*(Q, A,P) as

I(f)= —Af’(t)W(t) dt (1.24)

for each nonrandom f € C ,1( (R). Equation (1.24) is well defined for each
w € Q since the integrand is a continuous function with compact support.

(a) Prove that / is an isometry, in the sense that fR f2(@) dt = E(Iz(f)).
(b) Show that for each f, I(f) is a centered Gaussian random variable.

Moreover, for any choice of fi,..., f, € C 11< (R), the joint distribution
of (I(f1),... .,I(fp)) is centered Gaussian. Compute its covariance
matrix.

(c) Prove that / admits a unique isometric extension I to L*(R, \) such
that:

(1) I (f) is a centered Gaussian random variable with variance equal
to [of 2(t) dt; similarly for joint distributions.

2) /R fg(0) dt =E(I(fI(g)).

Comment: I( f) is called the Wiener integral of f.

(Fractional Brownian motion) Let H be a real number, 0 < H < 1. We
use the notation and definitions of Exercise 1.10.

(a) For r > 0, define the function K, : R — R:
K ) = [t ="' — ()" P00+ ¢ — )" P locu

Prove that K, € L>(R, ).
(b) For ¢ > 0, define the Wiener integral I (K;), and for s, t > 0, prove the
formula

E(I(K)I(K)) = %H[sz” + 27— — s,

where Cp is a positive constant depending only on H. Compute Cp.
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(¢) Prove that the stochastic process {C;/ 2f (K;) : t = 0} has a version
with continuous paths. This normalized version with continuous paths
is usually called the fractional Brownian motion with Hurst exponent
H and is denoted {Wg(¢) : t > 0}.

(d) Show that if H = 5, then {Wg(¢) : t > 0} is the standard Wiener pro-
cess.

1
2°

(e) Prove that for any § > 0, almost surely the paths of the fractional
Brownian motion with Hurst exponent H satisfy a Holder condition
with exponent H — §.

(Local time) Let {W (¢) : t > 0} be a Wiener process defined in a probability
space (€2, A, P). For u € R, I an interval I C [0, +oc] and § > 0, define

1 1
ws(u, I) = % /1 Lw()—uj<sdt = %)»({l el |W()—ul <é).

(a) Prove that for fixed u and I, us(u, I) converges in L*(Q2, A, P) as
8 — 0. Denote the limit by po(u, I). Hint: Use Cauchy’s criterion.

(b) Denote Z(t) = uo(u, [0,¢]). Prove that the random process

Z(@):t> Oj‘has a version with continuous paths. We call this version
the local ti
LY (u,1).

(¢) For fixed u, LW (u,t) is a continuous increasing function of ¢ > 0.
Prove that a.s. it induces a measure on R that is singular with respect
to Lebesgue measure; that is, its support is contained in a set of
Lebesgue measure zero.

(d) Study the Holder continuity properties of LY (u,t). For future refer-
ence, with a slight abuse of notation, we will write, for any interval
I =[n,n],0<t <t

e of the Wiener process at the level u, and denote it by

LYwu, =LY (u, ) — LY (u, ;).



CHAPTER 2

BASIC INEQUALITIES FOR GAUSSIAN
PROCESSES

This chapter is about inequalities for the probability distribution of the supremum
of Gaussian processes. Among the numerous results giving upper and lower
bounds, we have chosen the ones we consider to be more useful for the subjects
considered in this book: comparison inequalities, isoperimetric inequalities, and
their applications to obtain bounds for the tails of the distribution of the supremum
and its moments.

The results in this chapter are very general, in the sense that beyond Gaus-
sianity and almost sure boundedness of the paths, we do not require the random
function to satisfy other hypotheses. They are essential basic tools and, at the
same time, provide bounds that may turn out to be rough when applied to spe-
cial families of random functions. One of our purposes in subsequent chapters
is to refine these inequalities under additional hypotheses, as explained in the
Introduction.

A good part of the theory was already well established more than 30 years
ago. However, some results have been improved significantly more recently. Two
relevant examples of this evolution are the Li—Shao comparison inequality and
the C. Borell proof of the Ehrhard conjecture, which we consider in Sections 2.1
and 2.2, respectively.

Level Sets and Extrema of Random Processes and Fields, By Jean-Marc Azais and Mario Wschebor
Copyright © 2009 John Wiley & Sons, Inc.
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2.1. SLEPIAN INEQUALITIES

Lemma 2.1 (Li and Shao, 2002). Let X := (Xy,... . X))  and Y = (Y}, ...,
Y)Y be two centered Gaussian random vectors in R", n > 2. Denote

X = () jk=..n with 1 = E(X; X))

and use similar notation for Y. We will assume that r]Xj = r}/j forallj=1,...,n
(i.e., that the variances are, respectively, equal) and with no loss of generality for
our purposes, that their common value is equal to 1. Then, for any choice of the
real numbers ay, ... ,a,, one has

P{X1§a1,.. , Xn <a,,}—P{Y1<a],.. .Y,

1
X
< — arcsinrX — arcsinr exp
21 ( i ”

a +Cl 2.1
2(1 + ,Oz])

I<i<j<n
where p;; = max(|rX| |rY|)

This lemma, known under the generic name normal comparison lemma, has
quite a long history. As far as we know, its first version is due to Plackett (1954),
who proved that if rﬁ{ <rj forall I < j <k <n,then

PiXi<ai,.... Xp =a} =PY1 =ay,.... Y, < ayl. (2.2)

We call this original version the Plackett—Slepian comparison lemma. Further
versions have been given by Slepian (1961), Berman (1964), and Leadbetter et
al. (1983). The present statement, due to Li and Shao (2002), contains and refines
the previous ones.

Proof. We introduce some additional notation. For ¢ € [0, 1], let
Y =01-02¥ 413V,

It is obvious that ¥, is positive semidefinite. Let Z = (Z, ..., Z,)" be a cen-
tered Gaussian random vector in R” with covariance ¥;, that is, E(Z ZT) = %,,
and

Ft)=P(Zi <ay,...,Z, <ay,).

Our aim is to give an upper bound for F(0) — F (1), and for this purpose we
consider the derivative F'(¢). Let us first notice that it is sufficient to prove the
result when ¥; is nonsingular for all ¢ € [0, 1]. In fact, if this has been proved,
in the general case we proceed as follows.
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MMW f"" O?(V\a (T é [:o (]
’I‘a‘ke—n—rl—d__lzgndnm variables &;,...,&,, each of them ha‘qﬂg—a—s-tm'rdard\

,11——4;3&——14,-4;.@ Then we pass to the hmlt ase — 0. ThlS should be done
carefully and is left to the reader.

So assume that ¥; is nonsingular for all 7 € [0, 1]. For ¥ = ((ij))j il
positive definite and nonsingular, we denote by ¢y (x), x = (x1, ... ,x)T e R”
the density of the centered normal distribution in R” with covariance . We have

the identity

dgy Pz
orjk 0x;jox

Ghk=1,....n, j<k. (2.3)

To prove (2.3) we use the inversion formula for the Fourier transform and the
form of the Fourier transform of the normal distribution in R”":

(2:[)11 /J;v exp |:—i (x,z) — % (z, Zz):| dz.

In this equality we may differentiate under the integral sign either with respect
to rj; or with respect to x;. This can be justified using dominated convergence,
since the nonsingularity of %, implies the existence of a positive constant ¢ such
that (z, £z) > ¢ ||z||? for all z € R". Equation (2.3) follows.

Using this, we can compute the derivative F’(t):

px(x) =

d
F'() = / ¢y, (x)dx
dt xp<ap,h=1,...n
0 drt
=/ > (ptzf (0 —2 | dx
wmSaph=1..n || o, or'y dt

29y, (x)
= —(V~ Xy | dx
/);h<ah,h—1,..., Z 3x18x ik

n 1<j<k<n

ay 82
= 3 L= dxh/ / 002 .
xp<ap,h=1,....,n 8x]8xk

1<j<k< =h 1 S
<j<k<n (S h#jk

using (2.3). r]k stands for (1 — t)er +1r)
stands for dxi, ..., dx,.

HE the element (j, k) of ¥,, and dx
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In each term of this equality we integrate twice (first in x; and second in x;),
obtaining

/ Y X
Floy= Y f=r) ox () H dx,
i xp=<ap,h=1,...,
1<j<k<n hitjk hh7é/lk
where X = (X1, ..., X,), Xp =x;, for h# j, k, X =a; for h = j, k. Now

majorizing the integral above by the same integral but with integration over all
R for xp,, h # j, k, we get

—F' )< Y Gh—ri)Te arp,

1<j<k=<n

where ¢ (u, v; p) is the joint density at point (u#, v) of two jointly Gaussian random
variables with zero expectation, variance 1, and covariance p. Now standard
algebra shows that

( y< L 1 as +a;
pla;, ag;r S —F—eXpl\ -
J j k 2w /1 — (r;k)z 2(1 + ,Ojk)

As a consequence, we get

1 a; +a
FO—F) = o PG erkﬁexp( -

2(1 +ij)>/ 11— ! )2

Now, due to the form of rj. «» changing variables in the integral, we have, whenever
Y X
Tik = <r: ko

1<j<k<n

_ . X .Y
dw = arcsinrj; — arcsinr ;.

1 rX
-t [ = [
O

Corollary 2.2. Let{X(t) :t € T}and{Y (t) : t € T} be separable centered Gaus-
sian processes with a.s. bounded paths, defined on a topological space T. Let us
assume that

EXX®)® =EXY®)?) for allt €T
E((Y() —Y(5)?) <E((X() — X(s)?)  foralls,t €T.
Then, for each x € R,

P{sup X (r) < x} < P{supY () < x}.
teT teT

We will say that sup,.; X (¢) is stochastically greater or equal to sup,.y Y (¢).
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Proof. Because of the separability, it is enough to prove the result for finite
T. This follows immediately from the Plackett—Slepian version of the normal
comparison lemma. |

Example 2.1. Let T be a positive number. Consider the three centered Gaussian
stationary processes X (t), Y (t), and Z(t), t € [0, T], with respective covariances

Tx(1) :=exp(—1%/2),  Ty(@):=exp(—lt]),  Tz(@):=1—]h*

(see Figure 2.1). X (t) is the stationary process with Gaussian covariance, Y (t)
the Ornstein—Uhlenbeck process, and Z (t) the Slepian process. It is easy to check
that

[z(t) <Ty@) <Tx()  for|t] <2.
So let T <?2; then

sup X (¢) % sup Y (¢) é sup Z (1),

teT teT teT

N
where < is the stochastic order.

We finish this section by stating without proof two related results having
important applications.

1 T T T T T T T T
0.9

0.8

0.7
0.6

0.5

Covariance

0.4

0.3

0.2

0.1

0 | | | | | | | |
0O 02 04 06 08 1 12 14 16 18 2

Parameter t

Figure 2.1. Representation of the three covariances.
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Theorem 2.3 (Li and Shao, 2002). Using the notations of Lemma 2.1, assume
that n > 3 and that

X Y ..
rijzrijzo Joralll <i,j <n.

Then for a <0, one has

P{Yl Saa"'erLSG}SP{Xl iai"'an Sa}

SP{Y15a7"-7YnSa}

7 — 2arcsinrY, a?
X ex log| ———— % |exp| — .
P Z g(n—2arcsinrx) p< 1+ri)j‘.)

I<i<j<n ij

Theorem 2.4 (Sudakov and Fernique). Ler {X(t):t € T}and {Y(t):t € T}
be separable centered Gaussian processes with a.s. bounded paths, defined on a
topological space T. Let us assume that

E((X() —X(5)?) <B((Y(t) —Y(s)?)  forallt ands.

Then
E(sup X (7)) < E(sup Y (1)).

teT teT

A proof of this theorem can be found in a book by Adler (1990). We will
see later that under the conditions of this theorem, both expectations are finite
(which is not evident at all!). Notice that under the (more restrictive) conditions of
Corollary 2.2, the conclusion of Theorem 2.4 follows from it immediately, since
for any integrable real-valued random variable 7, one can express the expectation
as

+00 0
E(n) = / P(n > x)dx — / P(n < —x)dx.
0

—00

Apply this to sup,.r X (f) and to sup,.y Y (2).

2.2. EHRHARD’S INEQUALITY

Theorem 2.5. Let y,, be the standard Gaussian probability measure on R". Then
for any pair A and B of Borel subsets of R" and any A, 0 < A < 1,

'Y AA+ (1 —1)B) > A (1, (A) + (1 =N ' (1 (B)  (2.4)

holds true.
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This theorem was proved by Ehrhard (1983) for convex A and B and by Latala
(1996) when at least one of the two sets is convex. The proof in its general form
is due to Borell (2003) and is the following.

Proof. 1t suffices to prove (2.4) for compact A and B. Let 0 <& <1 and
O<déd<e. Weputa:=1—¢+§ so that 6 <a <1, and A, := A+ B,(0; ¢),
where B, (0; ¢) is the closed ball in R” centered at the origin and having radius
e. Let fi : R" — R be a C*°-function such that fi|, =« and fil ,c =6. We
have § < fi(x) < « for all x € R".

In a similar way, define f, by changing, in the definition of f}, the set A
by the set B, and f3, by changing in the definition of f; the set A by the set
AAg 4 (1 — X)) B, and the minimum value § by

k =max (@107 (@) + (1 =P O], @[22 ) + (1 -0 ' (@)]).

Notice that « — 0 as § — 0. We will prove the inequality

¢_l( /3 an) > Nf‘( fi d)/n> + —k)<1>_'</ f2 dyn)- (2.5)
R~ Rn R

Inequality (2.4) follows from (2.5) by letting 6 — 0 and ¢ — 0, in this order.
Let us define, for j = 1,2,3 and (¢, x) € [0, 1] x R”",

uj(t,x) = fj(x+\/;Z)yn(dZ)-

R"l
Instead of (2.5) we will prove, in fact, the more general inequality
O~ (st dx + (1= 1)y) = 207 w1 (0,0)) + (1= 0P w2ty y) . (2.6)

Putting r = 1, x = y = 0 in (2.6), we obtain (2.5).
So, our aim is to prove that

C(t,x,y)>0 forall t € [0,1], x,y e R", 2.7
where
Ct,x,y) =Us(t,2x + (1 =Ny) =AU, x) + (1 = MUa(t,y)  (2.8)
with the notation U; = &' o u; (j =1,2,3).
An instant reflection shows that the definitions of the functions f; and u;
imply that the functions U, as functions of the space variable x, are C*° and the

partial derivatives of all orders are bounded for r > 0, x € R”".
Let us check that (2.7) holds true when ¢ = 0, in which case it becomes

HOx+ 1=y > @A (i) + 1 -2 (HO)]. (2.9)
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If x ¢ A., the right-hand side of (2.9) is bounded above by & [MI)_1 )+
(1 =2)® ()] <, and « is a lower bound of f3; similarly if y ¢ B.. So it
remains to prove (2.9) when x € A, and also y € B, in which case the left-hand
side of (2.9) is equal to « and this is an upper bound for the right-hand side of
(2.9).

To show that (2.7) also holds true for all ¢ € [0, 1], Borell’s proof uses a
method that reminds us of the maximum principle for parabolic equations. We
denote V and A, respectively, the gradient and Laplace operators with respect to
the space variables.

First, u; (j = 1,2, 3) verifies the heat equation

u; 1
2= ZAu;  on [0,1]1x R,
o 20

and this implies, by a simple computation, that

0 v~ Lo pvu P on 011 xR (2.10)
a 270 27/ / ’ ' '
Using the identities (2.10) for j =1, 2,3, we can compute the value of the
differential operator

1| 92 9* 9*
L=z — +2 +—
2 Z |:8x12. 0x;0y; Byjz-

j=1

on the function C(¢, -, -). We obtain

aC 1
‘Cc(tvx’ )’) - E(t’xs )’) + 5 ”(VU3) (t7}"x + (1 - )")y)”zc(tvx9 )’)
+0b(t, x, y), (2.11)

where
b(t,x,y) =U; (V,C, VU +VUs) + U2<VyC, VU, + VU3>. (2.12)

In (2.12), U; and VU, are computed at (¢, x), Uy and VU, at (¢,y), Us and
VUj at (t,Ax + (1 — A)y), and V, and V, denote the gradient with respect to x
and y. The computation of derivatives to check (2.11) is left to the reader.

Let us suppose that (2.7) does not hold and show that this leads to a contra-
diction. We prove first that

lim inf inf C(t,x,y) > 0. (2.13)
lxll+llyll—+00 O=t=<1
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Since A and B are bounded, one can find a > 0 such that if ||w|| > a, then
fi(w) = fr(w) =46, f3(w) = k. Note that

w0 =E(fi (x+Vig)).

where & is standard normal in R". Hence,

w6, 0) = E (i (% + VEE) N giefzay) + B (£ (¥ +V78) K<)
— 5+ R,

with |R| <P (||x + J1& || < a). Now choose x so that ||x|| > 2a, and we get for
0<r<l,

R fP(ﬁnsu > @) sP(nsu > @)

+00 ,02
= 0u1(8"7) p" ' exp <—7) dp < Crexp (—Ca IIx[?)
xll/2

where C| and C, are positive constants. This shows that as || x| — +o0, u;(t, x)
converges to &, uniformly on ¢ € [0, 1]. A similar result holds for u, and u3, in
the latter case replacing 8 by x. Going back to the definitions of C(¢, x, y) and
K, (2.13) follows.

On the other hand, (2.13) implies that if C(z, x, y) takes a negative value
somewhere in [0, 1] x R"” x R”, it has a minimum, and since we also know that
C(0,x,y) >0 for any choice of x,y, choosing ¢ > 0 small enough, we can
assure that the function C(z, x, y) + et will also have a negative minimum at
some point (z,x,y) with 0 <7 < 1. Clearly, this implies that

VJCC(;a f’ y) = O’ vyC(;7 fa y) = O’ _(taf’ y) S —¢&.
Denote by M the 2n x 2n matrix of second partial derivatives of the func-

tion C(,-,-) computed at the point (x,7y); that is, if we rename the vector
X1y ey Xny Y1y vvs Yn) aS (21, ..., 224), We have

3°C
M =
025,07k
Since there is a minimum of C(z, -, -) at the point (X, y), M has to be semidefinite
positive. One also has

=1,...,

_ l
LCE7.5) =5 > (M. 0;.0)),

J=1
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where 0; denotes the vector (xi,...,X,, y1,...,¥,) such that x; =y, =3dj;
(k=1,...,n).So LC(t,x,y) > 0. However, putting (¢, x, y) = (¢, X, y) on the
right-hand side of (2.11), we see that it becomes strictly negative. This ends the
proof. U

2.3. GAUSSIAN ISOPERIMETRIC INEQUALITY

One possible version of the classical isoperimetric inequality for Lebesgue mea-
sure in R” states that if A is a Borel subset of R" and the ball B(0; r) has the
same Lebesgue measure as A, then for any ¢t > 0, 1,,(A;) > A, (B(0; r 4 1)) holds
true. The notation for A, is the one introduced at the beginning of the proof of
Theorem 2.5

In the mid-1970s, Borell (1975) and Sudakov and Tsirelson (1974) proved
independently a similar property for Gaussian measures, which is the statement
of the next theorem. The use of isoperimetric methods for Gaussian distributions
seems to have started with a paper by Landau and Shepp (1970) in which they
studied the tails of the distribution of the supremum of Gaussian processes. The
results were improved by Marcus and Shepp (1972) in an article in which they
gave what seems to be the first published proof of (2.33). An independent and
purely probabilistic proof of (2.33) is given in Fernique’s lecture notes (1974),
along with other, connected results.

All this was well established around 1975 and will be sufficient for our uses in
the next chapters. For the many interesting directions of the relationship between
isoperimetry and Gaussian and related measures, the important references are
the monographs by Ledoux (1996, 2001). A synthesis of known results and open
problems on Gaussian and related inequalities and the relations with isoperimetry
is given by Latala (2002).

Theorem 2.6. Let A be a Borel subset of R" and H a half-space in R" such that
Yu(A) = ¥, (H) = ®(a) for some a € R. Then

Yu(Ay) >y (Hy) = ®(a+1t)  forevery t > 0. (2.14)

Proof. Let 0 <A < 1. Applying Theorem 2.5 yields

O~ (7 (A) = @7 (ya (4 + Ba0:1))) 2.15)
_ ! ! C— B
=0 |:Vn ()L)»A—’_(l )‘-)l_an(O’ t))]

—1 l _ -1 1 B (0O 1)
0 (s (10)) 10 (1 5.
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Let A1 1 in (2.15). The first term on the right-hand side tends
to o! (n (A)) =a.. To compute the limit of the second term, put
r=1/(1—X) > +oo as A 1 1 and y, (rB,,(O; t)) = ®(y), so that y - +o00
as r — 4oo. Using the standard formulas for the Gaussian distribution, we
obtain
1 1 2
1—d(y) ~ Z e~y
N2y

(rt)n—Ze—(l/2)r2t2

_ I
I - n ( Bn O;t ) N
i \PB QD)™ ST

since both left-hand members are equal, we conclude that y/r — ¢. Summing
up gives us

O (v (A) = a+t. O

2.4. INEQUALITIES FOR THE TAILS OF THE DISTRIBUTION
OF THE SUPREMUM

Let X={X(@):te€T} be a real-valued centered Gaussian process,
M7 (w) = sup,.r X(£)(w) [Mr(w) may have the value +o0c]. We assume in
this section that there exists a countable subset D of the parameter set 7 such
that a.s. M7y = sup,.p X(¢). In particular, this condition holds true if X is a
separable process. We denote o2(t) = E(X2(1)).

This section contains two theorems with general bounds for the probability
distribution of M7. The first is the Borell-Sudakov—Tsirelson inequality, which
gives an exponential bound for P (|My — u(M7)| > x), where (€) denotes a
median of the distribution of the real-valued random variable &. The proof is a
consequence of the isoperimetric inequality (2.14).

The second theorem is similar, but instead of the median, appears in the
statement of the expectation E(M7). We have included a proof due to Ibragimov
et al. (1976), which is independent of the foregoing arguments. This proof is
interesting by itself, since it is based on Ito’s formula, so that it establishes a link
between the theory of Gaussian processes and stochastic analysis.

In what follows, f is the function f(x) = SUP| <y x/, where x = (x!, ...,

x™MT and

N
fiw = [ Tlet =s)roay 2.16)
=1

is a regularization of f by convolution. Here g : R — R is a function of
class C°° with support in the interval [—1, 1], fjll gr)dr =1 and g.(r) =
(1/e)g(r/e), 0 <e < 1.
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We start with the following lemma:
Lemma 2.7
LY [afe)/ox;| =1 Vx e RV,

2. Let A = (ajj)i j=1,..~ be a real N x N matrix and set B = AAT =

(bij)i j=1,..N-
The function hs(x) = f(Ax), x € RV satisfies the Lipshitz condition

lha(x) —ha()| <b lx —yl| Vx,y € RY,
where b* = sup{b;; :i =1,..., N}

Proof. To prove (1), let us compute the partial derivatives of f;:

af. o .
3){]( )—/ ]_[ [g-(x* —y5) dy ]/Rgg(x]—y’)f(y) dy’
k=l ket
g (" =y dy ]/gg(x’—y’) kdy’
/ - kll_k[?é] Y >23£y
/Hg(xf—y’)dy
]J 1

with A; = {yj > SUPj; yk } The second equality above comes from integration
by parts in the inner integral. Now it becomes plain that

N
0
> Je (x)‘ =1 (2.17)
— | dx/
Jj=1
since the sets A; (j=1,...,N) are a partition of RV, modulo Lebesgue

measure.

To prove (2), notice that it suffices to show the result for the function #,
instead of &, where h,(x) = f,(Ax) and then pass to the limit as ¢ | 0. This will
be achieved if we prove

IVhe(x)| <b ¥ x eR".

In fact,
N N N 2
afs 3 afa afs 8f€ 72
Vh 2= § § ; § b/ <b? §j = b%
VAl 2 2 e k/ak Kk |:j_ 5]
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Let us now state and prove the first theorem.

Theorem 2.8. Assume that P(Mp < oo) = 1. Then

o% = sup az(t) < 400,
teT

and for every u > 0,

1 2
P(IM7 — u(Mz)| > 1) < exp (‘5%)' (2.19)
T

Remark. We will prove the stronger inequality

P(|M7 — pw(M7)| > u) < 2[1 — ®(u/o7)].

Proof. Let us prove that a% < 00. In fact, if a% = oo and {z,} is a sequence in
T such that o2(f,) — oo, it follows that for u > 0,

1 +oo U2 /o2
P(M7 > u) = P(X (1) > u) = / DY,

\/Ea(tn) u

1
gy 5

1 /Jroo
N N2 Jujoy)

So P(M7 > u) > 1 for every u > (. This implies that P(M1 = 4-00) > % which
contradicts the hypothesis that P(M7 = +00) = 0.

One can also assume that a% > 0 since this only excludes the trivial case that
a.s. X; = 0 for every ¢t € T. On the other hand, due to the hypothesis that a.s. M7
is the supremum over a countable set of parameter values, a simple approximation
argument shows that it is enough to prove (2.19) when the parameter 7 is finite:
say that it consists of N points. So our aim is to prove the inequality

P(If(X) = n (f (XD >u) < 2[1 — ®(u/o)], (2.20)

where X = (X1,..., Xy)T is a centered Gaussian vector in RY, Var(X) =
E(XXXT) =V = ((Vij))ij=1....v and 0 = sup,_;_y Vj;.

Let V/2 be a square root of the variance matrix V; that is, vIZyiHT =y,
Then the random vectors X and V'!/25, where 7 has a standard normal distribution
in RV, have the same distribution, and our problem is to prove that

P(lh(n) — pw (h(m)| > u) = 2[1 — ®(u/0)], (2.21)

where h(x) = f(V!/2x).
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We denote by i« the median of the random variable /(7). Notice that for any
X,y € RV, using Lemma 2.7, part (2) with % instead of &4, we obtain

Ly, = sup { 2(x) = I

x,yeRN,x;«éy}ga.
lx — yll

Since u > 0, it follows that
P(h(n) — > uo) <P(h(n) — it > uLy). (2.22)
Define A := {x € R", h(x) < f1}. Then
Ay C{y € RY : h(y) < i+ uLy).

In fact, according to the definition of A,, if w € A,, one can write w = x + z,
where h(x) < [, ||z]| < u. So

h(w) < h(x)+uLy.
It follows, using (2.22), that
P(h(n) — it > uo) < P(n € AS). (2.23)

We now use the isoperimetric inequality (2.14). Since & is the median of the
distribution of 2(n), one has P(n € A) > % so that

P(n e Ay) = ®u).
So (2.23) implies that
P(h(n) — i > uo) < 1 — d(u) < Lo~/ (2.24)
where checking the last inequality is an elementary computation.
A similar argument applies to P(h(n) — i < —uo). This proves (2.21) and

finishes the proof of the theorem. (]

Let us now turn to the second general inequality.

Theorem 2.9. Assume that the process X satisfies the same hypotheses as in
Theorem 2.8.
Then:

1. E(IM7|) < o0.
2. For every u > 0, the inequality
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2
or

1 2
P(|My — E (Myp)| > u) <2 exp (—5‘—) . (2.25)
Proof. We first prove the inequality for finite parameter set 7', say having N
points. The first part of the proof is exactly the same as in the preceding proof,
and we use the same notations as above.
Let {W(t) : t > 0} be a Wiener process in R”; that is,

W) =W, ..., wNe)T t>0,

where W', ..., WV are real-valued independent Wiener processes. We want to
prove that
1 u?
P(lh(W(1)) — E(h(W(1)))| > u) <2 exp 552 (2.26)

for any u > 0. It suffices to prove (2.26) for the smooth function /.. Then, passing
to the limit as ¢ | 0 gives the result. In what follows, for brevity, we have put &
instead of A,.

Consider the function H : R x (0, 1) — R, defined by means of

H(x,1) =E(h(x + W —1))) = /d h(x +y) pi—i(y)dy = (h* p1-)(x),
R

where

()—;ex —M t>0
Py =G P\ Ty

is the density of the random variable W (¢) in RY. One can easily check that

Ly~ 0

or 2 = (axj)2

aH 1L 9%H

o _ 2 (2.27)
at 2 ; (3xj)2

and that the function H has the boundary values:

H(x,t)—>{ h(y) as t 11 and x—)y}

E(h(y + W(1))) as t |0 and x — y.
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Let us apply Itd’s formula, 0 <s <t < I:

HW(@),t) —HW(s),s) = f Z[—(W(u) u)dW (u)

1 3%H

+2<ax>

/ —(W(u) wdW ()

5 (W), u)dui| / aa—[;I(W(u),u)du

using (2.27). Now take limits as # 1 1 and s |, 0, obtaining
h(W (D) —EM(W(1))) = Z(D), (2.28)

where {Z(¢) : t > 0} is the martingale
Z() = / —(W(u) w)dW/ (u).

Let us prove that the quadratic variation of Z at the time 1 verifies
(Z], <o’ (2.29)
From the proof of Lemma 2.7, we know that

sup [VA()* <
yeRN

So

=
N
[SERRSY)
e
~~
><
<
p—
\_/
I

i |: <—(x + W1 - u))>:|2

XN: |:(—(x + W - u)))z} <o’

and we obtain the bound (2.29) since

2
[Z], = / (—(W(u) u)) du < o2,

~
Il
—_

.

IA
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Now, for each 6 € R we consider the exponential martingale (see McKean,
1969):

Y(t) = e 20-1/20%1Z]; 0<t<1,
which satisfies

EXY@®) =1 foreveryt, 0 <t < 1.

This, together with (2.29), implies that for every 6 € R, E(¢? Z1)-(1/26%%) <
so that

E (¢f 7)) < (172077, (2.30)
Write the left-hand side of (2.26) for u > 0 as
P(IZ(D)| >u) =P(Z(1) > u) + P(Z(1) < —u).
For the first term use (2.30) with 6 = u /02. Then
P(Z(1) > u) = P(?*V > %) < e ™E ("#V) < exp (—0u + 16707)

1
= exp (—5u202> .

A similar argument produces the same bound for the second term. This proves
(2.26).

To finish we must show that the result holds for infinite 7. Due to the hypoth-
esis, it suffices to consider the case when T is countable. Put T' = {t,,},_; .,
Tn ={t1,...,tn}, N > 1. Clearly,

Mr, 1+ My, U%N 0 a% as N 1 +o0
and
0<Mrp, —X(t1) Y My — X(t;) as N 1 4o0.
Beppo Levi’s theorem implies that

E(Mz,) t E(Mr) as N 1 +oc.

Since we already know that (2.25) holds true for Ty instead of T, it will be
sufficient to prove that E (M) < oo to obtain (2.25), by letting N 1 +oc.
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Let us suppose that this were not true, that is, that £ (M7) = +o00. Using the
fact that a.s. the paths are bounded, choose x( large enough to have

P(My ) > — d x(% 1
< xp) > and exp < -.
Y7y 20T2 4

Now, if E (M) = 400 using Beppo Levi’s theorem, we can choose N large
enough so that
E (MTN) > ZX().

Then, if w € {M7r <xo}, one has Mr,(w) < Mr(w) <E (MTN) — Xxo, which
implies that |Mr, (0) — E (M7,)| > xo. Hence,

3
; <Py <xo) < P (|Mz, —E (Mr,)| > x0)

<2 ex %\, ER
< pl- <2exp|— < -,
ZO’%N 20% 2

which is a contradiction. This implies that E(M7) < oo, and we are done. ]

2.4.1. Some Derived Tail Inequalities

1. The same arguments show that Theorems 2.8 and 2.9 have unilateral ver-
sions: namely, for x greater than the mean E(M7) or the median (M) of the
process:

_ 2
P(M > u) < exp (—%) (2.31)
and
. 2
P(M > u) < %exp (—%) . (2.32)

2. A weaker form of inequalities (2.31) and (2.32) is the following: Under the
same hypotheses of Theorem 2.8 or 2.9, for each ¢ > 0 there exists a positive
constant C, such that for all u > 0,

1 2
P(IMr| > u) < C; exp (_502u+ 8) . (2.33)
T

Inequality (2.33) is a consequence of (2.25) because (u — E{Mr})/u — 1 as
u — +00. Grosso modo, this says that the tail of the distribution of the random
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variable M7 is bounded (except for a multiplicative constant) by the value of the
centered normal density having variance larger than, and arbitrarily close to, o*%.

The problem with this kind of inequality is that, in general, the constant C,
can grow (and tend to infinity) as ¢ decreases to zero. Even for fixed ¢, the usual
situation is that, in general, one can have only rough bounds for C,, and this
implies serious limitations for the use of these inequalities in statistics and in
other fields. We return to this problem in some of the next chapters, with the aim
of giving more accurate results on the value of the tails of the distribution of the
supremum, at least for certain classes of Gaussian processes satisfying regularity
assumptions.

3. Inequalities (2.31) and (2.25) show that one can do better than (2.33), since,
for example, (2.25) has the form

2
P(IMy| > 1) < C exp (—”—2 + Clu) .
207

The difficulty in using this inequality is that the positive constants C and C;
depend on E(M7), which is finite but unknown. The problem of giving bounds
on E(M7) 916 addressed in Section 2.5.

2

4. Under the same hypotheses, if 02 > o, one has

E[ex M—% 2.34
p 792 < 00. (2.34)

This is a direct consequence of (2.33) and implies that all moments of M7 are
finite, since for any positive integer k,

M2
E (M7") < (20*)*k! Eexp (ﬁ) )

A straightforward consequence (which we have already proved by direct
means in Chapter 1) is that if X ={X(¢):7re€ T} is a Gaussian process
defined on a compact separable topological space such that almost surely the
paths ¢ ~» X (¢) are continuous, the mean m(t) and the covariance function
r(s,t) := Cov(X(s), X(¢)) are continuous functions. In fact, it suffices to note
that each continuous path is bounded, so that the theorem can be applied and
one can use Lebesgue dominated convergence to prove continuity.

5. To illustrate the fact that these inequalities are not usually significant from
a numerical point of view, let us consider the simplest case, given by the Wiener
process (Brownian motion). Let {W(¢) : ¢t € [0, 1]} be the Brownian motion on
the unit interval and M its maximum. It is well known (McKean, 1969) that the
reflection principle implies that the distribution of M is that of the absolute value
of a standard normal variable. It implies that

EM) =+/2/m =0.7989...
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and that the median w(M) satisfies u(M) = 0.675.... If we apply Borell’s type
inequality to the Wiener process (Brownian motion) (with the advantage that the
mean and the median are known, which is of course exceptional), we get

u True Values of P(My > u) Borell’s Mean Borell’s Median
2 0.045 0.4855 0.2077

3 0.0027 0.0885 0.0347

4 6.33 x 1072 593 x 1073 1.98 x 1073

5 5.73 x 1077 1.46 x 1074 432 x 1073

In this table we have taken unilateral versions of Borell’s type inequality:
namely, (2.31) and (2.32). The inequality with the median is sharper but even in
this very favorable case, both inequalities are imprecise.

2.5. DUDLEY’S INEQUALITY

We now turn to obtaining a bound for E(M7). A classical result in this direction
is the next theorem. The proof is taken from Talagrand (1996).
Let {X(¢) : t € T} be a stochastic process not necessarily Gaussian. As in Sec-

tion 1.4.4, we define the canonical distance by d(s, t) := \/E ((X (1) — X(s))z),

identifying as usual points s, t when d(s, t) = 0. We define the covering number
N¢ := N(T,d, ¢) as in Definition 1.17 using this metric.

Theorem 2.10 (Dudley). With the preceding notations, assume that

E(X(t)) =0 foreveryt €T

PUX (1) — X(5)| > u) < 2e” VPW/EEON for ail s 1€ T, u>0. (2.35)

Then

+o00
E(sup X (1)) < K f (log N,)'/? de, (2.36)
0

teT

where K is a universal constant.

Remarks. Let us make some comments on the statement before giving the proof.

1. Tt is clear from the definition that 0 < ¢ < &’ implies that N, > N,/. Hence
if Ny = +o00 for some ¢ > 0, then N, = 400 for all ¢ < ¢’ and the integral on
the right-hand side of (2.36) is +o0. In particular, this is the case when diam(7")
(the diameter of T') is co. On the other hand, if diam(7) < oo and & > diam(7T),
then N, = 1; hence, the integral on the right-hand side of (2.36) is, in fact, an
integral over a finite interval.
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2. Condition (2.35) is easily verified for Gaussian processes. In fact, in this
case, if u > 0,

2

P(IX (1) — X (5)| > u) = \f/ p(y>dy
u/d(s,t) 2

<\/7d(s,t) ( u? )

“Vr u P\azen )

Ifd(s, t)/u < /2, (2.35) follows. If d(s, ) /u > /27, then 2 exp(u®/2d>(s, 1))
>2 exp(—1/4m) > 1 and (2.35) also holds true.

3. Under the general conditions of the theorem, it is necessary, to avoid mea-
surability problems, to make precise the meaning of E (sup,c; X (¢)). This will
be, by definition, equal to

sup E (sup X(t)) .
FcT,F finite teF

It is easy to see that if the conditions of Section 2.4 hold true, this coincides
with the ordinary expectation of sup,.r X (¢). This will be the situation in the
processes we deal with in the remainder of the book.

So it will be sufficient to prove (2.36) when one replaces sup, .y X (t) on the
left-hand side by sup,.r X (¢), with F a finite subset of 7.

Proof of Theorem 2.10. According to the remarks above, it suffices to consider
the case diam(7") < oo, since otherwise the right-hand side of (2.36) is infinite.
Let F be a finite subset of 7. Choose any 7y € F and fix it for the remainder of
the proof. Since the process is centered, we have

E (sup X(t)) =E (sup (X@) — XUO)))

teF teF

+00
= / P (sup (X(@) — X(tp)) > x) dx (2.37)
0

teF

given that sup,_. (X () — X (fp)) > 0. Let jo be the (unique) integer such that
270 < diam(T) < 270 F!,

We define the following sequence {E j}. o of subsets of T: The first

member of the sequence is {E jo} = {tp}. For each integer j > jo+ 1, take a
set of N,—; closed balls of radius 27/ such that the union covers T (which
exists, according to the definition of N,), and let E; be the set of the centers of
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these balls. This implies that for each r € T and each j > jy + 1, one can define
7j(t) € E; such that

dt,mj(t)) <277.

Also set 7, (t) = 1o for every t € T. Clearly,

d((0), w1 (1)) <d(w; (), 1) +d (1), 1) <3.277 J=Jjo+2

and
d(mjy41(1), 7}, (1)) < diam(T) < 27T,
so that we have
dmi(), w1 () <4270 j=jo+ 1. 238)

Let us prove that for each r € T one has

o0

as. X()—X(to)= Y (X(rj@)—X@mi1(1)). (2.39)

J=Jjo+1

In fact, using the hypothesis and (2.38), for o; > 0,

a?
P(|X (1) = X(j-1())] = aj) <2 exp (—Zdz(n,(t)-’n' l(t)))
J (e

%
=2\ T )

Taking o; = 277/ and applying the Borel—Cantellli lemma, it follows that a.s.
the series in (2.39) converges. On the other hand,

E[(X(r ) = X))’ = ;0.0 > 0 as ] — oo

This proves (2.39).

It follows from (2.39) that if {a j} is a sequence of positive numbers,

J=Jjo-jot+1,...
and u > 0,
o0
P[supx(®) = X(w)>u Y a
teF L
J=jo+1

< P(Elt € F and 3j > jjo such that X (7r; (1)) — X (7w;—1 (1)) > uaj).
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Now use the fact that there are at most N,-;N,—(j—1) points in the product set
E; x E;_;, which implies that

oo
P | sup(X (1) — X(t) > u Z a;
rer J=io+1
© ua?
< Z Ny-jNy—G-1 2 exp( o 22].). (2.40)
J=Jo+1

Choosing
4 2—j+1/2 J—Jo . . 172
aj =4. [log (2/7/ONy-j Ny—j-n )] ',

the expression on the right-hand side of (2.40) becomes, for u > 1,

i o 2 i s
2 ) NpiNygon (TN Ny )™ <2 Y 2l
J=jo+1 J=Jo+1

o0
<2277 Y ok=4 27
k=0

If we denote

then if v/S > 1, we get
P (sup(X(t) — X(19)) > v) <48
teF

which implies that

+00
E [sup(X(t) - X(to)):| <SS+ f P (sup(X(t) — X(t)) > v) dv
S

teF teF

+oo 2w
<S+4 / e VS dv <28 (2.41)
S
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by a simple computation. On the other hand,

o o0
. 1/2
S= Y aj= Y 42772 [(j — jo)log2 +2(log Ny-))]
J=jo+! j=io+1

o0
< ) A2MPLG — o' (dog2)'? + 22 (log Ny-)' 2] = T + To.
J=Jjo+1

For T; we have

o0
Ty <427 (log2)'? Y 277 (j — jo) = 16y/2 (log2) 2~ U0t

J=jo+1
o
<16v2 Y 27UtV (log N,-)'/?
J=jo+1

because N,-; > 2 for j > jo+ 1 given that the definition of jo implies that one
needs at least two balls of radius 2~V0*D to cover 7.
As for 75,

o0
<16 Y  27UtDdog Ny-)'/%.
Jj=Jjot+1

Putting the two pieces together, we obtain

o
S <16(1++v2) Y 27U (log Ny )2 < 16(1 +v/2)
Jj=Jo+1

2—Go+D
X / (log Ng)l/zde,
0

where the last inequality is a standard lower bound for the integral of the mono-
tone decreasing function & ~ (log N,)'/? by Riemann’s sums. This finishes the
proof. (]

EXERCISES

2.1. Give a direct geometric proof of the Plackett—Slepian lemma without using
Fourier transform methods.
Hint: Prove the lemma for n = 2 by means of a comparison of measures in
the plane. For general n, it suffices to prove that P(X| < ay, ..., X, < a,)
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increases, in the broad sense, if one of the covariances rj; (j # k) increases,
say rip. For that purpose, write X = A&, A a nonrandom supertriangular
matrix and & standard normal in R". Then reduce the problem to dimension

2 by means of conditioning on the values of &3, ..., &,.

2.2. Prove that a direct consequence of the normal comparison lemma is that
if Xy, ..., X, are standard normal variables with Cov(X;, X;) = r;;, then
for any real numbers uy, ..., u,,

n n
PILOX sw} | -TTP (X =uy)
j=1 j=1
2 2
1 us + uy
=7 D Irjlexp (—m) :
1<j<k<n Jk

2.3. Give an example showing that in the Plackett—Slepian version of the nor-
mal comparison lemma, one cannot withdraw the equality-of-variances
condition.



CHAPTER 3

CROSSINGS AND RICE FORMULAS
FOR ONE-DIMENSIONAL PARAMETER
PROCESSES

3.1. RICE FORMULAS

Let f : I — R be a real-valued function defined on an interval / of the real line.
We denote

C,(f,):={tel: f()=u}
Nu(fv I) : :#Cu(fv I)

C, (f, I) is the set of roots of the equation f () = u in the interval I and N, (f, I)
is the number of these roots, which may be finite or infinite. We usually replace
C,(f,I) by C, [respectively, N,(f, I) by N,] in case there is no doubt about
the function f and the interval /.

In a similar way, if f is differentiable, we define

Udf.D:=#{tel: f&)=u, f') >0}
Dyu(f.D:=#{tel: ft)=u, f') <0}
N, (respectively, U,, D,) will be called the number of crossings (respectively,

up-crossings and down-crossings) of the level u by the function f on the
interval 1.

Level Sets and Extrema of Random Processes and Fields, By Jean-Marc Azais and Mario Wschebor
Copyright © 2009 John Wiley & Sons, Inc.
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Our interest will be focused on N, (X, I), U, (X, I), D, (X, I) when X (-) is a
path of a stochastic process. Even though these random variables are important
in a large variety of problems, their probability distributions are unknown except
for a small number of trivial cases. The Rice formulas that we study in this
chapter provide certain expressions, having the form of integral formulas, for
the moments of N,(X,I),U,(X,I), D,(X,I) and also some related random
variables.

Rice formulas for one-parameter stochastic processes have long been used in
various contexts, such as telecommunications and signal processing (Rice, 1944,
1945), ocean waves (Longuett-Higgins, 1957, 1962a,b), and random mechanics
(Krée and Soize, 1983).

Rigorous results and a systematic treatment of the subject in the case of
Gaussian processes came in the 1960s with the works of Ito (1964), Cramér
and Leadbetter (1965), and Belayev (1966), among others. A landmark in the
subject was the book by Cramér and Leadbetter (1967). The simple proof we
have included below for general (not necessarily stationary) Gaussian processes
with C'-paths is given here for the first time. Formulas for wider classes of
processes can be found, for example, in a book by Adler (1981) and articles by
Marcus (1977) and Wschebor (1985). The proof of Theorem 3.4, which contains
the Rice formula for general processes, not necessarily Gaussian, is an adaptation
of Wschebor’s proof.

We will say that the real-valued function f defined on the interval I = [#1, 5]
satisfies hypothesis Hy, if:

e f is a function of class C'.

o f(t1) #u, f(12) #u.
e {t:rel, f)=u, f'(t)=0}=4.

Lemma 3.1 (Kac’s Counting Formula). [f f satisfies Hy,, then

1
N (f. 1) =gig(l)%/ll{|f(t)—ul<5} 0] dr. G.1

Proof. The hypothesis H,, implies that N, (f, I) is finite, say N, (f, [) = n. If
n = 0, the result is obvious, since the integrand on the right-hand side of (3.1)
is identically zero if § is small enough. If n > 1, set C,(f, I) = {s1, ..., Su}.
Since f’(sj) # 0 for every j=1,...,n, if § >0 is small enough the inverse
image of the interval (u — 8, u + 6) by the function f is the union of exactly
n pairwise disjoint intervals Ji, ..., J,, which contain, respectively, the points
Si,...,8,. The restriction of f to each of the intervals J; (k=1,...,n) is a
diffeomorphism and one easily checks, changing variables, that

/ |f' )] dt =28
Jk
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for each k. So if § > 0 is small enough,

1 , 1 <& ,
%), L r)-u<sy | f/(0)] dt = %;/jk | /()| dt =n,

and we are done. ]

Remarks on the Lemma. Lemma 3.1 holds true for polygonal f even though
these are not C'. More precisely, let

H=1nm<n<---<ty,=~0n

be a partition of the interval [#;, ,] and f a function having the polygonal graph
with vertices (t;, f(7;)),i =0,1,...,m. Then, if f(t;) Zufori =0,1,...,m,
formula (3.1) holds true.

The proof is immediate, since formula (3.1) is satisfied for each partition
interval and, under these hypotheses, is additive as a function of /. Moreover,
notice that if f is such a polygonal function, the expression

1

— | Ly r—ui< ") dt
2 |, Turo-u<s |f'®)]

on the right-hand side of (3.1) is bounded by m. This is again simple, since the
integral on each partition interval is bounded by 1 if it contains a crossing point
and by % if it does not.

Some Basic Ideas. An informal presentation of the Rice formula for the
expectation E(NM(X v )), where X is a stochastic process, can be the following:
Replace the function f in (3.1) by the random path X (-), and take expectations
on both sides. Then

. 1
E(N.(X, D) = §%E <%/I L x()—uj<s) | X' (1)] dt)

1 u+34
= /Idt lim2—/ E(IX' (O] X (1) = x) px(x) dx

5—0 28 —s

= / E(1X' (I X (1) = u) px (@) d.

I

We will pay attention in this chapter to the justification of these equalities
as concerns passages to the limit. It is easy to prove weak forms of the Rice
formula, such as equality for almost every level u (see Exercise 3.8) or giving
upper bounds for E(Nu (X, I)) (see Exercise 3.9).

However, a formula for almost every u is not satisfactory for a number of uses.
For example, if one is willing to compute the moments of the number of critical
points or the number of local maxima of a random function, one has to count the
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number of points at which the derivative is equal to zero, and a formula of this
kind, valid for almost every u, is uninteresting, since one needs it for u = 0. So
it is worthwhile to expend some energy to prove an exact formula for each level
u. In all cases, some hypotheses on the processes will be necessary (see Exercise
3.3, a simple counterexample in which the formula fails to hold true).

When the process {X () : t € R} is Gaussian centered stationary with variance
1, the Rice formula for the expectation takes the simple form

E(N,(X, D)) = Jﬂ—k_ze‘“z/m (32)

where |/| denotes the length of the interval /. This formula is due to S. O.
Rice, who stated it for the first time in a series of pioneering papers pointing to
electrical engineering applications (1944, 1945).

3.1.1. Gaussian Case

We start with a statement and proof for Gaussian processes.

Theorem 3.2 (Gaussian Rice Formula). Let X = {X () : t € I}, I an interval
on the real line, be a Gaussian process having C'-paths. Let k be a positive
integer. We assume that for every k pairwise distinct points ty, ..., t; in I, the
Jjoint distribution of X (1), ..., X (t;) does not degenerate. Then

E(NM) = /k E(IX'(t) ... X' )| X)) =u-- X (1) = u)
I
PX ), X)W, o u)dty -+ - dity, (3.3)
where

Ny = Ny(X, 1)

w . Jmm—=1---(m—k+1) if m, k are positive integers, m > k
=00 otherwise.

Proof

SteP 1. Let kK = 1. With no loss of generality, we assume that / = [0, 1].
Define X (¢) as the dyadic polygonal approximation of X (¢). As in the proof
of Theorem 1.6, X" (t) — X(¢) tends uniformly to zero and is bounded by
the random variable 2sup,.; |X(¢)|, which has finite moments of all orders,
because of the results of Chapter 2. Using dominated convergence, it follows
that Var(X™ (1)) converges uniformly for r € I to Var(X(¢)). So for n large
enough, Var(X"(t)) > b for some b >0 and all ¢ € [0, 1]. (The reader might
show this using the more elementary arguments of Section 1.2.)

For such an n, a.s. the process X" (¢) does not take the value u at the partition
points j - 27" (j =0,1,...,2"), since the random variable X (¢) has a density
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for each t € I. So using the remarks after Lemma 3.1, we obtain
1
(n) T (n)/
Nu (X", 1) = lim 28/]1{|X<n>(,)_u|<8} | X (1) dt as. (3.4)

and the expression next to the limit on the right-hand side of (3.4) is bounded
by 2".
Applying dominated convergence as § — 0, for fixed n,

1 \
B(N,(X™, D)) = lim = f E(Lxo )5y 1X ™ (0)]) dt
g 1

1 u+s
= li dt— E(X™ )| Xx™ 1) =
tny | %/H (IX (1) XD 2) = x)

X px(n>(;)(x) dx, (3.5)

where the conditional expectation is the one defined by means of Gaussian
regression.

Since the process has continuous sample paths, its expectation m(¢) and covari-
ance r (s, t) are continuous (see Section 1.4.3). On the other hand, the regression
formulas show that E(|X ™ (1)|| X" (1) = x) pyw,(x) is a continuous function
of the pair (¢, x), and thus it is bounded for ¢ € I and x in a neighborhood of u.
This implies that we may pass the limit sign inside the integral on the right-hand
side of (3.5), so that

E(N.(X"™, 1)) = / E(IX™' 0| X" () = u)pyw gy @) dt.  (3.6)
1

To finish the proof, let us take limits on both sides as n — +oo in (3.6).
By Ylvisaker’s theorem (Theorem 1.21), with probability 1 there exists no local
extrema at the level u. An instant reflection shows that this implies that a.s.,

N, (X™, 1) 4 NJ(X; D),

so that the left-hand side of (3.6) tends to E(N,, (X, 1 )), using monotone conver-

gence. On the other hand, as already mentioned, as n — 400, the expectation

and variance matrix of the pair (X (¢), X"’(¢)) converge uniformly to those

of (X(¢), X'(¢)), and this implies the convergence of the right-hand side of (3.6)

to the corresponding expression for X (). This finishes the proof for k = 1.
SteP 2. For k > 1, let us denote by

ct=c,x---xC, withC, =C,(X, )
the cartesian product of C,, k times by itself and
u(J) =#Cy N,

the number of points of C,’; belonging to J for each Borel subset J of I*.
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Let Dy (1), the diagonal set of the cube / k be defined as
D) ={(t,....00) :t;€lfor j=1,...k
and there exist j, j’, j # j’ such that 1; =1/} . 3.7)
It is easy to check that
N = p(I\Di(D)),

so it suffices to prove that

E(M(J))=fAtl ..... n(u, .o u)dty - - dy, (3.8)
J
where

Atl,...,lk(ulv ] uk) = E(lX/(tl) e X/(tk)l/X(tl) =Uly ..., X(tk) = Mk)

PX () X)W1, -y Ug) (3.9

for every compact rectangle J = J; x --- x J; contained in I*\Dy(I) (which
amounts to saying that the closed intervals Ji, ..., J; are pairwise disjoint). In
fact, if this is proved, the two Borel measures

S~ E(u(J))

S o~ / Ay oo uydty - - - diy
J
coincide on these rectangles, hence on all Borel subsets of 7%\ Dy (I). So,

E(NM) = / Aoty oo u) dty - - -ty
I\Dy (1)

This proves (3.3), since Dy (/) has Lebesgue measure zero.

To end, let us turn to the proof of (3.8). We use the same arguments as in
step 1: First, we prove the equality for the polygonal approximation using Kac’s
formula, and second, a similar domination argument makes it possible to pass to
the limit as one refines the partition. O

Remark. A by-product of the Rice formula for k = 1 in the Gaussian case is
that under the conditions of the theorem, E(N,) is finite. This follows from the
fact that the right-hand side of (3.3) is finite when k£ = 1 since it is the integral
of a bounded function on a bounded interval. For k > 1, both sides in (3.3) can
be infinite.



74 CROSSINGS AND RICE FORMULAS FOR ONE-DIMENSIONAL PARAMETER PROCESSES

3.1.2. Non-Gaussian Case

For general processes, Lemma 3.1 will still be useful to get an upper bound for
E (N, (X, I)) via Fatou’s lemma. The next result will be helpful in the opposite
direction.

Lemma 3.3. Let f be a function that satisfies Hy,, and let0 < & < § < (tp — 11)/2.
Let  be a real-valued function of one real variable, of class C', with support

contained in [—1, 1], ¥ (s) > 0, fR Y(s)ds = 1. We define Y. (s) = (1/e)¥(s/e),

and for each locally integrable function g,

8e(1) = (Yo % 8)(1) = / Vet — 5)g(s) ds,
R
the convolution of g with the approximation of unity V.. Then

Nu(f; 1)2/ |g.(n)] dr, (3.10)
8

where

8(t) = Ty 4oo) (f (1)) and I_s =1t +68,t, —8].

Proof. By a duality argument, it suffices to show that

No(fs D) z/ v(1) gl (0) dt G.11)

I_s

for every C'-function v with support in /_s and such that [|v],, < 1.

Let {h},,—1 ... be a sequence of C'-functions that approximate the step func-
tion I,.,. More precisely, 4, is monotone increasing in the broad sense and
hy(x) =0 for x <u, hy,(x) =1forx >u+1/m.

Applying dominated convergence, we obtain

/1 v(t)gé(t)dt=/l v(t)dt/Rl/f;(t—S)I<u,+oo>(f(S))dS

= lim v(1) dt/ Vit — s)hy (f(s)) ds.
1_g R

m— o0

Integrate by parts, use Fubini’s theorem, and observe that if t € I_s and t — s is
in the support of ., s must be in /:

/ v(t)g. () dt = lim / U(t)dt/ws(t—S)hi,,(f(S))f/(S)ds
I_s m—o0 Jr o R
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= lim / h;l(f(S))f’(S)dS/ V()Y (t —5) dt

-8

< Tim /1 W) | £/ ds.

The hypothesis Hj,, plus an argument similar to the one in Lemma 3.1, show
that for m large enough,

/1 hy, (f()) [f/8)] ds = Nu(f3 D).

This shows (3.11). U

Next, we are going to impose a certain number of hypotheses on the stochastic
process X = {X(¢) : t € I} for which we will state and prove the Rice formulas.
They are the following:

(Al
(A2k)

(A3k)

The paths of X are of class C'.

Let k be a positive integer. For any choice of the k-tuples (71, ...,
), (ty,.... 1) € I"\Dy(I), where Dy (I) is the diagonal set defined
in (3.7), the random vector (X (t1), ..., X (t), X'(¢]), ..., X'(t;)) has
a density in R?* denoted by

PX ()., X (). X' (1)), ... x’(z,:)(xl,---,xk,xi,...,x,/{). (3.12)

We also define
B (xy, .oy xp) = /k Ay (X, xp) dty - - diy,
I

where A;, . ; (x1,...,x;) has already been defined in the proof of the
Rice formula in the Gaussian case. Notice that in the general case, this
function is only defined for almost every point (xi, ..., x;). We are
assuming that it has a continuous version, and it is this version that
appears in what follows.

These integrals may have the value 4-oo, but are always well defined.
We will assume that the density (3.12) is a continuous function of
(x1,...,xt) at the point (u, ..., u) (the other variables remaining con-
stant) and of (¢;,..., ;) in I*\Dy(I) (the other variables remaining
constant). We also assume that px)(x) is continuous for ¢ € I and x
in a neighborhood of u.

The function (t1, ..., t, X1, ..., X)) ~ Ag 5 (X1, ..., X;) is assumed
to be continuous for (¢, ..., ) in Ik\Dk(I) and xy, ..., x; in a neigh-
borhood of (u, ..., u).
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(A4k)

Sl =

/! / /7 /! /7 /
Pxp),..., X(tk),X/(t{),X/(té),X/(tl)(xl7 cees Xky X7, Xy, X3) d Xy dxy dxy

tends to zero as té — t; — 0 uniformly for (¢1,...,#) in a compact
subset of Ik\Dk(I) and xy, ..., x; in a neighborhood of (u, ..., u).

Theorem 3.4 (Rice’s Formula). If X satisfies (A1), (A2k), (A3k), and (A4dk),
then

B(V) = /k B(IX'(n) -+ X uol|X (1) = u--- X (1) = )
1

XPX(t),..., X(,k)(u,...,u)dtl <o diy. (3.13)

Proof. Using the same arguments as in the proof of Theorem 3.2, it is sufficient
to prove that

E(u(J)) =/JA,l ,,,,, Wy u)dty - diy (3.14)

for every compact rectangle J = J; X - -+ X J; contained in Ik\Dk(I) [fork =1,
we put Di(I) = ¢].

First we use Lemma 3.1. It is easy to check that a.s. the paths of the process
satisfy hypothesis Hy,,.

k k
1
= (X, J) = lim—— Lixoy—ul<s | X (& .
m(J) L!N( 0 = i) i|:1| [/J (1X () —ul<8) | (f)idt}

By Fatou’s lemma, the definition of A, _, (x1,...,xx), and hypothesis (A3k),
we obtain

1
E(n(J)) < liminf dty ---dt
() < mir (28)"_/, 1 k

u+34 u+34
/ f A, o xi ) dxy - - dxg
u—=a u—=e

- / Aoy dty - - diy. (3.15)
J
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The converse inequality is somewhat more complicated. We apply Lemma 3.3
to each of the intervals Ji, ..., Jr. We have

k k
E(u(J)) =E (H Nu(X, J») >E (]‘[ [/m g2 () dn]) :
i=1 i i)=8

i=1

where (1) = 1, +00) (X (1))
Define the sequence of functions {/,,},,—12... as in the proof of Lemma 3.3.
Dominated convergence, Fubini’s theorem, and integration by parts provide
/ Ve (ti — i)y, (X (s)) X' (s) ds; )
R

k
E(w(J)) = lim / dty - d E(l_[
m—00 J; il

(3.16)

with J_s = (J1)_s X -+ X (Jp)_s-

To obtain a lower bound for the mathematical expectation on the right-hand
side of the last inequality, we use

k k k
l_lai Enbi _Zbl"'bi—lciai-i-lwn,akv (3.17)
i=1 i=1 i=1

which holds true whenever a;, b;,¢; > 0and a; > b; —c¢; fori =1,...,k. One

can check (3.17) by induction; this is left to the reader.
We apply (3.17) with

a; = ‘/ Ve (ti = sl (X (s)) X' (s;) dsi
R

b = /ng(t,- — s, (X (s) | X' (1) dsi
¢ = fRMi = sy, (X (5:)) | X(si) — X' (2)| dsi.

For the remaining part, choose ¢ > 0 small enough so that it is sufficient to
consider the k-tuple (sq, ..., s¢) in the integral in (3.16) as varying in a compact
subset of 71X\ Dy (I) outside which the integrand is equal to zero. This can be done
given that the distance between J and the diagonal Dy (/) is strictly positive and
the support of ¥, is contained in [—¢, €].

Consider the expectation of the first term of (3.17):

k k k
E (E bi) = ./]Rk |:E Ye(t; — si)dsi:| ./kaRk E [hm(x,-) |xi|]

/ i
DX (1) X (S, X (1) X (1) KTy v oy Xhy Xy v ey X))

X dxy - -dxpdxy - - dxp.
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Let m — oo and ¢ | O (in this order). Using hypotheses (A2k) and (A3k) and
Fatou’s lemma, we get

k
liminf lim inf & (l_[bi) > Ay s w). (3.18)

m—00 .
i=1

We now consider the expectation of each term of the sum on the right-hand side
of (3.17):

E(by...bi—iciaiyrs - ap)

k
<E (f |:1_[ Ve (th — sn)hy, (X (sp)) dsh:|
REL o
i—1 k
x []‘[ |X’(rh>|] [ [ |X’<sh)|] X' (si) — X’<z,~>|>
h=1

h=i+1
k
=/ l_[[wg(th —Sh)dsh]/
RK bl Rk x Rk+1
k k
X |:1_[ h;n(xh)dxh:| H |xa] | %7 = ¥i]
h=1 h=1,h#i

PX(51)se X (). X (1), X (t21) . X (50), X (1), X (541) 1. X (5%)

/ / / / / / / / !/
(XLs e s Xy Xy ey Xy Xy Vis Xjy s v 0 Xg) dX) - - dxy dy;.

‘We use the trivial bound

k k

[T = > !

0=1,0i 0=1 0

and integrate in the variables x;l (h=1,...,k;h #1i,¢£) . We obtain

Ei...bi—1ciaiy1, ..., ak)

k k k
= Y [ Tt -sods [ []‘[h;nm)dxh} [ et =
=10 VB h=1 L P R?

DX (5 X (500, X (1), X (500, X 1) (X1 -+ <3 Xkew X, X7, y0) dxy dx] dy], (3.19)

i

where we have set

0 = ty whenf =1,...,i —1
L Y when ¢ =i+1,... k.
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Now, if we choose m large enough, since the integrand on the right-hand side of
(3.19) is zero when |x, — u| > 1/m forsome h = 1, ..., k, we can use hypothesis
(A4k), and the inner integral in (3.19) is uniformly small if |s; — #;| is small.
This shows that the right-hand side in (3.19) tends to zero as ¢ | 0, and based
on (3.16), (3.17), and (3.18), we obtain

E(M(J))E/ Ay (oo u)dty - diy.

J_s

The converse inequality to (3.15) follows by making § | O. ]

3.2. VARIANTS AND EXAMPLES

1. Another form of Rice’s formulas. Under the hypotheses of Theorem 3.4,
one can write a Rice formula for the k-factorial moment of crossings in the
form

k
E(NM<NM—1>---(Nu—k+1>)=/lk dr1-~-dtk/Rk [H\xﬂ]

i=1

DX W) X )X ) X (1) Uy <o UL X X)) dX] e dxy

2. Factorial and ordinary moments. A simple remark is that the ordinary
moments of the random variable N, [i.e., E(Nl]f)] are linear combinations of the
factorial moments E(N,Ej ]), Jj=1,..., k with fixed integer coefficients depend-
ing only on k and j, and conversely. Hence, one can express E(NL’f) as linear
combinations of multiple integrals of the form that appear in Rice’s formulas.

3. First moments. In the case k = 1 we have the formula

E(N,) = /1 di /R |X'| Px o), x/(u, x') dx’. (3.20)

Essentially the same proof that we have given above for the Rice formula in the

general non-Gaussian case works when k = 1 under slightly weaker hypotheses

[and easier to check, especially (A4k)]. The reader may check that (3.20) holds

true if:

(1) (t,x) ~ pxq(x) is continuous for ¢ € I, x in a neighborhood of u.

(i) (t,x,x") ~ px@.x@(x,x’) is continuous for ¢ € I x in a neighborhood of
u and x" € R.

(iii) E(wx/(1,8)) — 0 as § — 0, where wy/(/, §) denotes the modulus of conti-
nuity of X'(-).



80 CROSSINGS AND RICE FORMULAS FOR ONE-DIMENSIONAL PARAMETER PROCESSES

4. Gaussian stationary processes. This is an important case, in which we
mention the simple classical formula (3.2). Suppose that the process X is cen-
tered Gaussian stationary with C!-paths and covariance I'(t) = E(X (s)X (s + 1))
normalized by I'(0) = 1. It is clear that I'"(0) = E(X(r)X’(¢)) = 0, since " has
a maximum at the point 7 = 0. Given that the joint distribution of X (¢) and X’()
is Gaussian, this implies that for each ¢, X () and X'(¢) are independent random
variables. Hence

_ 2 1 _ ”
Pxx0 W X) = Pxo@px () = —=e 1 e DT
T 2

[notice that A, = —T"(0) = E ([X’(t)]z)]. Substituting into (3.20), we get (3.2).
Formula (3.2) remains valid if we only require the Gaussian centered stationary
process to have continuous paths (see Exercise 3.2).

5. General Gaussian processes. Verifying hypotheses (Al), (A2k), (A3k),
and (A4k) for non-Gaussian processes can be a nontrivial task. For Gaussian
processes, this approach is tractable, as shown by the next proposition, which we
include to see how the verification of the general hypotheses can be performed
in this case. Of course, this has a limited interest, since the direct approach for
Gaussian processes, as we have seen, is simpler and permits us to deduce Rice
formulas under weaker conditions.

Proposition 3.5. If X is a real-valued centered Gaussian process defined on a
compact interval I of the real line, has C 1—paths, and the densities in (A1), (A2k),
(A3k), and (A4k) do not degenerate for a given k, then (A1), (A2k), (A3k), and
(Ak4) are verified.

Proof. Let us recall that the functions (s,1) ~> E(X(s)X(¢)), (s,1) ~~

E (X (s)X'(1)), and (s, 1) ~ E(X'(s)X'(¢)) are continuous, so that the densities,
since they do not degenerate, are also continuous. We have

k
A1y, x0) =E {1_[ | X'/ X (1) =x1, ..., X (&) =xk}

i=1

XDX(11), o X (1) (X1, + o5 XE) (3.21)
and the expression in hypothesis (A4k) is
k—1
E{ XD X5 - X't)| /X0 =1, X(w) = xi
XPX () X () (X15 + -0 X5). (3.22)

If (¢, ..., ) varies in a compact subset of I"\Dy(I) and (x1,...,x;)ina neigh-
borhood of u, the density px,),.. x@)(*1, ..., Xx) is continuous and bounded.
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We want to get rid of the conditional expectation in both expressions (3.21)
and (3.22). For this purpose we use linear regression (see Chapter 1) and write

k k
X' =X =) cn®X )+ Y cn®)X ()

h=1 h=1

and choose ¢, (t) (h =1,...,k) in such a way that

k
Y() =X'0) =Y en®X @)

h=1

will be orthogonal to the components of the random vector (X (¢;), ..., X (#)).
Denote by I'(s,t) the covariance of the given process X, X =
((Cns t)pget...k» and y() = (D1, 1), ..., Ti(t, %)), where we have
used I'y for the partial derivative of I" with respect to the first variable.
The orthogonality condition is

y(®) =3 c@) with c(t) = (c1(0), ..., (),
so that ¢(t) = Z_l y (t). The nondegeneracy hypothesis implies that the function
(t, 11, ..., 1) ~ c(t) is continuous for (¢, 11, ...,1) € I x I°\Dp(I).

The conditional expectations in (3.21) and (3.22) become, respectively, the uncon-
ditional expectations

k
i=1
k—1

k
Y) + Z cp(ti)xy

h=1

k k
E Y1)+ Y en(t)xn — Y1) = Y cult)x,

h=1 h=1

k
Y(t) + > en(t)x

h=1

To verify hypotheses (A3k) and (A4k) and finish the proof, one can now pass
to the limit under the expectation, using dominated convergence, due to the
integrability of the moments of the supremum of Gaussian process. This is left
to the reader. O

6. Stationary Gaussian processes, nondegeneracy condition. Let us consider
a Gaussian process defined on an interval of the real line, and ¢, ..., t,, n dis-
tinct parameter values. It is in general nontrivial to check whether the random
variables X (¢1), ..., X (¢,) have a nondegenerate joint distribution. Similar diffi-
culties appear if one is willing to prove nondegeneracy of the joint distribution
of the process and its derivative.
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However, in the stationary case, one can give the following sufficient condition
for nondegeneracy to hold: Support of the spectral measure ¥ of the process
has some accumulation point. In particular, this happens if u* is not purely
atomic, that is, if there does not exist a countable subset A of the reals such that
wX(A€) = 0 (see Exercises 3.4 and 3.5).

7. Finiteness of moments of crossings. It may happen that Rice formula (3.13)
holds true but that both sides are infinite. In a certain number of applications, one
wants to know whether E(NY) is finite but is not much interested in its value.
On the other hand, the standard situation is that to compute the right-hand side
of (3.13) or even to obtain good upper bounds for it can be a very complicated
or actually intractable problem.

From a numerical point of view, the general question of efficient procedures
to compute approximately the moments of the number of crossings remains wide
open. We will come back to this subject in Chapters 4 and 5, adding some more
or less recent results. This will be done in the context of relating crossings to
the distribution of the maximum of a stochastic process, even though it has an
independent interest.

Finiteness of moments of crossings of Gaussian processes has been consid-
ered by Belayev (1966), Miroshin (1977), and Cuzick (1975). For stationary
Gaussian processes, the sufficient condition for finiteness of the variance of
No(X, I) in Exercise 3.6 is in Cramér and Leadbetter’s book (1967), where
an explicit formula for the variance is also given. Geman (1972) proved that this
condition is also necessary for finiteness at the level # = 0. In a recent paper,
Kratz and Le6n (2006) proved that the same condition is necessary and sufficient
for any level u and also for the number of crossings with some differentiable
curves.

For non-Gaussian processes, sufficient conditions have been given by Besson
and Wschebor (1983). The next theorem gives sufficient conditions, which are
reasonably easy to check in specific cases, to be able to assure the finiteness of
E(NY). It is taken from Nualart and Wschebor (1991).

Theorem 3.6. Let m be a positive real number. Consider a real-valued stochastic
process X = {X(t) : t € 1} defined on a compact interval I of the real line, with
paths of class CP*Y', p > 2m. We assume also that for each t € I the random
variable X (t) has a density and that for some n > 0,

C =sup{pxpy(x):tel, x elu—n,u+n]} <oo.
Then
E(N;) < Cpu[1+C+E(IX" V)], (3.23)

where C,,, is a constant depending only on p,m, and the length of the
interval 1.
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Proof. With no loss of generality, we assume that / = [0, 1]. Using a standard
bound for the expectation of nonnegative random variables,

o
E(N) <Y PNy k) < Cpm+Cpm Y PN = (p+ 1)"k)
k=0 k> p™

=Cpm+Cpm Y PN, = (p+ DEY™).
k> p™

Our aim is to give an upper bound for this sum.
We have the inclusion of events (use Rolle’s theorem; here |J| denotes the
length of the interval J):

{Nu(X. 1) = (p+ Dk'/™} (3.24)
c{3aninterval J C I, |J| =k ", NJ(X,J) > (p + D}

c 3 an interval J C 1, |J| = k=", and points 11,...,7, € J
such that X (t;) =0 for j=1,...,p :

Let {ex};—; ... be a sequence of positive real numbers (that we will choose
afterward) and denote for k = 1,2, ...:

A = {No(X. D) = (p+ DEY™ 0 oy (1 k7Y™ < g}

[as usual, wy (1, 8) denotes the continuity modulus].
Let us consider the random open set in I:

Vi = {t : |X/(t)| < &k k_(”_l)/m}.
We show that
A C{NW(X, Vi) = (p+ D}.
To prove this, it suffices to prove that if Ay occurs, the random interval J that
appears in (3.24) is contained in Vi, since in that case, the number of roots
of the equation X(¢) = u that belong to V; will be greater than or equal to
Suppose that Ay occurs and that r € J. Then

|X(P)(t)‘ — |X(17)([) _ X(P)(‘L'p)| < &

given that X(P)(fp) =0, given the definition of A, and given that |J| = k~1/™.
Similarly, using the mean value theorem yields

XP V)] = |xP V@) = XP V()| < ek
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In the same way, we can increase step by step the order of the derivative and
obtain

| X' ()] < e k= P=1Im,
which shows that ¢ € V. It follows that
P(N, = (p + Dk'/™) < P(wxm (I, k™1"™) = &) + P(Ap). (3.25)
The first term in (3.25) is bounded by
PIXPH Vo = kV™ey) < k™" "E(1X T o).

As for the second term in (3.25),

1
P(A) =P(N,(X, Vi) = (p+ 1) = Py TE Nu(X, Vi) .

One can check as an exercise that Lemma 3.1 holds true, mutatis mutandis,
whenever the set in which the function is defined is an open set in the real line
(as is the case for V) instead of an interval. Hence, a.s.

1
N,(X, V) = lim— 1 _ul<sy | X' (0)] dt,
u(X, Vi) Jim >3 /Vk 1X(0—ul<sy | X @]
and applying Fatou’s lemma and the definition of the set V; we obtain

1
E (N, (X, V})) < liminf —E / Lx()—ul<s) |X' (O] dt
5—0 2§ Vi

1
< liminf —E{ | Txq)—uj<s) & kP~ D/mdr
< 1§rl)1(§1 s {./1 {1X (1)—u|<8} €k

< g k-7 llgnlglf—/dt/ Px(x) dx < Cerk=P=D/m,

Substituting in (3.25) and then in the upper bound for E(N,"), we obtain

E(N") < Cpm + Cpm |:C28kk P=D/m L (X7 HD]|0) Zk 1/m —1}
k=1

Choosing

g =kPUm with 1<g<Z 1,
m
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which is possible since p/m > 2, the two series converge and we have the state-
ment of the theorem, with a new constant C), ,,. O

Corollary 3.7. If X is Gaussian with C*-paths and Var(X (t)) > a >0 for
tel, x €R, then

E(N]') < o0
for everyu € R and everym =1,2,....

Proof. Using the results in Chapter 2, we know that E( | XD |_ ) < oo for
every p=1,2,...and pxy(x) < 1/v2mafortel, x e R O

8. Variations on Rice formulas. In applications one frequently needs a certain
number of variants of formula (3.13). We give some examples here.

(a) If instead of all crossings we consider only up-crossings or down-
crossings, under the same hypotheses as in Theorem 3.4, we obtain
the following formulas:

EWUHX) = BU, (U, —1)--- (U, —k +1)) (3.26)

k
:/;kE<EX/+(Ii)/X([1)=M,...,X([k)=bl>

X DX(t)). ..., X(tk)(u,...,u)dtl...dtk

E(DM) = E(D, (D, — 1)--- (D, —k + 1)) (3.27)
k
— /k E (H X"/ X (1) =u,...,X(1) = u)
1 i=1
X PX (1), X (1) Uy ooy u) dity - - - dy.

The proofs are exactly the same.

(b) If instead of counting crossings we count marked crossings, that is,
points ¢ such that X (r) = u and in which some other event is happening,
we obtain various Rice-type formulas. For example, let {Y () : t € I}
be a second stochastic process, a and b extended real numbers (they
may take the values —oo or +00), a < b, and define

N,(X,Y;1,a,b)=#{t:tel, X(t)=u,a<Y(@) <b}.
Then

b
E(NM(X, Y; I,a,b)) = /dt/ dy/ |x’| px(,))x/(,))y(,)(u,x’,y) dx’.
I a R
(3.28)
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()

Formulas similar to (3.13) can be written for the factorial moments of
N,(X,Y;1,a,b). We leave it to the reader to establish hypotheses and
give proofs. These follow the same lines as in Theorem 3.4.

A typical application is the computation of moments of:

M(X,1,a,b) =#{t:t eI, X(-) has a local maximum at ¢,
a<X(r) < b},

where a < b. Under general conditions (the statement of which is left
to the reader), a.s.,

MX,1,a,b)y=#{t:1el, X'(1)=0, X"(t) <0, a <X(t) <b}.

This means that a.s. M(X, I, a, b) is the number of down-crossings
of the level 0 by the stochastic process {X/ t):tel } in which the
process X (¢) itself takes values between a and b. So we may apply
(3.28) with X’ instead of X, X instead of ¥, and down-crossings instead
of crossings, to get

b 0
E(M(X,1,a,b) = / dt / dx / || pxa).xw,x7 0 (x, 0,x") dx".
1 a —00

Again, similar formulas hold true for higher factorial moments, under
appropriate hypotheses on the process.
If & is a bounded random variable (one can relax this condition), and if
the stochastic process { X (¢) : t € I} satisfies the hypotheses of Theorem
3.4, one has the more general equality

k
E(¢ Ny = /Ik E (E [TIX@| xt) ==X = u)
i=1
XPX(t)),..., X(,k)(u, coou)dty - - dty. (3.29)

The proof is left to the reader.

EXERCISES

3.1. (Kac counting formula) Prove the following inequality, related to Lemma

3.1.

Assume that:

o f: I — R, I =[t,1] is an absolutely continuous function.

o f(11) #u, f(t2) #u.

e & mot t domweally 1«““‘1 o 4t
o am«é c(\/\\%\/\"’*ﬂJbQ % Cb'
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Then

o1
Nu(f; D) Sllglll(l)lfﬁfll{lf(t)—uld} |f'0] dr.

3.2. Prove that formula (3.2) is always true in the following sense: Let
{X(r) : t € I} be a centered Gaussian stationary process with continuous
paths, defined on a compact interval / of the real line, normalized by
r(0) = 1. Then, if X, is finite, (3.2) holds true, and if A, is infinite,
E{N,} = 4oco. (This means that the remaining hypotheses are not
necessary in this case.)

3.3. (A simple example in which the Rice formula does not hold) Let X (t) = &t,
t € [—1, 1], where & is a standard normal random variable. Show that
E(NMX ) can be computed by means of the Rice formula if u # 0, but that
the formula fails to hold for u = 0.

34. (a)

(b)

Prove that if the process {X(¢) : t+ € R} is Gaussian stationary, has
C'-paths, and the support of the spectral measure has an accumulation
point, the set of random variables X (¢1),..., X(#,) has a joint non-
degenerate distribution for any choice of the distinct parameter values
Hy ooy ly.

Hint: With no loss of generality, one can assume that the process is
centered. Denote ¥ = (X (), ..., X (t,))T. The variance of the Gaus-
sian vector Y is A = E(YYT). The aim is to prove that the quadratic
form F(z) = 7' Az, z € R" is positive definite. To prove it, show that
F(z) can be written in terms of the spectral measure p of the process
X by means of the formula

F(z)=/
R

Conclude that F(z) > 0 whenever z # 0, using the fact that the function
X~ o e 7y is analytic.,

2
wu(dx).

n
§ elthzk

k=1

Deduce that under the hypotheses in part (a), Rice formulas can be
applied on any compact interval / and for any k = 1,2, ....

3.5. Assume that the process {X (¢) : t € R} verifies the hypotheses of Exercise
3.4(a) and moreover, that its paths are Ck-functions, k an integer, k > 1.
Then, for any choice of distinct parameter values ¢y, ... ., t,, the joint dis-
tribution of the random variables

Xt),.... X&), X't), ... X' @), ... X0, ..., X0,

does not degenerate. Hint: Use the same method as in Exercise 3.4.
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3.6. Let {X(¢) : t € R} be a centered Gaussian stationary process. Assume the
Geman condition:

((,4) «’.‘6) I'(1) =E(X ()X (s + 1)) # £1 for t > 0.
(G2) T(r) =1 — Ap72/2 + 6(1) with

9/
/ (;:)d‘[ converging at T = 07"
T

Prove that this condition is sufficient to have
E{[No(X, DI’} < o0

for any bounded interval 1.

37.(@) Let f:J —>Rbea C!'-function, J an interval in the reals, and 8 a
positive number. Prove that

% L riy—up | f1(O1dE < No(f', J) + 1.

J

(b) Let {X(z) : ¢t € I}, I a compact interval in the reals, be a stochastic
process with C 1—paths. Let k be an integer, kK > 1, and u € R. Assume
that the function A, _, (x1, ..., x) is a continuous function of its 2k
arguments when (f,...,%) € Ik\Dk(I) and xqy,...,x; are in some
neighborhood of u. Prove that if

E([NO(X’, 1)]") <00,

then Rice formula (3.3) for the factorial moments of Ny(X, /) holds
true.

3.8. (a) (The Banach formula) Let f be a continuous function R — R. Then
the total variation TV(f,I) of f over an interval I is defined as

m—1

TV(f, D) =sup ) | f(tey1) — ful,

k=0

where I = [a,b],a =1ty <t <---<t, = bis apartition of / and the
sup is taken over all possible partitions of /. Prove that

+00
N, (f, I)du =TV (f, I). (3.30)
—0Q
Both sides can be finite or infinite.
Hint: For each partition 7y <t <--- <1, of the interval I, put
Liy(w) =1 if N,(f, [tx, tk+1]) =1 and Li(u) =0; otherwise,
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k=20,1,...,m — 1. Show that

4oom—1 m—1
D Liwydu =Y (M —my),
I =) k=0

where M}, (respectively, my) is the maximum (respectively, minimum)
of the function f on f;, ;4. Use this equality to prove (3.30).

(b) Assume furthermore that f is also absolutely continuous. Prove that
for any bounded Borel-measurable function g : R — R, one has

+00

Nu(f, I)g(u)duZ/IIf/(t)Ig(f(t))dt- (3.31)

—00

(¢) Prove that if f is absolutely continuous, for every bounded Borel-
measurable function h(t, u),

/R Z h(t, u)du =/I|f/(t)|h((t, f@))dt. (3.32)

tel:f(t)=u

(d) Let {X(¢) :t € I} be a real-valued stochastic process with absolutely
continuous paths, / a compact interval in the real line. Assume that for
each t € I, the distribution of the random variable X (¢) has a density
Px@ (), and the conditional expectation E(lX'(t)HX (1) = u) is well
defined. Prove that

E(N, (X, ) = /1 E(1X')1|X (1) = ) px () di (3.33)

for almost every u € R.. Hint: Let g : R — R be continuous with com-
pact support. Apply (3.31), replacing f by X (-) and take expectations
in both sides.

3.9. (Upper-bound part of the Rice formula) Using Fatou’s lemma, show that
if {X(¢) : t € I} is a process with C!-paths and such that:

(a) For every t € I, X(t) admits a density px(.
(b) The conditional expectation E(lX/ ()] |X (t)) is well defined.
(¢) The function

/ E(1X' 1| X (1) = x) px (o (%) di

I

is continuous as a function of x at the point x = u.{Then

E(N,(x: ) = [ E(XO1|X0) =u)pro () dr.
1

(4) Ba A& G ot dardocesliny = opiend to 14
o o.rwé im\waQ %1‘.



90

3.10.

3.11.

3.12.
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(Rice formulas for x*-processes) Let {X(t) :t € I} be a centered Gaus-
sian process with C'-paths and values in R?. Assume that for each ¢ € I,
Var (X (t) = Id; then the process Y (¢) := |1 X ()]|? is called a x?2 process.
Adapt the proof of Theorem 3.2 to this process.

Let ¥ : R — R be a C'-function taking nonnegative values, with support
contained in the interval [—1, 1], such that fj;o Y (t)dt = 1. For ¢ > 0 we

set
1 t
Ve(t) == =¥ (—> :
e \e

If f: R — R is any locally integrable function, we define the regularized
function f¢:

fo@) 3=/Rf(t—S)we(s)ds.

Let {W(z) : t € R} be a Wiener process defined on a probability space
(2, A, P) (see Exercise 1.10 for a definition on then whole line).

(a) Prove that for each r € R, the distribution of the random variable
[We]'(¢) is centered normal with variance ||1//||%/8, where |||, is the
L?-norm of the function .

(b) Prove that foreachu e Rand I = [t1,1],0 <t <1,

we 1
lim [ ———N, (W, 1) =LY (u, I, (3.34)
=0V 2 ¥

where convergence in (3.34) takes place in L*(Q2, A, P).
Hint: Use the definition of the local time LY (u, I) of the Wiener
process given in Exercise 1.12 and use the Rice formula to estimate

2
e 1 1
E ——Nu(Wg,I)——/I < dt] .
([ 2 19l 28 J, MO

(¢) Prove that convergence in (3.34) holds true in L? (2, A, P) for any
p > 0.

Let {X (z) : t € R} be a one-parameter centered Gaussian stationary process
with covariance function I', I'(0) = 1 and finite fourth spectral moment A4
(see Chapter 1 for the notation). We denote by M, ,,(I) the number of
local maxima of the process in the interval /, with values lying in the
interval [uq, us].
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(a) Use the Rice formula to express the expectation
u
By () = 111 [ f@dx.
up

where f is a certain function and || denotes the length of the interval 7.
(b) The function

is called the density of the values of the local maxima per unit length.
Give a heuristic interpretation of the function g and verify that under
the hypotheses noted above, one has

1 x2 5
g(X)=E a exp _ﬁ 1 —a*x

x2 xA/1—a2/a u2
X exp (—7> / exp <_7> du |,
—00

[ag — A2
a= |24 ""2
Ay

(¢) Conclude from part (b) that if @ — 0, then

where

2
g(x) —> xexp (—%) if x>0, and g(x)— 0if x <O.

(This is the Rayleigh density of the values of the maxima for
“narrow-spectrum” Gaussian processes.)

Remark. Exercise 3.11 is the beginning of the far-reaching subject of the approx-
imation of local time by means of functionals defined on some smoothing of
the paths, which has applications in statistical inference of continuous param-
eter random processes. In this exercise, only the Wiener process and so-called
first-order approximations are considered, with the aim of utilizing Rice formulas
in the computations required in the proof. For related work on this subject, the
interested reader can see, for example, Azais (1989), Wschebor (1992), Azais
and Wschebor (1996, 1997a), Jacod (1998, 2000), Perera and Wschebor (1998,
2002), Berzin and Ledn (2005), and references therein. A review article on this
subject is that of Wschebor (2006).



CHAPTER 4

SOME STATISTICAL APPLICATIONS

This chapter contains two independent subjects. In the first part we use Rice
formulas to obtain bounds for the tails of the distribution of the maximum of
one-parameter Gaussian processes having regular paths. We also include some
results on the asymptotic behavior of the tails of the supremum on a fixed interval
when the level tends to infinity. In the second part of the chapter we provide a
quite detailed account of two examples of statistical applications of the distribu-
tion of the maximum, one to genetics and the other to the study of mixtures of
distributions. These two examples share the common trait that statistical inference
is performed in the presence of nuisance parameters, which are not identifiable
under the null hypothesis.

In standard classical situations in hypothesis testing, the critical region consists
of the event that some function of the empirical observations (the test statistic)
falls into a subset of its value space. Computation of the probabilities that are
relevant for the test, for large samples, follows from some weak limit theorem,
allowing us to obtain the asymptotic law of the test statistic as the sample size
goes to infinity. Typically, this will be a normal distribution or some function of
the normal distribution. In certain more complicated situations, as happens when
nuisance parameters are present and are not identifiable under the null hypothesis,
it turns out that a reasonable choice consists of using as a test statistic the
supremum of a process indexed by the possible values of the nuisance parameter.
Then, when passing to the limit as the sample size grows, instead of limiting
distributions of finite-dimensional-valued random variables, we have to deal with

Level Sets and Extrema of Random Processes and Fields, By Jean-Marc Azais and Mario Wschebor
Copyright © 2009 John Wiley & Sons, Inc.
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a limit process, typically Gaussian; and the relevant random variable to compute
probabilities becomes its supremum.

The literature on this subject has been growing during the recent years, includ-
ing applications to biology, econometrics, and in general, stochastic models which
include nuisance parameters, of which hidden Markov chains have become a
quite popular example. The interested reader can see, for example, Andrews and
Ploberger (1994), Hansen (1996), Dacunha-Castelle and Gassiat (1997, 1999),
Gassiat (2002), Azais et al. (2006, 2008), and references therein. The first example
in this chapter is extracted from Azais and Cierco-Ayrolles (2002) and the second
from Delmas (2001, 2003a).

The theory includes two parts: first, limit theorems that allow us to find the
asymptotic behavior of certain stochastic processes, and second, computing (or
obtaining bounds) for the distribution of the supremum of the limiting process or
its absolute value. For the second part, a common practice is to in simulate the
paths and approximate the tails of the distribution of its supremum using Monte
Carlo. This is not what we will be doing here. Our aim is a better understanding
of the behavior of this distribution, and for that purpose we use the results of
the first part of this chapter. Since these concern only one-parameter Gaussian
processes, the models in the examples of this chapter have a one-dimensional
nuisance parameter, and the asymptotic law of the relevant processes is Gaussian.

4.1. ELEMENTARY BOUNDS FOR P{M > u}

In this chapter, if not stated otherwise, X = {X(¢) : t € R} is a real-valued
centered Gaussian process with continuously differentiable sample paths
and covariance function r(s,t). Let us recall that for 7 >0, we denote
M7 = sup,co.7) X (). We begin with some bounds for the tails of the
distribution of My which are a first approximation to the relationship between
Rice formulas and the distribution of the maximum, a subject that you will
come across frequently in this book. These bounds are based on variants of the
following simple inequality:

We use throughout the notation vy := E(U,Ek]) and vy ;= E(ULEk] Ix0)<u) for
k=1,2,..., where U, := Uf([O, T]) is the number of up-crossings on the
interval [0, T']. Then

P{Mr > u} < P{X(0) > u}+P{U, > 0} <P{X(0) > u}+v. 4.1

In the next proposition we make precise the bounds under certain hypotheses for
the process.

Proposition 4.1
(a) Assume that Var(X (1)) = 1. Then

T
/ Vi@, 0 de +1 — d(u). (4.2)
0

)
eu/Z

2

P{Mp > u} <
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(b) Assume in addition that the covariance function is of class C*, that r (s, t) # +1
fors,t €[0,T],s #t, and that r11(s,s) > 0 forall s € [0, T]. Then, if u > 0,
/2

P{Mr > u} = o

T
/ Ve, ) dt +1—@w) + O (¢ u(l + 95)))
0

for some positive real number 4.

Remarks

1. The bound (4.2) is sometimes called the Davies bound (Davies, 1977).

2. Proposition 4.1(b) was originally proved by Piterbarg in 1981 [see also his
book (1996a)] for centered stationary Gaussian processes. In this case, under the
hypotheses,

. )\8 < OQ.

e The joint distribution of X(s), X'(s), X" (s), X (#), X'(t), X" (t) does not

degenerate for distinct s, € [0, T'].

e I"(t) <O0for0 <t <T.

Azais et al. (2001) have been able to describe more precisely the comple-
mentary term in the asymptotic expansion given in part (b). The result is that as
u — 400,

P(Mr >u)=1—®(u) +,/ ﬁTgb(u)
2
3V30u — A2 T A
- J;/(24 ) ——¢ | [——=u |1+
2 A) " (hohe — A U Ay — A5

This asymptotic behavior does appear in Piterbarg’s 1981 article, but only for
sufficiently small 7. It appears to be the only result known at present that gives
a precise description of the second-order term for the asymptotics of P(Mr > u)
as u — 400. We are not going to prove it here, since it requires quite long and
complicated computations. We refer the interested reader to the two papers noted
above

Proof of Proposition 4.1
(a) It is clear that

My >u}={X©0) >u}U{X©O0) <u,U, >0} as.,

where the convention is that if A and B are two events in a probability space,
“A = B as.” means that P{AAB} = 0. Using Markov’s inequality, it follows
that

P{My >u} <1—-®®w)+ EWU,).
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Now we apply the Rice formula (Theorem 3.2) to compute E(U,,):
T
EWUy) = / E(X"™* ()| X (1) = w) px () () dt
0

—¢(u)/ E(X'"(¢))dt = f’/(_) V(1) dt

since X (¢) and X’(¢) are independent. This proves part (a).
(b) We have the lower bound:

P{Mr >u}=1—- o)+ P{U, >0} — P{U, > 0; X(0) > u}

>1— @)+ v — % _P{U, > 0, X(0) > u). (4.3)

The result will be obtained as soon as we prove that the last two terms on the
right-hand side are O (¢ (u(1 + §))), 6 > 0. We have

P{X©0)>u,U, >0} <P{XO0) >u, X(T) > u}
+ P{X©0) >u, X(T) <u,U, >0}
<P{X©0)>u, X(T)>u}+P{D, > 1}. 4.4)

Note that since r(0, T) # +1,

P{X(0) > u; X(T) > u} < P{X(0) + X(T) > 2u}

+o0 1 1 1 , -
- /z ENCIVIET O R [‘m }dx =0 @00,

Let us look at the second term on the right-hand side of inequality (4.4). It is
clear that
IDM>1 = %Du(Du — D),
which implies that
P(Dy > 1} < 3E(Du(Dy = 1) = 3B Uu(Us — 1) = 302,
where the penultimate equality follows reversing the time in the interval [0, T'],

that is, changing ¢ into 7" — .
So our aim is to show that v, = O (¢ (u(1 4+ 8))). We have

T
v2:// A:t(u,u)dsdt. 4.5)
0
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where
Af (u,u):=E (XX TOIX () = X(1) = u) pxs),xo(u, u)

1 —1/2 —u?
s s =—(1- ? o1 ’
Px(s).x @ U, u) 7 (1=ri.0) exP(l +r(s,l)>

Conditionally on C := {X(s) = X (¢) = u}, the random variables X’(s) and X' ()
have a joint Gaussian distribution with expectations and variances given by the
following formulas, which can be obtained using regression formulas:

E(X'(s)[C) = %u

E(X'(1)[C) = %u
Var(X'(5)|C) = ri1 (s, s) — %
Var(X'(1)[C) = ri1(t, 1) — %

Our hypotheses imply that

1
E(X* )X (0[C) = B (X)) + (X'1)*[C)
1 u? rlzo(s, 1)+ rlzo(t, s)
=3 (rin(s, ) +ri(t, 1) + CRTESTOE

So for fixed y > 0, one has

// AT (u,u)ds dt
5,t€[0,T):|s—t|>y
2

< (L1u*+ Ly) x // exp (—L3u—> dsdt, (4.6)
5,t€[0,T]:|s—t|>y 2

where L, Lo, and L3 are positive constants, L3 > 1, since 1 + r(s, ) < 2 for all
s,t €[0,T],s # t. This shows that

// Af (u,u)dsdt = O (p(u(l +9))).
s,t€[0,T]:|s—t|>y

Let us now look at the double integral near the diagonal {s, € [0, T] : s = t}.
We take into account that Var(X(¢)) is constant and that rio(¢, 1) = 0. A Taylor
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expansion in the expressions for the conditional expectations as s, t approach the
same value t* permits us to show that

(t —s)u

E(X'(5)|C) = [ru(t*, t*) + A(t — 5)] 4.7)

(s —tu
5

E(X'()[C) = [ri(t*, ) + B(t — 5)] (4.8)

where A and B are bounded functions of the pair s and z.
A similar expansion for the conditional variances shows that

Var(X'(s)|C), Var(X'(t)|C) < L(s — 1)

for some positive constant L. So

/f Al (u,u) ds dt
s.t€[0, Thls—t]<y

= // E (X" ()X (®)|C) pxs),x ) (u, u) ds dt
s,t€[0,T]:|s—t|<y

1/2
= (B ()2 OEX*(1)?[0)]
s,t€[0,T]:|s—t|<y
S (—”72> ds di (4.9)
271 —r2(s, 1) P L+r(s, 1) . '

To bound the conditional expectations in the integrand we use the following
inequalities, which the reader can easily check. Let Z be a real-valued random
variable with normal distribution having parameters p and 2. Then

E((ZY)?) < o?+u? ifu>0 (4.10)

% + 12 [1 —® (—g)] +ucd (g) <0 (@.11)

IA

Using the expressions for the conditional expectations, one can see that if |t — s|
is sufficiently small, there exists a positive constant D such that

+
Eerrolo]
,/ Var (X”f(s)}C)

A similar inequality holds for ¢ instead of s.
Now, from the expansions of the conditional expectations, it follows that if
|s — ¢| is small enough, s # ¢, E(X’(s)\C) and E(X’(t)|C) have opposite signs,
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so that we can apply to each of them one of the inequalities (4.10) and (4.11). It
follows that

E(XT())?[OB(XT(1))?|C) < Kyls —t/* [1 — ®(—Kau) +exp (—%K3u2>:| :

A Taylor expansion around a point in the diagonal shows that if |s — ¢| is small
enough,
1—r(s,t) > Ka(s —1)*

for some positive constant K. It follows that if y is small enough, one has

// AT (u,u)ds di
s5,t€[0,T]:|s—t|<y

u2 T
< Ksexp(—Kgu?) exp (—7) // Is —t] ds dt,
0

where Ks and K¢ are new positive constants. It is clear that the right-hand side
is O (¢ u(l+6))), 5§ > 0. g

One can obtain the same type of asymptotic expansion as that given in Propo-
sition 4.1 in an easier way when the process is also stationary. This is the next
proposition; the hypotheses are less demanding and the result for the error term
is weaker.

Proposition 4.2 (Stationary Processes). Let {X(¢) :t € [0, T} be a centered
stationary Gaussian process. We assume that

(GI) T'(t) =E(X(s)X(s +1) #E£l forO<t < T.
(G2) The Geman condition: The integral

9/
/ T(zr) dt converges at T =0T,

where 0(t) is defined by means of T'(t) = 1 — A,72/2 + 6(1).

Then, as u — —+00,

Py
P{Ms > u) :,/ﬁw(u)[l +o(D)]. (4.12)

Remark. Conditions (G1) and (G2) are, as already mentioned, necessary and
sufficient for the finiteness of the second moment of the crossings (Kratz and
Ledn, 2006).
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Proof. As in the proof of Proposition 4.1, we have

T
v =E([UX) = / 2T — DE (X)X (1)|X(0) = X (1) = u)
0

1 1 u?
N exp <—71 +F(f))dr (4.13)
and
.
E(X"(0)|X(0)=X(r) =u) = T;T()TL; = —E(X*(D|X(0)=X(1r) =u).

A standard regression shows that
2 . 1
o”(t) : = Var (X'(0)|X(0) = X (v) = u)

_ el =T - I(D)

= Var (X, |X(0) = X (1) = u) 1 —T2(7)

Using inequality a*b* < (a + b)?/4, we get

T 2 1 2
m<T o @) xp< “7> dr. (4.14)

o Ji—rem2r P\ 1A

Since 6(t), 6'(t), and 0”(t) > 0, an elementary expansion shows that

o?(7) (1 =T%(1)) = o (1 = (1)) = ["}(1) <2470/ (7), 1 — T*(1) &~ Ar7?,

so that
= Teonsy) | e “ Ve = opwy
v cons exp| ———— | dt = o0 (¢p(w)),
2= , 2 P\ o
based on hypotheses (G1) and (G2). O

4.2. MORE DETAILED COMPUTATION OF THE FIRST TWO MOMENTS

We return to the lower bound for P{M; > u} for stationary centered Gaussian
processes. In what follows we also assume that the distribution of the triplet
(X(s), X(t), X'(s)) does not degenerate for s # ¢. In the remainder of the chapter
we use the following inequality, which is a slight modification of (4.3). The proof
is immediate and is left to the reader.

PX(0) > u) + 7, —%SP(MT > u) < P(X(0) > u) + 7. (4.15)
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Our goal is to give as simply as possible, formulas for the quantities involved in
(4.15). Let us introduce or recall some notation that will be used in the remainder
of this section. We set:

e Uy := vy — V. For large values of u, V| and V; are worth being distinguished,
since they tend to zero at different exponential rates as u — +o0.
(1)
H=EX'OXO0)=Xt)=u)=———""—u.
() = E(X'(0)| X (0) (1) = u) rro"
F/Z(t)
1—-T2(t)

o2(t) = Var(X'(0)|X (0) = X (1) =u) = A, —
o p(t)=Cor (X'(0), X'(t)|X(0) = X(t) = u)

—I"(1) (1 = T%(@0)) = T (OI(1)
A (1 =T2(@1)) — 2@t

[T+
OV
wu(r)

by =5

In what follows, the variable ¢ will be omitted whenever there is no confu-
sion, so that we will be writing ', T/, u, o, p, k, b instead of T'(¢), I''(r), u(z),
o(t), p(t), k), b(t).

Lemma 4.3. Let (X,Y) be a random vector in R? having centered normal dis-

tribution with variance matrix ( ! ) lp| # 1. ThenVa € RT:

P(X>a,Y > —a)= —arctan/ —2/ ¢(x)|: (/ x)—%:|a’x
1+p 1
_2/‘; |:(I>( 1—,0 ) 2:|¢(x)dx.

Proof. We first give an integral expression for P(X > a, Y > a). Set p = cos0,
6 € (0, ), and use the orthogonal decomposition ¥ = pX + /1 — p2Z. Then

{Y >a} = Z>ﬂ .
V1= p2

Thus,

+o00 _
PX>a¥>a)= | 400 |:1—¢(%):|dx=/ 9@ drdz,
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where D is the domain located between the two half straight lines starting from
the point (a, ay/ (1 —p)/(1 + p)) and with angles 6 — /2 and 7/2.

Using the symmetry with respect to the straight line with angle 6/2 passing
through the origin, we get

+00 _
PX>aY>al=2 b (x) [1—@( 1+£x):|dx. (4.16)

Now
P{X>a,Y>—-a}=1—-—®() —P{X >a, (-Y)>a}.

Applying (4.16) to the pair or random variables (X, —Y) yields

Now, using polar coordinates, it is easy to establish that

+00 1 1
/ [CID (kx) — —i| ¢(x)dx = — arctank,
0 2 2

which proves the lemma. O

Proposition 4.4. Let {X(t) : t € R} be a centered stationary Gaussian process
satisfying the conditions preceding Lemma 4.3. Then

+ 4)(\/1;:?”) [1 - d>(b)} %)dl.

r 1 u
ii = 2T — 2 T T T5(1)]d
(i) vy /o ( 1) 1—F2(t)¢ (\/ﬁl“(t)>[ 1(1) + 1) + T5(1)] dt

with

Ti(1) = o> (V1 = p2 (D (b(1)) ¢ (k(Db(1))
+00

Lo =20"0p0 — o) | [@kom) - 4o dx.
t

15(0) = 5O @*1H)) — 4o b1,
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(iii) A second expression for T,(t) is
1 b® 1
To(t) = (02(1)p(t) — 12(0)) [; arctan k(1) — 2[ [d)(k(t)x) - 5]¢>(x)dx] .
0
4.17)

Remarks

1. The formula in Lemma 4.3 is analogous to (2.10.4) of Cramér and Lead-
better (1967, p. 27); that is:

p 1 a?
p{X>a,y>_a}=<I>(a)[1—d>(a)]+/0 m@(p (_1 _Z>d2.

The formula here is easier to prove and more adapted to numerical applications
because as t — 0, p(t) — —1, and the integrand in Cramér and Leadbetter’s
formula tends to infinity.

2. These formulas allow us to compute v, at the cost of a double integral
with finite limits. This implies a significant reduction of complexity with respect
to the original form. The form (4.17) is more adapted to effective computation
because it involves an integral on a bounded interval.

Proof of Proposition 4.4
(1) Conditionally on {X (0) = x, X () = u}, X’'(¢) is Gaussian with:

() (x — T(Hu)
1 —T2()
e Variance o2(1); see the proof of Proposition 4.2. (]

e Mean m(t) =

If Z is a Gaussian random variable with mean m and variance o2, then

E(z) =00 (%) +me ().

These two remarks yield vy (u, T) = I} + I, with:

+00 F( . )
The / dt./ ((1 i Fzr)u >PX(0),X(1)(x,u)dx

T +00 F/ _ 1“/ _
o [, = / dt/ x —ru) ) ( o ru)) Px(O),X(z)(xy u)dx.
0 u

1-12 (1—-r?o
T )}
u dt
r

I, can be written as

T 2
= $(u) U [1—c1><*{7—’\_2

0 27[)»2
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Integrating by parts in I, leads to

1—¢(>/T r o(J=Lu) 11— om
2= i Wi

2 V2 [1=T
+—[1_q> Vi u ]dt
2w (1 —T2) o V1+T

Since 62 +TI'"?/(1 — I'’?) = A,, we obtain
T f—
o = /ﬁqs(u)/ [1—q><—“\2 ! Fu)}dt
2w 0 o 1+T
+¢(M)/T r (o) ,ll_ru [1—®b)]dt
0 ~/1-T2 1+T '

(i) We set:

(x =b)* =2p(x =b)(y +b) + (y +b)*
2(1 = p?) '
* For (i, j) € {(0,0); (1,0); (0, 1); (1, 1); (2, 0); (0, 2)},

e v(x,y) =

+oo  p+400 xiyj
Jij = / / — Y exp(—vix, ) dydx.
! 0 0 2my1—p?

We have
e f [t exp (—v(x, y))
_ (1 = (1= p? — e 27
Jio— pJor — (1 + p)bJoo = (1 — p )/0 (/0 8xv(x’y) T dx | dy
= (1—p)[1 — ®(kb)lgp(b). (4.18)
Replacing x by y and b by —b in (4.18) yields
Jor = pJio+ (1 + p)bJoo = (1 = p2) @ (kb) p (b). (4.19)

In the same way, multiplying the integrand by y, we get

It = pdoa — (L4 pbdor = (1= p?) 1§ (kb) — kb[1 — D (kb)] (). (4.20)

Now, multiplying the integrand by x leads to

I = pdo + (L4 pbdio = (1= p?) 1§ (kb) + kb® (kD)1 $(b).  (4.21)
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So
o — pdin — (L4 pYbdig = (1 = p )/+OC /mx—v( L (\/Lyz)) dx dy.
Then, integrating by parts yields

Do — pJii — (14 p)bJio = (1 — p*) Joo. (4.22)

Multiplying equation (4.22) by p and adding (4.21) gives
I ==bJ1o+ pdoo+ /1= p? [ (kb) + kb® (kb)1 ¢ (b).
Multiplying equation (4.19) by p and adding equation (4.18) yields
Jio = bJoo + [1 — ©(kb) + pP (kD)1 ¢ (D).

Using Lemma 4.3 gives us Joo = 2 fb +Oo[d>(kx) - %]q&(x) dx. Gathering the var-

ious pieces, we have ?‘2
/'/\
Jii=Ji(b, p) =1 —p2 ¢ \/_qs(b) +2(p — b?)

+0o0
1 1
/ |:<I>(kx) — E}qb(x)dx +2b [CD(kb) — Eqb(b)} .
b
The final result is obtained taking into account that

E((X0)" (X)) 1Xo = X, =) = 02011 (). p(0)
(iii) Expression (4.17) follows from the second expression of Jy. O

The numerical computation of v, has some difficulties related to the behavior
of the integrand near the diagonal. Since v, = [ g AI, (u, u)dsdt, one can use
the next proposition to describe the function A;f,(u, u) when |t — s| is small. For
the proof, which we are not going to give here, one can use Maple to compute
its Taylor expansion as a function of ¢ — s in a neighborhood of 0.

Proposition 4.5 (Azais et al., 1999). Let the Gaussian stationary process
{X(t) : t € R} satisfy the hypotheses presented earlier in this section. Assume,
moreover, that Ag is finite.

(a) Ast — O:

Ag’t(u,u) =

1 Ourg — 2932 p<_1 A

2) .4 5
ex = u- )t 4+ o).
1296 (3, — A%)I/an)% 20— 23 >
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(b) There exists Ty > 0 such that for every T,0 < T < Ty,

27 (=232

o) o))
1= ujlu -
47 )»g ()»2)»6 _ )\421)3/2 Ag — A% u

9/2
vy = 3V3T (ke — 1) ¢ M) (1 +0 (1))
T 3% (hare — 12) Ay — A3 u

as u — +0o0.

v

We consider the same question on the behavior of the integrand Ai, (u, u)
near the diagonal for nonstationary Gaussian processes in Chapter 5.

4.3. MAXIMUM OF THE ABSOLUTE VALUE

We set M7 = sup,cjo.7 | X (#)|. The following inequality for P{M7 > u} is ele-
mentary, the proof being left to the reader:

P(|X(0)| > M) +E (Uu I\X(0)|<u) +E (D—u IlX(O)\<u) - %E ((Uu + D—u)[Z])

<P(M; >u) <P(X ()| > u) + E(UuLix0)<u) + E (DI x0)<u) -
(4.23)

Delmas (2001) has provided tables with formulas to compute the terms appearing
in (4.15) and (4.23) as well as extensions to nonstationary processes. We refer to
it for a comprehensive list of useful formulas. Here, we only describe the result
for the distribution of M7 in the case of centered stationary Gaussian processes,
normalized by I'(0) = 1. The terms are included in Table 4.1.

For u > 0,

P(X(0) > u) =2[1 —dw)], U, 2 D_,,
and for b > 0 we use notation already defined:
a?Ji(b, p) :=Ti(b, p, %) + Ta(b, p,a%) + T5(b, p, %)
with
Ti(b, p,0?) := 0>\/1 — p2p(b)¢ (kb)
1 b
Ts(b, p,o?) = (6p — 02b2)|:— arctan k — 2[ & ()W (kx) dx]
T 0

T5(b, p, 0°) := 2ba*[ D (kb) — 1] (D).
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TABLE 4.1. Terms for the Centered Stationary Case
»,/)\2 u 1-T
11— =2/ ——
27T o 2 14T
(i) (ol s
u — -
Ji-12 1+T o(1+T)

T
E[US0, T1Lx0)>u)] FI,T): = ¢>(u)/0

T
E[UX[0, T1x0)<u)] J_ < ) F(, T

T 2
E[UX[0, T1Ljx o)) <u)] J_ <_%> F(C,T) = F(=T, =)

Iu ¢*u/T+T)
X 2] —t)o?
E[U, 10, T]] 2fy (T =0 J“( o(1+T) ) Ji=12 a
¢ (u//1— )

E[UX0, TIDX, 0,11 2 (T—f)"21“< ) Ji-12 a“

4.4. APPLICATION TO QUANTITATIVE GENE DETECTION

We study a backcross population: A x (A x B), where A and B are purely
homozygous lines and we address the problem of detecting a gene influencing
some quantitative trait (i.e., which is able to be measured) on a given chromo-
some. The trait is observed on n individuals and we denote by Y,k =1,...,n
the observations, which we will assume to be independent.

The mechanism of genetics, or more precisely of meiosis, implies that among
the two chromosomes of each individual, one is inherited purely from A while
the other (the “recombined” one) consists of parts that originate from A and
parts that originate from B, due to crossing-overs. Using the Haldane (1919)
distance and modeling, each chromosome will be represented by a segment
[0, L]. The distance on [0, L] is called the genetic distance (which is measured in
morgans).

Now, let us describe the mathematical model that we will be using. We assume
that the “recombined” chromosome starts at the left endpoint + = 0 with probabil-
ity % with some part originated from A or B and then switches from one value to
another at every location of a crossing-over. We model the crossing-over points
by a standard Poisson process, independent of the fact that the chromosome starts
with A or B.

The influence of the putative gene [often called QTL (quantitative trait locus)
by geneticists] on the quantitative trait is represented by a classical linear model:

Yo =+ Gelto)a/2+ex  k=1,...,n, (4.24)
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where:

e 1 is the general mean.

e 1y is the location of the gene on the chromosome.

o Gy (1) is the genotypic composition of the individual k at location ¢ on the
chromosome, ¢ € [0, L]. In a backcross crossing scheme it can only take
two values (AB or AA), denoted +1 and —1.

e &,k =1,...,n areindependent errors that are assumed to be i.i.d. with zero
mean and finite fourth moment. We denote by o2 their common variance.

Formula (4.24) implies that the gene effect is a. Our problem is to test the
null hypothesis of absence of gene influence; that is, a = 0.
The main statistical difficulties come from the following facts:

o The putative location £y of the gene is unknown.

o The functions G(¢) cannot be fully observed. However, some genetic mark-
ers are available, allowing us to determine the genetic composition at some
fixed locations #;, ..., fy; on [0, L].

Since the number of genetic markers available on a given species becomes
larger and larger and since considering the limit model where the number of
markers tends to infinity permits us to construct a test that is free of the markers’
positions, we will assume that the number M,, of markers as well as their locations
depend on the number of observations n. More precisely, we now use a local
asymptotic framework in which:

e The number n of individuals observed tends to infinity.

e The number of genetic markers M,, tends to infinity with »n, their locations
being denoted by #; ,;i =1,..., M,.

o The size a of the gene effect is small, satisfying the contiguity condition
a = én~ Y2, where § is a constant.

e The observation is

(Y, Getin), - o, Giltag, ) sk =1,...,n).

Notice that since we have set a = dn~!/2, the distribution of the observation
depends on n, so that the observations are denoted by Y;' instead of Y.

If the true position #, of the gene were known and would coincide with a
marker location, a natural test would be to make a comparison of means, com-
puting the statistics:

2=t V=11 2k=1 Y N[G,00=—1]

n m (4.25)
> k=1 Y[Grap=1] 2 k=1 Y[Grap)=—1]

Sn(to) ==
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In case of Gaussian observations, the test based on these statistics is equivalent
to the likelihood ratio test.

Since fy is unknown, the calculation of the quantity given by formula (4.25)
should be performed at each location ¢ € [0, L]. To do this, we compute S,
at points f{ ,, ..., tu, », make a linear interpolation between two consecutive
marker positions, and extend by a constant to the left of the first marker position
and similarly to the right of the last one, so that the function thus obtained is
continuous. We denote by {S,(¢) : t € [0, L]} the random process obtained in this
form, which has continuous polygonal paths.

Our aim is to find a normalization of the process S, in order to get weak
convergence. Before that, let us make a short diversion to give an overview on
this subject, which includes some general and useful results.

4.4.1. Weak Convergence of Stochastic Processes

Let us consider real-valued processes defined on [0, 1] (extensions to the whole
line do not present essential difficulties). We need the following function spaces:

o C = C([0, 1]), the space of continuous functions [0, 1] — R, equipped with
the topology of uniform convergence generated by the distance

du(f. 8) = If = glloo := sup |f(t) =g ).

t€l0,1]

e D = D([0,1]), the set of cad-lag functions (functions that are right-
continuous and have left-hand limits at each point), equipped with the
Skorohod topology generated by the distance

dy(f. 8) := inf{sup{|lh — Id|lcc, |l f — g°hllc}},

where the infimum is taken over all strictly increasing continuous map-
pings & : [0, 1] — [0, 1], 2(0) = 0, k(1) = 1, Id is the identity mapping (i.e.,
Id(x) = x for all x € [0, 1]), and “~” denotes composition.

C is a Polish space (i.e., a complete separable metric space). D is not complete,
but with a natural change of the metric, which does not modify the topology, it

becomes complete [see Billingsley (1999) for details]. A possible modification
consists of replacing d; by d¥ defined by

do(f. ) = iI}}f{SUp{IIhII", I f — gohlloo}}s
where the inf is over the same class of functions as above, and

h(t) —h
[A]|” = sup logM.

s<t r—s
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Without further reference, we will usually denote by the same letters C and D the
analogous spaces of functions defined on some interval [t;, t,] other than [0, 1].

Next we give two definitions that are basic in what follows: weak convergence
and tightness.

Definition 4.6. Let E be a Polish space and £ the o-algebra of subsets of E
generated by the open sets. The sequence of probability measures {P,},=12.. on
(E, &) is said to converge weakly to the measure P defined on the same measurable
space (this is denoted by P, =P as n — +00) if for every continuous and bounded
function f : E — R,

/fdPn—>/fdP asn — +00.
E E

Definition 4.7. Let E be a Polish space. A collection of probability measures F
on (E, E) is said to be tight if for any ¢ > 0 there exists K., a compact subset of
E, such that for all P € F, P(Kgc) <e.

A sequence of random variables {Y,},= 2 . with values in E is said to con-
verge weakly to the random variable Y if

P" = P as n— +oo,

that is, if the sequence of distributions converges weakly to the distribution of
Y . P and P are the image measure of ¥, and Y, respectively, as defined in
Section 1.1. In that case, we write Y¥,, = Y.

The next three theorems contain the results that we will be using in the statisti-
cal applications in this chapter. For proofs, examples, and a general understanding
of the subject, the reader is referred to Billingsley’s classical book (1999).

Theorem 4.8 (Prohorov). Let E be a Polish space. From every tight sequence of
probability measures on (E, £), one can extract a weakly convergent subsequence.
If a sequence of probability measures on (E, &) is tight, it is weakly convergent
if and only if all weakly convergent subsequences have the same limit.

Theorem 4.9. Let {X,},=1.2... be a sequence of random variables with values
in the spaces C or D. X, (t) denotes the value of X, at t € [0, 1]. Then X,, = X
as n — +oo, if and only if:

o {X,}n=1.2, . is tight (in the corresponding space C or D).

e For any choice of k = 1,2, ..., and distinct t1, . .., t; € [0, 1], the random
vector (X, (t1), ..., X, (ty)) converges weakly to (X (t1), ..., X (t)) in R* as
n — —+4o0.
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When convergence takes place, if g : C — R (respectively, g : D — R) is
a continuous function with respect to the topology of C (respectively, D), the
sequence of real-valued random variables {g(X,)},=12.. converges in distri-
bution to the random variable g(X). Moreover, if X, = X in D and X has
continuous paths, weak convergence holds true in C (see Exercise 4.3).

The statement above contains the standard procedure, in a large set of statistical
problems, to prove the existence of weak limits of stochastic processes and to
compute the limit distributions whenever they exist. One has to check tightness
and finite-dimensional weak convergence. If possible, one also wants to identify
the limit measure (the distribution of X), and if the “observable” quantity in
which one is interested in is g(X,,), this also allows to find its limit distribution.

The next theorem gives a sufficient condition based on upper bounds for
moments of increments, to verify tightness and prove weak convergence.

Theorem 4.10. Let {X,(¢) :t € [0,1]},n =1,2,... be a sequence of random
processes and {X (t) : t € [0, 1] a process with sample paths in C (respectively,
D) satisfying:

(1) For any choice of k=1,2,..., and distinct t|,...,t; €[0,1], the
sequence of random vectors (X,(t1),..., Xn(t)) converges weakly to
(X(t1), ..., X(t)) in R* as n — +o0.

(2) If the sample paths are in C, there exist three positive constants, o, B, and y
such that for all s, t € [0, 1],

E|X,(s) — X, (1)]* < Bls —¢]'17.

If the sample paths are in D, there exist three positive constants, o, B, andy
such that for all t,t,t, € [0, 1],1; <t < 1p,

E (1X,(t1) — X, ()11 X0 (82) — X (D) < Blto — 11|17 (4.26)
Then X, = X as n — +o00 in C (respectively, in D).

In addition to the tightness of the family of probability distributions X, (0),
property (2) is a sufficient condition for the tightness of the sequence {X,},=12, ...

We will also use the Skorohod embedding (see, e.g., Dudley, 1989 p. 324),
which states that if X, and X are random variables taking values in a separable
metric space (E, d) and if X,, converges weakly to X, we can construct a repre-
sentation of these variables, say {Y,},=12...., Y, defined on some new probability
space with values in E, so that X,, and Y, have the same distribution for every
n=1,2,...(aswell as Y and X) and d(Y;,, Y) — 0 a.s. as n — +o00.
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4.4.2. Weak Convergence of the Detection Process
We go back to the genetic model.

Theorem 4.11

(a) Var (S,(1)) ~ 402 /n.

(b) Since Var(Y}') ~ o2, we can estimate the parameter o? by the empirical
variance: 2. We define the normalized process

N

26,

X, () = S (). (4.27)

Assume that

max (t,-+1,n — t,;n) — 0asn — 400,
i=0,..., M,

where we have used the convention ty, = 0; ty, +1., = L.
Then the normalized process X, (t) converges weakly in the space of continuous
functions on [0, L] to a Gaussian process X = {X (t) : t € [0, L]} with

)
E(X(®) = 5 exp(=2|to — 1])
o
Cov (X (1), X (t + h)) = exp(—2|h]). (4.28)

X is an Ornstein—Uhlenbeck process with a change of scale and a deterministic
drift (see Exercise 4.6).

The proof of Theorem 4.11 is based on the following lemma.

Lemma 4.12. Let {ni}x=1,... be centered random variables with common vari-
ance o> and finite fourth-order moment 4. Suppose that the collection of ran-
dom variables and processes n1, G1(-), ..., Ny, G, (+), ... are independent. Here
Gy (1), t € [0, L] is the genotypic composition of the kth individual, which follows
the switching Poisson model that has been described above. Then, as n — +00:

(a) The processes
Zn() :=n""2 "0k Gi()
k=1

converge weakly in space D to a stationary Gaussian process with zero
mean and covariance h~c? exp(—2|hl).

(b) The processes

Zy(t) :=n"" " Gi(to) G (1)

k=1

converge uniformly (for t € [0,L]) in probability to the function
exp(—2|ty — t}).
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Proof
(a) Independence implies that

E (mGr(2)) = 0.

If Z is a random variable having the Poisson distribution with parameter A, one
easily checks that

P(Z even ) — P(Z odd) = exp(—2A).
This implies that
E(G(Gr(1)) = exp(=2lt = 1)), E(n{Gr()Gi(1)) = o* exp(=2[t —1')).

To prove part (a), we use Theorem 4.10. The convergence of the finite-
dimensional distributions follows from a standard application of the multivariate
central limit theorem and is left to the reader.

We now prove the moment condition (4.26). Let 1} <t <t be in [0, L]:

B[ (Zu(0) = Zu(0))* (Zo(0) = Zu(0))* |

1
== > E(ng e (G @) = G ) (Giy (1) — Gy (1))

I=<ky,ka,k3,kg=n
(Gis (1) — Giy (1)) (Gy (1) — Gy (12))) (4.29)

The independence implies that as soon as one index k; is different from the
other three, the expectation in the corresponding term of the sum vanishes.
Hence,

E[ (Zu(t) — Z,(t))* (Zn(t) — Zy (zz))z]

1
=— > Bk (Gu® - Gy ) (Gi) - Gu®)’)

1<ki#ky<n

1
+— > E@mui, (G @) — G () (Gi, (1) — G, (1)

1<k #ky=<n
(Gk2 (t) - sz (tl)) (Gk2 (t) — sz (tz)))
1
T IXk: E(nﬁ (Gr(t) — G (1)) (Gi(t) — Gi(12)*

< (const)a*|t — 11|t — 12| + (const)ualt — t1]|t — 2] < (const)(tr — 11)?,

(4.30)
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where we have used the following facts:

o Almost surely, (G (t) — Gi(t1)) (Gr(t) — G (t2)) vanishes unless the num-
ber of occurrences in intervals [#;, t] and [, #;] are both odd. In that case it
takes the value —4. In conclusion, its expectation is nonpositive.

o (Gi(1) — Gi())? depends only on the parity of the number of occurrences
of the Poisson process on [t, #;], and is independent of (G (¢) — Gi(t1)).

« E(Gi(t) — Gk(t’))2 =2 (1 —exp(=2|r — 1'|)) < (const)|t — 1'].

The inequality (4.30) implies (4.26). This proves part (a).
(b) We write

Zu(t) :=n"" Z G (1) G (1)

k=1

= n7' Y (Gr)Gi () — exp (2]t — 1)) + exp (2] — 1o])
k=1

n

=n"' Y Te(t) + exp (=2t — to]) = Zy1 (1) + exp (—2]t — 10]) . (4.31)
k=1

Part (b) follows from the result in Exercise 4.4 if we can prove that Z,,,l tends
weakly to zero in the space D as n — +o00. Because of the strong law of large
numbers, for each ¢, Z,,,l(t) a.s. tends to zero. This obviously implies that a.s.
the k-tuple <Zn,1(t1), R Zn,l(tk)) converges to (0,...,0) as n — +oo.

So, to apply Theorem 4.10 it suffices to check (4.26). This can be done in much
the same way that we did with formula (4.30) except that (1) the normalizing

constant is now n~%, (2) Gx(¢) is replaced by Ti(¢), and (3) the variables n; are
absent. To conclude, we have to check that

o E(Tk(1) — Tk(l/))2 <E (Gk(t) (G (1) — Gk(t/)))2
=E (Gi(t) — G (1))’ < (const)|t — 1'].
o E((Tk(?) — Ti(11)) (T (1) — Tk (12)))
= Cov(Gr (1) (Gi(t) — Gi(11)) , Gi(t0) (Gi(t) — Gi(12))
=E ((Gr(t) — Gk (1)) (G (1) — Gi(12)))
_ (e—2|t0—f\ _ 6—2\lo—t1|) (e—2|lo—t| _ e—2|lo—tz\)
< — (&M — g=2ho-nl) (201l — o210} < (const)(ty — 1),

e If Z and T are two random variables:

E[(Z — E(2))* (T — E(I))* | < 4E(Z’T?) + 12B(Z)E(T?).



114 SOME STATISTICAL APPLICATIONS

Applying this with Z — E(Z) = Ty (t) — Ty (t1); T — E(T) = T (t) — Ty (t2),
we get

E[ (Ti(t) — Te(t)* (T (1) — Ti(02))* ]
< 16E (Gi(t) — Gi(11))* E (G (1) — Gy (12))*
< (const)(t; — t2)2.

Summing up, we have

~ ~ 2 /. ~ 2
E[(zn,m) = 204 ®) (Zn1 ) = Z01 ) ] < (const(n — 1)"n .

O

Proof of Theorem 4.11
STEP 1: CONVERGENCE IN the CASE OF FULL GENETIC INFORMATION. In a first
step, we assume that the genetic information Gy (¢) is available at every location
of the chromosome, so that no interpolation is needed. We define several auxiliary
random processes:
Jn

X1 (1) = %

S (1),

(It is clear that if the process {X, 1(¢) : t € [0, L]} converges weakly, the same
holds true for the process {X, (¢) : t € [0, L]}, with the same limit.)

1< _
X, 02() i = —— Y! —Y,) Gi(p),
200) 6ﬂﬁk§(k ) Gi(0)
which can actually be computed (Y, is the mean of the sample), and
Xn3(1) := 1 Zn:(Y” )G (1)
n.3 ._6\/'_11(:1 k — HGk),

which cannot actually be computed.
The convergence in probability of 6> implies that if X, 3(t) converges weakly,
it is also the case for the process

1 n
Xoa) = 2= ) (W =) Grl0).
" k=1

We have

Y, —
Xn,4(t) - Xn,2(t) = X

=
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Since under the conditions of Lemma 4.12 the law of the process
{>5_1 Gk(t) : 1 €0, L]} is the same as that of {d ;_, nkG(t):t € [0, L]},
we can use part (a) of this lemma and Exercise 4.4 to deduce that the process

(n=1/2 Y iy Gi(t) 1t € [0, L]} is stochastically uniformly bounded. Now apply
the law of large numbers to the sequence of means {Y,},—; 2. to deduce that

sup |Xn,4(t) - Xn,Z(t)i
tel0,L]

tends to zero in probability.
We see also that

sup | X, 3(t) — X1 (1) = 0. (4.32)
te[0,L]

In fact, some algebra permits us to check that
Xua(t) = X1 (1) = — an(Y" )G (1)
n,3 n,l - O’ﬁ — k 123 k
_n 2": yr (Tacw=1 _ T6i0=-1
20 =) n—w0)
NS 2 I =1 I =1
= — Yn — —G 1) — —
20 ;( £ =W GO (6 n—v)

Lo =12 & [ 5 }
= G i
oA fu O = fu(D)] ; K0 T e

1
X |:§ + (1/2 - fn(t))Gk(t)]y

where we have set

V(1) =#k:1 <k <n, G ) =1}

1 1 & 1
fal)) = —va(6) = o ;Gk(t) +5-

Relation (4.32) follows using Lemma 4.12.

So weak convergence of X, 3 implies convergence of the other processes.
The discussion above also proves that the variance of X,,(¢) is equivalent to that
of X, 3(¢), which tends to 1, thus proving assertion (a) in the statement of the
theorem.
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The model implies that at every location ¢ and for every individual k,
P{Gi(t) = 1} = § and

E (e:Gr (1)) =0, Var (.G (1)) = 0.

To finish this part, let us turn to the process {X, 3(¢) : t € [0, L]}. Set
X, 3() = ] XH:Y”G () = ) i:G (t)) G (1)
n.3 '_0\/’—‘;{:1]( k _Znokzl k(o) Gk

1 n
+ o~ ; exGi(t) = Xn5(t) + Xp6(t).

By Lemma 4.12, X,, 5(¢) converges uniformly to the function (§/20) exp(—2|t—
fo]) and X, ¢ converges weakly to the Ornstein—Uhlenbeck process with a scale
change, having covariance (4.28).

STEP 2: CONVERGENCE IN THE CASE OF PARTIAL GENETIC INFORMATION.
Using the Skorohod embedding technique, the weak convergence of the process
X,.3(t) toward the limit process X (t) can be represented by an a.s. convergence in
some probability space. Since X () has continuous sample paths, the convergence
is also true in the uniform topology:

1X03() — X()]loo = O as.

Now let D,, be the operator on D that consists of (a) discretization at the loca-
tions d; ,,i =1, ..., M, followed by (b) linear interpolation between two marker
positions and extending by a constant before the first and after the last marker.
This operator is a contraction for the uniform norm. We can deduce that

IDa[Xn3()] = X(lloo = Pl Xn,3()] = DulX (Dlloe + IDalX ()] = X ()l
= 1Xn3() = XOllos + 1D [X ()] = X(llooc = 0
(4.33)

as n — +o00o, and we are done. O

4.4.3. Smoothing the Detection Test Process

In the remaining study of this example, we will combine the previous theoretical
results with a series of practical recipes to be able to answer the relevant ques-
tions. The original problem is to test the null hypothesis § = 0 against § # 0.
The classical approach would be to use the test statistic 7, = sup,¢[o. 11 [Xn (2)],
which corresponds to a likelihood ratio test in the case of Gaussian observations.
This is inconvenient for two reasons:
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T /A "\v\/\ /\ \/f“\l_
l° :VAV&\«/J'/ w M/
v

Detection process
o
[6)]

0.5+

1 | | | | | | | | |
o 01 02 03 04 05 06 07 08 09 1

t

Figure 4.1. Realization of the detection process and its smoothing with & = 1073.
There are 100 markers on a chromosome of size 1 morgan, and 500 individuals are
observed.

1. The limit process has irregular sample paths (nondifferentiable), and the
distribution of its supremum is known only when 6 = 0 (Delong, 1981) and
for certain lengths of the observation interval. In the other cases, for § = 0
we can use asymptotic bounds for the maximum of «-regular processes
that are due to Pickands (see, e.g., Leadbetter et al., 1983). But to compute
the power of the test, that is, for § # 0, the only method available is Monte
Carlo.

2. It does not take into account that the presence of a gene at fy modifies the
expectation of the limit process in a neighborhood of 7.

Given these two reasons, we will smooth the paths of the detection process
{X,(@):t €[0, L]} by means of convolution with a regular kernel, which we
take to be a centered Gaussian kernel having variance &2, which we denote
¢ (Figure 4.1). Let {X;(¢) : ¢ € [0, L]} be the smoothed process, defined as
X5, (@) = (Xp * o) (0).

We consider the test statistic 7, = sup,c(. 1 |Xfl(t)|. The reader can check
that the limit of (X,i (t)) re[0.L] is the smoothed version of the previous limit
process [or consult Billingsléy’s book (1999)] and compute the mean m®(-) and
the covariance I'°(-) of the new process:

8 5 to — 262 —t
mé (1) = — {exp2(—to + &> + D] [ —————
20 e

2
+ expl2(ty + 6% — t)]|:1 S (M) ]} (4.34)

&
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2 t + 4g?

t
T8 (1) = exp(2(26 — 1))@ (ﬁ) +exp(2(2¢” + t))[l - <W) }

To compute approximately the power of the test based on this process we use
the basic inequalities (4.23). Of course, the use of crossings is feasible for the
regularized process, but it is not for the original one, which has nondifferentiable
paths. For determination of the threshold, it turns out (on the basis of numerical
simulation) that the lower bound in it, which uses second-order factorial moment
of crossings, is more accurate than the upper bound. So we determine thresholds
using the lower bound.

4.4.4. Simulation Study

On the basis of a Monte Carlo experiment, one can evaluate the quality of the
proposed method under a variety of conditions. Especially:

o The relationship between the value of the smoothing parameter and the
validity of the asymptotic approximation for a reasonable number of markers
and individuals in the sample

o The sharpness of the bounds given by the inequality (4.23) for various values
of the smoothing parameter

Table 4.2 displays empirical levels for smoothed and unsmoothed procedures
with thresholds computed under the asymptotic distribution.

o For the unsmoothed process (¢ = 0), the threshold is calculated using Table
II of Delong (1981). For this reason, the chromosome length, 0.98 Morgan,
has been chosen to correspond to an entry of Del.ong’s table and to be close
to lengths encountered for several vegetable species.

o For the smoothed process, we used the lower bound in inequality (4.23).

Simulations have been performed for two values of the smoothing parameter
and three marker densities: a marker every icM with i = 1,2,7. The number
of individuals is equal to 500; the crossing-overs are simulated according to a
standard Poisson process; the simulation has 10* realizations; a 5% confidence
interval for the empirical levels associated with the theoretical levels is indicated.

Table 4.2 presents the power associated with the detection test in the case of a
gene of size § = 6 located at the position 7y = 0.4. The length of the chromosome
is 1 Morgan (M); calculations are made under the asymptotic distribution, using
a test with nominal level equal to 5%.

o For the unsmoothed detection test process, the threshold is calculated via
DeLong’s table and the power using Monte Carlo with 10* simulations.



APPLICATION TO QUANTITATIVE GENE DETECTION 119

TABLE 4.2. Threshold and Empirical Level (%) of Test Using the Unsmoothed
Detection Test Process (e= 0) (X;(d))¢cjo 1) and the Smoothed Detection Process

(X2 () gero.L

Nominal Level of the Test

10% 5% 1%

5% confidence interval

for the empirical level 9.41-10.59 4.57-5.43 0.80-1.19
Threshold

&= 2.74 3.01 3.55

g2 =102 2.019 2.276 2.785

g2 =10"3 2321 2.593 3.128
Marker density 1cM 2cM 7cM1cM2cM7cM 1cM 2 cM 7cM
Empirical level

e=0 737 6.67 499 391 342 24 077 067 043

g2 =102 12.17 12.17 11.82 6.75 6.69 653 1.76 1.72 1.77

g2 =10"3 10.84 10.66 9.71 563 555 5.02 134 132 1.04

“The chromosome length is equal to 0.98 morgan, and the number of individuals is equal to 500.
The second line of the table gives a confidence interval for the empirical proportion related to the
nominal level over 10* simulations.

o For the smoothed process, the threshold is calculated as above using the
lower bound in (4.23). The power of the test is calculated in three ways: (1)
using the upper bound in (4.23), (2) using the lower bound in (4.23), and
(3) by a Monte Carlo method.

Summing up, let us add some final comments on this study of the genetic
model (4.24).

o Table 4.2 indicates clearly that the unsmoothed procedure is very conserva-
tive.

o The empirical level given by the smoothed procedure is close to the nominal
value. For £ = 1073, it is nearly inside the confidence interval.

e Table 4.3 shows clearly that smoothing at size > = 1072 instead of 1073
does not imply a sizable loss of the power computed with the asymptotic
distribution.

e It is also clear from Table 4.3 that at the sizes €2 = 1072 and 1073, the
lower bound is almost exact.

e Use of the asymptotic test after smoothing with a window size ¢2 = 1073
and thresholds and powers computed by means of the lower bound in (4.23)
has a number of advantages. The thresholds corresponding to levels o equal
to 1%, 5%, and 10% and for certain chromosome lengths are given in
Table 4.4. For other cases and power calculations, the ST program developed
by Cierco-Ayrolles et al. (2003) can be used (see also Chapter 9).
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TABLE 4.3. Power (%) Associated with the Detection Test*

g2 = 1072 g2 = 1073 Unsmoothed Process

5% threshold 2.281 2.599 3.02
P(Y(0)| > u) 15.70 9.81
E ((Uy + D) Ty )1<u) 55.57 72.30
EWU,(U, —1
E Ul 1) " 1506
E(D_,(D_, —1

( ‘(2 v~ 1) 7.84 x 107° 3.40 x 107
E(U,D_,) 2.54 x 107 4.10 x 1073
Lower bound 69.84 69.05
Upper bound 71.27 82.11
Empirical power 71.37 +£0.88 72.53 £0.87 68.99 +0.91

“Gene size § = 6, located at a distance fy) = 0.4 from the origin of a chromosome of length 1
morgan. The value of ¢ is 1. In the smoothed procedure, the 5% level, the upper and lower bounds
are calculated using the ST program mentioned previously. For the unsmoothed process, the 5%
level is given by DeLong’s table. The empirical powers are calculated over 10* simulations, and the
corresponding 95% confidence intervals are given.

TABLE 4.4. Thresholds Calculated Using the Lower Bound in (4.23) for Different
Values of Level « and Various Chromosome Lengths®

Chromosome Length (Morgans)

o Level 0.75 1 1.5 2 25 3

1% 3.059 3.133 3.239 3.315 3.375 3.423
5% 2.516 2.599 2721 2.809 2.878 2.934
10% 2.239 2.328 2.458 2.553 2.626 2.687

@The smoothing parameter is £ = 1073,

4.5. MIXTURES OF GAUSSIAN DISTRIBUTIONS

A classical problem in statistical inference is the one of deciding, on the basis
of a sample, whether a population should be considered homogeneous or a mix-
ture. We are going to address this question, but only when very simple possible
models for the description of the population are present. This already leads to
mathematical problems having a certain complexity and to the use of techniques
that are related directly to our main subjects.

Our framework is restricted to Gaussian mixtures and we consider the follow-
ing hypothetical testing situations:
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1. The simple mixture model:

Ho:Y ~N(,1)

Hy:Y ~pNO, 1)+ (1= NG, Dpe[0 1], e McRr @3

We mean the following: Assume that we are measuring a certain magnitude
Y on each individual in a population. Under the null hypothesis Hyp, Y
has a Normal (0,1) distribution for each individual. Under the alternative
hypothesis H; each individual can be considered to have been chosen at
random with probability p in a population in which the magnitude Y is
normal (0,1) and with probability 1 — p in a population in which Y is
normal (u, 1). The purpose of the game is to make a decision about which
is the underlying true situation, on the basis of the observation of a sample.
The foregoing explanation applies to the other two cases that we describe
next, mutatis mutandis .

2. The test of one population against two, variance known:

Hy:Y ~ N(uo, Do € M
Hy:Y ~pN(uy, 1)+ (1 = p)N(uz, Dp € [0, 1], 1, p2 € M CR.
(4.36)

3. The test of one population against two, variance unknown:

Hy:Y ~Nu,c)pe MCR,o6?2e X CcRt
Hy:Y ~pN(ui,0%) + (1 — p)N(u2, 03 p € [0, 1], (4.37)
Ui, 2 € M CR, 0?2 e X CcRT.

These problems appear in many different types of applications and, of course,
the statistical methods apply quite independent of the field generating the prob-
lem. However, to persist in biological questions considered in Section 4.4, let us
again choose genetics to show a possible meaning of case 3.

Let us consider a quantitative trait on a given population: for example, the
yield per unit surface in a plant-breeding experiment. A reasonable model consists
of assuming that such a complex trait is influenced by a large number of genes,
each with small effects. Assuming independence or almost-independence between
the effects of the different genes, a heuristic application of the central limit
theorem leads to a Gaussian distribution for the trait. That corresponds to the
null hypothesis in formula (4.37).

Suppose now that a mutation appears in the population, introducing a new
allele that alone has a nonnegligible effect on the trait. Let G be the new allelic
form and g the old one and suppose that one form is dominant: for example, G
(this means that Gg is equivalent to GG). Then the distribution of the trait in
the population considered can be modeled by the general hypothesis in formula
(4.37), with 1 — p being the frequency of individuals gg.

So, rejection of Hy is associated with the detection of the existence of a new
gene, and the purpose of the hypothesis testing is to take this decision on the
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basis of the observation of the value of the trait in a sample of the population.
Of course, if Hy is rejected, understanding the location of the gene will require,
for example, some genetic marker information and the techniques of Section 4.4.

To perform a test of the type we described in (4.35), (4.36), or (4.37), there
exist two main classical techniques:

1. A test based on moments: in a first approximation, expectation, variance,
order-three moment

2. A test based on likelihood ratio

The asymptotic distribution of the likelihood ratio test was established by
Ghosh and Sen (1985) under a strong separation hypothesis: for example,
|1 — pa| > e > 0 for model (4.36). Without this hypothesis but still assuming
that the set of the means M is compact and that the variance o' is bounded away
from zero, the asymptotic distribution has been studied by Dacunha-Castelle
and Gassiat (1997, 1999) [see also Gassiat (2002) and Azais et al., (2008) for
a simpler proof]. See also Azais et al. (2006) for further developments and a
discussion of the behavior when M is not compact or is large in some sense.

On the other hand, moment-based tests do not demand compactness assump-
tions and have invariance properties. Since the distribution of the likelihood ratio
test (LRT) is related to that of the maximum of a rather regular Gaussian process,
we use a method based on Rice formulas to address the following problems:

Is the power of the LRT test much influenced by the size of the interval(s) in
which the parameters are supposed to be?

Is it true, as generally believed but without proof, that the LRT test is more
powerful than the moment tests? Notice that Azais et al. (2006) have proven
that theoretically, the power of the LRT is smaller than the power of moment
tests when the parameter set is very large.

Our aim here is to show how Rice formulas on crossings can be used to
perform the computations required by the results below for hypothesis-testing
problems on mixtures. We are not including proofs of the asymptotic statements,
since they would lead us far away from the main subjects of this book. The
interested reader can find them in the references above.

4.5.1. Simple Mixture

Theorem 4.13 (Asymptotic Distribution of the LRT). Suppose that M is a
bounded interval that contains zero and define the local asymptotic alternative:

w=po € M, l—p=

)
ﬁ’
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for fixed o and §. Under this alternative the LRT of Hy against Hy has the
distribution of the random variable

: suA[/)l{ZZ(t)}, (4.38)

where Z(-) is a Gaussian process with mean

S(eo — 1
m(t) — M
e’ — 1
and covariance function
et —1
r(s,t) =

Ve —1y/e” — 1

Direct application of the regularity results of Chapter 1 shows that the process
Z(-) has C*°-paths on (0, +00) and (—o0, 0), but has a discontinuity at r = 0,
where it has right and left limits. Since

m(07) = —m(0") = =80, r(07,0%) = —1,

it follows that a.s. Z(0™) = —Z(0™).

We assume, for simplicity, that M = [—T,T] and set M7 := sup,c(_r 1
|Z(t)]. Then we have the following inequalities, which are analogous to (4.23).
Let

E=U0,0,TI+D_,[0, T+ D,[-T,0] + U_,[0, T].
Then

P(1Z(0)| > u) + E¢ L z0)<u) — 3EE) < P(M§ > u) < P(1Z(0)] > u)
+EELz0)<u) (4.39)

and we can use the results in Section 4.2 to compute upper and lower bounds for
P(M} > u). The critical values deduced for the test are shown in Table 4.5. This
table shows that the Rice method is very precise. It also shows that the critical
values depend heavily on the size of the interval M.

As for the power, we give some examples in Table 4.6. More examples may
be found in articles by Delmas (2001, 2003a). In the table we can see that the
power is affected by the size of M. For example, for no = 1, § = 1, the power
varies from 16 to 23%.
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TABLE 4.5. Critical Values or Thresholds for the LRT Test for a Simple
Gaussian Mixture®

Nominal Level of the Test

Size, T 1% 5% 10%

0.5 3.6368 2.1743 1.5710

1 3.9015 2.3984 1.7707-1.7713
2 4.3432-4.3438 2.7908-2.7942 2.1300-2.1378
3 4.6784-4.6798 3.1002-3.1075 2.4209-2.4350
5 5.1357-5.1384 3.5353-3.5478 2.8390-2.8635
10 5.7903-5.7940 4.1736-4.1921 3.4641-3.5013
15 6.1837-6.1879 4.5621-4.5828 3.8480-3.8908
20 6.4657-6.4703 4.8414-4.8636 4.1253-4.1712
30 6.8658-6.8705 5.2392-5.2627 4.5212-4.5698
50 7.3725-7.3774 5.7443-5.7688 5.0245-5.0758

“Upper and lower bounds are given when they differ significantly.

TABLE 4.6. Power (%) of the LRT at the 5% Level as a Function

of the Size of M and of § and "

Size, T Location, po §=1 §=3
0.5 0.25 5.79 11.84
0.5 8.31 34.89
1 0.25 5.79 11.48
0.5 8.40 34.59
1 23.73-23.74 96.62-96.63
2 0.25 5.64-5.69 10.18-10.24
1 22.93-23.09 95.99-96.19
2 100 100
3 0.25 5.49-5.57 9.17-9.28
1 20.21-20.50 94.76-95.17
1.5 74.04-75.02 100
3 100 100
5 0.25 5.31-5.44 8.02-8.20
1 16.76-17.18 92.66-93.53
1.5 68.34-69.99 99.99-100
2.5 100 100

Source: From Delmas (2003a), with permission.

“Upper and lower bounds are given when they differ significantly.

Let us now compare the LRT test with two tests based on moments:

1. The )_(,, test, which is based on the fact the mean is zero under Hj and that

under the local alternative

VX, B N 1)

as n tends to + oo.

(4.40)
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Figure 4.2.  Variation of the power of the three tests as a function of py. The power of

the X, test is represented in dashed-dotted line and that of the S,% test in dotted line. For
the power of the LRT the upper-bound is represented in dashed line and the lower-bound
in solid line (they almost coincide). From top to bottom we find the cases T =2, T =5,
and T = 10. In (a), 82 = 1 and the level is 1%; in (b), 82> = 3 and the level is 5%. (From
Delmas, 2003a, with permission.)

2. The S? test, which is based on the fact the variance is 1 under Hy and that
under the local alternative

n D S;L%
—(S,f—l)—>N — 1 as n tends to + o0.
5 ()

Since the S? test has a one-sided rejection region while the X,, test has a
two-sided rejection region, it is not straightforward to see which of the two tests
is more powerful. Moreover, the answer depends on the level. A general fact is
that for large po, the S? test is more powerful. Comparisons of the three tests
are presented in Figure 4.2.

The main point, which can be seen on Figure 4.2, is that the likelihood ratio
test is not uniformly most powerful . Figure 4.2a is rather typical in the sense that
the situations for which the LRT is not optimal (e.g., T = 10, uy = 1) correspond
to very small power. They are actually uninteresting. Figure 4.2b corresponds to
a deliberate choice of a situation where the LRT behaves badly. For example,
for o = 0.6 and T = 10 the lack of power of the LRT compared to that for the
X, test is important.

(4.41)

4.5.2. One Population Against Two, 2 Known

Theorem 4.14 (Asymptotic Distribution of the LRT). Suppose that M is a
bounded interval that will now be chosen of the form M = [0, T]. We define the
local asymptotic alternative in model by means of (4.36):
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82 o
1—p:ﬁ, MI—MOZE, M2 = 2,0 # po € (0, T)

for fixed o, 2.0, and 8.
Then, under this alternative, the LRT of Hy against H| has the limit distribution

given by (4.36), where Z(-) is now a Gaussian process with mean

82 (eWomr20 (o= — 1 — (o — pa,0) (o — 1))
Verom? — 1 — (ug —1)?

m(t) =

and covariance function

TR0 ] — (s — po)(t — po)
Ve 1= (s — uo)2y/e@=m0” =1 — (1 — po)?

r(s, 1) =

One should notice that these functions are of class C*° and so are the sample
paths of the process. As a consequence, the Rice method applies directly. But a
new problem arises since the null hypothesis is composite (it consists of more
than one distribution) and the distribution of the LRT statistic under H is not
free from the parameter /4o, which is unknown in practical applications. Table 4.7
illustrates the variation of the threshold as a function of g and 7. We can clearly
see in Table 4.7 that the value taken by py does not matter very much. So the
LRT can be used in practical situations. As in Section 4.5.1, Figure 4.3 compares
the power of the LRT test with the S2 test, based on the fact that the variance
is 1 under Hy. Of course, the X, test cannot be performed since the expectation
is not yet fixed under Hy. We observe roughly the same phenomenon as in the
case of the simple mixture problem.

4.5.3. One Population Against Two, 2 Unknown

Theorem 4.15 (Asymptotic Distribution of the LRT). Suppose that M is a
bounded interval and that ¥ = [S1, $2],0 < S| < $7 < +00 and define the local
asymptotic alternative in model (4.37):

52 o 2 2 ,8
l_p:ﬁ’ m—m):ﬁ, 0—00=ﬁ, M2 = [L2,0 # Ko

for fixed o, (2.0, o, B, and . Then under this alternative the LRT of Hy against
H\ has the limit distribution given by (4.38), where Z(-) is now a Gaussian process.
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Variation of the power of the LRT and the S,f test (at the level 1%) as

a function of uy 0 — ro. The power of the Sg test is represented in dotted line for the
S,% test. For the power of the LRT the upper-bound is represented in dashed line and the
lower-bound in solid line. From top to bottom we find the cases T =4, T = 10, and T'15.
In (a), 82 = 1 and on (b), 8> = 3. Some lines are superposed because the upper-bound and
the lower-bound are numerically equal. The difference between upper- and lower-bound
is due to both the inequality (4.23) and to the variation of the nuisance parameter pg
inside M. (From Delmas, 2003a, with permission.)

Define
=
00

Vv

and

S, y) i=explxy) =1 —xy —

Z(t) has expectation

and covariance function

V/ —

r(s,t) =

m(r) = 8>

s — I4o

00

H2,0 — Mo
V)= —"""

00

x22

2

(v, vo)

S, v)

G

VIOV FO)

The process Z(-) of Theorem 4.15 is, in fact, a random function of

v i= (1 = o) /00:

Z(t)=T(

I—M())

0o

(4.42)
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TABLE 4.7. Variation of the Threshold of the Test as a Function of the Level, the
Size T of the Interval, and the Position p(*

Level of the Test

Size, T Position, o 1% 5% 10%

1 0.5 3.1524 1.6925 1.0991
0.25 3.1561 1.6956 1.1018
0+ 3.1676 1.7049 1.1097

2 1 3.4921-3.4924 1.9779-1.9782 1.3487-1.3490
0.5 3.5137-3.5139 1.9967-1.9970 1.3658—-1.3661
0 3.5712 2.0475-2.0477 1.4120-1.4121

4 2 4.0424-4.0439 2.4733-2.4772 1.8048-1.8106
1 4.0904-4.0915 2.5189-2.5220 1.8486—-1.8532
0+ 4.1876-4.1884 2.6108-2.6141 1.9362-1.9420

6 3 4.4663-4.4688 2.8738-2.8826 2.1869-2.2018
1.5 4.4863-4.4882 2.8934-2.9009 2.2059-2.2194
0+ 4.5756-4.5776 2.9797-2.9879 2.2897-2.3048

10 5 5.0092-5.0126 3.3994-3.4137 2.6975-2.7252
2.5 5.0100-5.0132 3.4001-3.4142 2.6981-2.7254
0+ 5.0746-5.0778 3.4636-3.4779 2.7608-2.7886

“Upper and lower bounds are given when they differ significantly.

TABLE 4.8. Upper Bound for the Threshold of the LRT
Test as a Function of the Level and of the Set of
Parameter After the Change of Variable (4.42)

Level of the Test

v 1% 5% 10%

[-2;2] 4.1533 2.6209 1.9755
[-5:5] 5.0390 3.4514 2.7688
[-8;8] 5.5168 3.9183 3.2296
[-1;3] 4.2076 2.6687 2.0180
[-2.5;7.5] 5.0413 3.4532 27707
[-4;12] 5.5168 3.9183 3.2296
[0;4] 4.3092 2.7594 2.1002
[0;10] 5.1242 3.5330 2.8477
[0;16] 5.5708 3.9714 3.2814

and the process T(-) satisfies a.s. T(07) = —T(0"), as we found in the
simple mixture model. The method based on crossings can be applied in much
the same manner. Table 4.8 displays the variation of the threshold as a function
of the level and of the size of the parameter set v = (¢t — g)/0o.

The intervals of variation for the parameter v that are displayed in Table 4.8
correspond, for example, to t € M = [5, 15] and several values of oy and .
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Figure 4.4. Variation of the power of the LRT and moment test at the level 10% as a
function of v = % The power of the moment test is represented in dashed-dotted line.
For the LRT upper-bound, in dotted line, corresponds to the best choice of the nuisance
parameter (to/op and the lower-bound, in solid line, corresponds to the worst choice.
(From Delmas, 2003a, with permission.)

The table is divided into three “great rows,” corresponding to po = 10,7, and
5. Each great row is divided into three rows, corresponding to o9 = 5/2, 1, and
5/8.

The threshold now depends heavily on the form of the null hypothesis. If
we know that (g, 0p) are close to some prior value, we can take the threshold
corresponding to this prior value. In the others cases, a classical choice is to take
the highest value of the threshold. This in general leads to an important loss of
power. Another possibility would be to perform a “plug-in,” that is, to take for
o and 002 the values computed from an empirical estimation. The behavior of
such a procedure does not seem to have been studied yet.

In this paragraph the LRT is compared with a moment test based on the
difference between the rough estimator of variance S> and a robust estimator
(Caussinus and Ruiz, 1995). Figure 4.4 displays the powers of the two tests.

Summing up, for the last two models, the distribution of the LRT is not free
under Hj, since it depends on the position of the true mean po with respect
of the interval in which the means are supposed to be. When o2 is known,
this dependence is not heavy, so that LRT can be performed in practice without
introducing a prior value or an estimation for po. The situation is more complex
when ¢ is unknown. In any case, LRT appears to be nonuniformly optimal, but
in most relevant situations more powerful, than moment tests. It remains the best
choice in practice.
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EXERCISES

4.1.

4.2

€z

(Exact formula for the distribution of My for the sine—cosine process)
This is the simplest periodic Gaussian process. Let the stochastic process
X ={X(t) : t € R} be defined as

X(t) ==& coswt + & sin wt,

where & and &, are two independent standard normal random variables and
w is a real number, w # 0.

(a) Show that we can write the process X as
X(t) = Z cos (wft + 9,3) ;

where Z and 6 are independent random variables having, respectively,
the distributions square root of a X22 for Z and uniform on [0, 277 ] for 6.

(b) Show that the covariance of X is r(s,t) = I'(t — s5) = cos(w(t — s)),
and its spectral measure is %(80) + 6_,), where §, denotes the unit atom
at point x. Prove that for u > 0:

T
ForT <X PMp>ul=1—®W) +—e 2 (443)
w 27

27[ —M2/2
ForT > % : PMy>ul=e 2 =P{|Z|>u) (444

w

2 T
For L <T <. PMyp>u)=1—0@) +-—e2 (445

w w 2
Tw —yF | u® (1 — cos(1))
— SoXEeXp| - ———— dt.
x 27 sin” ¢
(4.46)

Let {X(¢) : t € R} be a centered stationary Gaussian process having covari-
ance function I'(t —s) = E(X(s)X (?)), normalized by I'(0) = 1. Assume
that T satisfies hypothesis (4#7) in Proposition 4.2 and denote, as usual,
Ay = —TI7(0), the second spectral moment{Let ¢ = inf{t > 0: '(¢) = 1}.
Exclude the trivial case in which A, = 0. Let M7 = max;¢(o,1]

(a) Prove that T > 0.

(b) Show that
PX(t)=X(@+rt)forallt eR)=1

J\/W/vw HAu\” t*%:-CCE)P'fj N m@\‘

/%M%%?%

phy
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(i.e., the paths are a.s. periodic functions having period 7).
(¢) Prove that if T < 7, the conclusion of Proposition 4.2 holds true.
(d) Let T > t. Prove that as u — 400,

A
P(Mr >u) =1,/ ﬁd)(u) + O (¢ (u(1 +6)))

for some § > 0.

Hint: Prove and use the following equalities: My = M, and P(M; > u) =
P(X(t) > u forall t € [0, t]) + P(U,(X, [0, ]) > 1).

Suppose that f;, is a sequence of functions in D that converges to f for the
Skorohod topology. Prove that if f is continuous, then in fact the conver-
gence holds true for the uniform distance.

Let {Z,},=1..... be a sequence of random variables with values in the space
D. Assume that Z, = 0 as n — +00 (which means that the distribution
of Z, tends to the unit measure at the identically zero function). Then, for
each ¢ > 0,

t€(0,1]

P( sup |Z, ()| > s) -0

as n — +o00; that is, sup,¢[o 17 1Z»(#)| tends to zero in probability.

Prove relations (4.40) and (4.41). Hint: Use the central limit theorem under
Lindeberg’s condition.

Consider the function I' : R — R™, defined as I'(t) = exp(—|t])..

(a) Show that I' is the covariance of a stationary centered Gaussian process
{X () : t € R} (the Ornstein—Uhlenbeck process)

(b) Compute the spectral density of the process.
(¢) Study the Holder properties of the paths.

(d) Show that the process is Markovian, that is, if tj <t <--- <1, k a
positive integer k > 2, then

P(X (1) € B|X(t1) = x1, ..., X(tx—1) = Xx—1)
=P (X () € B|X (te-1) = x—1)

for any Borel set B and any choice of xi, ..., x;_;. (The conditional
probability is to be interpreted in the sense of Gaussian regression.)
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(e) Let {W(¢) : t > 0} be a Wiener process. Show that
X (t) = exp(—1)W(exp(2t)) telR

is an Ornstein—Uhlenbeck process.

4.7. Prove the statements about the properties of the process {Z(¢) : t € R\ {0}}
in Section 4.5.1.



CHAPTER 5

THE RICE SERIES

Let ¥ ={X () :t € [0, T]} be a one-parameter stochastic process with real val-
ues and let us denote by M7 :=sup,.y X () its supremum. In this chapter we
continue to study the distribution of the random variable M7, that is, the function
Fyp(u) :=P(Mr <u), u € R, and we express this distribution by means of a
series (the Rice series) whose terms contain the factorial moments of the number
of up-crossings. The underlying ideas have been known for a long time (Rice,
1944, 1945; Slepian, 1962; Miroshin, 1974). The results in this chapter are taken
from Azais and Wschebor (2002). We have included some numerical computa-
tions that have been performed with the help of A. Croquette and C. Delmas.
The main result in this chapter is to prove the convergence of the Rice series in
a general framework instead of considering only some particular processes. This
provides a method that can be applied to a large class of stochastic processes.

A typical situation given by Theorem 5.6 states that if a stationary Gaussian
process has a covariance with a Taylor expansion at zero that is absolutely con-
vergent at t = 2T, then Fj, (1) can be computed by means of the Rice series.
On the other hand, even though Theorems 5.1 and 5.7 do not refer specifically
to Gaussian processes, for the time being we are able in practice to apply them
to the numerical computation of Fjs, (1) only in Gaussian cases.

Section 5.3 includes a comparison of the complexities of the computation of
Fu, (1) using the Rice series versus the Monte Carlo method, in the case of a
general class of stationary Gaussian processes. It shows that use of the Rice series
is a priori better. More important is the fact that the Rice series is self-controlling
for numerical errors. This implies that the a posteriori number of computations

Level Sets and Extrema of Random Processes and Fields, By Jean-Marc Azais and Mario Wschebor
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can be much smaller than the number required in simulation. In fact, in relevant
cases for standard bounds for the error, the actual computation is performed with
a few terms of the Rice series.

As examples we give tables for Fy, (1) for a number of Gaussian processes.
When the length of the interval 7' increases, one needs an increasing number of
terms in the Rice series so as not to surpass a given bound for the error. For
small values of 7 and large values of the level u, one can use Davies bound
(4.2) or, more accurately, the first term in the Rice series, which is, in fact, the
upper bound in inequality (4.15).

As T increases, for moderate values of u the Davies bound is far from the true
value, and one requires the computation of several terms (see Figures 5.1 to 5.4).
Numerical results are shown in the case of four Gaussian stationary processes
for which no closed formula is known. The same examples are considered in
Chapter 9 in relation to the record method.

One of the key points is the numerical computation of the factorial moments
of up-crossings by means of Rice integral formulas. The main difficulty is the
precise description of the behavior of the integrands appearing in these formulas
near the diagonal, which is again a subject that is interesting on its own (see
Belayev, 1966; Cuzick, 1975). Even though this is an old subject, it remains
widely open. In Section 5.2 we give some partial answers that are helpful in
improving the numerical methods and also have some theoretical interest.

The extension to processes with nonsmooth trajectories can be done by
smoothing the paths by means of a deterministic device, applying the previous
methods to the regularized process and estimating the error as a function of the
smoothing bandwidth. Section 5.4 describes these type of results, which have
been included even though they do not seem to have at present practical uses
for actual computation of the distribution of the maximum.

5.1. THE RICE SERIES

We recall the following notation:

e U, =U,(X,[0,T]) is the number of up-crossings of the level u by the
function X (-) on the interval [0, T].

o Uy = EUM iy 0)<u))(m = 1,2,...).
I E(ULE’”])(m =1,2,...).

"V is the factorial moment of the number of up-crossings when starting below
u at = 0. The Rice formula to compute V,,, whenever it holds true, is the
following:

T)‘m=/ dt; -+ -dty,
6/,“ [0,T]"

/u E(X’+(t1) e X/+(tm)iX(0) XE) == X(ty) =u) -

—00

DX(0),X(11)s, X (1) (X Uy ooy u) dX.
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This section contains two principal results. The first is Theorem 5.1, which
requires that the process have C*°-paths and contain a general condition making
it possible to compute Fy, (1) as the sum of a series. The second is Theorem
5.6, which illustrates the same situation for Gaussian stationary processes. As for
Theorem 5.7, it contains upper and lower bounds on Fy,. (1) for processes with
CK-paths, verifying some additional conditions.

Theorem 5.1. Assume that a.s. the paths of the stochastic process X are of class
C® and that the density px; ,(-) is bounded by some constant D.
(i) If there exists a sequence of positive numbers {ci}y—; ... such that

Dck

v =P (IX* Vo = T~ V) 4 Ny R 275 (k — o0),
(5.1)
then
> v
1= Fyp () =P (X(0) >u) + Y _ (=1)""! m—’”' (5.2)

m=1

(ii) In formula (5.2) the error when one replaces the infinite sum by its moth
partial sum is bounded by y,::O 41> Where

Y i= sup (2k+lyk) .

k>m
We call the series on the right-hand side of (5.2) the Rice series. For the
proof we will assume, with no loss of generality, that 7 = 1. We start with the

following lemma on the remainder for polynomial interpolation (Davis, 1975,
Theorem 3.1.1). It is a standard tool in numerical analysis.

Lemma 5.2
@) Let f : I — R, I =][0, 1] be a function of class C¥, k a positive integer,
t, ..., I, k points in I, and let P(t) be the (unique) interpolation polynomial of

degreek — 1 suchthat f(t;) = P(t;) fori = 1, ..., k, taking into account possible
multiplicities. Then, fort € I,

! k)
FO =P = =) =) fPE),

where
min(ty, ..., f,t) < & <max(ty,..., I, ).

() If f is of class C* and has k zeros in I (taking into account possible
multiplicities), then

1
1f(1/2)] < Mnf(")uoo.
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Proof. Fixt e l,t #1,...,1 and define

. w—1)... (v—1)
FO) = f() = P0) = o — S = S [f0) - PO)].

Clearly, F has at least the k + 1 zeros 14, ..., t, t, so that by Rolle’s theorem,
there exists &, min(¢y, ..., &, t) < & <max(t, ..., t, t) such that F® (&) =0.
This gives part (a). Part (b) is a simple consequence of (a), since in this case the
interpolating polynomial vanishes. O

The next combinatorial lemma plays the central role in what follows. A proof
is given in Lindgren (1972) similar to the one we include here.

Lemma 5.3. Let & be a nonnegative integer-valued random variable having
finite moments of all orders. Let k,m, M(k > 0,m > 1, M > 1) be integers and
denote

M
p:=PE =k, pn:=EE"M),  Sy:= Z(_l)nﬁl%‘

m=1
Then:
(1) For each M:
2M 00
SzMSZPkSZPkSSZM-H—f 2 -4 (53)
k=1 k=1

has a finite limit if and only if p,,/m! — 0 as

yeee

(i1) The sequence {Spy}pm=12
m — 0o, and in that case,

_ - _ . _ m+1&
P(ézl)-k;pk—Z( = (5.4)

m=1

Proof. Part (ii) is an immediate consequence of (i). As for (i), denote by (:1 ) the
binomial numbers and write

M o0 00
Su=y (=Y (Z)pk =Y pBew (5.5)
m k=m k=1

=1
with

kAM

k
Bey =Y _ (=" <m> (5.6)

m=1

It is clear that By py =1 if k < M.
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If k > M, we have two cases:

1. k > 2M. Note that (r]fz) increases with m if 1 <m <k/2. It follows
that By y >k if M is odd and By gy < —k/2 if M is even, since

Biw < (}) — (§) = —k/2, given that k > 2M > 4.

2. M <k <2M. Check that in this case

k—M—1

k
Bey =1+ (=D > (= (h) =1+ D" Brsp—1 — 1)

h=0
with the convention By g = 0.
Since k >2(k — M — 1), if 0<k — M — 1 <k, we can apply the first case
and it turns out that
k—M—1 odd = Bik—m—-1 > k
k— M —1even = Bk,kaf] < —k/2.
Finally, if k = M + 1, By ;s = 2 when M is odd and By y = 0 if M is even.

Summing up the two cases, if k > M, we have By > 1 if M is odd and
Bi.m < 01if M is even, so that from

M 00
Su = ZPk + Z PkBim,
k=1 k=M+1

one gets (i). This proves the lemma. U

Remark. A by-product of Lemma 5.3 that will be used in the sequel is the
following: If in (5.4) one substitutes the infinite sum by the M-partial sum, the
absolute value pp41/(M + 1)! of the first neglected term is an upper bound for
the error in the computation of P(§ > 1).

Lemma 5.4. With the same notations as in Lemma 5.3, we have the equality

o0

EEM) = m Z(k —DmUpE >k m=1,2,....

k=m

Proof. Check the identity

i1
j[MJ —m Z (k)lm—1

k=m—1
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for each pair of integers j and m. So

00 00 J
BE™) = 3 P = j) = YO PE = jim Yk — i

j=m j=m k=m

—m Z(k — Dm=1pE > k).
k=m

O

Lemma 5.5. Suppose that a.s. the paths of the process X are of class C* and
that the density px, () is bounded by the constant D. Then for any sequence
{ck}k=1.2... of positive numbers, one has

o0

m m— _ DCk
E(U)™) <m Y "k — pm=1! [P (X Voo 2 ) + e — 1)!} :

(5.7)

k=m

Proof. Because of Lemma 5.4, it is enough to prove that P(U, > k) is bounded
by the expression in brackets on the right-hand side of (5.7). We have

P(U, > k) < P(IX®* Vo > 1) +P(U, = k, | XH V0o < cp).
Because of Rolle’s theorem,

Applying Lemma 5.2 to the function X (-) — u and replacing k in its statement
by 2k — 1, we obtain

(2k—1) Ck
U =k IXH* V) <) {|X1/2 —ul < m}

The remainder follows easily. (]

Proof of Theorem 5.1. Using Lemma 5.5 and the hypothesis, we obtain

V| ik[m] *9—(k+1) y"tz—(m-&-l) A" *
m! ~ m! &~ Vi ~ m! 1—x P =

Since vy, < v, we can apply Lemma 5.3 to the random variable & = U, 1{x,<u}
and the result follows from y," — 0. U

One can replace condition “py(7,2)(x) < D for all x” by “pxr/2)(x) < D for
x in some neighborhood of u.” In this case, the statement of Theorem 5.1 holds
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if in (ii) one adds that the error is bounded by y,;lko 4 for mg large enough. The
proof is similar.

Also, one can substitute the one-dimensional density pxr2))(-) by px) (-
for some other ¢ € [0, T], introducing into the bounds the corresponding modifi-
cations.

The application of Theorem 5.1 requires an adequate choice of the sequence
{ck, k =1,2,...}, which depends on the available description of the process

Y. X. The entire procedure will have some practical interest for the computation
of P(M > u) only if we get appropriate bounds for the quantities y,; and the
factorial moments 7V, can actually be computed by means of Rice formulas (or
by some other procedure). The next theorem shows how this can be done in the
case of a general class of Gaussian stationary processes.

Theorem 5.6. Let X = {X (¢) : t € R} be Gaussian centered and stationary, with
covariance T" normalized by T'(0) = 1. Assume that " has a Taylor expansion
at the origin which is absolutely convergent at t = 2T. Then the conclusion of
Theorem 5.1 holds true, so that the Rice series converges and Fy.(u) can be
computed by means of (5.2).

Proof. Again we assume, with no loss of generality, that 7 = 1. Notice that the
hypothesis implies that the spectral moments A; exist and are finite for every
k=0,1,2,.... We will obtain the result assuming that

Hy: Ay < Cl(k!)z.

It is easy to verify that if I" has a Taylor expansion at zero that is absolutely
convergent at t = 2, then H; holds true. (In fact, both conditions are only slightly
different, since H; implies that the Taylor expansion of I" at zero is absolutely
convergent in ) Let us check that the hypotheses of Theorem 5.1 are
satisfied. First, px(2)(x) < D = (2m)~1/2. Second, let us show a sequence {cy}
that satisfies (5.1). We have

P(IX* V) = 1) < PUXHD0)] > ) + 2P0, (XD D) > 1) (5.8)

< P(Z| = cx2}3) + 2E(U,, (XD 1),

where Z is standard normal. One easily checks that {X®*~D():r e R} is a
Gaussian stationary centered process with covariance function —I'*=2)(.). So
we can use a Rice formula for the expectation of the number of up-crossings
of a Gaussian stationary centered process to compute the second term on the
right-hand side of (5.8).

Using the inequality 1 — ®(x) < (1/x)¢(x) valid for x > 0, one gets

1/2 1/2 2
2 Ay A c
POIX D > c) < ,/—Mﬂl/n)( “k) exp ().
T Ck Adk—2 242

{}bj«%)
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Choose
172 . )‘-4/(
(B1kAgk—2) if < Bik
Adk—2
C = 3
()2 it =% S Bk
Adk—2

Using hypothesis (H;), if By > 1, we obtain

2 1
POIX D > ) < [V S Bk 2} Bk,
T T

Finally, choosing B := 4 log(2) yields

2
Ve <\ =427+ Dk27* k=12,
T

so that (5.1) is satisfied. As a by-product, notice that

8
vi<J=+2C”+1m2"  m=12,.... (5.10)
T
O

Remark. For Gaussian processes, if one is willing to use Rice formulas to
compute the factorial moments v, it is enough to verify that the distribution
of X(0), X(#1), ..., X(t,) is nondegenerate for any choice of nonzero distinct
t1,...,ty € 1. For stationary Gaussian processes, a simple sufficient condition
of nondegeneracy on the spectral measure was given in Chapter 3 (see Exercises
3.4 and 3.5).

If instead of requiring the paths of the process &X' to be of class C*°, one
relaxes this condition up to a certain order of differentiability, one can still get
upper and lower bounds for P(M > u), as stated in the next theorem.

Theorem 5.7. Let X = {X(¢) : t € I} be a real-valued stochastic process. Sup-
pose that px)(x) is bounded for t € I, x € R and that the paths of X are of class
CP*!. Then

2K+1 ~

if 2K+1<p/2: PM>u) <PX(0)>u)+ Z(_Dmﬂvﬂ
ot m!
and
2K o
if 2K <p/2: P(M>u)ZP(X(O)>u)+Z(_1)’"+1ﬂ_
et m!

Notice that all the moments in the formulas above are finite.
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The proof is a straightforward application of Lemma 5.3 and Theorem 3.6.
When the level u is high, a first approximation is given by Proposition 4.1, which
shows that only the first term in the Rice series takes part in the equivalent of
1 — Fyp(u) as u — +o0.

5.2. COMPUTATION OF MOMENTS

An efficient numerical computation of the factorial moments of crossings is asso-
ciated with a fine description of the behavior as the k-tuple (1, . . ., ;) approaches
the diagonal Dy (1) of the integrands

AF ) = E(X’+(t1) XX ) == X (1) = u)
X PX (1) X () Uy -y 1)
A ) :/M (X" X[ X(0) =, X (1) = -+ = X () = u)
—0
DX (0),X (1)), X (1) (X, Uy ooy u) dX. (5.11)
We recall that Atf ..... o, ..., u) and X;Ytk (u,...,u) appear, respectively, in

Rice formulas for the kth factorial moment of up-crossings and the kth factorial
moment of up-crossings with the additional condition that X (0) < u.

If the process is Gaussian stationary and satisfies a certain number of regularity
conditions, we have seen in Proposition 4.5 that

3/2

1 dahe — A3 1 2

AT (u,u) ~ (2 = 23) exp(—=—"2 )t —s9)*  (5.12)
* 1296 (3, —22)' 722 204 — 23

ast —s — 0.
Equation (5.12) can be extended to nonstationary Gaussian processes, obtain-
ing an equivalence of the form

Al )y~ TG — )" ass,t—T, (5.13)

where J (1) is a continuous nonzero function of 7 depending on u, which can be
expressed in terms of the mean and covariance functions of the process and its
derivatives. We give a proof of an equivalence of the form (5.13) in the next
proposition.

One can profit from this equivalence to improve the numerical methods to
compute v, [the second factorial moment of the number of up-crossings with
the restriction X (0) < u]. Equivalence formulas such as (5.12) or (5.13) can be
used to avoid numerical degeneracies near the diagonal D, (/). Notice that even
in case the process X is stationary at the departure, under conditioning on X (0),
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the process that must be taken into account in the computation of the factorial
moments of up-crossings for the Rice series (5.2) will be nonstationary, so that
equivalence (5.13) is the appropriate tool for our main purpose here.

Proposition 5.8. Suppose that X is a Gaussian process with C>-paths and that
for each t € I the joint distribution of X (), X'(t), X® (), and X®(t) does not
degenerate. Then (5.13) holds true.

Proof. We give the general scheme of the proof and leave the detailed com-
putations to the reader. Denote by & = (2) a two-dimensional random vector

having as probability distribution the conditional distribution of (i;g;) given
X(s) = X(t) = u. One has
AT (u,u) =E (678 pxioy.xo (u, u). (5.14)

Set T =t — s and check the following Taylor expansions around point s:

E (&) = mit +mat* + Li7° (5.15)
E(&) = —mit +mht? + Lo7’ (5.16)
b+ b
at? + bt 4+ ctt + ,01115 —at? — —; 3+ drt + p12r5
Var (3;_) = b+ b s
—at? — dtt 4 ppt®  at? 4+ b4t + ptd

(5.17)

where my, my, mj, a, b, ¢, d, a’, b', ¢’ are continuous functions of s, and L,
Ly, p11, p12, p22 are bounded functions of s and f. Equations (5.15), (5.16),

and (5.17) follow directly from the regression formulas of the pair (f{,g;) on the
condition X (s) = X (t) = u.
Notice that (as in Belayev, 1966, or Azais and Wschebor, 2002)
det[Var(X (s), X (1), X'(s))"]
Var(é)) = -
det[Var(X (s), X (t))"]
_ det[Var(X(s), X'(s), X (1) — X (s) — (1 —5)X(5))"]
N det[Var(X (s), X (1) — X (s))T]
Direct computation gives
det[Var(X (s), X (1))7] ~ 7% det[Var(X (s), X'(s))"]
1 det[Var(X (s), X'(s), XD (s))T
Var) ~ + et[Var(X (s), X'(s) (s)) ]TZ’ (5.18)

4 det[Var(X (s), X'(s)T]
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where &~ denotes equivalence as T — 0. So

_ 1det[Var(X (s), X'(s), X?(s))"]
T4 det[Var(X(s), X'(s)T]

k]

which is a continuous nonvanishing function for s € /. Notice that the coefficient
of 3 in the Taylor expansion of Cov(£;, &) is equal to — (b 4 b') /2. This follows
either by direct computation or by taking into account the fact that det[Var(§)]
is a symmetric function of the pair s, 7. Set

A(s, t) = det[Var(§)].
The behavior of A(s, ) as s, — 7 can be obtained from

det [Var(X (s), X (1), X'(s), X'(t))"]

A(s, 1) = det[Var(X (s), X (1))T]

by applying the more general Proposition 5.9, which provides an equivalent for
the numerator [or use Lemma 4.3, p. 76 in Piterbarg (1996a), which is sufficient
in the present case]. We get

A(s, 1) ~ A0, (5.19)
where - - ~ ~ r
< L det [Var(X (), Xu(1), X @ (1), XD (@)"] X
0= 144 det[Var(X (7), X' (1)T]

The nondegeneracy hypothesis implies that A(7) is continuous and nonzero. One
has

ety 1 /-+M/+m |:_ 1 i|
BES) = o™, L O Taag e 4y,
(5.20)

where

F(x,y) = Var(£&) (x — E(&1))* + Var(£))(y — E(£))*
—2Cov(é1, £)(x — EEN)(y — E(&)).

Substituting the expansions (5.15), (5.16), and (5.17) in the integrand of (5.20)
and making the change of variables x = 720, y = 2w, we get, as s, — 7

ot ) +oo  p+oo 1
E(gl 1) ) ~ W/O /0 vw exp |:—2Z(?)F(v, w)] dvdw.

(5.21)
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A(f) can also be expressed in terms of the functions a, b, c,d,a’, b, c:

. b—b\*
A():ac/+ca/+2ad—( 5 )
and
f(v,w)=a(v—m2+w—m’2)2+m%(c+c’+2d)
—my(b —b)(v+w —my —m)).

The functions a, b, ¢, d,b’, ¢’,my, my which appear in these formulas are all
evaluated at point 7. Substituting (5.21) and (5.18) into (5.14), one gets (5.13).

O
For k > 3, the general behavior of the functions Z,l, o te(u, ..., u) and
AZ .... n@,...,u) when (f;,...,%) approaches the diagonal is not known.

Even though Proposition 5.10 below contains some restrictions [it requires that
E(X(t)) = 0 and u = 0], it can be used to improve efficiency in the computation
of the kth factorial moments by means of a Monte Carlo method through the
use of importance sampling. More precisely, this proposition can be used when
computing the integral of A,Jlr’m,tk (u,...,u) over I* in the following way:
Instead of choosing at random the point (¢, f,, ..., #) in the cube [ k with a
uniform distribution, we should do it with a probability law having a density
proportional to the function [T, _;_ i<k (t = t,-)4. For the proof of Proposition
5.10 we will use the following auxiliary proposition, which has its own interest.

Proposition 5.9. Let X = {X(t) : t € I} be a Gaussian process defined on the
compact interval I of the real line, k an integer k > 2, and ty, ..., t, € 1. When
the paths of the process X are of class C!, we denote

Di(6) = det[Var (X (0, X'(), ... X" (0))"].

(i) If the paths of process X are of class C*~V and t,, t», ..., tp — t*, then

det [Var(X (t1), X (1), ... X(t:)"]

1 ) .
N oo nm | 1L G | D). (5.22)
2! (k= DI I<i<j<k
(ii) If the paths of X are of class C*~' and t, ta, . .., ty — t*, then

A = det [Var(X (), X' (1), ..., X (1), X ()]

1 r— 8 *
R~ (tj — ;) |Dog—1(£7). (5.23)
[2!-30.-- (2k — 1)!]2\555k J



COMPUTATION OF MOMENTS 145

Proof. We prove (ii). The proof of (i) can be done along the same lines as that
of (ii). It is, in fact, simpler and is left to the reader.

With no loss of generality, we may assume that #1,f, ..., #; are pairwise
different. Suppose that f : I — R is a function of class C*"~ !, 1 <m < k. We
use the following notation for interpolating polynomials: P, (¢; f) is a polynomial
of degree 2m — 1 such that

Pulty )= fap and P )= f'a) forj=1.....m.
Q. (t; f) is a polynomial of degree 2m — 2 such that

On(tjs f)=f(t;) forj=1,....m,
Q.. f)=f'@t;) forj=1,....m—1.

¥
From Lemma 5.2 we know that
1
@) = Pu(t: f) = t—0)" (= 1) O (&) (5.24)
(2m)!

1
F) = Oult; f) = ————( —11)* - (t — ty_1)*(t — 1) f®" D),
2m —1)!
(5.25)

1y

where

%‘:%-(t19t29'-'9tmat)anZn(t17t27-'-ytm’t)
min(tl, , ..., Ly, l) < %‘, n=< max(tl, h,...,ly, l).
The function

@m = D![f(0) = On(t; £)]

(t—11)2 - (t = ty—1)?(t — 1)

is differentiable at the point t = ¢,,, and differentiating in (5.25) yields

gy = fP VDt 12y ooty 1) =

/ 1 1 2 2
S m) — Qp(tms ) = (7(% — 1)t — tw—1)

2m — 1)!
X fOM Dty oy - s ) (5.26)
Set
Sm = E(tl’ t27 ey tm’ tm)9 nm = 7)(1‘1, t27 ceey tmv tm)-

Since P, (t; f) is a linear functional of

(f@D. s [, [/, f ()
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and Q,,(t; f) is a linear functional of
(f(tl)a LA ] f(tm), f/(tl)a AR ] f/(tm—l))

with coefficients depending (in both cases) only on f, 5, ..., t,, t, it follows
that

A = det [Var(X (1), X' (1), X (&) = Pi(03 X), X' (&) = Qh(t2, X). ...
X (1) = Pet (0 X0, X (1) = 04t X)) |
= det [Var(X(n), X' (1), %(Iz — 1)’ XD &), %(lz —1)’XP (). ...,

1
(= 1) (i — 1) XD (),

2k —2)!
1
m(tk — 1)t — tk—l)2X(2k71)(nk—l))T]
A
TR Qk— DI [T &=’

I<i<j<k
with
R = det [Var(X (), X'(1), XP (&), XOna), ..., XF D gy,
XED ()] = det[Var(X (), X', ..., XD )]
= Dy—1(t")
as ty, t, ..., ty — t*. This proves (5.23). O
Proposition 5.10. Suppose that X is a centered Gaussian process with
C**~'_paths and that for each pairwise distinct values of the parameter

t, ta, ...ty € I, the joint distribution of (X (t,), X'(t3), ..., XD, h =1,
2,...,k) is nondegenerate. Then, as t|, tp, ..., t; — %,

AF L0 0~ @y [T @ -t

I<i<j<k
where Ji(t) is a continuous nonzero function of t.

Proof. For k distinct values 1,1, ..., 1, let Z=(Z;,...,Z)T be a random
vector having the conditional distribution of (X'(r1),..., X (t:))T given
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X(t) = X(r) =--- = X(f) = 0. The (Gaussian) distribution of Z is centered
and we denote its covariance matrix by X. Also set

-1 _ 1 ij
- det(E) (G )i,j:l,.“,k ’

o'/ being the cofactor of the position (i, j) in the matrix . Then one can write

Ay 0 0 =E(Z] ... ZD)pxa)...x (0. .. 0) (5.27)
and
Af O )= [ e
Q) (det(E) Jipey
X exp (—%@?) dxy -+ -dxg, (5.28)
where

k
F(xi,...,xx) = Z Uijxl-xj.
ij=1

Letting t1, o, ..., ty — t* and using (5.23) and (5.22), we get

det[Var(X (t1), X'(t1), ..., X (tx), X' () "]

det(X) = det[Var(X (1)), ..., X (1)T]

~ 1 6| D=1 (@)
[k!-- 2k — 1! [T &= Dy_1(1%)

1<i<j<k

We now consider the behavior of the o'/ (i, j =1, ..., k). Let us first look at
o!'!. Using the same method as above, now applied to the cofactor of the position
(1, 1) in X, one has

_det [Var(X (1), X(02), ... X(t0). X'(). ... X' (8))"]
= det[Var(X (11), - .., X (t0)T]

2t @k = D072 eyt — 0 [Tasneits — 0)*] D 2(%)
2t k= DU [Tzt — 2] Decr ()

O.ll

o

=k k=202 ] -0 || JT & —w? Do ()

—.
2<i<j<k 2<h<k Di—1 (%)

A similar computation holds for o/, i =2, ... k.
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Now consider o '2. One has

det [E{(X(11), X(12), ... X (1), X'(12), ..., X't )" (X (11),
o X(0), ... X0, X' (1), X'(13) ..., X' (1) }]
det[Var(X (11), ..., X (1tx))T]
det [E {(X (1), X'(12), ..., X (tr), X (), X (1) (X (t1), X' (1),
X(13), X'(13), ..., X (0r), X' (1), X (12))}]
det[Var(X (11), ..., X (tx))T]

1
[k'(2k—2)']2 1_[ (tj _ti)6 l_[ ([1 _th)4([2 —th)4

3<i<j<k 3<h<k

%

4 )2D2k 2(1%)
Dy_1(1%)

X (tp

A similar computation applies to all the cofactors ¢'/,i # j. In the integral in
(5.28) perform the change of variables

i=k
Xj = 1_[ (ll'—l‘j)z yj j=1,...,k
i=1,i]

and the integral becomes
[T @ -® / i Yk exp [—71 G(n )’k)] dyr -+ - dyx
i — b ,
|<izj<k (RT)k 2det(X)

where

k h=k
Gor, ooy =y o | J] =) 1_[ (tn =1 | v ¥,

i,j=1 h=1,h#i

so that as t1,t, ..., t; — t¥,

GOy ovos 0 o D2k Doy (t%)
da(zy DTS e (Zyl) ‘

Now, passage to the limit under the integral sign in (5.28), which is easily justified
by application of the Lebesgue theorem, leads to
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E{zf -z}~ L k=1 [T I-4f

~ /2
@m) l<i<j<k
Du () \ 12
x (—" u )) ACH)
Doy (t*)

where I (x), a > 0 is

2

I(oz)—/ exp | —> i dyy---d —iz(l)
ko) = (R+)ky1 Yk €Xp 3 — i V1 Ve =tk

and
> Doj_o(t%)

Doy—1 (%)

Substituting in (5.27), one obtains the result

a* =[2k— D!

2.2k = 2)! I (D) Dy ()7
J(t) = 2%—1 172 :
272k — 1)!] [Do—1 ()] Doy (1)
This completes the proof. U

5.3. NUMERICAL ASPECTS OF THE RICE SERIES

Let us compare the numerical computation based on Theorem 5.1 with the Monte
Carlo method based on the simulation of the paths. We do this for stationary
Gaussian processes that satisfy the hypotheses of Theorem 5.6 and also the non-
degeneracy condition, which ensures that one is able to compute the factorial
moments of crossings by means of Rice formulas.

Suppose that we want to compute P(M > u) with an error bounded by 4,
where § > 0 is a given positive number. To proceed by simulation, we discretize
the paths by means of a uniform partition {¢; := j/n, j =0, 1,..., n}. Denote

M® .= sup X (t)).

0<j=<n

Using Taylor’s formula at the time where the maximum M of X (-) occurs, one
gets

0<M—-M" < X e
- - 2m?

It follows that
0<PM >u)—PM™ > u)
=PWM >u, M" <u) <P <M <u+ X"/ (2n%)).
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Let us admit that the distribution of M has a locally bounded density (see
Ylvisaker’s Theorem 1.22). The above suggests that n = (const) §~1/2 points
are required if one wants the error P(M > u) — P(M™ > u) to be bounded
by 8.

On the other hand, to estimate P(M "™ > u) by Monte Carlo methods with a
mean square error smaller than 8, we require the simulation of N = (const) § 2
Gaussian n-tuples (X;, ..., X;,) from the distribution determined by the given
stationary process. Performing each simulation demands (const) n log(n) elemen-
tary operations [see, e.g., Dietrich and Newsam (1997) for this computational
point]. Summing up, the total mean number of elementary operations required
to get a mean square error bounded by § in the estimation of P(M > u) has the
form (const) § /2 log(1/9).

Suppose now that we apply Theorem 5.1 to a Gaussian stationary centered
process verifying the hypotheses of Theorem 5.6 and the nondegeneracy condi-
tion. The bound for y," in equation (5.10) implies that computing a partial sum
with (const) log(1/§) terms assures that the tail in the Rice series is bounded by
8. If one computes each 7,, by means of a Monte Carlo method for the multiple
integrals appearing in the Rice formulas, the number of elementary operations
for the entire procedure will have the form (const) 572 log(1/68). Hence, this is
better than simulation as § tends to zero.

As usual, given § > 0, the value of the generic constants determines the com-
parison between these methods, and these are very difficult to estimate for a
general class of processes. More important is the fact that the enveloping prop-
erty of the Rice series implies that the actual number of terms required by the
use of Theorem 5.1 can be much smaller than the one resulting from the a priori
bound for y,;. More precisely, suppose that we have obtained each numerical
approximation v, of V,, with a precision :

~.

|v;"” _T)‘m| = n,

and that we stop when

Tk

1%
o 11 =" e
Then it follows that
e T T
n; (=1 = — mZ;: (=" < (e o D,

Putting n = 8/(e + 1), we get the bound desired. In other words, one can profit
from the successive numerical approximations of V,, to determine a new my,
which in certain interesting examples turns out to be much smaller than the one
deduced from the a priori bound on y,;.
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Next, we give the results of an evaluation of P(M7 > u) using up to three terms
in the Rice series in a certain number of typical cases. We compare these results
with the classical evaluation given by Proposition 4.1 For fixed 7' and high-level
u, this bound is sharp. But when both 7" and u are fixed, the situation becomes
essentially different, and using more than one term in the Rice series yields
a remarkable improvement in the computation. We consider several stationary
centered Gaussian processes in the following table, where the covariances and
corresponding spectral densities are indicated.

Process Covariance Spectral Density

X Ty (1) = exp(—1?/2) fix) = 2m) "2 exp(—x?/2)
X, T(1) = (cosh(r)) ™! fr(x) = (2cosh((rx)/2)) "
X3 I3(t) = (31/%)‘l sin(3'/21) [ =127"P1 5,
X4 Ty(1) = e V3I((/5/3)1t P fa(x) = (10%/v/5m) (5 4+ xH)~*

+22 + V/5t] + 1)

In all cases, we set Ao = A, =1 to be able to compare the various results.
Notice that I'y and I's have analytic extensions to the entire plane, so that
Theorem 5.6 applies to the processes X and X3. On the other hand, even though
all spectral moments of the process X, are finite, Theorem 5.6 applies only for a
length less than 7 /4 since the meromorphic extension of I'>(-) has poles at the
points iz /2 + ki, k an integer. With respect to I'4(-) notice that it is obtained
as the convolution I's % I's % I's % 's, where I's(¢) := ¢~ !l is the covariance of
the Ornstein—Uhlenbeck process, plus a change of scale to get 1o = A, = 1. The
process X4 has Ag < 0o and Ag = oo and its paths are C3. For the processes X,
and X4 we use Theorem 5.7 to compute F (T, u).

Table 5.1 contains the results for 7 =1,4,6,8,10 and the values
u=-2,—-1,0,1,2,3 using three terms of the Rice series. A single value is
given when a precision of 1072 is met; otherwise, the lower and upper bounds
given by two or three terms of the Rice series, respectively, are displayed.
The calculation uses a deterministic evaluation of the first two moments, 7,
and 7V, using a program written by Cierco-Ayrolles et al. (2003) and a Monte
Carlo evaluation of V3. In fact, for simpler and faster calculation, v; has been
evaluated instead of V3, providing a slightly weaker bound.

In addition, Figures 5.1 to 5.4 show the behavior of four bounds: from the
highest to the lowest:

e The Davies’ bound (D), defined by Proposition 4.1.

¢ One, three, or two terms of the Rice series (R1, R3, R2 in the sequel): that
1s,

K ~
P(X(0) > u) + Z(—l)mﬂ%

m=1

with K =1, 3, or 2.
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TABLE 5.1. Values of P(M > u) for Various Processes®

Length of the Time Interval T

u 1 4 6 8 10
-2 0.99 1.00 1.00 1.00 1.00
0.99 1.00 1.00 1.00 1.00
1.00 1.00 1.00 1.00 1.00
0.99 1.00 1.00 1.00 1.00
-1 0.93 1.00 1.00 0.99-1.00 0.98-1.00
0.93 0.99 1.00 0.99-1.00 0.98-1.00
0.93 1.00 1.00 1.00 0.99
0.93 1.00 1.00 0.99-1.00 0.98-1.00
0 0.65 0.90 0.95 0.95-0.99 0.90-1.00
0.65 0.89 0.94-0.95 0.93-0.99 0.87-1.00
0.656 0919 0.97 0.98-0.99 0.92-1.00
0.65 0.89 0.94-0.95 0.94-0.99 0.88—1.00
1 0.25 0.49 0.61 0.69-0.70 0.74-0.77
0.25 0.48 0.58 0.66-0.68 0.70-0.76
0.26 0.51 0.62 0.71 0.76-0.78
0.25 0.48 0.59 0.67-0.69 0.72-0.77
2 0.04 0.11 0.15 0.18 0.22
0.04 0.11 0.14 0.18 0.21
0.04 0.11 0.15 0.19 0.22
0.04 0.11 0.14 0.18 0.22
3 0.00 0.01 0.01 0.02 0.02
0.00 0.01 0.01 0.02 0.02
0.00 0.01 0.01 0.02 0.02
0.00 0.01 0.01 0.02 0.02

Source: From Azais and Wschebor, 2002, with permission.

“Each cell contains, from top to bottom, values corresponding to stationary centered Gaussian pro-
cesses with covariances I'j, I';, I'3, and I'y, respectively. The calculation uses three terms of the
Rice series for the upper bound and two terms for the lower bound. Both are rounded up to two
decimals, and when they differ, both are displayed.

Notice that the bound D differs from R1 due to the difference between v; and
v1. These bounds are evaluated for T = 4, 6, 8, 10, 15 and also for T = 20 and
T = 40 when they fall in the range [0, 1]. Between these values, ordinary spline
interpolation has been performed.

We illustrate the complete detailed calculation in three cases. They correspond
to zero and positive levels u. For u negative, it is easy to check that the Davies
bound is often greater than 1, thus noninformative.

e For u=0, T=6, ' =T, we have P(X(0) > u) =0.5, vy =0.955,
V1 = 0.602, V,/2 = 0.150, and ¥3/6 = 0.004, so that

D =1455 R1=1.103, R3=0.957, R2=0.953

R2 and R3 give a rather good evaluation of the probability. The Davies
bound gives no information.
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Bounds for P(M > 1)

0.1 : ' '

0 5 10 15 20
Length of the interval

Figure 5.1. For the process with covariance I'; and level u = 1, representation of the
three upper bounds, D, R1, and R3, and the lower bound, R2 (from top to bottom),
as a function of the length 7 of the interval. (From Azais and Wschebor, 2002, with
permission.)

F2,U:0

0.95
0.9
0.85
0.8
0.75
0.7

Values of the bounds

0.65
0.6
0.55

0 5 10 15

Length of the interval

Figure 5.2.  For the process with covariance I'; and the level u = 0, representation of
the three upper bounds, D, R1, and R3, and the lower bound, R2 (from top to bottom),
as a function of the length 7 of the interval. (From Azais and Wschebor, 2002, with
permission.)
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Values of the bounds

0 | | | | | | |
0 5 10 15 20 25 30 35 40

Length of the interval

Figure 5.3. For the process with covariance '3 and the level u = 2, representation of
the three upper bounds, D, R1, and R3, and the lower bound, R2 (from top to bottom),
as a function of the length 7 of the interval. (From Azais and Wschebor, 2002, with
permission.)

r4,U:1.5

Values of the bounds

0 | | | | | | | | | |

0 2 4 6 8 10 12 14 16 18 20
Length of the interval

Figure 5.4. For the process with covariance I'y and the level u = 1.5, representation
of the three upper bounds, D, R1, and R3, and the lower bound, R2 (from top to bottom)
as a function of the length 7 of the interval. (From Azais and Wschebor, 2002, with
permission.)
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e For u=1.5, T =15, T =T, we have P(Xy > u) = 0.067, vi = 0.517,
V1 = 0.488, V,/2 = 0.08, and v3/6 = 0.013, so that

D =0.584, R1=0.555, R3=0.488, R2=0.475

In this case the Davies bound is not sharp and a very clear improvement is
provided by R2 and R3.

e For u=2, T =10, I' =TIz, we have P(Xy > u) =0.023, v; = 0.215,
v; =0.211, ¥5/2 = 0.014, and v3/6 = 3.107%, so that

D =0.238, R1=0.234, R3=0.220, R2=0.220
In this case the Davies bound is rather sharp.

As a conclusion, these numerical results show that it is worth using several
terms of the Rice series. In particular, the first three terms are relatively easy to
compute and provide a good evaluation of the distribution of M under a rather
broad set of conditions.

5.4. PROCESSES WITH CONTINUOUS PATHS

This section is devoted to a modification of Theorem 5.1 to include processes that
do not have sufficiently differentiable paths. This is done using a regularization
of the paths by convolution with a deterministic approximation of unity. For
simplicity, we limit ourselves to the case of Gaussian kernels. Other kernels can
be employed in a similar way.

Suppose that X' = {X(¢) : t € [0, 1]} is a stochastic process with continuous
paths. We let ¢ be a positive real number and define

400
XO(t) = (e * X()(1) = b (t — )X (s) ds, (5.30)

—00

where -
¢ (t) := 2m) 2 (e) e/ t eR,

and in (5.30) we have extended X(-) by X(0) [respectively, X(1)] for + <0

(respectively, r > 1). Denote by M*®, V., ... the analog to M,7V,,... for the

process X¢ = {X*(t),t € [0, 1]} instead of X.

Theorem 5.11. With the foregoing notation, suppose that the following condi-
tions are satisfied:

(@) pxeq1/2)(x) is bounded by a constant D for & small enough.
(b) E([|X]lo0) < 00.
(c) The distribution of M has no atoms. Then
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@

P(M > u) = P(X(0) > u) + lim Z(—l)’"“%. (5.31)
m=1 :

(1) In formula (5.31) when one replaces the limit by a given ¢ (0 <& < gy :=
e2) and the infinite sum by the mq partial sum, the error is bounded by

[32D1E(IXloo)]"* W |+ P(X(0) —ul <) +Pu < M <u+n)
2mn
8¢

+P(wx(8(e)) = n/2) +P (“X”oo > ) (5.32)

for each n > 0, where
S(e) := f9(210g(1/5))1/2

wre = sup ([(2k — D121 72

k>m

Note. 1If one wishes the bound for the error in formula (5.32) to be smaller
than some positive number, proceed according to the following steps:

1. Choose 1 > 0 so that the second and third terms are small.

2. With that value of 1, choose & > 0 so that the fourth and fifth terms are
small.

3. Choose my large enough to make the first term small.

Proof. Consider the events

Ep:={X0) —ul<n}, Ey:={u<M=u+n},

V2
E; :={wx(8(e)) = n/2}, E4 :={||X|Ioo >
E:=E UE,UE;UE,.
Observe that if ¢ E and ¢ < gg, then
+00
IXE(1) — X ()] < Gt — )| X(s) — X ()| ds < wx(5(¢)) + 2| X[ o
—0Q

/ e (t —s)ds <. (5.33)
|[t—s|>68(¢)
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Using this relation, one gets

P(M >u,X(0)<u) <PM>u+n X©O0) <u-—n, EY)+P(E)
< P(M* > u, X*(0) < u) + P(E)
<PU? > 1, X°(0) < u) + P(E).

Also,

P(U, = 1, X°(0) =u, E) <P(U,; = 1. X*(0) <u, X(0) <u—n, EY)
<PM>u,X(0)=u—n) <PM>u,X(0) <u).

Summing up, we have

P(X(0) >u)+PWU >1,X°(0) <u) —P(E) <P(M > u)
<P(X(0) >u)
+ P(U; = 1, X°(0) < u) +P(E).
To compute P(U? > 1, X*(0) < u) we use the same method as in the proof of
Theorem 5.1. For that purpose we need to show that the process X¢ satisfies the

conditions for an appropriate choice of the sequence {cx; k = 1,2, ...}. Denoting
by Hy(s) the kth modified Hermite polynomial (see Section 8.1), we have

+00

XWX [ 190 - )/l ds

—00

+00
=Xl f l0® ()| du

o0

+00
:8k||X||ook!/ |Hi(s)|¢(s) ds

o0

+00 1/2
< &7 ¥ X || ook! ( / (Hi())*p(s) ds)

= [ Xl (k)2
SO
Dic
e e(2k—1) 1Ck
(2k — HH1/2 Dic
< = E(IXlloo) + Lk

£2k=1¢, 2212k — 1)!°
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Choosing
172
o e (2k = DD2E(X)lo0) ]
° (/21D ’
we obtain .
ye <ok [ SDIE(IX o) /
k= e2-1((2k — 1)H1/2
Hence,
Vo' = sup@tyf) < [B2D1E(|X[|oo)]? Wit
k>m
The remainder follows as in the proof of Theorem 5.1. ([l

Remarks and Examples

1. Conditions (a), (b), and (c) in Theorem 5.11 are usually not trivial to check
and the a priori estimation of the error can be a difficult problem. Moreover,
when this can actually be done, the validity of Rice formulas and the feasibility
of the method remains a problem if one is willing to use Theorem 5.11 as a tool
for numerical computation. For a given error, a smaller ¢ implies a larger m,
and the usefulness of Theorem 5.11 for numerical applications is still doubtful.
The bound in (5.32) shows that a priori we require at least mg ~ (1/2)e~? terms
in the sum as ¢ — O.

2. Let X be a Gaussian process with continuous paths and
m(t) :=E(X(1)),  o*(t):= Var(X(1)) >0

be the (continuous) mean and variance of X (¢). Condition (a) in Theorem 5.11
follows easily together with bounds on D; and P(E;). Condition (b) is well
known from the classical inequalities for Gaussian processes that we considered
in Chapter 2. These inequalities also imply a priori bounds for P(E,). Condition
(c) follows from Ylvisaker’s Theorem 1.22.

A priori bounds on P(E>) follow from bounds on the density of the distribution
of the random variable M, a subject that we consider again for certain classes of
Gaussian processes in Chapter 7. P(E3) can be bounded using classical methods
to study the modulus of continuity of a stochastic process, as in Chapter 1.

3. Theorem 5.11 can be applied to one-dimensional diffusions satisfying cer-
tain assumptions. The reader who is not familiar with stochastic differential
equations is referred to Ikeda and Watanabe’s book (1981).

Let {X (¢) : + > 0} be the strong solution of the stochastic differential equation

dX(t) =o(t, X@)dW(t) + b(t, X(t))dt, X (0) = xo,
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where {W(¢) : t > 0} stands for the standard Wiener process; o, b : R x R — R
are continuous; do/dx and db/dx are continuous and bounded; and xy € R. We
also assume that

o(t,x) >oy>0, teR, x eR.

The methods employed by Azais (1989) or Nualart and Wschebor (1991)
(stochastic calculus and Malliavin calculus, respectively) allow us to prove
that pye) exists and is a bounded function for f € [§,1] for each § >0,
0 <& < gp(5). Condition (b) is standard and well known. Condition (c) can be
proved as in the article by Nualart and Vives (1988) using stochastic calculus
of variations.

Hence, Theorem 5.11 can be used to obtain formula (5.31) for
P(M;s > u), Ms := maxs<;<; X(t) and bounds having the form (5.32) for
the error. Adding an elementary bound on the local oscillation P(maxo<;<s
| X (t) — x9| <n), one is able to get P(M > u) with a controlled error. An
obstacle to having an actual numerical computation for P(M > u) is the lack
of a good description of the joint densities of X®(¢) and X¢'(r) at the k-tuple
(t1,..., 1) to be used in Rice formulas. It appears that this problem did not
have a satisfactory solution until now.



CHAPTER 6

RICE FORMULAS FOR RANDOM
FIELDS

In this chapter we begin to study random fields, that is, random functions
defined on multidimensional parameter sets. More precisely, the random fields
that we consider throughout are defined on a probability space (2, .A, P) and
have the form X = {X(¢) : t € S}, where S is a subset of Euclidean space RY
and the function X (-) takes values in a Euclidean space RY. d < d. We require
the paths # ~» X (¢) to be smooth functions, and in some situations we also ask
the domain S to have a geometric structure.

Our main interest lies in the random level sets C,(X, S) ={tr € S : X(t) = u}
for each u € RY . We first consider the case in which, d = d’, in which, generally
speaking, for each u € RY" the set C,(X, S) will be a locally finite random set
and the main question is about the number of points belonging to it and lying in
a subset T of S. We denote this random number by N, = N, (X, T), as in the
one-dimensional case. The first half of this chapter is devoted to proving Rice
formulas for the moments of N,.

When d’ < d, the random level set C, (X, S) will, of course, have a more
complicated geometry, and counting the number of points is no more interesting.
Generally speaking, one expects the typical level set to be a (d — d”)-dimensional
differentiable manifold. We prove Rice formulas for the moments of the geometric
measure of the level set.

These and related formulas have been used by Longuett-Higgins in the 1950s
and 1960s (see, e.g., Longuett-Higgins, 1957). Systematic treatment seems to
have begun with the book by Adler (1981), followed by papers by Aronowich
and Adler (1985), Adler et al. (1993), Adler and Samorodnisky (1997), and

Level Sets and Extrema of Random Processes and Fields, By Jean-Marc Azais and Mario Wschebor
Copyright © 2009 John Wiley & Sons, Inc.
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Adler (2000, 2004). A proof or Rice formula for the expectation of the geometric
measure of level sets of real-valued random fields was given by Wschebor (1982)
and followed by various extensions and higher moments (see Wschebor, 1983,
1985). See also the paper by Cabana (1985), where proofs for Rice formulas are
given. First moments for functionals describing the geometry of C, (X, S) may
be found in a recent paper by Biirgisser et al. (2006).

The case d' > d is uninteresting, since in a natural situation, for fixed u,
C, (X, S) will be almost surely empty.

6.1. RANDOM FIELDS FROM RY TO R¢

Our next task is to prove Rice formulas for Gaussian random fields, that is, for
the moments of the number of roots N,. Our proof is self-contained and uses
only elementary arguments. It is published here for the first time and follows the
proof of Azais and Wschebor (2006). We also consider formulas for the moments
of the total weight (as in Theorem 6.4) when random weights are put in each
root.

6.1.1. Area Formula

Proposition 6.1 (Area Formula). Let f be a C'-function defined on an open
subset U of R? taking values in R?. Assume that the set of critical values of f
has zero Lebesgue measure. Let g: RY — R be continuous and bounded. Then

/Rd gw)Ny(f, B) du = /B | det(f')Ig(f (@) dt (6.1)

for any Borel subset B of U whenever the integral in the right-hand side is well
defined.

Remarks

1. The hypothesis that the set of critical values of f has zero Lebesgue measure
(that will be a.s. sptified in our case) is unnecessary, since it is implied by the
fact that f is a C'-function. (This is a special case of Sard’s lemma.)

2. The result of Proposition 6.1 is true under the weaker hypothesis that the
function f verifies a Lipschitz condition (see Federer, 1969, Theorem 3.2.5).

3. Using standard extension arguments, the continuous function g can be
replaced by the indicator function of a Borel set 7. Formula (6.1) can then
be rewritten as

/ Z h(t,u)du = / | det(f/ (t)|h((z, £())dt, (6.2)
R ref~1w) R

dox k‘pfr CQ&
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where £ is the function (¢, u) ~ I;crg(u). Again by a standard approximation
argument, (6.2) holds true for every bounded Borel-measurable function /& such
that the right-hand side of (6.2) is well defined.

Proof of Proposition 6.1. First notice that due to standard extension arguments,
it suffices to prove (6.1) for nonnegative g and for T a compact parallelotope
contained in U. Second, since T is a compact parallelotope, since f is C', the
set f(0T) of boundary values of f has Lebesgue measure zero.

Next, we define an auxiliary function 8(u) for u € R? in the following way:

o If u is neither a critical value nor a boundary value and n := N,(f, T) is

nonzero, we denote by xI, ..., x® the roots of f(x) = u belonging to 7.

Using the local inversion theorem, we know that there exists some § > 0

and n neighborhoods Uy, ..., U, of of xD . x™ guch that:

(1) fisa Cl—diffeomorphism U; — B(u; ), the ball centered at u with
radius §.

2) Uy, ..., U, are pairwise disjoint and included in T.

(3) If r ¢ \J_, U;, then f (1) ¢ B(u; 5).
The compactness implies that 7 is finite. In this case we define
8(u) :=sup{d > 0: (1), (2), (3) hold true for all §' < §}.

o If u is a critical value or a boundary value, we set §(u) := 0.
o If N,(f, T) =0, we set

S(u) :==sup{d >0: f(T)N B(u; §) = 0}.

It is clear that in this case, §(u) > 0.

The function §(u) is Lipschitz. In fact, let u be a value of f that is not a
critical value or a boundary value. If ' belongs to B(u; §(u)), then B(u'; §(u)—
lu' —ull) C B(u; 8(u)), and as a consequence, &(u’) > 8(u) — ||u' — ul.
Exchanging the roles of u and u’, we get

18u") =8| < llu —u'll.

The Lipschitz condition is easily checked in the other two cases.
Let F be a real-valued monotone continuous function defined on R* such
that
0 on [0, 11,
_ 0 on 0. 7] (6.3)
1 on [1+4 c0).
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Let §(u) > 0 and 0 < § < §(u). Using the change-of-variable formula, we have
/ | det(f" ()T £y —ujj<s dt = Z/ | det(f'(t))|dt = V (6)n,
T = Ui

where V(8) is the volume of the ball with radius § in R?. Thus, we have an
exact counter for N, (f, T) when it is nonzero, which obviously also holds true
when N, (f, T) =0 for § < §(u).

Let g: RY — R be continuous, bounded, and nonnegative and &y > 0. For
every 8’ < 8y/2 we have

/ Nl 17 (@> du =/ g F (M> du
R 8o R4 8o

1 /
* V((S’)/T|det(f DLy £y —up<s dE.

Applying Fubini’s theorem, we see that the expression above is equal to

Agy s = / | det(f/ ()] dtf — f(M) () du
R V(&) Jarays) 5 )¢ '

As,,s does not, in fact, depend on ', so it is equal to its limit as 8" — 0, which
because of the continuity of the function u ~~ F (6(u)/8p) g(1) is equal to

)
/ Idet(f’(t))lf( (j;(”)) e(F () dr.
T 0

Let §p tend to zero and use monotone convergence. For the left-hand side, we
take into account that the set of critical values and the set of boundary values
have measure zero. For the right-hand side, we use the definition of F, the fact
that the boundary of T has Lebesgue measure zero, and the fact that the integrand
is zero if ¢ is a critical point of f. ]

6.1.2. Rice Formulas for Gaussian Random Fields

Main Results

Theorem 6.2 (Rice Formula for the Expectation). Let Z : U — R? be a ran-
dom field, U an open subset of R, and u € RY a fixed point. Assume that:

(1) Z is Gaussian.
(ii) Almost surely the function t ~~ Z(t) is of class C I

(iii) For each te U, Z(t) has a nondegenerate distribution [i.e.,
Var(Z(1)) > 0].
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(iv) P{3r € U, Z(t) = u, det (Z'(1)) = 0} = 0.

Then for every Borel set B contained in U, one has
E(Nu(Z, B)) = / E (| det(Z'(t)1|Z(t) = u) pzq (w) dt. (6.4)
B
If B is compact, both sides of (6.4) are finite.

Theorem 6.3 (Rice Formula for the kth Moment). Letk, k > 2 be an integer.
Assume the same hypotheses as in Theorem 6.2 except that (iii) is replaced by

(iii') Forty,..., 1t € U distinct values of the parameter, the distribution of
(Z@), ... Z(w))
does not degenerate in (R?)¥.
Then for every Borel set B contained in U, one has

E[(Nu(Z. B))(Nu(Z. B) = 1) -+ (Nu(Z. B) —k +1)]

k
= /Bk E(]]:[l |det (Z'UP)|Z(t) =+ = Z(t) = u)

XPz(t)), 2 Uy - oy w)dty - - dly, (6.5)

where both sides may be infinite.

Remark. With the same proof as that of Theorem 6.3 and under the same con-
ditions, we have for distinct uy, ..., uy,

E[(Nuy(Z, B)(Nuy(Z, B)) -+ (Nuy (Z, B))]

k
= /I;kE(/l:[l | det (Z’(tj))||Z(t1) =up, ..., Z(%) = uk)

XPZt)enZ) UL, - oy ug) dty -+ - dity.

Theorem 6.4 (Expected Number of Weighted Roots). Let Z be a random
field that verifies the hypotheses of Theorem 6.2. Assume that for each t € U one
has another random field, Y' : W — R", where W is some topological space,
verifying the following conditions:

(a) Y'(w) is a measurable function of (w,t,w) and almost surely,
(t, w) ~ Y'(w) is continuous.
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(b) For each t € U the random process (s, w) ~ (Z(s), Y’(w)) defined on
U x W is Gaussian.

Moreover, assume that g : U x C(W,R") — R is a bounded function, which is
continuous when one puts on C(W, R") the topology of uniform convergence on
compact sets. Then, for each compact subset I of U, one has

E Z g, Y" :/IE(|det(z’(t)|g(z,Y’)|Z(z):u)pz(,)(u)dr. (6.6)

tel,Z(t)=u

Proof of Theorem 6.2. Let F : Rt — [0, 1] be the function defined in (6.3), For
m and n positive integers and x > 0, define

F,,(x) := F(mx), G,(x):=1—=F(x/n). 6.7)

A standard extension argument says that it is enough to prove the theorem when
B is a compact rectangle included in U. So assume that B satisfies this condition.
Let us introduce some more notation:

o A(t) :=|det(Z'(t))|(t € U).
o For n and m positive integers and u € R:

Cr(B):= Y Fu(A)). (6.8)
SEB:Z(s)=u
0, (B) := C,(B)G,(C, (B)). (6.9)

In (6.8), when the summation index set is empty, we put C/'(B) =0. Let
g : RY - R be continuous with compact support. We apply the area formula
(6.2) for the function

h(t,u) = Fu(A@)Gn(C (B)g(u) Licp

to get

/Rd gu) Q" (B) du =/BA(t)Fm(A(t))Gn(C?(,)(B))g(z(t)) dr.

Taking expectations in both sides provides
/ gw)E(Q,™(B)) du = f 8(u)du
R4 R4

/B E[A() Fu(A0)G, x (CIN(B)|Z(1) = u] pra ) dr.
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Since this equality holds for any g continuous with bounded support, it follows
that

E(Q,"(B)) = fBE[A(I)Fm(A(t)Gn(C;”(B))|Z(t) =ulpzoy@dt  (6.10)

for almost every u € R?.

Notice that the hypotheses impl)?éhat if J is a subset of U, 14(J) = 0, then
P{N,(Z,J) =0} = 1 for each u € R?. In particular, almost surely, there are no
roots of Z(t) = u in the boundary of the rectangle B. Let us prove that the
left-hand side of (6.10) is a continuous function of u. Fix u € R?. Outside the
compact set

{t € B:A@t) > 1/2m),

the contribution to the sum (6.8) defining C)'(B) is zero for any v € R4,
Using the local inversion theorem, the number of points ¢ € B such that
Z(t) =u; A(t) > 1/2m, say k, is finite. Almost surely, all these points are
interior to B.

If k is nonzero, Z(t) is locally invertible in k neighborhoods Vi, ..., Vy C B
around these k points. For v in some (random) neighborhood of u, there is
exactly one root of Z(s) = v in each Vi, ..., Vi and the contribution to C'(B)
of these points can be made arbitrarily close to the contribution corresponding
to v = u. Outside the union of Vi, ..., Vi, Z(t) — u is bounded away from zero
in B, so that the contribution to C}'(B) vanishes if v is sufficiently close to
u. Therefore, the function v ~» Q7™ is a.s. continuous at v = u. On the other
hand, it is obvious from its definition that Q7-"(B) < n and an application of the
Lebesgue dominated convergence theorem implies the continuity of E(Q)" (B))
as a function of u.

Let us now write the Gaussian regression formulas for fixed t € B:

Z(s) =a' (s)Z(@) + Z'(s)
Z'(s) = (@) () Z@) + (Z) (s), (6.11)

where the prime denotes the derivative with respect to s and the pair (Z’ (s)
and (Z"Y (s)) is independent from Z(z) for all s € U. Then we write the
conditional expectation on the right-hand side of (6.10) as the unconditional
expectation,

E[AL (1) F (AL G, (CI'(B))], (6.12)

To e Hal we redis “PPQ%@'“))

oond  Socfour'n Qovinamee .

&
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where we use the notation

A (s) := | det(Z,)'(s)]
Z;(s) =a' ()u + Z'(s)

CrB):== Y Fu(AL©).

seB,ZL(s)=u

Now, observe that (6.10) implies that for almost every u € R?, one has the
inequality

E(Q,™(B)) < /BE[A(I)|Z(I) = u]pzaw)dt, (6.13)

which is in fact true for all u € R since both sides are continuous functions
of u.

The remainder of the proof consists of proving an inequality in the opposite
sense. Let us fix n, m, u, and ¢. Let K be the compact set

K :={s € B:AlL(s) > 1/4m}.

If v varies in a sufficiently small (random) neighborhood of u, the points outside
K do not contribute to the sum defining C}(B).

Let k be the a.s. finite number of roots of Z!(s) = u lying in the set K.
Assume that k does not vanish and denote these roots by 71, ..., s;. Consider
the equation

Zi(s) —v=0 (6.14)

in a neighborhood of each of the pairs s = 5;, v = u. Applying the implicit func-
tion theorem, one can find k pairwise disjoint open sets sets Vi, ..., Vi such that
if v is sufficiently close to u, equation (6.14) has exactly one root s; = s;(v) in
Vi,1=1,..., k. These roots vary continuously with v and s;(u) =75;. On the
other hand, for the compact set K\(V; U...U V) the quantity ||Z(s) — ul| is
bounded away from zero, so [|Z!(s) — v|| does not vanish if v is sufficiently
close to u. As a conclusion, we have

limsup C"(B) < C™(B),

v—=>u

where the inequality arises from the fact that some of the points s;(v) may
not belong to B and hence don’t contribute to the sum defining C}'(B). Now
since (6.10) holds for u, almost everywhere (a.e.), one can find a sequence
{fun, N =1,2,...} converging to u such that (6.10) holds true for u = uy
and all N =1,2,.... Using the continuity (already proved) of the function
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u ~» E(Q"™(B)), Fatou’s lemma, and the fact that G, is nonincreasing, we
have

E(Qu"(B) = lim E(QL(B))

= lim [ E[A] ()Fu (AL (0G.(Cl (B))]pzi(uy)dt
N—>+oo Jp

> /B E[AL (1) Fn (AL ()G, (C™(B)) ] P2y (w) dt.

Since 6;” (B) is a.s. finite, we can now pass to the limit as n — 400, m — 400
(in that order) and using Beppo—Levi’s theorem, conclude the proof. O

Proof of Theorem 6.3. For each § > 0, define the domain

Dis(B) = {(t1, ..., 1) € B,

i —t;| = 8ifi # j.i, j=1,...,k}
and the process Z,
(t1, ... 1) € Dps(B) ~ Z(t1, ..., 1) = (Z(t1), ..., Z(tx)).

It is clear that Z satisfies the hypotheses of Theorem 6.2 for every value
(u,...,u) € RH*. So

E[Na... u)(Z, Di.s(B))]

k
= E |det (Z'UD)|Z(t) == Z(tx) = u
/Dk,s(B) <]1:[1 ! )
X Pzt Z ) Wy - o u) dity - - - diy. (6.15)

To finish, let 8 | 0, and take into account that (NM(Z,f))(Nu(Z, B)—1)---
(NM(Z, B) —k+ 1) is the monotone limit of N, . (Z, (Dk,(;(B)), and that
the diagonal Dy (B) = {(tl, ... ) e BF g = t; for some pair i, j,i # j} has
zero Lebesgue measure in (RY)X. O

Proof of Theorem 6.4. The proof is essentially the same. It suffices to consider
instead of C//'(B) the quantity

Cny= Y Fu(Als)g(s, Y. (6.16)

sel:Z(s)=u

O
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Sufficient Conditions for Hypothesis (iv) in Theorem 6.2. These condi-
tions are given by the following proposition:

Proposition 6.5. Let Z : U — R?, U a compact subset of RY be a random field
with paths of class C' and u € R?. Assume that

e pzy(x) < C forallt € U and x in some neighborhood of u.
o At least one of the two following hypotheses is satisfied:

(a) a.s. t ~ Z(t) is of class C*.
(b) a(8) = Sup,cy rev P{I det(Z'(r))| < 8|Z(t) = x} -0

as § — 0, where V (1) is some neighborhood of u.

Then (iv) holds true.

Proof. Assume with no loss of generality that 7 = [0, 1]¢ and that u = 0. Set
Gy ={3rel Zt) =0,det(Z'(1)) = 0}.

UNDER CONDITION (a) (Cucker and Wschebor, 2003). For each integer N,
consider / as a union of cubes of sides 1/N with sides parallel to the axis. We
denote these cubes as Cy, ...., Cya. In a similar way, we consider each face at
the boundary of the cube C, as a union of (d — 1)-dimensional cubes of sides
1/N2. We denote these cubes as Dy, s = 1,...,2d N¢~!. In each D, fix a point
7 : for instance, the center.

We denote Z = (Z4, ..., Zd)T andr = (11, ..., td)T. For a given n > 0, choose
B > 0 large enough so that P{Fp} < n, where Fj is the event

F ” Haz"(t)) 8°Z; (r)H L ih=1,....d:1€el0 1]d] B}
= su s i, j,h=1,...,d; , > .
B P Btj 8tjath /
Clearly,

r=N4

G; = U{EIt,eC,,ve]Rd,

r=1

such that

r=N4
Z(Tr) = O, ||U|| = 1, Z/(Tr)l} = 0} = U Gr-
r=1

Assume that G, N F g is nonempty. Denote 7,; as an intersection point with
the boundary of C,, of the straight line through 7, which is parallel to v. Consider
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the Taylor expansion of Z; at point 7,, evaluated at point 7,:

40z,
ZiErs) = Zi(0) + ) =) (T = 1))
j=1 J
d 2
0°Z; - - -
r 0 rs — tr rs,j — tr,j r - tr
+ ';l Btjath (t +0(Trs — T))(T, s, j f,])(t sh = Trh)

with 0 < 6 < 1. Since the first two terms in this sum are equal to zero, we deduce
that | Z;(%,s)| < K4qBN 2 foralli =1, ...,d, where K, is a constant depending
only on the dimension.

Since the diameter of each D, is bounded by a constant depending only on
the dimension, times N2, it follows that || Z (T < KN ~2 for some constant
K depending only on d and B. So

P(G;} < P{Fp}+P{3r < N% s < N ! st | Z(t*)| < KN7?)

N? 2aN?-1

<n+Y. > PUZEDI<KN?

r=1 s=1

<n+ N¥-lcK, N,

where K is a constant depending on d and B, using the hypotheses on the
boundedness of the density. The remainder is plain. This proves (iv) under con-
dition (a).

UNDER CONDITION (b) (Azais and Wschebor, 2005). Choose ¢ > 0 and n > 0;
then there exists a positive number M such that

P(Ew) =Pl sup |1 Z/0)] > M| <.

tel

Denote by wger the modulus of continuity of | det(¥'(-))| and choose N large
enough so that
NZ]
P(Fy) = Plou (7 > <e.

Consider the partition of I used in part (a) into N¢ small cubes. Let 7 be the
center of C,. Then

P(G)) = P(Ew) +P(Fy.) + Y P(Ge, NEG N Fy, ). (6.17)
r
When the event in the rth term occurs, we have

Z‘(r*)fﬂ\/g j=1,....d
|.1 r N
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and
|det (Z/(‘cr*))| <.

So if N is chosen sufficiently large that V (0) contains the ball centered at O with
radius M~/d /N, one has

d
P(G;) < 2¢ + N <2TM\/Z) Ca(n).

Since ¢ and 7 are arbitrarily small, the result follows. O

6.1.3. Maxima and Critical Points on a Smooth Manifold

Let us write a Rice formula for the first moment in two special cases that will appear
various times in the remainder of the book. These correspond to the number of
local maxima and the number of critical points of a real-valued random field.

Assume that {X (¢) : + € W} is a real-valued random field defined on the open
subset W of R? and such that Z(f) = X'(¢) satisfies the hypothesis of Theorem
6.2. Let S be a Borel subset of W and u € R. The following quantities are
well defined and measurable: M, (X, S), the number of local maxima, and
M, (X, S), the number of critical points of X(-) belonging to S in which the
function X (-) takes a value bigger than u.

We also introduce the following notation: for each real symmetric matrix
M, we set 81 (M) := | det(M)|I~o and 8*(M) := | det(M)|. Then we have the
following formulas for the expectation (k = 1, 2):

+o00
E(M)(S)) =/Sds/ E (8*(X"(s)]X (5) = x, X'(s) = 0)
X Px(s).x'(s)(x, 0) dx. (6.18)

Similar expressions are obtained when extending the statements of Theorems
6.3 and 6.4 to this case. Let W be a C2-manifold of dimension d. We suppose
that W is orientable; that is, there exists an atlas ((U,-, ¢i),iel ) such that for
any pair of intersecting charts (U;, ¢;) and (U;, ¢;), the Jacobian of the map
qb,-oqb;l is positive.

We consider a Gaussian random field with real values and C>-paths
X ={X(t) : t € W} defined on the manifold W. In this section our aim is to
write Rice formulas for this kind of random field under various geometric
settings for W. More precisely, we consider three cases: first, when W is a
manifold without any additional structure; second, when W has a Riemannian
metric; and third, when it is embedded in Euclidean space. We use these
formulas in the next chapters, but they are of interest in themselves [see Taylor
and Adler (2003) for other details or similar results].

We denote the derivative along the manifold as DX (¢) to distinguish it from
the free derivative in R?, and we assume that in every chart, the pair X () and
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DX (t) has a nondegenerate joint distribution and that hypothesis (iv) of Theorem
6.2 is verified.

Abstract Manifold

Proposition 6.6. For k = 1,2, the quantity that is expressed in every chart ¢
with coordinates sy, ..., Sq as

+00
f dxE (85 (Y (s)[Y () = x, Y'(s) = 0) pys),v/(5)(x, 0) AL_, ds;,  (6.19)

where Y (s) is the process X written in the chart: Y = Xo¢~!, defines a d-form
QX on the interior Wof W and for every Borel set S C W,

fdszk =E (M(5)).
S

Proof. Note that a d-form is a measure on W whose image in each chart is
absolutely continuous with respect to Lebesgue measure /\;j: | ds;. To prove that
(6.19) defines a d-form, it is sufficient to prove that its density with respect
to /\leds,- satisfies locally the change-of-variable formula. Let (U, ¢;) and
(U, ¢») be two intersecting charts, and set

Us := U, NUa, Yi = Xogp !, Yy = Xog; !, H = ¢ropp; .
Denote by si1 and siz, i =1,...,d the coordinates in each chart. We have
Y]

oY, 0Hy
as} N Z Bsiz/ 8si1

i’

%Y ¥ 3%Y, OHy 0Hj Zayz 3% Hy

E)si1 8s} 8si2, 8s12,, 8si] Bs} 8sl.2, Bsil Bs}

i’ j i

Thus at every point
Yish = (H'6h) 136,
Prih. v/ (% 0) = Prye2) vy (6, 0) det(H' (s ™!
and at a singular point
Y/'(s") = (H'(s")) ¥y (2 H'(s1).
On the other hand, by the change-of-variable formula,
AN ds! = | det(H'(s")| 7" AL, ds?.

Substituting for the integrand in (6.19), one checks the desired result.
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To prove the second part, it suffices again to prove it locally for an open subset
S included in a unique chart. Let ((S ,¢) be a chart and let Y (s) again be the
process written in this chart. It suffices to prove that

+00
d)\(s)/ dxE (8"(Y”(s))|Y(s) =x,Y'(s) =0)

E(M) = [

@ (S)
X Py (s),y'(s)(x, 0). (6.20)

Since le «(8) is equal to ML{ « 10 (S)}, the result is a direct consequence of
Theorem 6.4. O

Riemannian Manifold. The form in (6.19) is independent of the parame-
terization, but the terms inside the integrand are not. It is possible to give an
expression that consists of three terms independent of the parameterization in the
case when W is a Riemannian manifold. When such a Riemannian metric is not
given, it is always possible to use the metric g induced by the process itself (see
Taylor and Adler, 2003) by setting

g0, 2) =E((Y(0)(2(X)),

Y and Z being two tangent vectors belonging to the tangent space 7' (s) ats € W.
Y (X) [respectively, Z(X)] denotes the action of the tangent vector Y (respec-
tively, Z) on the function X. This metric leads to very simple expressions for
centered variance-1 Gaussian processes.

The main point is that at a singular point of X, the second-order derivative
D?X does not depend on the parameterization since it defines locally the Tay-
lor expansion of the function X. Given the Riemannian metric gs, the second
differential can be represented by an endomorphism that will be denoted VX (s):

(D*X)($)IY, Z] = g (VX (5)Y, Z).

This endomorphism is independent of the parameterization and of course its
determinant. So in a chart,

det (VX (s)) = det(D*X (s)) det(g,) ", (6.21)
and V2X (s) is negative definite if and only if D?X (s) is. Hence,
(VX (s)) = 85 (D*X (9)) det(gy)'  k=1,2.

We turn now to the density in (6.19). The gradient at some location s is

defined as the unique vector VX (s) € T (s) such that g,(VX(s), Y) = DX(s)[Y].
In a chart the vector of coordinates of the gradient in the basis dx;,i = 1,d is
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given by (gs)_lDX (s), where DX (s) is now the vector of coordinates of the
derivative in the basis dx’, i = 1, d. The joint density at (x, 0) of (X (s), VX(s))
is independent of the parameterization only if expressed in an orthonormal basis
of the tangent space. In that case, the vector of coordinates is given by

—12

VX(s) = (8:) VX () = () *Dx.

By the change-of-variables formula,

Px(s).9%(s) (%> 0) = Px(s).Dx(5) (%, 0)y/det(gy).

Recalling that the Riemannian volume Vol satisfies

d Vol = \/det(g;) AL, ds?,

we can rewrite expression (6.19) as
400
/ dxE(8*(V2X (5)| X (s) = x, VX(5) = 0) px(s),vx(s) (x, 0)d Vol,  (6.22)

where we have omitted the tilde above VX (s) for simplicity. This is the Rie-
mannian expression.

Embedded Manifold. In most practical applications, W is naturally embedded
in a Euclidean space: say, R™. In this case we look for an expression for (6.22)
as a function of the natural derivative on R”. The manifold is equipped with
the metric induced by the Euclidean metric in R”. Considering the form (6.22),
clearly the Riemannian volume is just the geometric measure o on W.

Following Milnor (1965), we assume that the process X (¢) is defined on an
open neighborhood of W so that the ordinary derivatives X'(s) and X”(s) are
well defined for s € W. Denoting the projector onto the tangent and normal
spaces by Pr() and Py, we have

VX(s) = Pre(X'(5)).

The next formula is well known and gives the expression of the second dif-
ferential form at a singular point:

Y,Z e T(s) ~ X" ()[Y, Z] + <I[Y, Z], X'(s)>, (6.23)

where I is the second fundamental form of W embedded in R™, which can be
defined in our simple case by

Y,Z € T(s) ~ Py()(DxY).

The determinant of the bilinear form given by (6.23), expressed on an orthonormal
basis, gives the value of det (V2X (s)). As a conclusion, we get the expression
of every term involved in (6.22).
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Examples
1. With a given orientation we get
VZX = X + 11X,

where X7 is the tangent projection of the second derivative and X' is the normal
component of the gradient.

2. Sphere. When W is a sphere of radius » > 0 in R?*! oriented toward the
inside,

VX = X7+ flaX)y. 4 (6.24)

—

=

3. Curve. When the manifold is a curve parameterized by the arc length,

400 L
E(M,’;(W)):/ dx/o dt

CE(8" (X7 + COXy®)|X () =x, X7(1) = 0)
X Px@).x, X, 0), (6.25)

where C(t) is the curvature at location 7 and X'y (7) is the derivative taken is the
direction of the normal to the curve at point ¢.

6.1.4. Extensions to Certain Non-Gaussian Random Fields

It is easy to adapt the proofs of Rice formulas above to certain classes of
Gaussian-related random fields that do not need to be Gaussian. We exemplify
this with the statement of Theorem 6.2, but the same holds true, mutatis mutandis,
for the other theorems.

To be precise, the conclusion of Theorem 6.2 remains valid if we replace
hypotheses (i) to (iv) by the following (we keep the same notations as in the
statement of the theorem):

(1) Z(t) = H[Y ()] for t € W, where:
o {Y(t):t € W} is a Gaussian random field having values in R"” and
C'-paths such that for each ¢ € W, the distribution of Y(¢) does not

degenerate.
e H:R" — R? s a C'-function.

(ii) Foreacht € W, Z(¢) has a density pz(;(x), which is a continuous function
of the pair (¢, x) € W x R,
(iii) P{3r € W, Z(¢t) = u, det (Z’(t)) =0} =0.



176 RICE FORMULAS FOR RANDOM FIELDS

Notice that these hypotheses imply that one must have n > d. The only change
to be introduced in the proof is that instead of performing the regression on Z(¢),
one should do it on Y (7).

As for the validity of Rice formulas for more general non-Gaussian random
fields, a careful analysis of the proof of Theorem 6.2, shows that, in fact, Gaus-
sianity plays a role only in assuring the continuity (as functions of u) of the
conditional expectation and the density that appear in the integrands on the
right-hand sides of (6.4) and (6.10). The continuity of the density is obvious
and that of the conditional expectation is a consequence of the possibility of
using regression to get rid of the conditioning, which is a specifically Gaussian
property. Otherwise, the proof is independent of the nature of the law of the
random field {Z(¢) : t € W}. From the standpoint of applications, one must also
consider that if the random field is non-Gaussian, the actual computation of the
conditional expectation can be difficult or impossible to actually perform, and
interest in the formula remains limited.

Because of this, we next state as a theorem the Rice formula for the expectation
of the number or roots of non-Gaussian random fields. Similar expressions hold
true for higher moments and for weighted roots as well as for random fields
parameterized on manifolds. The proof strictly follows that of Theorem 6.2,
except for the points just mentioned.

Theorem 6.7. Let Z : W — R? be a random field, W an open subset of R, and
u € R? a fixed point. Assume that:

(1) Almost surely, the function t ~ Z(t) is of class C I

(i1) For each te W, Z(t) has a density pzq(-) and the function
(t, x) ~ pzu (x) is continuous for t € U and x is some neighborhood of u.

(iii) Let o : C'(U) — R be a real-valued functional defined on C'(W), which
is continuous in the sense that if {f,}n=1.2... is a sequence of functions
in C{(W) such that f, — f, f, — f' as n — oo, uniformly on the com-
pact subsets of W, then o(f,) — a(f). Our assumption is that for such a
functional o there exists a version of the conditional expectation

E@(2)|Z(t) = x),
which is continuous as a function of the pair (t, x), fort € W and x in some
neighborhood of u.

@(v) P{3t e W, Z(t) = u, det (Z/(t)) = 0} = 0.)Then for every Borel set B con-
tained in W, one has

E (N, (Z, B)):/BE(|det(Z’(t))||Z(t) =u) pzo(u) dt. (6.26)

If B is compact, both sides are finite.
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6.2. RANDOM FIELDS FROM R? TORY', d > d’

We follow a method similar to that of Section 6.1, but a certain number of
new problems arise. For f a C'-function defined on W and u a regular value
of f, we denote by o,(f, T) the (d —d') geometric measure of the intersec-
tion of the set 7 with the level set C,(f,U) ={t € U : f(t) = u}. Note that
since u is a regular value at each point ¢t € C,(f, U), the jacobian matrix f’(¢)
is of full rank d’. Thus, we can choose a subset y of {1,...,d} of size d’
such that the matrix {df;/dt;,i =1,...,d’, j € y} is invertible. For simplic-
ity, and without loss of generality, we will assume that y< = {1, ..., (d — d")}.
Using the implicit function theorem we know that there exist a neighborhood
V, of t1,...,t4_y and a function g : R9~4" — RY" (which depend on f) such
that sy, ...,84-q4, g(S1,...,8q4—q) 1S a local parameterization of the level set
C,(f, U). This defines a chart and proves that the level set is a C'-manifold of
dimension d — d’.

6.2.1. Theorems for Gaussian Random Fields

We start with three statements for Gaussian random fields that are analogous to
those of Theorems 6.2, 6.3, and 6.4.

Theorem 6.8 (Rice Formula for the Expectation of the Geometric Measure
of the Level Set). Let Z: W — R? be a random field, W an open subset of
RY, and u € RY a fixed point. Assume that:

(1) Z is Gaussian.
(ii) Almost surely, the function t ~ Z(t) is of class C I

(i) For each te W, Z(t) has a nondegenerate distribution [i.e.,
Var(Z (1)) > 0].
(iv) P{3r € W, Z(t) = u, Z'(t) does not have full rank} = 0.

Then, for every Borel set B contained in W, one has

E(0,(Z, B)) = /B E([det(z/(r)(z/(r))T)]”2|Z(t) :u> Pz di, (6.27)

s vl <. hae b=em sved Y e bfa»fmnu'ma %&szw
If B is compact, both sides in (6.27) are finite. &6 2

Theorem 6.9 (Rice Formula for the kth Moment). Let k, k > 2 be an integer.
Assume the same hypotheses as in Theorem 6.8 except that (iii) is replaced by:

(iii') For distinct values ty, ...,t, € W of the parameter, the distribution of
(Z(tl), AU Z(tk)) does not degenerate in (RIHK,
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Then for every Borel set B contained in W and levels uy, . .., uy, one has

k
El[]oZ B
j=1

k 1/2
=/Bk1~: ]‘[[det(z’(zj)(z/(tj))T)] Z(t) =ur, ..., Z(0) = u

j=1

Pz ) W, - ug) dty - - - diy, (6.28)
where both members may be infinite.

The same kind of result holds true for integrals over the level set, as stated in
the next theorem.

Theorem 6.10 (Expected Integral on the Level Set). Let Z be a random field
that verifies the hypotheses of Theorem 6.8. Assume that for each t € W one has
another random field Y' : V. — R", where V is a topological space, verifying the
Jfollowing conditions:

(a) Y'(v) is a measurable function of (w,t,v) and a.s. (t,v) ~ Y'(v) is
continuous.

(b) For each t € W, the random process (s, v) ~~ (Z(s), Y’(v)) defined on
W x V is Gaussian.

Moreover, assume that g : W x C(V,R") — R is a bounded function, which is
continuous when one puts on C(V,R") the topology of uniform convergence on
compact sets. Then for each compact subset 1 of W, one has

E(/ g(t,Y’)au(Z,dt)>
INZ= ()

= / E([det(Z'(1)(Z' ) D1V 2g(t, Y| Z(t) = u) pzay(w) dt. (6.29)

1

6.2.2. Remark on Hypothesis (iv) of Theorems 6.8, 6.9, and 6.10

Let us give sufficient conditions to assure that hypothesis (iv) holds true: that
is, that with probability 1 the given level u is not a critical value of the random
field. They are more restrictive than those for d = d’ and based on the following
proposition, which is a generalization of Bulinskaya’s Lemma 1.20 (see Exercise
6.4 for a proof).

Proposition 6.11. Let) = {Y(¢) : t € W} be a random field with values in R"*
and W an open subset of R. m and k are positive integers. Let u € R™* and I
a subset of W. We assume that Y satisfies the following conditions:



RANDOM FIELDS FROM RY TORY, d > o’ 179

e The paths t ~ Y (t) are of class C'.

o For each t € W, the random vector Y (t) has a density and there exists a
constant C such that
prinx) =C

fort € I and x in some neighborhood of u.
o The Hausdorff dimension of I is smaller or equal than m.

Then, almost surely, there is no point t € I such that Y(t) = u

This implies the following:

Proposition 6.12. Let Z = {Z(t) : t € W} be a random field, W an open subset
of RY, with values in R?. Let u € RY. We assume the following:

e The paths of Z are of class C>.

e For eacht € W, the pair (Z(t), Z'(t)) has a joint density pzu. 7 ) (x, x')
in RY x R4 \which is bounded for (t, x") varying in a compact subset of
W x R4 and x in some neighborhood of u.

Then (iv) holds true.

Proof. Apply Proposition 6.11 to the random field
Y(t,0) = (Z@): (Z'@)"A)

defined for (¢, 1) € W x S%~! with values in RY x RY. 0

6.2.3. Scheme of the Proofs of Theorems 6.8, 6.9, and 6.10

We are not going to give full proofs of these theorems, since as we have already
mentioned, they follow the same lines as those for d’ = d. We limit ourselves to
pointing out the differences between both situations.

First, we need a proposition replacing the area formula (6.1) for nonran-
dom functions. We state it for C!-functions, since this will be sufficient for our
purposes.

Proposition 6.13 (Co-area Formula). Let f be a C'-function defined on an open
subset W of R? taking values in RY". Assume that the set of critical values of f
has zero Lebesgue measure. Let g: RY — R be continuous and bounded. Then

/R 8o (f. Bydu = /B [det ('O (F'@))]Pe(f@dr (630)

for any Borel subset B of W whenever the integral on the right-hand side is well
defined.
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Remarks on Formula (6.30)

1. Clearly, this extends the area formula since if d = d’, o,,(f, T') is the number
of points of the level set on T [i.e., N,(f, T)].

2. For a proof of Proposition 6.13 under more general conditions, we refer the
reader to Federer’s book (1969).

3. Remark 3 after Proposition 6.1 applies here in the same way. This means
that if we replace the function g(u) in (6.30) by any measurable function A (¢, u),
we obtain the weighted co-area formula

[ du [ nwoniran = [ Lae(roo o) Che. soar
R4 R4 R4

(6.31)
whenever the right-hand side is well defined.

Let us now enumerate the changes required in the proof of Theorem 6.2 to
obtain Theorem 6.8.

e Replace A(t) by

1/2

A(t) = [det (Z'()(Z' (t)")]

e Whenever u is not a critical value of Z(-), instead of C}'(B) and Q! (B)
that were defined in (6.8) and (6.9), we set, respectively;

¢, (B) = / F(A(s))0u(Z, ds) (6.32)
B

and

g (B) = i (B)G,(cll (B). (6.33)

e Instead of (6.10) we have

E(g," (B)) = /BE[Z(I)Fm(Z(Z)Gn(CZ’(B))|Z(t) = u]pzaw)dt,
(6.34)

which holds true for almost every u € R?. This follows from the weighted
co-area formula (6.31).

To finish, one performs two additional steps: (1) proving that both sides
in equality (6.34) are continuous functions of u, so that equality holds for all
ueR?, and (2) passing to the limit as n — 0o, m — o0, in that order. On the
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left-hand side of (6.34), the first step follows from the continuity provided by
the implicit function theorem and the obvious inequality g, (B) < n. The sec-
ond step follows by monotone convergence. For the remainder of the proof, we
proceed as in the proof of Theorem 6.2.

Now consider formula (6.28) for the higher moments of ¢,,(Z, B) in Theorem
6.9. Define (as in the case d’ = d) the random process

Z(t, ) = (Z(), ..., Z(W)

with parameter set Wk ¢ (RY)* and values in (Rd,)k I ug, ..., Up are regular
values of Z, then (uy,...,ur) € (Rd,)k is a regular value of Z and

Ouy,..up)(Z, By X -+ X By) = 0y, (By) - - - 0y, (By)

for any choice of the Borel subsets By, ..., By of W. Following the same rea-
soning as in the proof of Theorem 6.3, one only needs to prove that the measure
of the diagonal set

Dy (1) = {(tl,...,tk) € Ik,ti = t; for some pair i, j, i ;éj},

that is, U(ul,..‘,uk)(z Dy (1)), vanishes for any rectangle I C W. To see this,
notice that Z ! (uy, ..., ug) is a differentiable manifold with dimension k(d — d)
which carries the geometric measure o(,,.. 4)(Z, ) and its intersection with
Dy (I) is a finite union of submanifolds having dimension smaller or equal to
(k — 1)(d — d'), so its geometric measure is zero.

One should notice that when u; = - - - = uy, there is a difference between the
case d = d’ and the case d > d’, since in the first, the diagonal charges a positive
geometric measure. In fact, in this case, all the manifolds are zero-dimensional
and the argument in the preceding paragraph does not work. That is why when
d = d’, one actually gets the integral formula for the factorial moments of the
number of roots. The difference between ordinary and factorial moments of order
k is the expectation of the measure carried by the diagonal Dy (B).

Finally, the proof of Theorem 6.10 does not require any new ingredients with
respect to the proof of Theorem 6.4.

EXERCISES

6.1. (a) Assume that Z; and Z, are R¢-valued random fields defined on compact
subsets 7; and I, of RY and suppose that (Z;, I;)(i = 1, 2) satisfy the
hypotheses of Theorem 6.2 and that for every s € I} and t € I, the
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(b)
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distribution of (Z 1(s), Zz(t)) does not degenerate. Prove that for each
pair uy, up € R4:

E(NJI(I)N2 (D))
=/ E (| det(Z{ (1)1 det(Z5(t))|| Z1 (1) = w1, Zo(t2) = )
Iy x1I

X PZi(11),Zy02) U1, u2) dty dty. (6.35)

Extend part (a) to higher moments.

6.2. Let X = {X(¢) : t € R?} be a real-valued centered Gaussian random field.
We denote

rs,t) =E(X()X(1)  s,teR

as its covariance. We assume that the process is stationary in the sense that
r(s,t) =T(s — 1) for all 5,1 € R?,

(a)

(b)

(©

Let the function I" be continuous. Prove Bochner’s theorem (see Chapter
1), that is, there exists a unique Borel measure on R4, say [, such that
for all 7 € RY,

I'(t) :/ expli(t, x)]u(dx).
R4

w is called the spectral measure of the random field X

Denote A, = fRd lx|1>1(dx), which can be finite or infinite. Prove that
I" is twice differentiable at the origin if and only if A, is finite, and in
this case I' is a C>-function and its partial derivatives can be computed
by means of the formula

9T .
(1) =— | xjxpexpli(t, x)]u(dx)
at; 07y Rd
for j,k=1,...,d, with the notation t = (71, ..., )T, x = (x1, ...,

xd)T.
Prove that if the field has C' sample paths, A, < oo. Let I be a Borel
subset of R¥: then

E(ou(X, D)) = ra(DpE(|IE]),

where 1, denotes a Lebesgue measure in R?, ¢ (u) is the standard normal
density, and & is a N[0, A,] Gaussian random variable with values in R4,
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6.3. Let X = {X(r) : t € RY} be a random field defined as
X(t) = X{t) + -+ XL (1),

where {X;(t) : t € R4)—1_,, are m independent random fields, each being
centered Gaussian stationary with covariance function I' (see Exercise 6.2).
Prove that for each Borel subset I of R?, one has

E (0, (X, 1)) = 25/una(D) x,, E(II]]),

where £ is as in Exercise 6.2 and x> (u) is the x? density with m degrees
of freedom, that is, the density of the random variable |5||?>, where 7 is
standard normal in R™.

6.4. Prove Propositions 6.11 and 6.12.



CHAPTER 7

REGULARITY OF THE DISTRIBUTION
OF THE MAXIMUM

In this chapter, except in Theorem 7.4, we consider only Gaussian processes,
and our purpose is to give an account of what is known of the regularity of the
probability distribution of the supremum. The main classical result is Tsirelson’s
theorem (1975). We begin with a statement of this theorem as it is given in
Lifshits” book (1995), to which we also refer for the proof.

Theorem 7.1 (Tsirelson). Let {X(t),t € T} be a real-valued bounded Gaussian
process defined on a countable parameter set T. Then the distribution Fy; of the
random variable M = sup, .y X (t) has the following properties:

(1) It is continuous on R, except at most at one point: the left limit of its support,
that is,
ug := inf{u : Fyy(u) > 0}.

(2) It is absolutely continuous on the half-line (ug, +00).
(3) It is differentiable on (ug, +00) except for at most a countable set E.

(4) The derivative F' is positive and continuous on (ug, +00)\ E. At each point
of E, the derivative F' has left and right limits and jumps downward.

(5) For each u > ug, F' has finite variation on [u, +00).
(6) F' is the density of M on (ug, +00).

Further improvements are given by Weber (1985), Lifshits (1995), Diebolt and
Posse (1996), and references therein. One should notice that in this statement

Level Sets and Extrema of Random Processes and Fields, By Jean-Marc Azais and Mario Wschebor
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of Tsirelson’s theorem, the parameter set is countable. This says that the same
result holds true for separable bounded Gaussian processes, since in this case,
the distribution of the supremum coincides a.s. with the one of the supremum on
some countable nonrandom set.

Our aim in this chapter is to go beyond these regularity properties of the
distribution of M, at the cost of imposing a certain number of conditions on the
process. In fact, we require the parameter set to have a certain geometric structure
and the paths of the process to have a certain regularity. This will allow us to
exploit the analytic properties of the paths to obtain results about the distribution
function Fy,.

The theorems we present are much stronger in the case of one-parameter
processes than in the case of random fields. In the first case we are able to
extend Tsirelson-type properties considerably. For example, we prove that if a
Gaussian process defined on a compact interval T of the real line has C*°-paths
and its law satisfies a quite general nondegeneracy condition, the distribution of
its maximum is a function of class C*°. For multiparameter processes (random
fields) much less is known and we will only prove results on the first derivative
of F M-

For one-parameter processes the main results are taken from Azais and Wsche-
bor (2001). The proofs here are simpler than the original version, due to some
technical improvements that we present in Section 7.1, where we start with an
implicit formula for the density of the maximum of a Gaussian random field
defined on a subset of R?. This will be our main tool in this chapter, and we will
see later that it is also useful as a tool to study the asymptotic properties of the
tails of the distribution of the maximum. Its proof is extracted from Azais and
Wschebor (2008).

7.1. IMPLICIT FORMULA FOR THE DENSITY OF THE MAXIMUM

Assumptions and Notation. X = {X(t):t € S} denotes a real-valued
Gaussian field defined on the parameter set S. We assume that S satisfies the
hypotheses:

(Al):

e S is a compact subset of R?

e § is the disjoint union of Sy, Sg—i ..., So, where S; is an orientable
C? manifold of dimension j without boundary. The § ;’s will be
called faces. Let Sy,, dy < d be the nonempty face having largest
dimension. o; denotes the j-dimensional geometric measure on S;.

e We will assume that each S; has an atlas such that the second
derivatives of the inverse functions of all charts (viewed as diffeo-
morphisms from an open set in R/ to § ;) are bounded by a fixed
constant. For r € §; we denote L, the maximum curvature of S; at
the point z. It follows that L, is bounded for ¢ € §S.
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Notice that the decomposition S = S; U ---U Sy is not unique.

Concerning the random field we make assumptions (A2) to (AS):
(A2) X is defined on an open set containing S and has C? paths.

(A3) For every t € S the distribution of (X (), X'(t)) does not degener-
ate; for every s,t € S, s # t, the distribution of (X (s), X (¢)) does not
degenerate.

(A4) Almost surely the maximum of X (¢) on § is attained at a single point.

For t € §;, X} () and X/, n (1) denote, respectively, the derivative along S;
and the normal derivative. Both quantities are viewed as vectors in R?, and the
density of their distribution will be expressed, respectively, with respect to an
orthonormal basis of the tangent space 7; ; of S; at the point ¢, or its orthogonal
complement N; ;. X ;.’ (t) will denote the second derivative of X along §;, at the
point ¢ € S; and will be viewed as a matrix expressed in an orthogonal basis of
T;,;. Similar notations will be used for any function defined on S§;.

(AS) Almost surely, for every j =1,...,d there is no point ¢ in §; such
that X//. (t) =0, det(X}/(t)) =0.

The fundamental property that we use is the representation of the density of
the maximum given in Theorem 7.2.

Theorem 7.2. Let M = max,cs X (). Under assumptions (A1) to (AS), the dis-
tribution of M has the density

P = Y B(L X0 = 2) prip @

teSy
d
+Z/S E(1det(X /(1) Ls, IX (1) = x, X',(1) = 0)
Jj=1"%
X PX(z),X_’/.(z)(Xa 0)o;(dt), (7.1)

where A, = {M < x}.

Remarks. This equality is stated in terms of the density, but it is obvious that
one also obtains an exact (implicit) formula for the distribution of the maximum
on integrating once both sides of (7.1). One can replace |det(X}’ (1))] in the
conditional expectation by (—1)/ det(X}’ (1)), since under the conditioning and
whenever the event {M < x} holds true, X ;./ (¢) is negative semidefinite.

Proof of Theorem 7.2. Let N;(u), j =0, ..., d be the number of global maxima
of X(-) on S that belong to S; and are larger than u. From the hypotheses it
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.....

P{M > u} = Z P(N;(u) =1} = Z E(N; (u)). (7.2)

j=0,....d j=0,....d

The proof will be finished as soon as we show that each term in (7.2) is the
integral over (u, +00) of the corresponding term in (7.1). This is self-evident for
j=0.

Let us consider the term j = d. We apply the weighted Rice formula (6.6) as
follows:

e Z is the random field X’ defined on S;.
e Foreachr e Sy, set W =S and Y’ : § — R?, defined as

Y'(w) == (X(w) — X (1), X(1)).

Notice that the second coordinate in the definition of ¥’ does not depend
on w.

e In the place of the function g, we take for each n = 1,2, ... the function
gn, defined as follows:

gnlts fis 1) = g ) = (1= Fu(sup fiw)) ) (1 = Fulu = fo@)),

wes

where w is any point in W and for n a positive integer and x > 0, we define
as in formula (6.7),

Fo(x) :=F(nx)  with Fx) =0if0<x <1, F(x)=1ifx > 1,
(7.3)

and F monotone nondecreasing and continuous.

It is easy to check that all the requirements in Theorem 6.4 are satisfied, so that
for the value 0 instead of u# in formula (6.6), we get

E Z (YD | = / E(] det(X"(1)|ga (Y)|X'(t) = 0) pxr1y (0) 14 (d).
€Sy, X' ()=0 Sd
(7.4)

Notice that the formula holds true for each compact subset of S; in the place of
S4, hence for S, itself by monotone convergence.

Now let n 1 oo in (7.4). Clearly, g,(Y") | Ix()—x@)<0.vses-Ix>u. The pas-
sage to the limit does not present any difficulty since 0 < g,(Y") < 1 and the
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sum in the left-hand side is bounded by the random variable N(f /(S_d), which is
in L' because of the Rice formula. We get

E(Ng(u)) = / E(| det(X" ()| Ix (5)—x (1) <0.vses Ix=ul X' (t) = 0)
Sa

X px(n)(0)Agq(dt).

Conditioning on the value of X (#), we obtain the desired formula for j = d.

The proof for 1 < j < d — 1 is essentially the same, but one must take care of
the parameterization of the manifold S;. One can first establish locally the formula
on a chart of §;, using local coordinates. It can be proved as in Proposition 6.6
(the only modification is due to the term 14 ) that the quantity written in some
chart as

E(det(Y"(s)X4,1Y(s) = x,Y'(s) =0) Py(s).vjo (%, 0) ds,

where the random field Y(s) is A written in some chart of §; [i.e.,
Y(s) = X(¢~'(s))] defines a j-form, that is, a measure on S ; that does not
depend on the parameterization and which has a density with respect to the
Lebesgue measure ds in every chart. It can be proved that the integral of this
j-form on §; gives the expectation of N;(u).

To get formula (7.1) it suffices to consider locally around a precise point
t € §; the chart ¢ given by the projection on the tangent space at ¢. In this case
we obtain that at 7, ds is in fact o;(dt) and Y’(s) is isometric to X;.(t), where
s = ¢(t). This completes the proof. ([

7.2. ONE-PARAMETER PROCESSES

In this section we restrict the scope of our study to random processes defined
on a compact interval of the line. Without loss of generality, we assume this
interval to be [0, 1]. As announced, this will enable us to obtain deeper results
on the regularity of the distribution of M. The statement of the main theorem is
the following:

Let X ={X(t) :t € [0, 11} be a stochastic process with real values. It is said
to satisfy the hypothesis Hy, k a positive integer, if:

1. X is Gaussian.
2. a.s. X has CF-sample paths.

3. Forevery integer n > 1 and any set t, ..., t, of distinct parameter values,
the distribution of the random vector

X(t), ..y XW), X' (1) oo, X ), oo, XP1), ..., XP@,)

is nondegenerate.
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We denote by m(t) and r(s, t) the mean and covariance functions of X and
use the notation o
at+ J
rij . —m ————r l.,.=0,1,...
U T T )
for the derivatives, whenever they exist. It is in general a nontrivial task to
verify condition 3. However, for stationary Gaussian processes a simple and
sufficient condition on the spectral measure which implies condition 3 is given
in Exercise 3.5.

Theorem 7.3. Assume that X satisfies Hyi. Denote by F(u) = P(M < u) the dis-
tribution function of M = max,cjo,11 X (t). Then F is of class C* and its successive
derivatives can be computed by repeated application of Lemma 7.7.

Theorem 7.3 for random processes with one parameter appears to be a con-
siderable extension of Theorem 7.1. For example, it implies that if the process
is Gaussian with C*°-paths and satisfies the nondegeneracy condition for every
k=1,2, ..., the distribution of the maximum is C*°. The same methods we will
be using in the proof also provide bounds for the successive derivatives. The
asymptotic behavior as their argument tends to +oo is considered in Chapter 8,
where we study a certain number of asymptotic methods related to distribution
of the maximum.

Before proceeding to the proof of Theorem 7.3, which turns out to be quite
long and presents a number of technical difficulties, let us digress to state two
theorems on the density of the maximum which are easier to prove and provide
simple inequalities for the density of the maximum. The first, Theorem 7.4,
refers to general, not necessarily Gaussian processes. The second, Theorem 7.5,
concerns Gaussian processes. As applications, one gets upper and lower bounds
for the density of M under conditions which otherwise have required complicated
calculations and unnecessary restrictions.

Theorem 7.4. Assume that the process X = {X(t) : t € [0, 11} has C*-paths,
that for each t € [0, 1], the triplet (X (¢), X'(t), X" (t)) admits a joint density, and
X'(t) has a bounded density px:)(-). We also assume that the function

1
I(x, Z) = ‘/0 E(X”_(l‘)|X(t) =X, X/(l‘) = Z)px(t),x/(t)(x, Z) dt

is uniformly continuous in z for (x, z) in some neighborhood of (u,0). Then the
distribution of M admits a density py (-) satisfying a.e.

puu) < PX'(0) <0|1X(©0) = u)pxoy@) + PX'(1) > 01X (1) = u) px(u)
1 M .

+ / E(X""(O)|X() = 7 X'(1) =0) px(t),X/(,)(?/, 0) dt. (7.5)

0
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Proof. Let u € R and & > 0. We have

PM<u)—PM <u—h)=Plu—h<M<u)
<Pu—h<X(0) <u,X'(0)<0)
+Pu—-—h<X1)<u, X'(1)>0)
+P(M,), > 0),

u

where M;r_h y= M,:r_h .0, 1), since if u —h <M < u, either the maximum

occurs in the interior of the interval [0, 1] or at O or 1, with the derivative
taking the sign indicated. Notice that

P(M;), , >0) <EWM,

u—h,u)‘

Using Proposition 1.20, with probability 1, X’(-) has no tangencies at level 0;
thus, an upper bound for this expectation follows from Kac’s formula:

1

1
M,  =lim — Lixyetu—nuly Lixye—s.61 Lxra<op| X" (1) dt — as.,
’ §—0 28 0

which together with Fatou’s lemma implies that

1 ) u u
E(Mth ) < liminf—/ dz/ I(x,2)dx = / I(x,0)dx.
T 5—0 26 J s Jua u—h
Combining this bound with the preceding one, we get
u
P(M <u) —P(M <u—h) < [ [P(X"(0) < 01X (0) = x) px(0)(x)
u—h

+ P(X'(1) > 01X (1) = x) pxy(x) + I (x, 0)] dx,
which gives the result. ([l

Despite the simplicity of the proof, in the case of Gaussian processes, this
theorem provides under quite general conditions, an upper bound for the density
which is difficult to improve (see, e.g., Diebolt and Posse, 1996). If we consider
a Gaussian centered process with unit variance, by means of a deterministic time
change, we can also assume that the process has unit speed [which means that
Var(X'(t)) = 1]. This transforms the interval [0,1] into an interval having length,
say, L. Then one can prove (see Exercise 7.2) that (7.5) reduces to

L
pu(u) < pT(u) = o) [1 + @m)~12 f C)pw/C(t)) +udu/C(t)) dr]
0
(7.6)

with C(t) := /ryp(t, 1) — 1.
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As u — +o0o,

L
P W) = o) [1 + LuQm)” 2 + (2n)1/2u2/ C3 () (u/C(1)) dt}
0
+0w g (u/Ch) (7.7)

with C* = sup, (o 1, C ().

The following theorem is a direct consequence of Theorem 7.2. The only point
that is new is the continuity of the density, which will be proved later.

Theorem 7.5. Suppose that X is a Gaussian process with C*-paths and such
forall s,t,s #1t €[0,1], X(s), X(t), X'(¢t) and X (¢), X'(t), X" (t) admit a joint
density. Then M has a continuous density py given for every u by

pu(u) =PM < ulX(0) =u)pxoy() +P(M < ulX(1) =u)pxa)(u)

1
+/o E(X" () Iy<u X (@) = u, X'(t) = 0) px ), x')(u, 0) dt. (7.8)

Using (7.8), one can obtain sharper upper bounds than those produced by (7.5)
(see Exercise 7.1).
We turn next to proofs of our main results.

Proof. We begin with an auxiliary technical lemma.

Lemma 7.6. (a) Let Z ={Z(t) :t € [0, 1] be a centered stochastic process
satisfying Hy (k> 2) and t a point in (0, 1). Define the Gaussian processes
Z0(s), Z'(s), Z'(s) by means of the orthogonal decompositions

a’(s)Z(0) 4+ sZ%(s) s €(0,1] (7.9)
Z(s) = a' () Z() + A —5)Z(s) s e€[0,1) (7.10)
b ()Z(t) + ¢ (s) Z' (1) + %zf(s) sel0,1],s #t. (7.11)

Then the processes 70, 7Y and Z' can be extended continuously at s =0, s = 1,
and s = t, respectively, so that they satisfy Hy_, H,_, and Hy_;, respectively.
Notice that, in fact, the functions a® a', b, and ¢' are the ordinary regression
coefficients.

(b) Let f be any function of class C*. When there is no ambiguity on the pro-
cess Z, we will define f°, f!, and f' in the same manner, putting f instead of
Z in (7.9), (7.10), and (7.11), but still keeping the regression coefficients corre-
sponding to Z. Then f°, f', and f' can be extended by continuity in the same
way to functions in C*=', Ck=1, and C*=2, respectively.

(b") As a consequence, if Z is a process satisfying Hy which is not centered, we
can define Z°, Z', and Z' using (7.9), (7.10), and (7.11) applied separately to
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the centered process t — Z(t) — E(Z(t)) and to the mean E(Z(t)) and summing
up the two components. In fact, we again obtain (7.9), (7.10), and (7.11)

(c) Let m be a positive integer, suppose that Z(t) satisfies Hy, 11 and ty, ..., ty,
belong to [0, 1]. Denote by Z">-'(s) the process obtained by repeated applica-
tion of the operation of part (a); that is,

Zl‘l ..... Im (S) — (Ztl ..... tm—l)tm(s)‘

Denote by sy, ...,s, (p < m) the ordered p-tuple of the elements of 1y, ..., 1,
that belong to (0, 1) (i.e., they are neither O nor 1). Then, a.s. the application

(S1snsSp, )~ (Z00Im(s), (Z'm) (s))

is continuous.

Proof. Parts (a) and (b) follow directly by computing the regression coefficients
a® (s),a' (s), b'(s), and ¢’ (s), substituting into formulas (7.9), (7.10), and (7.11)
and using the arguments above. We now prove part (c), which is a consequence
of the following. Suppose that Z(zq, ..., ) is a Gaussian field with C”-sample
paths (p > 2) defined on [0, 1]¥ with no degeneracy in the same sense that in the
definition of hypothesis Hj(3) for one-parameter processes. Then the Gaussian
fields defined by means of

2%, ... ) =) N (Z@, . e )
—d(ty, ... ) Z(11, ..., 11, 0) for 1 # 0,
Z't, o) =0 =) N2, .. e 1)
—a'(ty, ..., 0)Z(t, ... ti_1, 1)) for 1 # 1,

Z(t, ot i) = 20t — 1) (2t - ety 1)
—b(ty, ..., tk, i) Z(t1, ... 1)
07
—C(tl,.-.,tk,tk+1)8—t(t1,.-.,tk)) for 41 # 1
X

can be extended to [0, 1]¢ (respectively, [0, 11F and [0, 17¥*1) into fields with
paths in CP~! (respectively, C’~! and CP~2). In the formulas above:

e a%(11,..., 1) is the regression coefficient of Z(ty,...,t) on Z(ty, ...,
fr—1, 0)

e al(ry, ..., 1) is the regression coefficient of Z(ty,...,#%) on Z(ty,...,
ti_1, 1).

o b(ty,...,.tx,txy1) and c(ty, ..., I, tr+1) are the regression coefficients of

Z(ty, ..., 1, lk+1) on the pair (Z(t1, ..., 1), 0Z(11, . ..,lk)/alk).



ONE-PARAMETER PROCESSES 193

Let us prove the statement about A (t1, ..., t, ty+1)- The other two are simpler.
Suppose for the moment that Z(tq, ..., #, tr+1) is centered. Denote by V the sub-
space of L? (2,3, P) generated by the pair (Z(¢t1,..., %), dZ(ty, ..., t;)/0t).
Denote by ITy1 the version of the orthogonal projection of L? (2, J, P) on the
orthogonal complement of V, which is

0Z
My, (Y) =Y — |:bZ(t1, A Cg(tl’ e, tk):| ,
k
where b and c are the regression coefficients of Y on the pair

Z(t i) 8Z(t )
l"”’k’al’k 1y ey li).

If {Y(0):60 € ®} is a random field with continuous paths and such that
0 — Y(0) is continuous in L? (2, 3, P), then a.s.

(9, Hy .., l‘k) — HVJ_(Y(;)
is continuous. From the definition,
= -2
Z(t, ot ) = 2 (e — 1) "Iy (Z(01, ooy Bt Brg1))

On the other hand, by Taylor’s formula,

0Z
Z(t, o =1 i) = Z(0, - ) F (g1 — tk)a_tk(tl»---atk)

+R2(t1, ey I, tk-i—l)

with
1 927
Ry (ty, ooyt trg1) = / — . -1, T) (g — T) dT,
73 al‘k
so that
Z(t, sty i) = Tyt [2 (tert — 1) 2 Ra (t1, oot tis) ] - (7.12)

It is clear that the paths of the random field Z are p — | times continuously
differentiable for 711 # ;. Relation (7.12) shows that they have a continuous
extension to [0, 11**" with Z(#y, ..., tx, ) = TTy1 (82Z/08:7W)). In fact,

Myo (2 (k41 — 50 2 Ra (51, Sks Skr))

B Sk+1 927
= 2 (Sk+1 — Sk) 2/ Ty ( (Sl,---,Sk—l,T)> (Sg1 —7) dT.

2
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The integrand is a continuous function of the parameters therein, so that, a.s.,

~ 027
Z (81, s Sk Sk+1) = o W(tl’”"tk)
k

when (s, ..., Sk, Sk+1) = (f1, ..., Ik, fx). This proves (c) in case 7 is centered.
_ It remains to consider the case when Z is purely deterministic, say
Z(ty,y ... . tx) = f(t1, ..., t). Making ;41 tend to #; in the regression equation,
we see that
b(ty,....tr, tx) =1 c(t,.... 1, 1) =0 (7.13)
0 =0 =1 (7.14)
atk 1""7 kvk - atk 17"'9 k?k - b M
0 b(t1, ... i, tir1) = 1+ O((t — te1)?) and c(t1, ..., t, 1) = ler — fet

O((tx — tx+1)?) and

~

f(tla sy tka tk+1) == 2(tk+1 - tk)iz[f(t]9 .. '5tk—litk+l) - Z(tla ceey tk)

0Z
= (fe+1 — tk)a_[k(lla )]+ o).

The result is now a simple consequence of the Taylor formula. In the same way,
when p > 3, we obtain the continuity of the partial derivatives of Z up to the
order p — 2. O

Proof of Theorem 7.5. We apply Theorem 7.2. It is easy to check that whenever
the parameter set is a compact interval in the line, it is not necessary that the
process be defined in a neighborhood of §, since this assumption is in fact used
to define the derivative at the boundary of S. In the case of an interval, we simply
use one-sided derivatives at the extremes. The conditions required for (7.8) to
hold true are fulfilled.

Set B(t) = 1. Then:

For ¢t # 0, 1, under the condition X (t) = u, X'(t) = 0, the event {M < u}
can be written {Vs € [0, 1], X'(s) < B'(s)u} with the notation of Lemma
7.6. This event will be denoted A, (X', B!).

e For 7 # 0, 1, under the condition X () = u, X'(t) =0, X"(¢) is equal to
X'(1).

Under the condition X (0) = u, the event {M < u} is equal to A,(X°, 8%).
Under the condition X (1) = u, the event {M < u} is equal to A.(X', BY.
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We prove, for example, that P{A, (X', ')} is a continuous function of u. Let
h > 0. We have the inequalities:

IP{AL (X", B} — P{A,—n (X", BD}] (7.15)

< PALX", BONAu—n (X", B + P Au—n (X", BONALX", BYD)

<P { sup (X'(s) — B'()u) € [—h]|B oo 0]}

s€(0,1]

+ P{ sup (X'(s) — B'(s)u) € [0, hllﬁ’lloo]} -

s€[0,1]

Now, apply Ylvisaker’s Theorem 1.21 to prove that the expression above tends to
zero as h — 0, which proves the continuity of P{A, (X", B")}. Similar arguments
can be applied to prove that each of the three terms on the right-hand side of
(7.8) is a continuous function of u. O

Our next lemma is the basic technical tool to prove the fundamental
Theorem 7.3.

Lemma 7.7. Suppose that Z = {Z(t) : t € [0, 1]} is a stochastic process that
verifies H,. Define

Fy(u) = E{gv-IA,,} )

where

Ay =A(Z,B) ={Z@t) = B(t)u for all t € [0, 1]},
B(-) is a real-valued C*-function defined on [0, 1], and &, = G(Z(t;)—B(t1)v, ...,
Z(ty) — B(ty)v) for some positive integer m, ti,...,t, €[0,1],v € R and
some C*®-function G : R™ — R having at most polynomial growth at oo, that is,
| G(x) |< C(+ || x ||?) for some positive constants C and p and all x € R™.

Then, for each v € R, F, is of class C' and its derivative is a continuous function
of the pair (u, v), which can be written in the form

Fy(u) = BOE(E), 14,20 0)} Pz0) (B(O)u) (7.16)
+ BDELE, , Ty, 2151} Pzt (B(Du)
1
—/(; B(OE(E, ,(Z] — B (D)u) Ly, (2 pr))

X pzuy.z/0(B®u, B’ (t)u) dt.
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Proof.

Z (1)
ANA—pn=A,N|lu—h< sup — <u|.
18>0 B{)

The set BT := {t € [0, 1] : B(¢t) > 0} is open in [0, 1], so it is a countable union
of disjoint open intervals BT = (U, (an, b,). (The reader may notice that intervals
having the form [0, b,) or (a,, 1] may be present.) By a monotone convergence
argument,

E(& Ia0a, ,) = lim limE[§, I{u—h<supt€B£/ Y <u} ]

N—>+o00e—0
where

v = 20 BY

=50 No=UY (@, + &by, —¢)

and ¢ is small enough that BéN is well defined. Since f(¢) is bounded away from
zero on BY, the conditions of Theorem 7.2 are fulfilled by the process Y (7).
Putting the weights &, at every global maximum, we get

N bp+e u
B Iaaa, ) = Jim  lim > / dt f dx (7.17)
n=1 Yan—¢ u—nh

x E[&,|Y" ()] T4, 1Y (1) = x, Y'(t) = Olpy ).y (x, 0)
N u

> (B L0 1Y @ +2) = 51y n(0)
n=1 Y4~

+ E[&, 14, Y (by — &) = x]pyp,—e) (¥)] dx.

Changing variables in each integral, we get

——+00e—0

N bp+e u
El&, Iaa, 4] = lim th]:/an_S dt fu_h dx (7.18)
n=

BOEIEIZ" (@) — B" (x| 14,1Z (1)
=B"x, Z'(t) = B'(Ox1pza),z2 0y (B)x, B'()x)

N u
> 1B, + 2B, L, |Z(a +)
n=1"Y4"

= Bla, + S)X]pZ(an+s)(,3(an +&)x)
+ B(b, — &)E[E, 14, |Z(b, — &)
= B(b, — &)x1pzp,—e)(Bby — &)x)]dx.
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We get, as in the proof of Theorem 7.8,

by+e u
E[¢, Tpna, ,]1 = lim hm / dt/ dx B(t) (7.19)
a u—h

-»+me»0 _¢
n

x E[&], |Z () — B (x| Us 20 )| P26y, 27 (BD)x, B (£)x)
N u

+ Z/ h[ﬂ(an + o)E[&, 14, 1Z(ay + &) = Bla, + &)x]
n=1"v4"

X PZ(an+e)(B(an + €)X)
+B(by — €)E [£, 14, | Z (b, — &) = B(by — £)x]
X PZb,—e)(B(bn —€)x)]dx.

In the present form we can see that the conditional expectations and the den-
sities appearing on the right-hand side of this formula are bounded, so excepting
the case where a, = 0 or b, = 1, the contribution of the points a, + ¢ and b, — ¢
tends to zero as ¢ — 0 since B(a,) = B(b,) = 0. Letting ¢ — 0 and N tend to
400 in that order, we obtain

E¢, Ta0\a4, ;) = /B+ ,B(I)dt/ , dx E[&) |Z' (1) — B'(1)x] (7.20)
x La zt p1Pz@). 2700 (B(®)x, B’ (1)x)

+/ dx (B(0))" L&, , Iy (70 50,1pz(0)(B(0)x)

u—nh

+/ hdx (BANTELE, , Ly, 21 p1]pzay(B(1)x).

Lemma 7.7 shows that the integrand is a continuous function of x, so that also
taking into account the sign of Z'(¢t) — B’ (¢)u inside the expectation, we obtain

lim %E(sv Lo, ) = — /B BOEIE(Z' (1) = B (0w Ly, )] (7.21)
x P2,z (BOu, B/(0x) dt
+ (BO)TEE, Ly, 20 40)) Pz (BO)u)
+ BN EEL, Ly p1)pzay (B(Du).

Similar computations (which we do not perform here) show an analogous result
for

1
1}}11(’)1 hE {gv IAu h\Au} .

This completes the proof of the lemma. O
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Proof of Theorem 7.3. We proceed by induction on k. We give some details
for the first two derivatives, including some implicit formulas that will illus-
trate the procedure for general k. We introduce the following additional nota-
tion. Put Y (¢) := X (t) — B(¢t)u and define, on the interval [0, 1], the processes
X0, X' X', Y v', ¥Y" and the functions B, B!, B, as in Lemma 7.6. Notice
that the regression coefficients corresponding to the processes X and Y are the
same, so that anyone of them may be used to define the functions ,30, B, and
B'. One can easily check that

Yo(s) = X°s) = B (s)u
Yi(s)=X'(s) = B'(s)u
Yi(s) = X'(s) — B'(s)u.
For t;,...,t, €[0,1], m > 2, we define by induction the stochastic pro-
cesses XMoot — (XTowolm=1)m Yot — (YTIm=1)m — and  the function
pltm = (Bh---Im=1)m ysing Lemma 7.6 for the computations at each stage.
With the aim of somewhat reducing the size of the formulas, we express the
successive derivatives in terms of the processes Y/~ instead of X'lm  The
reader must keep in mind that for each m-tuple ¢, ..., t,,, the results depend on

u through the expectation of the stochastic process Y’ Also, for a stochastic
process Z, we use the notation

A(Z) =Ap(Z,B)=1{Z(@) <0: forall t € [0, 1]}.

FIrRST DERIVATIVE. Suppose that X satisfies H,. We use formula (7.16) in
Lemma 7.7 for £ =1, Z = X, and B(-) = 1, obtaining for the first derivative:

F'(u) = E[ 14y0)]py©)(0) + E[ Iy1y] py1)(0)

1
- f E[Y" ) Ly | prapran© 0dn. (.22)
0

This expression is exactly the expression in (7.8) with the notational changes
just mentioned and after taking note of the fact that the process is Gaussian, via
regression on the condition in each term. Notice that according to the definition
of the Y-processes,

E[IA(YO)] = E[IAM(XO,/SO)]
E[IA(YI)] = E[ IAu(Xl,ﬁl)]
ELY" (1) Ly yr )] = BV (1) Ly, gy -

SECOND DERIVATIVE. Suppose that X satisfies Hy. Then, X9, X!, X1 satisfy
Hs, H3, H;, respectively. Therefore, Lemma 7.7 applied to these processes can
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be used to show the existence of F” (1) and to compute a similar formula, except

for the necessity of justifying differentiation under the integral sign in the third
term. We get the expression

F”() = —E[ Ly0)1py ) (0) — EL Ly y1y1py (0) (7.23)

1

+ | E[Y () Ly 1Y) i, (0. 0) dt
0 D 2aamy Py ey )™ !

+pr 0 OB (OEI 1500, pyo ) (0) + B (DE[ Ly yo.1)]pyor,(0)]
1

- /0 BUELY " (12) L,y 1Py vy (0: 0)

+ Pray(O{B (OE[ Ly y1.0)1py1(0)(0) + B (DE[ Lyy11y1py1 1y (0)}
1

_[) ﬂl(tz)E[Ylylz (tZ) IA(YI‘IZ)]pyl(tz),(Yl)’(l‘z) (0, 0) dtz

_:3[1 (t)E[ IA(y’I )]
+ B"(0) E[Y”’O(Il)IA(Yn,0)]Pm )

_/‘ + BB (1) Ty i 1pyn 1)(0)

Py ).y ;) (0, 0) L dit.
0

1
—/ B (0)E[Y2 (1) Y2 (1)
0
X Lyyny 1Py (i), (v y (1) (0, 0) d 2

. 1 1 1,0 .
In this formula, pg,()to), p;()tl), and p;(lli’y,m)(o, 0) stand, respectively, for the

derivative of py)(-), the derivative of py,)(-), and the derivative with respect
to the first variable of py,) y/«,)(-, -). To validate the formula above, notice the
following points:

o The first two lines are obtained by differentiating with respect to u, the den-
sities py(0)(0) = px ) (—u), py1)(0) = px)(—u), and py).y/)(0,0) =
DX (1), X' (1) (—u, 0).

e Lines 3 and 4 come from the application of Lemma 7.7 to differentiate
E[1y0)]. The lemma is applied with Z = X°, B = °, and & = 1.

e Similarly, lines 5 and 6 contain the derivative of E[1 4y1,].

e The remainder corresponds to differentiating the function

E[Y" (1) Typmy] = BI(X" (11) — " (t1)u) Ty, (xn1 g1y ]

in the integrand of the third term in (7.22). The first term in line 7 comes
from the simple derivative

d
%E[(th (t1) — B" (t1)v) Ly, xn gyl = —B" (1)E( Lyyny)-
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The other terms are obtained by applying Lemma 7.7 to compute

Rl
aE[(th (t1) — B (1)) Ty, (xn gyl

setting Z = X', B = B, and & = X' (r;) — B (1))v.

o Finally, differentiation under the integral sign is valid since because of
Lemma 7.6, the derivative of the integrand is a continuous function of
(t1, 12, u), due to regularity and nondegeneracy of the Gaussian distributions
involved, and the use of Ylvisaker’s theorem.

GENERAL CASE. With the notation above, given the m-tuple 7, ...,1, of
elements of [0, 1], we call the processes Y, Y1, Y't-2 Y"--Im=1 the ancestors
of Y':~m_Tn the same way, we define the ancestors of the function B't-m,

Assume the following induction hypothesis: If X satisfies Hy, F is k times
continuously differentiable and F®) is the sum of a finite number of terms belong-
ing to the class Dy, which consists of all expressions of the form

(7.24)
where:

o 1 <m<k.

o f,....tn, €[0,1], m > 1.

e 81,...,5,0=< p < m,are the elements in {1, ..., 1,,} that belong to (0, 1)
(i.e., which are neither “0” nor “1”’). When p = 0, no integral sign is present.

e Q(s1,...,5p) is a polynomial in the variables s1, ..., s,.

e & is a product of values of Y"~'m at some locations belonging to
{51, ..., 5p)

e Ki(si,...,sp) is a product of values of some ancestors of S/~ at some
locations belonging to the set {sy,...,s,} U {0, 1}.

e K>(s1,...,sp) is a sum of products of densities and derivatives of densities
of the random variables Z(t) at the point 0, or the pairs (Z(t), Z'(t)) at the
point (0, 0), where 7 € {s1,...,s,} U{0, 1} and the process Z is an ancestor
of Yitwtm,

Notice that K| does not depend on u, but K, is a function of u. It is clear that
the induction hypothesis is verified for k = 1. Assume that it is true up to the
integer k and that X satisfies Ho;,o. Then F® can be written as a sum of terms
of the form (7.24). Consider a term of this form and observe that the variable u
may appear in three locations:
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1. In &, where differentiation is simple given its product form, the fact
that d(Y'"(s))/du = —p""(s),q <m,s € {s1,...,sp}, and the
boundedness of moments, allowing us to differentiate under the integral
and expectation signs.

2. In K»(sy, ..., sp), which is clearly C* as a function of u. Its derivative
with respect to u takes the form of a product of functions of the types
Ki(s1,...,sp) and K5(s1, ..., s,) defined above.

3. In 1,yn..m). Lemma 7.7 shows that differentiation produces three
terms, depending on the processes Yl /m:lm+1 with t,,,; belonging to
(0, 1) U {0, 1}. Each term obtained in this way belongs to Dj4 .

The proof is achieved by taking into account that as in the computation of the
second derivative, Lemma 7.6 implies that the derivatives of the integrands are
continuous functions of u that are bounded as functions of (si, ..., Sy, fyy1, u)
if u varies in a bounded set.

The statement and proof of Theorem 7.3 cannot, of course, be used to obtain
explicit expressions for the derivatives of the distribution function F. However,
the implicit formula for F® (u) as a sum of elements of Dy can be transformed
into explicit upper bounds if one replaces the indicator functions T, yr...im)
everywhere by 1 and the functions B>~ (.) by their absolute value.

On the other hand, Theorem 7.3 permits us to have the exact asymptotic
behavior of F® (u) as u — +o0 in case Var(X,) is constant. Even though the
number of terms in the formula increases rapidly with k, there is exactly one
term that is dominant. It turns out that as u — 400, F® (u) is equivalent to
the kth derivative of the equivalent of F(u). We come back to this point in
Chapter 8.

7.3. CONTINUITY OF THE DENSITY OF THE MAXIMUM OF RANDOM
FIELDS

LetS cRY, d>1and X = {X(¢) : t € U}, areal-valued random field defined on
some open neighborhood U of S. We assume that § and & satisfy assumptions
(A1) to (AS) of Section 7.1. We know from Theorem 7.2 that the probability
distribution of the maximum M = max;cg X (¢) has a density pj, that verifies
equality (7.1).

As we did in Theorem 7.5, corresponding to the one-dimensional case, we
will now prove that pj is continuous. The problem is more difficult here, since
the equivalent of Lemma 7.6 is more difficult. The result is the following:

Theorem 7.8. In addition to the foregoing assumptions, for every s € S,
tes;,j=0,1,..., do, s # t, the joint distributions of the triplets (X (1), X' (1),
X" (1)), (X(s), X (1), X}(t)) do not degenerate. Then the density py given by
(7.1) is continuous.
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Proof. Fort € S; and s € S, we define the normalization

1
n(t,s) =66 = 0wl + 3 lls = 1%,

where (s — 1) v is the normal component of s — ¢ (i.e., its orthogonal projection
onto the subspace N;_ ;; see Section 7.1 for the notation). For s # ¢, ¢ € §;, define
X'(s) by means of the Gaussian regression

X)) =a" )X+ < b(s), X @) >+ n, )X (s). (7.25)

The reader should notice that X’ (s) is not the same as before, since the present
normalization is different. Let us consider the expression on the right-hand side
of (7.1). A dominated convergence argument shows that it is enough to prove
the continuity of the integrands appearing in that formula. Such an integrand has
the form

E(ldet(XF )| T 1X (1) = x, X(1) = 0)px).x' (1) (x, 0)-

The density py ) x’. ) (x, 0) is clearly a continuous function of x. The regression
)

of X ’]./ (t) on the condition does not present any problem, and the only remaining
point is to check that
P(A|X (1) = x, X;(t) = 0)

is a continuous function of x. We write this as an unconditional probability, using
the regression formula (7.25), so that it becomes

P{Y'(s) < y'(s)x forall s € S, 5 # t},

where b 5
, X (T
viisy = xi(s) 4 2O Ko@)
n(t,s)
and | ‘)
fon 1=a(s
14 (S)_in(t,s) :

On the other hand, from the regression formula it follows easily that the
C2-functions a’ and b’ verify

dm =1 (@)®n=0 »bwn=0 G0 =1

where Id is the identity in RY.
The reader can check that there exist positive constants K, ¢, and y such that
for all s € S, s # t, one has

EY'(s) = K
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Var(Y'(s)) > ¢ (7.26)
lyGs, Dl <y.

Let us denote C, := {Y'(s) < y'(s)xfor alls € S, s # ¢} and let & > 0. Clearly,
|P{Cx} - P{Cx—h}| = P{Cx \ Cx—h} + P{Cx—h \ Cx}a

and it suffices to prove that both terms on the right-hand side are small if & is
small. Let us do it for the first one; the second is similar. We have

P{C\Cy—p} < P{=hy < sup [Y'(s) — y(s,)x] < O} (7.27)
seS, s#t

To finish, observe that the random field {Y'(s) — y (s, f)x : s,t € S, s # t} veri-
fies the hypothesis of Theorem 1.22. So the distribution of its supremum has no
atom in R. This shows that the right-hand side of (7.27) tends to zero as h — 0,
and we are done.

Remark. The last proof exhibits the main technical difference between one-
parameter processes and multidimensional-parameter processes in what concerns
the study of the regularity of the distribution of the maximum. The random
field {X'(s) : s € S,s # t} is constructed after Gaussian regression and renor-
malization. In the multidimensional-parameter case, it does not have a limit as
s — t; the paths present a “helix behavior” as one approaches point ¢. In the
one-dimensional parameter case, this new process can be extended continuously
to s = ¢, and the extension also preserves a part of the regularity of the original
process. So we are able to iterate the procedure, renormalize, and continue in
this way. This is the basis of the proof of Theorem 7.3 that we are unable to
reproduce for general Gaussian random fields.

EXERCISES

7.1. (a) Check the following inequalities:

P(M <u|Xo=u)=PWM <u, X'(0) <0/X(0) =u)
> P(X'(0) < 0]X(0) = u)
— E(UL[0, 1] T{y:(0y )| X (0) = w).
PM <ulX() =u)=PM <u, X' (1) >0/X(1) =u)
> P(X'(1) > 0|X(1) = u)
—ED,[0, 1] Lx(1)- 0y [ X (1) = u).
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Ifx" <0:

PM<ulX®) =u,X't)=0,X"(t) =x"
> 1—E(D,(0, D) + U, (1, IDIIX (1) = u, X'(t) =0, X" (t) = x").

(b) Using the inequalities in part (a), prove the following lower bound for
the density of the maximum:

pu) > P(M < u|X(0) = u)pxo)(u) (7.28)
+P(M < u|X(1) =u)pxa)(u)

1
+/ E(X" (1) Iy<u| X (1) = x, X'(t) = 0) px 1) x7(1) (%, 0) dt
0

1 0 +00
—/ dS/ dx// X3 DX (). X' (), X 0), x'(0) (U Xg, 4, x") dxg
0 -0 0

1 0
—/ dt/ |x"1dx"
0 —00

' 0
|:/ dS/ x| Px (). X7 (). X (0). X (). %7 (1) (s X5 u, 0, x7) dx’
0 —00

1 400
-l-/ dS/ X' Px (), x' (), X0, X' (0, x" (1), X, u, 0, x7) dx’].
¢ 0

7.2. (a) Prove inequality (7.6).
(b) Prove (7.7), which gives an asymptotic bound for p,(u) as u — +o0.

7.3. Let {X(s,t):s5,t € R} be a real-valued two-parameter Gaussian centered
stationary isotropic random field with covariance I, I'(0) = 1. Assume that
its spectral measure pu is absolutely continuous with respect to Lebesgue
measure in R? with density

w(dx,dy) = f(pydsdt,  p=(x*>+yH"?

so that
+o0
2nf pf(p)dp = 1.
0

Assume further that J;, = f0+°° X f(p)dp < oo, for 1 <k < 5. Denote by
X, X5, X¢, X5, X5t Xyr the values of X and the first and second partial
derivatives at the point (s,7) and X’ = (X,, X;)T and X” the matrix of
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second-order partial derivatives. Let § = {(s, 1) : s> 4+ t> < 1} be the closed
disk of radius 1 centered at the origin and M = max res X (s, 1).

(a) Prove that:
e X’ is independent of X and X” and has variance 7 J31;.
e X! is independent of X, X', X7, and X;, and has variance (1r/4)Js.
o Conditionally on X = u, the random variables X, and X;; have

(1) Expectation: — J3.
(2) Variance: (37/4)Js — (7w J3)>.
(3) Covariance: (r/4)Js — (7 J3).

(b) Prove that
puw) < (I + L)p(u),

where /; and I, are computed by the formulas

1 R 2 2.2
I = — [(”+a” —cx7)DP(a — cx)
: 42w J3 Jo
+ [2ax — az(a —cx)]p(a — cx)]xp(x) dx,
with
J
a =2 J3u, c= %

(1/2)
L= 2 [(3%15 - (7'[.]3)2) ¢ (bu) +- anMCD(bu)]

b— nJ3
(B /A Ts — (w2




CHAPTER 8

THE TAIL OF THE DISTRIBUTION
OF THE MAXIMUM

Let X = {X(¢) : t € S} be a real-valued random field defined on some parameter
set S and M :=sup, ¢ X(¢) its supremum. In this chapter we present recent
results which allow us, in certain cases, to give more precise approximations
of the tails of the distribution of the random variable M. We will be especially
interested in the approximation of P(M > u) for large u, but we also give results
that can be used for all u.

For Gaussian processes, a number of fundamental results have been presented
in Chapter 2 that we have called the basic inequalities. These are essential for the
development of most of the mathematical theory. However, in a wide number of
applications, the general situation is that these inequalities are not good enough,
one reason being that they depend on certain constants that one is unable to
estimate or for which estimations differ substantially from the true values. Some
refinements of the same subject, either for certain classes of processes or touching
special topics concerning the computation of the distribution of the maximum,
are considered in Chapters 3, 4, 5, and 9.

Since the 1990s several methods have been introduced with the aim of obtain-
ing more precise results than those arising from the classical theory, at least
under certain restrictions on the process &X'. These results are interesting both
from the standpoint of the mathematical theory and of their use in significant
applications. The restrictions on X include the requirement that the domain §
have some finite-dimensional geometrical structure and the paths of the random
field, a certain regularity.

Level Sets and Extrema of Random Processes and Fields, By Jean-Marc Azais and Mario Wschebor
Copyright © 2009 John Wiley & Sons, Inc.
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Examples of these contributions are the double-sum method of Piterbarg
(1996a), the Euler—Poincaré characteristic (EPC) approximation (Taylor et al.,
2005; Adler and Taylor, (2007); the tube method (Sun, 1993), and the methods
contained in the chapters mentioned above. We refer to these books and papers
for an account of these results.

This chapter is divided into two parts. In the first part we consider two special
topics which concern only the tails of the distribution of one-parameter Gaussian
processes: In Section 8.1 we look at the asymptotic behavior of the successive
derivatives of the distribution of the maximum and related questions, using the
methods of Chapter 7; in Section 8.2 we again use similar tools to study the tails
of the distribution of the maximum of certain unbounded Gaussian processes, that
is, processes for which the probability ¢ that the supremum is finite is strictly
smaller than 1, and we are willing to understand the speed at which P(M < u)
approaches the limiting value ¢ as u — +oo. This section opens what seems to
be a quite unexplored subject.

The second part, which begins in Section 8.3, is the main body of the chapter.
It is based on Theorem 7.2, allowing us to express the density pj; of F); by means
of a general formula. Even though this is an exact formula, it is only implicit as
an expression for the density, since the relevant random variable M appears on
the right-hand side. However, it can be usefully employed for our purposes.

First, one can use Theorem 7.2 to obtain bounds for py,(#) and thus for
P{M > u} for every u by means of replacing some indicator function in (7.1)
by the condition that the normal derivative is “extended outward” (see below for
the precise meaning). This will be called the direct method. Of course, this may
be interesting whenever the expression one obtains can be handled, which is the
actual situation when the random field has a law that is stationary and isotropic.
For this family of random fields, our method relies on the application of some
known results on the spectrum of random matrices, which we will use without
proof and which one can find in Mehta’s book (2004).

Second, one can use Theorem 7.2 to study the asymptotics of P{M > u} as
u — +o00. More precisely, whenever possible one wants to write

2

P{M > u} = A(u) exp (—%%) + B, 8.1)

where A(u) is a known function having polynomially bounded growth as
u— 400, 02 = sup,cg Var(X(t)), and B(u) is an error bounded by a centered
Gaussian density with variance 012, 012 < 2. We will call the first (respectively,
the second) term on the right-hand side of (8.1) the first (respectively,
second )-order approximation of P{M > u}.

First-order approximation has been considered by Taylor et al. (2005) and
by Adler and Taylor (2007) by means of the expectation of the EPC of the
excursion set E, :={t € § : X(¢) > u}. This works for large values of u. The
same authors have considered the second-order approximation; that is, how fast
does the difference between P{M > u} and the expected EPC tend to zero when
u — +oo?
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We address the same question for both the direct method and the EPC approxi-
mation method. Our results on the second-order approximation only speak about
the size of the variance of the Gaussian bound. More precise results are only
known in the special case where S is a compact interval of the real line and where
the Gaussian process X is stationary and satisfies a certain number of additional
requirements. We have stated this special result without proof in Chapter 4. It is
due to Piterbarg (1981) when the domain interval is small enough and to Azais
et al. (2002) in its general form. See the remarks after Proposition 4.1.

The first-order approximation is computed for the direct method in
Theorem 8.8 in the case of stationary isotropic random fields defined on a
polyhedron, from which a new upper bound for P{M > u} for all real u follows.
As for second-order approximation, Theorem 8.10 is the first result here in this
direction. It gives a rough bound for the error B(u#) as u — +o00 in case the
maximum variance is attained at some strict subset of the face in S having the
largest dimension. In Theorem 8.12 we consider random fields with constant
variance. This is close to Theorem 4.3 of Taylor et al. (2005). In Theorem 8.15,
S is convex, the random field is stationary and isotropic, and we are able
to compute the exact asymptotic rate for the second-order approximation as
u — +oo corresponding to the direct method. In all cases, the second-order
approximation for the direct method provides an upper bound for the one arising
from the EPC method.

From a technical point of view, the proofs of the results about the supremum of
random fields contained in Sections 8.3 to 8.5 require a minimum of elementary
differential geometry, which does not go beyond the definitions of embedded
differentiable manifold, differentiation of functions defined on it (as in Chapter 6),
and curvature. The reader can consult any introductory book on the subject.

8.1. ONE-DIMENSIONAL PARAMETER: ASYMPTOTIC BEHAVIOR
OF THE DERIVATIVES OF By F(>0)= ® (V{=2 )

Theorem 8.1. Let X be a stochastic process with parameter set [0, 1] verify-
ing the hypotheses Hpy of Section 7.2. We also assume that E(X(t)) =0 and
Var(X (t)) = 1. Then, as u — +00,

k 1
FO @) ~ (—1)k! ;—ne—*ﬂ/ Vi, ) dt. (8.2)
0

Proof. We use the notation and results of Chapter 7. To prove the result
for k =1, notice first that under the hypothesis of the theorem, one has
r(t,t) =1,ro1(t,t) =0, and rp(t, ) = —rq1(¢, t). An elementary computation
of the regression (7.11) replacing Z by X shows that:

_roi(s, 1)

b'(s) =r(s, 1), c' (s) o
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and
1 —r(s, 1)

t —
=27

since we start with () = 1 for every .

This shows that for every ¢ € [0, 1], one has inf;co,1;(8" (s)) > 0 because of the
nondegeneracy condition and B'(¢) = —roa(f, 1) = r11(¢, 1) > 0. The expression
for F’ becomes

F'(u) = @(u)L(u), (8.3)
where

L) =Li(u)+ La(u) + L3(u)
Li(u) = P(A,(X° 8%
Lo(u) = P(A, (X", BY)

Lsy(u) = —flE{(X’ — B () Ly (xt g }L
0 ’ AT Qrryy (1, )12
Since for each ¢ € [0, 1] the process X’ is bounded, it follows that

as. Ty, (xrpy—> 1asu— +oo.

A dominated convergence argument shows now that L3(u) is equivalent to

u U ro(t, 1) /
t dt.
/0 v,

@2 Jy e 2 (2n>1/2

Since L;(u) and L, (u) are bounded by 1, (8.2) follows for k = 1.
For k > 2, write

h=k

FOw =" VL + Z( 1><o<kh>(u)L<h‘>(u). (84)

h—1

As u — +oo, foreach j =0,1,...,k—1, () ~ (=1)/u/ p(u), so that the
first term in (8.4) is equivalent to the expression in (8.2). Hence, to prove the
theorem, it suffices to show that the successive derivatives of the function L are
bounded. In fact, we prove the stronger inequality

ILD )| < 19 (i) j=1,.. k-1 (8.5)
aj

for some positive constants /;,a;, j =1,..., k — 1.
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We first consider the function L;. One has

for0<s <1,°0) =0,

0 . 1—r(s,0
By =—"—"

—14+r(s,0) — s.r10(s, 0)
§2

(B (s) = for 0 <s < 1, (8% (0) = %m(O, 0).

The derivative L' (u) becomes
L) = BO(DE {1y, xo1 oy} Py (B (D)
- /Olﬂo(t)E{(X(t)O’f — B (D) Ly, (x0u gou )
X Doy, x0y (B Ou, (8% (Dyu) dt.

Notice that 8°(1) is nonzero, so that the first term is bounded by a constant times
a nondegenerate Gaussian density. Even though 8°(0) = 0, the second term is
also bounded by a constant times a nondegenerate Gaussian density because
the joint distribution of the pair (X 0(0), (X' (1)) is nondegenerate, and the pair
(B°(0), (B%) (1)) # (0,0) for every 1 € [0, 1].

Applying a similar argument to the succesive derivatives, we obtain (8.5) with
L instead of L. The same follows with no changes for

Lo(u) = P(A, (X", BY).
For the third term

dt

1
L = — E{(X'(t) — B"(Hu)1 ¢ gyt ———————————
3(u) /0 {(X'@0) = B (D) La, (xt p1) } G
we proceed similarly, taking into account that B’(s) # 0 for every s € [0, 1]. So
(8.5) follows and we are done. O

A Refinement. 1t is possible to refine the result, obtaining the exact first-order
approximation and a bound for the second-order approximation, not only for
the tail of the distribution, but also for its derivatives. That is, the following
refinement allows us to write the successive derivatives of Fj; in a form analogous
to (8.1) in which the second term on the right-hand side is bounded by a Gaussian
density having a variance that is smaller than the supremum of the variance of the
process. Let n =0, 1,2,.... We will repeatedly use the Hermite polynomials,
defined as

H,(x) := rs (—i> e (8.6)
0x
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and the modified Hermite polynomials,

_ 9 \"
H,(x) = "/ (--) X2, (8.7)
ox

For the properties of the Hermite polynomials, we refer to Mehta’s book (2004).

Theorem 8.2. Suppose that X satisfies the hypotheses of the theorem with k > 2.
For j=1,...,k, one has
. o 1
FOW) = (=1)/""H 1) [1 + Q) u / (ru(t, )" dr} o)
0

+ 0 (@), (8.8)

where
| pj(u) |< C; exp(—8u?)

with Cy, Cy, ... positive constants, and § > 0 does not depend on j.

Proof. The proof of (8.8) is a slight modification of the one in Theorem 8.1.
Notice first that from the computation of B%(s) above it follows that (1) if
X%(0) < 0, then if u is large enough, X°(s) — B%(s)u < O for all s € [0, 1], and
(2) if X°(0) > 0, then X°(0) — B°(0)u > 0 so that

Li(u) =P(X°s) — B%s).u <0 forall s €[0,11) 1+ § asu t +oc.

Based on (8.5), this implies that if u > 0,

+o00
0< % —Li(u) = / L’l(v) dv < D, exp(—31uz)

u

with D; and §; positive constants.
L, (u) is similar. Finally,

dt

1
s = = [CE O~ g o) T

! , , dt
_fo Bl (t)—,B(t)u)I(Au(X,)ﬂ,))c}W. (8.9)
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The first term in (8.9) is equal to

1
(2n)—1/2u/ (riy (e, )% dt.
0

As for the second term in (8.9), denote By = ir[lgl],B’(s) >0 and let u > 0.
s,t€l0,
Then

P ((AM(X’, ﬂ’))c) <P@ s €[0, 1] such that X' (s) > Be.u) < D3 exp(—83u?)

with D3 and §3 positive constants, the last inequality being a consequence of the
basic inequality (2.33).
The remainder follows in the same way as the proof of Theorem 8.1. (]

8.2. AN APPLICATION TO UNBOUNDED PROCESSES

As we have seen in Chapter 2, the tails of the probability distribution of the
supremum of a Gaussian processes which a.s. has bounded paths have a nice
behavior for large values of the argument, since they are bounded by the tails of
the distribution of one Gaussian variable. As—we—have-seetl. this has important
consequences to handle the supremum of a Gaussian process, via the exponential
bound for the tails of its probability distribution.

In this section we consider a less explored subject, that is, the behavior of
large values of the supremum of Gaussian processes in case they are unbounded.
One should observe that if a separable centered Gaussian process {Z(t) : t € T}
is unbounded, then P({sup |Z ()| < oo, t € T}) = 0, but this does not imply that
q =P{sup Z(t) <oo,t € T}) = 0. [Notice that {sup Z(t) < +oo,t € T} is not
a subspace of the space of possible paths, so that the Gaussian 0 or 1 law can
not be applied to it.]

We will see that the methods of Chapter 7, which a priori had the purpose
of studying the regularity of the distribution of My, are useful to understand
the asymptotic behavior of an interesting family of one-parameter unbounded
processes. In fact, the tail of the probability distribution of M7, having total
mass ¢ strictly smaller than 1, that is,

qg—PWM7r < u),

which tends to zero as u — +00, is not necessarily bounded by a Gaussian tail
and can be estimated using the differentiation theorems above.

Let X ={X():1t € [0, 1]} satisfy hypothesis (H2) of Chapter 7. We also
assume that the process is centered. Let B8 : [0, 1] — R be a continuous function
that vanishes only at = 0, twice continuously differentiable for ¢ € (0, 1]. We
are going to study the behavior as u — 400 of the function

F(u) =P(X(t) < B(t)u for all t € (0, 1]),
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which is obviously the (defective) distribution function of the supremum over
[0, 1] of the unbounded Gaussian process

X(t
Z(t) = X®
p (1)
that has exploding paths at the only point r = 0.
Clearly,
as. Hm Xy g for all refo,1y = Tixo<op
so that

q = F(400) = 1.

Theorem 8.3. Assume that if t | 0, one has B(t) =~ Ct%, B'(t) ~ Cat*~!, and
B" (1) ~ Cal(o — 1)t*2, where C and o are positive constants. Then we have:
O If0<a <1,
% —Fu) <a exp(—buZ) foru >0,

where a and b are positive constants.
() If o > 1,

1 K
o F(u) ~ @D when u — +00, (8.10)

where K is a positive constant depending on C, «, Var{X(0)}, and Var {X/ (O)}
that we will obtain explicitly in the proof.

Proof. With no loss of generality, we may assume that Var{X(z)} =1 for
all r € [0, 1]. If this is not the case, it suffices to replace the process by
X (t)/ [Var {X (1)}]"/? and the function B(¢) by B(r)/ [Var {X (1)}]'/%.

To study the behavior of

+00
I —F) :/ F'(x)dx
when u — +00, we write F’'(x) using Lemma 7.7, that is, because 8(0) = 0,
F'(x) = BAOPX' (1) < B (1)x Vi € [0, 1]) px 1y (B(1)x)

1
_ /(‘) ﬂ([)E {[Xt(t) — IBI(Z)X] I{X’(S)Sﬁ’(S)XVSE[O,l]}}

X px@.x' o (BM)x, B'()x) dt. (8.11)
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A simple computation shows that in the present case the process X' and the
function B! are the continuous extensions to [0, 1] of
X(@)—rt, XA 1) —r 1HpQ

Q) 1r(t) D4 ,BI(I):'B() 1r(t)/-‘f() 8.12)

X'() =

defined for r € [0, 1).
In the same way, for 7 € [0, 1], X’ and B’ are the continuous extensions to

[0, 1] of
ey 2 _ (s, 1),
X' (s) = 612 [X(S) r(s, 1) X(1) rn(t,t)X (t)]
teen & _ (s, o),
B'(s) = 612 [,3(8) r(s, 1)B(1) — t)ﬁ (l)]

defined for s € [0, 1], s F# 1.

In fact, the proof of formula (8.11) requires the function B(-) to be of class C*
on the entire interval [0, 1], which need not be our case. The proof that (8.11)
holds true for x > 0 is left to the reader and is a consequence of the hypotheses
on B(-) near t = 0.

It is easily seen that the first term on the right-hand side of (8.11) is bounded
above by a; exp(—b;x?), where a; and b; are positive constants. As for the
second term, the density in the integrand is

1
27 [Var {X'(1)}]'/?

2 / 2
X exp [—% </32(t) n M)} (8.13)

Pxo.x' o (BO)x, B'(1)x) =

Var {X'(t)}
and
B'(s) = G012 [B(s) — B() — (s = B ()] — rao(t + O1(s — 1), 1) B(1)
RS Z0) g g e, <1 (8.14)
ri(t, t)
so that
t I ria(t, 1) ,
B (1) = B (1) — rao(t, )B(F) — B (1),
ri(t, 1)

Faq, s0<t <1

Now assume hypothesis (i). Using the conditions on the function S(-), one
can verify that if x > 1, the absolute value of the integrand on the right-hand
side of (8.11) is bounded by a; exp(—byx?), a> and b, positive constants. This
proves the first part of the theorem.
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If condition (ii) hold}(s, take €,0 < ¢ < 1 and use the splitting
3= Fu) =3 — F) + G (w),
where

F.(u) =P(X(t) < B(t)u for all ¢ € [0, €])

0<G X@ 2
<G:(u) =P| sup —— >u ] < grexp(—gau’),
refe, 1] B()

with g; and g positive constants depending on ¢, the last inequality resulting
from an application of (2.33) to the bounded process X (t)/B(t) for t € [e, 1].

Hence, to finish the proof of (ii) it suffices to show (ii) when one replaces
F(u) by F¢(u), where ¢ > 0 is fixed and small enough. With that purpose, we
apply the same formula (8.11), mutatis mutandis, that is changing the interval
[0, 1] by [0, €]. We obtain

Fl(x) = B(e)P(X' (1) < B'(t)x for all 1 € [0, &]) px(e) (B(£)x)
&€
t t
- /0 BWE {[X @) =B (t)x] I{Xt(s)gﬁf(s)x for all se[(),s]]}
Pxo).x' o (BO)x, B/ (1)x)dr. (8.15)
In the integral on the right-hand side of (8.15), make the change of variable
z =1t*"!x. Then t(x) = (z/x)/*=D — 0 when x — 400 for each z > 0 fixed.

For an adequate choice of ¢, we have, for each z > 0,

a.s. } — 1 when x — +o00.

][{Xt(x)(s)gﬂ’(x)(s)x for all se[0,¢]
This follows from the statement

for z > 0O fixed, ﬁ’()‘)(s)x — 400 when x — 400, uniformly in s € [0, €].

(8.16)

To prove (8.16), use (8.14) and the form of S(¢) near t = 0. We have (elementary
checking):

e If | <o <2 and L is any positive real number, one can choose ¢ > 0 small
enough so that

B'(s)x > Lx — Cytz — Caz for all s, € [0, €], (8.17)

and C; and C, are some positive constants.
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e If « > 2, one can choose small enough & > 0 in such a way that
B (s)x > C{; — Cétz — ng for all 5,1 € [0, ¢], (8.18)

and Cj, C;, and Cj are some positive constants. Either (8.17) or (8.18)
implies (8.16).

To find the equivalent of the right-hand side of (8.15) is now an exercise
(apply dominated convergence). We get

o>a/(¢x—l) 1 o/(1—a)

Fl(x) ~ (E T

Cl/(l—a)Ia/(

a—1)X when x — +00,

where o = [Var {X’(O)}]l/2 and I, is defined for a > 0 by means of

L /*“ PECCTEIN
“ 0 21 '

Finally, (8.10) follows integrating once. One also obtains the value of the con-
stant

o\o/(e=1) ] _
) ___cWa a)la/(oz—l)-

K:(a—l)(; —

8.3. A GENERAL BOUND FOR py

We need to introduce some further notations. For ¢ in S;, j < do, we define C, ;
as the closed convex cone generated by the set of directions

{A eRY: Ml =1;3s,€S(n=1,2,...) such that 5, — 1,

—>Aasn—>+oo},

whenever this set is nonempty and C; ; = {0} if it is empty. We will denote by
C;,j the dual cone of C; ;, that is,

Ci={zeR?:(z,1) >0 forall A ).
t,j ? C{}&
Notice that these definitions easily imply that 7, ; C C; ; and a, C N;,j. Remark
also that for j =do, C;j = N; ;.

We will say that the function X(-) has an “extended outward” derivative at
point ¢ in S;, j < dy if X}’N(t) €.
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Theorem 8.4. Under assumptions (Al) to (AS) of Section 7.1, one has:
(@) pm(x) < p(x), where

) =Y E(Iygeq, o |X () = %) px (x)

teSy
do

+ Z/S E(| det(X;’(t))IIX;’N(Z)EaJ|X(t) =x, X(t) = 0)
j= J

X Px@.xm (X, 0)0;(d1). (8.19)

+00
(b) P{M > u} < / p(x)dx.

Proof. Part (a) follows from Theorem 7.2 and the observation that if 7 € §;,
one has {M < X (1)} C {X}’N(t) € C;,;}. Part (b) is an obvious consequence of
Part (a). ]

The actual interest in this theorem depends on the feasibility of computing
P (x). It turns out that this can be done in some relevant cases, as we will see
in the next section. The results can be compared with the approximation of
P{M > u} by means of f;oo pE(x)dx given by Taylor et al. (2005) and Adler
and Taylor (2007), where

PE) ==Y B(Lyeg, | X (1) = x) px(p(x)

teSy
do

+ -1y fs E(det(X /) Lxr gy, | X0 = x, X;(0) = 0)
=1 j

X pX(t),X}(t)(x’ 0)o;(dt). (8.20)

Under certain conditions, j; l+°° pE(x)dx is the expected value of the EPC of the
excursion set E,. The advantage of pf(x) over p(x) is that one can have nice
expressions for it (see Exercise 8.1). Conversely, p(x) has the obvious advantage
that it is an upper bound of the true density p,s(x). Hence, upon integrating once,
it provides an upper bound for the tail probability, for every u value.

We can go a bit farther, and show that [p(x) + pE(x)1/2 is also an upper
bound for p™(x). This follows easily upon the following observation: Denote
by E; the event that the random linear operator X;’ (t) is nonnegative definite.
In the formula giving p(x) (see Theorem 7.2), one can replace inside the
conditional expectation | det(X ;.’ ()14, by (—=1)/ det(X;.’ (t)) 14,1, since under
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the conditioning E; occurs, and obviously, by

| det(X/(1))] + (= 1)/ det(X} (1))
2

AxLEj-

Replacing I Ig; by I/ , we get for p™ (x) the more precise upper bound
J

[5() + pE0)1/2.

Under additional conditions, these upper bounds both provide good first-order
approximations for py(x) as x — 0o, as we will see in the remainder of the
chapter. For the special case in which the random field X is centered and has a
law that is invariant under orthogonal linear transformations and translations, in
the next section we present a procedure to compute p(x).

NDEC

8.4. COMPUTING p(x) FOR STATIONARY ISOTROPIC GAUSSIAN
FIELDS

For one-parameter centered Gaussian process having constant variance and sat-
isfying certain regularity conditions, a bound for p,(x) has been given by
inequality (7.6). In the two-dimensional parameter case, Mercadier (2005) has
given a bound for P{M > u}, using a method especially suited to dimension 2 that
will be presented in Chapter 9. When the parameter is one- or two-dimensional,
these bounds are sharper than those below, which apply to any dimension.

We will assume that the process & is centered Gaussian, with a covariance
function that can be written as

E(X(5)X(®) = p(lls —1I1%). (8.21)

where p : Rt — R is of class C4.*Without loss of generality, we assume that
p(0) = 1. Assumption (8.21) is equivalent to saying that the law of X is invari-
ant under orthogonal linear transformations and translations of the underlying
parameter space R?. We also assume that the set S has a polyhedral shape. More
precisely, we assume that each S;(j =1,...,d) is a union of subsets of affine
manifolds of dimension j in R?.

For the proof of Theorem 8.8, which gives an expression for the bound p(x)
of the density, we need some auxiliary computational lemmas. The first lemma
is elementary and the proof is left to the reader. Here, and in the remainder of
this chapter, we use the abridged notation: p’ := p’(0), p” := p”(0).

Lemma 8.5. Under the conditions above, foreacht €U, i,i', k, k', j =1,...,d:

lEaxtXt =0
()(5#><Q—.

X 00X
Q) El —@)— @) ) = —20'8ix and p’ < 0.
dt; oty
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(3) E( o°X (t)X(t)) =20'5; E( o°x (t)a—X(t)) =0
at; 01y = POk 3ty 0t; -

4) E( 82X (1) 97X (t)) =){p”[8ii’8kk’ + 8iSir + Sikdinw |- 4
dt; 0ty dt;r oty
(5) p" —p?=0.
(6) If t €S, the conditional distribution of X}’(t) given X(t) =x and
X; (t) =0 is the same as the unconditional distribution of the random
matrix

Z+2p'x1;,

where Z = (Zy i,k =1,...,J) is a symmetric j X j matrix with cen-
tered Gaussian entries, independent of the pair | X (t), X'(t) |, such that

fori <k, i’ <k’ one has
E(ZixZiw) = 420”8 + (0" — ™) ]8ikSi + 40" 8118 (1 — 8i5).
Our second lemma is the following:

Lemma 8.6. Let
+00 )
huy:/ eV ?Hyz)dy n=0,1,2,..., (8.22)
—0o0
where z stands for the linear form z = ay + bx and a, b are real parameters that

satisfy a> + b* = % Then

J,(x) = (2b)"\27 H,(x).

Proof. From the definitions of H, and H,, we get

oo oo

Z (w)" H,(z) = e—w2+2wz’ Z (w)" ﬁn(Z) _ e—w2/2+wz’

n! n!
n=0 n=0

using the Taylor expansion of ¢’ and @=%/2 in w around 0. Therefore,

o]

w n
> O = [[eraoria,
n=0 ’

:ezwbx—z(bw)zfe(y—zwa)2/2dy
R
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This implies that J,(x) = (2b)" /27w H,(x). O
We also need the integrals
+o00 )
I,(v) = / e "?H,(t)dt.
v

They are computed in the next lemma, which can be proved easily, using standard
properties of Hermite polynomials. This is also left to the reader.

Lemma 8.7
(a)
[(e=1)/2] T
I,(v) = e/ g Zk%Hn—l—zk(v)
+ 1y even)2?(n — DINV27(1 — D (x)). (8.23)
(b)
L(—00) = Tgy eyen)2"? (n — DN V27, (8.24)

We are now ready to state and prove the announced expression for p(x).

Theorem 8.8. Assume that the random field X is centered Gaussian, satisfies
conditions (Al) to (AS) of Section 7.1, and has a covariance having the form
(8.21), which verifies the regularity conditions of the beginning of this section.
Moreover, assume S has polyhedral shape. Then p(x) can be expressed by means
of the formula

do N J/2
PO = px) Z%(MZ[(M) Fj(x>+R,,~(x)}g, ., (825)
j=1

T
teSo
where:

e g; is a geometric parameter of the face S; defined by
gj = / oj(t)o;(dt), (8.26)
Sj
where Ej (t) is the normalized solid angle of the cone a j in Ny j; that is,
Udfjfl(é;,j N&4=i=1y
Oq—j—1(S4=i71)

o4(t) = 1. (8.28)

oi(t) = for j=0,...,d—1 (827
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Notice that for convex or other usual polyhedra,|5;(t) is constant
so that g; is equal to this-constant-nultiplied by the j-di ]

measure of-S;.

. —=1,...d, (mzac{)lmoffevw\/
20" )“2 L +1/2) /+°0

mlp’| T —

We asumn @g

{Care CWVQ\ME Rj(x) = (
MVE\?QL‘QCSL b:“\'ea
4~ %,ow\r\ﬁc,
NZrebtere g {€ co'\hz/@wmmg vi==2712(A = yH 2y —yx) with y == 1p'|(p")""? (8.30)

2

T, (v) exp (—%) dy, (8.29)

where

PK‘Qm. j—1 H?2 H:
TJ(U) = Z 2];](;‘]) e7U2/2 — WE))D!IJ'_I(U), (831)
k=0

where I, is given in Lemma 8.7.

For the proof of the theorem, we still need some additional ingredients from
random matrix theory. The random n x n real random matrix G, is said to have
the GOE (Gaussian orthogonal ensemble) distribution if it is symmetric, has
centered Gaussian entries gk, i,k =1, ..., n satisfying E(gl.zi) =1, E(gizk) = %
if i < k and the random variables {g;x, | <i < k < n} are independent.

Following Mehta (2004), we denote as g, (v) the density of eigenvalues of
n x n GOE matrices at the point v; that is, g,(v) dv is the probability of G,
having an eigenvalue in the interval (v, v + dv). One has the formula

n—1
2 2
" 2q,(v) = e PN GHI W) + 5(1/2) ey e Hy 1 (v)
k=0
+00 5 +o00 2
x [ f P H, () dy — 2 f VP H, () dy]
—0oQ0 Vv
H,_1(v)
+ Lin oa) 3 (8.32)

1 ey’ 2H, y(y)dy’

where ¢ := (2kk!ﬁ)*1/2, k=0,1,.... The proof can be found in Chapter 7
of Mehta’s book.

We will use the following remark due to Fyodorov (2006), which we state as
a lemma.

Lemma 8.9. Let G, be a GOE n x n matrix. Then for v € R one has

E(|det(G, — vI,)|) = 2°T'((n + 3)/2) exp(v* /2)‘1,’?7;('1)). (8.33)
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Proof. Denote by vy, ..., v, the eigenvalues of G,. It is well known (Kendall
et al., 1983; Mehta, 2004) that the joint density f,, of the n-tuple of random

variables (vi, ..., V,) is given by the formula

noy2
fn(vl,---,vn) = knexp (_% 1_[ |Vk_‘)i|

1<i<k<n

n -1
with k, := 27) "> (3/2))" (]_[ ra+ i/Z)) )

i=1

Then

n n n 2
E(|det(G, — vI,)|) =E (l_[ lv; — v|> = / l_[ [vi — v]k, exp <_Zi=21 V; )
i=1 R i=l1

X l_[ v — vildvy, ..., dv,

I<i<k<n

2, k
=e" /sz for1r, oo v,v)dvy, ..., dyy
n+1 JR"?
_ev2/2 kn gny1(v)

kn—H n—+1 .

The remainder is obvious.

O

Proof of Theorem 8.8. We use the definition (8.19) given in Theorem 8.4 and

the moment computations of Lemma 5, which imply that:
Pxm(x) = ¢x)
Px.x, (. 0) = p(x)@m) (=207
X'(t) is independent of X (¢)
X}’N(t) is independent of (X}/(t), X(@), X; ®)).

(8.34)
(8.35)

(8.36)
(8.37)

Since the distribution of X’(r) is centered Gaussian with variance —2p’I,, it

follows that
E(Lyec, o | X (1) = x) = Go(1) if t € Sp,

andif r € S, j > 1,
1 - . / _
E(| det(XF DIy (eq, |X () =x, X;(1) = 0)

=3 (NE(| det(X ()| [X (1) = x, X;(1) = 0)
=0;()E(| det(Z + 2p'x1))]).

(8.38)
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where 3]- (t) is the normalized solid angle defined in the statement of the theorem
and the random j x j real matrix Z has the distribution of Lemma 8.5.

Standard moment computations show that Z has the same distribution as the
random matrix /80" G + 2y/p” — p'?&1;, where G; is a j x j GOE random
matrix and £ is standard normal in R and independent of G;. So for j > 1, one
has

. 400
E(|det(Z +20'x1)]) = (8p")"2 / E(| det(G; — vIpl)e(y) dy,

—00

where v is given by (8.30).

For the conditional expectation in (8.19), plug the last expression into (8.38)
and use (8.33), (8.32), and Lemma 8.7. For the density in (8.19), use (8.35).
Then, after some algebra, Lemma 8.6 gives (8.25). U

Remarks on Theorem 8.8

1. The principal term is

10—
¢(x) Z%(MZ[(?) Hmn}gj , (8.39)
j=1

teSy

which is the product of a standard normal density times a polynomial with degree
dp. Integrating once, we get, in our special case, the formula for the expectation
of the EPC of the excursion set given by Adler and Taylor (2007).

2. The complementary term

do
9(x) Y Rj(x)g;), (8.40)

J=1

can be computed by means of a formula, as follows from the statement of the
theorem. These formulas will, in general, be quite unpleasant, due to the compli-
cated form of T (v). However, for low dimensions they are simple. For example,

Ti(v) = V27 [p(v) — v(1 — @(v))], (8.41)
T (v) = 2279 (v), (8.42)

Ty(v) = \/§[3(2v2 + Do) — 20 =3 —ow)].  (843)

3. Second-order asymptotics for py(x) as x — 400 will be the focus of the
following sections. However, we can state already that the complementary term
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(8.40) is equivalent, as x — 400, to

_ 1 y?
@ ()84, K apx*~* exp (—5 . y2x2> : (8.44)

where the constant K;, j =1,2,... is given by

K; =272

I((j+1)/2) /4 (L)ZH (8.45)
) ' |

VT Qry)iR(j -1 3—y?

We are not going to go through this calculation, which is completely elementary
but requires some extra work, which is left to the reader. An outline is as follows:
Replace the Hermite polynomials in the expression for 7;(v) given by (8.31) by
the well-known expansion (again, see Mehta, 2004)

Lj/21 i
. i Qu)!
Hj() = j! ;H) NG =301 (8.46)

and /;_;(v) by means of the formula in Lemma 8.7.
Evaluating the term of highest degree in the polynomial part, one proves that
as v — +o0, T;(v) is equivalent to

2J-1 2i 2
j—4 —v2/2
7«/;0 T v e . (8.47)

Using the definition of R;(x) and changing variables in the integral in (8.29),
one gets for R;(x) the equivalent:

Kot ey (LY (8.48)
j p 23 . )

In particular, the equivalent of (8.40) is given by the highest-order nonvanishing
term in the sum.

4. Now consider the case in which S is the sphere S~! and the process sat-
isfies the same conditions as in the theorem. Even though the theorem cannot be
applied directly, it is possible to deal with this example to compute p(x), per-
forming only some minor changes. In this case, only the term that corresponds to
Jj =d — 1in(8.19) does not vanish, C; 41 = N; 41, so that IXZH VOCra = 1

for each ¢t € S?~!, and one can use invariance under the orthogonal group to
obtain

Gd_l(sdfl)E

2m)d-nr2 (Idet(Z +2p'x1a-1) + QIp'DPnla-]),  (8.49)

P(x) =)
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where Z is a (d — 1) x (d — 1) centered Gaussian matrix with the covariance
structure of Lemma 8.5 and 5 is a standard normal real random variable, inde-
pendent of Z. Equality (8.49) follows from the fact that the normal derivative
at each point is centered Gaussian with variance 2|o’| and independent of the
tangential derivative. So we apply the previous computation, replacing x by
x 4+ (2]p')~"/?5 and obtain the expression

277d/2 +00 n\ @-n/2
ﬁ(x)=¢(x)r(7; e / [('i—') Hy (x4 Qlp'N~y)

+ Ry (x + <2|p/|>—”2y)} o(y)dy. (8.50)

8.5. ASYMPTOTICS AS x — +00

In this section we consider the errors in the direct and EPC methods (see
Section 8.3) for large values of the argument x. Theses errors are

PO = pu () = Y E(Lygeq, o - Tnso| X (1) = X) i (x)

teSy

do
+ Z/g E(Idet(X;'/(tNIX}‘N(I)Ea,j : IM>x)|
j=175i

X (1) = x. X(0) = 0) pxy x, (x, 000 (d0). (8.51)

PE) = pu @) =Y B(Lygeg, o - In=x| X (1) = x) pxn ()

teSy
do
+ Z(—l)’ /S E(det(X;f(t)IX/]_’N(t)egt,j sy
j=1 j '
X)) =x,X;@t) = 0)pxg),x;(z)(x, 0)o;(dt). (8.52)
It is clear that for every real x,
p" () = pu )] < P(x) = pu (),

so that the upper bounds for p(x) — py(x) will automatically be upper bounds
for | pE(x) — pu(x)|.

Our next theorem gives sufficient conditions, allowing us to ensure that the
error p(x) — pp(x) is bounded by a constant times a Gaussian density having
strictly smaller variance than the maximum variance of the given process X.
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In this theorem we assume that the maximum of the variance is not attained in
S\ S4,- This excludes constant variance or some other stationary-like condition.
This type of process is considered later in Theorem 8.12. For parameter dimension
do > 1, a result of this type for nonconstant variance processes is Theorem 3.3
of Taylor et al. (2005).

Theorem 8.10. Assume that the process X satisfies conditions (Al) to (AS) of
Section 7.1. With no loss of generality, we assume that max,cs Var(X(¢)) = 1. In
addition, we assume that the set S, of points t € S where the variance of X (t)
attains its maximal value is contained in Sg,(dy > 0), the nonempty face having
the largest dimension, and that no point in S, is a boundary point of S\Sg,. Then
there exist some positive constants C and & such that for every x > 0,

Ip* ) = pu ()] < () = pu(x) < Co(x(1 +9)), (8.53)

where @(-) is the standard normal density.

Proof. Let W be an open neighborhood of the compact subset S, of S such
that dist(W, (§\Sg,)) > 0, where dist denotes the Euclidean distance in R?. For
t € S; N W¢, the density

Px@).X' 0, 0)

can be written as the product of the density of X ; (t) at the point O, times the
conditional density of X (¢) at the point x given that X ; (t) = 0, which is Gaussian
with some bounded expectation and a conditional variance which is smaller than
the unconditional variance, hence bounded by some constant smaller than 1. Since
the conditional expectations in (8.51) are uniformly bounded by some constant,
due to the bounds on the moments of the Gaussian law (see Chapter 2), one can
deduce that

PO — pux) = / E(1 det(X, () Xy, (e, g |

WﬂSdO
X(t) =x, X (1) =0) - pX(t),X(/jo(t)(x’ 0)og, (d) + O(e((1 + 81)x)),
(8.54)

as x — 400, for some 8; > 0. Our following task is to choose W such that one
can assure that the first term on the right-hand side of (8.54) has the same form
as the second, with a possibly different positive constant 6.

To do this, for s € S and 1 € Sy, let us write the Gaussian regression formula
of X (s) on the pair (X (7), X/do (1)):

Iz — s11?

X(s) = a' ()X (1) + (b (), X, (D)) + X'(s), (8.55)
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where the regression coefficients a’(s) and b'(s) are, respectively, real-valued
and R%-valued.

From now on we will only be interested in those ¢ € W. In this case, since
W does not contain boundary points of S\Sy,, it follows that

61’[10 - Nl‘,d() and 1

IXt’ioiN(t)eC,iydO =

Moreover, whenever s € S is close enough to ¢, it has to belong to Sy,. For each
t, {X'(s) : s € S} is a helix process (compare with Section 7.3, where a similar
normalization has been introduced).

Let us prove that, almost surely, the paths of the real-valued random field
{X'(s):t € WN Sy,s €S} are bounded. With no loss of generality (take a
chart) we may assume that s varies in a closed ball in R%, containing ¢ as
an interior point, and remove the subscript dy for the derivative. Let us write the
Taylor expansion of X (-) around the point ¢:

1
X&) =XO+(s—1,X(®) + s — tIIZ/ (v, X"((1 =)t + as)(1 — a)v)da,
0

(8.56)

where v = (s —t)/||s —¢]| and (-,-) and || - || denote, respectively, Euclidean
scalar product and norm in R%,

For each «, perform the Gaussian regression of (v, X" ((1—a)r + as)(1 — a)v)
on the pair (X (), X'(¢)); that is,

W, X"((1 —a)t +as)(1 —a)v) =a'(s, o, v)X (@)
+ (b (s, 0, 0), X' () + X' (s, 0, v), (8.57)

where the notation is, as abpve, mutatis mutandis. From the regression formulas
it follows that a’ (s, o) and b’ (s, ) are uniformly bounded, independent of s, ¢,
and v. Comparing (8.55) with (8.57), it follows that

1
X'(s) = 2/ X' (s, o, v)(1 — a)da
0

and the a.s. boundedness of X'(s),t € W N Sy, s € S follows. [The reader may
check that for dy > 1, even though lim, o X’ (t 4 rv) exists for each v € §do=1,
it may depend on v, so that the function X’(-) can be discontinuous at s = 7.]

Now let us go back to formula (8.54). Conditionally on X (¢) = x, X ;0 (t)=0,
the event {M > x} can be written as

{X"(s) > B"(s)x for some s € S},
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where

_ 20 —a'()
TN

B (s) (8.58)

Our next goal is to prove that if we can choose W in such a way that
inf{B'(s): 1 € WN Sy, s €S,s #1}>0, (8.59)
we are done. In fact, apply the Cauchy—Schwarz inequality to the conditional
expectation in (8.54). Under the conditioning, the elements of Xgo (t) are the
sums of affine functions of x with bounded coefficients plus centered Gaussian

variables with bounded variances; hence, the absolute value of the conditional
expectation is bounded by an expression of the form

, 1/2
o) (P 2 ) , 8.60
0w (r s, 55 = o0

where Q(z, x) is a polynomial in x of degree 2d; with bounded coefficients. For
each t € W N S§,,, the second factor in (8.60) is bounded by

X' (s) 1/2
(P(sup{ﬁl(s) :teWﬂSdO,seS,s;ét} >x)> .

Now, we apply to the bounded separable Gaussian process

{W@y

——teWn>ysy,,, S, t
Brisy SIS e S#}

the basic inequality (2.33), which gives the bound

t
P(sup:;l((j)) 1eW NSy, sE€S,s# t} >x> < Crexp(—82x2)

for positive constants C; and &, and any x > 0. Also, the same argument above
for the density py X, (@) (x, 0) shows that it is bounded by a constant times the
L do

standard normal density. To finish, it suffices to replace these bounds in the first
term on the right-hand side of (8.54).
It remains to choose W for (8.59) to hold true. Consider the auxiliary process

Y(5) 1= —— ses. (8.61)
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Clearly, Var(Y(s)) = 1 for all s € S. We set
rY(s,s") := Cov(Y(s),Y(s))) s,5 €8.

Let us assume that r € §,. Since the function s ~» Var(X (s)) attains its max-
imum value at s = ¢, it follows that X (¢) and X&O (t) are independent. This
implies that in the regression formula (8.55) the coefficients are easily com-
puted and a’ (s) = r(s, t), which is strictly smaller than 1 if s # #, because of the
nondegeneracy condition. Then

21— r(s.0) _ 21 =r"(s.1))
It —=sli> = llr—sl?

B'(s) = (8.62)

Since ¥ (s, s) = 1 for every s € S, the Taylor expansion of Y (s, #) as a function
of s, around s = ¢, takes the form

P (s, 0) =1+ (s — 1.3 4, (s — D)) + o(|ls — 1), (8.63)

where the notation is self-explanatory.
Also, using the fact that Var(Y (s)) = 1 for s € S, we easily obtain

_VZYO,dO(t’ 1) = Var(Y(f,0 1) = Var(XZl0 (1)), (8.64)
where the last equality follows by differentiation in (8.61) and by setting s = t.
Equation (8.64) implies that —rzlz)’ do (¢, t) is uniformly positive definite on ¢ € S,
meaning that its minimum eigenvalue has a strictly positive lower bound. Based
on (8.62) and (8.63), this already shows that
inf{B'(s):t€S,,s€S,s#t}>0. (8.65)
The foregoing argument also shows that
inf(—t(a")) (DT :1 €8, 1 €S s#1)>0, (8.66)
since whenever ¢ € §,, one has a’(s) = r(s, t), so that
(@), (1) = 120,49, (1, 1).
To end up, assume that there is no neighborhood W of §, satisfying (8.59). In
that case, using a compactness argument, one can find two convergent sequences
{sn} C S, {t.} C S4y> S0 —> 50, tn — to € S, such that

B (s,) = £ <0.

£ may be —oo.
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to # so is not possible, since it would imply that

/-2 <1 —a"(s0)

lto — soll?

) = B (s0),

which is strictly positive.
If tg = 59, on differentiating in (8.55) with respect to s along S, we get

9 It — s||?
g I =12 1
as 2

XZJO(S) = (a’)fio(s)X(t) + ((bt);zo(sl Xégo(l‘» +
where (a' );lo (s) is a column vector of size dp and (b’ )/do (s) is a dy x dp matrix.
Then one must have a’ () = 1, (a’)glO (t) = 0. Thus,

B (sn) = —u,y (@) (to)u, + o(1),

where u, = (s, — t,)/llsn — tu||. Since fy € S,, we may apply (8.66), and the
limit € of B (s,) must be positive. O

A straightforward application of Theorem 8.10 is the following:

Corollary 8.11. Under the hypotheses of Theorem 8.10, there exist positive con-
stants C and § such that for every u > 0,

+00
0= 5/ P(x)dx —P(M >u) < CP(§ >u),

u

+00
/ pE(x)dx —P(M > u)

u

where & is a centered Gaussian variable with variance 1 — 4.

The precise order of approximation of p(x) — pys(x) or pE(x) — pu(x) as
X — 400 remains in general an open problem, even if one only asks for the
constants odz and aé, respectively, which govern the second-order asymptotic
approximation and which are defined by means of

= lim —2x"*log [p(x) — pu(x)] (8.67)

X— 400

and

1
— = lim —2x"?log|p” (x) — pu(x)| (8.68)
UE X— 400

whenever these limits exist. In general, we are unable to compute the limits (8.67)
or (8.68) or even to prove that they actually exist or differ. In the remainder of this
chapter we give some lower bounds for the liminf as x — +oo. This is already
interesting since it gives some upper bounds for the speed of approximation for
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pu(x) by means of either p(x) or pZ(x). A more precise result is Theorem 8.15,
where we are able to prove the existence of the limit and compute o7 when X
is centered Gaussian, defined on a convex parameter set, and has a law that is
invariant under isometries and translations of R?.

For the next theorem we need an additional condition on the parameter set S.
For S verifying hypothesis (A1), we define

dist((t —s),Cy
k(S)= sup sup sup B (( $) t’/)

i) (8.69)
0<j<dy 1€S; seS,s#t s —zll

where dist is the Euclidean distance in R¢.
In Exercise 8.2 it is proved that «(S) < oo for various relevant classes of
parameter sets:

e § is convex [in which case, in fact, «(S) = 0].
e Sis a C? manifold, with or without boundary.

o S verifies a certain kind of local convexity condition, which is described
precisely in the exercise.

However, k(S) < oo can fail in general. A simple example showing what is
going on is the following: Take an orthonormal basis of R? and set

S={X,0:0<A<1}U{(ucosO, usinh) : 0 < u < 1},

where 0 <6 < m; that is, S is the boundary of an angle of size 6. One easily
checks that « (S) = +o0.

Theorem 8.12. Let X be a stochastic process on S satisfying conditions (Al) to
(A5) in Section 7.1. Suppose, in addition, that Var(X (t)) =1 for all t € S and
that k(S) < +00. Then

1
liminf —2x 2 log [p(x) — >1+inf ———— 8.70
lim inf —2xlog [p(x) — py(x)] = 1 + inf e Yy (8.70)
with
5 Var(X ()| X (1), X' (1))
o = sup 3
seS\l1) (I —r(s, 1))
and

dist( — Al_lrm(s, 1), Ct,j)
K, = Su , (8.71)
' seS\I?t} 1 —r(s, 1)
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where A, := Var(X'(t)), A(t) is the maximum eigenvalue of A,, and in (8.71), j is
such thatt € S; (j =0,1,...,do). The quantity on the right-hand side of (8.70)
is strictly bigger than 1.

Remark. In formula (8.70) it may happen that the denominator on the right-hand
side is identically zero, in which case we put +oco for the infimum. This is the
case of the one-parameter process X (1) = & cost + nsint, where & and n are
independent standard normal random variables (the sine—cosine process), and S
is an interval having length strictly smaller than 7.

Proof. First, let us prove that sup,.q«; < 0o. For each r € S, let us write the
Taylor expansions

ro1(s, 1) = ro1(t, 1) + ri(t, (s — 1) + O(lls — £]|*)
= A(s — 1)+ O(|ls — t]%),

where O is uniform on s, ¢ € S, and
L—r(s,0)=(s—0D A (s — 1) + O(ls — t]|*) = Lalls — 1]1%,

where L, is a positive constant. It follows that for s € S, € §;, s # ¢, one has

dist( — A roi(s, 1), Ct,j) - dist((t — ), Ct,j)

Ly, 8.72
—rG.0) =BT T (8.72)

where L3 and L4 are positive constants. So

dist(—Aflrm(S, 1), Ct,j)
1—r(s, 1)

< L3k (S) + La,

which implies that sup, ¢k, < oo.
With the same notations as in the proof of Theorem 8.10, using (7.1) and
(8.19), one has

p(x) — pu(x) = (x)B(x), (8.73)
where
dy '
B(x) =Y B(Lyeq,, In=o|X (1) = x) + Y @m) 7
reSy j=1

: / E(1detX /) Lyr pec,, D+ |X () = 2, X (1) = 0)

Sj

x [det(Var(X;(1)))] ™0 (d1).
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Proceeding in a similar way to that of the proof of Theorem 8.10, an applica-
tion of the Holder inequality to the conditional expectation in each term on the
right-hand side of (8.73) shows that the desired result will follow as soon as we
prove that

lim inf —2x 2 log P({X y € Ew-} N{M > x}|X (1) = x, X(t) =0)

X—+00
1

> - (8.74)
o + h(t)i}?

for each j =0, 1,...,dy, where the lim inf has some uniformity in ¢.
Let us write the Gaussian regression of X (s) on the pair (X (¢), X'(?)):

X(s) = a' ()X (1) + (b'(s), X'(1)) + R'(s).
Since X () and X'(¢) are independent, one easily computes

al(s) =r(s,t)

b'(s) = A, 'roi (s, 1).
Hence, conditionally on X () = x, X ; (t) = 0, the events
(M >x} and {R'(s)> (1 —r(s,1)x — rOT] (s, t)A;lX;-’N(t) for some s € S}
coincide. Denote by (X}’N(t)lX;- (t) = 0) the regression of X}’N(t) on X} (1) =0.

So the probability in (8.74) can be written as

/ P ;t(s)>x—MforsomeseS Px' / (x") dx’
) =D X 0=0F

(8.75)
where
R'(s)

O

and dx’ is the Lebesgue measure on N; ;. Recall that a,j C Nyj.
If —Aflrm(s, t) € C; j, one has

—rOTl (s, t)A,_lx’ >0

for every x’ € C; j, because of the definition of C, ;. If —A[]rm(s, 1) &Cj,
since C;,; is a closed convex cone, we can write

_A;1F01(S, t) = Z/ + Z//
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with 7' € C; ;, 2/ Lz”, and ||z”|| = dist(—A; 'ro1 (s, 1), G, j). So, if x' € C; j,

_r(;fl (s, l)Al_lx/ Z/Tx/ + Z//Tx/ )
= Z _KIHX ”a
1—r(s, 1) 1—r(s, 1)

using the fact that z/7x’ > 0 and the Cauchy—Schwarz inequality. It follows that

o~

in any case, if x" € C; j, the expression in (8.75) is bounded by

/A P({t(s) > x — k;||x’|| for some s € S)pX}N(,)‘X}(,):O(x/) dx'.  (8.76)
& :

1,

To obtain a bound for the probability in the integrand of (8.76), we will use the
classical inequality for the tail of the distribution of the supremum of a Gaussian
process with bounded paths.

The Gaussian process (s, 1)) ~ ¢'(s), defined on (S x S)\{s = ¢}, has con-
tinuous paths. As the pair (s, 1) approaches the diagonal of S x S, ¢’(s) may not
have a limit, but a.s. one can prove that it is bounded using an argument similar
to the one used in the proof of Theorem 8.10 for helix processes, that is, Taylor
expansion followed by Gaussian regression.

We set

m'(s) == E"(5))(s #1)

m:= sup |m'(s)]
s, teS,s#t
M:EQ wp[ﬁ@—m%ﬂo.
s,teS,s#t

The a.s. boundedness of the paths of ¢’(s) implies that m < oo and pu < oo.
Applying the basic inequality (2.25) of Theorem 2.9 to the centered process
s~ £'(s) —m'(s) defined on S\({r}, we get whenever x — i, ||x'|| —m — pu > O:

P{z'(s) > x — k;||x’|| for some s € S}
< P{¢'(s) —m'(s) > x — k;||x'|| — m for some s € S}
(x — ke ||lxX ) —m — M)2>

20}

< 2exp (—

The Gaussian density in the integrand of (8.76) is bounded by

N 2
I —m', O

22 (1)

Q2 ;(1)V =/ exp

where A ;(2) and Xj (t) are, respectively, the minimum and maximum eigen-
values of Var(X;.’N(t)lX}(t)) and m’j’N(t) is the conditional expectation
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E(X’;, y(]X';(t) = 0). Notice that 2 (1), X;(t) and m’; y(t) are bounded, A (?)
is bounded below by a positive constant, and Xj(t) < A). Substituting in
(8.76), we have the bound

P({X v € Cj} N {M > x}|X (1) = x, X/;(1) = 0)

Cr, jfx = llx" | —m—p>0}

< Qui; )V /

—_—

( (x—x,||x/||—m—y,)2%le’—m},N(t)Hz) ,
x exp | — dx

207 2A(1)

+P (||X;-,N<t>|x; () =0] = w) , (8.77)

Kt

where it is understood that the second term on the right-hand side vanishes if
k; = 0. Let us consider the first term on the right-hand side of (8.77). We have

=il —m—w? X =m )]
20} 2A(1)
_ Gkl —m =l @O
- 207 2X(1)

(= m — =i lm's ()]
2072 + 21 ()i}

=[AOIXl + B@)(x —m — ) + C(t)]2 +

where the last inequality is obtained after some algebra, A(¢), B(t), and C(¢) are
bounded functions and A(#) is bounded below by a positive constant.
So the first term on the right-hand side of (8.77) is bounded by

. @ —m = = kil (O]
20272 exp (— L

207 + 2A(t)i}

. f oxp [~ (AW |+ BO —m — w) + C0)° ] ax’
RA—Jj

(8.78)

: (@ —m—p—kellm'; (O

2072 + 21 ()i}

where L is a constant. The last inequality follows easily using polar coordinates.
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Consider next the second term on the right-hand side of (8.77). Using the form
of the conditional density p X (x"), it follows that it is bounded by
Js

N[ X50=0

: / / x —m— =k llm; @)l
P{||<X,-,N(r)|xj(r>=0>—m,-,N(t>||z - L }

(8.79)

. (x —m = p = kil D))
< L« exp (— L :

2A (1)}

where L; is a constant. Putting (8.78) and (8.79) together with (8.77), we
obtain (8.74). ]

The following two corollaries are straightforward consequences of Theo-
rem 8.12:

Corollary 8.13. Under the hypotheses of Theorem 8.12, one has

liminf —2x—21 E(vy _ >1+inf ————.
len-i]-go X og|p~(x) — pu()| = +}2Sat2+)»(t)/€,2

Corollary 8.14. Let X be a stochastic process on S satisfying conditions (Al) to
(AS). Suppose, in addition, that E(X (t)) = 0, E(X2(1)) = 1, Var(X'(¢) = I, for
all P€Then

+00
i 2™ log [P0 =)= [ P a] 2 1+t

and
do

P = | D (=1 @m) g Hx) | p(x),
j=0

where g; is given by (8.26) and H ;(x) has been defined in Section 8.4.

The proof follows directly from Theorem 8.12, the definition of pE(x), and
the calculation of

E(| det(X ()| X (1) = x, X;(1) = 0), (8.80)
which is detailed in Exercise 8.6.

4 S nes (DOQIBL\Q/&/\Q-Q /)\A-UL?QO

s am
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8.6. EXAMPLES

1. A simple application of Theorem 8.10 is the following. Let X be a
one-parameter real-valued centered Gaussian process with regular paths, defined
on the interval [0, 7] and satisfying an adequate nondegeneracy condition.
Assume that the variance v(¢) has a unique maximum, say 1 at the interior point
tg, and k = min{;j : @) (1) # 0} < o0o. Notice that v@)(5) < 0. Then one can
obtain the equivalent of pj/(x) as x — oo, which is given by

1 —v"(t)/2
P (x) = #E(|s|“/2k>—l)xl—“’<¢<x), (8.81)
k

where & is a standard normal random variable and

1 1
Cr = ——— v (4 —[v" (1)1 Li—s.
k (2k)!v (to) + 4[v (t0)1" Tp=2

The proof is a direct application of the Laplace method, and the reader can
prove it in Exercise 8.3. Integrating the density from u to +o0o, one gets the
corresponding bound for P{M > u}. In Piterbarg (1996a, Section 8) one can find
more general results concerning the distribution of the supremum of Gaussian
processes having a variance that takes its maximum value in exactly one point.

2. Let the process X be centered and satisfy conditions (A1) to (A5). Assume
that the law of the process is isotropic and stationary, so that the covariance has
the form (8.21) and verifies the regularity condition of Section 8.4. To simplify
the computations somewhat, with no loss of generality, we add the normalization
o =p'0) = —%. One can easily check that

1= 02lls — 112y — 402(lls — 115115 — £112
62 = sup p=(lls —tI7) —4p (||S2 L 15)Mls — 2l ‘ (8.82)
ses\(1) [1—p(ls —2]9)]

Furthermore, if
o' (x) <0 for x > 0, (8.83)

one can show that the sup in (8.82) is attained as ||s — ¢|| — 0 and is independent
of ¢. Its value is

of =12p" — 1. (8.84)

The proof is elementary (see Exercise 8.4).
Let S be a convex set. Fort € §;, s € S,

dist( — roi (s, 1), Cr,j) = dist( — 20"(lIs — t1*)(t — 5), Cy ). (8.85)
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The convexity of S implies that (r —s) € C; ;. Since C; ; is a convex cone and
—2p'(]ls — ]|?) = 0, one can conclude that —ro; (s, 1) € Ci,j» so that the distance
in (8.85) is equal to zero. Hence,

Kk, =0 for every t € S

and an application of Theorem 8.12 gives the inequality

.. 2 _ 1
Ein_il_gg_ﬁ log [P(x) - PM(X)] >1+ m (8.86)

A direct consequence is that the same inequality holds true when replacing
P(x) — py(x) by |pf(x) — pyu(x)| in (8.86). The bound for the EPC method
has been obtained by Taylor and Adler (2003) using other methods.

Our next theorem improves (8.86). In fact, under the same hypotheses, it says
that lim inf is an ordinary limit and the sign > is an equality sign.

Theorem 8.15. Assume that X is centered, satisfies hypotheses (Al) to (A5), and
that the covariance has the form (8.21) with p'(0) = —%, o' (x) <0 forx > 0. Let
S be a convex set and set dy = d > 1. Then

1

. 2 _
XBTOO -3 log [P(x) = pyu(x)] =1+ 21 (8.87)

Remark. Notice that since S is convex, the added hypothesis that the maximum
dimension dy such that §; is not empty is equal to d is not an actual restriction.
In fact, in this case, S is a subset of some affine manifold having dimension dj,
that is, the smallest one containing S, and a simple change of parameter allows
us to consider S as a subset of R%,

Proof. In view of (8.86), it suffices to prove that

. 2 1
liiligf —— log [Px) — pu(x)] <1+ BT (8.88)

Using (7.1) and the definition of p(x) given by (8.19), one has the inequality

PO = pux) = @)™ p(x) / E(| det(X" (1) Ty |
Sa
X(@) =x, X'(t) = 0)o,(dt), (8.89)
where the right-hand side is a lower bound since it contains only the term

corresponding to the largest dimension. We have already replaced the density
Pxm).x'«)(x, 0) by its explicit expression using the law of the process. Under the
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condition {X () = x, X'(r) = 0}, if ng”(t)vo > 0 for some vy € S?~!, a Taylor
expansion around the point ¢ implies that M > x. It follows that

B(| det(X" () Ty, |X (1) = x, X'(1) = 0)

> E(Idet(X" (1)1 Ty = o X(®) =X, X)) = 0). (8.90)

sup v
veSd-l1

We now apply Lemma 8.5, which describes the conditional distribution of X" ()
given X (t) = x, X'(¢) = 0. Using the notation of this lemma, we may write the
right-hand side of (8.90) as

E | |det(Z — x - 1d)|T

’

sup vIZv > x
veSd-1

which is obviously bounded below by
+00
E(|det(Z — x - 1d)|17,,>) = / E(|det(Z — x - 1d)[| Z1; = y)

2
2m) 26 exp (—%) dy,  (891)

where o2 := Var(Z;;) = 12p” — 1. The conditional distribution of Z given
Zy; =y is easily deduced from Lemmy_{ It can be represented by the random
d x d real symmetric matrix

y Z1 el Z14
~ §2+ay 223 sz
Z = )
&+ ay
where the random variables {&;, ..., &, Zix, 1| <i <k < d} are independent cen-
tered Gaussian with
16 1 8 " _ 1
Var(zy) = dp"(1 <i <k <d).  Vare) =2 =D o,
12p" — 1
4p" — 1
0= —.
12p" — 1

Notice that 0 < o < 1.
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Now choose o > 0 such that (1 4+ «p)a < 1. The expansion of det(i —xId)
shows that if x(1 +ap) <y <x(1 +ap) + 1 and x is large enough, then

E(| det(z - xld)l) > Log(l —a(1 + ao))d_lxd,
where L is a positive constant. This implies that

1 oo y2 ~
s / exp (—ﬁ> E(|det(Z — x - 1d)|) dy
X

L x(1+ag)+1 2
> / exp <—y—2> ao(l — a(1 4+ ap)?~1x4 dy
V210 Jx(14ag) 20

for x large enough. Based on (8.89), (8.90), and (8.91), we conclude that for x
large enough,

P ’ 1 +ap) +1)°

for some new positive constant L;. Since ap can be chosen arbitrarily small, this
implies (8.88). O

3. Consider the same processes as those of Example 2, but now defined on the
nonconvex set {a < ||f|| < b}, 0 <a < b. The same calculations as above show
that k, = 0 if a < ||¢]] < b and

sup

—20'(P)z —2ap'(2a*(1 — cos 6))(1 — cosb)
K; = max ———5=, sup 5
z€[2a,a+b) 1 —p(z%) 0el0,] I — p2a*(1 —cos0))

for ||t|| = a.

4. Let us keep the same hypotheses as in Example 2 but without assuming that
the covariance is decreasing as in (8.83). The variance is still given by (8.82),
but «; is not necessarily equal to zero. More precisely, relation (8.85) shows that

“UIs = ¢ F|ls — ¢
€ < sup 2,0(|| =)0 - [l
seS\({1) I —p(ls — ]9

The normalization p’ = —% implies that the process X is identity speed: that is,
Var(X'(t)) = I, so that A(t) = 1. An application of Theorem 8.12 gives

2
liminf—x—2 log [P(x) — pu(x)] = 1+ 1/Z4, (8.92)

X—>—+00
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where

, 2
1 — p*(z) —4p”(2))2? 40" "]

Zp = sup D) + max o
o = p@E)] €0.41 [1 = p(z2)]

and A is the diameter of S.

Let us show by a numerical example that all these quantities can actually be
computed. Suppose that d = 2 and let us consider the covariance r(s, t) defined
as follows: 7 is the Fourier transform of the probability measure on R? having

the density
e (<17 (1~ exp NI
T 2 2 )

r(s, 1) == 1(\/3(s — ).

One easily verifies that with our previous notation,

We set

671/6
r(s,t) = p(lls —t]?) = with p(z) =2 (e—“ - 7) z>0.

Check that our conditions are satisfied [the change of scale has been chosen so
that p'(0) = —11.
Numerically, we find that
20'(zH) "z
1—p(@?)
vanishes for z in the interval [0;2.884...] and attains its maximum value:
0.0689... for z = 3.7... (Figure 8.1). On the other hand,

up 1 — ,02(22) _ 4[0/2(Z2)Z2
2€(0.A] [1—p)]?

is always attained at Z = 0" and takes the constant value ‘3—‘.

As a consequence, for a diameter of S smaller than 2.884, the bound for the
exponent 1 + 1/Z, takes the value 7/4 = 1.75, and takes the minimum value of
1.7473 for a diameter greater or equal to 3.7....

5. Suppose that:
o The process X = {X(¢) : t € R?} is stationary with covariance having the

form
Ly, ..o t0) = l_[ (),
i=1,...d
where I'y, ...,y are d covariance functions on R which are monotone,

positive on [0, +00), and of class c.
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1.2 T T T T T T T

p(2?)

“0 05 1 15 2 25 3 35 4 45 5
Value of z

Figure 8.1. Representation of the function p(z?).

¢ S is a rectangle:

S = l_[ [ai,bi] a,»<b,-.

Then, adding an appropriate nondegeneracy condition, conditions (A2) to (AS)
are fulfilled and Theorem 8.12 applies.
Clearly,

(st —t)Ta(s2 — 1) - Ta(sa — ta)
—ro,1(s,1) =

Ci(si—11) - Tao1(Sa—1 — ta—1)T (54 — ta)

belongs to C; ; for every s € S. As a consequence, «; = 0 for all € S. On the
other hand, standard regressions formulas show that

Var(X(s)|X (1), X'(t))  1-T7---Tg—TPr3---Tj—--- =T} -T; T}
A=r(s.0? (1=Ty--Ty)? ’

where I'; stands for I';(s; — #;). Computation and maximization of 012 should be
performed numerically in each particular case.
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EXERCISES

8.1.

8.2.

8.3.

8.4.
8.5.

8.6.

Forn=1,2,...,let G, be an n x n GOE random matrix (see Section 8.4).
Define

D, (A) = (=2)"E(det(G, — A1,)) reR

(a) Prove that (1), D;(A) = 24, and (2), D,(A) =2nD,_1(A)(n = 2,3, ...).
(b) Prove that '
D, (0) = (-2
0 =1 /2!
if n is even and D, (0) = 0 if n is odd.

(¢) Using the results of parts (a) and (b) and the fact that the Hermite
polynomials satisfy the same relations, conclude that

D,(A) = H,(A) VYA eR, n=12,....
(d) Prove that under the conditions of Theorem 8.8,

do
PE® =0 G + ) (
j=l

teSo

R
- Hj(x)g;

Hint: Mimic the proof of Theorem 8.8 and take into account part (c).

Let «(S) be defined in (8.69). Prove that:

(a) If S is convex, then «(S) = 0.
(b) If S is a C3-manifold, with or without boundary, then «(S) < oo.

(c) Assume that S verifies the following condition: For every ¢ € § there
exists an open neighborhood V of ¢ in RY and a C3-diffeomorphism
Y :V — B, r) [where B(0,r) denotes the open ball in R4
centered at 0 and having radius r, r > 0] such that Y(VNS) =
C N B(0,r), where C is a convex cone. Then «(S) < oco.

Prove the equivalence (8.81) for the one-parameter processes given in
Example 1 of Section 8.5.

Prove formula (8.84) under the conditions or Example 2 of Section 8.5.

Perform the details of the computations appearing in Examples 3, 4, and 5
of Section 8.5.

[Computation of B(det(X"())|X (1) = x, X'(t) = 0)] Let X(t), t € R? be
a Gaussian field with real values such that:
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o It has C?-paths. r
« BE(X(1)) = 0. =1 Var (&)

e Var(X (t))\limgonsingular. With no loss of generality, we
suppose that Var(X/(t)) = 1.

(a) Prove that X (¢) and X'(¢) are independent.
(b) Prove that E(X l/; X kfl) is a symmetric function of (i, j, k, [) (it is invariant

, by permutation).
7({'& ‘D\OI\AA@IL (c)

Admit or prove the following classical result: Let Yq, ..., Y, be n cen-
) tered jointly Gaussian variables; then:
S X&) o If n=2m+1;E(Y;...Y,) =0.
— o If n =2m,
a{é o) {_5

E(Y1 .o Yn) = ZE(YH Yiz) e E(YiZm—l YiZm)’

where the sum is over the (2m)!/m!2™ ways of grouping the 2m
variables pairwise.

Hint: Compute moments using the characteristic function, or see Adler
(1981, pp. 108—109).

(d) Let A be a n x n centered Gaussian matrix with entries A;;. Suppose
that

E(Alekl) - 5(17 jv k7 l) - Il=] Ik=[7

where £ is a symmetric function of (i, j, k, [). Prove that
o If n is odd, E(det(A)) = 0.

o If n =2m,

(=D"(2m)!

E(det(A)) = o

Hint: Develop the determinant using permutations and a signature, and
use the formula above to see that the part corresponding to £ vanishes.

(e) Let D = A — xI,, where A is as in part (d). Prove that

E(det(D)) = (=1)" S —1 Y —( ])')C 2j =(-D"H,(x
(f) Conclude.

This result, due to Delmas (2001), extends to the nonstationary case Lemma
11.7.1 of Adler and Taylor (2007).



CHAPTER 9

THE RECORD METHOD

In this chapter we present a very efficient method for the numerical computation
of the distribution of the maximum of a stochastic process or a random field
with a two-dimensional parameter. It is based primarily on a paper by Mercadier
(2006) and the Matlab toolbox MAGP (Mercadier, 2005), which uses the Rind
routine of the Matlab package WAFO (WAFO Group, 2000).

9.1. SMOOTH PROCESSES WITH ONE-DIMENSIONAL PARAMETERf

9.1.1. Main Result

The basic idea is the following: Let {X (#),t € R} be a real-valued stochastic
process with a.s. absolutely continuous sample paths, and suppose that we are
looking for an expression of

1= Fy(u) =P{M > u}j
wher
We—denote- M7 = sup{X(¢) : 0 <t < T} and M = M. Instead of looking at all
crossings of the level u, we will look only at those crossings that are record
times. The set R of record times is defined by

R:={tel0,1]: X(s) < X(t),Vs € [0, 1)},

Lgvel Sets and Extrema of Random Processes and Fields, By Jean-Marc Azais and Mario Wschebor
opyright © 2009 John Wiley & Sons, Inc.
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with the convention that O is always in R. We obtain the trivial identity
P{M ;u} =P{XO0)>u}+P{Fr eR: X(t) =u}. (CAY

The number of record times ¢ such that X (#) = u is equal to O or 1. The second
term on the right-hand side of (9.1) is equal to the expectation of

Ru) :=N,(X,R)=#{t e R: X(t) = u}.
This idea is the basis of the following result:

Theorem 9.1 (Rychlik’s Formula). Ler X = X (¢),t € [0, 1] be a real-valued
stochastic process with a.s. absolutely continuous sample paths such that for
almost all t € [0, 1], X(t) admits a density px ) and E(|X'(t)|) < oo. Then for
every u € R,

PIM >u} =P{X(0) 3 u} +

u+8 1
lim = [ dx x / E(X' (1) Ler|X (1) = x) pxo) (x) dt.
- u 0
9.2)

Remarks
An early version of this formula under stronger conditions is due to Rychlik
(1990). The present version is due to Mercadier (2006).

1. The limit in (9.2) is, in fact, a manner of choosing a convenient version of
the conditional expectation. For Gaussian processes under certain conditions, the
usual conditional distributions defined by the regression formulas are convenient
(see Corollary 9.3).

2. Expression (9.2) seems at first sight worthless since its right-hand side does
not seem to be simpler than the left-hand side. But in the next section we deduce
from formula (9.2) some upper bounds that are sharp.

Corollary 9.2. Suppose that in addition to the conditions of Theorem 9.1, the
process X (t) is Gaussian with C'-paths and satisfies:

o Fors,t € [0, 1], s < t, the distribution of (X (s), X (t)) does not degenerate.
e Fort € [0, 1], the distribution of (X (t), X'(t)) does not degenerate.

Then

1
P{M > u} = P{X(0) > u} + / E(X' () Ler|X (1) = wpxp@)dt.  (9.3)
0
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Proof of Theorem 9.1. The main idea is that the number R (u) of record points
taking a particular value u is equal to O or 1 and that

P{M Z u} = P{X(0) ;u} + E(R(w)).

To compute the expectation E(R(«)), we use the Banach formula (see Exercise
3.8). Let g(u) be a continuous bounded function; we have

1
/Rg(u)R(u)du=/0 X' OIg(X @) Lier dt.

Taking expectations in both sides gives

1
[Rg(u)E[R(u)]du=Adug(u)/o drE[X' (D Ler | X (1) = u) px o (),

showing that the two functions of u,

1
E[R(u)] and /0E[|X/(t)|lteR|X(t)=u)PX(t)(U)dt

are u-almost surely equal. From this we deduce that the two functions P{M > u}
and P{X(0) > u} + E[R(u)] are u-almost surely equal. The result follows
because P{M > u} is cadJag. C@MQ\}’MM oy ot ar O

The proof of the corollary is left to the reader.
The next proposition is an easy consequence of Rychlik’s formula, which is
a version under weaker hypotheses of Theorem 8.12 for random fields.

Proposition 9.3. Let {X(¢) : 0 <t < T} be a Gaussian process that satisfies the
following:

o It is twice differentiable in quadratic mean.

e Forallt € [0,T], E(X(¢)) =0 and Var(X (t)) = 1.

o Var(X'(t)) is bounded away from zero. Without loss of generality we can use
the unit speed transformation and suppose that Var(X'(¢)) = 1.

o Forall s #t, r(s,t) < 1.
Then for every § > 0O there exists some constant Cs such that

[2 [ ( 1>u2(1—8):|

0<1—-9w)+ T, —pm) —PMr >u} <Csexp|—(1+—=) ——|.
T Z 2

9.4)
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where

Var(X ()| X (1), X'(t))  (rg (s, 1))?
Z:= sup < +00.
0<s<t<T (1 —r(s,1))? (1 —r(s,1))?

Proof. We use a method that has been employed in the context of random fields
in the proof of Theorem 8.12. Clearly, the expression in (9.4) is bounded by

/()1 E(X' () Ligr|X (1) = u) px()(u) dt.
An application of the Holder inequality shows that it sufficient to give bounds to
P3s:s <1, X(s) = u|X(®) =u, X'(1) >0}
For that purpose we write the regression of X (s) on (X (¢), X'(t)):
X(s) =r(s, )X (1) +roa(s, )X (1) + R'(s).

The three terms on the right-hand side above are independent. Under the condition
{X(t) =u, X'(t) > 0}, the event X(s) > u can be written

R'(s) ro,1(s, 1)
1—r(s,t) 1—r(s, 1)

X'(t) > u.

It is obvious that the left-hand side in the inequality above is smaller than

RI(S) ”({1 (S, l) X/(t)_
1—r@s,t) 1—r(s,t)

Y'(s) :=

Suppose for the moment that Y’(s) is bounded and that Z is finite. Then using
the Landau—Shepp—Fernique inequality (2.33), we know that for every § > 0
there exists some constant C such that

. . u*(1 —8)
P{3s:s <1, X(s) > u||X() =u, X'(t) >0} < Cjexp [—T]

The rest of the proof is obvious.
It remains to prove that Y’(s) is bounded and that its maximal variance is
finite. The variance is the sum of the variance of the two terms. The variance

can become infinite, or Y’ (s) can become infinite, only for s tending to 7. Using
Taylor’s formula at ¢ yields

(s —1)?

X)) =X+ (s —0)X(t)+ 7

0(s),
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where Q(s) is an integral remainder. It is easy to see that

(s —1)?

I—r(s,t)~ 7

ro1(s, 1) s —t

and that lim,_,, R’ (s) is just the projection in L*(R2) of Q(s) onto the orthogonal
complement of the linear subspace generated by X (z) and X'(¢), so that we can
conclude that it is a.s. finite and has finite variance. O

9.1.2. Numerical Application

The exact implicit formula (9.3) can be turned into an explicit upper bound
by means of a discretization of the condition {X(s) < X (¢), Vs € [0, )}. One
convenient way is to use the points {kt/n,k =0,...,n — 1} to get

P(M > u} < P{X(0) > u}

1
+/ E(X' () Lx(0).... x(t(i—1)/my<u| X () = 1) prry () dt.
0
9.5)

On the other hand, the time discretization provides the trivial lower bound
PIM>u}>1—-P{X(0),...,X((n—1)/n) <u}. 9.6)

The main point is that when the process is Gaussian, the integrals that appear
in (9.5) and (9.6) can be computed using the MAGP toolbox. All details are
given on the Web page of Mercadier (2005). The program is able to perform
such calculations for n up to 100.

The precision of the computations of MAGP has been evaluated by Mercadier
in two ways:

1. Comparing the lower bounds (9.6) with the exact theoretical value for the
sine—cosine process [i.e., the centered Gaussian process with covariance
['(t) = cos t] given by Berman (1971b) and Delmas (2003b) (see Exercise
4.1).

2. Comparing lower and upper bounds with results in other chapters of the
book. For example, Figure 9.1 compares the lower and upper bounds
of this chapter with the lower and upper bounds given by two or three
terms in the Rice series for the centered stationary process with covariance
@) = e’/ (see Chapter 5).

From these comparisons it appears that one can trust the result from MAGP
up to 1073,

Another question is the precision of the estimation, which can be measured
by the difference between (9.5) and (9.6). We will consider that the estimation
given by (9.5) and (9.6) is numerically significant if it corresponds to an absolute
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Bounds for P(M > 1)

0.1 1 1 1
0 5 10 15 20

Length of the interval

Figure 9.1. Comparison of the present bounds with those of Chapter 5. From top to
bottom: upper bound from Chapter 5, upper bound (9.5), lower bound (9.6), lower bound
from Chapter 5 (M stands for Mr). (From Mercadier, 2006, with permission.)

error smaller than 1072 and to a relative error smaller than 10~!. We concentrate
ourselves on the case of stationary centered Gaussian processes with variance 1
and unit speed [Var(X'(r)) = 1]. The result depends, of course, on T and u. The
larger u (or the smaller T'), the better the results. It happens that for levels u > 1,
the result is numerical significant for time intervals of sizes 20 to 25 in unit-speed
measure. See Mercadier (2006) for details. One can check in Figure 9.1 that the
record method implemented by MAGP is, at this stage, the most efficient for
numerical computation of the distribution of the maximum.

9.2. NONSMOOTH GAUSSIAN PROCESSES

When the process has nondifferentiable paths, one way is to use smoothing, as in
Chapter 5. Another way is by using Durbin’s formula (Durbin, 1985), based on
the pseudoderivative defined as the normalized increment (X (1) — X (s5))/(t — s).
Mercadier has found that this method is very unstable. A better way is to use the
time discretization and the lowerbound (9.6).

It remains to give bounds on the discretization error. This will be done for
a process defined on [0.1], discretized at the points k/n,k =0, 1, ..., n, which
has the same irregularity as the Wiener process (Brownian motion); that is, it
satisfies a.s. the law of iterated logarithm (LIL), for fixed ¢:

X(t - X( X(t — X
—1 = liminf @+s) @ and limsup @+s) @

s=0 /25 log(log(1/s)) s—>0 +/2slog(log(1/s))

=1. 9.7
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Generalizations to other local behaviors can be performed using similar tools,
mutatis mutandis, that is, changing this oscillation by one of the processes being
considered.

Our method is based on the following heuristic approximations (which may
not actually be verified by the paths):

1. The instant * where the maximum is attained satisfies the lim inf part of
the LIL.

2. The maximum of the discretized process is attained within point k/n at
point 7 that is nearest to t*.

3. |tF —t*| has a uniform distribution among the possible values in

[0, 1/(2n)].

With all these approximations, we get

M — M, ~ /2Zlog(log(1/Z)),

where Z is uniformly distributed over [0, 1/2n], which amounts to saying that

1/2n
P{M > u} ~ / P{M, > u — /2z1og(log(1/z2))}2n dz. (9.8)
0

Notice that the right-hand side of (9.8) is easy to compute numerically using
MAGP.

Results are shown in Figure 9.2 for the maximum of processes defined
on an interval [0, 7] and parametrized by the length 7. They refer to the

0.7

0.65 —

0.6

0.55 -

0.5

0.45 -

Estimation for P(M > 1.1)

0.35 -

1 1 1 1
0 0.5 1 1.5 2 2.5

Length of the interval

Figure 9.2.  Ornstein—Uhlenbeck process: approximation (9.8) (top), lower bound (9.6)
(bottom), and exact value (solid line) for P{M7 > 1.1} as a function of 7.
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Ornstein—Uhlenbeck process [i.e., the centered stationary Gaussian process with
covariance I'(¢) := exp(—t), t > 0]. These results are compared with the exact
value from DeLong’s (1981) paper. The figure suggests that the approximation
(9.8) is very good.

9.3. TWO-PARAMETER GAUSSIAN PROCESSES
9.3.1. Main Result

This section is based on ideas similar to those of Section 9.1, adapted to
two-parameter processes. We consider a continuous random field X = {X (¢) :
t € S} with real values and defined on a compact subset S of R? and My :=
max,cs X (¢). Let us consider next a “rather high” level u and a realization such
that {Mg > u}. Let us suppose that the probability that the process remains
above the level u for all + € § can be neglected. Then the event {Mg > u} is
almost equivalent to

“the level curve C, :={r € S: X(t) = u} is not empty.”

More precisely, let us choose a particular direction (say, south) and to consider
the point at the southern extremity of C, (which is, in general, unique). To do
so, denote by < the lexicographic order on R?; that is,

s = (s1,82) <t =(t1,0) & {s2 <h}or{ss =1;s5 <n}.
We define the lexicographic past L(t) of a point r € S as
L(t):={seS:s<t}

A point ¢t € S will be called a record point if for all points, s € L(t): X (s) < X (¢).
We denote by R the set of record points. Obviously, there is at most one record
point where the process X () takes a particular value u, and this point is (in
general) at the southern extremity of the level curve.

Eventually, the event {M > u} is almost equivalent to

{the number of record points on C,is 1 and not 0}.
We assume the following hypotheses:

(AO) The set S is compact, convex, and the parameterization p : [0, L] — 9§
of the boundary S by its arc length is of class C', except perhaps at
a finite number of points where p is only continuous. Moreover, we
assume that p(0) is the point of 9. that is minimal with respect to <.

(A1) The sample paths of the random field Z := (X, X o) are a.s. continuously
differentiable.
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(A2) For t € S, the distribution of Z(¢) does not degenerate.

(A3) For every w € R? there is almost surely no point # € S such that
Z(t) = w and det(Z'(¢)) = 0.

Recall the notation X;; (11, 1) := (3"+//8t181) X (11, 12) (i, j =0, 1,...).

Theorem 9.4. Let S be a subset of R? satisfying assumption (A0). Let X (t) be a
real-valued Gaussian process defined on some neighborhood of S and satisfying
assumptions (Al) to (A3). Then for every real u:

L
P{M > u} =P{Y (0) > u} +/ E(1Y"(O) [ Xx (sy<u,vse£ownlY (€) = u) py o) (u) d€
0

+ / E(1X20(t)™ Xo1 (0| Lx sy cuvsecn | X (1) = . Xor (1) = 0)
S
X Px ), Xo1 (1) (1, 0) dt, (9.9)

where Y (£) := X (p(£)).
Sufficient conditions for (A3) are given in Proposition 6.5.

Proof. The proof is very close to that of Theorem 7.2 and will be sketched.
Assume that the event {M > u}(\{Y (0) < u} occurs. Then C, is nonempty and
compact. The point t that is minimal for < on C, is uniquely determined. We
want to prove that t is a record point.

e If T and p(0) have the same second coordinate, £(t) is reduced to the
segment I := [p(0); 7). The value of the process X (¢) in p(0) is less than
u, and by definition, the process X () cannot take the value u on 1. X (¢)
cannot take a value larger than u on I because of the intermediate value
theorem. As a consequence, T is a record point.

e If T and p(0) have distinct second coordinates p(0)2 < 1. On L(1), X (1)
cannot take the value u. Suppose that there exists T in L£(t) such that
X (T) > u. The entire segment [p(0), 7] is in S and thus in £(t) and by
the intermediate value theorem, there is a point on this segment where X (¢)
takes the value u, which is not possible.

Adding the trivial case {Y (0) > u}, we have proved that in the event Y (0) # u,
which has probability 1, almost surely {M > u} is the disjoint union of the two
events

“Y(0) >u” and “there exists a record point with valueu.”

The event “there exists a record point with value u” can be split into two disjoint

[e]
events, depending on whether t belongs to 9§ or S. Since there is at most one
record point, these two cases are disjoint and their probabilities are equal to the

expectation of the number of record points in S and S.
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Let us consider a nonincreasing function F, R — R satisfying
F(x) = lifx < -1, F(x) =0ifx > 0.
Then
Fnx) :=Fmx) 1t I, asn 1 +oo.

We first compute the expectation of the number of zeros of Z(¢) on S with the

weights F, (Supyc ) X (s) — X (7)) using the Rice formula (Theorem 6.4), and
we then pass to the monotone limit as n — o0.
For the boundary of S,

E#Le[0,L): p(f) e R, Y({) = u}),

we have to use the same kind of proof after splitting (0, L) into a finite number
of subintervals in which ¢ ~» Y (£) is C'. We remark that Y (-) a.s. does not takes
the value u at the extremities of these intervals. Summing up, we get the result.

O

Theorem 9.5 (Bounds). Let S be a subset of R? satisfying:

(A’0) S is compact, S and its complement are connected, and the parame-
terization p : [0, L] = 9S of the boundary 9S by its arc length is of

class C' except perhaps at a finite number of points where p is only
continuous.

Let X be a real-valued Gaussian process defined on some neighborhood of S,

satisfying assumptions (Al) to (A3). Then, for every real u, using the notation of
Theorem 9.9 gives us

L
P{M > u} < P{Y(0) > u} +f0 E(Y'(ODWY (&) = u) py e (u) de

+ / E(lxzo(f)_Xm(f)ﬂj{X(l) = u, Xpr(t) = 0)
S {.
X PX(z),XOl(t)(uaO) dt. O (910)

Proof. Let My be the maximum of X (#) on dS. One has
P{M > u} =P{My > u} + P({M > u} N {M; < u})
< P{Y(0) > u} + P{U} ([0, L] > 0}

+P{3r € S X(t)=u, X10(t) =0, X20 <0, Xo1 >0}. (9.11)
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The last inequality is due to the fact that if M > u and My < u, the level curve
C, is contained in the interior of S. There exists at least one point on this curve
with minimal second coordinate. It follows that

P{M > u} < P{Y(0) > u} + E{U) ([0, L]} +E(#{t €s: X (1)
=u, X10(t) = 0, X0 <0, Xo1 > 0}).
It suffices to apply the Rice formula (Theorem 6.2), remarking that under condi-

tion X () = u, X19(t) = 0, we have det(Z'(r)) = X20(t) X01(?). O

9.3.2. Numerical Application

As in Section 9.1.2, the exact formula (9.9) can be transformed into an explicit
upper bound by discretizing the condition Ix(s)<,vs € £(t). For simplicity we
now limit our attention to the case where S is the square [0, 7] and the process
X is “standardized” (i.e., centered, stationary, isotropic), with variance 1 and
identity speed. In that case:

o The two terms in (9.9) corresponding to the edges 0 x [0, T] and 1 x [0, T']
are equal and equal to

T
/ E((X10(v, 0) " Ix (o) <uvse£wo | X (v, 0) = u)d (u) dv.
0
e The term corresponding to the edge [0, T'] x 1 vanishes: Indeed, if there is
a record point T on this edge, the derivative X(; must vanish. Because of

the Rice formula (or using Bulinskaya’s Lemma 1.20), the expectation of
the number of such points is zero.

If in formula (9.9), we replace the entire lexicographic past L(z) of a point ¢
by its intersection £, (¢) with a grid

L, (1) ::E(t)ﬂ{(ﬁ,l—t>, :0,...,n,l:0,...,n}
n n

we get the upper bound:

T
P{M > u} < ®(u) + ¢(u) |:2/ E(Xg; (v, 0) Ix (5)<uvses, v,0)| X (v, 0) = u) dv
0

T
+ / (X (0, 0) Ty (s)<u voey o0y | X (1, 0) = 1) dv
0

=/
+ -
2 [0, 772

E(X20(t) ™ Xo1(t) " T (s)<uvser, | X () = u, Xo1(t) = 0) dli|- 9.12)
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Figure 9.3. P{M)u} for the random field with Gaussian covariance on [0, v/10]2
from top to bottom: upper bound (9.10), Euler characteristic approximation, upper bound
(9.12), lower bound (9.12), and equivalent by Adler(1981). (From Mercadier, 2006, with
permission.)

The main point is that this upper bound can be computed by MAGP.
In the other direction, we get a lower bound using discretization:

kt It
P{M>u}ZP{max(X(—,—),k=0,...,n,l:0,...,n>>u}. (9.13)

n n

Figure 9.3 shows that these bounds compared with the equivalent in Adler
(1981) and the equivalent given by the Euler—Poincaré characteristic method.

EXERCISES

9.1. Prove Corollary 9.3 using Ylvisaker’s theorem and the regression method
of Proposition 9.4.

9.2. Suppose that S is the square [0, T]>. Suppose that the process X (¢) is
“standardized.” Show that the upper bound (9.10) takes the form

— 2 T2
PIM > u) < 96 + \/;w(u) 5 [ep o) +ud/e) e
1-2w)
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with ¢ := /Var(X,9) — 1. Show that the difference between this bound and

the equivalent given by the EPC method, §eﬂ§ +J2/m)p () + (Tz//zn)
¢ (u), is bounded by

T%u 3 —2 1+ ¢2

——cu “¢plu = [c¢(u/c)+u<l>(u/c)]¢(u).




CHAPTER 10

ASYMPTOTIC METHODS FOR
AN INFINITE TIME HORIZON

In this chapter we consider asymptotic results for one-parameter processes on
intervals of time with size tending to infinity. In Section 10.1 the level u tends
to infinity jointly with the size of the interval so that the expectation of the
number of crossings remains constant. In that case it is proven that under weak
hypotheses, the asymptotic distribution of the number of crossings is Poisson.
This implies that the maximum of the process converges, after renormalization,
to a Gumbel distribution.

In Section 10.2 the level u is fixed and the size of the interval tends to
infinity. Under certain conditions, this number of crossings satisfies a central
limit theorem. The main tool is an elementary presentation of Wiener chaos
decomposition.

10.1. POISSON CHARACTER OF HIGH UP-CROSSINGS

In this section we give a proof of the following theorem, originally due to Volkon-
skii and Rozanov (1959, 1961).

Theorem 10.1. Let X = {X(¢) : t € R} be a zero-mean stationary Gaussian
process with covariance I'(t) = E(X (1) X (t + 1)) satisfying the following con-
ditions:

e I'(0) =1
e Ay < 0Q.

Level Sets and Extrema of Random Processes and Fields, By Jean-Marc Azais and Mario Wschebor
Copyright © 2009 John Wiley & Sons, Inc.
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e I'(r)log(r) — 0 as T — oo (Berman’s condition).
o If one writes T'(t) = 1 — A1?/2 4 6(1), then, for some § > 0, the integral

§ 9/
/ © 4
0 T

is convergent (this is Geman’s condition, which we mentioned in Proposi-
tion 4.2).

Set
2
Cy = E(U,(X: [0, 1])) = \/Tzw
and define, for t € RT,
R, (t) := Uy (X: [0, C;'1)). (10.1)

Then as u — +o0 the family of point processes {R,(t) : t > 0} converges weakly
in the Skorohod space to a standard Poisson process.

Remark. Notice that Berman’s condition implies that |['(t)| < 1 for all 7 # 0
(see Feller, 1966, Chap. XV).

Theorem 10.1 has a direct interest for modeling phenomena depending on
time, such as pollution levels, floods, or other situations in which up-crossings
of a threshold by a certain stochastic process imply the occurrence of a relevant
event. This theorem is the mathematical explanation of a standard procedure
which consists in using the Poisson process as a model to represent the sequence
of these random time points whenever the threshold and the size of the time
window are large enough. Of course, beyond the statement of the theorem, the
fitting of such a model to empirical data is a problem of statistical nature that
should be considered appropriately in each case.

In the formulation above, the process is Gaussian and stationary, has some
local regularity given by Geman’s condition, and some mixing (asymptotic inde-
pendence for distant values of the parameter) given by Berman’s condition. In
fact, the mild Geman condition is not needed in its full generality. [See Lead-
better et al. (1983) for a longer proof without this condition and also for various
extensions, including to non-Gaussian processes.]

We are using here only some elementary well-known properties of point pro-
cesses defined on the half-line [0, +00) (see, e.g., Neveu, 1977) . We indistinctly
call point process the random set of points W = {#}, the random measure [y
having a unit atom at each one of these points, which we assume to be almost
surely locally finite and the cad-lag version of its cumulative distribution func-
tion, that is, for t > 0, Fy(r) = #{k : f;, < t}. Weak convergence of these point
processes is to be understood as weak convergence of the stochastic process



260 ASYMPTOTIC METHODS FOR AN INFINITE TIME HORIZON

Fy () in the Skorohod space (see Section 4.4.1). The two properties that we will
use without proving them are the following:

Proposition 10.2 (Rényi, 1967)

(a) Let T > 0. The family of point processes {Fu,(-)}n=1,,.. is tight in the
space DI0, T] if and only if the sequence of distributions of the (integer-valued)
random variables { Fy, (T )},=1,2,... is tight on the line.

(b) Assume that a point process as above verifies the following conditions for
any subset B of [0, +00), which is a union of intervals:

E(uw(B)) < A(B) (10.2)
P{pw(B) = 0} = exp(—A(B)). (10.3)

Then WV is a standard Poisson process.

The next useful corollary of Theorem 10.1 states that after renormalization,
the maximum M7 of the process converges weakly to a Gumbel distribution:

Corollary 10.3. Under the conditions of Theorem 10.1, setting

My := sup X, ar := (2log T)l/2
1€[0,T]

VA
br = (2log )"/ + log (2—2) Q2logT)~'72,
T

then as T — +o00,
Plar (M7 — br) < x} — exp(—e ™).

Both the theorem and its corollary can be extended, under mild conditions, to
constant variance nonstationary processes (see Azais and Mercadier, 2003).

Proof of Theorem 10.1. Without loss of generality we may assume that A, = 1.
Set p(t) := sup,., |I"(s)|. If not specified otherwise, all the limits in this proof
are for u — +4o00. Let Ty be such that p(Ty) < %

We break the proof into several steps.

SteP 1. Let T (1) be increasing as a function of u, and tend to infinity in a
controlled manner, meaning that 7' (u) = 0((Cu)*]/ 2). Let us prove that

py
P{Mrq > u) = ,/ﬁT(u)qf)(u)(l +o(1)). (10.4)

Let u be large enough so that T'(u) > Tp. We use the computation in the proof
of Proposition 4.2.



POISSON CHARACTER OF HIGH UP-CROSSINGS 261

For short, denote as v, the second factorial moment of the up-crossings on an
interval of length 7 (u). It suffices to prove that

vy =T ()¢ u)o(l).

For given ¢ > 0, choose é > 0 so that

S 9/
/ (z) dt < e.
0

2

Then
vy < T w)[e + Top S 1u) + (T w) — To)p' > 2 w)],

where &1, 8> > 0, which implies (10.4).

SteP 2. It is sufficient to prove the result for ¢ € [0, 7] and each T € R*.
We use Proposition 10.2(a) and observe that by the construction E(RM(T)) =T,
which obviously implies the tightness of the probability distributions of the ran-
dom variables {R,(T)},>0. So the family of processes R, (-) is tight, and if we
denote by R(-) a limit process of the family, what remains is to show that R(-) is
a standard Poisson process. For this goal we use the characterization of Poisson
processes given by Proposition 10.2(b).

Clearly, Fatou’s lemma implies that the process R(-) satisfies (10.2). The
remainder of the proof is based on a discretization argument to verify condition
(10.3). We do this first when B is a unique interval. Due to the stationarity of
the process, we may assume that B = (0, L].

Set J, = (0, Cu_lL]. Consider the partition of J, into n = n(u) intervals
I, ..., I, of equal length C,/'L/n, where n — 1 is the integer part of C;]/zL.
Then each interval I; (i =1, ..., n) satisfies the result of step 1.

We now divide each interval /; into intervals of length ¢ = ¢(u) such that
qu — 0, but sufficiently slowly in a manner described in detail later. In step 3
we prove the following intermediate results:

e P{U,(J,) =0} =P{M,;, <u}+o(1). (10.5)

e For all intervals A = A, C J, having the form A, = [aq, bq], a and b
integers,

0 <P{X(kq) <u:Vk;kqg € Ay} —P{My, <u} =r(A,)Cyo(1) (10.6)
with My, 1= sup,c,, X (¢), where the o(1) is uniform over all sequences of
intervals with length bounded below by a positive number.

e P{X(kq) <u:Vkikq € D,} = ]_[P{X(kq) <u:Vk;kq € I} + o(1).
i=1

(10.7)
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A direct consequence of these equivalences is that

P{U,(Ju) =0} = ]—[ (1 — G/ (1+ 0(1)))

i=1

)Cu_l/zL(lJro(l)) o)
v o0

= (1=l (1+0)
= exp(—L)(1 + o(1)). (10.8)

Now use the fact that R([0, L)) is the weak limit of U,(J,) through a sub-
sequence of u’s tending to +o0o to conclude that (10.3) holds true when B is a
single interval.

StEP 3. We prove (10.5). Clearly, P{M; < u} < P{U,(J,) = 0}. On the other
hand,

P{Uu(-]u) = 0} = P{Uu(-]u) =0; X(O) < bt} + P{Uu(Ju) =0; X(O) > u}
<P{M; <u}+1— &)

Now consider (10.6). We define U,/ (A,) as the number of up-crossings of the
size-q discretization of X on the interval A,. More precisely,

Ul(A,) =#kel: kqe A, X(kq)>u, X((k — l)q) <uj.
Then

0 <P{X(kq) <u:Vkikq € A} —P{My, < u}
= P{Uu(Au) - U,;I(Au) > O} = E(Uu(Au) - U,:I(Au))-

An upper bound for the right-hand side is given in the following auxiliary
lemma, of which we give a proof after finishing the proof of the theorem.

Lemma 104. Let A,, g, and Ul (A,) be defined as above. Then
E[U,(A,) — UL (A)] = o(AMA)C,),

with o(k(Au)C u) uniform over the class of intervals considered.

Proof of Theorem 10.1 (cont.). We now prove (10.7). We use Li and Shao’s
normal comparison Lemma 2.1. Let X be the variance matrix of X (kgq) for kq
in J, and X’ the variance matrix obtained by setting to zero the extra-diagonal
blocks of ¥ with respect to the partition 1y, ..., I,. Using the Li—Shao inequality
in both senses, we obtain
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n
P(X (kq) < u :Vkikg € J,} = [ [P{X(kq) <u :Vki kq € I}}

i=1

1 u?
< i -, 10.9
4. Z | jleXp( 1+|2i4/|) (109

ij=1,..N,i<j

where N is the number of discretization points in J,. Using stationarity and
remarking that the function r ~~ r exp (—uz/(l + r)) is increasing on (0, 1), we
obtain the fact that the right-hand side in formula (10.9) is bounded above by

1 u?
1 Z k(Dhp(lq)exp (—m), (10.10)

[=1,N

where k([) is the difference in the number of occurrences of the quantity I"(/q)
between ¥ and X’. It is easy to see that

k() =1(n—1) forlg < C;'L/n (10.11)
k() < C,'L/q for every q. (10.12)
So, using Tp, introduced in step 1, and the monotonicity of

r~>rexp(—u?/(147r)), we can bound the terms in the sum (10.10) in the
following way:

e For 0 </ < Ty/q, we use (10.11) and p(lg) < 1.
e For Ty/q <1 < Cu’lL/nq, we use (10.11) and p(lg) < p(Ty).

e For C,;'L/ng <1, we use (10.12) and the fact that  ~ C, 'L /ng is non-
decreasing.

We conclude that the expression in formula (10.10) is bounded by

u>
(const) Z Inexp <—7>

0<i<Ty/q

2
~+ (const) Z In exp (—ﬁ)

To/q<l<Cy'L/ng

C, L/n

c-1 rGl'L u?
+constLv/ 1) ex <— )dt:l + 5L+ 1. (10.13
(const) 7 . pexp T+ 00) 1+h+5o ( )

It is easy to see that

I < (const)Cu_l/zq_2 exp(—u2/2)
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C-1L\2 u?
L < (const)( u ) nexp <—7>
nq 1+ p(To)

5 3u? u?
<q (Const) exp T exXp | — m

and that these quantities tend to zero as soon as g does not go to zero faster than
some power of u.
As for I,

el
I; < (const)Cuq_Z/ p(t) exp (uzp(t)) dt
c'L/n

L
< (const)(qu)zf wp(C, ) exp (u”p(tC ) dt,
0

after a change of variables. Since p(z)log(z) — 0, p(z) < (const)(log(z))_l,
and u?p(tC; ") is bounded and converges pointwise to zero, the dominated con-
vergence theorem implies that

L
/ u?ptC;y exp (u?p(tC, ")) dt — 0. (10.14)
0

Now it suffices to assume that (gu)~> grows to infinity more slowly than (10.14)
and than some power of u to prove that Iy, I, and /3 tend to zero.

Ster4. Let D = U;—y , D; = U;—; ,(a;, b;] be a union of disjoint intervals. We
can apply the same arguments as above, discretization and normal comparison
lemma, to show that

P(Mp <u} = [ PiMp, <u),
i=1,p

which gives the result. The proof is simpler in the sense that terms such as I
and /; in formula (10.13) are not present. The only modification is to use a
monotone convergence argument in order to replace the extremes of the intervals
(Cu_la,-, Cu_lb,-] by multiples of ¢. O
Proof of Lemma 10.4. The stationarity of the process implies that

E(Uu(A)) = MA)C,,

and since A is supposed to be of the form (kq, hql, k, h € N,

E(U{(A)) = %P{X(O) <u < X(q).
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Notice that

T, () = P{X(O) <u<X(@)=P{l¥; —ul < iyz},

where Y| := [X(0) + X(¢)]/2 and Y> :=[X(g) — X (0)]/g are two independent
Gaussian variables with respective variances: 012 =[1+7r(g)]/2 and
022 = 2[1 — r(q)]/q2.

We want to prove that J,(u) ~ qC,. Toward this goal we compute

_ _ +00 ( o ) u+(gy2)/2 ( o )
(Cuq) ™ o) = (Cuq)™ f iy, P02/ ) ay, £/
0

a2 u—(qy2)/2 o1
‘/~+oo£exp<_y_§)|: (o)
0 (722 2(722 201/ A2
1 2 2.2.2
u ugqgsyr,  qvs°y;
exp( — — (1 —0?) — — )dsi|d .
/_1 p( 2012( i) 20‘12 8012 Y2
(10.15)

Since 1 — 012 ~ haq?/4, oy ~ 1 022 =~ Xy, we see that pointwise in s and y»,

2 2 2
ugs —
——uz(l—alz)— qzz_q 2y2—>0.
204 204 80|

On the other hand, the integrand in the last term of (10.15) is bounded by

2 2

Y2 ) ( u 2 WIYZ)
const) y, ex (—— exp| — —({0 —o07) + .
(const) y exp 552 ) EXP 202( i)

(10.16)
2 1 2‘712

For y; > 2uqoj /o} the exponent in formula (10.16) is bounded by —y3 /403, so
that the integral for y, in [2uq<722 / 012, +00] tends, by the dominated convergence
theorem, to

+00 2
2 oxp (- 22 ) a
/0 % exXp 207 2.

The remaining integral can be bounded by

2uq022/a|2 ugy:
(const) / Y2 €Xp < 5 > dy,
0 20

2uq(rz2/<7]2 u2q20.2
< (const) / » CXP( — 2) dy,
0

1
Since ug — 0, we see that this integral tends to zero.
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Proof of Corollary 10.3. Set

A
T = exp(—x), u2=2|:10gT+x+10g<\/_2)1|.

2
We have TC, = r. By Theorem 10.1,
P{M; < u} ~ P{R,(t) = 0} = exp(—71).

Remarking that

X
u=-—+br+ola;"),
ar

we get the result. (]

10.1.1. Extensions to Random Fields

There exist a series of extensions of the Volkonskii—Rozanov theorem (Theorem
10.1). We consider only two of them here and do not give proofs. Both refer to
real-valued d-parameter random fields, with d > 1.

The first extension consists of studying, instead of the number of up-crossings
of a high level, as was done above, the geometric measure of the inverse
image of a high level, that is, to replace the zero-dimensional measure by the
(d — 1)-geometric measure, under an adequate normalization. This has been done
by Wschebor (1986) using Rice formulas for random fields and is the subject of
Exercise 10.2.

The second is based on the remark that whenever some mixing-like condi-
tion is present, one can expect that the point process of local maxima above a
high level has a Poisson behavior under a renormalization similar to that of the
Volkonskii—Rozanov theorem, adapted to the multiparameter case.

We restrict ourselves here to quoting Theorem 14.1 of Piterbarg’s book
(1996a), which implies a consequence that is close to Corollary 10.3.

Theorem 10.5 (Piterbarg). Suppose that the real-valued Gaussian centered sta-
tionary random field {X (t) : t € R?} satisfies the following conditions:

o The covariance I'(t) = E(X(s)X (s + 1)) verifies T'(0) = 1 and T'(t) — 0 as
l£]l = oc.

o The process is three times differentiable, in the mean square sense.

o There exist C >0, a > 1, and § > 0 such that

ra(t €10, T D@ log*(J1t]) > €) = 0Ty T — +cc.
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Then if My = max, o 71 X (1),
P{((MT — lT)lT) < x} — exp(—exp(—x)) T — oo,

where Lt is the largest solution in | of the equation

T4 /det(A) 19"  exp(—1%/2) = (2m)@+D/2

and A = Var(X'(0)).

10.2. CENTRAL LIMIT THEOREM FOR NONLINEAR FUNCTIONALS

10.2.1. Ergodic Processes

Let Y ={Y(¢) : t € R}, be a real-valued stochastic process defined on a prob-
ability space (2, A, P). The process is said to be strictly stationary if for any
choice of the positive integer k and 1, ..., fx, t € R, the joint distribution (in RK)
of Y(t; + 1), ...., Y(#x +t) does not depend on ¢. Clearly, if the process is Gaus-
sian, it is strictly stationary if and only if for any choice of T € R, the expectation
and covariance E(Y (¢)) and Cov(Y (¢), Y (¢ + 7)) do not depend on ¢.

We assume some mild regularity of the paths of the process ) such as
that almost surely, they are Riemann integrable on every bounded interval. For
example, if the paths are a.s. cad-lag, this follows easily. In fact, this condition
can be replaced by some more general measurability condition without affecting
what follows. We denote by o ())) the smallest o-algebra with respect to which
all the functions Y (¢) : @ — R, ¢ € R are measurable. Clearly, o ())) C A.

Let Y be a real-valued strictly stationary process and 1 a random variable
defined on (22, A, P), which is also o ())-measurable. For t € R one can define
the random variable 6,(n), which is the image of n under the translation of size
t, in the following natural way: If n has the form

n=g(Yt), ... %)), (10.17)
where g : R¥ — R is Borel-measurable, we define

6:(m) = g(Y (11 + 1), ..., (x +1)).

For general 1, we approximate it in probability by means of cylindrical func-
tions having the form (10.17) and commute the limit with the translation, using
the strict stationarity of the process. A o ()))-measurable random variable 7 is
“invariant” if for every ¢ € R, almost surely 6;(17) = 5. The stochastic process Y
is called ergodic when 7 is invariant if and only if it is almost surely constant. A
famous theorem due to Maruyama (1949) states that if ) is a stationary Gaussian
process, it is ergodic if and only if its spectral measure has no atoms.
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Assume now that ) is a strictly stationary stochastic process and
E(|Y(t)]) < 400 (notice that this expectation does not depend on ¢). Then
the classical Birkhoff—Khintchine ergodic theorem says that, almost surely, as
T — 400, the time average (1/7) fOT Y () dt converges to an invariant random
variable with finite expectation, I, with E(/y) = E(Y (0)). If the process is also
ergodic, this random variable is almost surely constant and equal to E(Y (0)).
This corresponds to the usual statement that for strictly stationary ergodic
processes, “one can replace time averages by space averages.”

A similar result holds true for the time average (1/7) f?T Y () dt. For proofs,
the reader can consult, for example, books by Cramér and Leadbetter (1967) or
Brown (1976).

10.2.2. Nonlinear Functionals

Let us now turn to the main subject of this section. Let X = {X(¢) : t € R} be a
centered real-valued stationary Gaussian process. Without loss of generality, we
assume that Var(X (r)) = 1 Vr € R. We want to consider functionals having the
form

T, = 1/;/ F(X(s))ds, (10.18)
0

where F is some function in L'(¢(x) dx).

Set u := E(F(Z)), Z being a standard normal variable. The ergodic theorem
implies that a.s. the expression in (10.18) has an invariant limit as ¢t — +o0,
which is also o (X')-measurable. So if the spectral measure of the process has no
atoms, because of Maruyama’s theorem, this limit is a.s. constant and equal to
w. Our aim is to compute the speed of convergence and establish for it a central
limit theorem.

We will assume furthermore that the function F is in L?(¢(x) dx). For the
statement of the next result, which is not hard to prove, we need the following
additional definition. The Gaussian process {X (¢) : t € R} is called m-dependent
if Cov(X (s), X(¢)) = 0 whenever |t — s| > m.

Roblbima
Theorem 10.6 (Hoeffding and Rebins, 1948). With the notations and hypothe-
ses above, if the process X (t) is m-dependent, then

t
ﬁ(l/l/ F(X(s))ds — M) — N(O, 02) in distribution as t — 400,
0

where o? is the variance of F(Z). Z stands for a standard normal variable.
(—’—\_’\

Our aim is to extend this result to processes that are not m-dependent. The
proof we present follows Berman (1992b) with a generalization, due to Kratz and
Leoén (2001) (see also Ledn, 2006), to functions F in (10.18) having a Hermite

629 OK?
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rank not necessarily equal to 1. For ¢ > 0, we approximate the given process X
by a new one, &, which is 1/¢-dependent and estimate the error.

We need to recall some facts and prove some auxiliary ones before stating and
proving the main results. H,(x) denotes the modified Hermite’s polynomials of
degree n, orthogonal with respect to the standard Gaussian measure defined in
Chapter 8. Recall that H, can be defined by means of the identity

oo n
2 _ e t
exp(tx —12/2) = ) H ().
n=0
Since F is in L?(¢(x) dx), it can be written as
o0
F@) =) aHy),
n=0

with N
i = % / FH, () (x) dx,

and the norm of F in L?(¢(x) dx) satisfies

oo
2 2
IFIG =" am!.
n=0

The Hermite rank of F is defined as the smallest n such that a,, # 0. For our
purposes we can assume that this rank is greater than or equal to 1.

A useful standard tool to perform computations with Hermite polynomials is
Mehler’s formula, which we state and prove with an extension (see Le6n and
Ortega, 1989).

Lemma 10.7 (Mehler’s Formula). (a) Let (X, Y) be a centered Gaussian vector
E(X?) =E(Y?) =1 and p = E(XY). Then

ECH; COH) = 8,004 L.
(b) Let (X1, X2, X3, X4) be a centered Gaussian vector with variance matrix

I 0 pi3 pua

5 = 0 1 px3 pou
pi3 p3 10
pia pu 0 1
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Then, if ri +rp =13 + 14,

E(H, (X\)Hp, (X)) Hyy(X3)H,, (X9)) = Y
(d1,dr,d3,dg)eZ
| rz' r3' r4'
d1' Ayl ds) ds ,/013:014/02%/0247

where Z is the set of d;’s satisfying : d; > 0:
di+d, =ry, dy +dy = 1y, dy + dz = r3, dr +dy =rys. (10.19)

If ry + ry # r3 + r4 the expectation is equal to zero. Notice that the four equations
in (10.19) are not independent and that the set Z is finite and contains, in general,
more than one 4-tuple.

Proof. We give a proof of part (b), part (a) being a particular case. We have

4
1
E (1_[ exp(f; X; — 5;?)) = exp(p136113 + p1at114 + p230213 + p2al2t4). (10.20)

First, we have, by definition,

1, =\ t9H ,(x)
exp<tx—§t>=zo .
q

q!

So the left-hand side of (10.20) is equal to

oo ry 1 13 ,ra

Ly, — — — —
> 22 E(H, (X0 Hpy (X2) Hyy (X3)H,y(X4)).
Orl. rp. r3. raq.

ri=

Second, the right-hand side of (10.20) is equal to

o]

1
Z —(,01311t3 + piatits + p3tats + poatrts)”
r= 0

_ i Z dP1‘351z'1€123':0;4‘t111 +dzt2ds+d4t§11+dstdz+d4 10.21)

r=0 d|+dy+d3+ds=r IH 62 a3 4
Identifying both sides, it follows that the expectation
E(H, (X)H,(X2)H,,(X3)H,,(X4)) is zero if ri+r,#r3+rs In the
other cases, the monomial of degree (ry,r;,r3, r4) on the right hand side of
(10.20) corresponds to r = (r; +ry +r3 +r4)/2, and it can be found in a
unique term in the sum Y - . The result follows. O
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As an additional hypothesis, we will assume that the process X" has a spectral
density f(A). X has the following spectral representation:

X(t) = fz/ [cos(t)y/F (M) dWi(A) + sin(rh)y/ f (W) dWa (W], (10.22)
0

where W; and W, are two independent Wiener processes (Brownian motions) .
Indeed, using isometry properties of the stochastic integral, it is easy to see that
the process given by (10.22) is centered Gaussian with covariance

') =EX$)X(s+1)) = 2/00 cos(As) cos(A(t +5)) f (1) dAr
0
+2 /00 sin(As) sin(A(t + 5)) f (A) dX
0
= 2/00 cos(At) f(A) dx
0

Now define the function v/(-) as the convolution Ij_j3 1,27 * I{_1/2 1/2;. This
function is even, nonnegative, 1/ (0) = 1, has support included ini—l, 1], and has
a nonnegative Fourier transform. Set ¥/, (¢) = %W(SI) and let ¥, be its Fourier
transform. Define

Xe(t) := ﬁ/ [cos(ta)y/ f * Ye (V) dWi(A) + sin(zd)y/ f % P (V) dWa (V)]
0

(10.23)

where the convolution must be understood after prolonging f as an even func-
tion on R. The covariance function I'; of X°®(¢) satisfies I';(¢) = ['(¢)y¥ (et).
This implies that the process X?(z) is (1/¢)-dependent. We have the following
proposition:

Proposition 10.8. Let X be a centered stationary Gaussian process with spectral
density f()) and covariance function T', with T* € L'(R), £ positive integer. Let
X (t) be defined by (10.23). Then

t 2
lim lim E [i/ (He(X(s)) — He (X (s5))) ds} =0. (10.24)
ViJo

e—>0t—o00

Proof. Using Mehler’s formula and the change of variables v = s; — s; yields

p 2
E[% /O (H (X (5)) — Ho(X*(5)) ds]
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t
= 20! (/ (1 -1/t (x) +Ti(r) — 2p§(r))dz>
0
=2/! (/ (1 — /() — T 1)) dr
0

+ 2/ (1 —1/0) () — pf(r))dr) :
0

where p.(7) := E[X (0)X*(1)].

Since | (7)|¢ < T'(7)|%, we see that the first term tends to zero as ¢ tends
to infinity and then ¢ tends to zero, on applying the dominated convergence
theorem.

As for the second, we have

/ (1 —1/0)[T) — pl(v)]dr = / (1—t/t)dr
0 0

+o00
X / cos(AD)[ 0 — gX P (V)] dn,

oo

where g, is the spectral density A ~» / f(L)v/ (f * ¥:)(X) and g;‘(o denotes the

convolution of g, ¢ times with itself.
Using Fubini’s theorem gives us

t —+00
/ (1— r/t)dt/ cos(A ) (P 0) — gX P (W) dx
0 —

o0

] — cos At
= [ SR m - g m)
oo tAZ

T 1 — cosA A A
_ LON Al (Ol i
_/OO - (f <t) g (t>)dx. (10.25)

When ¢ is equal to 1, the function f and thus g, are bounded and continuous
and the dominated convergence theorem implies that the limit as ¢t — oo of
(10.25) is equal to

T 1 — cosA

[£(0) - g.0)] / 1ocosh o

oo A2

This quantity tends to zero as ¢ — 0.
When ¢ > 1, we first prove that g;“z is bounded by || f * ¥¢|lco- We have

+00
g2 = / ge(h — A1)ge (A1) diy

o]
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+0oo

< Nf *Pelloo JO =) fADdr < 1f * Yelloos (10.26)

—00

because of the Cauchy—Schwarz inequality.
For k > 2, we use induction. Clearly,

+00 .
/ (f *¥e)X)dr =T (0) =T Oy (0) =1,

—00

so that

“+o00

g“@rsmﬁ“wmf ((f % 900 £0) 2 dn

—00

<1 Voo < I1f * Velloo- (10.27)

Now g.(- — A/t) converges to g.(-) in L'(R), as t — 4o0. This is noth-
ing more than the continuity of the translation. The duality between L'(R) and
L*®(R) implies that g*® (1/1) — g*®(0). Using (10.25) and (10.27) gives us

+oo +o00 _
/O [(1 =7/ (0) = pl(r)]dT — (f*(0) — g*f(o))/ 1-cosh

da,
o A2

as t — +o0.
Fatou’s lemma and the definition of g, imply that

1imi(r)1fgj“>(0) > *©(0). (10.28)
On the other hand,
ﬁ@=/ 8=V Oupm) dhpy
= /l 1 8eMp—1)8s (g1 — Ap—2) -+ - ge(A2 — A1) g (M) dAy, ..., dAe—y
et
<[ [ B0 T hacr e
R R 1/2
(f *Ye)A2 = AD(f *Y) (M) dAg, ..., d)%—l]
X [ FOu—1) fhomt — A=) -+ f(ra — Ay)
RK71

12
f@ﬂdh,””dh_ﬁ

= [(f * ¥o)* Q]2 O0)] — f*O(0) as & — 0, (10.29)
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using the Cauchy—Schwarz inequality and the continuity of f*© since I'* is in
L'. Summing up, (10.28) and (10.29) imply that lim,_, g;‘(‘z) ) = £*®(0), and
we are done. O

Theorem 10.9. Let X be a Gaussian process satisfying the hypotheses of Propo-
sition 10.8 and F a function in L*(¢(x)dx) with Hermite rank € > 1. Then, as
r — 400,

] t
ViT, = NG / F(X(s))ds — N(0, c*(F)) in distribution,
tJo

where

o 00
o?(F) ;zzzagk!f r*(s) ds.
k=t

0

M _ t

Proof. Define Fy := E la,,Hn(x) and T,M = (l/t)/ Fy(X(s))ds. Let
n= 0

M = M(8) > £ such that

oo
2 Z at < 8.

k=M+1

Using Mehler’s formula, we get

o0 t
My _ 2 SNk
t Var(T; — T; )_Zk_EMckk!/O (1 — ;)F (s)ds

o 00 00
gzzcik!/ |F|k(s)ds<8/ IT|%(s) ds.
k=M 0 0

Since § is arbitrary, we only need to prove the asymptotic normality for TtM . Let
us introduce

1 t
M= / Fu (Xt (5)) ds,
0

where X?(¢) has been defined in (10.23). By Proposition 10.8, recalling that for
k >1, T%is in L'(R) since I'¢ is, we obtain

lim lim ¢ Var(TM — 7€) = 0.

e—>0t—00

Now Theorem 10.6 for m-dependent sequences implies that /7 T,M’e is asymp-
totically normal. Notice that
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M 1/¢e
oM. = lim 1 Var(TM#) :ZkZ(:)a,%k!/o r*(s) ds

and that o), — 02(F) when ¢ — 0 and M — oo, giving the result. O

10.2.3. Hermite Expansion for Crossings of Regular Processes

Let X be a centered stationary Gaussian process. With no loss of generality for
our purposes, we assume that I'(0) = —I""(0) = 1 and I'(r) # %1 for r # 0. We
also assume Geman’s condition of Proposition 4.2:

o' (¢t
re)y=1- t2/2 + 6(1) with / t(2 )dt converges at 0.

We define the following expansions:

oo oo o0
=Y wH o), a7 =) bH). =) aHew). (10.30)
k=0 k=0 k=0

We have a; = %, by = —%, ¢y = 0, and using (8.7) and integration by parts for
k > 2 we obtain
+oo 1 o
a, = — xHi(x)p(x)dx = ———=H}_»(0).
k! Jo Y NG A

The classical properties of Hermite polynomials easily imply that for positive k,

a1 = by =cup1 =0
(_1)k+1
a = b =
W o 2k 2k — 1)

) = 2a2k .

We have the following Hermite expansion for the number of up-crossings:

Theorem 10.10. Under the conditions above,

o0 0 T _
Uy = Uu(X.[0,T) =YY d (u)ak/O H;(X () Hy (X' (s)) ds a.s.,
j=0 k=0

where d;(u) = (1/j!)¢(u)ﬁj (u) and ay is defined by (10.30). We have similar
results, replacing ay by by or cy, for the number D, (X, [0, T]) of down-crossings
and for the total number of crossings N, (X, [0, T]).
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Proof. Let g(.) € L?(¢(x)dx) and define the functional

t
T, (1) = / g(X ()X (s)ds.
0

The convergence of the Hermite expansion implies that a.s.

oo o0

TS0 =) > g /0 Hj(X () Hi (X' (5)) ds, (10.31)

=0 k=0

where the g;’s are the coefficients of the Hermite expansion of g. Using the fact
that for each s, X (s) and X'(s) are independent, we get

t + — — :
E f XX )= ) gjacH;(XE)H(X'(5) | ds
0 Jk=0k4j<0
< (consty® Y jlgiklal. (10.32)
Jk=0:k+j>0

On the other hand, using Proposition 4.2 gives us

T
va(u, T) = E(U, (10, TD(U, ([0, T]) — 1)) = /(; AT —0)Ay, (u, u)dr,

with

9/
AL () = B(XT )X (0)] X (0) = X(1) = ) pxioy xce) s ) < .

For every T, vo(u, T) is a bounded continuous function of u# and the same holds
true for E(Uf). Let us now define

UB. 1

T
u = %/0 I|X(,)_u‘§5X/+(l‘) dt.

In our case, hypotheses H;, of Lemma 3.1 are a.s. satisfied. This lemma can
easily be extended to up-crossings, showing that

Ul — U, as. a §—0.

By Fatou’s lemma,
E((U,)?) < ligning((Uf)z).

To obtain an inequality in the opposite sense, we use the Banach formula
(3.31) (see Exercise 3.8). To do that, notice that this formula remains valid if on
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the left-hand side one replaces the total number of crossings by the up-crossings
and on the right-hand side | f/(¢)| by f'*(¢). So, on applying it to the random

path X (-), we see that
1 u+3s
Ul

= — U, dx.
“T 25 fs

and using Jensen’s inequality, we have

u+s
limsup E((U2)?) glimsupi / E((Uy)?)dx = E((U,)?).
50 550 28 Ju—s

So E((U;f)z) — E((Uu)z), and since the random variables involved are non-
negative, a standard argument of passage to the limit based on Fatou’s lemma
shows that ULf — U, in L>. We now apply (10.31) to U;f:

o0
U= diwat i, (10.33)
J,k=0

where d;? (u) are the Hermite coefficients of the function x ~» (1/8) X}, <s and

T - L
Cjk = /0 H;(X($))Hi(X'(s)) ds.
Notice that

df»(u) - .i¢(14)ﬁ/‘(14) =d;(u). (10.34)
J! '

On the other hand, let us denote by S, the closed linear subspace of the L? of the
probability space, generated by the random variables {¢;x : j, kK > 0, j +k = ¢g}.

Direct application of Mehler’s formula’s, Lemma 10.7, part (b), plus Fubini’s
theorem shows that the subspaces {S,},—0,1,... are pairwise orthogonal. So we
may rewrite (10.33) in the form

o
Us = Z ve. (10.35)
q=0

where

vy = Z d}Warsjx — vq = Z dj(u)agj.

J+k=q J+k=q
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For every integer Q > 0, Z,]on yj is equal to HQ(UIf), where Il is the orthog-
onal projector on the space generated by the first Q spaces S,. Using the
convergence of U,f and the continuity of the projection,

Mo (US) — To(U,).
On the other hand,

0
MoU) — Y v, ass—0.
q=0

This implies that
o
Uu=>y" di(u)aygjx. (10.36)
M =0 jrk=q
O

Theorem 10.11. Let X = {X (¢) : t € R} be a centered stationary Gaussian pro-
cess verifying the conditions at the beginning of this subsection. Furthermore, let
us assume that

+00 +00 +00
/ |F(t)|dt,/ |F/(t)|dt,/ IT"(t)| dt < oo.
0 0 0

Let {gr}x=0.1.2.... be a sequence of coefficients that satisfy ZJ o0 g,%k! < 00. Set

1 - o
F e ﬁkdzzog,,ak fo H (X () Hi (X' (s)) ds,

where ay has been defined in (10.30). Then
F, —E(F,) = N(0,06?) in distribution as t — +o0,

where
o
0<o?= Zaz(q) < 00
q=1
and

q

q
UZ(Q) = Z Z axay 8q—k8q—k'

k=0 k’=0

+00 o o o o
fo E[H; «(X(0)H (X' (0)H y—i (X (s))Hp (X' (5))] ds.
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The integrand on the right-hand side of this formula can be computed using
Lemma 10.7. Similar results exist, mutatis mutandis, for the sequences {by} and

{ck).
A consequence is

Corollary 10.12. If the process X satisfies the conditions of Theorem 10.11, then
as T — 400,

—u?/2

) — N(O, (712) in distribution

iﬂ- (Uu (10, 71) — 7%

1 (N (10, 71) — 7%
\/i— u L)

—u?/2

) — N(0, 07) in distribution,
where 012 and 022 are finite and positive.

Remark. The result of Theorem 10.11 is, in fact, true under weaker hypotheses:
namely, 0+°° T (1)| dt < o0, f0+°° IT"2(t)| dt < oo [see Theorem 1 of Kratz and
Leoén (2001) or Kratz (2006)]. Our stronger hypotheses make it possible to make
a proof self-contained and rather short.

Proof of Theorem 10.11. Since T is integrable, the process X admits a spectral
density. The hypotheses and the Riemann—Lebesgue lemma imply that

r'4—0 i=0,1,2 astr— +oo.
Hence, we can choose Tj so that for t > Ty,

T(1) := sup{IT )], [T'O)], IT" (O} < 3. (10.37)

STEP 1. In this step we prove that one can choose Q large enough so that F;
can be replaced with an arbitrarily small error (in the L? sense) by

[¢) q t
1 _ _
F? .= 7 §_ G? with G? := §_ gq_kakfo H, (X (s))H(X'(5)) ds.
q_y;L k=0

Let us consider

1
CE((G))?)
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q t
=1/t Y gy kgq-wax / di
K k'=0 0

t
/0 E(Hy— (X (@) He(X' (1) Hy (X () Hp (X' (12))) dra. (10.38)

To give an upper bound for this quantity, we split it into two parts.
The part corresponding to |¢; — #;| > Ty is bounded, using Lemma 10.7, by

q t
(const) 3 lgg-illanligyvllanl [ 3

k,k'=0 T (dy,d>,d3,dy)eZ
k!'(g — k)K" (g —Kk')!

: dyr’ dr+d3 1 d
d\\dy ds!dy! [ICETTOI=TETTO™ dA
! 1
< (const) Z ng_kllak||gq_k,||ak,|/ Z
k,k'=0 To (d1dod3,dy)eZ
k' (g — k) k! (g —k)! (19D _ 4
) di'dy) d3! dy) ] rwd (10.39)

where Z is as in Lemma 10.8, setting rj =q —k,r, =k,r;3 =q —k/, and
rq = k/.

Remarking that sup, 1/d! (k —d)! < 2"/k!, it follows that £4-KLE@-0! ip
(10.39) is bounded above by 27(k")! (¢ — k')! or 29(k)! (¢ — k)!, depending on
the way that we group terms. As a consequence, it is also bounded above by
29 /(K" (g — k) (k)! (¢ — k)! and the right-hand side of (10.39) is bounded
above by

q oo
(const) Z |8g—kllakllgg—xllaw|q2 9/ (KN (g — k))! (k)! (g — k)!/o ['(r) dt
k,k'=0

q
< (const) Z |8g—kllacl|gg—kllaw |V (KN (g — k) (k)! (g — k)!,  (10.40)
k,k'=0

where we have used that the number of terms in Z is bounded by g¢.

On the other hand, the integration region in (10.38) corresponding to
|t} — ] < Ty can be covered by at most [t/Ty] squares of size 27;. Using
Jensen’s inequality as we did for the proof of (10.32), we obtain

q
2
E((GgTo) ) < (cons)) Ty Y (g — k)1 k! g7 . (10.41)
k=0
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Finally,
q
—E((G?)z) < (const) Y (g — k)1 k! gZ_af.

k=0
which is the general term of a convergent series. This also proves that o2 is
finite.

STEP 2. Let us prove that o> > 0. It is sufficient to prove that 0%(2) > 0. Recall
that a; = 0, so that

02(2) = adg? /0 o E(ﬁz(X(O))ﬁz(X(’s))‘ds
+ a2g /0 = E(ﬁz(x/(O))ﬁz(x’(s)pds
+ 2a0g2a280 /0 +Oo E(EZ(X(O))E(X’(s)jds. (10.42)
Using the Mehler formula yields

+00
o2(2) —2a0g2/ [%(s) ds
0

+00 o0
+2a385 f (I (s))* ds + 4apgrargo f (I (s))* ds
0 0

+00
— )“4 2.2 )“22 2 2 2 A d)\,
/_ N ( A8t aogzazgo+aog2)f 09)

+o00
- / (Mazg0 + aoga)” F2(1) di. > 0. (10.43)

—00

STEP 3. 8et @ XQ:
:0 ’
with
G = qu KAk / Hy i (XF () H (XY (9)) ds
k=0

In this step we prove that FtQ can be replaced, with an arbitrarily small error if

¢ is small enough, by F,Q’E. Since the expression of F,Q involves only a finite
number of terms having the form

|- _
K) pi= 7/ Hy (X)) Hi(X'(5)) ds

D T on FRG ‘\; w\l/\a/(\‘amd\’%f"& T() ond
camxc(,uw\fﬂ% € Y s e coveluateonn

A ol
I:"/z/ 4.1
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if ¢ is small enough, one can substitute, with an arbitrarily small error,

1 r__ _
a—kk = ﬁ/o Hy «(X° () Hi((X*)(5)) ds.

For that purpose we study

[

E(Ky i — Kgi)’ = 2/0 ;

X B[ Hy (X O Hi (X' 0) Hy (X (6D H(X'9)) |
+ B[ Hy (X O (XY O) Hy - (XD H((X) ) ]

= 2E[H, (X OV H(X ) Hy 4 (X ) H (X)) [ ds. (10.44)

Consider the computation of terms of the type

te _ _ _ —
0 [ 0N OV () (o) (V30) | ds, - (1045)

where the processes Y (¢) and Y,(¢) are chosen among {X (r), X*(r)}. It suffices
to prove that all these terms have the same limit as + — +o00, and then ¢ — 0
whatever the choice is.

Applying Lemma 10.8, the expression in (10.45) is equal to

e ¢ k)!Zk!2 di ¢,/ d ’ d; 1 d
/0 t dl,-gi;ez m(p(s)) (P ()2 (=p ()P (=p ()™ ds,

where p(-) is the covariance function between the processes Y; and Y5, and Z
is defined as in Lemma 10.8. Again, since the number of terms in Z is finite, it
suffices to prove that

[
lim lim t%(p(s))‘“ (0 ()2 (p" (5))% ds,

e—>01—>00 Jq

where (di,...,d4) is chosen in Z, does not depend on the way to choose Y;
and Y;. p is the Fourier transform of (say) g(A), which is taken among f(1);

F#9:0) or VTV * ¥e(h). Define () = irg(x) and 3() = —A2g(%).

Then (p(s))? (0’ (s))214 (p” (s))% is the Fourier transform of the function

h()») — g*(dl)()\) * g*(d2+d3) % E*(d4) ()L)
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The continuity and boundedness of f imply that all the functions above are
bounded and continuous. The same reasoning that led to (10.25) shows that

Tt — Too1 A A
/(; th,O(s)dl,O/(s)d2+d3(,0//(s))d4 ds = /_Oo %h (?>A>‘ .

As t — 400, the right-hand side converges, using dominated convergence, to
T 1 —cosi
Th(O) dh.
—00
The continuity of f now gives the result, as in Proposition 10.8. |

Proof of Corollary 10.12. Some attention must be paid to the fact that the coef-
ficients

1 _
dj(u) = 7¢(M)Hj(u)

o
do not satisfy > j!djg(u) < 00. They only satisfy the relation
j=0

J'd7(u) is bounded. (10.46)

First, we can improve the bound given by the right hand side of (10.40) by
reintroducing the factor g277 that had been bounded by 1. We get that in its new
expression, this right-hand side is bounded by

q
(const)g2 ™ |dq7k(”)||ak||dq—k’(}})||ak’|\/(k/)! (g —k)kl (g —k)!

k,k'=0

q
< (cons)g2 ™! > (dy—rw)’al (k) !(q — k)!
k=0

q
< (const)g2™4 Za,%k! < (const)g279.
k=0

Second, we have to replace the bound (10.41). Since the series in (10.36) is
convergent, E((G;’TO)2> is the term of a convergent series, and this in enough to
conclude. O

10.2.4. Extensions to Random Fields

Some of these results can be extended to real-valued random fields to obtain
convergence for the geometric measure of level sets corresponding to a fixed
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hight u, as well as some related functionals defined on them, when the observation
window grows to the entire space. More precisely, an article by Iribarren (1989)
contains a central limit theorem for integrals on the level set under some regularity
and mixing conditions. The main tools are the formulas (6.9) and (6.10). This
asymptotic result has been used when d =2 by Cabana (1987) to provide a
method to test the isotropy of the law of the random field on the basis of the
observation of level sets. The original idea is simple and fruitful: a deformation
in the domain that breaks isotropy is reflected in the length of the level sets,
and this can be used to estimate anisotropy. The same idea is used by Wschebor
(1985, Chap. 3) for general d > 1. Some extensions may be found in an article
by Kratz and Ledn (2001).

EXERCISES

10.1. Prove Theorem 10.6. Hint: Partition the interval [0, ] into 2n — 1 intervals,
(n being a function of ¢) Iy, Jy, ..., J,—1, I, the J;’s being of size m.

10.2. Let {X(¢) : t € RY}, d > 2 be a real-valued, centered Gaussian, stationary
random field with paths of class C* and covariance

() =EBX ()X (s + 1)), st eRY,

We assume the normalization I'(0) = 1 and that —I"”(0) = Var(X'(¢))
is positive definite. For each u € R, denote by o(T,u) the
(d — 1)-dimensional geometric measure of the intersection of the
inverse image of u with the window T C R?.

(a) Prove that for each Borel subset T of R?, one has
E(o(T,u)) = ra(T)p w)E(|£]]),

where £ is a centered random vector with values in RY,
Var(§) = —TI""(0).
(b) Set [see the notation in part a)]

c(u) = pWE(J€]).
Under the additional (mixing-type) hypothesis that for i =0, 1, 2,
og 11D ~*T (1) — 0 as 7] — +oo,
prove that for each bounded Borel set T C R4, as u — 400, one has
o ((c@) T, u) — ry(T) (10.47)

in probability. Hint: Apply Rice’s formula for k = 2.



CHAPTER 11

GEOMETRIC CHARACTERISTICS
OF RANDOM SEA WAVES

In this chapter we consider extremely simplified representations of a very compli-
cated phenomenon, and our presentation will not go into the actual fluid dynamics
and numerical problems. We consider only a set of limited questions that interest
oceanographers, at least since the 1950s: say, since the founding papers of M. S.
Longuett-Higgins and collaborators.

The random sea surface will be modeled using a special Gaussian stationary
model that appears as a limit of the superposition of infinitely many elementary
sea waves obeying the Euler model. For the random surface defined, we con-
sider some geometrical characteristics such as wave length, crests, length, and
speed of contours. The various Rice formulas are used to compute expectation or
Palm distribution (see the definition below) of such quantities. Some numerical
applications are presented and a brief description of some non-Gaussian models
is given in Section 11.5.

11.1. GAUSSIAN MODEL FOR AN INFINITELY DEEP SEA

Let us consider a moving incompressible fluid (the water of the sea) in a domain
of infinite depth. If one writes the Euler equations, after some approximations
one can show that a class of solutions describing the sea level W (¢, x, y), where
t is the time variable and x and y are space variables, is given by

W(t,x,y) = fcos(ut + Aex +Ayy +6), (11.1)

Level Sets and Extrema of Random Processes and Fields, By Jean-Marc Azais and Mario Wschebor
Copyright © 2009 John Wiley & Sons, Inc.
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where f and 6 and the amplitude and phase and the pulsations A, A,, and A,
are some parameters that satisfy the Airy relation

2
K = ;' with k% := 13 + A3, (11.2)

where g is the acceleration of gravity. In what follows we assume that units have
been chosen so that g = 1.

For a suitable random choice of f and 6: namely, independent, f having
Rayleigh distribution (see Exercise 3.12) and 0 uniform in [0, 1], W (¢, x, y) is
an elementary Gaussian field called the sine—cosine process because it can be
written in the form

W(t, %, y) = & sin(hit 4 Ao + 2y y) + E2c0s(hit + X +4yy),  (113)

where &) and &, are two independent standard normal random variables.

Since the Euler equation is linear, a finite sum of elementary waves having
the form (11.3) is again a solution. The limit of such a sum as the number of
elementary waves tends to infinity is, using the results in Chapter 1, a stationary
random field having the particularity that its spectral measure F(dA;, dAy, d)y)
lies in the surface defined by the Airy relation (Figure 11.1). This surface is a

Figure 11.1.  Representation of the surface on which the spectral measure lies.
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paraboloid having circular sections for constant ¢. This will be our basic model.
It is an approximation that can be valid only over short periods of time (about
1 hour) and over short geographical areas (several kilometers). It is also
understood that very long-period phenomena such as tide and surge, have been
removed, so that we will also assume that the process is centered.

The symmetry of the distribution implied by the Gaussian hypothesis [i.e., that
the random fields W (¢, x, y) and —W (¢, x, y) have the same law] is considered by
certain authors to be a drawback for adequate representation of the true behavior
of the sea level. In Section 11.5 we present an extension, intending to take this
problem into account.

The covariance function of the process, that is,

[(At, Ax, Ay) = E{W(t, x, )W (t + At,x + Ax, y + Ay)},

is the Fourier transform of the Borel measure F(dA;, dA,, d)). Since the spectral
measure is symmetric with respect to 0, the lower half of the paraboloid can be
removed for our calculations. If we keep only the polar variable « and o, where
«a is the angle of the vector (A,, A,) with the x-axis, we can write

400 p2m -
'(At, Ax, Ay) :/ / cos(v/k At + k cosa Ax + k sina Ay)G(dk, da).
0 0
(11.4)

Here G is the measure obtained by expressing in polar coordinates the projection
of the spectral measure (after removing the lower part) onto the plane (A, A,).
Notice that this measure does not need to be symmetric, in the sense that it may
not be invariant under the transformation («, o) — (k, o + 7).

A standard form to write the spectral representation of the covariance is a
slight modification of (11.4). Set @ = A, (the pulsation) and make the change of
variables w = A, = /«. Then

400 p2m
'(At, Ax, Ay) = / / cos (a) At + w? cos(a Ax)
o Jo
+ o’ sin(a Ay))G(da), da). (11.5)
G is the spectral measure of the random wave in the sense of wave community.
It is a nonnegative measure expressed in m”/s, which is a unit of power. G is
called the directional power spectrum. More details on wave modeling may be
found, for example, in books by Kinsman (1965) and Ochi (1998).
11.2. SOME GEOMETRIC CHARACTERISTICS OF WAVES

For the time being, the observation of sea level is performed by indirect methods.
As far as the authors know, registration of height as a function of the three



288 GEOMETRIC CHARACTERISTICS OF RANDOM SEA WAVES

variables ¢, x, and y is not available, and measurements are often limited to
the spectrum, in the sense of (11.5), computed as solutions of certain inverse
problems. So a very important problem is to deduce from these spectra some
information on the geometry of the waves.

11.2.1. Time Waves

Suppose for the moment that the location (x, y) is fixed and we consider the level
W(t) = W(t, x, y) as a function of the time variable only. The length and height
of waves can be defined in various ways. The definitions given by Lindgren and
Rychlik (1995) are the following: Let #3 be a down-crossing of zero “chosen at
random” (this notion will be defined precisely later using the Palm distribution)
and consider (see Figure 11.2):

t1, the last up-crossing of zero preceding f3

The point (¢, wy), where the maximum between #; and 73 is attained
e 15, the first up-crossing of zero following #3
e The point (4, wy), where the minimum between t3 and ?s is attained

Then the wave is defined as the part of the curve between #; and fs, its length
is L =t5 — t1, its height is H = wy — wy, and its half length can be defined as
s —t3 or t3 — 1.

Other definitions exist, based on local extrema [again, see Lindgren and Rych-
lik (1995) and references therein].

Definition 11.1 (Palm Distribution). Let {T;, M;};— 2. be a stationary marked
point process. This means that {T;}i=; 2. is a point process on the real line (see
Chapter 10), and to each point T; is attached a random variable M;, “the mark,”

Figure 11.2. Remarkable points in the definition of wave length and wave height.
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which takes its values in a measurable space E. Then for every measurable subset
B of E, the Palm distribution of B is given by
E#{T; €[0,T]: M; € B})

P =" Emr c0.T) (11.6)

Because of the stationarity, this quantity does not depend on the value of T > 0.

If the process is defined on the real line and is ergodic (see Chapter 10), then,
almost surely, one has
(#{T; €[0,T]: M; € B})
#{T; €10, T]}

’

P(B) = lim

so that the Palm measure can be estimated in a consistent way as T — 400 by
means of the quotient on the right-hand side of this formula, on the basis of the
observation of the point process in the window [0, T].

On the other hand, when applied to random waves, according to the defini-
tion given by (11.6), the Palm measure can be computed using one-parameter
weighted Rice formulas. A basic example is the following:

Proposition 11.2 (Rychlik, 1987). Let {X(t),t € R} be a centered stationary
Gaussian process satisfying the conditions of Theorem 6.2. The density of the
Palm distribution of the half-wave period Ts — Ts is

P1s—15(T) = (const) px(0),x(r)(0, 0)
X E(X/(O)X/(T)IX(S)SO,VsE[o,I]|X(0) = X(7) =0).

See Exercise 11.1, which contains a hint for the proof.

11.3. LEVEL CURVES, CRESTS, AND VELOCITIES FOR SPACE WAVES

Let Z ={Z(x,y): (x,y) € R?} be a real-valued two-parameter centered sta-
tionary Gaussian process with differentiable paths. The part of the level curve
corresponding to level u contained in the Borel set S is

Cu(Z,8) ={(x,y) € §: Z(x,y) = u}.

Its mean length E(L(C,(Z, S))) is given by the Rice formula for random fields
(Theorem 6.8).

Theorem 11.3. Assume that the process Z satisfies the conditions of Theorem
6.8. Then, with the notations above,

2
E(L(Cu(Z, S5))) = r(S) pzw)E(IZ'(0,0)]) = ;)»2(5)192(14)\/)/2 Ek),
(11.7)
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where X is the variance matrix of Z'(0,0), y» >y are its eigenvalues;
K= (1= y1/y2); EK) = [72(1 = k*sin>0)/2d6 is the elliptic integral of
the first kind, and py is the density of Z(x, y).

Proof. Applying Theorem 6.8, we get

E(L(Cu(Z, 8)) = /SE(IIZ/(x, VI Z G, y) =u)
X Pz(y@) dxdy = 12(S) pzWE|Z'(0, 0],

because of stationarity. This proves the first relation.

As for the second, after diagonalization of Var(Z'(0, 0)), [|Z'(0, 0)| can be
represented by || ./¥1&1 + /v2521l, where & and & are two independent standard
normal variables. Passing to polar coordinates, we have

1 +o00 27
E(I1Z'(0.0)]l) = g/ dp/ \/yl §in20 + y, cos2 0 pZe 12 do
0 0
2 /2
=/ ;\/)/2/ \/00829 + (y1/y2) sin® 6 d@
0

2 /2
:\/i\/%f \/1+(ﬂ—1)sin29d9.
T 0 V2

Remarks

1. One can find this formula in an article by Longuett-Higgins [1957, formula
(2.3.13)].

2. Formula (11.7) gives a generalization to every level u of Corrsin’s formula
(1955). This formula was established for u = 0 in a different manner. It says
that

E[L(C(Z,S)] 1

2 »
—/ E(N?) de,
22(8) 4 Jo

where E(N,f ) is the expectation per unit of space of the number of crossings in
the 6 direction. By Rice’s formula,

Zmzﬁ
T

E(NY) = pz ),

where mj p is the second spectral moment in the direction 6. Without loss of
generality we can assume that the direction in the plane has been chosen to
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diagonalize the variance matrix of Z’. Then

2 0
() =
=% 7)
and my g = /Y2(1 = (1 —y1/y2) sin” 0)!/2 5o that the right-hand side of (11.7),
for S having Lebesgue measure equal to 1, is equal to

2 /2 71 5 1/2 2
PZ(M)\/j«/% / (1 - (1 - —) sin e) a6 = pz<u>\ﬁme<k>.
T 0 V2 T

11.3.1. Length of a Crest

A crest is defined as a local maximum in a given direction, say 6, of the sea
surface modeled as in Section 11.1. First we define a static crest at a fixed time
(say, t =0) as

C'(S,0) := {(x, y) € S; Wy(x, y) = 0; Wj'(x, y) <0},

where W, and W are, respectively, the first and second derivatives of the field
W(x, y) in the 6 direction of the (x, y) plane at point (x, y, 0). Since 6 is the
direction of a straight line, it can be chosen in [0, 7).

It is also possible to define a moving crest as

C"(S,T,0) :={(zcos0,zsinf,r) € S x [0, T];
W, (zcos0, zsinf, 1) = 0; Wy, (zcosf, zsin6, ) < 0}.
See Azais et al. (2005) for more details.

Proposition 11.4. To simplify the presentation, and without loss of generality, we
assume that 6 = 0. Let us define the spectral moments

oo 21 ) )
mijx = / (@* cos @)’ (w? sina)/ 0" G(dw, da),
0 0

where G is as defined in (11.5). Set m;j = m;;o, with the definitions above and if
the process Wy satisfies the conditions of Theorem 6.8. Then

| 22 (S
E(L(C*(S, 0))) = %E(k»

where k = /1 — y1/y2; a1 = E[W,(0, 0, 0)2] = mog and Y2 >y are the eigen-
values of X, the variance matrix of the gradient of W :

m3; myp)’
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Proof. Let Z(x, y) = dW(x, y,0)/0x. Then Cg , can be written as
Cso=1{(x,y) € 8: Z(x,y) =0; Z,(x,y) <0},

where Z'. stands for dZ(x, y)/dx. Thus,

E(L(Cs ) = E/ Lz (v yy<0ydo,
Co(Z,S)

where Co(Z, S) = {(x,y) € S: Z(x,y) = 0}. Since Z’ and —Z’ have the same

distribution,

1
E(L(Cs ) = E/ Lz, y=0do = EE(ﬁ(Co(Z, ).
Co(Z.S)
Applying Theorem 11.3, we get

A2(S)
(a)'?

1
E(L(Cs)) = o V2 E(k)

with a;; = Var(Z(x, y)), and y, > y; are the eigenvalues of the variance matrix
of Z'. O

Remark. When W is an elementary wave of the form
Wx, y) =& cos(Arx + Ayy) + E2sin(Arx + 4y y),

where &, and &, are two standard normal variables, direct computations on the
sine—cosine process show that

32(8), /A2 + 42

E(L(C5 ) = o

(11.8)
Thus, the length of the crest is a nonlinear functional of the spectrum.

11.3.2. Velocity of Contours

In this section we give a more rigorous basis to some heuristic considerations
of Longuett-Higgins (1957). Other approaches to the same problem have been
proposed by Podgérski et al. (2000) and Baxevani et al. (2003), where several
notions of velocity are introduced, including the one used here, called velocity in
the direction of the gradient. Our results are different in the sense that we look at
the two components of the gradient while the authors cited express their results
in terms of the joint distribution of the modulus and the angle.
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Speed of Crossings. Let us fix y (say, y = 0). We want to study the speed
of a crossing of a given level u chosen “at random” among all the crossings.
Define Sy as the section of S in the direction of the x-axis. Using stationarity,
it is always possible to suppose that Sy = [0, M] for some value M. Also, by
stationarity we can look at the speed of the sea at time 0. A crossing is a point
x such that

W(x,0,0) = u. (11.9)
The expectation of the number of crossings N, is given by Rice’s formula,

2
D :=E(N,) = M| 20

pz(u).

The speed of such crossings can be computed using the implicit function theorem.
From (11.9) we get that
dx  W/(x,0,0)

Ci(x) = —

- : (11.10)
dt W!(x,0,0)

The mean number of crossings with speed C, in the interval [, @2] (@] < )
can also be computed using a Rice formula. If the spectral measure S defined in
(11.5) is not reduced to a unit atom, then

o) M 00
N :=E(N, ¢, clo;.a0)) =/ dc/ dxf X' pw.wi.c, (u, X', ¢) dx’,
o] 0 —00
(11.11)
where py w: ¢, is the joint density of (W(x,0,0), W (x,0,0), Cx(x,0,0))

which does not depend on x because of stationarity. As the values of the process
and its derivative at a given point are independent random variables, we get

[0%) o0
N = Mpy () / de / 5 Py, () ) d.
o] —00

The probability of a crossing chosen at random to have a speed in the range
a1, an] is therefore N/D. Now divide by «p — «; and let both «; and «; tend
to a common limit ¢, and we get that the distribution of the speed of the crossing

is given by
~ T * / / /
Pc, (C) = ) |X |pWJ<A,Cx (x s C) dx ’
m200 J—oco

where

~12 1
pwiw (X 1) = oy OXP (—ﬂ (mooax — 2myg1x't’ + M200t/2))
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with
m m
A = det (™20 ™Mior)
mior Mmoo
Making the change of variables ¢ = —t'/x’, we get

Pe, () = A Almoos + 2mig1c + magoe®) ~* (mago) /2.

This is (with a slightly different notation) formula (2.5.14) of Longuett-Higgins
(1957), where it is shown that it can also be written as

Be, (€)= 3 Amag (e =€) + Amag) 2,

showing that this distribution is symmetric around its mean value
T = —mjg1/myp. An important point is that this speed does not depend
on the level.

11.3.3. Velocity of Level Curves

To define the normal velocity of a level curve, we fix a point P = (0, xq, yo)
such that W (0, x¢, yp) = u and consider:

e The level surface in time and space:

Cri={(t.x,y): W(t.x, y) = u;

for (¢, x, y) in some neighborhood of (0, xg, yo)}.
e The level curve at a fixed time:

C2 = {(X, )’) . W(wa’ y) =U;

for (x, y) in some neighborhood of (x, yo)}.
In an infinitesimal interval of time the point P moves to P’ = P + dt v, where

e ¥ is in the tangent space to C;. So, v is orthogonal to the gradient of W,
that is, (W/, W/, Wy’) (the derivatives are computed at point P).

e The t-coordinate of v is equal to 1.
o Define V = (Vy, Vy) as the orthogonal projection of ¥ onto the x, y-plane.
V is the normal velocity to the curve if it is orthogonal to C; at point P.
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Then, V, and V| satisfy the equations
/ / /
W, + V. W, + VyWy =0
/ /
Vs Wy -V,W. = 0
and it is easy to deduce that

UAUA W/ W,

Vie—————— Vy=—— o ——.

T (WD (W))? WD+ (W))?
Following Longuett-Higgins, it is simpler to obtain first the distribution of
(K, Ky) with K, = —W//W, and K, = —W// W)’, and then pass to the distri-
bution of the velocity using the change-of-variables formula. As in the preceding

proof, we consider two intervals [o, oz ], o] < ap and [a3, a4], 03 < oy, fort =0
and define

D :=E(L(Cu(Z, 5))) = |SIpw)E[ Wy (0,0, 0)],

where Z(x,y) = W(0,x,y) and W,, is the gradient limited to the variables x
and y and

N =E |:/ IKxE[al,az] IKyG[Oé3,064] d0’:| . (1112)
Cu(Z,S)

This expectation can be computed using Rice’s formula for integrals on a level
set (Theorem 6.10) as soon as the process W (¢, x, y) satisfies the hypotheses of
Theorem 6.8.

N = )\,Z(S)pW(M)E [“ ny ” IKxe[abOQ] IKyE[Ol3,Ol4]]
= )\,Z(S)pW(u) /3 \/ml{_x//ﬂe[alyazl} I{_y,/l/6[0t3,a4]}
R
X pwywyw (Y 1) dx' dy' dt'.

Making the change of variables k. = —x'/t',k, =—y/t',t' =1 with
dx'dy' dt’ = t"* dk, dk, dt', after some calculations we get

N = 40(S) pw wm 2A5 12

o) oy
: dk, dky Jk2 + K2
[, [, wanfie=s

[pi1k? + 2p10keky — 2113k, + Mzzki — 2ua3ky + paz)l 2,
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where Aj and p;; are, respectively, the determinant, and the entries of the inverse
matrix, of

mao0 Mi10 Mio1
mpio Mo Mopl | - (11.13)
mior  MmMo1r Moo

Letting oy and «; tend to k, and o3 and a4 tend to ky, we get the joint density
of Ky and K,:

1 N
px. k., (ke ky)) = lim D
PK, Ky \Kx, Ky ay, ay — ks (g —oap)(ag —a3) D

asz, a4 —> ky

1 -~ 12 _
= — ()20, P ER) TR + Bk

+ 2p12kcky — 213k, + Mzzki — 2uasky + 1133)1 72,

where k = /1 — y1/y», as before, but y; and y, are the eigenvalues of the matrix

mao0 Mi10
miio  Mmoo)
Again we find the same result as in Longuett-Higgins [1957, eq. (2.6.21)].
We look now at the distribution of the velocity

7=(Vx"/y): ( Kx Ky )

K2+ K2 K2+ K?

so that
dK.dKy = (V] + V) 2dVedV,.

As a consequence,

- 1 _ _ _
Prev, e vy) = — ()7 28y PER) T 0+ )T

1102 + 212050y — 20130, (V2 + vﬁ) + Mzzvf

— 2u230y (U 4 v7) + pa (v + v)H] 2

Velocity of Crests. Since the distributions of W and —W are the same, the
mean velocity of a crest is the mean speed of the zero level set for the process
W,. Thus the same result holds, changing the meaning of the moments in matrix
(11.13).
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11.4. REAL DATA

In this section we present a numerical application from Azais et al. (2005). We
consider two directional spectra, depicted in Figure 11.3. We now compare the
geometric characteristics of the random seas corresponding to these spectra.
Figure 11.4 shows the expected length of static crests along directions, show-
ing a maximum at approximately 1.3 rad. It is interesting to observe that, in

Figure 11.3. Representation of the two spectra: (a) spectrum 1; (b) spectrum 2. (Cour-
tesy of M. Prevosto, Ifremer, Paris.)

Static crest

Expected length of crests

0.5 1 1.5 2 2.5 3 3.5
Direction

Figure 11.4. Expected length of static crests per unit area. Circles; spectrum 1; crosses,
spectrum 2.
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(a) (b)

Figure 11.5. Representation of the distributions of the velocities of contours: (a) spec-
trum 1; (b) spectrum 2.

accordance with theoretical results, this direction is orthogonal to the direction
for the maximum integral of the spectrum, which is the most probable direction
for the waves.

Figure 11.5 shows the level curves for probability densities of the velocity of
a level contour of W (x, y, t). Both graphs show a clear asymmetry as predicted
by Longuett-Higgins (1957). The distributions are clearly different, although the
spectra differ only slightly.

11.5. GENERALIZATIONS OF THE GAUSSIAN MODEL

The crest—trough symmetry of the Gaussian model does not correspond exactly
to reality, especially in the critical situation of very high waves. In practice, it
is often observed that the crests are peaked and narrow while the troughs are
wide and shallow. This can affect significantly the distribution of the slopes
of the waves as well as the extremal behavior. These are two important issues
used to study wave slamming on ships or offshore structures. Unfortunately,
the description and understanding of non-Gaussian models appears to be very
difficult, so that effective generalizations are based on “nearly Gaussian” models.
We sketch two of them here: the transformed Gaussian models and the Lagrange
models. We limit ourselves to one- or two-dimensional models.

11.5.1. Transformed Gaussian Models

Let us consider the elevation W(t) of the sea as a function of time. We assume
that it follows a model that has the form

W) = n+ G(X(1)), (11.14)

where X (¢) is a stationary Gaussian process and G (+) is a “nice function.” Such an
equation has several advantages: (1) computations are tractable because they can
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Level u

Figure 11.6. Number of up-crossings of a level for data from hurricane Camilla. The
dashed line represents the expectation under the Gaussian model.

be conducted on the underlying Gaussian process X (¢), and (2) the transformation
(11.14) modifies the extremal behavior as described by Azais et al. (2009). Notice
that this is not the case with the Lagrange model (Section 11.5.2).

The function G can be:

o A polynomial, in which case it is convenient to use a low-degree polynomial
(say, 4) and represent it in the Hermite basis (see Azais et al., 2009, and
references therein). The estimation of G(-) is based on the marginal density
of the process W(¢) and uses the method of moments.

o Nonparametric, as in Rychlik et al. (1997). In this case the function G
can be estimated by the intensity of crossings. We give an example of
extreme situations corresponding to a registration of hurricane Camilla in
1969. Figure 11.6 shows a small discard from normality in the high levels.

11.5.2. Lagrange Models

We return to the equations of a incompressible fluid. Under less crude assumptions
than for the Euler equation, we obtain the Lagrange model, which has as a
main characteristic that water particles have a circular movement around a mean
position. Random models issued from that model are described in a paper by
Lindgren (2006). The sea surface (depending on ¢, x) is described as a parametric
surface depending on ¢ (the time) and a dummy parameter # which is close to
the location. It represents the mean position around which particles are moving.
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The sea surface is written as
(t,u) ~ (Xt ), W, u)),

where W (¢, u) is the height of the sea at the location X (¢, u#) at time f. The
two random fields X (¢, u) and W (¢, u) are jointly Gaussian and described by the
stochastic integrals

W(t, u) =/exp (i(c(u — 1)) d&(2)
R

X(tu) = u + f  COSMUI) o (1 oy — 21Y) dE (),

| sinh(c()h)

where /1 is the water depth, «()) is defined (up to the sign, the choice of which
defines different types of waves) by the relation A> = |«|tanh(|x|k), and & is a
complex spectral process with orthogonal increment satisfying d&(—A) = d&(A).

This model is used primarily to compute distribution of steepness of waves
that differ significantly from the Euler model.

EXERCISES

11.1. Prove Proposition 11.2. Let F, a continuous approximation of the function
I -¢ as defined for Example 6.7, define Y’(s) = X (s) and

gt,Y") = F,[ sup X(s)]

selt,t+7]

and use a monotone convergence argument.

11.2. Prove formula (11.8) by a direct computation. Consider now the case of a
spectrum G with two atoms, which is the sum of two spectra of elementary
waves. Show that the length of the crest is not a linear function of the
spectrum.

11.3. Prove formula (11.11). Prove first that if the spectral measure G is not
restricted to a Dirac measure, the joint distribution of the derivatives W, and
W, does not degenerate. Second, replacing the indicator function Iy, «]
by a continuous approximation, prove (11.11) using Theorem 6.4. Then
conclude.

11.4. Prove formula (11.12) using Theorem 6.10 and the same type of approxi-
mation as in Exercise 11.3.

11.5. Give a detailed version of the last argument of Section 11.3.3 concerning
the velocity of crests.



CHAPTER 12

SYSTEMS OF RANDOM EQUATIONS

In this chapter we use Rice formula to study the number of real roots of a system
of random equations. Our emphasis is on polynomial systems, even though we
also give some results on nonpolynomial systems. Let us consider m polynomials
in m variables with real coefficients:

Xi@)=Xi(t1,....ty) i=1,...,m.

We use the notation

Xi0) =Y a\t), (12.1)

Iljll=d;
where j := (ji, ..., jm) is a multi-index of nonnegative integers, ||j| := ji1 + -
Fjms Jli= il gl E= (1, ) €RT, =i @ = “ﬁ‘ll)..»,jm'

The degree of the ith polynomial is ¢; and we assume that d; > 1Vi.
We denote by NX (V) the number of roots of the system of equations

Xi()=0 i=1,...,m. (12.2)

lying in the Borel subset V of R”. We denote NX = NX(R™). Let us randomize
the coefficients of the system. In the case of one equation in one variable, a
certain number of results on the probability distribution of the number of roots

Level Sets and Extrema of Random Processes and Fields, By Jean-Marc Azais and Mario Wschebor
Copyright © 2009 John Wiley & Sons, Inc.
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have been known for a long time, starting in the 1930s with the work of Bloch
and Polya (1932), Littlewood and Offord (1938, 1939), and especially, of Kac
(1943). We are not going to consider this special subject [see, e.g., the book by
Bharucha-Reid and Sambandham (1986)].

Instead, when m > 1, little is known of the distribution of the random variables
NX(V) or N¥, even for simple choices of the probability law on the coefficients.
This appears to be quite different and much more difficult than one equation only,
and it is this case that we consider in this chapter. In fact, we will be especially
interested in large systems, in the sense that m >> 1. In the last 15 years some
initial progress has been made in the understanding of distributional properties of
the number of roots. The first important result in this context is the Shub—Smale
theorem (1993), in which the authors computed by means of a simple formula
the expectation of N* when the coefficients are Gaussian centered independent
random variables with certain specified variances (see Theorem 12.1). Extensions
of their work, including new results for one polynomial in one variable, can be
found in the review paper by Edelman and Kostlan (1995) (see also Kostlan,
2002).

There is, of course, curiosity about the number of roots: for example,
being able to answer the question as to whether the system has no real roots
(i.e., NX =0), or, in the random case, what one can say about P(N¥ =0)
or P(NX > n), where n is a meaningful integer for the underlying problem.
More deeply, the study of the number of roots is associated with natural
questions in numerical analysis and complexity theory. Generally speaking, the
complexity in solving a system of equations numerically is naturally related to
the number of roots. So, understanding the mean (or probabilistic) behavior of
an algorithm with respect to a family of problems of this sort is associated with
the distribution of the random variable NX. On the other hand, the condition
number of a system of equations which in this case measures the difficulty for
an algorithm to separate roots, is related to analogous problems and plays a
central role in complexity computations. We are not going to pursue this subject
here; the interested reader can consult the book by Blum et al. (1998).

{Qe ~—TIrisobvious thatJdistribution of the number of roots will depend on the
probability law that we put on the coefficients of the system. So the first question
is: What conditions should we require for this law? As we said above, only a
restricted family of distributions has been considered until now. The Shub—Smale
distribution on the coefficients is invariant under the orthogonal group of the
underlying space R™ and is related to the H. Weyl L2-structure in the space of
polynomial systems [see also the book by Blum et al. (1998) on this subject].

In Section 12.2 we review some results that extend the computation of the
expectation to some other probability laws on the coefficients, which have a
centered Gaussian law that is invariant under the orthogonal group of R™. This
allows us to extend substantially the family of examples and to show that the
behavior of the expectation of the number of roots can be very different from
the one in the Shub—Smale theorem.
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We have also included some recent asymptotic results for variances, but only
for the Shub—Smale model with equal degrees (which we call Kostlan—Shub—
Smale). The main tool is Rice’s formula to compute the factorial moments of
the number of zeros of a random field (see Theorem 6.3), and the asymptotics
is for large systems, meaning by that m — +o0o. We are only giving a brief
sketch of the proofs, which turn out to require lengthy calculations, at least when
using the methods available. At present, a major open problem is to show weak
convergence of some renormalization of NX, under the same asymptotics.

In Section 12.3 we consider smooth analysis; that is, we start with a non-
random system and perturb it with some noise. The question is: What can we
say about the number of roots of the perturbed system under some reasonable
hypotheses on the relationship between “signal” and “noise”? Here again, we are
only able to give results having some interest when the number m of equations
and unknowns becomes large.

Finally, in Section 12.4 we consider random systems having a probability law
that is invariant under translations as well as orthogonal transformations of the
underlying Euclidean space. This implies that the system is nonpolynomial and
the expectation of N¥ is infinite in nontrivial cases. So one has to localize and
consider NX (V) for subsets V of R” having finite Lebesgue measure. These
systems are interesting by themselves, and under general conditions, one can use
similar methods to compute the expected number of roots per unit volume as
well as to understand the behavior of the variance as the number of unknowns
m tends to infinity, which turns out to be strikingly opposite the one in the
Kostlan—Shub—Smale model for polynomial systems.

All the above concerns “square” systems. We have not included results on
random systems having fewer equations than unknowns. If the system has n
equations and m unknowns with n < m, generically the set of solutions will be
(m — n)-dimensional, and the description of the geometry becomes more com-
plicated (and more interesting) than for m = n. A recent contribution to the
calculation of the expected value of certain parameters describing the geometry
of the (random) set of solutions is given by Biirgisser (2007).

12.1. THE SHUB-SMALE MODEL

We say that (12.2) is a Shub—Smale system if the coefficients
@ ci=1,..,m;|jll < di)

J

are centered independent Gaussian random variables such that

an _ ( di \ _ d;!
wle)=(§ ) = 7 =i (129
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12.1.1. Expectation of NX

Theorem 12.1 (Shub-Smale, 1993). Let the system (12.2) be a Shub—Smale
system. Then

E(NY) = VD, (12.4)
where D = d, - - -d,, is the Bézout number of the polynomial system.

Proof. Fori=1,...,m, let X, denote the homogeneous polynomial of degree
d; in m + 1 variables associated with X;; that is,

8 o o
Xilto.trootw) = Y a0
Zf:ol'hzdi

and Y; denote the restriction of X ; to the unit sphere S” in R”+! It is clear that
N¥ = INY(5™). (12.5)

A simple computation using (12.3) and the independence of the coefficients
shows that X1, ..., X, are independent Gaussian centered random fields, with
covariances given by

rii(t,t’)zE()?i(t))?i(t’))=(t,t’)di, t,¢ e R i=1,....,m. (12.6)

Here (-, -) denotes the usual scalar product in R”*!,
For E(NY (5™)) we apply Rice’s formula to the random field ¥ defined on the
parameter set S™:

Y, om _ / — 1 _
E(N"(5™)) _/Sm E(| det(Y' ()| Y (1) = 0) (2n)m/2om(dt), (12.7)

where o, (dt) stands for the m-dimensional geometric measure on S§". Equation
(12.7) follows easily from the fact that for each r € $”, the random variables
Yi(t),...,Y,() are i.i.d. standard normal.

Since E(Yl.z(t)) =1 for all t+ € §, on differentiating under the expectation
sign, we see that for each r € $™, Y (¢) and Y'(¢) are independent, and the con-
dition can be erased in the conditional expectation on the right-hand side of
(12.7).

Since the law of Y'(¢) is invariant under the orthogonal group of R™*! it
suffices to compute the integrand at one point of the sphere. Denote the canonical
basis of R"*! by {eg, ey, ..., en}. Then

E(NY(s™) = on(S™) Gy Bl detY " (eo)))
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27.[(m+1)/2
T T((m + 1)/2) @r)y?

E(| det(Y’(e0)))- (12.8)

To compute the probability law of Y'(eg), let us write it as an m x m matrix
with respect to the orthonormal basis ey, ..., e, of the tangent space to S™ at

e¢p. This matrix is
8X,~( )
e
at; 7
i,j=1 m

,,,,,

and

aX; aXy 32rXi
E ", (eo) a7 (e0) | = dir =d;bijrdj-

. 12 . /
0 j ’ 8t.,8tj,

Jj 1=t"=e

The last equality follows computing derivatives of the function rXi given by
(12.6). So

det(Y'(ep)) = /D det(G), (12.9)

where G is an m x m matrix with 1.i.d. standard normal entries.
To finish, we need only compute E(| det(G)|). One way to do it is to observe
that | det(G)| is the volume (in R™) of the set

m
veER" v=) Mg 0=k <lLk=1...m¢g,
k=1

where {gi,..., g} are the columns of G. Then using the invariance of the
standard normal law in R™ with respect to isometries, we get

E(|det(G)) = [ [ E(Inlla),

k=1

where 7 is standard normal in R¥, and in this chapter we use the notation || x [I73)
for Euclidean norm of x € R¥. Also, ||x|| = ||l (m). An elementary computation
gives

I'((k+1)/2)

E(lmllw) = V2 oD

which implies that
1
E(|det(G)|) = —=2"*V2T((m + 1)/2).
N /

Using (12.9), (12.8), and (12.5), we get the result. O



306 SYSTEMS OF RANDOM EQUATIONS

Remark When the hypotheses of Theorem 12.1 are verified, and moreover, all the
degrees d; (i =1, ..., m) are equal, formula (12.4) was first proved by Kostlan.
In what follows we call such a model the KSS (Kostlan—Shub—Smale) model.

12.1.2. Variance of the Number of Roots

We restrict this section to the KSS model. In this case, a few asymptotic results
have been proved on variances, when the number m of unknowns tends to oo.
More precisely, consider the normalized random variable

NX
I’lX=—

75

It is an obvious consequence of Theorem 12.1 that E(n*) = 1. Let us denote
Uy%,,d = Var(n¥).

‘We have:

Theorem 12.2. Assume that the random polynomial system (12.1) is a KSS system
with common degree equal to d, d > 2, and assume that d < dy < oo, where dy
is some constant independent of m. Then, as m — +00:

11
o Ifd =2, Var(n®¥) ~ ~ 2"

2 m

31
o Ifd =3, Var(n¥) ~ > 28"

2 m?

o Kq 15 3465

01fd24,Var(n)waherelﬁ—?,lfd— 64 ldeS

Remark. A simple but interesting corollary of the fact that Var(n*X) tends to zero
as m — +oo is that n¥ = NX/d™/? tends to 1 in probability. Using a similar
method, it is also possible to obtain the same type of result if we allow d to tend
to infinity, slowly enough. For d > 3 one can find a proof of this weaker result
in a paper by Wschebor (2005). Notice that the theorem above is more precise;
it gives the equivalent of the normalized variance as m — +oo.

Proof of Theorem 12.2. We use the same notation as at the beginning of this
section. We have

_EWY) BN -1 1

X _
Var™) = == 4 dn 2dm/2

1. (12.10)

We will not perform detailed computations of the proof, which turn out to
be somewhat heavy, but only sketch the main steps and give some more details
in the cases d =2 and d > 5. The remaining ones are similar and the detailed
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computations are given by Wschebor (2007). The general scheme is the follow-
ing: We show that the first term on the right-hand side of (12.10) has the form
1 4+ o, wWhere «, has the speed in the statement. This will be sufficient.

We use Rice’s formula:

E(NY(NY = 1) = /S o E(] det(Y'(s)]| det(Y'(1)||Y (s) = Y (t) = 0)

Py().¥ (0, 0)on (ds)on (dr), (12.11)

where .
Py ),y (0,0) = —.
t Qrym (1 — (s, 1))2d)""

CONDITIONAL EXPECTATION

o Lets,t € § be linearly independent.

* Uy,..., U, pairwise orthogonal, vy L s,f fork=2,...,m.

e B, = {v’l, V2, ..., Uy} orthonormal basis of the tangent space T;(S™) = st
(in R™*1).

o B, = {v],v2, ..., vy} orthonormal basis of T,(5") =t (in R"™*).

We express the derivatives Y'(s) and Y’'(¢) in the basis B; and B, respec-
tively, and compute the covariances of the pairs of coordinates. This is standard
calculation. Once this has been done, we can perform the Gaussian regression of
the matrices Y'(s) and Y'(r) on the condition Y (s) = Y (¢) = 0 and replace the
conditional expectation in (12.11) by

d"E(| det(M*)[| det(M")]),
where the matrices M* and M’ have the following joint law:

o« (M} ,M!) (i,k=1,...,m) are independent bivariate Gaussian centered
random vectors.

e Fori=1,....mk=2,...,m,
E((Mfk)z) = E((Mitk)z) =1
E(MjM};) = (s,0)""".

d(S, t)2d72

2 _ 52\ _ 12y 1 _
e o?=E(M)?) =E(M)}) =1 T 6.0t T .02

1

N t — d
v = E((M}y M) = (s.1)? 2[1 Tl 0+ + (s t>2d72:|'
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GAUSSIAN REGRESSION OF M, oN M}, . Fori=1,...,m;k=2,...,m:
‘ t d—1prs d—1 /s d—1 s
MikzMik—(s,t) ;k+<s’t> M;szik+<syl> ;k’

where E({l%{) =1—(s,1)??2 and ¢;; is independent of all the rest.
Fori =1,...,m; k =1, the regression has the form

T

M =M — — .S+LM.S =§»1+LM.S
il il o2 il o2 il l ) il

with E(g“l.zl) =02 — 1%/0?, and again, ¢;; is independent of all the rest.

Notice that if d =2, one has o2 = (1 — (s, 1)%)/(1 + (s, t)?) = —71, which
obviously implies that M/ = —M}, as. for i =1,...,m. So we distinguish in
the computation between d = 2 and d > 2. In the last case, |t| < o°.

CASE d = 2. Replace the results above on the right-hand side of (12.11). We
get

2m 1
E(NY(NY — 1)) = (27-[)1"1 //m o W AO'm(dS)O'm(dt), (1212)

where:

A = E(| det(M?) det(M")]).

(M}, M) k=1,....m are centered Gaussian independent pairs.

E(M;)*)=E((M!)*) = land E(M; M) = (s, t) fori = 1,...,m; k = 2,
L., m.

o2 =B((M)») =1 —(s,)))/(1 + (s, 1)?) and M!, = —M, for i =1,
L., m.

We divide the integral in (12.12) into two parts: [; is the integral over the pairs
(s,1) € 8™ x 8™ such that |(s, )] > 8, = 1/m®, where 8§ >0 will be chosen
afterward in such a way that this part is negligible, and I, over the pairs such
that |(s, t)| < §,,. The second part is the relevant part.

BounDp FOrR ;. We take common factor /1 — (s, t)z/l + (s,1)% in the
first column of both matrices A* and A’. Since each of the resulting matrices
is standard normal, we apply the Cauchy-Schwarz inequality to bound
E(l det(M*®)|| det(M’ )|) and use the fact that if G is a Gaussian standard m x m
matrix, then

E((det(G))*) = m!.

So

"= G : A sy
m! o, (ds)o, .
"y s, = (.02 7 T (52
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Now we use the invariance of the integrand and the measure under the orthogo-
nal group and the form of the volume element on $™. So, rewriting the right-hand
side, we obtain

m

2 - 1
I < ———0u(5")op-1 (8" )m!

- e dpy
e lio|=8m (1 4 tg)(m/2)+1

1
< (const)2™m!'™% exp <—Em1_25> ,

using the usual Stirling’s formula and the choice 8, = 1/m®. If 0 < § < %, this
shows that I} /2™ goes to zero faster that any power of m.

EQUIVALENT FOR [>. This is finer than the bound for /;. For the conditional
expectation, we use the computation of the absolute value of the determinant as
the volume of the parallelotope generated by the columns. Based on the invari-
ance of the standard normal distribution under the isometries of the underlying
Euclidean space and using an expression similar to the one used to obtain the
bound for I, we see that A in (12.12) can be written as

1 — (5. 1)2
A= (1= )" VPR P

e (s, 1)
1 Il e+ = maéela

=1

and
» w1 N
L = (zn)mam(s Yom_1 (8" Hm ]_[E(IIEkH(k)) / W
7 T (to/(1 — 12)1/2
H B(lgl o | ¢ + (/¢ » i) (12.13)
ot E(I§k I k)]

On replacing the various terms here and making the change of variables
to = 0/+/m, we obtain

Ip) 1 T'((m+1)/2) /sm (1— tg)(m—l)/z
= — e m
4.2m

'(m/2) —s, (1+ 13)(m+2)/2

- /T
l:[ (Il [+ o/ (1 = 1) )8k )
il [E(lI& ]l x))]?
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(/28

(1 —62/m)m=D/2
=C,
/_mwzw (1 +62/m)m+2)/2

ml_[—l E(l&llo e+ [©//m)/ (1 =02 /m) 2] &) )
[ECl&l))]?

k=1

do, (12.14)

where

1 I'(m+1)/2)
Jam  T(m/2)
We want to write this expression for I;/4.2™ in the form 1 + «,,. This is based

on the following lemmas, some of which are well known, and the remaining ones
are proved by standard computations.

Cn =

Lemma 12.3. We have the expansion, valid for real z, z — +o00 [see Erdelyi et
al. (1953), p. 571:

1 1 139
[(z) = e 2227120012 (1 - — - — ...
(@) =e 7 0m) ( 12z T 28822 T 518402 )

Lemma 124. Forc e Randk =1,2, ..., let
2 2 2711/2
Gi©@ =E ([ + 0 + 03+ +nf]'"),
where the random variables ny, . . ., ni are i.i.d. standard normal. Then

. Gx(0) = V2[T'((k + 1)/2)/ T (k/2)].

. G (0) =0.

.0=<G"(c) < G"(0) = (1/k)Gk(0) for all c.

NG (O] <3(/2/m + |c|)E(||n||(7€3_1)), where 1 is standard normal in R~
This inequality has some interest if k > 5 since otherwise the right-hand side
is infinite.

[ SNOS I SR

Proof of parts (1), (2), and (3) is given in Lemma 12.13.
L 125. C ! 1 ! + ! + > + 0 !
emma 12.5. =—|l-—4+—=—+— —
"2 4m  32m?  128m3 m*

Lemma 12.6. Fork =1,2,...; j an integer, set my; = E(||§||,£). Then

gy =22 LG +0/D).
T'(k/2)
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(-h+5-%)

j '
6) +0(1/k ]

Lemma 12.7. For fixed integer j, we have

j 1/j j 1
mkj=k2|:1+z<———) E
1 j4 5 .3 ]2
B\ 24 247 12

where the bound in O depends on j.

Proof of Theorem 12.2 (cont.). With these ingredients and some additional effort,
one can prove that

(1/2)-8 2
I 1 1 " 1 _pp 6% logm
—=(1-—+0 —e (14 = do + ol
4.2m ( dm * <m >> |:/m(1/2)5 \/2716 *3 m +od/m)

1 1 oo 2 0% logm
=|{l-—+0(—= —e*"/z(w——) d9+01m]
( 4m <m2)>[7oo e 2 m (1/m)

11
=143 M L 0(1/m). (12.15)

This shows that
x 1 logm
Var(n®) ~ ————
2 m
and finishes the computation when d = 2.

CASE d > 3. Instead of the general formula in the case d = 2, we have

am 1
Qm)m //’”XSW (0 — (s, )2y 2 Aoy, (ds)oy (dt),
(12.16)

E(NY(NY = 1)) =

where

A = (1 _ (S, t)2d72)(m71)/2 (0,4 _ ‘L'2)1/2

)d—l

-nﬁE(us Nl +
U Kkl (k) 1Mk (1= (s.1

)2d=2)1/2 &llw)

E(I5n o Inm + W_IW&MH,H)] :

In each factor, £ and 7 are independent standard normal vectors in R. The proof
that the part of the integral corresponding to the pairs (s, r) € $” x S™ such that
|(s, )] > 8,,, With &, = 1/m®, 0 <8 < % is negligible is similar to the case
d = 2 [take into account that 0> < (const)(1 — (s, )%)] and the question is again
the equivalent of the integral over the set |(s, t)| < J,,. The overall computation
1s similar to the case d = 2, with some minor differences.
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Using as above the invariance under isometries, we have to consider the new
integral:

L T(m+1)/2) (1 — 1g72)m=D/2
4dm YT Tm/2) Jigi<s, (1 —13Hm2

where

(0 =)' — 1) ™D |y, diy,

- 1
i [(Gk(O))Z (&l ok ak5k||(k))i|

d—1
11 T
0 .
oy = —————— 1fk=1,...,m—1 and o), = ———.
k (1 — tgd 2)1/2 m (0.4 _ T2)1/2
Again we perform the change of variables 1y = 6//m:

1/2-8

I m 1— (2 d—1\(m—1)/2 92 (m/2)—1
b Cm/ a—©/m7 ) (=21 = H,, do,
4dm 12-5 (1 —(0%/m)d)ym/2 m

1 — 1 (0%*/m)?!
(1 2 > [ [1 = 92/m>d—lc"]

where Cp = mk3/kmk1.

with

Lemma 12.8
1+ > + 0(1/kY.
Cr = - — — —
k k 4k 48K3

Lemma 12.9 Let

Ay =

(L= @m0 g2\ ™
(1 — (2/m)dyn/? <_Z> '

Then

6% 1 1 1 /1 1 1 /1 1
Ay = —— 4+ — (0=t )+ = (=0 —=0% )+ — | 0% — =068
" eXp[ 2+m< 4 >+m2(2 6" ) T \3” 73

]92‘172 1 1 2d—2 1 2d 94‘]74 858
R Y S (59 +30 ) a2as +0d/m )]

Lemma 12.10 Let x = 17 < 1/m* — 0. Then
2 = xd_z[(d — 1?2+ d?>(x? 4 x2 — 2x 4t 4 2xdH?
—2d(1 —d)(—x +x* —xT + D] + 0(x*)
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ot =12 =1—(d—1)*x2
+dd—2)x" 2 —x — x4 2xd — XM = 2 4 0.
Proof of Theorem 12.2 (cont.)

CASE d > 5. We have:

o 72 = 0,(1/m?).
e 0t —12=140,(1/m%).
o Hy =1+ 0,(1/m'"®"").

We choose § so that 10§ — 1 > 3.
4% = \/%_n [1 - ﬁqt ﬁ+12§7+0 (%)] [1+ 0, (1/m'®7 )]
. f_j('l//zz exp [—02—2 + % (92 _ %94)
+% (%04 — ée‘)) + % (%96 — %08) + 0, (ﬁ)] de.

Notice (key point) that excluding the first term, all other terms in the expo-
nent are o,(1) as m — +o0, that is, are uniformly small if m is large enough.
Expanding and using the moments of the standard normal distribution (up to
order 12), we get, for d > 5,

ho_, M651 (1
4dm 64 m3 m!03=1J"

so that Var(n*) ~ (3465/64)(1/m?>).
The cases d = 3,4, 5 can be treated in a similar way. O

12.2. MORE GENERAL MODELS

The probability law of the Shub—Smale model defined in Section 12.1 has the
simplifying property of being invariant under the orthogonal group of the under-
lying Euclidean space R™. In this section we present the extension of formula
(12.4) to general systems that share the same invariance property. This section
follows the work of Azais and Wschebor (2005b).

We require the polynomial random fields X; (i =1,...,m) to be centered,
Gaussian, and independent, and their covariances

rXi(s, 1) = E(X; () X; (1))
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to be invariant under orthogonal linear transformation of R” [ie., r¥i
(Us,Ut) = r%i(s,t) for any orthogonal transformation U and any pair
s,t € R™]. This implies in particular that the coefficients aﬁ.’) remain indepen-
dent for different i’s but can now be correlated from one j to another for the
same value of i. It is easy to check that this implies that for eachi =1, ..., m,
the covariance r¥i(s,t) is a function of the triple ((s,t), Is 2, ||t||2). It is
somewhat more difficult but can also be proved (see Spivak, 1979) that this
function is, in fact, a polynomial with real coefficients, say Q(i):

r¥igs, ) = 0V (s, 1), sl N2, (12.17)
satisfying the symmetry condition

09 (u, v, w) = 0V (u, w, v). (12.18)

A natural question is: Which are the polynomials Q¥ such that the function
on the right-hand side of (12.17) is a covariance (i.e., nonnegative definite)? A
simple way to construct a class of covariances of this type is to take

Q(i)(u, v, w) = P(u, vw), (12.19)

where P is a polynomial in two variables with nonnegative coefficients. In fact,
the functions (s, ) ~ (s, ) and (s, ) ~ ||s|*||#]|> are covariances and the set of
covariances is closed under linear combinations with nonnegative coefficients as
well as under multiplication, so that P ({s, t), ||s 1% 11£]1%) is also the covariance of
some random field.

The situation becomes simpler if one considers only functions of the scalar
product, that is,

d
O(u,v,w) = chuk.
k=0

The necessary and sufficient condition for ZZ:O cr(s, 1) to be a covariance is
thatcy, >0V k=0,1,...,d. In that case it is the covariance of the random field
X(t) = Z” jll<d @ jtj , where the a;’s are centered, Gaussian, independent random
variables, Var(a;) = ¢y (Iljll!/j!). (The proof of this is left to the reader.) The
Shub—Smale model is the special case corresponding to the choice ¢; = (Z) A
general description of the polynomial covariances which are invariant under the
action of the orthogonal group is given by Kostlan (2002, p. II).

We now state the extension of the Shub—Smale formula to the general case.

Theorem 12.11. Assume that the X; are independent centered Gaussian
polynomial random fields with covariances rx_i (s, 1) = QD (s, 1), IIsI® Nt11®)
(i=1,...,m). Let us denote by 0w, 0, 09 .. the partial derivatives of
09, We assume that Q¥ (x, x, x) and Q,(f)(x, x, x) do not vanish for x > 0. Set
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o
00
@) (D (@) (@) Y _ (n® ) (i))2
OV (Quu +2Quy +2Qun +404)) — (Qu” + 0 + 0F)
(002 ’
where the functions on the right-hand sides are always computed at the triple
(x, x, x). Set

qi(x) =

ri(x) =

hiGe) = 1+ 21X
qi(x)

Then for all Borel sets V, we have

m 1/2
E (N*(V)) = /V (Hqi(nrnz)) E(ll1]1*) dr. (12.20)
i=1

In this formula,

m 1/2
Ej(x):=E <Z hi (x)é?) :
i=1

where &1, ..., &, are i.i.d. standard normal in R and
1 ['(m/2)
Ky = ————.
V27 wm/?

Proof. Let us set K; = E(||n;|) with n; standard normal in R/. An elementary
computation gives

T+ 1))2)
K =2y

We define the integral

+00 pm—l 1
= | e =

m

that will appear later. Consider the normalized Gaussian fields

) X (1)
Zir) = O A2 2. 1N 2
(@O, N2, 12112))
which have variance 1. Denote Z(t) = (Zi(t) , ..., Zn(t))T. Applying Rice’s

formula for the expectation of the number of zeros of Z gives as
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1
E(NX(V)) = E (NZ(V)) = / E(|dewz o] |20) = 0) ——ar,
v Q)"
where Z'(t) := [Zi (1) Z, ()] is the matrix obtained by concatenation of
the vectors Z{ (), ..., Z,, (t). Note that since E (le (t)) is constant, it follows that

E(Zi(1)(3Z;(t)/0t;)) = 0 foralli, j = 1,..., m. Since the field is Gaussian, this
implies that Z;(r) and Z/(¢) are independent and given that the coordinate fields
Zi, ..., Zy are independent, one can conclude that for each ¢z, Z(r) and Z’(¢)
are independent. So

X _ Z _ 1 / /
E(N¥(V)) =E(N*(V)) = e VE(\det(z (1)]) dt. (12.21)

A straightforward computation shows that the («, B)-entry, o, 8 = 1,...,m, in
the covariance matrix of Z.(r) is

B (2% 2% _” Zi(s, 1) | WP tats + i (12128
= reres, s=t = Ti o i af s
o1, Ot 954 015 5=t pTa p

where SQ/,g denotes the Kronecker symbol. This can be rewritten as
Var(Z{(t)) = qiLn + ritt",
where the functions on the right-hand side are to be computed at the point ||¢]|>.

Let U be the orthogonal transformation of R™ that gives the coordinates in a
basis with first vector ¢/||t||; we get

Var(U Z/(t)) = diag((ri.lIt|* + g giv - - - 41,

so that
UZlf(t) .
Var{ ——— | = diag (h;, 1,...,1).
Vai
Now set
B UZ(1)
i \/E
and

T:=[T,: " Tyl
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We have
|det (Z'(1))| = |det (T ]_[ (12.22)
Now we write
L4
T = ,
Win

where the W; are random row vectors. Because of the properties of independence
of all the entries of T, we know that:

o Wy, ..., W, are independent standard normal vectors in R™.

o Wi is independent of the other W;, i > 2, and has a centered Gaussian
distribution with variance matrix diag(hy, ..., hy).

Now E(l det(T)l) is calculated as the expectation of the volume of the paral-
lelotope generated by Wy, ..., W, in R™. That is,

| det(T)| = Wil [ [d(W;. ;).
j=2

where S;_; denotes the subspace of R™ generated by Wi,..., W;_; and d
denotes the Euclidean distance. Using the invariance under isometries of the stan-
dard normal distribution of R™, we know that, conditioning on Wy, ..., W;_y,
the projection Ps L (W~) of W; on the orthogonal SJ.L_l of §;_1 has a distribu-

tion that is standard normal on the space S+ _1> which is of dimension m — j + 1
with probability 1. Thus, E(d(W;, S]_1)|W1, ... W;Z1) = Kju—j11. By succes-
sive conditionings on Wy, W, W,,..., we get

172 m—1
E(| det(T)|) = (Zh (X)E; ) <[]k
j=1

where &, ..., &, are i.i.d. standard normal in R. Using (12.22) and (12.21), we
obtain (12.20). O
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12.2.1. Examples

1. Let Q¥ (u, v, w) = Q' (u) for some polynomial Q. We get

) 0”(x) — 0(0)Q"(x)
f — li hi = h = 1 — .
400 =lhaty =l () =ho T om0

Applying formula (12.20) with V = R™ and using polar coordinates yields

xy_ 2 Dlm+D/2) / m=1 (22 (2
E(N%) = Jr T — 5. Vh a(0*)" " h(p?) dp. (12.23)

2. If in example 1 we put Q(u) =1+ u, we get the Shub—Smale model.
Replacing, an elementary computation in (12.23) reproduces (12.4).

3. A simple variant of the Shub—Smale theorem corresponds to taking
O0Dw)=1+u? for all i =1,...,m (here all the X;’s have the same law).
Even though in this case the derivative Q) (u) vanishes at zero, the reader can
easily check that the conclusion of Theorem 12.11 remains valid and

d-1
h(x) = hi(x) =

‘I(X)=C]i(x)=1+—d, 11 ud

¥ +00 md 1 ( b2
J— m—
E(NT) = V / 1+ ,0251)(m+l)/2d/O d ’

which differs by a constant factor from the analogous Shub—Smale result for
(1 + u)?, which is d"/2.

4. Linear systems with a quadratic perturbation. Consider linear systems with
a quadratic perturbation

Xi(s) =&+ <mi,s > +Glsll

where the &,¢,n;, i=1,...,m are independent and standard nor-
mal in R, R, and R™, respectively. This corresponds to the covariance
rXi(s, 1) = 1+ (s, t) + |Is||?||l£]|>. If there is no quadratic perturbation, it is
obvious that the number of roots is a.s. equal to 1.

For the perturbed system, applying Theorem 12.11 and performing the com-
putations required in this case, we obtain

1
q() 1+ x+x2

4 1 +2x)? 1+4 2
rx) = EC ) hey = LT

l+x4+x2 (A4+x4+x2)% 14+ x+x2
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and

H,
E(NY) = -
NT) =~

m

+o00 m—ll 4 2 441/2
WithH:/ P (1 +4p” + p%) dp.
0

(L + 7 + ph e+

An elementary computation shows that E(NX) = o(1) as m — 400 (see example
5 for more precise behavior). In other words, the probability that the perturbed
system has no solution tends to 1 as m — +o0.

5. More general perturbed systems. Let us consider the covariances given by
the polynomials

Ol (u,v,w) = Qu, v, w) = 1 +2u + (vw)?.

This corresponds to adding a perturbation depending on the product of the norms
of s, t to the modified Shub—Smale systems considered in our third example. We
know that for the unperturbed system, one has E(N*) = d"~D/2_ Notice that
the factor 2 in Q has only been added for computational convenience and does
not modify the random variable N* of the unperturbed system. For the perturbed
system, we get

2dx?! 2d(d — 1)x72
C](x)=m, ”(x)=w, h(x) =
Therefore,
+00 2dp?@=D m/2
X m 1
E(V f / <<1+p2d)2> vd do
D) 12 a2 +00 pmd—l

The integral can be evaluated by an elementary computation and we obtain
E(NX) — 2—(m—2)/2d(m—l)/2’

which shows that the mean number of zeros is reduced by the perturbation at a
geometrical rate as m grows.

6. Polynomial in the scalar product, real roots. Consider again the case in
which the polynomials Q@ are all equal and the covariances depend only on the
scalar product [i.e., 09D (u, v, w) = Q(u)]. We assume further that the roots of
Q, which we denote —«, ..., —ay, are real (0 < o] <--- < ay). We get

d

q(x) = Zx-i-(xh

h=

d

1 1< ap
7= ; Gra? "7 4w ; +an?
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It is easy now to write an upper bound for the integrand in (12.20) and compute
the remaining integral, thus obtaining the inequality

EWNY) < [ZLqm?,
o1

which is sharp if ) = -+ = 4.

If we assume further that d = 2, with no loss of generality Q(«) has the form
O) = (u+ 1)(u +«a) with o € [0, 1]. Replacing g by 1/(x + 1)+ 1/(x + )
in formula (12.23), we get

E(NY) = /2/7K,,

/oo o 1 . 1 (m—1)/2 1 ) o 1/2d
o © L+p* o+ p? (1+p%)?  (@+p?)? a

(12.25)

One can compute the limit on the right-hand side as o« — 0. For this purpose,
notice that the function @ — «/(a + p?)? attains its maximum at @ = p> and is
dominated by 1/4p%. We divide the integral on the right-hand side of (12.25)
into two parts, setting for some § > 0,

8 ! 1 1 (m—1)/2 1 a 1/2
Isy = "= + —) ( + > dp,
b /0 g <1 +02 a+p? (14027 (a+p?)? g

+00 | 1 1 (m—1)/2 1 o 12
Js.o 1= "= +— + dp.
b /a g (1 +p2 ot 02> ((1 +p9)* (et xp2)2> g

By dominated convergence,

Jga—)
PPl 1+ p2

as « — 0. On the other hand,

- +
15’0‘ S 18,01 S Ig’as

where

s 2 2 (m—1)/2
- Jo I% Jo
I5 o = /o ( + ) 5 dp

14+ 0% a4+ p? 0%+«

R w2 \"V2 g
= In 12.26
fo (1+azz+a(z2+l)) 241 ( )
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as a — 0, and

s 2 2 (m—1)/2 1 o
I(;La::/ < £ >t A z) ( >t ;/_ )d,o
: o \1+p oa+p I+p -+

202+ 1\ g
—>/ </f2:1) 1+pp2+1m (12.27)
0

as o — 0. Since § is arbitrary, the integral on the right-hand size of (12.27) can
be chosen arbitrarily small. Using the identity K,,J,,, = /7/2, we get

1o 22+ 1\ g
E(NX)—>UZ:1+—/ <p+ > P
Ju Jo pr+1 1+ p?

as o — 0. Since 2p%/(p> + 1) < Q>+ 1)/(p> +1) <2,

2m=1/2

1+ 20m=D/2 1 .
+ <v<l1+ 7 5

12.3. NONCENTERED SYSTEMS (SMOOTHED ANALYSIS)

The aim of this section is to remove the hypothesis that the coefficients have
zero expectation. Let us start with a nonrandom system

Pi(t)=0 i=1,...,m, (12.28)

and perturb it with a polynomial noise {X;(¢) : i =1, ..., m}; that is, we consider
the new system

P(t)+Xi(H)=0 i=1,...,m.

What can one say about the number of roots of the new system? Of course,
to obtain results on E(N”*X) we need a certain number of hypotheses on both
the noise X and the polynomial “signal” P, especially the relation between the
size of P and the probability distribution of X.

Some of these hypotheses are technical in nature, allowing us to perform the
computations. Beyond this, roughly speaking, Theorem 12.12 says that if the
relation signal over noise is neither too big nor too small, in a sense that we
make precise later, there exist positive constants C, 8, 0 < 6 < 1 such that

E(NPHX) < C9mE(N¥). (12.29)

Inequality (12.29) becomes of interest if the starting nonrandom system
(12.28) has a large number of roots, possibly infinite, and m is large. In this
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situation, the effect of adding polynomial noise is a reduction at a geometric
rate of the expected number of roots compared to the centered case. In formula
(12.29), E(NX) can be computed or estimated using the results in Sections 12.1
and 12.2, and bounds for the constants C and 6 can be deduced explicitly from the
hypotheses.

Before the statement we need to introduce some additional notations and
hypotheses: (H1) and (H2) concern only the noise; (H3) and (H4) include
relations between noise and signal. The noise will correspond to polynomials
0D, v, w) = ZZ’;O c,E’)uk, c,((l) > 0, considered in Section 12.2, (i.e., the
covariances are only a function of the scalar product). Also, each polynomial
0 has effective degree d;:

Cg;_)>0 i=1,....,m

and does not vanish for u > 0, which amounts to saying that for each ¢ the
distribution of X;(#) does not degenerate. An elementary calculation then shows
that for each polynomial Q¥), as u — o0,

d
i ~ 12.30
qi(u) T+ ( )
&
hi(u) ~ " ——. (12.31)
dicdli 14+u

Since we are interested in the large m asymptotics, the polynomials P and Q
can vary with m and we will require somewhat more than relations (12.30) and
(12.31), as specified in the following hypotheses:

(Hyp) h; is independent of i (i =1,...,m) (but may vary with m). We set
h =h;.
(H;) There exist positive constants D;, E; (i =1,...,m) and q such that

E;
0<D;—+u)qu) < T+ and (1+u)q;(u) >q (12.32)
» q

for all u > 0, and moreover,

max D;, max E;
1<i<m 1<i<m

are bounded by constants D and E, respectively, which are independent of
m. q is also independent of m.

Also, there exist positive constants 4 and A such that
h<(+wh@) <h (12.33)

for u > 0.
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Notice that the auxiliary functions ¢;, r;, h (i =1,...,m) will also vary
with m. To simplify the notation somewhat we are dropping the parameter
m in P, Q, q;, ri, and h. However, in (H2) the constants 4 and h do not
depend on m. One can check that these conditions imply that 4(x) > 0 when
u>0.

Let us now describe the second set of hypotheses. Let P be a polynomial
in m real variables with real coefficients having degree d and Q a poly-
nomial in one variable with nonnegative coefficients, also having degree d,
O(u) = Zi:o cxuX. We assume that Q does not vanish on u > 0 and ¢4 > 0.
Define

P
HP,Q):=sup (L +[t])- |V| ——==|®
{ (\/ Q(Iltllz)) “

teR™

0 P
K(P,Q):= sup {(1+]t]?)- |l T (1)
teRM\ {0} Y 0 (||t||2)

where d/dp denotes the derivative in the direction defined by ¢/||¢| at each point

t #0.

For r > 0, set
P(1)*
Ht||>r oql»

One can check by means of elementary computations that for each pair P and
Q as above, one has

L(P,Q.r):= 1

H(P, Q) < oo, K(P, Q) < oo.

With these notations, we introduce the following hypotheses on the systems P
and Q, as m grows:

1 < H2(P, Q¥
(Hz) Ay =— E H (5, 07) =o(l) as m — +oo  (12.34)
m i
i=1

= KZ(P,, o)
>

i=1

1
— =o(l) as m — +oo. (12.35)
m

(H4) There exist positive constants ry and £ such that if r > r,

LP, 0V, r)y>¢ foralli=1,....m
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Theorem 12.12 (Armentano and Wschebor, 2008). Under hypotheses (H}) to
(Hy), one has

E(NPTX) < CO™E(NY), (12.36)
where C and 6 are positive constants, 0 < 6 < 1.
Remarks on the Statement of Theorem 12.12

1. It is obvious that our problem does not depend on the order in which the
equations
PO+ Xit)=0 i=1,....m

appear. However, conditions (12.34) and (12.35) in hypothesis (H3) do depend
on the order. One can restate them saying that there exists an orderi = 1,...,m
on the equations such that (12.34) and (12.35) hold true.

2. Condition (H3) can be interpreted as a bound on the quotient signal over
noise. In fact, it concerns the gradient of this quotient. Appearing in (12.35) is the
radial derivative, which happens to decrease faster as ||¢|| — oo than the other
components of the gradient. Clearly, if H(P;, V) and K (P;, Q) are bounded
by fixed constants, (12.34) and (12.35) hold true. Also, some of them may grow
as m — +oo provided that (12.34) and (12.35) remain satisfied.

3. Hypothesis (H4) goes in the opposite direction: For large values of ||¢|| we
need a lower bound of the relation signal over noise.

4. A result of the type of Theorem 12.12 cannot be obtained without putting
some restrictions on the relation signal over noise. In fact, consider the system

P(t)+o0Xi(t) =0 i=1,...,m, (12.37)

where o is a positive real parameter. As o | 0 the expected value of the number
of roots of (12.37) tends to the number of roots of P;(z) =0G =1, ..., m), for
which no a priori bound is available. In this case, the relation signal over noise
tends to infinity. On the other hand, if we let 0 — 400, the relation signal over
noise tends to zero and the number of roots expected will tend to E(NX).

Proof of Theorem 12.12. We follow the same lines of the proof of Theorem
12.11. Let
_ Pj(l‘) + Xj([)

VOVl

and Z = (Zy, .., Zy)". Clearly,

Z;(1)

=1,...,m

NP+X(V) — NZ(V)

for any subset V of R™.
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{Z;j(t):t e R"} (j =1,...,m) are independent centered Gaussian processes,
E(Zf(t)) =1,forall j=1,...,m and all r € R™. This implies that Z;(¢) and

VZ;(t) are independent for each r € R™. We apply Rice’s formula to compute
E(N%(V)); that is,

MNQV»=£@Q@WZ@»Mﬂn=mpﬂMmm.

Using the independence between Z’'(¢) and Z(t), one gets

E(N*(V))
/ 1 1 P@)? Pu (1)’
= | E(|det(Z'(?))|) =———=ex [—— (7+~~+7 dt
/v (1 det ) Qm)ym/2 P12 oD (|l12) Qm(|t]1?)
(12.38)
and our main problem consists of the evaluation of E (| det (Z’ (t)) |).
As in the centered case, we have
0Z; 07 ;
Qw(a’ax—;uw>=5gh«mwwam+q4mW)%d
ty al‘/g
fori, j,a, B=1,...,m. O

For each r #£ 0, let U, be an orthogonal transformation of R” that takes the
first element of the canonical basis into the unit vector ¢/||z]|. Then

m(wva@)
Vaiitl®)

where we denote the gradient VZ;(¢) as a column vector.

):MQMWWMHWU, (12.39)

Diag(Ay, ..., A;) denotes the m x m diagonal matrix with elements
Al, ..., Ap in the diagonal. So we can write
UVZ;it)

Va;(lt*)

where ¢; is a Gaussian centered random vector in R™ having covariance given
by (12.39), ¢1, ..., {n are independent, and «; is the nonrandom vector

U,V (P QD))
Va; (1P

) = = (@1 m)  j=1...,m. (12.40)
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We denote by T the m x m random matrix having columns ¢; +«a;(j =1, ..., m).
We have

det (Z/(0))] = 1det™)I T (g (1212)) 2.

i=1

so that

E (|det (Z'())|) = E (1det()D [T (a: (121%))". (12.41)

i=1
Denote by 7y, ..., n, the columns of T,
nj=1¢; +aj j=1,...,m,

where the ¢;; are Gaussian centered independent and

1 fori=2,....,m; j=1,....,m

V: I
ar(é'”) {h(|ltl|2) for i = 1"] = 1, L., m.

Proceeding as in the centered case to compute the volume of the associated
parallelotope, we obtain the bound

E(|detT|) < /A (I]?) HE(IIS/ +cj0l;) (12.42)
j=1

where || - ||; denotes Euclidean norm in R, (-1 =1- s &; is arandom vector
with normal standard distribution in R/, and c; () is a nonrandom vector in R/

T
having norm |l ||, j =1,...,m, where a; = (alj/\/h(||t||2),oz2j, . ..,amj)
and the «;; are given in (12.40). We denote

vi(e) =E(lI& +cll;)

where ¢ € R/ is nonrandom. We have (see the auxiliary Lemma 12.13 following
this proof):

1
y;(c) < (1 - ||c||§2—j) y;(0).
Substituting in (12.42) and using (12.38) and (12.41), we get

VA 1 / 2
BV = Lo | {wz(ntn )
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m

m 12 m
P L S (ORINNE S TS
: (qu(nru )) exp | = ; 5T 3 ;uc,(z)n,-j }

(12.43)
where

T My L o (m+1>
Lo =[TEd81) = =272 (Z=). CAl-frsb)

Our final task is to obtain an adequate bound for the integral in (12.43). For
j=1,...,m [use (H1)],

@l = 1 N2 PAD | L p,, o)
DT WP D |90 VoI P) | T fag

and

Hv (Pj(t)/\/W> H <L np o0y,

va;ltl*) Ve

lleej Il =

Then if we bound [|&; | by
~ 12 ~ 2 2
lle 1l < layjl” + llajll,
we obtain

- 1 . 1 )
;|1 < i K2(Pj, Q) + p H*(P;, QY),

which implies that

m

2
> el
Jj=1

Substituting in (12.43), we get the bound

E(N?%) < sy Hyp,

1/2
1 (1 1
exp|= (—-mA,+-—mB, =¢e’™  as m — 400
2 \4 hq

where

o

S =
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and

" 12
1 m
Py
on (7)), (]}q el
/h(|I2112) EAlEn D e 1/2 S P02/ 0D t1) dr. (12.44)

The integrand in (12.44) is the same as in the expectation in the centered case
except for the exponential, which will help for large values of ||z]|.
Let us write H,, as

H, = HV () + H? (),

where H,Ell)(r) corresponds to integrating on |t]] <r and Hn(f)(r) on ||t]|>r
instead of the entire R” in formula (12.44). We first choose r large enough
so that the condition in hypothesis (H4) is satisfied. Then

H®(r) < e ™2 E(NY). (12.45)

We now turn to H,ﬁll)(r). We have, bounding the exponential in the integrand by
1 and using hypothesis (H2),

1 m 12 m r pm—l
) V7 12
H,y ) = —mmn T (2> hE(l1gml) (il_ll D; ) Om-1 fo (14 p2) /2 dp,
(12.46)

where o,,_; is the (m — 1)-dimensional area measure of S”~!. The integral on
the right-hand side is bounded by

. 22 m/2
2 \1+4r2 '

Again using (H2), we have the lower bound:

E(N%)

1 m 12
> —a T (5) 2B

LB i) et
0 o N2 (1% (L4 [z
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1 m m
= ZmiD/2 r (5) R E(IEx ) (H D,»l/z) Om—1
i=1

/-l-OO pm—l m <1 F; )1/2 J
PP NS - p?
2y(m+1)/2 2
o (I+pH) e 1+ p
where we have denoted F; = E;/D;(i = 1, ..., m), which implies that
maxy E
< ——k =1 .
q

Now choose 7 > 1 large enough to have

2
2 r maxlSiSm F,' 2

:1+r2< 1422

and we get for E(NX) the lower bound:
1 m -
X my i 1/2
EWY) 2 —5 T () 82 ECl6al) <H D] )am_l b
i=1

400 pm—l
/rr (1 + p2)emtD/2 dp. (12.47)

Now, compare (12.46) and (12.47) and use the elementary equivalence for each

=0 +00 1
" =
/a mdp_\/; as m — +oo.

H!(r) < C;ATE(NY),

We get

where Cj is a positive constant and A/v < A; < 1. This implies that
E(N"HX) <5, [CIA] + e 2] E(NY) < CO™E(NY)

for positive constants C, 6, and 0 < 0 < 1.

More precisely, we can obtain first & and then m( and the constant C in such a
way that whenever m > my, inequality (12.36) holds true. The reader can verity,
following the proof step by step, that a possible choice is the following. Choose
ro and £ from (H4),

1+6
0, = max 770,6_5/2 , 0= —;1.
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Set F; = E;/D;(i =1,...,m) and F = max{F,, ..., F,}. From the hypotheses,
one has F < E/g. Let T > O such that

F 11
< — .
1+r2rg 21+r§

Choose mg [using (H3)] so that if m > mg, one has

1 {(mAa,, B,
exp | = 2o 07" m < o™
2\ e hg

(m-1)/2
rzrg e 2
| —— < —.
1+ rzrg Jm

Then (12.36) is satisfied for m > mg, with

A ,/1+r2
czso(h) 0

ro

h

12.3.1. Auxiliary Lemma

Lemma 12.13. Ler y : RK — R, k > 1 be defined as y(c) = E(||€ + c||), where
£ is a standard normal random vector in R¥ and ¢ € R¥. Then

. AT+ 1)/2)
(i) y(©0) =2 TR
(1) y is a function of ||c| and verifies

y(c) < y(0) <1 + %naﬁ) : (12.48)
Proof

(i) This follows on integrating in polar coordinates.

(i1) That y is a function of ||c|| is a consequence of the invariance of the
distribution of £ under the orthogonal group of R¥. For k = 1, (12.48) follows
from the exact computation

2 | )
y(c) = 2/m e /e +Cf /2

—c 27[

and a Taylor expansion at ¢ = 0, which gives

y(c) <27 (1 + %cz) .
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For k > 2, we write
2 2 211/2
7@ =E([@+a?+&+-+8]") = c@.

where a = ||c|| and &, ..., & are independent standard normal variables. Differ-
entiating under the expectation sign, we get

’ %_l +a
G =E )
“ ([(51 AP+t 5,3]‘/2)

so that G'(0) = 0, due to the symmetry of the distribution of &.
One can differentiate formally once more, obtaining

[ +a)?+& + +&]

For the validity of equality (12.49) for k > 3, one can use the fact that if d > 2,
1/||lx]|| is integrable in R? with respect to the Gaussian standard measure. For
k = 2 one must be more careful, but it holds true and is left to the reader. The
other ingredient of the proof is that one can verify that G” has a maximum at
a = 0. Hence, on applying Taylor’s formula, we get

G(a) < G(0) + 3 a* G"(0).

Check that G”(0) = (/2/k)[T((k + 1)/2)/T'(k/2)], which together with (i)
gives

G'0) 1

GO K’

which implies (ii). ]

12.3.2. Examples

1. Shub—Smale noise. Assume that the noise follows the Shub—Smale model.
If the degrees d; are uniformly bounded, one can easily check that (H1) and (H2)
are satisfied. For the signal, we give two simple examples. Let

& _ .d;
Pi(t) = |lefI™ = r™,

where d; is even and r > 0 remains bounded as m varies. One has

: . di—1 . pdi . d;
0 ( P )(t):d,ntn +dird el _ di( 4

90 \ /o0 (L [ D@ = (1 + 1))/
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P; d: |t di—2 d: d;
O Pl T
NG (L + 1D+

which implies that

d;
v P,' (l‘) < dl(l—{-r ) ‘
Voo (1 + [12]1%)*>
So since the degrees dy, ..., d, are bounded uniformly, (H3) follows. (H4) also
holds under the same hypothesis.

Notice that an interest in this choice of the P;’s lies in the fact that obviously
the system P;(t) =0 (i = 1, ..., m) has infinite roots (all points in the sphere of
radius r centered at the origin are solutions), but the expected number of roots of
the perturbed system is geometrically smaller than the Shub—Smale expectation
V'D when m is large.

Our second example of signal is as follows. Let T be a polynomial of degree
d in one variable that has d distinct real roots. Define

Pity,....ty)=T@) i=1,...,m.

One can easily check that the system verifies our hypotheses, so that there exist
C and 6 positive constants, 0 < 6§ < 1, such that

E(NP+X) < Cemdm/z’

where we have used the Kostlan—Shub—Smale formula. On the other hand, it is
clear that N¥ = d™, so that the diminishing effect of the noise on the number of
roots can be observed.

2. QW = Q, only real roots. Assume that all the Qs are equal, Q) = Q,
and Q has only real roots. Since Q does not vanish on u > 0, all the roots should
be strictly negative, say —«jy, ..., —ag, Wwhere 0 < o) <y < --- < ag. With no
loss of generality, we may assume that o; > 1.

We will assume again that the degree d (which can vary with m) is bounded by
a fixed constant d as well as the roots oy <@ (k = 1,. .., d) for some constant
o. One verifies (12.32), choosing D; = d, E; = d maxX|<x<4 (ox — 1). Similary,
a direct computation gives (12.33).

Again let us consider the particular example of signals:

& _ d;
Pi(t) = [|e]|* —r,

where d; is even and r is positive and remains bounded as m varies:

<dj(a@+rh)

(1 + [le)12)32

o (_h
a0 \ Jo®
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so that K (P;, 09) is bounded uniformly. A similar computation shows that
H(P;.0") is bounded uniformly. Finally, it is obvious that

1 d
L(P;, (i), > —
o= ()

for i =1,...,m and any r > 1. So the conclusion of Theorem 12.12 can be
applied.

One can check that the second signal in the preceding example also works
with respect to this noise.

3. Some other examples. Assume that the covariance of the noise has the
form of example 1 in 12.2.1. Q is a polynomial in one variable having degree
v and positive coefficients, Q(u) = Y_,_, bxu*. Q may depend on m as well as

the exponents /i, ..., [,. Notice that d; = vl; (i =1, ..., m). One easily verifies
that (H1) is satisfied.

We assume that the coefficients by, ..., b, of the polynomial Q verify the
conditions

—k+1
bkfubk_l k=1,2,...,v.
k

Moreover, [, ..., l,, v are bounded by a constant independent of m and there

exist positive constants b and b such that
Qibo’bh"-abv 55

Under these conditions, one can check that (H2) holds true, with D; = d;
(i =1,...,m). For the relation signal over noise, conditions are similar to those
in the preceding example.

Notice that if v =2 and we choose for Q the fixed polynomial

Q) =1+ 2au + bu?®

with 0 <a <1, \/E > a > b > 0, then the conditions in this example are satis-
fied, but the polynomial Q (hence Q%) does not have real roots, so that it is not
included in the previous example.

12.4. SYSTEMS HAVING A LAW INVARIANT UNDER ORTHOGONAL
TRANSFORMATIONS AND TRANSLATIONS

In this section we assume that X; : R” — R, i =1, ..., m are independent cen-
tered Gaussian random fields with covariances having the form

i )=yt —sI>  i=1,....m. (12.50)

We assume that y; is of class C> and, with no loss of generality, that y;(0) = 1.
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The computation of the expectation of the number of roots belonging to a
Borel set V can be done using Rice’s formula (12.21), obtaining

E(N*(V)) = @) ™/?E (| det(X"(0))]) (V). (12.51)

To prove (12.51) we take into account that the law of the random field is invariant
under translations and for each ¢, X (¢) and X'(z) are independent. Compute for
Lo, B=1,...,m,

E (E)Xi 0)
0ty

aX; 32rXi ,
o O ) = = —2¥;(0)3p,

18 08y 8tﬁ

t=s

which implies, using a method similar to the one in the proof of Theorem 12.1,
that

1 m
E (| det(X'0)]) = —=2"T'((m + 1)/2) [T
i=1

and substituting in (12.51) yields

1 /2\"? i
B(VI(V) = (;) L(0m +1)/2) []‘[ |y,-’<0)|1/2] An(V). (12.52)

i=1

Next, let us consider the variance. One can prove that under certain additional
technical conditions, the variance of the normalized number of roots,

X
nX(V) = Ni(v),
E (NX(V))
which obviously has a mean value equal to 1, grows exponentially when the
dimension m tends to infinity. This establishes a striking difference with respect
to the results in Section 12.1. In other words, one should expect to have large
fluctuations of nX (V) around its mean for systems having large m.
Our additional requirements are the following:

1. All the y; coincide, y; =y, i =1,...,m.
2. The function y is such that (s, 1) ~ y (||t — s||*) is a covariance for all
dimensions m.

It is well known (Schoenberg, 1938) that y satisfies requirement 2 and

y(0) =1 if and only if there exists a probability measure G on [0, +00) such
that

“+0o0
y(x) = / e "G (dw) for all x > 0. (12.53)
0
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Theorem 12.14 (Azais-Wschebor, 2005b). Letr r¥i(s, 1) = y (||t — s||?) for
i=1,...,m, where y is of the form (12.53). We assume further that

(1) G is not concentrated at a single point and
+00
/ x>G(dx) < oo.
0

(2) {Viutm=1.2.. is a sequence of Borel sets, V,, C R", A,,(0V,,,) = 0 and there
exist two positive constants § and A such that for each m, V,, contains a
ball with radius & and is contained in a ball with radius A.

Then
Var (n* (V) — +o0, (12.54)

exponentially fast as m — +o0.

To compute the variance of NX(V), we start as in the case of the KSS model:

Var (N¥(V)) = E(NX (V) (N¥ (V) = 1)) + E (N*(V)) = [E(N* ()],
(12.55)

so that to prove (12.54), it suffices to show that

E(N*(V) (N*¥(V) - 1))
[E(V* V)T

— 400 (12.56)

exponentially fast as m — +o0o. The denominator in (12.56) is given by formula
(12.52). For the numerator, we can use Rice’s formula for the second-order
factorial moment:

E(N*(V) (N*(V) - 1))

= //V VE(ydet(X/(s))det(x/(,))| |X(s) = X (1) = 0) px(s).x()(0, 0) ds dt.
(12.57)

Next, we compute the ingredients of the integrand in (12.57). Because of
invariance under translations, the integrand is a function of 7 = ¢t — s. We denote
by 71, ..., 7, the coordinates of 7.

The Gaussian density is immediate:

1 1
Qo™ [1 = 21t H]"*

Px@s).x1)(0,0) = (12.58)
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Let us turn to the conditional expectation in (12.57). We set
E (|det(X'(s)) det(X'(1)| | X (s) = X () = 0) = E (|det(A®) det(A")|) ,

where A* = ((A},)), A" = ((A!,)) are m x m random matrices having as joint
(Gaussian) distribution the conditional distribution of the pair X’(s) and X’(¢)
given that X (s) = X (¢) = 0. So, to describe this joint distribution we must com-
pute the conditional covariances of the elements of the matrices X’(s) and X'(r)
given the condition C : {X(s) = X(¢) = 0}. This is easily done using standard
regression formulas:

. aXi()aXi()|C 9 1 8r( t)ar( N
0sq 0sp ) T Bsadtg |, 1—(r(s.0)2 05 dsp

B( 220X pe) = Pr o — O s (s, (s, 1)
dsq 015 T sadts T (s )2 Bse a0

Substituting in our case, we obtain

S AS t gt ’ }//21'0[7,'5
E (AS,Al) = B (Al ,Aly) = =2/ (0)8ep — 4 gy (12.59)
2
E (A2 ALy) = —dy"taty — 280 — 4”1’/_7?;’3, (12.60)

and for every i # j,

5 AS 1 s Al
E( ?0{ ;/3) = E(AﬁotAjﬂ) = E( ?otAjﬂ) =0,
where y = y(l|lz]*), " = y'(Iz]*), and y” = y" (I z|*).

Now take an orthonormal basis of R™ having the unit vector 7/ ||t as the
first element. Then the variance 2m x 2m matrix of the pair AY and A} (the i-th
rows of A% and A’, respectively) takes the following form:

Uy - . .U -
Vo -~ | . W

L .
. Vo | . . W
U, - | Uy -
Vi | Vo

i | . R
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where
vzl
Uo = Up(IT)*) = =2y/(0) — 4——+
1 —y2
Vo = —2y'(0)
2 2
Uy = Ui (el = —4y" ll2l? — 2y — 4%

Vi = Vi(lIzlI?) = =2y,

and there are zeros outside the diagonals of each of the four blocks. Let us perform
a second regression of A}, on A, that is, write the orthogonal decompositions

Al, =B’ +CuAl,  i,a=1,m,
where Bl.t 7 is centered Gaussian independent of the matrix A*, and
Ui t,s Ul2
fora=1: Cl:?o’ Var(B;;) = Uy l—m
4] v?
fora>1: Ca:vo, Var(B}})) =V (1——12).
Conditioning, we have
E (| det(A")[| det(A")]) = E[| det(A")|E (| det((Bf;’ + CaAl)ia=1..m)l|A) ]
with obvious notation. For the inner conditional expectation, we can proceed in
the same way as we did in the proof of Theorem 12.11 to compute the deter-

minant, obtaining a product of expectations of Euclidean norms of noncentered
Gaussian vectors in R* fork = 1, ..., m. Now we use the well-known inequality

E(lI§ +vl) = EEID
valid for & standard normal in R¥ and v any vector in R, and it follows that
E (| det(A%)|| det(A")]) > E (] det(A*)|) E (] det(B"*)]) .

Since the elements of A’ (respectively, B'*) are independent centered Gaussian
with known variance, we obtain

U2 1/2 V2 (m=1)/2
E|det(A%)det(AD)| > UV ' [1 - =L 1——L L?
| (A) ( )| = Y0VYy ( Ug V02 mf

UU'ele\; I/(V\r\ cD CXQ%\‘/VLQC)\ C(\A Q/(Qa. ‘r5 b)
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Going back to (12.56) and because of (12.52) and (12.57), we have

. R ~ y2u2 m/2
E(VY0) (V¥ ) —1)) (Am(V))’Z// asdr | 22V B,
3 2

E(NX(V)) VxV -y

(12.61)

Let us put V =V, in (12.61) and study the integrand on the right-hand side.

The function
U2) — U2\
Hx) =21
VE — VE(x)

is continuous for x > 0. Let us show that it does not vanish if x > 0.

It is clear that U12 < UO2 on applying the Cauchy—Schwarz inequality to the
pair of variables Aj, and A!,. The equality holds if and only if the variables A},
and A}, are linearly dependent. This would imply that the distribution in R* of
the random vector

¢ = (X(s), X(1), 01 X(s), 01 X(1))
would degenerate for s % ¢t (we have denoted 9, differentiation with respect to

the first coordinate). We will show that this is not possible. Notice first that for

each w > 0, the function

(s, 1) ~» e~ lt=s1Pw

is positive definite; hence it is the covariance of a centered Gaussian station-
ary field defined on R™, say {Z"(¢) : t € R™}, whose spectral measure has the
nonvanishing density

2
fwag::@nyﬂﬁazwymﬂexp<—ﬂﬁL> (x e R™).
4w

The field {Z"(¢) : t € R™} satisfies the conditions of Proposition 3.1 of Azais
and Wschebor (2005a) so that the distribution of the 4-tuple

¢ = (2" (s), 2" (1), 01 Z" (), 0 Z" (1))
does not degenerate for s # ¢. Based on (12.53) we have
+00
Var(¢) = / Var(")G(dw),
0

where integration of the matrix is integration term by term. This implies that the
distribution of ¢ does not degenerate for s # ¢ and that H(x) > 0 for x > 0.
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We now show that for t # 0,

1—V2(lIt|?)V, 2
1—y2(I)?)

> 1,

which is equivalent to
—v'(x) < =y (0)y (x) Vx > 0. (12.62)
The left-hand side of (12.62) can be written as

1 400
—y'(x) = 3 /fo (wy exp(—xwy) + wa exp(—xws)) G(dw)G(dwy)

and the right-hand side as

1 +o00
-y O)y(x) = 2 //0 (wy exp(—xws) + wa exp(—xwy)) G(dwy)G(dwy),
so that
— Y 0y @) +y'(x)

1 +00
) //0 (w2 — wy) (exp(—xwy) — exp(—xw2)) G(dw)G(dws),

which is > 0 and is equal to zero only if G is concentrated at a point, which is
not the case. This proves (12.62). Now, using the hypotheses on the inner and
outer diameter of V,,, the result follows by a compactness argument. O



CHAPTER 13

RANDOM FIELDS AND CONDITION
NUMBERS OF RANDOM MATRICES

Let A be an invertible n x n real matrix and b € R". We are interested in under-
standing how the solution x € R" of the linear system of equations

Ax =b (13.1)

is affected by perturbations in the input (A, b).
Early work by von Neumann and Goldstine (1947) and Turing (1948) identi-
fied that the key quantity is

K(A) = [|A] - 1A71],
where ||A|| denotes the operator norm of A defined in the usual way:

Al = max [ Ax].

|x

Here ||v|| denotes the Euclidean norm of v € R". Of course, other norms can be
considered, but in this chapter we restrain ourselves to the Euclidean norm. If A
is singular, we put k (A) = +o00. Turing called « (A) the condition number of A.
The first meaning of x(A) is a consequence of the following property.

Level Sets and Extrema of Random Processes and Fields, By Jean-Marc Azais and Mario Wschebor
Copyright © 2009 John Wiley & Sons, Inc.
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Let x4+ Ax be the solution of system (13.1) when the input is
(A+ AA, b+ AD) instead of (A, ). If k (A)||AA]/||A|l < 1, then

IAx] _ K (A) (IIAA||+||AbII)
[xll = T=x(AUWAAN/NAL X [IA] el )

(13.2)

In fact,
(A+ AA) Ax = Ab — (AA)x,

which implies, whenever ||[A~!1(AA)|| < 1, that
Ax = (A+ AA)HAb — (AAx) =T + AN (AA) AT (AL — (AA)x)
and taking norms yields
IAx] < |1+ A~ AA) T AT IAIAL] + | AA]Ix])

<1+ A7 AA) 1A (”A—b” + M) JATx],
Bl Al

from which (13.2) follows.

Notice that the factor «(A)/[1 —k(A)(JJAA|/||A])] tends to «(A) when
IAA] — 0. Thus, x(A) is a bound for the amplification of the relative error
between output and input in the system (13.1) when the last one is small. The
reader may also easily check that, in addition, x(A) is sharp in the sense that
no smaller number will satisfy a similar inequality for all increments AA and
Ab. In other words, if one thinks in terms of binary floating-point arithmetic,
log, k (A) measures the loss of precision due to error in the input. So for
numerical analysis purposes, it is usual that the relevant function of the matrix
A appears to be log, k (A).

Matrices A with «(A) small are said to be well-conditioned; those with «x(A)
large are said to be ill-conditioned. The set ¥ = {A : k(A) = 400} is called the
set of ill-posed matrices. The distance of a matrix A to the set X is closely related
to K (A), as shown in the next theorem. For a proof, see Blum et al. (1998).

Theorem 13.1 (Eckart-Young, 1936). For any n x n real matrix A, one has

)= A1
dr (A, )

. . 2. ,
Here dp means distance in R™ with respect to the Frobenius norm
/ 2
Al F = Za[ IR

The relationship between conditioning and distance to ill-posedness is a recur-
rent theme in numerical analysis (see, e.g., Demmel, 1987). k (A) appears in more
elaborate round-off analysis of algorithms, in which errors may occur in all the
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operations. As an example, let us mention such an analysis for Cholesky’s method
(see Wilkinson, 1963). If A is symmetric and positive definite, we may solve the
linear system Ax = b by using Cholesky’s factorization. Assume that the length
of the mantissa in the binary representation used in the computation is equal
to £. Then, if ¢ is large enough, one can prove that

[ Ax||
llx1l

<3n® . 27%(A).

The interested reader can find a variety of related subjects in the books by Higham
(1996) and Trefethen and Bau (1997).

Next, we introduce some notation. Given A, an n X n real matrix, we denote
by vi, ..., v, 0 <v; < ... <y, the squares of the singular values of A, that
is, the eigenvalues of ATA. If X :S8”" ! - R is the quadratic polynomial
X(x) = xTATAx, then:

o v, = |A> = max, gui-1 X (x).

e In case A is nonsingular, it follows that v; = 1/ ||A_l ||2 =min, g1 X (x).

b, 1/2
w-(2)

when v; > 0 and k (A) = o0 if v = 0. Notice also that k(A) > 1 and k(rA) =
k(A) for any real r, r # 0. That is, the computation of the condition number of
an n X n matrix A is a problem about the spectrum of the nonnegative definite
matrix ATA or, more precisely, about the largest and the smallest singular values
of A.

Suppose that one is interested in the analysis of a certain algorithm in which
the condition number « (A) plays a role. Typically, the condition number will be
a component appearing in some bound for the cost of the algorithm, in which,
as in the example above, the size of the problem and the length of the mantissa
in the floating-point computation will also be present. A natural setting consists
of imagining that the algorithm is applied to a problem that is drawn at random
from a certain family of problems, which in our case amounts to choosing at
random the coefficients of the system of equations. The cost of the algorithm
and k(A) become random variables. One can try to compute, or give bounds,
for the expectation or the higher moments of the cost, or estimate its distribution
function, and this will depend on the moments or the probability distribution of
k (A) itself. Thus, in our case, the question of probabilistic analysis of algorithms,
becomes a problem on the spectrum of random matrices.

There is a large body of knowledge on random matrices: specifically, on their
singular values or eigenvalues. Our general reference is Mehta’s book (2004),
which we referred to in Chapter 8. See also Girko’s books(3996). (1490, 44 76 )

Since the 1930s, motivation and methods have come from different sources,
perhaps beginning with Fisher in 1939 in multivariate statistics (see Muirhead,

Hence,
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1982; Kendall et al., 1983). By the mid-1950s, Wigner’s work (e.g., 1958, 1967)
was followed by great interest in random matrices in some areas of mathemati-
cal physics, which continues until the present time (see, e.g., Soshnikov, 1998;
Tracy and Widom, 1999; Davidson and Szarek, 2001). A third source of interest
has been numerical analysis, motivated by the aforementioned condition number
problems, which may have begun with a paper by Smale (1985). A very inter-
esting survey of analytical methods, originally inspired by numerical analysis
problems but including a diversity of applications, is that of Edelman and Rao
(2005).

In this chapter we are considering only a very small part of the subject, which
concerns the condition number « (A). One reason to include this topic here is that
the methods we present are based on random fields and Rice formulas, which is
the core of this book. In some cases, these methods do not give optimal results,
as happens in the canonical case of matrices having i.i.d. standard normal entries.
However, for noncentered Gaussian matrices, our methods still provide the best
bounds for the tails of the probability distribution of x(A) of which the authors
are aware.

We start in Section 13.1 with some elementary upper bounds for E(log« (A))
when A is a random matrix with i.i.d. (not necessarily Gaussian) entries. The
methods are ad hoc, but we are not aware of the existence of better general
bounds. The remainder of the chapter concerns Gaussian matrices. Section 13.2
covers centered matrices and Section 13.3, noncentered matrices.

13.1. CONDITION NUMBERS OF NON-GAUSSIAN MATRICES

The results of this section are extracted from Cuesta-Albertos and Wschebor
(2003). Throughout the section we assume that A = ((g;;)),i,j =1,2,...,nis
an n X n matrix, where the g;;’s are i.i.d. real-valued random variables defined
on some probability space (2, A, P). We denote by © the common distribution
measure of the a;;’s.

13.1.1. General Bound for E(log «(A)) for Symmetric Entries

Theorem 13.2. We assume that the distribution | satisfies the following condi-
tions:

(1) For any pair o, B of real numbers, o < B, one has

M([a,ﬂ])fu([—ﬁ;a,ﬂ;a]). (13.3)

(2) E[la;1|"]1 = 1, for some r > 0.
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(3) There exist positive numbers C and y such that

w(—a,a]) < Ca? for all a > 0.
Then

2 11
E[logx (A)] < (1 + ;> logn + -t ;{[(2 +y)logn +log C1T +1}. (13.4)

1/2

Proof. Notice that ||A| < (Z? =1 ai2 j . So, with the only assumption that

the random entries are identically distributed, one has, for r > 0,

n
t
P[||A||>t]§P|:n2 sup ai2j>t2i|§P U{|al~,j|>—}
: n

i,j=1,..n ij=1

t
<n’P |:|a1,1| > —} . (13.5)
n

Hence, for «,, > 0,

o0

Eflog | A[l] < o + / Pllog [ A]| > x]dx

7]

o0
:an—i—/ P[l|A|l > e*]dx
(7]

o0 ex
<a, +/ n’P |:|a1,1| > —] dx
oy n

> 2 ny” 2+r1 —ra,
<a, + n (—) dx = o, +n""" —e "%, (13.6)
an er r

where the last inequality follows from Markov inequality and assump-

tion (2).
Choose «,, > 0 to minimize the right-hand side of (13.6) [i.e., o, = (1 +2/r)

logn] and it follows that

2 1
Eflog [ A]l] < (1 + —) logn + —. (13.7)
r r
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We now consider the factor ||A~"||. Denote A~! = ((bi,j))i, j=1,...n; that is,

a"l -
b, ;= i,j=1,...,n,
det(A)

where a’»/ is the cofactor of the position (i, j) in the matrix A.

Clearly, the random variables |b; ;|,i, j = 1, ..., n are identically distributed
so that we may apply (13.5) to the matrix A~! instead of A:
: :|
> —
n

1,1

i t a
P[|A7 | >¢] <n’P| b1 > - | =n°P| | =——
(A~ ] = [l > 7| = e || o T

- Cll’j n
2
=nP| |ai1+ E al’-/—all <;
j=2

The random variables

no gl
ar 1 and UZZal,]‘al—l
j=2

are independent, so that for each & > 0, denoting by P, the probability distribution
of 1, and using Fubini’s theorem and assumption (1), we have

o0

Pllaii +nl <a] = / ml(—a =y, a — )P, (dy)

—00

< / (e, )Py (dy) = pl(—a, @)].
Hence, by assumption (3),
_1 ) non 5 (NN
P[1A~" > 1] <n u([—;, ?]) <n2C (—) , (13.8)
and with 8, > 0,

o0
Ellog |4~ 11 <+ [ P[1A7" 1> ¢']dx

24y
n e_yﬂn .

o
< B —I—/ Cn**"e " dx =B, +C

Choosing B, = (1/y)[(2 + y)logn + log C]*, one obtains
1
Eflog [A7']] < ” {[2+y)logn +1logCI" + 1}, (13.9)

and putting (13.7) and (13.9) together, (13.4) follows. O
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Remarks on the Statement of Theorem 13.2. It is not difficult to see that
assumption (1) implies that the measure p is symmetric around zero. In particular,
this implies that in case the random variables a; ;,i, j = 1, ..., n are integrable,
their common expectation must be zero. Since «(AA) = k(A) for any nonzero
real number A and any nonsingular matrix A, in case m, = ffooo [x|"u(dx) < o0

it is possible to replace A by m,_l/ " A so that assumption (2) holds true, without
modifying the condition number. Of course, in this case one must, accordingly,
change the constant C in assumption (3). In this sense, assumption (2) is not more
restrictive than the finiteness of the rth moment of the probability measure pu.

13.1.2. Examples

1. Density. Assume that p has a density function f, that f is even and
nonincreasing on [0, co), and that m, = ffooo |x|" f(x) dx < oo for some r > 0.
We replace the original density f by ml/ "f (ml/ "Xx) so that assumption (2)
is satisfied without changing « (A); assumption (3) is verified with y =1 and
C =2m,"" £(0). Inequality (13.4) becomes

Ellog(x (4)] < (1 4 %) logn +

1 +
+ |:3 logn 4+ —logm, + log(2f(0)):| + 1. (13.10)
r

2. Uniform distribution. Let pu be the uniform distribution on [—H, H],
H > 0. In this case, m, = H"(r +1)~! and (13.10) holds true for any r > 0.
Letting r — 400, we obtain

Eflog« (A)] < 4logn + 1. (13.11)

3. Strong concentration near the mean. Assume that the density of p has the

form
14

——— 1
Tk 1,11(x)
for some y,0 <y < 1.

One has m, = y/(r + y) for each r > 0 and easily checks that introducing
the modification suggested above, assumptions (1), (2), and (3) are satisfied with

C =m!'". Hence, Theorem 13.2 implies that for any r > 0,

2 1 1 y y 17
Ellogk(A)] < {1+ —|Jlogn+ -4+ — 1|2+ y)logn + —log +1¢,
r rooy r

r+vy
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and letting r — o0 it follows that

2 1
Ellogk(A)] < (2 + —) logn + —.
14 14

4. Particular distributions. The bound in Theorem 13.2 can be improved by
using the actual distribution p instead of the Markov inequality in (13.6) or
the bound in (13.8). This is, for example, the case for symmetric exponential
or standard normal distributions. However, in the latter case, this method is not
sharp enough: The precise behavior of E[logk(A)] as n — +o00 was given by
Edelman (1988) using analytic methods. It is the following:

Ellogk (A)] = logn + Co + &,

where Cy is a known constant (Cy = 1537) and ¢, — 0.

13.1.3. Smoothed Analysis

We consider now the condition number when the random variables in the matrix
A = (a;,})i,j=1,...n have the form

aij =m;j+ i i,j=1,...,n,

where M = (m; ;); j=1,.., is nonrandom and (V; ;)i j=1,.., are ii.d. random
variables with common distribution w satisfying assumptions (1), (2), and (3)
in Theorem 13.2. This has been called smoothed analysis and corresponds to
the idea of exploring what happens to the condition number when a nonrandom
matrix is perturbed with a noise having a law that verifies a certain number of
requirements. We will be looking only to the effect on the moments of the loss
of precision logk (A) when performing this operation. [See papers by Spielman
and Teng (2002) and Tao and Vu (2007), where similar questions are considered:
in the last case, allowing the measure p to be purely atomic.]

Theorem 13.3. Under the conditions of Theorem 13.2, if we assume

then

2 11
E[logk(A)] < <1+;>1Og”+10g2+;+;{[(2+V)logn+logC]++1}‘
(13.12)
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Proof. The proof (as well as the result) is very similar to that of Theorem 13.2.
For t > 0 one has

n n 2
2 2 2 !
PUAI>A=P| Y a2 > SZP[%RE

i j=I ij=1

n

t t
=> P[|ml-,j + il > —} < nzP[wfl,n > — —m,,].
! n n
Now choose «,, = (1 4+2/r)logn + log2. If x > «,, then

ex

— —m, > —e".
n 2n

Thus,

]

E[log [|A|l] San+/ P[|A] > e*]dx

on

R 1
§an+n2/ P|:|1//1,1|>—exi|dx
an 2n

o 1
§(xn+n2/ ———dx
o, ((1/2n)e*)"
2 1
=14+ —)logn+log2+ —.
r r

On the other hand, with the same notation as in the proof of Theorem 13.2,

Al = (b,‘,j)l-’j=1 ,,,,, n and

_ . t
P[”A 1” >t] < ZP[|bl’]| > ;i|

i,j=1

For each term in this sum it is possible to repeat exactly the same computations
as in the proof of Theorem 13.2 to bound P [|b1,1| >t/ n] and obtain the same
bound as there for E[log ||A~!||]. This completes the proof. ]

For higher-order moments, one can obtain upper bounds for E [(log K(A))k] ,
k =2,3,...1in much the same way that we did for k = 1. We consider here the
centered case; for smoothed analysis, the situation is similar. Since logx (A) > 0,
we have that

E[(logk (A))*] < 2¥[E{(log™ | AID*} + E{(log™ A~ D5}
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Using the same estimates as in the case k = 1 for the tails of the probability
distributions of ||A| and ||[A~!||, after an elementary computation, it is possi-
ble to obtain that if k satisfies the inequalities 2 <k <14+ 2+ y Ar)logn,
then

2\* 2\*
E[(logk(A)*] = 2logn)* {(1 + ;> (14k) + (1 + ;) (1+ Ck)i| .

13.2. CONDITION NUMBERS OF CENTERED GAUSSIAN MATRICES

The purpose of the present section is to prove the following:

Theorem 13.4 (Azais-Wschebor, 2005c). Assume that A = ((ai;)), ;i
n > 3 and that the a;;’s are i.i.d. standard normal random variables. Then there
exist universal positive constants ¢ and C such that for x > 1,

c C
— <Pk (A) >nx) < —. (13.13)
X X

Remarks

1. The limiting distribution of k (A)/n as n — oo has been computed in Edel-
man’s thesis (1989). The interest in this theorem lies in the uniformity of the
statement and in the relationship that the proof below establishes with Rice’s
formulas.

2. This theorem, and related ones, can be considered as results on the Wishart
matrix ATA. Introducing some minor changes, it is possible to use the same
methods to study the condition number of ATA for rectangular n x m matrices
A having i.i.d. standard normal entries, n > m.

3. We will see below that ¢ = 0.13 and C = 5.60 satisfy (13.13) for every
n =3,4,.... Using the same methods, one can obtain more precise upper and
lower bounds for each n. Improved values for the constants, as well as extensions
to rectangular matrices and to other canonical non-Gaussian distributions can be
found in a paper by Edelman and Sutton (2005), where the proofs are based on
the analytic theory of random matrices. In particular, for the constant C these
authors show evidence for the value C = 2. See the numerical application in the
next section.

Proof of Theorem 13.4. Recall the notation in the introduction of this chapter. It
is easy to see that, almost surely, the eigenvalues of ATA are pairwise different.
We introduce the following additional notation:

e {e1,...,e,} is the canonical basis of R”.
e B=ATA= (b))
e X(t) =1TB1.

ij=1,..n"
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e Fors # 0in R", 7y : R — R” denotes the orthogonal projection onto {s}*,

the orthogonal complement of s in R”.

e For a differentiable function F defined on a smooth manifold M embedded
in some Euclidean space, F'(s) and F”(s) are the first and second derivatives
of F, which we will represent, in each case, with respect to an appropriate
orthonormal basis of the tangent space.

Instead of (13.13), we prove an equivalent statement: For x > n,

T PUe(A) > x) < @ (13.14)
x x

We break the proof into several steps. Our main task is to estimate the joint
density of the pair (v,, v1); this will be done in step 4.
StEP 1. For a, b € R, a > b, one has, almost surely,

{v, € (a,a+da),vy € (b,b+ db)}
_ { 35,1 € "7, <s5,t>=0,X(s) € (a,a+da), X(t) € (b,b+db),
- m(Bs) = 0, m,(Bt) = 0, X"(s) <0, X"(t) > 0 '
(13.15)

The random integer N, 5 q4q4.4» Of pairs (s, t) belonging to the right-hand side of
(13.15) is equal to O or to 4, so that

P (v, € (a,a+da), vy € (b,b+db)) = 1B (Napaa.av) - (13.16)

Step 2. In this step we give a bound for E(Na)b,da‘db) using a Rice-type
formula. Let
V= {(s, s, te8 <s, 1> :O}.

V is a C%-differentiable manifold without boundary, embedded in R2",
dim(V) = 2n — 3. We denote by 7 = (s, t) a generic point in V and by oy (d7)
the geometric measure on V. We will need the total measure oy (V), which is a
particular case of the following lemma. (We use the full statement in the next
section.)

Lemma 13.5 Let a, b > 0. We define
Vap =1{(s,1) e R* x R" : ||s]|* = a, ||t]|* = b, (s, 1) = O}.

Denote by (1, the geometric measure of the compact C*°-manifold V, , embed-
ded in R*". Then

Lap = (@ +b)'*@b)" 26, 0, 5,

where o,_1 denotes the surface area of S"~' C R"; that is, 6,—1 = 27"/? /T (n/2).
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Proof. Notice that for each point (s, 1) € V, 5, the triplet

5(.9)

K t 1
_70 9 03 mm 77
(Ilsll > ( IItII) VIsI?+ ]

is an orthonormal basis of the normal space to V,; at (s, t); these correspond,
respectively, to the unit vectors orthogonal to each one of the (2n — 1)-
dimensional manifolds in R*" given by

Isl* = a
It]* = b (13.17)
(s, 1) =0.

So, as § | 0, the 2n-dimensional Lebesgue measure of the set

Es={(s,t) € R :/a—38<|s|
<JVa+8,~Vb—5<|t]| <vb+38,|(s, 1) <8va+ b}

is equivalent to (28)3 Ha.b-
On the other hand,

han(E3) = / ds / dr. (13.18)
(Ja—8<lsll</a+s} (Wh—8<ltll<v/b+5,|(s.1)| <5~/aTD}

Using polar coordinates in each iterate of the double integral in (13.17), the result
follows. 0

Proof of Theorem 13.4 (conmt.). Since V =V, Lemma 13.5 implies that
oy (V) = «/ion,l.(fn,z. On V we define the random field Y : V — R?" by

means of
Y(s, 1) = ( Zt((gf)) )
For 7 = (s, t) a given point in V, we have that
Y(1) € {(t, =) N {{s) x (1)) = We

for any value of the matrix B, where {(f, —s)} is the orthogonal complement
of the point (¢, —s) in R?*. In fact, (¢, —s) € {s}* x {t}* and

<Y(s,1), (t, —s)>pwm = <my(Bs), t > — < (Bt),s >

=<Bs—<s,Bs>s5,t>—<Bt—<t,Bt>t,s>=0

since <s,t> = 0 and B is symmetric. Notice that dim(W;) = 2n — 3.
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We also set
A(t) = [det[(Y' ()Y (0)1]"/2

For t = (s,t) € V, F; denotes the event
Fr = |X(s) € (a,a +da), X(1) € (b, b+ db), X"(s) <0, X"(r) > 0}

and py ) (-) is the density of the random vector Y (7) in the (2n — 3)-dimensional
subspace W, of R?". Applying Rice’s formula (Theorem 6.2 with adaptation to
manifolds as in Section 6.1.3) gives us

a+da b+db
E(Na,p,da,ap) =/ dx/ dy (13.19)
a b

/ E(A(s, 1) Lixry<o,x7 )~y | X (8) = x, X (1) =y, Y(s,1) =0)
%

PX (), X (1), Y (s, (X, ¥, 0oy (d(s, 1)).

The invariance of the law of A with respect to the orthogonal group of R"
implies that the integrand in (13.18) does not depend on (s, ) € V. Hence, we
have proved that the joint law of A, and A has a density g(a, b), a > b, and

2
ga.b) = %an_l.an_z (13.20)

E(A(er, €2) I{X”(e1)<0,X”(e2)>()} ’X(el) =a, X(ex) =b,Y(e1,e2) =0)
“DX(e1).X (e2).¥ (e1,e2) (@, D, 0).

Step 3. Next, we compute the ingredients in the right-hand side of (13.20).
We take as orthonormal basis for the subspace W, ,),

{(63’ O)v ] (env 0)7 (07 63)’ R ] (07 en)v %(627 el)} = Ll
We have
X(ey) = bn
X(e2) = b

X"(e1) = By — byl
X"(e2) = By — byalyy,

where B (respectively, Bj) is the (n — 1) x (n — 1) matrix obtained by sup-
pressing the first (respectively, the second) row and column in B.

Y(e1,ez) = (0,31, b3y, ..., b1, b12,0,b3a, ... bpo, b1o)7,
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so that it has the expression in the orthonormal basis L;:

. 1
Y(ey,e2) = Z (bi1(ei, 0) + bi2(0, €)) + v/2b12 (—(62, €1)> .
i=3 V2

So the joint density of X (ey), X (e2), Y (e1, e2) appearing in (13.20) in the space
R x R x W, ¢, is the joint density of the random variables b1, byy, ﬁblz,
b31, ..., bp1, b3, ..., by at the point (a, b, 0, ..., 0). To compute this density,
we first compute the joint density g of b3y, ..., b,1, b3o, ..., by, given ajand
a>, where a; denotes the jth column of A, which is standard normal in R".

g is the normal density in R>”"~?)| centered with variance matrix

lay1?1,—> <ap,ar > I,»
<ap,ay > I,» lax)|*1,—>

Set a} =4 Jj = 1,2. Now we compute the density of the triplet

= lajl

2 2
(b11, b2z, b12) = (larll”, a2l llarllllazll < af, a3>)

at the point (a, b, 0).
Since <aj, ay> and (|la; ||, |la2||) are independent, the density of the triplet at
(a, b, 0) is equal to

X (@) 27 (D) (ab) ™2 p_yr 12 (0),

where X,%(‘) denotes the x2 density with n degrees of freedom.
Let & = (1,...,&)" be standard normal in R". Clearly, <a/, a,> has the
same distribution as &;/|&||, because of the invariance under the orthogonal

group:

1 1 2 12 1 ?(n—1
_P{|<ai,a§>|§t}=—P{i—l< }:—P{Fl,n_lsw}

2t 2t —1—12

n—1
1 2(n—1)/1—1%

=% Sin—1(x)dx,

where X3—1 = 522 +---+ &% and Fy ,_ has the Fisher distribution with (1, n — 1)
degrees of freedom and density fj ,—;. Letting + — 0, we obtain

0o L_Te
p<ai,aé> _ﬁr((n_])/z)
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Summing up, the density in (13.20) is equal to

RS 2en_—1/2 1 1 _a+b
ﬁ(2n) b4 F(n/Z)F((n — 1)/2)2 N exp( ) (13.21)

We now consider the conditional expectation in (13.20). The tangent space to
V at the point (s, #) is parallel to the orthogonal complement in R"” x R" of the
triplet of vectors (s, 0); (0, 1); (¢, s). This is immediate from the definition of V.
To compute the associated matrix for Y'(ey, e;), take the set

1

{(637 O)v N (e}’h 0)7 (07 63)3 LRRR) (07 en), 5(627

—e))} =L,

as the orthonormal basis in the tangent space and the canonical basis in R>".
Direct calculation gives

1

—uT 01,02 ———=b
’ | V2
w’ 01— —=(=b11 + b2)
sn \/E
Bio — b1, 04—2,n—2 —w
Y'(er,e2) = . V2 ,
0102 —wT —(=b11 + b2)
n \/E
0 vl ! b
n—2 —=Dby
1 \/51
04—2,n—2 By — byl ——=v
V2
where vT = (b3, ..., ba), wT = (b3, ..., by), 0;,; is a null matrix with i rows

and j columns, and By, is obtained from B by suppressing the first and second
rows and columns. The columns represent the derivatives in the directions of L;
at the point (ey, e2). The first n rows correspond to the components of m3(Bs),
the last n ones to those of m;(Bt). Thus, under the conditioning in (13.20),

01,02 01,02 0
1
01,0—2 01,02 E(b —a)
, By —al,2  0p2,2 0n—2,1
Y'(er,er) = |
01— 01,02 ﬁ(b —a)
01,02 01,02 0

0,—2n—2 By —bl,_» 0,—2,1
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and

[det[(Y' (1. €2)) "Y' (e1, ex)]]'/?
= |det(B12 — al,—)||det(B1p — bl,2)|(a — D).
Step 4. Notice that By —al,_; <0= By —al,—» <0, and similarly,
B, —bl,_1 > 0= By —bl,_» > 0, and that for a > b, under the conditioning

in (13.20), there is equivalence in these relations.
It is also clear that since Bj; > 0, one has

-
| det(B12 — al,—2)| Ipy—a1, ,<0 < a" 7,

and it follows that the conditional expectation in (13.20) is bounded by

a"'E(|det(Biy — bI,—2)| Ig,—p1, o»0lb11 = a, by =b, b1y =0,b;1 =bip =0
(i =3,...,n)). (13.22)

We further condition on a; and a,. Since unconditionally a3, ..., a, are i.i.d.
standard normal vectors in R”, under the conditioning, their joint law becomes
the law of i.i.d. standard normal vectors in R”~2 and independent of the condition.
That is, (13.22) is equal to

a" "B(| det(M — bI,-2)| Tys—p1,_,-0) (13.23)

where M is an (n —2) x (n — 2) random matrix with entries M;; = <v;, v;>
(i,j=1,...,n—2), and the vectors vy, ..., v,_» are i.i.d. standard normal in
R"~2. The expression in (13.23) is bounded by

a"'E(det(M)) = a""'(n — 2)\.

The last equality is contained in the following lemma (see, e.g., Mehta, 2004).
We include a proof for completeness.

Lemma 13.6 Let&y, ..., &, bei.i.d. random vectors in R?, p > m, their common
distribution being Gaussian centered with variance I,. Denote by W,, , the matrix

Wm,p = ((<€iv §j>))i,j:1,...,m

and by
D) = det (W, — Aly)
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its characteristic polynomial. Then

E(det (Wm,p)) =pp—1---(p—m+1) (13.24)

- m p! k
E(DM) =) (=DF — 13.25
(D(L) g; )(k>@_w%+M! (13.25)
Proof. Fix the values of &,...,&,_;, which are linearly independent with
probability 1. Let {wl,...,w,,} be an orthonormal basis of R?” such that
Wi, ..., Wy—1 € Viu_1, where V; denotes the subspace generated by &, ..., §;.

Observe that det (W, ,) is the square of the volume, in V,, C R?, of the
parallelotope {Z;"zl ci&,0<c¢ <1,i= lm} So

det (Wi, p) = d*(Emy Vin1) det (Wy—y )

where d(&,,, V,,—1) is the Euclidean distance from &,, to V,,_;. Because of
rotational invariance of the standard normal distribution in R?”, the conditional
distribution of dz(ém, Vin—1) given &1, ..., &, _1 is independent of the condition
and X;fm +1- Hence,

E (det (Wm,p)) =E (E (dz(%-mﬁ Vm—l) det (Wm—l,p) |‘§3:17 R gm—l))
= (p —m+ DE (det (Wy—_1,p)) .
Iterating the procedure, we get (13.24).
Let us prove (13.25). Clearly,

(k)
D)) = Z D k'(O) Ak, (13.26)
k=0 :

Standard differentiation of the determinant with respect to A shows that for
k=1,...,m —1 one has

where the sum is over all k-tuples iy, ..., i; of pairwise different nonnegative
integers that are smaller or equal than m, and the (m — k) x (m — k) matrix
i1, ..., Iix. Hence, applying (13.24) to each term in this sum, and based on the
number of terms, we get

E(D®(0) = (=D m(m =1 (n —k+Dp(p =1 (p—(m— k) + 1.
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To finish, take expectations in (13.26), and notice that
D™ ) = (=1)"m!, E(DP0) =p(p—1---(p—m+1). O

Proof Theorem 13.4 (cont.). Summing up this part, after substitution in (13.20),

we get

exp ( — (a + b)/2) gl
~ab ’

gla,b) <C, (13.27)

where
1

CED

n

STEP 5. Now we prove the upper-bound part in (13.14). One has, for x > 1,

V, [‘2 V. L2
P{K(A)>x}:P{_”>x2} f1:{1,1<_2”}+P{_n>xz,vl . _zn}
Vi X Vi X

where L is a positive number to be chosen later. For the first term in (13.28), we
need some auxiliary lemmas that we take from Sankar et al. (2002) in a modified
form included in Cuesta-Albertos and Wschebor (2004):

Lemma 13.7 Assume that A = (a,-,j)i,jzl ,,,, ny Qi j =M+ &ij i, j=1,
..., n), where the m; ;’s are nonrandom and the g; ;’s are i.i.d. standard normal
random variables. Let v € S"~. Then, for x > 0,

1/2
ellatol == (1<) <(2) "L
X b X

where & is a standard normal random variable.

Proof. Because of the orthogonal invariance of the standard normal distribu-

tion, it suffices to prove the result for v = e¢;. Denote by ay, ...., a, the rows

of A and by «; the first column of AL Clearly, «; is orthogonal to ay, ..., a,

and («j,a;) = 1, so that @y = yw, where |y| = ||«;| and the unit vector w is

measurable with respect to ay, ..., a, and orthogonal to each of these vectors.

Also, ||aq|[|{w,a;)] = 1. Observe now that the conditional distribution of the

real-valued random variable (w, a;) given the random vectors as, ..., a, is stan-_
dardnermal, so that, under this condition, ||«;|| can be written as |lo1]| = 1/|&],

where & is standard-nermal. The equalities

1
P[|A 0] > x] = Pl ]l > x] =P<|§| - ;)

finish the proof of the lemma. U

mowinel  nomdow el wit vaamce L
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Lemma 13.8 Let U = (Uy, ..., U,) be an n-dimensional vector chosen uniformly
on 8"V and let t,,_, be a real-valued random variable with a Student distribution
with n — 1 degrees of freedom. Then, if ¢ € (0, n), we have that

-1
P[U12>£]:P|:t,f_1>n ci|.
n

n—=«c¢

Proof. U can be written as
Vv

v

where V = (Vy, ..., V,) is an n-dimensional random vector with standard normal
distribution. To simplify the notation, let us denote K = V22 +---+ V?2. Then
the statement

V12 c
2 ==
Vi+K n

is equivalent to

V12 c
> 9
K n—-c

and we have

-DVE n-1 —1
P[U12>£]=P|:(n ) L,z ci|=P[t,%1>n c],
n

K n—c n—c
where #,_; is a real-valued random variable having Student’s distribution with

n — 1 degrees of freedom. O

Lemma 13.9 Let C be an n x n real nonsingular matrix. Then there exists
w € R, |lw|| = 1 such that for every u € R”, ||u|| = 1, one has

[Cull = [IC] - [(w, u)].

Proof. Since |C|)? is the maximum eigenvalue of the symmetric matrix CTC,
take for w an eigenvector, ||w| = 1, so that ||[Cw| = ||C||. Then, if ||u] =1,

ICII*(w, u) = (Cw, Cu),
which implies that

ICI*(w, u) < [ICII - [[Cul. O
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Lemma 13.10 Assume that A = (ai,j)i‘jzl,wn, aj j =m; +gi,j (l,] =1,
...,n), where the g; ;’s are ii.d. standard normal random variables, and

M = (mi»J)i FE— is nonrandom. Then, for each x > 0,
nl/2
P[IA7"] = x] < Co(m)—, (13.29)
X
where

2\ 172 n—1 -1
Co(n) = | = sup /cP|#2 | > c
3 ce(0,n) n—c

Proof. Let U be a random vector, independent of A with uniform distribution
on §"~!. Using Lemma 13.7, we have that

1/2
P[IAT'U| > x] = E{P[IIA7'U| > x|U]} < (;> % (13.30)

Now, since if wy, |wa |l = 1 satisfies ||[A~ wa| = [|[A7"], and |u|| = 1, then
TA™ el = AT x| < wa,u > |,

we have that, if ¢ € (0, n),

P[||A’1U|| > x(%)l/z] > P[{HAIII zx} and {| <wa,U>|> (5)1/2”

_E {P[{nfr‘ | > x} and

cn1/2
<vav=12 ()]
on1/2
2 n—1
=E] Lya-1znP | iy > ——c

n_
=P|:t3_l >

n—c

c] PlIA7 > x],

where we have used Lemma 13.8. From here and (13.29) we have that

PA7Y| > x] < : (z)l/z l (’1)1/2
I | =x] =< P2, >[(n—1/(n—0o)lc] \ = *oe |
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To end the proof, notice that if g is a standard normal random variable, then

-1 —1
sup c'/?p |:t3_1 >z ci| > sup c'/?P |:t,%_l > - c:|

ce(0,n) n—c ce(0,1) n—c¢
> sup c'’p [tf_l > c]
ce(0,1)
> sup c¢'?P[g* > ] (13.31)
ce(0,1)
> 0.565'*P[g* > 0.565] ~ 0.3399. O

Proof of Theorem 13.4 (cont.). For the first term on the right-hand side of
(13.27), using the auxiliary lemmas we obtain

P Ll _pfiay = 2] < oy
V< — ¢ = > —— n)—.
P= 2 Lyn) ~— 2

—1
@)} < Cy(+00) = 2.3473,

O<c<n n—

2\ 1/2
Cr(n) = (;) |: sup /cP(t7_, >

where 7,1 is a random variable having Student’s distribution with n — 1 degrees
of freedom.
Let us now turn to the second term on the right-hand side of (13.28),

1 2nx— x2

v L2n +o0 +o00
P!—n>x2,v12—2}=/ db/ g(a,b)daSGn(xz)
U([ X L 2 b

with

a"da,

+00 +o0 _
db/ exp(— (a +b)/2)
1 b

G,(y) =C,
) / ) N

L2ny~

using (13.27). We have

+00
G,(») =Gy, [—/ exp(—b/2)Vbexp (— (by)/2)(by)" > db
L

2py—1

e (e 5)
+L"ny expl—=(a+—
LZn 2 y

Q"2 1212 da], (13.32)
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which implies that

e b(1+y)
xp (20

: )b"—ldb

—Gl(y) < Cyy" 32 /

LZny—1

_3)2 n +o0
- < Y ) 2”/ e 7" dz
4n =2 \1+y (L2n/2y)(1+y)

y—3/2 +00
< on / efzznfl dz.
4n—2)! Jizap

“+o00
Set I,(a) = / e 7" 1dz. On integrating by parts, we get
a

L@=e¢[d"'"+(n—Da"*+n—Dmn—2a"">+-+@n-DI],

so that for a > 2.5m,

5
Li(a) < Ze %a" .
3
If L2 > 5, we obtain the bound

5 pt! L’n
—G/(y) < D,y *?* with D, = =——— > D ——).
2(¥) < Dny wi 602 exp >

We now apply Stirling’s formula (Abramovitz and Stegun, 1968); that is, for all
x>0,

F(x + 1) exp <—%) < (f)x Varx <T(x+ 1),

x/)  \e

to get

52 n L* — 4 log(L) —2 52
exp| —n < n.
VT L2 n =2 2 12/ L?

if we choose for L the only root larger than 1 of the equation,
L? — 4log(L) — 2 = 0 (check that L ~ 2.3145). To finish,

D, <
12

oo gt

+o0
0< Ga(y) =/ -G, () dt < Dn/ =7 = 2D,y "2
y

y

Substituting y for x? and performing the numerical evaluations, the upper bound
in (13.14) follows and we get for the constant C the value 5.60.
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STEP 6. We consider now the lower bound in (13.14). For y >0 and x > 1,
we have

2
P{K(A)>x}:P:& >x2} zP{v—" >x2,v1 < g}
Vi V1 X
vZn vy 5 vZn
=P:v1<—2}—P{—§x,v1<—2}. (13.33)
X 1% X

A lower bound for the first term on the right-hand side of (13.33) is obtained
using the following inequality, which we state as a new auxiliary lemma. The
reader can find similar statements in articles by Edelman (1988) and Szarek
(1991).

Lemma 13.11 If0 <a < 1/n, then P{v; < a} > B/an, where we can choose
3
for B the value = (%)26_1/3.

Proof. Define the index ix(z) of a critical point ¢ € §"~1 of the function X as
the number of negative eigenvalues of X”(¢). For each a > 0, put

Ni(@)=#{te S " X@t)=1"Bt <a,X'(t) =0,ix(t) =i},

for i =0,1,...,n— 1. One easily checks that if the eigenvalues of B are
Vi, -,V 0 < vy <--- <y, then

o If a <vy, then Nj(a) =0fori =0,1,...,n—1.

o If vi<a<vyy for some i=0,1,...,n—1, then Ni(a) =2 for
k=0,...,i—1and Ny(a) =0fork=1i,...,n— 1.

e If v, <a, then N;(a) =2 fori =0,1,...,n— 1.

Now consider
n—1

M(a) =Y (=)' Ni(a).

i=0

M (a) is the Euler—Poincaré characteristic of the set S = {r € S"~!: X(1) < a)
(see, e.g., Adler, 1981).

o If No(a) =0, then N;(a) =0fori =1,...,n— 1, hence M(a) =0.
o If No(a) =2, then M(a) =0 or 2.

Then, in any case, we have the inequality M (a) < Ny(a). Hence,
P{v; <a} = P{No(a) = 2} = 1E(No(a)) = 1E(M(a)). (13.34)

Given the definition of M(a), its expectation can be written using the following
Rice formula:
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E(M(a)) = /Oa dy /SH E[det (X" (1))|X (1) = y, X'(1) = 0]
Pxo).x'0) (¥, 0)op—1(d1)
= /Oa 0u—1(S" HE[ det (X" (e1))1X (e1) = y, X'(e1) = 0]
Px(en.x'ep) (¥, 0) dy,

where we have again used invariance under isometries. Applying a Gaussian
regression similar to the one we used in step 4, we obtain

V2r

on—1

P2(n/2) X222 4 (1335

vy

where Q isan (n — 1) x (n — 1) random matrix with entry 7, j equal to <v;, v;>
and vy, ..., v,_; are i.i.d. standard normal in R"~'. We now use part (ii) of
Lemma 13.6:

E(M(a)) = /0 E[det(Q — yI,—1)]

n—1 _ Nk
E[det (Q — yl,_1)] = (n — 1)!2( ! ) St 2 (13.36)

k!
k=0

Under condition 0 <a < n~!, since 0 < y < a, as k increases the terms of the

sum on the right-hand side of (13.36) have decreasing absolute value, so that
E[det (Q — yl,-1)] = (n = DI[1 = (1 = Dyl.
Substituting into the right-hand side of (13.35), we get

V27 (n = 1)!
E[M(a)] > Firz(n/Z) Jn(a),

1

where, again using 0 <a <n~", we obtain

@ exp(—y/2)
J, = 1-(n—-1)y)———=d
(a) /o ( (n )y) e y

“1—(m—1y 4
> [ 202y ydy = - oa,
_/0 =3/ dy 2 3Va

by an elementary computation. Going back to (13.35), applying Stirling’s for-
mula, and remarking that (1 + 1/n)nJrl > e, we get

P{vi <a} > (%)3/26_1/3«/6171.

This proves the lemma. O
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Proof of Theorem 13.4 (cont.). Using Lemma 13.11, the first term on the
right-hand side of (13.33) is bounded below by By (n/x). To obtain a bound
for the second term, we use again our upper bound (13.27) on the joint density

g(a, b), as follows:
2 y2nx~ bx?
P{ﬁgxz,v1<g}=/ db/ g(a,b)da
Vi X 0 2 b

yznx* bx2 e _ + b)/2
< Cm/ db/ 2 (= @thf2) iy,
0 ) b vab

yenx—
<C, / b(x> = Db~ 2 bx>" 3% db
0

2

< 1 X2 -1 2n,n—1 _ n
—_— —e
Sdn-2 B 7 =87

mn
y¥= (13.37)
X

on applying Stirling’s formula. Now choosing y = 1/e, we see that the hypothesis
of Lemma 13.11 is satisfied and

P{Vn 2 Vzn} \/z —3n

< R < — .
N 8ﬁe x
Substituting into (13.33), we obtain the lower bound in (13.13) with
2\*? 2
c=|\= e 43— Le_3 ~ (0.138. O
3 8./

13.2.1. Monte Carlo Experiment

To study the tail of the distribution of the condition number of Gaussian matrices
of various size, we used the following Matlab functions: normrnd to simulate
normal variables, and cond to compute the condition number of matrix A. Results
over 40,000 simulations using Matlab are given in Table 13.1 and Figure 13.1.
Taking into account the simulation variability, the table suggests that the constants
c and C should take values smaller than 0.88 and larger than 2.00, respectively.

13.3. NONCENTERED GAUSSIAN MATRICES

Let A = ((a;;))i, j=1,..,» be a random matrix. Throughout this section we assume
that the «;;’s are independent random variables with Gaussian distribution having
expectations m;; = E(q;;) and common variance o2. We denote M = ((m; ).
The aim of the section is to prove Theorem 13.2, which gives a bound for the tails
of probability distribution of k (A). One way of looking at this result is as follows:
We begin with a nonrandom matrix M and add noise by putting independent
centered Gaussian random variables with variance o2 at each location. We ask
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TABLE 13.1. Values of the Estimations P{«x (A) > mx} by the Monte Carlo Method
over 40,000 Simulations

Value of x
Probability 1 2 3 5 10 20 30 50 100
Lower bound: 0.13/x 0.13 0.065 0.043 0.026 0.013 0.007 0.004 0.003 0.001
Upper bound: 5.6/x 1 1 1 1 0.56 0.28 0.187 0.112 0.056
m=23 0.881 0.57 041 026 0.13 0.067 0.044 0.027 0.013
m=>5 0931 0.66 048 030 0.16 0.079 0.053 0.033 0.016
m =10 0.959 0.71 052 034 0.17 0.088 0.059 0.035 0.017
m = 30 0974 0.75 056 036 0.19 0.096 0.063 0.038 0.019
m = 100 0978 0.77 0.58 0.38 0.20 0.098 0.066 0.040 0.019
m = 300 0.982 0.77 058 038 020 0.101 0.069 0.041 0.022
m = 500 0.980 0.77 0.59 038 020 0.100 0.066 0.039 0.020

Figure 13.1.  Values of P{k (A) > mx} as a function of x for m = 3 (down), and 10, 100,
and 500 (up). (From Azais and Wschebor, 2005¢, with permission.)

for the condition number of the perturbed matrix. Notice that the starting matrix
M can have an arbitrarily large (or infinite) condition number, but for the new
one it turns out that we are able to give an upper bound for P(x (A) > x), which
has a form similar to the one in the centered case.

Theorem 13.12. Under the foregoing hypotheses on A, one has, for x > 0,

1
P(k(A —
(k( )>nx)<x<4 —

+C(M, o, n)) , (13.38)
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where

) 172

41M| <1+1ogn)>

+ 5 .
o“n

C(M,o,n) :7(5

Remarks

1. Theorem 13.12 implies that if 0 <o < 1 and ||M|| < 1, then for x > 0,
20
P(k(A) > nx) < —. (13.39)
ox

This is an immediate consequence of the statement in the theorem.

2. With calculations similar to the ones that we will perform for the proof of
Theorem 13.12, one can improve somewhat the constants in (13.38) and
(13.39).

Proof of Theorem 13.12. Due to the homogeneity of « (A), with no loss of gener-
ality we may assume that o = 1, changing the expected matrix M by (1/0)M in
the final result. We follow closely the proof of Theorem 13.4, with some changes
to adapt it to the present conditions. In exactly the same way, we apply Rice’s
formula and prove that the joint density g(a, b), a > b of the random variables
v, and v; is given by

¢(a, b) = f E (A(s, ) Ty <ox7 o0y | X (8) = @, X(0) = b, Y (5., 1) = 0)
\%
“PX().X0).Y (.0 (@ b, 0)oy (d(s, 1)). (13.40)

where the notation is also borrowed from the preceding section.

Next, we compute the ingredients on the right-hand side of (13.40). This
has some differences with the centered case. Put a;; = m;; + g;; with the g;;’s
i.i.d. standard normal and G = ((g;;)). For each (s, 1) € V, we take an orthonor-
mal basis of R” so that its first two elements are, respectively, s and ¢, say
{s,t, ws, ..., w,}. When expressing the linear transformation x ~» Ax (x € R")
in this new basis, we denote by A®' the associated matrix and by af}' its 7, j
entry. In a similar way we get G*', M*', and B*'. Notice that G*' has the same
law as G, but the nonrandom part M*-' can vary with the point (s, 7).

We denote by B} (respectively, B;") the (n — 1) x (n — 1) matrix obtained
from B*' by suppressing the first (respectively, the second) row and column.
Bf; denotes the (n — 2) x (n — 2) matrix obtained from B**' by suppressing the
first and second row and column. To get an estimate for the right-hand side of
(13.40), we start with the density px ), x ),y (.0 (@, b, 0). We denote BSt = (bfj’.’)
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(and similarly for the other matrices). We have
X(s) = by
X(t) = b3,
X//(s) — Bi?,t _ bi,ltln—l
X"(t) = By' — b3y I—1.
Take the following orthonormal basis of the subspace Wi, ):

1

{(w3, 0),...,(w,,0), 0, ws),..., 0, w,), 7

(t, S)} == LS,I'

Since the expression of Y (s, ¢) in the canonical basis of R?" is

s, t s,t s,t §,t st s,t S,I\NT

Y(s,1) = (0,b5,b3,,...,b0,;,05,,0,b3,,...,b,,,b}5)",

it is written in the orthonormal basis L ; as the linear combination
n

Y(s, 1) = Z [B3 (wi, 0) + b5 (0, w)] + V2 b3y [i(t, s):| )
- V2

It follows that the joint density of X (s), X (¢), Y (s, t) appearing in (13.40) in
the space R x R x W ;) is the joint density of the random variables

s,t 78,1 s,t 7.8, st 7.8, s,t
by by 2B By b By b

*»“nl>

at the point (a, b, 0). To compute this density, first compute the joint density ¢
of
S,t S, st s,t
by, ....b) b3y, ..., by,

nl>

given af’t and aé”, where a;” denotes the jth column of A, with the additional
conditions that

|y = b1 =a, |lay"|| = b55 = b, (@, a") = by =0.

g is the normal density in R*"~2 with the same variance matrix as in the

centered case; that is,
aI,,_z 0
0 bl,_, )’

but not necessarily centered.
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So the conditional density ¢ is bounded above by

1 1
(27‘[)"‘2 (ab)(n—z)/z :

(13.41)

Our next task is to obtain an upper bound useful for our purposes for the
density of the triplet

st N3 st s,t2 s,tn2 St s,t
by, by, byy) = (lay' 117, ey |17, <ay's ay'>)

at the point (a, b, 0), which together with (13.41) will provide an upper bound
for px (), xw),ve.n(a, b, 0). We do this in the next lemma, which we will apply

afterward with £ = a}"’ and n = a;".

Lemma 13.13. Let & and n be two independent Gaussian vectors in R" (n > 2),
E() = u, E(n) = v, Var(§) = Var(n) = I,. Then the density p of the random
triplet (||§ 1%, Inl%, (&, 77)) satisfies the following inequality, for a > 4 || :

1 a
(n—3)/2
pla,b,0) < 220 0n_10u_2(ab) exp (—§> a,b>0. (13.42)

Proof. Let F : R" x R" — R? be the function

T
Fx,y) = (IxI? 117, o 0)
According to the co-area formula (6.30), density p at the point (a, b, 0) can be
written as
~1/2

p(a, b, 0) = /F_l(a,b,o) <det [F/(x, ) (F'(, y))TD

L1 luliy—vi?]
@m)"

dy(x,y),

where y denotes the geometric measure on F~!(a, b, 0). Recall the manifold
Va.p given by the set of equations

Ix|* = a, Iyl* = b, {x,y)=0.

Using Lemma 13.5 yields

Y (V) = (@ + b) 20, 104_2(ab) "=/,



NONCENTERED GAUSSIAN MATRICES 369

On the other hand,

2xT 0
F'(x,y) = 0o 23T [,
LI

so that if (x, y) € F~Y(a, b, 0), one gets
/ / T
det| F'(x, y) (F'(x, )" | = 16ab(a + b).

Substituting in (13.43) and taking into account condition a > 4 || /L||2, the result
follows. O

Proof of Theorem 13.12 (cont.). Summing up this part, (13.41) plus (13.42)
imply that

(@.b.0) < 1 1 exp(—a/8)

N S aa ’ —

Proxoren PrSPEAT (/)T (1= 1/2) Jab
(13.43)

We now consider the conditional expectation in (13.40). First, observe that the
(2n — 3)-dimensional tangent space to V at point (s, ¢) is parallel to the orthog-
onal complement in R” x R" of the triplet of vectors (s, 0); (0, ?); (¢, s). To
compute the associated matrix for Y’(s, t), take the set

1

{(w3,0), ..., (w,, 0), (0, ws3),..., 0, w,, 7

(t, =)} = Ky

as an orthonormal basis in the tangent space. As for the image of Y, we take the
canonical basis in R?*. Direct calculation gives

—vt 01,02 —1//2b3}
w’ 01,02 1/«/5(—bi’f +b33)
Y'(s, 1) = Bia ~biilz  Ou-2a-a 12w :
O1.n—2 —w? 1/v/2(=b}{ +b5y)
01,n—2 T 1/+/2b
Op—2.n—2 B}y — by 1 —1/4/2v
where vT = (b3, ..., b)), wT = (b3, ..., b)) and 0; ; is a null matrix with i

rows and j columns. The columns represent the derivatives in the directions of
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K at point (s, t). The first n rows correspond to the components of ms(Bs),
the last n to those of m,(Bt). Thus, under the conditioning in (13.39),

01,02 O1.n—2 0
0112 01.n—2 1/¥2(b - a)
Yi(s. 1) = By —al,—y 02,2 Om—2,1
O1.n—2 0102 1//2(b — a)
01,02 01,n—2 0

s,t
Op—2n—2 B}, — bl 0n—2,1

and
’ Ty 172 5.t st
[det[ (¥/.0)" Vs, 0| = 1det(BYy — al-2)lldet(BY — bl,-2)(a@ — b).

Since Bf’; > 0 one has

2

’

<a'

s,t
[det(Byy —aly-2) s yp o0 =

and the conditional expectation in (13.40) is bounded by

" 'E[[det(BY; — bl-2)| gy,

,2>O

by = a, by, =b, by =0,b;' =b =0 =3,....,n]. (1344

We further condition on ai” and aé’t, with the additional requirement that
||af”||2 =aq, |a§’t||2 = b, (ai’l, aé’t> = 0. Since unconditionally, as, ..., a, are
independent Gaussian vectors in R”, each having variance equal to 1 and mean
smaller or equal to ||[M]|, under the conditioning their joint law becomes the
law of (n — 2) Gaussian vectors in R"~2, independent of the condition and also
having variance equal to 1 and mean with Euclidean norm smaller than or equal
to || M].

As a consequence, the conditional expectation in (13.44) is bounded by
E (det(C”)), where C*! is an (n — 2) x (n — 2) random matrix, C*! = ((cfji’)),

st s,
ij = <

s,t . P
c u; >, j=3,...,n),
s,t s,t .
u =g+, i=3,...,n,

3, ..., ¢y are i.i.d. standard normal in R"~2, and H,uf.’t H < ||M| fori =3,...,n.
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The usual argument to compute det(C*’) as the square of the volume in
R"=2 of the set of linear combinations of the form ) ;5 v;u}' with 0 <v; <1
(i =3,...,n) shows that

E (det(C*) < (1 + IMI7) 2+ IM]?) -+ (n — 2+ [ M]|?)

e M2
=(n-2! 1+ —

: i
i=1
1+1 n
<(n-2) [<1+ ||M||2ﬂ)] ,
n

where we have bounded the geometric mean by the arithmetic mean.
Substituting in (13.44) and based on the bound (13.43), we get from (13.40)
the following bound for the joint density, valid for a > 4 |M IR

_ efa/S
(a,b) < Cp—=a""", 13.45
g ) Nz ( )

where

1
cn=—[1+nM

P2 1 +logn ”‘
4(n —2)! n

We now turn to the proof of (13.38), One has, for x > 1,

L? 12
P(K(A)>x):p<&>xz) §P<v1<—2n>+P<v—n>x2,v1 2—2")
X X

V1 Vi
(13.46)
where L is a positive number to be chosen later.
For the first term in (13.46), we use Lemma 13.10:
P I _p(jay s =) < o (13.47)
V< — ) = > —— —. .
T2 LJn) =~ *x

First impose on L the condition L*n > 4| M|?, so that for the second term in
(13.46) we can make use of the bound (13.45) on the joint density g(a, b):

v Lzl’l +o00 +00
P (l >x2 v > —2> = f db/ gla,b)da < H,(x*)  (13.48)
L 2 b

V1 X 2px— x2

with
a" da.

+00 db/+oo exp(—a/S)
! b

K, = En
) / ) Jab

LGy*



372 RANDOM FIELDS AND CONDITION NUMBERS OF RANDOM MATRICES

We have

K/( )_6 |:_/+OO ex (_b_y) ) )n—lﬁ
n y - n LGy—l p 8 y ﬁ

Lnl/2 [+
—I—%f exp (—ﬁ> a"_3/2da,i|
y / L2n 4

which implies that

K’ ~ \n—=3/2 e by n—1
K1) = Coy oxp (=)0 b

L2ny~
Val +00 C 2,\ "1
< S 8”/ e " ldz < C 8”§e_L2”/8 Lon = _n—l
=32 [ =32° 3 3 Vi

8

if we choose L2 > 20. So

+o0 , o +00 ds o 1
y y y
where
D, < 0 " [(1 L gl 41 0) }
n < ex ——+1lo o ni,
3V2n L2 /n—2 P 8 £ g

where 6§ = 1 + |[M|)? (1 +logn)/n. Choosing L = 2+/2(1 +46)'/2, conditions
L?>20 and L?n > 4| M|* are verified and 1 — L?/8 +log L% + log# < 0.
Hence,

Based on (13.47, (13.48), and (13.49), substituting in the right-hand side of
(13.46), inequality (13.38) in the statement of the theorem follows. O
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NOTATION

A€ complement of the set A

10} density of the standard normal distribution in R

O cumulative distribution function of the standard normal
distribution in R

X(% chi-square distribution with d degrees of freedom

A, Ag depending on the context: Lebesgue measure, in R?;
spectral moment of order d

(const) positive constant; its value can change from one
occurrence to another

De(x) density of the random variable or vector £ at point x

B(u;r) open ball with center # and radius r

Bu;r) closed ball with center u and radius r

N,(f,T) or N, number of roots of f(¢#) = u that belong to the set T

U,(f,T)or U, number of up-crossings of the level u by the function f
on the set T

D,(f,T) or D, number of down-crossings of the level u by the function
f on the set T

M¥ or M or My sup,.r X;

Fu(u) P{M < u}

w(X) median of the distribution of the real-valued random
variable X

r(s,t) covariance of a (often Gaussian) stochastic process
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390 NOTATION

}"l'j(S,t)
r'a)

cad-lag

i tir/as!
fance function of a stationary process:
Cov(X(2), X(z+1))
French acronym for continue a droite et limiteé a
gauche: right continuous with left limits
sup(0, z)
—inf(0, z)
72(z—1)---(z—k+1), z and k positive integers, k < z
E(UM)
EUM Ix0)<u)
level set: {t € S : X (1) = u}

Vi S22 (oo Chapter 10)
L?-norm, p > 0

sup norm

Euclidean norm in R¥
equivalence of two functions
numerical approximative equality

equality in distribution
Wiener process or Brownian motion
fractional Brownian motion
symmetric square matrix M is positive definite
symmetric square matrix M is negative definite
transpose of the matrix M
number of local maxima of the random field X,
having value bigger than u# and belonging to the set §
number of critical points of the random field X,
having value bigger than u and belonging to the set §
Hermite polynomials (see p. 210)
modified Hermite polynomials (see p. 211)
Gaussian orthogonal ensemble
identity n x n real matrix
geometric measure of size d
canonical basis
for a random field R? — Rd/, (d — d’)—dimensional
measure of the level set



INDEX

Airy relation, 286 Hermite expansion, 275
Area formula, 161 up-crossing, 68
Cylinder set, 11

Backcross, 106

Banach’s formula, 88, 276 Davies bound, 94, 134, 151
Berman’s condition, 259 Density of the maximum, 184, 198
Bézout number, 304 asymptotics, 208, 225
Bulinskaya’s lemma, 178 bound, 216
constant variance process, 231
cad-lag, 108 derivative, 198
Canonical distance, 33 implicit formula., 185
Central limit theorem for crossings, nonconstant variance process, 226
279 one parameter, 188

Co-area formula, 179, 369 random fields, 201
Comparison of means, 107 stationary and isotropic Gaussian fields, 204,
Computation of moments, 141 218
Condition number, 340, 343 Differentiability in quadratic mean, 29
Contiguity, 123 Differentiable paths, 27
Continuity of the paths, 20 Direct method, 208
Convex cone, 216 Directional power spectrum, 287
Crest, 291 Discretization of time, 262
Critical points, 171 Distribution
Crossings, 68 asymptotic, 122, 126

computation of moments, 99 Gaussian, 14

down-crossing, 68 Gumbel, 260

finiteness of moments, 82 nondegenerated, 87
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392 INDEX

normal, 14
of the maximum (bound), 93
Palm, 288
Poisson, 112
Double-sum method, 207
Dual cone, 216

Entropy, 33, 62
EPC method, 208

Euler—Poincaré characteristic, 207, 217, 255,

362
Excursion set, 217
Exploding paths, 213
Extended outwards derivative, 216

Factorial moments, 79
Finiteness of moments, 82, 346
Formula

Banach, 247

Durbin, 250

Rychlik, 246
Fractional Brownian motion, 41

Gaussian matrix, 225, 244, 343
Gaussian orthogonal ensemble, 221
Geman’s condition, 88, 98, 259
Gene detection, 106

Genetic marker, 107

GOE, 221, 243, 308

Haldane distance, 106

Hermite expansion of crossings, 275

Hermite polynomials, 210, 275, 299
expansion, 224
modified, 211

Hermite rank, 269

Holder conditions, 28

Hurricane Camilla, 299

Inequalities for the tails, 53, 56, 60,
93, 98
Inequality
Borell, 62
Borell-Sudakov—Tsirelson, 53
Dudley, 62
Ehrhard, 48
isoperimetric, 52
Li and Shao, 44
Slepian, 44
Invariant systems, 313
Ito integrals, 23
Ito’s formula, 53

Kac’s formula, 69
Karhunen—Loeve representation, 18
KSS model, 306, 335

Law of iterated logarithm, 250
Level curve, 290

Level set, 177

Linear model, 106

Lipschitz condition, 161

Local asymptotic alternative, 122
Local extrema, 10, 34, 72, 288
Local time, 90, 91

MAGTP toolbox, 249, 251, 255
Manifold, 185, 369
embedded, 174
Riemannian, 173
Matrix
condition number, 340, 343
Frobenius norm, 341
ill-condtionned, 341
non-Gaussian, 343
random, 342
well-conditionned, 341
Maxima on manifolds, 171
Maximum of the absolute value,
105
Mehler’s formula, 269
Mixtures of distributions, 120
Monte Carlo experiment, 364
Monte Carlo method, 118, 133, 149
Morgan, 106
Multivariate statistics, 342

Narrow spectrum, 91
Noncentered systems, 321

Nonlinear functionals, 274

Nonparametric transformation, 299
Normal Comparison Lemma, 4
1 comparison lemma, 66
Numerical analysis, 34

Ordinary moments, 79

Point processes, 259

Polish space, 108

Polyhedron, 218

Polynomial in the scalar product,
319

Polynomial interpolation, 135

Polynomials, 301

Polynomials systems, 302



Process
%2, 90
diffusion, 161
ergodic, 267, 288
m-dependent, 268
Ornstein—Uhlenbeck, 47, 111, 116, 130, 151,
251
periodic, 129
Poisson, 106, 113, 259, 266
sine—cosine, 129
Slepian, 47
stationary, 17, 23, 80, 81, 98, 101, 139
stationary and isotropic, 333
unbounded, 212
Wiener, 23, 28, 61, 62, 90, 161, 250, 271
with Gaussian covariance, 47

QTL, 106
Quadratic perturbation, 318

Random fields, 31, 266, 283
Random matrices, 342
Rayleigh density, 91
Record times
one dimension, 245
two dimensions, 251
Rice formula, 68, 352
x2 process, 90
counterexample, 87
factorial moments, 79
first moments, 79
Gaussian, 71, 80
geometric measure, 177
higher moments, 164
integral on the level set, 178
local extrema, 86, 90
non-Gaussian, 76, 175
random field, 163
upper-bound, 89
variations, 85
weighted, 164
Rice series, 133, 249
numerical aspects, 149
Round-off errors, 341

Second fundamental form, 174
Separability, 26
Shub—Smale model, 303
Singular values, 342
Skorohod

embedding, 110

space, 260

topology, 108

INDEX 393

Smoothed analysis, 321, 347

Smoothing, 116

Spectral measure, 16

Speed of crossings, 293

Standard normal distribution, 14

Stationarity, 267

Stationary and isotropic Gaussian field, 204, 208,
218, 333

Statistical test, 92, 107

Stirling formula, 361

Student distribution, 360

Systems of random equations, 301

Tail of the distribution of the maximum
asymptotics, 247
two dimension, 253
Tangencies, 34
Taylor expansion of Rice functions, 141
Test
likelihood, 108, 122
moment, 122
Theorem
Birkhoff—Khintchine, 268
Bochner, 14, 182
central limit, 268, 278
ergodic, 268
Kolmogorov’s extension, 12
Maruyama, 267
Prohorov, 109
Rolle, 83
Shub—Smale, 302
Sudakov—Fernique, 48
Tsirelson, 184
Volkonskii and Rozanov, 258
Ylvisaker, 35, 255
Tightness, 109
Tranformed Gaussian models, 299
Tube method, 207

Unit speed, 250

Variance of the number of roots, 306
Velocity of crests, 297

Velocity of level curves, 294
Version, 13

Wave-height, 288
Wave-length, 288
Waves
Euler equations, 285
Lagrange model, 299
Weak convergence, 108—110
Wiener chaos, 258



