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Abstract

We introduce Sobolev spaces and capacities on the path space P, (M) over a
compact Riemannian manifold M. We prove the smoothness of the It6 map and
the stochastic anti-development map in the sense of stochastic calculus of varia-
tion. We establish a Sobolev norm comparison theorem and a capacity comparison
theorem between the Wiener space and the path space Pp,,(M). Moreover, we
prove the tightness of (r, p)-capacities on P, (M), r € N, p > 1, which gener-
alises a result due to Airault-Malliavin and Sugita on the Wiener space. Finally,
we extend our results to the fractional Holder continuous path space P,%’;L’(’(M ),
meN, m>2 a€ (5,3)
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1 Introduction

Sobolev spaces and capacities theory on the Wiener space is one of the significant
aspects of the Malliavin Calculus. The tightness of (r,p)-capacities (r € N,p > 1)
on the Wiener space plays an important réle in the study of the finite co-dimensional
submanifold (which are usually negligible with respect to the Wiener measure) of the
Wiener space through the quasi-sure analysis. The purpose of this paper is to study
Sobolev spaces and capacities theory on path spaces over a compact Riemannian
manifold.

Let M be a compact connected Riemannian manifold, d = dimM, V be a torsion
skew-symmetric (TSS) connection on M. For any fixed point my € M, the path space
P, (M) is defined by

Py (M) = {~ € C([0,1], M) : 7(0) = mo},
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on which we consider the uniform convergence topology. The It6 map I realises a
measure theoretic isomorphism between the Wiener space X = {x € C([0,1], R%) :
2(0) = 0} and the path space P, (M). The gradient operator ! V is defined
in a natural way on the collection of cylinder functionals on P,,,(M). Using the
idea initiated by Bismut [2] and developed by Driver [5], Fang-Malliavin [12] and
Cruzeiro-Malliavin [4] among others, one can prove that the stochastic horizontal
lift is infinitely differentiable along the Cameron-Martin directions (Theorem 4.5).
Moreover, the integration by parts formula on the path space P, (M) allows us to
prove the closability of V" from LP(P,,,(M), E) into LP (P, (M), Lty (H,E)) (The-
orem 4.7), here r € N, p > 1, E is a real separable Banach space, Lzz)(H,E) is
the collection of r-linear Hilbert-Schmidt type operators from the Cameron-Martin

d .
space H = {h = (h},...,h?Y) € X : ||n|% = ngl |hi(s)|?ds < oo} into E (see
i=1

Section 4.2 below). These two facts lead us to define a family of Sobolev spaces
{D"P(Pp,(M),E),r € N,p > 1} of E-valued functionals on Pp,,(M). In particular,
we can prove the smoothness (in the sense of stochastic calculus of variation) of the It6
map and the stochastic anti-development map between the Wiener space X and the
path space Py, (M). Following Malliavin[21], we introduce a family of (r, p)-capacities
{Cyp,7 € N,p> 1} on Py, (M) and develop the quasi-sure analysis on P, (M ). Now
it is natural to pose the following

Problem: What is the relationship between these Sobolev spaces (respectively, ca-
pacities) on the path space and those on the Wiener space? Are these (r,p)-capacities
on the path space tight?

Several authors have studied the above problem for » = 1 and p = 2 or for general
r € N and p > 1 in some special cases of M and the TSS connection V on M.
In [8], Driver and Réckner proved the tightness of the (1,2)-capacity on P, (M)
which led them to construct the Ornstein-Uhlenbeck process on Py, (M) by using the
general theory of quasi-regular Dirichlet forms [20]. If M = G is a compact Lie group
equipped with an Ad(G)-invariant Riemannian metric, my = e is the unit element
of G, and if V is the left Cartan connection on G, Shigekawa [26] proved that the
It6 map I : X — P.(G) preserves the (r,p)-Sobolev norms and the (r,p)-capacities
between the Wiener space X and the path group P.(G) and hence is indeed a quasi-
homeomorphism. However if one replaces the left Cartan connection by the right
Cartan connection or the Levi-Civita connection on G, Driver [6] showed that the
quasi-homeomorphism property does not hold even in the case r =1 and p = 2.

In this paper we obtain the following results.

Theorem 1.1 For anyr € N, p > 2, and € > 0, there exists a constant A = A(r,p,€)
such that
(1) for any real valued cylinder functional F' on Py, (M),

E | pro (P (1)) < Al[F 0 I|[2rmte(x);

!Throughout this paper, we let D denote the gradient operator on the Wiener space and let V
denote the gradient operator on the path space. The reader should not confuse the TSS connection
V acting on vector fields on M with the gradient operator V acting on functionals on P, (M).



(2) for any u € W?"P+€(X), there exists a modification of wo J, denoted by u/&/],
such that .
|[wo Jl|pro(p,, () < Allullwerprex);

where J = 171, || - |pro (P, (M) denotes the (r,p)-Sobolev norm on P, (M), and
|| - |lw2rp+e denotes the (2r,p + €)-Sobolev norm on the Wiener space X .

Theorem 1.2 Letr € N, p> 2, and € > 0. Then for any open subset O C Py, (M),

Crp(0) < ACorpie((1)71(0)),

where A = A(r,p,€) is the same constant as in Theorem 1.1, égm,ﬁ denotes the
(2r, p+ €)-capacity on the Wiener space, I : X — Py, (M) is any co-quasi-continuous
modification of the Ité map I (see Theorem 3.7 below).

Theorem 1.3 For any r € N, p > 1, the (r,p)-capacity Crp, on Pp (M) is tight.
More precisely, there exists a sequence of increasing compact subsets {Z,,} in P, (M)

such that
lim C,,(Z5) =0.

n—0o0

Let me Nym > 2, a € (ﬁ, %) We introduce the fractional Holder continuous
path space Par®(M) as

2m
2m,a )
Pry (M) = {'yEPmO / / |t—s|1+2ma dtds<oo}

(where d(-,-) is the Riemannian distance on M), on which we consider the topology
induced by the following distance function py,, ,: for any v;,v, € P20,

pona(11:72) [ / / d(n () ”,t”_ 8’15%1(&)w(sm?mdtds]#

By [1] [3], P2™*(M) is an M-type 2 Banach manifold and the topology on P (M)
induced by ps,, , is stronger than the uniform convergence topology on P2 (M).

Moreover, the Wiener measure 1 is supported on Por"®(M). By a similar method
as we used on P, (M), stochastic calculus of variation and Sobolev spaces as well as
capacities theory can be developed on Par"®(M). We can prove that Theorem 1.1
and Theorem 1.2 remain true if we replace P, (M) by Par®(M). As a consequence,
we obtain the following

Theorem 1.4 Foranym e N, m > 2, a € (ﬁ, %), r € N, p>1, the (r,p)-capacity
on (P (M), pay o) is tight.

A significant aspect of the above results is that they allow us to use quasi-sure
analysis to study stochastic analysis and geometry on the loop space Ly, (M) =
{7y € Ppny(M) : v(1) = mo} by regarding it as a finite co-dimensional submanifold of
P, (M). In a forthcoming paper we will use this approach to give an alternative con-
struction of Driver’s flow on the loop space Ly, (M) and to prove the quasi-invariance



of the pinned Wiener measure. In Section 8.3 of this paper, as an application of The-

orem 1.4, we will use the general theory of quasi-regular Dirichlet forms to construct

the Ornstein-Uhlenbeck diffusion process on Py ®(M), m € N, m > 2, a € (5=, 1).
We would like to end this Introduction by the following two remarks.

Remark 1.5 Under the notations of Theorem 1.1 and 1.2, for any p € (1,2), we can
also prove that
E||pre (P, (ar)) < BIIF o Illwerz(x),

|l o Jl|pro(p,, () < Bllullwzrz(x),
Crp(0) < BCora((I)71(0)),

where B is some constant depending on r and p. Similar results hold on P,?ff;a(]\/[),
meN, m>2, a€(£,3).

Remark 1.6 All the proofs of Theorem 1.1, 1.2, 1.3 and 1.4 as well as the results in
Remark 1.5 are strongly relied on making use of the LP-inequality of Skorohod stochas-
tic integral on the Wiener space (see Proposition 2.1 below), which is a consequence
of the Meyer inequality on the Wiener space. By lack of a Meyer inequality on the
path space, one can only obtain one-side comparison inequalities in Theorem 1.1, 1.2
and Remark 1.5.

Acknowledgement The author would like to thank his supervisors: A. B. Cruzeiro,
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2 Sobolev spaces and capacities theory on the Wiener
space

2.1 Sobolev spaces of F-valued functionals on the Wiener space

Let X be the (classical) Wiener space, i.e., X = {z € C([0,1],R%) : 2(0) = 0}, H
be the Cameron-Martin space, i.e., H = {h € X : ||h||} = fol |h(t)|2dt < oo}, pg be
the Wiener measure on X (under which {z(t),t € [0,1]} is the standard Brownian
motion on R?). For any real separable Hilbert space K, and for any » € N, p > 1,
the Sobolev space WP(X, K) of K-valued Wiener functionals on X is a standard
notion (see e.g. [16] [27] [21] [23]). In [13] [22] [25], the notion of (r, p)-Sobolev space
WTP(X, E) of real separable Banach space E-valued Wiener functionals have been
introduced in different ways, r € N, p > 1. If E is an M-type 2 Banach space, then
the Meyer inequality for E-valued Wiener functionals holds ([22]), which implies that
all these definitions in [13] [22] [25] are equivalent. In Section 3 we will define the
(r, p)-Sobolev space of E-valued functionals on the path space P, (M), r € N, p > 1.

Let K be a real separable Hilbert space, D : L?(X,K) — L*(X,H ® K) be the
gradient operator on K-valued Wiener functionals and D* or § be the adjoint of D



with domain being those processes u € L?(X, H ® K) such that

1
‘E [/ < DsF,u(s) >k ds] < C||F||2,
0

for all F € W2(X, K), where C is some constant depending on u. If u € Dom(6),
then 6(u) is the unique element of L?(X, K), such that

E [/01 < DsF,u(s) >k ds} =FE[< F,(u) >k].

Following [23], we call 6(u) the Skorohod stochastic integral of the process u and write
it as d(u) = fol u(s)dx(s). Tt is easy to see that W12(X, H ® K) C Dom(6).

Proposition 2.1 Let K be a real separable Hilbert space. For any p > 1, there exists
a constant Cp, > 0 such that for any u € W?(X, H ® K),

1 1 i
] ( [ HDsutu%dsdt) |
0 0 p

Proof. Using the Meyer inequality of K-valued Wiener functionals [27] and the
similar argument in [23] (Proposition 3.2.1, p. 158-159) for the special case K = R,
one can complete the proof of Proposition 2.1. O

We let @,p denote the (r,p)-capacity on the Wiener space, r € N, p > 1. For
its definition, we refer the reader to [21] or Section 3 where we will define the (7, p)-
capacity on the path space Pp,,(M). The following result is very significant in the
quasi-sure analysis on the Wiener space and is indeed one of the main motivations of
the present paper.

/01 u(s)dx(s) ) <Gy </01 ]\E(u(t))ug{dtf n

Theorem 2.2 (Airault-Malliavin [1], Sugita [28]) For any r € N and p > 1, ér,p is
tight. More precisely, there exists a sequence of increasing compact subsets {K,} in
X such that N

lim C,,(X \ K,) =0.

n—oo

A subset S of X is called a slim set if @,p(S) = 0 holds for all » € N and
p > 1. For any real separable Banach space F, a functional F': X — F is said to be
(r, p)-quasi-continuous, if for all € > 0, there exists an open subset O C X such that
Cp(0) < €, and F : O° — E is continuous. A functional F : X — E is said to be
oo-quasi-continuous if it is (7, p)-quasi-continuous for all » € N and p > 1.

Given a measurable functional F': X — FE, we call F* : X — E an (r,p)-quasi-
continuous modification of F, if F(x) = F*(x) for ug-a.s. z € X, and F* : X — E is
(r, p)-quasi-continuous. Furthermore, we call F' an oo-quasi-continuous modification
of F'if F(x) = F*(x) for py-a.s. © € X and F* : X — E is co-quasi-continuous. If
F}, F5 are two oo-quasi-continuous modifications of F, then F}" and F3 only differ on
a slim set.



Proposition 2.3 (/22]) Assume that the Banach norm x — ¢(z) := ||z||g is smooth
(in the sense of Fréchet-Gateaux) in E \ {0}, and its k-th order derivative satisfies

My= sup [|[¢W]|(z) < +o0, VE=1,...,7,
0<|[zl|s<1

where
16®)|(z) = sup < @ (@), ®...I >, VaeE\{0}
1Ll z<1
Then any F € W™P(X, E) has an (r, p)-quasi-continuous modification, r € N U {oco},
€ (1, 00].

2.2 The fractional Wiener space X?"™¢

Note that in Proposition 2.3 we need certain regularity on the Banach norm z —
¢(z) :== ||z||g in E \ {0}. However the supremum norm ||z||oc = sup{|z(s)| : s €
[0,1]} on the classical Wiener space X does not satisfy the required conditions in
Proposition 2.3. For the purpose to construct oco-quasi-continuous modification of the
1t6 functionals defined as the solution processes of SDEs on R™ by regarding them as
some Banach spaces-valued Wiener functionals, the following fractional Wiener space
X2 have been introduced and widely used in [1] [28] [22].

Forany me N, m>2, a € (ﬁ, %), the fractional Wiener space X 2" is defined

2m,o Rd
Xma.—{mEX // \t 5\12‘1 dtds <oo}

on which we consider the fractional Holder norm || - ||2m,o given by

1
Ula(t) —2()l3  \*"
Rd
||ZCH2m,a— (/ / |t—8|1+2mo‘ dtds ) .

It is well-known that the Wiener measure fi is supported on X ™% and (X2™ H, )
is an abstract Wiener space. Furthermore, & — ||z||2m.q is smooth in X?™%\ {0} and
satisfies the conditions required in Proposition 2.3. Indeed, (X2™% || - ||am.q) is an
M-type 2 Banach space. For these, we refer the reader to [1] [28] [22] [3].

as

3 It6 map and its smoothness

3.1 Orthonormal frame bundle O(M)

According to [5] [12] [10], we call V a torsion skew-symmetric (T'SS) connection on
M if V and its dual connection V are compatible with the Riemannian metric <, >,
where VyV = VxV — T(X,Y), for all X,Y € I'(T'M), T is the torsion tensor on M
with respect to V,i.e.,, T(X,Y) = VxY -Vy X - [X,Y], X, Y € I'(TM). Throughout
this paper, we fix a TSS connection V on M.

The orthonormal frame bundle over M, denoted by O(M), is defined by

O(M) = {r = (m,u): m € M,u is an orthonormal frame at m},



or equivalently,
O(M) = {r = (m,u) : m € M,u is an isometry from R¢ onto T}, M}.

For any fixed connection V, we associate it with the R? x so(d)-valued canonical par-
allelism (0, w) on O(M), the R%valued torsion form © and the so(d)-valued curvature
form €. See e.g. [17] [12] [21] for the definitions.

An intrinsic Riemannian metric on O(M) is defined as follows: for any given two
vector fields X, Y on O(M), let

<X)Y >=<0(X),0(Y) >pa + <w(X),w(Y) >0),

where <, >ps denotes the standard inner product on R? and <, > so(d) denotes the
inner product on so(d) given by < A, B >,,g= —tr(A*B), A,B € so(d).
3.2 The Ité map [ : X — P, (M)

Let Aq,..., Ay be the canonical horizontal vector fields on O(M) with respect to V,
i.e., the unique vector fields on O(M) such that

<0,A; >=¢;, <w,A;>=0, i=1,...,d,

where ey, ...,eq is the canonical basis of RY. Let {r;(t),t € [0,1]} be the solution of
the following Stratonovich SDE on O(M):

d .
dr,(t) = z; Ai(ry(t)) o dz'(t), (3.1)
rw(o) =To,
where 7¢ is a fixed orthonormal frame at mg, x € X.
Let 7, (t) = w(ra(t)), t € [0,1]. By [16] [5] [12] [14] [11], {v,(t).t € [0,1]} is a

Brownian motion on M, i.e., a diffusion process on M with infinitesimal generator
given by Ajy, i.e., the Laplace-Beltrami operator on M.

Definition 3.1 The Ité map I : X — Py, (M) is defined by

I(x)(t) == 7,(t), te][0,1].

The Wiener measure p on P, (M) is defined as the law of {~v,(t),t € [0,1]}, i.e.,

po= Lypig.

Remark 3.2 Indeed, the Ito map I : X — P (M) depends on the connection V.
Driver [5] noticed that the Wiener measure y is independent of the special choice of
V in the class of T'SS connections on M. Moreover, it is well-known that the Ité map
I:X — Pp,(M) is a measure theoretic isomorphism between the Wiener space X
and the path space Pp,(M). We call its inverse, i.e., J = I7: Py (M) — X, the

stochastic anti-development map. For its definition, see Section 4 below.



Now for any fixed ¢ € [0, 1], regarding z € X — 71,(t) € O(M) as an O(M)-valued
Wiener functional on the Wiener space X, by the standard result of Malliavin calculus
for SDE on Riemannian manifolds (cf. [16], [23] [21]), r(f) € W**(X,0(M)) =
Nrenp>1 WP(X,0(M)), where W"P(X,O(M)) denotes the (r,p)-Sobolev space of
O(M)-valued Wiener functionals on X, see e.g. [1] for its definition. More precisely,
we have the following

Proposition 3.3 The Wiener functional x — r,(t) is infinitely differentiable along

H-directions, i.e., for any hi,...,h, € H, the directional derivatives of r,(t) along
hi,...,hy € H can be well defined recursively as follows:
Dhrz(t) = %Tx-i-eh(t)lezo € Trx(t)O(M)a
Dy, ... Dhlrx(t) = %Dhn_l . Dy roven, (t) L:O € Trx(t)O(M),

(where % denotes the covariant derivative with respect to the connection V along the
smooth curve € — Tyyep, (t) on O(M)). Moreover, there exist kernel functionals
denoted by D3 -2nry(t) € L*([0,1]", T, ;)O(M)) such that:

(1) foranyt € (0,51 V... Vsy], 1 <au,...,a, <d,

D210y (1) = 0,

81...8n

(2)

d
Dp, ... Dpyra(t) = > / D10y (V2§ (51) ... WO (8n)ds1 - . . dsp,
ALy, n= [0,1]”
(3) for anyp > 1,
sup By, [ osup (DG (D7 o] < 4oo.
$1,0--,8n.€[0,1] te[s1V...Vsn,1] re(s)

where E,, denotes the expectation with respect to the Wiener measure py on X.

Proof. This can be proved by repeating the argument used in [16] P. 337-340
(cf. also Theorem 2.2.1 and Theorem 2.2.2 of [23] P.102-107), only replacing there
the usual derivative on R™ by the covariant derivative on the compact Riemannian
manifold O(M). O

3.3 The It map I : X — P2m()M)

By the same reason as we explained in Section 2.3, for the purpose of constructing co-
quasi-continuous modification of the solution processes of manifold-valued SDEs (such
as the It6 map from the Wiener space to the path space) by regarding them as some
Banach manifold -valued functionals, one need also to introduce the fractional Hélder
continuous path space (P%?’Q(M),me,a), meN, m>2 ac¢€ (5-,1). See Section
1 for its definition. It is well known (cf. [1] [22] [3]) that P2™*(M) is an M-type 2
Banach manifold modelled by the M-type 2 Banach space (X2™% || - ||am.a)-



Let v,(-) = I(z) be the Brownian motion defined in Section 3.2. Using Whitney-
Nash embedding and the Burkholder-Davis-Gundy inequality, we can prove

))2mdtd <+
‘t _ S‘1+2o¢m § 0.

Hence for pra.s. z € X, we have v, € Par"®(M). The Itd map I : X — Pa™*(M) is
now well defined.

3.4 Smoothness of the It6 maps

We now prove the smoothness of the [t6 maps in the sense of stochastic calculus of
variation. An intrinsic proof can be given by using the differential formula of the It6
maps given in Theorem 4.4. For the convenience of the reader and also for saving
the space of the paper, here we would use an extrinsic approach. By Whitney-Nash’s
embedding, M can be isometrically embedded as a compact submanifold of some
Euclidean space R™. For any r € N U {400} and p € (1, +o0], we introduce

WIP(X, Prng (M) := {F € WHP(X, Prng (R")) : F(X) C Prag (M)}
WP(X, P (M)) == {F € W"P(X, P2™*(R")) : F(X) C P2 (M)}.
If F e WX, Py, (M)) or F € Wo®(X, P2*(M)), we call it a smooth func-
tional (in the sense of stochastic calculus of variation).

Theorem 3.4 Foranym € N, m > 2, a € (ﬁ, %), we have

I € Wo=(X, P, (M)),
I € Wooe(X, PE(M)).

Proof. By Whitney-Nash’s embedding theorem, O(M) can be isometrically em-
bedded into some Euclidean space R!. We can extend the SDE (3.1) on O(M), i.e.,

d
dry(t) = 32 Ai(re(t)) o dai, 7,(0) = ro, to an SDE on R
i=1

d

dry(t) =Y Ai(Fa(t)) o daj, 72(0) = ro,

i=1

where A; is a compact supported smooth extension of A; from O(M) into R'. Ap-
plying Theorem 3.4 of [22] or the result of Example 4.2 in [28], the mapping = €
X — (1) € P2™*(R!) is a smooth functional in the sense of stochastic calculus
of variation. Since pg-a.s. = € X, ry(t) = 7,(t) for all ¢ € [0,1], we see that
2 € X — rg(-) € PA™*(O(M)) is indeed a smooth functional. Therefore the Ito
map I : X — P2 (M) defined by I(z)(-) = m(rz(-)) is smooth. Similarly, one can
prove I € W*(X, Py, (M)). O



Remark 3.5 For any m € N, m > 2, a € (ﬁ,%), the Wiener measure i is

supported on X*™*. Since the stochastic calculus of variation on X*™% is as the
same as on X, Theorem 3.4 remains true if we replace X by X2™< i.e., for any
meN, m>2, a¢c (ﬁ, %), we have:
I e Weoee(x2me P, (M)),
b 2 K 2 b
I e Weose(x=ma pri®(M)).

Proposition 3.6 For any m € N, m > 2, a € (ﬁ,%), the Ito map I : X —
P%?Q(M) has an co-quasi-continuous modification. Namely, there exists a sequence

of decreasing open subsets (Gp) of X and a map I : X — Pa®(M) such that

lim C,,(Gpn) =0, Vr € N,p>1; (3.2)
n—oo
T|G% : G — (P%?’Q(M),pgm@) is continuous; (3.3)
I=1, Ho — @.S. (3.4)
Proof. This is a consequence of Theorem 3.4 and Proposition 2.3. O

Now since Pag® (M) C Py (M), we can regard I as a map from X into Py, (M).

Theorem 3.7 I : X — P, (M) is co-quasi-continuous. In other words, I : X —
Py (M) has an co-quasi-continuous modification.

Proof. By Lemma A.3 of [1], for any m € N, m > 2, o € (5, 3), there ex-

ists a constant C' = C(m, ) > 0 such that for any € X?™°, ||z]lx < C||Z||2m,a-
It follows that po.(71;72) < Cpama(71,72) holds for any ~y,7, € P2™(M), where

Pac(V1>7) := sup d(y1(s),v2(s)). Therefore the uniform convergence topology (P2m*(M), pa.)
s€[0,1]

is weaker than the one on ng’a (M) induced by the distance function p,,, ,. By this
fact and Proposition 3.6, I is continuous from G, into (P, (M), pso)- O

4 Fundamental theorems on the path space P, (M)

4.1 Stochastic horizontal lift and stochastic anti-development

According to [2] [5] [15] [10], for p-a.s v € Py, (M), we define its stochastic horizontal
lift as the unique O(M)-valued stochastic process {Ui(7),t € [0,1]} by solving the
parallel transport covariant SDE:

vod'y(t)U(t) = 0, U(] =T, (4.1)

where Vo4, denotes the stochastic covariant derivative along ~¢ with respect to the
given TSS connection V on M, ody, denotes the Stratonovich differential along v,
s € ]0,1]. Indeed, for v = I(x), we have Ug(y) = rx(s), s € [0,1].

10



The stochastic anti-development map, denoted by J : Py, (M) — X, is defined
by:

t
:/ U7 t(y)ody,, te€[0,1],p— a.5.y € Prpy(M). (4.2)
0

t
It is well know that J = I!, ie., x(t) = / U;1(v) o dvy, is a Brownian motion
0

S

on R? (see e.g. [15]). For any m € N, m > 2, a € (5, 3), since yg-a.s. the sample
path of Brownian motion on R? belongs to sz @ we see that for p-a.s. v € Py, (M),
= J(y) € XM,

Let h € H. Define a vector field X}, on Py, (M) by

Xn()@) = Ui(Y)h(t),  p—a.sy € Pmy(M), t €10,1]. (4.3)

According to [5] [14] [11], the vector field X}, generates a global unique flow denoted
by {®s,s € R} on P, (M) such that for y-a.s. v € Py, (M),

%(IDS(V) = Xu(®s(v)), s€R, (4.4)
Po(v) = 7

Moreover, the Wiener measure p on P, (M) is quasi-invariant under the flow ®;.
Therefore for any measurable functional F' on P, (M) and for all ¢t € R, F(®4(7)) —
F(v) is well defined for p-a.s. v € Pp,(M). We call {®5,s € R} Driver’s flow on
P, (M) generated by X;,. In the sequel, we also let v* denote ®4(7), s € R, p-a.s.
Y € Py (M).

4.2 Gradient operator on P, (M)

Let E be a real separable Banach space. We let E* denote the topological dual of
E, i.e., the space of continuous linear functionals on F. The linear tensor product of
H with E, denoted by H ® F, consists of finite summations of A ® e, where h ® e is
the bilinear form on H x E which maps (k,l) € H x E* into < h,k > l(e). When
FE = K is a real separable Hilbert space, we also let H ® K denote the collection
of Hilbert-Schmidt operators from H into K, i.e., H ® K = L(3)(H, K), on which
we consider the Hilbert-Schmidt norm. For any r € N, let L"(H, E) be the space
of bounded r-linear operators from H X ... x H into F, on which we consider the

operator norm defined by ||Al|rr(q,E) = sup [|A(h1, ..., he)||E. We let
hall <1, ]| <1

L{,)(H, E) denote the collection of bounded r-linear operators A € L"(H, E) such
that: for any hy,...,h, € H,

A(hy, ..., hy) / Ko-0mp0 (s1) .. he (s,)dsq .. . dsy,
Lop=1 (Y
and
1/2
1A ”L(Z) E) ‘= Z / || K SO‘T’"||Ed31...dsT < +o0.
Loap=1
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Obviously, ||Al|pr(a,5) < HAHL&)(H,E). IfAe sz) (H, E), we call it a Hilbert-Schmidt

type operator from H x ... x H to E. When r = 1, we use the notation L(H, E)

(respectively, L(2)(H, E)) instead of L'(H, E) (respectively, L%2)(H, E)).

Definition 4.1 We call F' : P, (M) — E an E-valued cylinder functional on Py, (M),
if there exists a finite partition of [0,1], i.e., 0 < 51 < s9 < ... < s <1, k € N,

li,...,ln € E, and fi1,..., f, € C®°(M* R), n € N, such that

F(’Y): ilfl(7$17775k)lla ’YEPWO(M) (45)

Definition 4.2 For any F € FC*®(Pp,,(M), E), we define its gradient VF on Py, (M)
as follows: for p-a.s. v € Ppy(M), VF(y) is the unique element in L)(H, E) such
that: for any h € H, we have

VF()(h) = ViF(7),
where Vi F' is the derivative of F' along the direction h € H :

ViF(y) = lim F(@(v)) - F(v) [ —as. v € Py (M),

e—0 €

where {®¢, e € R} is Driver’s flow on Py, (M) generated by X, .

Indeed, for F' given by (4.5), we have: for p-a.s. v € Py (M),
n k .
ViF() = 32 3 5700 (U (0)(5:)) b
i=1j=

where fi(j)(v) = fi(j)(ysl, ooy Ys,) € L(Tys,yM, R) is the j-th partial differential of
the smooth function f; € C*°(M*, R) with respect to the j-th variable, i = 1,...,n,
j=1,...,k. Let hy € H be hi(1) =7 A s;, 7 € [0,1]. Then

VE() =X £ (0, ()b @i,
2%

VeF(Y) =Y 1pes ) £ () (Us; ()ea) L (4.6).
4,J

Obviously, for p-a.s. v € Py, (M), V*F(v) € L*([0,1], E). Moreover,
1/2

HHVFHL@)(H,E)’ < 00.

d 1
> [ IveFiar
a=1"0

Lp(PmO(M)’/‘): L2 (Prng (M), 1)
mo (M),

We call VZF the first order Malliavin derivatives of F.
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4.3 Tangent process and the differential of the stochastic anti-development

Following [7] [4], an R%valued semimartingale ¢ is called a tangent process (or an
adapted vector field as in [7]) on the Wiener space X, if its It6 differential is given

d
by dé®(1) = 3 aapdz®(7) +b%dr,a = 1,...,d, with a,3 = —ap, and satisfying the
f=1

regularity assumptions & € C?, aqp €C 1 where C! denotes the class of semimartingales
71 such that besides its representation in It6 integral, 1 can be also represented in terms
of Stratonovich integrals.

For any F' € FC*°(X) given by F(z) = f(xs,,..., s, ) and any tangent process &,
we define the directional derivative of F' along £ in the following way:

k

DeF(z) =) < f(x),&(s:) > .

i=1

Theorem 4.3 (Cruzeiro-Malliavin [4}]) Let £ be a tangent process on X, d€*(1) =
aq,pdxg(T) + cadt, such that fol lla(7)||1,pdT < +00,¥p > 1, and fol le(T)]|2dT < +o0.
Then for any F € W% (X)) := N2 W2P(X), we have F € Dom(Dy), moreover

d 1
D&F = Z /O DﬂaF(x)(aaﬂ(x?T)dxﬁ(T) + ca(x,T)dT),
a,B=1

where the stochastic integral is taken in the sense of Skorohod.

We call ¢ a regular tangent process if £ is a tangent process on X and satisfies the
conditions of Theorem 4.3.

Theorem 4.4 Let § be a regular tangent process, let E)(7) == Ur())E(T), p-a.s.
v € Pno(M), 7 € [0,1]. Then J.(§) is a regular tangent process on the Wiener space.
Moreover

1.@@) =€)+ 5 [ Fiergleis — [ aelar)dalr)

where J, denotes the differential of the stochastic anti-development J : Py (M) — X,
and

Ge(x.7) = O, () (-~ E()) + /0 "0, ) (), od(r)). (47)

where © is the R%-valued torsion form of V, Q is the so(d)-valued curvature form of
V, for any a € R, r = (m,u) € O(M),
—_— d ~
Ricy(a) :== Z u ! o Ry, (uej, ua)ue;,
=1

where R denotes the curvature tensor with respect to the dual connection v (see Section
3), (e1,...,eq) is the canonical orthonormal basis of R?.

Proof. See e.g. [5] [12] [14] [4]. O
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4.4 Infinite differentiability of the stochastic horizontal lift

From (4.6), we see that the gradient VF' of an E-valued cylinder functional F' on
Pro(M) is an L9)(H, E)-valued functional on P, (M) but is no longer a cylinder
functional since the stochastic horizontal lift Us(7y) is involved in VF. In order to
deal with the high order differentiability of F' along H-directions, we need to show
the infinite differentiability of the stochastic horizontal lift along Cameron-Martin
directions.

Theorem 4.5 The stochastic horizontal lift Us : Pp,, (M) — O(M) is infinitely differ-
entiable along H -directions. More precisely, for anyr € N, and for any h,hy, ..., hy—1 €
H, the following covariant derivatives can be defined recursively:

v
ViUs(y) == Ey

Us(h9)| € Ty,(yO(M),

e=0

r \% .
Vi nUs() = Evhy..m_lUs(’Y )

S TUS(,Y)O(M),
e=0
where v¢ = ®.(y) denotes Driver’s flow on P, (M) generated by the vector field Xy, %
denotes the covariant derivative along € — ¢ with respect to the given TSS connection
V.

Moreover, for ji-a.s. y € Ppo(M), there exist V127 Us(y) € L*([0,1]", Ty, (1) O(M))
such that:

(1) for any s € [0, 71V ...V 7,], and any o, ..., = 1,...,d,

V-2 g(y) = 0,

T1---Tr

(2)

d
Vinohy Us() = /[0 . VS U () A (71) L BT (1, )dTy L dy
Oéi:1 ’
(3) for any p > 1,
sup E[ sup IV U, o | < +oo
T1y,7r€[0,1] T1V..V1,<s<1

Proof. First, we have the Bismut formula ([2]):

ViUs(7) = Us(7)an(v, s) (4.8)

where

= /OS Q. (u) (0dxy, h(u)). (4.9)

For a proof, see Eq. (5.10) of [5] (p.321) and Theorem 5.2 of [4] (p.145-147).
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By (4.8) and applying the stochastic Fubini theorem ([23]), we have gp(z,s) =
Iy 4a(T, $)h&dr, where qo(7,5) = 1<y [ Qu, (1) (0dzy, €q)dT. Hence

VaUs(7) = Us() /0 " h2ga(r, s)dr.

Thus V&Us(y) = Us(7)qa(T,s). The Burkholder-Davis-Gundy inequality yields the
third statement of Theorem 4.5 for r = 1. See also [4] (Theorem 5.2, p. 145).

By (4.8), in order to define Vi Vj, ... Vp, Us(7y), we need only to show that
ViV, 1 Viyan (77, s) is well defined. Indeed, gp, (I(z), s) is a Stratonovich stochas-
tic integral. By the standard argument in Malliavin calculus, we can prove that
qn, (I(z),s) € Wo*°(X,so(d)). Let Xp, Xp,, i = 1,...,7 — 1, be the vector fields
defined by (4.3) and set £ = J.(Xp), & = J«(Xp,;), 9 =2,...,7r—1. Then by Theorem
4.4, we have

thhr_l e Vthhl ('y, 8) = Dfor—1 . DéQth (I(.CE), 8).

Using Theorem 4.3, one can represent D¢De . ... De,qn, (I(x), s) as a multiple Sko-

rohod stochastic integral and prove that D¢De . ... D¢, qn, (I(x),s) € LP(u) for any

p > 1. This finishes the proof of Theorem 4.5. O
By the chain rule and Theorem 4.5, we can easily prove the following

Corollary 4.6 Any F € FC*(P,,(M), E) is infinitely differentiable along H -directions.

More precisely, for any r € N and p-a.s. v € Ppo(M), V'F(v) € L, (H,E) and

p

4.5 Closability of gradient operators on the path space

Theorem 4.7 For any r € N and any p > 1, V" is closable from LP(Py,,(M), E)
into LP(Prg (M), Ly (H, ).

Proof. Let F, — 0 in LP(Py,,(M), E) and V" F,, — w in LP(Py,,(M), Lty (H,E)).
We need to show that u = 0. This is equivalent to prove E [(u, G)] = 0 for any G of the
form G(v) = g(v)hj, ® ... ® hj, @ I*, where I* € E*, g € FC®(Py(M)), hyjy, ..., hj,
are running over a fixed ONB {h,,n € N} of H.

We have E[(V"F,,G)] — E[(u,G)] since V'F,, — u in Lp(PmO(M),er)(H, E))
and G is bounded. On the other hand, if we can prove that there exists a Eunctional
on Py, (M), denoted by (V*)"G, such that for every F € FC>®(P,,,(M), E),

E[(V'F,G)|=FE[(F,(V")"Q)], (4.10)

(V"G € LY( Py, (M),E*), Vg>1,7r€ N, (4.11)

then E[(F,, (V*)"G)] — 0 since F,, — 0 in LP(P,,,(M), E). Therefore E[(u,G)] = 0.
Now we verify that (4.10) and (4.11). First, we prove these for r = 1. By linearity
and using the integration by parts formula for real valued cylinder functional on
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Pp (M) (see e.g. [5] [12] [14][15]), we can easily prove (4.10) and by [15] (p.294
formula (2.8) and p.329 Theorem 6.3, 6.4), we can prove

V*G(v) = (=Vi, +0(hy)) g(3)I*. (4.12)

where for p-a.s.y € Py, (M),

5(hy)(7) = /0 (7)Ao (), (7). (4.13)
By [12] [15], 6(h) € L(Pyy(M)), Yq > 1. Hence (4.11) holds for r = 1.
Remark 4.8 Suppose that we have proved (4.10) and (4.11) for r < k with
(V) (gh1 @ ... hy) = (=Vp, +6(hy)) ... (=Vp, +0(h1)) g. (4.14)

Then V¥ can be extended to D*P(P,,,(M), E) which is the completion of FC> (P, (M), E)
with respect to the seminorm defined by:

[ E' | propy,, —\IFIIp+Z NPl mmy|| -
(P ( (2) p

Moreover, by the argument of continuity, we can prove that (4.10), (4.11) and (4.14)
remain true for F' € D*P(P, (M), E) and for G(v) = g(7)(h1 ® ... ® hy) ® I* such
that g € Ngs1D*4( Py (M), R).

Now we prove that (4.10), (4.11) and (4.14) hold when r = k + 1 and G(y) =
9V (hj, ® ... @ hj, ) @ 1" with g € FC®(Ppy(M ) . Let F = V¥F and G = V*G.
By Corollary 4.6, we have F € DY“P(P,, (M), L (H E)). Using (4.12), we have

G = { Vh,; g+ 6(hji)g ] (hj, ® ... ®@ hj, ) ® l*. By (4.13), we can prove d(h;) €
NkeN p>1DFP (P (M)) (see Proposition 4.9 below). By this and Corollary 4.6, we
have —Vj, g + 5(h )g € Ng=1D*4(Py, (M), R). Therefore by the last sentence of
Remark 4. 8 we have

E[(VMFG) = (V(F),G)}: [(ﬁ,V*G)}

FE
E |(V*F, G)} [(F, (v*)’“é)] .

Thus we have proved (4.10) for r = k + 1 by letting (V*)*"'G(v) := (V)¥(@)(v).
Moreover, by (4.14) and by the assumption of the induction, also by the last sentence
of Remark 4.8, we have

(VHG) = |(=Fn, +00hi)) - (= Vny, + () }(—vhhw(hjl)g .
- +8(h; ~ Vi, +0(hyy) (—vhh +(5(hj1>g I,

Vh, ]k+1)

Jk+1

This proves that (4.14) holds for r = k + 1.
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The rest part of the proof is to check that (4.11) holds for r = k + 1, i.e.,

(= Vs + ) - (= Vg, + 0(h3, ) 9 € N1 (P (M),
which is an easy consequence of the fact that for any n € N, hy,...,h, € H,
E, [|Vh .. Vi, 9Pl < oo, Vp>1,
which is true by Corollary 4.6, and the following
Proposition 4.9 For anyn € N, hy,...,h, € H, we have
E,(|Vh - Vi, 0(R)|F] <oo, Vp>1 (4.15)

Proof. By Eq. (4.13), we can prove that (see Theorem 2 of [19]): for any r € N
and p > 1, there is a constant C' = C(r, p) such that [[6(h) o I||yr»(x) < C||h||g. This
implies d(h) o I € W°>°(X). By Theorem 4.4, for v = I(x),

Vi - Vi,0(h)(y) = De, ... De (8(h) o I)(x), (4.16)

where &; is the following regular tangent process:

(1) /ch (s)(h ))ds—/ qn, (x, s)dz(s), (4.17)

with
G (2.8) = O, ) (- ha(7)) + /0 0y (5 (ha(s). od(s)). (4.18)

Let (@ =06(h) oI. Then

De, ... D¢ 5(h) = Z /01 D1 §(R) 0 dESH (r1) .. 0 dES™ (), (4.19)

at,...,ap=1

where the right-hand-side is a multiple Stratonovich stochastic integral. Applying
Theorem 4.3, we can represent the right-hand-side of (4.19) as a multiple Skorohod
stochastic integral. Using Proposition 3.3, the LP-inequality of Skorohod integral
(Proposition 2.1), and the fact that all covariant derivatives of the curvature form and
the tensor form are bounded on compact Riemannian manifold O(M), one can verify
that

—_

P
Ey [|De, .- De,6(h)|'] < 00, Wp>1.
The proof of Proposition 4.9 and Theorem 4.7 are complete. ]

Remark 4.10 Indeed, in view of Theorem 7.3 that we will prove in Section 7, for
any n € N and any p > 1, there exists a constant C = C(n,p) such that

V"Wl (P (1), 2y < ClIR]| - (4.20)

This is stronger than (4.15).
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5 Sobolev space and capacity on path spaces

5.1 Sobolev space D"?(P,, (M), E)

The above Theorem 4.7 and Corollary 4.6 lead us to introduce the following

Definition 5.1 Foranyr € N andp > 1, we define the Sobolev space D™P( Py, (M), E)
of E-valued functionals on P, (M) as the completion of FC*(Pp,(M), E) with re-
spect to the norm || - ||Dr,p(Pm0(M)7E) defined by

1F 1| s 1)) = I1F Il Eo(Prg 0 >+ZHHV Flly )|, (5.1)

LP(Prmg (M),p)

For any F' € D"P(P,,,(M),E), we can prove that V"F has an unique kernel
Voler e LP(X, L*([0,1], E)), the so-called r-th order Malliavin derivatives of F,
S

T1,--

such that: for any hq,...,h,
VEO) (e ) = Y / VO ()RS (7). R (7, )dr .y,
0,1

and

[NIiS)

[ Fil

woa) =8| [ IV @i <o

1<a;<d

Let
D>°(Ppy (M), E) = Npen Nps>1 D"P (P (M), E).

If F € D**(Py,(M),E), we call it an E-valued smooth functional (in the sense
of stochastic calculus of variation) on P,,,(M). When E = R, we let D"P(P,,,(M))
denote D"P(Pp,,(M), R), for all r € N U {+o0} and p € (1, 40o0].

5.2 (r,p)-capacity on P, (M)

Definition 5.2 For any r € N, p > 1, the (r,p)-capacity C., on Pp (M) is defined
as follows:
(1) for any open subset O C Py, (M),

Cop(0) = inf{llfIproipuy ary £ > Opi— a5 f > Lp—as on OF  (52)
(2) for any subset A C Py, (M),
Crp(A) :==inf{C,,(0) : AC O,0 is open in P, (M)}. (5.3)

The notion of slim seton Py, (M), (r, p)-quasi-continuity and (r, p)-quasi-continuous
modification as well as co-quasi-continuous modification of functionals on Py, (M) can
be similarly defined as in Section 2. If the Banach norm on F satisfies the conditions
of Proposition 2.3, then any F € D"P(P,,,(M),E) has an (r,p)-quasi-continuous
modification, r € N U{oo}, p € (1, 0]
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s 2m,a
5.3 Sobolev space and capacity on the path space P."(M)

For any m € N, m > 2, a € (5=, 1), by [1] [3], the Wiener measure 4 is supported on

P2™(M). For p-a.s. v € Pa®(M), the stochastic horizontal lift {U;(v),t € [0,1]}
along {7;,t € [0,1]} is defined as the unique solution of the Stratonovich covariant
SDE (4.1). By analogue of Section 4, for any m € N, m > 2, a € (ﬁ, %), we can
define the gradient operator V on ]—"COO(P%T’O‘(M ), E) (the collection of FE-valued
cylinder functionals on P2 (M)) and prove that Theorem 4.4 holds on Par®(M).
Similarly to the proof of Theorem 4.5, we can show that the stochastic horizontal
lift U : v € Pam (M) — Us(y) is infinitely differentiable along H-directions. The
integration by parts formula on P%?’a (M) can be similarly proved as in the case of
P (M) (cf. [12]). For any real separable Banach space E, one can prove that V" is

closable from LP(Pam*(M), E) into Lp(PTZn?’a(M),L&) (H,E)), r € N, p> 1. These
lead us to introduce the Sobolev space D"?(Pam*(M), E) of E-valued functionals on
P2™*(M) and the associated (r,p)-capacity on (P%?’Q(M),me’a), re N,p> 1

We let || - || Dro (P22 (M), E) denote the (r, p)-Sobolev norm of E-valued functionals on

PZ(M). Without confusion of notation, we let C,., denote the associated (r,p)-
capacity on (P%?’O‘(M),meﬂ), reN,p>1.

Similarly, the notion of slim set, (7, p)-quasi-continuity and (7, p)-quasi-continuous
modification can be also defined for any r € NU{+00} and p € (1, +00] on Pae*(M),
m € N, m > 2, a € ($,3). If the Banach norm || - || is smooth (in the sense
of Fréchet-Gateaux) in E \ {0} and all of its k-th order derivatives (k € N) are
bounded on the unit ball of E (see Proposition 2.3), then any smooth functional
F ¢ DOO’OO(P,%?’O‘(M),E) has an oo-quasi-continuous modification, m € N, m > 2,

@€ (5, 3):

6 Sobolev norm comparison theorem: (1)

In this section we prove the first Sobolev norm comparison inequality in Theorem 1.1.
For this, we need some preliminary results.

6.1 Change of variables formula of the It6 map

Lemma 6.1 Let F' € FC*(Py,,(M)) and F =Fol. Then for ji-a.s. y € P (M),
a=1,...,d, and 7 € [0,1],

~

o~ 1/-\
VIF() = DEF()+} [ (Bl (DF @), ca)ds o
1 T .
+ [ @lro)D. @) dr.)
0

where D?Z/’\ denotes the Malliavin derivative of F , the stochastic integral is taken in
the sense of Skorohod, x = I~1(v), and

Z]\Q(T, S) = 1[771](8) [@rz(s)(-,ea) +/ Qrz(u)(ea,oda;u) . (62)
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Proof. Indeed, Theorem 4.4 says that for any h € H,
ViF(y) = DeF(x), v =1(x), (6.3)

where £ is the regular tangent process whose Ito differential is given by
: 1 — R
dé(s) = (h(s) + §Ricrz(s)(h(s))> ds — qp(z, s)dz(s), (6.4)

with the initial condition £(0) = 0, where @y (, s) = [; G (7, s)he(r)dr.
Theorem 4.3 and the stochastic Fubini theorem imply that

DeF(a Z// (@, ) D, F(a), da(s))h () dr
+Z / <Da /T (chrz(s)(Dsﬁ(:z)),ea)ds> he(r)dr,

where the stochastic integral is taken 111 the sense of Skorohod. From the above

identity and (6.3), also using V, F(y Z/ VEF (y)h(r)dr, we obtain (6.1). [

Corollary 6.2 The Ito map I : X — Py, (M) is not a quasi-homeomorphism between
the Wiener space and the path space except that M is flat, i.e., quo(7,5)(7) = 0,
Va=1,...,d, V1,5 € [0,1], u — a.s.y € Py (M).

Proof. Suppose that I : X — P, (M) is a quasi-homeomorphism between the
Wiener space and the path space, then for any » € N,p > 1, ||F|]|Dr,p(me(M)) is
equivalent to |[F o I||yrp(x). Taking r = 1 and p = 2, using Lemma 6.1 we can

conclude that
1
J
for some constant C'. R
Let u(7,s) = qa(7,s)DsF(x). Since DsF is not adapted, fol u(T, s)dzs is a Skoro-
hod integral. By the energy identity ([21] P.169), we have

/01 /01 u(T, s)dxs

1 2
E / G, 8) D P (@) das dT] < O||F|2, (6.5)
0

E

2
dT] = F

Dyu(r,s)Dsu(T, r)drdsdT]
[0,1]3

][ [ oofasis].

The second order derivative D2F appears in the first term of the right-hand-side of
(6.6). From this we see that (6.5) holds if and only if

U//D“”’DU(T T’)drdsdT]_O

This can not be true in the general case of Riemannian manifold M with a TSS
connection except that g,(7,s) = 0 for all p-a.s. v € B,,(M), 7,5 € [0,1], a =
.,d, i.e., M is flat. O

(6.6)
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6.2 Proof of Theorem 1.1(1): r=1

Since O(M) is compact, we can prove that

1
/
By Lemma 6.1, for the proof of Theorem 1.1(1) for r = 1, setting u(z,-) = DF(z)(-),
we need only to prove: for any p > 2 and € > 0,

/

Indeed, the left-hand-side is dominated by sup F
7€[0,1]

/2
a1l A S .
E D2F + §/T (Ricy, (s)(DsF), eq)ds dT] < Gpl|DFE. (6.7)

[NJiS]

2

) -
E / o (T, 8)0(s)dzs| dr| < Clulf .. (6.8)
0

P
] . By Propo-

|/ Gl s)ils)d,

sition 2.1, we have

/01 Tl s)i(s)dz, ] <AL+ Ay

sup F [
T€[0,1]

where

A = Cswp [/ |EfGa(r )i >1|2ds] ,
T€[0,1]

Ay = C sup EU / | Dy (G (7, 8) 0 ())\erds}

7€[0,1]

Let us first estimate Ai:

P
2

as o | f 1<E|aa<f,s>2><E|u<s>|2>ds]

T7€[0,1]
< C sup | sup E|qa(7,s) {/ E|u(s)] ds}
T€[0,1] | s€[r,1]
< C sup FE sup|qa7's]1”[ (/\u st]
T€[0,1] selr,1]
5
< C sup E | sup |qu(r,s)P| E [/ |u(s |ds]
T7€[0,1] s€(r,1]
< Cillulls,

where by (6.2) and by the Burkholder-Davis-Gundy inequality,

P
C1 <C sup [|©4)/P+C sup E
ueO(M) 7€[0,1]

sup < H00.

s€(r,1]

/ Q. () (€a, odz(u))
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For the estimate of A, using Dy (qn(T,$)u(s)) = (Drqu(7,s))u(s) + ga(T, s)Dyt(s),
we have

1,1 £
Ay < C sup E [/ / Draa(7,5)|2|a(s)|2dsdr}
0 JO

T7€(0,1]

1,1 g
+C sup E [ / / |qAa(T,s)|2|Dru(s)|2dsdr]
0 0

T7€[0,1]
1
< C sup E /sup|D(anS|dr/|u
T7€[0,1] 0 s€[r,1]
+C sup E | sup |qa7's|2/ / |D,(s |dsd7"
T7€[0,1] s€lr,1]

Applying the Holder inequality with exponent 7 > 1 and its conjugate n* = %, we
obtain
1 % B .
Ay < C sup |E / sup |D,Ga (7, s)|?dr (/ [i(s 2ds>
T7€[0,1] 0 selr,1]
pn 1
n
+C sup |E | sup |Gu(r,s)[P" (/ / | D,4(s)] dsdr)
T7€[0,1] s€lr,1]

Using the Burkholder-Davis-Gundy inequality and Proposition 3.3. we can prove

pn*

1 2
/ sup |DyGu(T, 8)|%dr < 00,
0 s€lr,1]

Cy:= sup F
7€[0,1]

Cs3:= sup E
7€[0,1]

sup \Z]\a(r,s)]p”* < 00.
s€(r,1]

Therefore
Ay < CC |8, + CCy™ |[DulE ,, < Cllull} .

Combining the above estimates for A; and As, we obtain

1 P
s B|| [ autrospiaa|| < 0 (1 +lulf,) < Cllul,
T€[0,1] 0
Taking n =1+ § in the last inequality, we obtain (6.8). 0.

6.3 Proof of Theorem 1.1 (1): r > 2

By the explicit expression of VF in (4.6), we have
VIF(y Z 1[T<Sl ) (2(51), - -+ v (50)) 7 (5)75 Lea-
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By this and the fact that x — rg(s;) is O(M)-valued smooth Wiener functional
(Proposition 3.3), we see that V@F o I € W*°(X, H). Applying Theorem 4.4 to
= V2F, using the same argument as in the proof of Lemma 6.1, we can prove

VHI2E(y) = DI(VHFol)(x / chr (s)(Ds(V2LF o I)(x), eay)ds
1
+/ Qoo (T2,5)Ds(VI F o I)(x)dxs.
0
(6.9)
Similarly, for any r € N, by Corollary 4.6 and Theorem 3.4, we have V!-2"F ol €

Woe (X, H®"). Moreover, using the same argument as in the proof of Lemma 6.1,
Wwe can prove

T1.--Tr T1...Tr T1eTp

VaarP(y) = Dor(Ver-er-1F o J)( / Ric,, () (Ds(VE127-1 F 0 I)(2), €q, )ds

1
+/ G (702 8) Du (V2201 o 1) ().
0

(6.10)
Using the same argument as in the proof of Theorem 1.1 (1) for » = 1, we can prove

(SiS]

E[|V'F|fe.] =E / |Ver-er B2dry ... dr,
o1 /00.1]"
P
2
< C,E Z / Do (Vo 1FoI)‘ dry...dr,
Q= 1 Ol]T
.
1 2 2
+CpE / Ric,, () (Ds(VE i 2r 1 Fol) e, )ds| dry...dr,
ar=1 0 1]’" T9
-
1 2 2
+CO,E / / G, (70, 8) Dy (V12 L F o T (2)das| dry ... dr,
o,y =1 7 1017 170
N i
< GE[IDVFo D] + GE (1020 F o D)0
That is to say, for any p > 2 and € > 0,
19" Flly < CIIV" " F o ||y pie. (6.11)
We now in a position to state the following inequality.
Proposition 6.3 Under the above notation, for any k=1,...,r —1,
IV F o I||ak < ClIV"F1F 0 g1y pres (6.12)
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Proof. We introduce a linear operator A : FC*(X,H ® K) — L*(X, H ® K). For
any v € FC*(X, H ® K) of the form

$) =Y _ui(x) ® hi(s), (6.13)
=1

where z € X, s € [0,1], u; € FC®(X,K), {h;,i € N} is an ONB of H, n € N, we
define

Av(z,s) — é i) Zuz //chr (o (hi () )dudrr
—|—Zuz ®Z(/ / Go (1, w) P (w), dz(u ))dT)ea

Similarly to the proof of Theorem 1.1 (1) for » = 1, for any p > 2 and € > 0, we can
prove

(6.14)

| Aoll, < Cyllellspre.

Hence we can extend the domain of A from FC*(X,H ® K) to

Dom(A) = W (X, H @ K) = Np=2WP(X, H ® K).

We now want to show
[Av],., < Crp.el|V]lr41,pte- (6.15)

Indeed, the chain rule implies

n
Do (Av) = Y (D) iy GO gy (i)

T1.Tn T1-- T’Ll Tn Tig Ty
=1

where for v € FC*(X, H ® K) given by (6.13),
(D5 A)e] (29) = 1iui<x> @ / [ D R st
+Eul ® Z </ / (DRl go (T ,u)hi(u ),dxu)d7> €a
+zn:uz‘(az) ® Z ( / (Do1-Rimang (7, T,)ﬁi(ri),eai)dT) Cas

i=1 a=1 0

or briefly,
1 s 1
[(D,(}ll 'r‘a”A) ] ( ) = 5/ / D?‘ll TOénRZC (u)(U(SL’,u))dudT
0 Jr
1
/ (Dgll riHQQ(T,U)@(x,U),dIEu)dT> €n
0

(D& Qi " Qe (T TZ)U(I',’I“i),eai)dT) €a,

T1...T5...Tn,

(6.16)
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In order to prove (6.15), we have the following
Claim: For any k € N, p > 2 and € > 0, we have

p/2 1/p
I(D*A)ollp = { B Z / (D75 Aol g edr - 7 < Clv]lp+e-
Lop=1 0,1
(6.17)
k . .
Indeed, if this is true, then using D¥(Av) = 3> (D!A)(D*v), we have
i=0

|| Av|

= gHDk<Av>Hp < & SN0 AD- 0,

< CkZ Z ID*"0[1p1e < C ) Z V] lk—it1.p+e
0= k=01t=0

Cl\vl\r+1,p+e

IN

Proof of Claim (6.17)
By Eq. (6.16), we have ||[(D¥A)v||, < I + I3 + I3, where

2 p/2
dT) dry ... drk] ,

1 o1
L :=F / < / D ,f’;’“ch (s)(0(2,8), eq)ds
0,1 \ Jo K
Lk 2 p/2
I :=F / / Z(Dfllmraf”r‘;‘kq (1,ri)0(2,75),€q,)|| dT | dri...drg ,
1+ \Jo ||i= %
1) p1 2 p/2
I3:=F / </ / (DRl Ga(T, s)u(z)i(z, s), dx(s)) d7'> dry . ..drk] .
0, \Jo [lJo K

Let us estimate I;, i = 1,2,3. For this, notice that by Proposition 3.3 and the chain
rule, we have
D&t akR’L’C”(s) =0, Vsée [0,7‘1 V.. .’I“k;],

T1...TL

Dal Tk qa(T S) 07 VS G [O,T\/rl \/ /r'k]
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Thus

1
ho< B / sup | DLk Ricy, ()| / \lo(z, 5)||%ds | drdr
(0,141 \ s€[rvr1V...vry 1] -

...dry
2 1
</ ||0(x, 5)||%<ds> drdry ...drg
0

]p/2
]p/2

< E / sup | Dat Ricy, o
[0,1]k+1 s€[rVriV..Vrg,1] l
» 1 p/2
< F / sup ’D?‘f TikRicrz(s) < Hi}(:z:,s)H%(ds) drdry ...dry
[0,1]F+1 s€[TVr1V...VrE,1] 0
1
- pn* ”*
< |FE / sup ‘fof Ti’“chm(S) drdry ... dry
[0,1]F+1 s€[TVr1V...Vvrg,1]
1 /27 7
< ([ it 9l
’ L
m \|"
< sup E sup ‘Dﬁ‘ll ,,O;’“chrz(s)
T 1,0, TR E€[0,1] SE[TVr1V...Vrg,1]
1 /27 7
B ([ lote.slfs)
0
< Cilllpn,
where )
oo e\ |7
Ch = sup E sup ’Drl . ch%(s)
1, TR E€[0,1] SE[TVriV..VrE,1]

is finite by the chain rule and Proposition 3.3.
Similarly, we can prove
I < Ca||v[py,

with

)

which is finite by using the Burkholder-Davis-Gundy inequality and Proposition 3.3.
Moreover, using the Holder inequality and Proposition 2.1, we have

k
Cy = Z sup [E <‘Da1 Qi Ok (7 1)

TP T
i=1 T,71,.-,TK€[0,1]

p
I3 < [H/ (Dl ok G (T, 8) (2, 5), dx(s)) }dem...drk
0 1 k+1 K
P
< sup E H/ (DR ok a7, 8)0 (2, 8), dx(s)) }
1., €[0,1] 0 K
< C(I31 + I32),
where
g
Iy = sup [/ | E (D% o (7, )0 (2 ,s))Hi(ds]
T,r1,..., Tk €[0,1]

Iy ==  sup [/ / |D, (D&% G, (, 8)i(a ,s))}ﬁ{drds]%

T, 1,0, TR E[0,1]
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Repeating step by step the argument as we used in the estimate of Ay, Ay for the
proof of (6.8), we can prove
I3 < Cs|v][5,

p
Isy < Cylolf 1y
with
1.0 o p
C3 = sup E sup ‘Dﬁl‘“rkkqa(r, )| < 4o,
T,y €[0,1] SE[TVr1V..VTE,1]
a7 p
Cy= sup E sup | D D% o (1, 8) [P < 400
TR €]0,1] SE[TVIVTIV..VrE,1]

From the above estimates for I, I and I3, letting n = pze, we obtain (6.17). The
Claim is proved.

6.4 End of Proof of Proposition 6.3 and Theorem 1.1 (1)

Indeed, for any F' € FC® (P, (M)), we have V' F~1Fol € Wooo (X, HO—k=1)) By
Eq. (6.10) and by the fact that A defined by (6.4) can be extended to W2 (X, H®(=k)),
we have V' "*F oI = AD(V""*"1F o I). Using (6.15), we obtain

V" F o I|ag p JAD(V"*=1F o I)||ak p
C||D(V" ™ " F o I)||ok41,p+e

C|IV" 1 F o I|la(jes1) poe-

INIA

This proves Proposition 6.3.
By (6.11), (6.12) and by induction, we have

IV Folll, < ClIV'Folllgpr <. ..
S CHV“‘kF O IHQk,p+k€ S e
< C|[F o Ill2rptre-
Replacing € by £, we finish the proof of Theorem 1.1(1). O

7 Sobolev norm comparison theorem: (2)

7.1 Smoothness of the stochastic anti-development map

1 1
2m? 2

Theorem 7.1 For anym € N, m > 2, a € ( ), we have

J € D>®®(Py,, (M), X).
J € D®*®(P,,, (M), X?m™),

Proof. The proof of the first statement is easy. We will only prove the second
statement. Without loss of generality, we suppose that V is the Levi-Civita connection
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on M, i.e., © is identically zero. For any h € H, by Theorem 4.4 and the stochastic
Fubini theorem, we have

VaJ () = h(t) + / an(z, ) o dar

_ Zd:/1< /thﬁ(T,r)odxr> WP (r)dr,

where ¢g(7,7) is given by (6.2). Hence the first order Malliavin derivatives of J are
given by

(7.1)

VET(3)(t) = 10 (7) + /0 4s(7.7) 0 day.

By the definition of HVJ('.)/)HL(Q)(I_LX?m,,a)’ we have

1/2
VTN gy (1, x2m00) = = Z/ HVBJ ‘zde
y . . 9 1/2
gz[/ i [wnesc][_o
0 0 2m,a

IN

[/ 110, B ad ]1/2+§dj

9 1/2
dT]
=1

2m,a

i

/ a5(r, ) o da,

0

By calculation, we have

1 1 1 1
[ 10 = A e R e
0 7 [am(1 — 2am)]m Jo

is finite since a € (-, 3). Therefore

d 1 . 2 1/2
VIl 1oy < €+ 3 / / 45(r,7) o da, dT] (1)
=1 0 0 2m, o
For any p > 2, the Holder inequality yields
P d : P
HHWHL(Q)(H,XQ,,L,Q) \p <c+Y E [ 4a(rr) 0 dr, dT] .73
B=1 2m,«

Let us estimate E [Hfo qa(T,7)0 daerZm a}. It can be dominated by By + Bo,

where B; corresponds to the It6 integral, i.e., By := E U Uo qp(t,r) - da:ngm a], By
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corresponds to bounded variation part, i.e.,

By, = 27PF H/ drqp(T,7) - da,
0

p
2m,a

= 27PF H/ 1[7,1](7‘)}%6”(7”)(66)617“

’/ Liray(r)

is finite since the function g(s) = s — 7 € X?™ for a € (5, 3).

Note that (X2 || - ||2m.«) is an M-type 2 Banach space. Applying first the
Burkholder-Davis-Gundy inequality for (X2™, ||-||2m,a)-valued It stochastic integral

p

2m,a

VAN

27P sup |Ric,
ueO(M)

m,x

t— fg q3(7,7)dx,, then the Holder inequality, we obtain that for any p > 2,

H [ lastr.npar
0 2m,a

am
am

p

B, = E <CFE

/' a5(7,7) - dar

0

2m,a

\qg 7,7)] dr’
= CF / / dt1dts

‘tl _ t2|1+2am

CE y [/ / | 2 ghdt }
sup |qg(T,7) 1dta
-T‘E[T 1] ﬂ ‘tl - t2|l+2am

< CE| sup |gg(7,7)"
| m€[7,1]

IN

By the Burkholder-Davis-Gundy inequality, we have

r p
By <C sup E | sup |ga(7,7)[P| =C sup E | sup / Q. (s)(ep, odxs) ] < 00.
T€[0,1] re[r,1] T€[0,1] re[r,1] 1Jr
Thus
. p
sup F ‘ / qp(t,r) odx, < B1 + By < +0. (7.4)
7€[0,1] 0 2m,a

From (7.3) and (7.4), for any p > 2, we obtain F [HVJHZQ)(H,sz,alpm) < +00, which

is equivalent to say J € DV (P, (M), X2™).
Now let r = 2. Taking h € H, k € H, by (7.1), we can prove

Vi Vi (v Z/ / (/ Vigs(T ’I“)der> B (7)i" (s)drds
+;/0 /0 ay (1, $)AP (T)E" (s)drds

+ﬁZ:I / 1 / 1 ( / t [ st (s, o o m) 8 ()i () drds,
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where gg,(7,7) = qg(7,7)e,. Thus

VI (4)(1) / V145(7,1) 0 i, + 1o ()10, (T)30 (7. 5)

// q3(7,7)qn(s,u) o dxy o dx,

By the definition of HV2J(7)HL%2)(H7X2WQ), we have

1
Bn ﬁn 2m 2m
2 _ [V2d I (7)) = VR () (t2))
V20l aocomey = [ / / o) ST
< )+ To(y) + T5(7).
(7.5)
where
2m #
V"qﬂ 7,7) o d,
T = dt1dt
1(7) / / |1 — to|1+2am 1at2 )

1 1 1 1 _1 1 2m , 2m 2m
To(y) = [/0/0 }[o,tl](S) 0,5](7) = Ljo,22] [o,s](T)| lagn(T,s)] dtldt2] 7

|t1 _ t2‘1+2ad

dtidts

2m
v T a5 (s, © day o i,
T3(y) = 2 //

|tl _ t2|1+2am

By It6 calculus, we have

to to 1 d to

t Vigg(r,r) 0 dx, = t Vias(T,r)dey + 45 Z/t L) (M) (VIQ,, () (es, ex)exdr.

1 1 A=1711
Similarly to the proof of (7.4), for any p > 2, E[I¥] < C,E[TV] + C,E [T},
Where E [T1)] corresponds to the first term given by the It6 stochastic integral, and
E[TY%,] corresponds to the bounded variation part in the above decomposition. Us-
ing the Burkholder-Davis-Gundy inequality for (X2™ || - ||am.qa)-valued It6 integral

t— fg Vigs(T,r) - dx,, we can prove

1 1 i . p
B[] = C/O /O E /OVZQﬁ(T,T)'dZBr ) drds
1 1 [y p
< C/ / E H/ \Vqs(r, )| dr drds
0 0 2m,«

1 1 2 ]V”qg T r)|2dr‘
= C FE dt1dt drd
/0 /O / / ’tl _t2‘1+20<m 1682 Tas
r p
Vi < /0 Qm(s)(egmdxs)
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is finite by applying again the Burkholder-Davis-Gundy inequality and Proposition
3.3. On the other hand,

P
E[TY] < C’Z E 1 (1) (VIQ,, (1)) (e, ex)exdr deS]
2m,a
< C’Z sup E | sup |[VIQ,. [P ‘ / dr
=1 7,5€[0,1] re(r,1] 0 2m, o
is finite since the function g(s) = s € X?™ for a € (5, 3) and
sup E | sup |[VIQ, [F| < +oo.
s,7€[0,1] relr,1]
Thus
E[T?] < 4. (7.6)
Using an analogue argument as above, we can also prove
E[T¥] < . (7.7)
Moreover, it is easy to see that
Ty(y) = "l 1T
2\7) = ‘tl _ t2|1+2am 1662 [7<s]
< C sup qu n(7, )],
0<7<s<
Hence
ETJ)<CE | sup |qa,(T,s)’| < oco. (7.8)
s,7€[0,1]

From (7.5) to (7.8), we obtain F [||V2J\|2m a} < 00, Vp > 2. That is to say J €
DQ,OO(PmO (M)’XQm,a)'
The general case can be proved by analogue, i.e., for any r € N and p > 1, we

have HHV JHL(2) HXQm,a)

1 AvAs R OéTJ AVAS R 2m,a 2
e [// [Vattr Jo)() = Vet Jo)e) ™

‘ < 00, where
P

s

IV TNy

(2) |t _ 5’1+2ma

(7.9)
Therefore J € D> (P, (M), X?™%), O

Remark 7.2 Since the Wiener measure p is supported on P%?’O‘(M), Theorem 4.4
remains true on P%?Q(M) By the same argument as in the proof of Theorem 7.1,
we can prove that for anym € N, m > 2, a € (5=, 1),
2
J € D>(P (M), X).

J € D> (P2m (M), X ™),
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7.2 Proof of Theorem 1.1: (2)
We now prove the second Sobolev norm comparison inequality in Theorem 1.1.

Theorem 7.3 Let r € N, p > 2, ¢ > 0, u € W?"PT¢(X). Then there exists a
modification of uo J, denoted by uwo J, such that

|[wo Jl|pro(p,, () < Allullwerprex).- (7.10)
where A = A(r,p,€) is the same constant as in Theorem 1.1. Similarly, the same
inequality holds if one replaces Py, (M) by Pan®(M), me€ N, m > 2, a € (5=, 3).

Proof. First, we suppose that v € FC>*(X). By Theorem 7.1 and Theorem 4.4,

we have for any h € H:
Vi(uo J)(7) = Veu(z), (7.11)

where v = I(x), £ = J.(X},) is the tangent process given by Eq. (6.4). Similarly to
the proof of Lemma 6.1, we have

I 1
Viuo N)) = Dfu(w) + 5 [ (Riero(Dula)) o) + [ (@n(r.5)Duuta). da,).

Therefore, by a similar argument as in the proof of Theorem 1.1, we can prove

|[wo J||prop,,., () < A1, p, e)l[ullw2rprex)- (7.12)

where A(r, p,€) is the same constant as in Theorem 1.1.

Next we suppose that u € W2"PT¢(X). Let u, € FC®(X) be a sequence of cylinder
functionals such that |[u, —ul|y2rp+ex)y — 0. For each n € N, up0J € D"P(Pp,(M)),
and by (7.12), we have

|[tn © J = tm © J||pro(p,,, (m)) < AT, s €)]|un — umllwzrprex)-

This implies that u, o J converges to a limit in D"P(P,,,(M)) since D"P(P,,,(M)) is
complete. Moreover, we can easily show that this limit does not depend on the choice
of up. Let woJ := lim u,oJ in D"P(P,,(M)). Then uwoJ is a modification of

n—oo
u o J. Moreover

|lwo Il prepny )y <lm inf {[un o J|[pro(p,,, () < A p, €)lfullwerprex)-

This proves Theorem 7.3 for J : X — P, (M). Similarly, we can prove that (7.10)
for any u € W2 P+¢(X) and for J : Po®(M) — X. O

8 Capacity comparison inequality and the tightness

8.1 The capacity comparison inequality

Theorem 8.1 Let m € N, m > 2, o € (ﬁ,%), reN,p>2¢>0. Then for any
open, subset O C (Pam“(M), Pom.a);
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Crp(0) < ACrpie ((D71(0)). (8.1)

where A = A(r,p,€) is the same constant as in Theorem 1.1, I is any 00-quasi-

continuous modification of the Ito map I : X — P%T’Q(M). Similar result holds if we
2

replace (Ping ™ (M), pam.a) by (Pmg (M), pog)-

Proof. By Theorem 2.2, there exists a sequence of increasing compact subsets
{K,} in X such that

lim C, (X \ K,) =0, VreN,p>1. (8.2)
Let
F,=K,NGS, (8.3)

where G, is the open subset of X as in Proposition 3.6. By (3.2), (3.3), (3.4), (8.2)
and (8.3), it is clear that {F,} is a sequence of increasing compact subsets of X and
satisfies the following conditions:

lim C,,(X\ F,) =0, VreN,p>I; (8.4)
n—oo
1|5, : Fy — (PZ™(M), py ) is continuous. (8.5)

_ Note that (I)"(0) N F, = (I|g,)"Y(0) is a relatively open subset of F, since
I|p, : Fy — (PEM(M), Pom.a) is continuous. Hence there exists an open subset O,
of X such that

(1" YO)NF, =0, NF,. (8.6)
Moreover,
M0) = (hHo)nE)u (D) 1O\ F)
c ()" HO)NE,) U(X\Fy)
= (OnNEF)UX\F),
whence B
(1)7H0) C O U(X\ Fy). (8.7)

By definition, for any 7 > 0, there exists a functional u € W?"P+¢(X RT \ {0}) such
that

u>1l, pyg—as. on O,U(X\F,) (8.8)

and
62T,p+e(0n U (X \ Fn)) < ||UHW27%P+€(X) <n+ 62r,p+6(0n U (X \ Fn)) (8-9)

By Theorem 7.3, uo.J has a modification u o J in D™P(PZ™ (M), RT\{0}). Moreover,
since u(z) > 1 for pg-a.s. x € O, U (X \ F,,), we obtain uwo J(y) > 1 for p-as. v €
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I(0n U (X \ Fp)), which p-a.s. equals (I) (O, U (X \ F,)). Therefore m('y) > 1
for pra.s. vy € 1 (0, U (X \ F,,)). From this and (8.7), we have

@7(7) >1, p—as.vyeO.

By the definition of (r, p)-capacity C, , on P%?’Q(M), using Theorem 7.3 and (8.9),

we have o
Cr,p(o) |[uo J!\Dr,p(pg%wm))

Allul |W27'7P+€(X) (8.10)

A (77 + 62r,p+e(0n U(X\ Fn))) )

INIA A

where A = A(r, p, €) is the same constant as in Theorem 1.1.
From the proof of (8.7), we have

OpU(X\ E,) = ((f)—l(()) an) U(X\ Fp), (8.11)

From (8.10) and (8.11), and letting n — 0, we obtain

Crp(0) < ACop1(OnU(X\Fy))
< Aq%p-ke(({)il(O) N Fn)/:'_ AC?hp—I—e(X \ Fn)
< ACopie((1)7H0)) + ACorpre(X \ F).
Letting n tends to infinity, and using (8.4), we prove (8.1) on (P,%TSL’O‘(M),@WQ).
Similarly, we can prove (8.1) for any open subset O C (P, (M), po)- O

8.2 Tightness of C, ,-capacity

Now we prove the tightness of the (r,p)-capacity on the path spaces, i.e., Theorem
1.3 and 1.4.

Theorem 8.2 Foranym € N, m > 2, a € (ﬁ, %), r € N, p>1, the (r,p)-capacity

Cyp on (P2™(M), Pom.a) 5 tight, i.e., there exists a sequence of increasing compact
subsets {Zn} in (Pam®(M), Pom.a) Such that

lim C,,(Z8) = 0.

Similar result holds if we replace (P%%’O‘(M),de,a) by (Pmo (M), psy) (see Theorem
1.3).

Proof. Let {F,} be the compact-nest of 62747174_5 in X constructed in the proof of
Theorem 8.1. Set Z, = I(F,). By the compactness of F,, and the continuity of the
map 1|5, : F, — (P2(M), Pom.a)s 1Zn} is a sequence of increasing compact subsets
of (P’V?T?@(M)a me,a)‘

Notice that

zg = T (PZ(M)\ I(F,)) € X\ B (8.12)
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By (8.1) and (8.12), we have

Crp(Z5) < AChpp(I7H (PR (M) \ T(F))
S ACZT,]H—E(X \ Fn) — 0.
Theorem 1.4 is therefore proved. Similarly we can prove Theorem 1.3. g

Corollary 8.3 (Choquet capacitability) For any m € N, m > 2, a € (ﬁ, %), r e

N,p > 1 and any Borel subset A C P%?’O‘(M), there exists a compact subset K C A
such that

Crp(A\K) <e.
Similar result holds if we replace P%?Q(M) by Py (M).

Proof. By Theorem 1.3, Theorem 1.4 and a standard argument as in [21] (p.108
Theorem 6.1). O

8.3 Holder continuity of Ornstein-Uhlenbeck process on path space

Let V be the gradient operator on PQma(M) m € N m>2, a¢ ( 2) Consider
the pre-Dirichlet form given by E(F, G) f pame( VF(7), VG( ) adu(y), where p
is the Wiener measure supported on Pa®(M), F G € FC®(P2™M™(M)). Similarly
to the case of P, (M), the integration by parts formula on (P (M), 1) implies the
closability of & on L2(Pat"*(M), 1). By Theorem 1.4, the E-capacity (i.e., C1.2) on
P2 is tight. Hence & is a quasi-regular Dirichlet form on L2(P]\2}Z’a(M ),1). By
the similar approach used in Driver-Rockner [8] based on the general theory of quasi-
regular Dirichlet forms [20], we can construct a diffusion process (X¢)¢>0 on Pg,f;l’a(M )
whose infinitesimal generator is given by L = —%V*V, i.e., the Ornstein-Uhlenbeck
operator on P%?O‘(M) In other words, for any fixed ¢t > 0, p-a.s. trajectory of the
Ornstein-Uhlenbeck process X; satisfies

X 2m
|Xt ‘Qma . / / ‘ t >‘ dtds < oco.

‘S _ T‘H—Qam

Then, as in [9], we have

s A (5). Xi(r)

s<r ‘5 - 7“|a1

< C[|Xtll2m.a

for some constant C' > 0 and a7 € (0,0 — ﬁ) Therefore p-a.s., X; satisfies the
Hélder continuity with exponent oy € (0,0 — 5-).

8.4 Comparison with the results of Driver-Rockner and Shigekawa

According to [24], one can use the method of [8] to prove the tightness of C;, on
P, (M) for any p > 1. However we cannot follow [8] [24] to prove the tightness of the
general (r, p)-capacities on Py, (M) for r > 2 and p > 1. Moreover, it seems that the

approach of [8] does not work on Pa®(M) even for the tightness of (1,2)-capacity.
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When M = G is a compact connected Lie group equipped with an Ad(G)-invariant
metric, we define the It6 map I : X — P.(G) (where e is the unit element of G) by
I(x) = g.(+), where g,(t) solves the following SDE on G:

{dgx(t) = goc(t)oddj(t)7
9:(0) = e

By Eq. (4.8) in [26], for any h € H,

DpI()(s) = ( A gm)hmg;lmdf) 42(s),¥s € [0,1].

By the above identity and the Ad-invariance of the Riemannian metric, Shigekawa
26] proved that || Fl[pra(rcy = IIF o Ilwrsc and Cop(d) = Crp(1)71(4)),
VA C P.(G). Therefore the It6 map I : X — P.(G) is a quasi-homeomorphism.
However Corollary 6.2 says that the It6 map I : X — P, (M) cannot be a quasi-
homeomorphism except that M is flat. See also Driver [6] for the non-equivalence
of the Dirichlet forms defined with respect to the left Cartan connection, the right
Cartan connection and the Levi-Civita connection on compact Lie group.
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