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Abstract

We first prove the LP-convergence (p > 1) and a Fernique type exponential inte-
grability of divergence functionals for all Cameron-Martin vector fields with respect
to the pinned Wiener measure on loop spaces over a compact Riemannian manifold.
We then prove that the Driver flow is a smooth transform on path spaces in the sense
of the Malliavin calculus and has an co-quasi-continuous modification which can be
quasi-surely well-defined on path spaces. This leads us to construct the Driver flow
on loop spaces through the corresponding flow on path spaces. Combining these two
results with the Cruzeiro lemma [4] [24], we give an alternative proof of the quasi-
invariance of the pinned Wiener measure under Driver’s flow on loop spaces which
was established earlier by Driver[7] and Enchev-Stroock [9] by Doob’s h-processes
approach together with the short time estimates of the gradient and the Hessian of
the logarithmic heat kernel on compact Riemannian manifolds. We also establish
the LP-convergence (p > 1) and a Fernique type exponential integrability theorem
for the stochastic anti-development of pinned Brownian motions on compact Rie-
mannian manifold with an explicit exponential exponent. Our results generalize and
sharpen some earlier results due to E. Hsu [15] and L. Gross [13]. Our method do
not need any heat kernel estimate and is based on quasi-sure analysis and Sobolev
estimates on path spaces.
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1 Introduction

Let M be a compact connected Riemannian manifold, mg € M be a fixed point. Let
V be the Levi-Civita connection on M. The orthonormal frame bundle over M is
denoted by O(M). The path space (respectively, the loop space) over M is defined by
Ppo(M) ={y € C([0,1], M) : v(0) = mo} (respectively, Ly, (M) = {y € Pp,(M) :
(1) = mg}). Let H be the R%valued Cameron-Martin space, i.e., the set of
absolutely continuous functions A : [0,1] — IR? such that h(0) = 0 and h € L2([0,1]).
Let Hyj its subspace with zero values at time 1, i.e., Hy = {h € H : h(1) = 0}.

Let A be the Laplace-Beltrami operator on M. The Wiener measure on Py, (M),
denoted by p, is the law of M-valued Brownian motion (with generator A/2) starting
at mo. The pinned Wiener measure on L, (M), denoted by v, is the law of the
conditional Brownian motion {7(s),s € [0,1]} on M such that v(0) = (1) = mo.
Intuitively, we have

v() = u(1y(1) = mo).

Rigorously, if p;(z,y) denotes the heat kernel on M, then for any o < 1,

dv _ p1-a(y(a),mo)
i, = (1.1)

where F, = o(y(s),s € [0,a]). For details, see e.g. Bismut [2] and Driver [7].

For p-a.s. v € Pp (M) (respectively, v-a.s. v € Ly, (M)), one can use the Itd
SDE theory to define the stochastic parallel transport Us(y) : TmgM — Tys\M as
the unique O(M )-valued stochastic process satisfying the following covariant SDE

vod'y(s) Us (7) =0



with the initial condition Uy(7y) = Idr,, v, where Idr,, ar is the identity transform
over Ty, M. See e.g. [2]. For all h € H (respectively, h € Hy), the Cameron-
Martin vector field Dy, on P, (M) (respectively, Ly, (M)) is defined by: for u-a.s.
v € Py (M) (respectively, v-a.s. v € Lp,,(M)),

Di(7)(s) = Us(v)h(s), Vs €0,1]. (1.2)

In [6] [8] [14], the classical Cameron-Martin theorem has been generalized to the
path space (P, (M), pv). That is to say, for all fixed h € H, the vector field Dy, gener-
ates a global flow {®;,¢ € IR} which can be p-a.s. well-defined on P,,,(M) (see Sec-
tion 6 below) under which the Wiener measure is quasi-invariant and an integration
by parts formula holds. Concerning the same issue on the loop space (L, (M),v),
Driver [7] proved that for any h € C' N Hy (the set of Lipschitz Cameron-Martin
vectors h € Hp), the vector field Dy, generates a global flow {®; : ¢ € IR} on Ly, (M)
such that for v-a.s. v € Ly, (M),

O(y) = Dp(®4(7)), oly) =1,

and the Wiener measure v is quasi-invariant under the flow <T>t, i.e., the measure
(®4)4v is equivalent to v. Moreover, an integration by parts formula holds on
(Lo (M), v): for two cylindrical functionals F' and G on Ly, (M),

E,(DpFG) = E,(F(-DpG + 4(h)G)),
and

AL ) o ([ 5@, (1)

where d§(h) is the so-called divergence functional on (L, (M), v) defined as follows:
for v-a.s. ¥ € Ly, (M),

1 1
3()0) = [ () + 3 Ricts o) (1(5). da(s). (14)

Here Ric denotes the Ricci curvature form over O(M) and {z(s),s € [0,1]} is the
stochastic anti-development of {7(s), s € [0, 1]}, denoted by = I~1(v), and is given
by the following Stratonovich stochastic integral

x(s):/OSUrl(y)od’yr, s €[0,1]. (1.5)

The complete theory of integration by parts formula on the loop space (L, (M), v)
for all the Cameron-Martin vector fields Dj, with h € Hy was first proved by Enchev
and Stroock [9] where the authors have also proved the quasi-invariance of the pinned



Wiener measure under the flow generated by Dp. In [15] [16], E. Hsu gave another
approach to integration by parts formula on loop spaces which avoids the problem
of the quasi-invariance of the pinned Wiener measure on the loop space. Let us
mention that all the approaches appeared in [7] [9] [15] [16] relied strongly on the
short time upper bound estimates on the gradient and the Hessian of the logarith-
mic of the heat kernel and all these authors used the Doob h-processes method for
conditional Brownian motion on a compact Riemannian manifold. See also Section
9 below.

The purpose of this paper is to study the asymptotic behavior of divergence func-
tionals, Driver flow and Cameron-Martin theorem on loop spaces as well as some
related problems by a different approach. First, we will use the Airault-Malliavin-
Sugita-Watanabe inequality (see Section 2) and some Sobolev estimates on the di-
vergence functionals on the path space (see Section 3) to prove the LP-convergence
(p > 1) and the Fernique type exponential integrability of divergence functionals
with respect to the pinned Wiener measure on loop spaces, see Section 4 and Sec-
tion 5. Second, we will prove that the Driver flow {®;,¢ € IR} is a smooth transform
on path spaces in the sense of the Malliavin calculus and has co-quasi-continuous
version denoted by {®;,t € IR} which can be quasi-surely well defined up to a
slim subset of the path space P, (M). Moreover, we prove that if h € Hy then
{®¢,t € IR} actually realizes the Driver flow generated by the vector field Dy, on the
loop space (L, (M), v), see Section 6 and Section 7. Third, we will combine these
two results with the Cruzeiro lemma [4] [24] to give an alternative approach to the
complete Cameron-Martin theorem on the loop space (Ly,,(M),v) avoiding to use
any heat kernel estimate, see Section 7. Finally, we use our method to establish the
LP(v)-convergence (p > 1) and a Fernique type exponential intergrability theorem
for the stochastic anti-development of pinned Brownian motions on a compact Rie-
mannian manifold equipped with any torsion-skew symmetric (TSS) connection, see
Section 8. Our results generalize and sharpen some earlier results due to Hsu [15]
[16] and L. Gross [13]. Our method is inspired by M. P. Malliavin and P. Malliavin
[25] where the authors first established the quasi-invariance of the pinned Wiener
measure on the loop group over a compact Lie group under the left or the right
action of a finite energy loop (which is nothing else than the Driver flow on the loop
group). In some sense, it leads us to get sharp or better estimate than the direct
approach based on Doob’s h-theory and heat kernel estimates, see Section 8 and
Section 9.

To state our main results, let us follow Hsu [15] [16] to introduce a sequence of
functionals as follows: for any h € H and s < 1, let

3(W() = [ 0(s) + 5 Ricw, ) (h(s)) da(), @ =I71(3).

Note that d5(h) is p-a.s. well-defined on P,,,(M). Since v is equivalent to p on Fg,
cf. (1.1), we see that d5(h) is also well-defined for v-a.s. v € Ly, (M).



Now we are in a position to state our main results of this paper.

Theorem 1.1 Let h € Hy. Then the divergence functional §(h) (formally given by
(1.4)) can be realized as the LP(v)-limit of §s(h) as s — 1 for allp > 1. In fact, for
all p > 1, there is a constant C), such that for all h € Hy,

1
2

1
184(h) — 5oy < Co / )Pt |

and
[0(M)lr ) < Cpllbll -

Moreover, for all
1

)\ < )\ == A )
* T @+ [[Riclo) ] u

we have
E, [exp (\3(h)[})] < +oo,
or, equivalently,
1
(2 + || Riclloo) 12l

Corollary 1.2 For all p > 1, the gradient operator D on the loop space Ly, (M) is
closable from LP(Ly,,(M),v) into LP(Ly,,(M), Ho,v).

i 3log v ({7 € Ly (M) £ 3(8) > 1)) = -

Corollary 1.3 For all h € Hy and all X > 0, we have
Ey [exp (A6(R)])] < oo.

Theorem 1.4 For any h € H, there exists an 0o-quasi-continuous version of the
Driver flow {®:,t € R} which can be well-defined up to a slim subset of P, (M).

Let {®;,t € IR} be a fixed co-quasi-continuous version of {®;,t € R}. By the
disintegration principle of the Wiener measure, {®;,t € IR} can be v-a.s. well-
defined on L,,,(M).

Theorem 1.5 Let h € Hy. Then {&Jt,t € R} is the flow generated by the vector
field Dy,_on Ly (M). Moreover, the pinned Wiener measure v is quasi-invariant
under {®,t € R}. More precisely,

t
d(®y) v ~
B0 0) = con | [G@-s0))ds | . v = as. 7 € Ly (01,
0
and for all p > 1 with the conjugate exponent q, i.e., % + % = 1., we have

||Kt||gp(y) S FE [epth(h)l] .



Remark 1.1 All the above results (as well as the Sobolev norms and capacities com-
parison inequalities (6.17) and (6.18) in Section 6 below) remain true if we replace
the Levi-Civita connection by any torsion skew-symmetric (TSS) connection. In this
case, we need only to replace the Ricci curvature Ric of the Levi-Civita connection
by the Ricci curvature Ric of the dual connection v given by

VxY =VyxY —T(X,Y), X,Y e (TM),

where T is the torsion of our given TSS connection V. Indeed, we have announced
Theorem 1.1 in [20] (without giving the precise value X\o) in this setting with an
equivalent expression of the divergence functional §(h) as used in Driver[7]. In
particular, we recapture the Malliavin-Malliavin theorem on the quasi-invariance of
the pinned Wiener measure on loop group over a compact Lie group.

The following result generalizes and sharpens some earlier results due to L. Gross
[13] where the author established the LP(r)-convergence and a Fernique type expo-
nential integrability theorem for the stochastic anti-development of pinned Brownian
motions on a compact Lie group.

Theorem 1.6 Let M be a compact Riemannian manifold equipped with a TSS con-

nection, m € IN, m > 2, a € (5, 3). Then for any

1,
A< A= §1nf{|]w\|12q cw e X, |w|lama =1},

we have
E, [exp (A|[3.4)] < +oo,
where )
Ha(t) — 2(s) | pa m
1z|2m,a = [/ / = S|1+2ma dtds} ,
and

1
x(s) :/0 U7 (y)ody(s), s€[0,1], v—as. vy € Ly,(M).

we have

exp (A sup ||9U(S)||2>
s€[0,1]

In addition, x(s) converges to x(1) in LP(v) for allp > 1 as s tends to 1 and there
exists a constant C), such that

Moreover, for any A < 2,

E, < +00.

|2(s) — 2(1)] 1oy < Cp(1 — 5)2.



2 The Airault-Malliavin-Sugita-Watanabe inequality

Let X = {z € C([0,1],IR%) : x(0) = 0} be the Wiener space, j, be the Wiener
measure on X. For any r € IN and p > 1, we let W"P(X) denote the (r, p)-Sobolev
space on the Wiener space X with the Sobolev norm || - [lyyr.p(x). Let A1,..., Ag be
the canonical horizontal vector fields on O(M), rg € O(M) be a fixed orthonormal
frame over mg. Consider the horizontal SDE on O(M):

dra(s) — gd; Ai(ra(s)) o da(s)
rz(0) = 7.

Let v,(s) := m(ry(s)), s € [0,1]. Then it is well-known that {v,(s),s € [0,1]} is a
Brownian motion on M starting at mg. The Wiener measure p on the path space
P, (M) ={y € C([0,1], M) : v(0) = mo} is given by the law of {v,(s),s € [0, 1]},
ie., u= I, where I : X — P, (M) is the It0 map given by

I(z) =",, po—as. zeX.
Consider the following M-valued Wiener functional ®:
®(z) = 7,(1).
By [1], ® € W°>>°(X, M) and ® is non-degenerated, i.e.,
(Det[®(x)]) ™" € W>(X, M),

where W (X, M) is the set of all smooth M-valued Wiener functionals in the
sense of Malliavin calculus, and

Det(®(x)] = \/det[V(x) - VO (2)7],

where the determinant on the right hand side is taken with respect to the Riemannian
metric on T,y M, V®(x)” denotes the adjoint of V@(z) : H — Ty M.

Recall that if f € W (X, M), then f has an co-quasi-continuous modification
which can be well-defined out side a slim subset of X. Moreover, if fi, fo are two
oo-quasi-continuous modifications of f, then f; and fo only differ on a slim set.
Let ®* be any quasi-continuous modification of ®. The following co-area formula
is well-known (see e.g. [1] [24]): there exists a family of area measures denoted by
{da¥(-),y € M} (where each da¥(-) is supported on the submanifold S, = ®*~*(y))
such that for any v € W*(X) and v € C*°(M),

/ w(@)o(B(2)) [Det®] () dpug ( / / 2)da¥ (z)dy,
o

X



where u* denotes any oco-quasi-continuous modification of u. Let
vy(dz) = (Det[®](z)) " tda? (z).

Then for all y € M, v, is a Borel probability measure supported on the submanifold
Sy = ®*~1(y). Moreover, vy has no charge on any slim subset of X.

By [33] [21], the Itd map [ : X — P,,,,(M) is smooth in the sense of the Malliavin
calculus and has an oo-quasi-continuous modification. Throughout this paper, we
let I denote a fixed oo-quasi-continuous modification of the Ito map I. Using the
dyadic polygonal approximation of M-valued Brownian motion, and by a similar
argument used in Section 4 in Shigekawa [30], one can prove that the stochas-
tic anti-development map given by Eq. (1.5) has an oo-quasi-continuous version
(denoted by I~) which can be quasi-surely well defined on P (M) and satisfies
Iol = Idyx quasi-surely (i.e., except on a slim set of X). By this and using the
capacity comparison inequality due to the author [21], we can easily prove that for
two different versions of oco-quasi-continuous modification of I, saying I; and Io,
I|s,,, (Sm,) only differ from Io[s,, (Sm,) on a slim subset of P,y (M). [Indeed, let
S ={x: Ii(z) # Ix2(z)}. Then S is a slim set of X. Let O C X be an open set
containing S and with capacity C,,(0O) < € for all r € IN and p > 1. By the capacity
comparison inequality between the path space and the Wiener space (see [21]), we
have R

Crp(1(0)) < aCorpi1 (I 0 1;(0)), i = 1,2,

where a@ = «a(r,p) is a constant and CA'r,p is the (r,p)-capacity on the path space
Py (M) (for its definition, see [21]). Note that I, ' o I; = Idx holds quasi-surely
on X, i = 1,2. Hence Oy pr1(l; " 0 [;(0)) = Copi1(0) < €, i = 1,2. Since
€ is arbitrary, we get aﬂ’p(Ii(S)) =0,Vr € N,p >1,¢=1,2. | Thus, f\gmo,
the restriction of I on the submanifold Sme = {z € X 1 7,(1) = mg}, IS vpy-a.s.
well defined. Moreover, I Sy ¢ (Smgs Vmg) = (Lmg(M),v) is a measure theoretic

isomorphism. That is to say, 1| Sy (S0) only differs from Ly, (M) on a slim set of
the path space P, (M) and

V= (ﬂs7n0)*ym0'
The following result is due to Airault-Malliavin [1] and Sugita [33].

Theorem 2.1 There exist a pair (p,r) € (1,400) x IN and a constant C > 0 such
that for any f € W (X, R"), we have

/ £ (@)mo (d) < Cllfllwwrnx).
Smy

where f* is any oo-quasi-continuous modification of f.



In fact, using the Watanabe generalized distribution theory on Wiener space, we
can even precise the constant C' and the value of the pair (r, p) appeared in Theorem
2.1 as follows.

Theorem 2.2 (Airault-Malliavin-Sugita- Watanabe inequality) For all p > 1 and
fe W2[§]+2’p(X), we have the

Z)dVpm, ()

< C[0mg © (I)|’—2([%]+1)71%1 ”f”z[gprz,p-

where

C = [p1(mo, mo)] "

Proof. For any y € M, let §, be the Dirac delta function at point y. Then
6 € S_op (M) for allr > [4]+1, where d = dimM and S_, (M) is the topological dual
of Sor (M) (the completion of the Schwartz space S(M) of rapidly decreasing C°°-
functions on M by the norm || |2, defined by ||@||2r = [[(1+|2]*> — A)"¢|lx). See e.g.
the proof of Theorem 4.2 in H. Sugita [32] (p. 47—48) and S. Watanabe [34] Remark
2.2 (p. 8). Let F' € W>°(X, M) be a smooth non-degenerate Wiener functional.

Then for all k =0,1,... and p > 1, themap y € M — §,(F) € W*2[%]*2*2k’p(X) is
2k-times continuous differentiable. Hence for any f € DAsl+2+2kp (X) we have

‘/ f( 2))dpo(x)| < [|9y 0 Fl| _ypa) 5 2k, 21 2 [ Fllod1 5242k -

In particular, using the fact that
5mo (®(x))
Jx Omo (2(2))dpo ()

we deduce the Airault-Malliavin-Sugita-Watanabe inequality with the constant C'
given by (cf. Watanabe [34])

Vme(dz) =

dMO(x)>

[/ Omo (P (x))dpg() B = [p1(mo, mp)]
O

3 Sobolev estimates of divergence functionals on path
spaces

Following [21], for any » € IN and p > 1 we let D"P(P,,,(M)) denote the (r,p)-
Sobolev space on Pp, (M) with the Sobolev norm | - || pro(p,, (ar)) defined by

||1 HDTP Py (M)) ”E }HH@k
O
k=0

9



For any fixed t € [0,1], regarding z — r,(t) as an O(M)-valued Wiener func-
tional, we have r.(t) € W°>°(X,O(M)). More precisely, for any n € IN and any
h,hi,...,h, € H, the following H- directional derivatives exist:

Virg(t) 1 = {%T’Heh(t)}

)

e=0

D?’L
Vinale ()2 =0 5o ey Tt

=1 €1=...=€p,=0

where éf) denotes the Levi-Civita covariant-derivative along the smooth curve ¢; —
Tatesh; (t ) on O(M). Moreover, we have the following

Proposition 3.1 (/21]) There exist DI r,(t) € L2(]0, 1", T,,O(M)) such that
(1) DI dmr . (t) is adapted with respect to Fy = o(x(s),s € [0,t]) for any fized
S1y..y8n €10,1] and 0 < ji,...,jn < n. Moreover,

Dg}jjjg’jlrx(t) =0 if s1V...Vs,€]t1],
(2) for any hy,...,h, € H,

(V' (t), 1 @ . H®" - Z / /‘D‘Jgi gz hh (s1) . hgzn (8n))ds1 .. .dsp,
J1y-sdn 0

(3) for any p > 1, we have

p
T [ ) s PRV
81,--y5n€[0,1] 51V...Vs, <s<1

where || DL3n 1, (s)|| denotes the Riemannian norm of the vector field DIt Irr(s)
with respect to the Sasake Riemannian metric on O(M) (for its definition, see [21]).

Let eq,...,eq be the standard orthonormal basis of IR%, R be the Riemannian
curvature tensor on M. For any r € O(M), the Ricci curvature over the frame r is
a real matrix given by

d
Ricy(a) = Zril o R(re;,ra) o re;, Ya € RY.
i=1
Let

1
J(z,t) = §Ricrx(t).

By the chain rule and Proposition 3.1, we have J(z,t) € W (X, M(d,d)), where
M (d,d) denotes the set of all d x d real matrix. Moreover, we have the following

10



Proposition 3.2 The Malliavin derivatives DI} 3" J(x,t) belong to L2([0,1]", M (d, d))
and are adapted with respect to Fy = o(x(s),s € [0,¢t]) for any fized s1,. .., s, € [0,1]
and any 0 < j1,...,9n < n. For any hy,...,h, € H,

¢ ¢
(V'"J(2,t),h1 ®...® hy) :/ /Dgi g" x,t hjl(sl) h%”(sn)dsl...dsn.
0 0
Moreover, for any p > 1,

]ljn p
sup E [ sup HD81...an($at)H ] < +00. (3.2)
[0,1] H.S

S1,-.-,5n€|0, s1V...Vs, <t<1

Proof. The proof can be easily given by the chain rule and using Proposition
3.1. In particular, (3.1) yields (3.2). O

Let h € H and Dy, be the vector fields on Py, (M) defined by (1.2). By integra-
tion by parts formula, see e.g. [2] [6] [10] [8] [14], the L?(u) adjoint of Dy, is given
by Dj = —Dp, + 6(h), where §(h) is the divergence functional. Moreover, for p-a.s.
v € Py (M), we have

1
: 1 . _
(1)) = [ () + 3Rics (7). do(r). = = 170,
Now we state the main result in this section.

Theorem 3.3 For any r € IN,p > 1, there is a constant C' > 0 such that for all
h € H we have

18 sy, )y < Bl

Proof. Let (@ = 0(h)oI. By the Sobolev norm comparison theorem (see [21]),
we have

H(S(h)HDT’p(PmO( M)) = O‘Tp”‘s( Mwerper(x),

where «,.;, is a constant. Hence we need only to prove that for any » € IN,p > 2,

16(h) lwro(x) < ClIA - (3-3)

By induction and direct computation, it can be easily to show that for any n > 2
and h, hy,...,h, € H, we have

—

1
Dyo(h)(z) = h(s) + J(z,s)h +/DJazt ), dx(t)),
0

11



—_

(Dt g(ason(s)
(3.4)

NE

DA S(h) () = [(DI3n I (x, t)h(t), da(t)) +
0 7

1

where we use the notation (ay,...,aq)’ :=a;, j =1,.

By the Burkholder-Davies-Gundy inequality, we have ||5( Wy < Cllhllg- It
remains to prove that for any n > 1,p > 2, there is a constant C' > 0 such that

ire=s®ias|),,,, < Clinla (3.5)

Below we only give a proof of (3.5) for n > 2,p > 2. The proof for the case of
n =1,p > 2 is analogue. By definition, we have

(SIiS]

Vs = | [ [pas ds..ds,

J1ye- 7]n[0 1]n

[M3S)

(M)

IA
B

1
[0in @ o). dete)| ds

J1ye- 7.771[0 1]n 0

[MS]

[SS]

2 ) Z/ (D (. sh(s:) Fds

Jiseesdn i:1[071]n
< L+ 1.

By the Holder inequality and the Burkholder-Davis-Gundy inequality, we have

L - / /11731 Jn 7 (2, )h(t), da(t ))st 5
0,17 10
< /E /11)]1 Jn I (2, Oh(E), du(t)| ds
1 10
< / /|Dﬂ b onoP]| s
S ]

il / E(t sup DI J"J(:c,t)P’) ds
(S

[0,1]71 [\/81‘71]

12



(by (3.2))
< C||hlfy;

Similarly, we have

b
2
pit-iid 2
S / 515\: ..... SZ (x73i>h(3i>)]z
[0,1
_ P
1 ) 2 2
= / o Z‘liiinj(x,sz) Vh(si)dsi
Sze[VsJ,l] 1:..8¢.--Sn
L0
p
< ||h’|§{ sup E sup ‘(Dgiiiﬁﬁlﬂnef(x,si) ]
s5€[0,1]  [si€[Vs;1]
(by (3:2))
< Cllnllg-

Combining the above inequalities for I; and I3, we obtain (3.5) and hence (3.3). O

Proposition 3.4 For anyn € IN,p > 1, there is a constant C > 0 such that for all
h € H we have

1
S2 52 2 52 2
. 1 .
[0 + 5 Rice, i (h(0). da(t) <c|| [hwpa) + | [inor
st D78 (P (M)) st .

(3.6)

Proof. The proof is similar to the one of Theorem 3.3. O

Corollary 3.5 The functional 6(h) has an co-quasi-continuous modification which
can be v-a.s. well-defined on Ly,,(M).

Proof. By Theorem 3.3, 6(h) € D°®(Py,(M)) = Nrenps>1D"P( Py (M)).
Thus, d(h) is a smooth functional on P,,,(M). Hence it has an co- quasi-continuous
modification (see [21]) which can be well-defined outside of a slim set. Thus we
obtain a v-a.s. well-defined functional on the loop space Ly, (M). O
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4 The LP(v)-convergence of divergence functionals

For any h € Hy and s < 1, the following functionals are well-defined for pu-a.s.
v € Py (M )7

W0) = [ () + Ricy, b do(r)), 2 =T70) (@)

Since p and v are equivalent on Fs = o (7,(7), 7 < s), d5(h) is also v-a.s. well-defined
on Ly, (M). The main technique part in E. Hsu’s proof of the integration by parts
formula on the loop space, see Proposition 4.1 in [15], is to prove that as s — 1 the
sequence {ds(h)} converges in L'(v) to a limit which belongs to L?(v). In view of
this, for v-a.s. v € Ly,,(M), Hsu defined §(h)(v) as the L!(v)-limit of d4(h)(vy) and
then prove that §(h) is nothing else than the divergence functional appeared in an
integration by parts formula on Ly,,(M).

The purpose of this section is to prove that for all p > 1 as s — 1 the sequence
{ds(h)} converges to ¢ (h) in LP(v), where § (h) is an oo-quasi-continuous modification
of 0(h) constructed by the quasi-sure analysis principle which is v-a.s. well-defined

on Ly,,(M) (see Corrolary 3.5 above). Moreover, we prove that d(h) satisfies the
Driver-Enchev-Stroock-Hsu integration by parts formula on the loop space.

Theorem 4.1 For any p > 1, there exists a constant C, > 0 such that for all
h € H, we have

18(h)| Loy < oIl (4.2)
Moreover, for any h € Hy,

1

2
s < () [2 . 4.3
= sm)|,, <o [ bk (4.3)

1

2
s < i (£)2 , 4.4
S(h) 5(h)HLp(V) <C /h(t)| dt (4.4)

Proof. By the Hélder inequality, we need only to prove Theorem 4.1 for p = 2n,
n € IN. By Theorem 2.1, there exist r € IN and ¢ > 1 such that

15 sy < € [ (5)"] .,

It remains to prove that for any r € IN and ¢ > 1,

[v7 (5) .., < Clnl (45

14



By the Burkholder-Davies-Gundy inequality, we have

|6, < Clinit (4.6)

Thus (4.5) holds for » = 0 and ¢ > 1. Now we prove (4.5) for = 1. By the Hélder
inequality, we have

—

|p(a(m)yr-1v(n)
< p H (5m)""

p—1

vty

HL‘I(uo)
fost

La(pg)

L24(p1) L24(p)

S Ol

(using (3.5) and (4.6))
< pC|IhlfG-

In general, for any k € IN we have

vk+1f2n — ankanfl QVf+ 2nf2nflvk+1f
= 20(2n — )V 122 VfQ VS
—|—2TL(2’I’L _ 1)f2n—2vk‘f QVf+ 2nf2n—1vk+1f‘

Thus, by induction and using the Holder inequality together with (3.5) and (4.6),
we can prove (4.5) for p = 2n and all » € IN.

For any s < 1, we can easily prove that d5(h) o I € W*°(X). Hence d5(h) €
D> (P,,,(M)). Let §5(h)* be any co-quasi-continuous modification of §5(h). Then
ds(h)* is also well-defined for v — a.s.y € Ly, (M) and d5(h) = d5(h)* holds v-a.s.
on Ly, (M). By Theorem 2.1 and by the same argument used in the proof of (4.2)
together with Proposition 3.4, we can prove that

18aa () = Sy (W) N2y = Gan(R) = Ss (W),
< O[5 (h) — 5, (WP e

ED) p

- C /(h(t)+J(:c,t)h(t),dx(t)) (4.7)

s1 Wra

. p/2 . p/2
< C <f rh<t>\2dt) +<fh<t>|2dt> ,

S1

where C is a constant which only depends on p. Now for h € Hy, we have
JHI(@)[2dt < [} |h(t)|%dt. Taking so =1 in (4.7), we obtain (4.3) and (4.4). O

Now we introduce the gradient operator on P, (M) and Ly, ,(M). Let F be a
cylindrical functional on P, (M) (respectively, Ly, (M)) given by

F(Y) = (Vs 7s,)s

15



where f € C®°(MF*), 0=1s9 < 51 <...< s, < sp1 = 1 is a finite partition of [0, 1],
k € IN. For p-a.s. v € Pp (M) (respectively, v-a.s. 7 € Ly, (M)), we define the
gradient DF () of F' as the unique element of H (respectively, Hy) such that for
any h € H (respectively, h € Hy),

< DF(v),h >pg= DpF(7).

Here

DpF(v) = Y {grad® f(v(si)), Us,(7)h(s:)), v — as. v € Ly, (M),

L=

(2

and grad® f(~(s;)) denotes the gradient of f with respect to the i-th variable, i =
1.k

Below we prove that §(h) satisfies the Driver-Enchev-Stroock-Hsu integrate by
parts formula on the loop space.

Theorem 4.2 Let F', G be two cylindrical functionals on Ly, (M), h € Hy. Then
(DnF,G) 120 = (F, DpG) 12(),

where

D;, = —Dy, +8(h).

Proof. First, we suppose h € Hy = {h € Hy : supp(h) CC (0,1)}. Then there
exists some « € [0,1) such that h(7) =0, V7 € [, 1]. Without loss of the generality
we may suppose that F and G are F,-measurable. To simplify the notation, let
pe(z) = pe(mo, x), x € M. Note that

Dpp1-a(v(a)) = gradpi—a(y(e))Ua(y)h(e) = 0.

16



By (1.1) and the integration by parts formula on the path space, we have

[ o - [ s S
Long (M)
P1— a( (O‘))
/'F m(<> (0>)wm
P (M)
Poad@)\ . = (1 pia(r(@)
P {?)F«n[—Dh(G«w—;;Gaﬁ—)~+6MJ<G«»—ER;QT—)]mxv>
= [ Py (-Du6) + 8G)) P gy
Py (M) '
)
- / F(v)G(v)Dy, <7p1(m0) )du

)(—DaC() + smE) P g oy
p1(mo)

Prg (M
/ F(y
P (M)
_ / (1)(=DrG() + 6(h)G(7))dv(7).
Lng (M)

Hence Theorem 4.2 holds for h € Hj.
Next, for any h € Hy, since H; is dense in Hy, there exist h,, € H1 such that

1S h||HO — 0. By (4.2) in Theorem 4.1, and using the fact that (5(h ) — 5(h)

(5(h - h) for any p > 1, we have H(S( n) — )HLp(,,) < C||hn, — h||m,- In particular,
lim ||5( n) — ( M 2@y = 0. Hence

—_~—

(F,8(hn)G) 120y — (F,6(h)G) 2y, 1 — 0.

On the other hand, by the definition of Dy and the Lebesgue dominated convergence
theorem, we have

<DhnF’ G)LQ(V) — (DpF, G>L2(V)7 n — 00,

<DhnG, F>L2(V) — <DhG,F>L2(V), n — 0.

Note that (D, F, G) 20y + (Dn,, G, F) 2y = (F,0(hy)G) 2. Letting n — oo, we
prove that Theorem 4.2 holds for all h € Hy. O

Remark 4.1 Combining Theorem 4.1 and Theorem 4.2 with Proposition 4.1 in

Hsu [15] concerning the L' (v)-convergence of §s(h) to 5(h), we conclude that 6(h)
is nothing else than the divergence function defined in Driver [7] (in the case where
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h € C' N Hy), Enchev-Stroock [9] and Hsu [15] [16]. In view of this and to simplify
the notation, as we have used in the statement of Theorem 1.1, in the rest part of

this paper, we will use the notation §(h) in stead of 6(h).

As a consequence of Theorem 4.2 and the LP(v)-integrability of the divergence
functional §(h) (see Theorem 4.1), by a standard argument as used in Fang-Malliavin
[10] or Hsu [15] [16], we have the following result which allows us to introduce the
first order Sobolev spaces over the loop space.

Theorem 4.3 For all p > 1, D is closable from LP(Ly,,(M),v) to LP(Ly,,, H,v).

5 Exponential integrability of divergence functionals

In this section we prove a Fernique type exponential integrability theorem for the
divergence functional on the loop space.

Theorem 5.1 For all

1
)\ < )\0 - B )
(2 + || Riclloo) |2/
we have
E, [exp (A|6(h)[*)] < 4o, (5.1)

or, equivalently,

1
(2 + || Riclloo) [Pl 2

where || Ric||so denotes the upper bound of the Ricci curvature.

tlggo tizlog v({y € L, (M) : [6(h)] > t}) =

To prove Theorem 5.1, we shall use the following lemma which provides us with
a very useful tool to study the exponential integrability of some functionals with the
pinned Wiener measure on loop spaces.

Lemma 5.2 Let [ € W”’”QP(X), ne€IN, p>1. Then

€ 2 L& n
< e NAr
W

f2H . 5.2
He Wnp(X) — %%(X) (5.2)

Let F € D*(Py,,(M)). Then there exist a constant C > 0 and a pair (n,p) €
IN x (1,400) such that

~ 1
EI/ [€F2] S C H€(1+E)F2 1+e ||F o IHTL 2 , (53)
L (w) W™ TFe (X)

where F denotes any oo-quasi-continuous modification of F'. Moreover, we can take
n= 2[%] + 2 and p > 1 which can be arbitrary close to 1.
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Proof of Lemma 5.2. By the chain rule, we have
Vel = e Z cm,,,,,rnV’”lf2 Q... V™ f2?
r1+..rp=n

where ¢, ., are some combinatory constants which can be given explicitly, and the
summation is taken over all {(r1,...,7,) € N": 0 < 7rq,....7 < n,r1+... 41, =n}.
Using the Holder inequality, for any € > 0, we have

2
1977 1z

2 T Tn
SOl g Do IV Pl T e

r1+...+rn=n

Moreover, for any r € IN,

VifE= > Gy Ve eVt

j1+~~~+jr:'f
Hence
IVl < Cr) o DY IV Fllep o IV Fllep
j1+---+jr:'r
< C(T)HfH;VT,Tp(X).
Thus,
2 2 LE W:l T1nPpE (X)
(1976 lmren]| < I DT A EET AT
p _ W (X))
r1+..rm=n
<

n<pe

€ 2 L€ n
Cle TN e
W' 1+e (X)

The inequality (5.2) follows. Combining (5.2), Theorem 2.1 with Remark 2.2, we
prove the inequality (5.3). d

Proposition 5.3 For all

1

A < Ao = - 5
° 7 @2+ |Riclloo)h]u

we have
B, [exp(Ao(h)?] < +oc.

Proof. By random time changing, there exists a Brownian motion {B,t €
[0,00)} which is adapted to the standard Brownian filtration Fs = o(z(s), s € [0,t])
(here we allow ¢ € [0, 00)) such that

§(h) o I(z) = Br,
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where )
1. 1 2 Ric||
7= | [ 1)+ gRice pnPar | < @ T
0

By the refinement version of the well-known Fernique lemma ([11], see also Theorem
3.3 in [19]), we have

Eylexp (A5(h))] = E [exp (A|Br|?)]
< E|exp (A sup ||Bt||2>
s€[0,(2+]| Riclloo) ||l 1 /2]
< o0,

provided that
. |l 1
A(2 o) —— < =,
2+ | Ricll) 52 < 5
i.e.,
1

A< A = - .
O @+ |[Ricloo) k] m

a
Proof of Theorem 5.1. Applying Lemma 5.2 to F' = 6(h), for any p > 1 and
€ > 0, there exists a constant C' > 0 such that:

—

By [exp (NS)2)] < € [expM1+ WP 77 18O ey

Wn,P(X) W’n,, TFe (X)

where n = 2[4] + 2. By Proposition 5.3 we have

< +00,

H6A<1+e>p|®\2
Wnp(X)

provided that
1

A< - .
p(1+€)(2 + [|Riclloo) [ 2]
On the other hand, Theorem 3.3 says

—

16 w2pe < Cll-
W™ THe (X)

Thus, for all A < [p(1 + €)(2 + | Ric||oo) |2]| 7] ", we have E,, [exp (Al0(R)|?)] < +oc.

Since we can chose p arbitrary close to 1 and e arbitrary close to 0, we deduce the

desired inequality (5.1) for all A < Ao = [(2 + || Ric||oo) |||l 2] " O
As a consequence of Theorem 5.1 we have the following result.
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Theorem 5.4 For any A > 0 and any h € Hy, we have
E, [exp (Ad(h)])] < +oc.

Proof. By Theorem 5.1 we have

1
(2 + || Riclloo) [Pl

1
Jim —5log v ({7 € Lmy(M) : [5(h)] > t}) = —
This yields that
1
tlim ;log v({y € Lny(M) : |6(h)| > t}) = —o0.

Theorem 5.4 follows. O

6 Smoothness of Driver’s flow on path spaces

Recall that by [6] [8] [14], for all h € H, the vector field D}, generates a global flow
{®¢,t € IR}, the so-called Driver flow on Py, (M), such that for p-a.s. v € Pp, (M),

() = Dp(®u(y)),
Po(y) = . (6.1)

In the case where h € C' N Hy is a Lipschitz Cameron-Martin vector, Driver[7] con-
structed the flow generated by Dy, on the loop space Ly,,(M) by using the technique
of enlargement of filtration. In [9], Enchev-Stroock gave another approach to con-
struct the flow corresponding to Dy, for all h € Hy. As we have pointed out before,
their approaches relied on the gradient estimate and the Hessian estimate of the
logarithmic of the heat kernel on compact Riemannian manifold. For details, see
Section 9.

In this section, without using any heat kernel estimate, we construct the Driver
flow of Dy, on the loop space for all h € Hy through an co-quasi-continuous modifi-
cation of the corresponding flow on the path space. To this end, we shall first prove
that for any h € Hy the Driver flow generated by Dy, is a smooth transform on the
path space PmO “(M) in the sense of the Malliavin calculus, where for any m € IN,

m > 2, ae(Qm,;)

2m
2m, _
PmTO‘(M)—{W’GPmo // \t—s|1+2m0‘ dtds<oo}.

By [21] and the reference theirin, the Wiener measure v is supported on Par*(M)
and the Sobolev spaces theory on an?’a (M) is as the same as (i.e., quasi-homeomorphic
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to) the one on P, (M). Moreover, Par®(M) is a M-type 2 Banach manifold mod-
elled on X?™% whose norm || - ||2m.q is smooth in X?™\ {0}, where

a () s)|[ e
2m,a ._ Rd
xm .—{ e X: // i ’12 dtds < o0

on which we consider the fractional Holder norm || - ||2m,o given by

1
! HJ" HIRd o
HfEHQma— (/ / t_s‘lJera dtds

Theorem 6.1 For any h € H, Driver’s flow ®; : Par"®(M) — Par®(M) is a
smooth mapping in the sense of the Malliavin calculus, i.e.,

B, € DX(PE (M), PA(M)).

To prove this theorem, let us first introduce the set SM(IRd) of all IR%valued
semimartingales with the Doob-Meyer decomposition (s fo r)dr+ fos A(r)dr
where {(O(s), A(s)),s € [0,1]} is an adapted M (d, d) x Rd—valued process such that

I€N? = E [ sup [|O(s )H?w(dd)] +F [fol ||A(s)||]2Rdds} is finite. By definition, we
s€[0,1 ’
have

e anal, = |I [ Owyetr)+ [ ac |
O(r)d .o A(r)dr|lam.a
Hn/o (F) ()|, p+H||/0 (il

Using the Burkholder-Davies-Gundy inequality we have

IN

. P . p
/ O(r)da(r) < H / O 2dr||
0 2m,a 0 2m,«
< OB swp O] / drnzma]
TE
< C(p,m,a)E | sup ||O(r)|P
rel0,1]

Using the Cauchy-Schwartz inequality we have

m 1 m
< {/ ‘A(T)‘erj| |s1 — sa|™
0
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Thus
! USQ A(r dr|2m 1 meorlorl dsids
A(r)12d / / 1ds2
/ / |51 — so|1+2ma Toy — sg[Tr2ma 451482 [/0 A T] o Jo 51— so|i+2ma—m
1 m
C(m,«) [/ |A(7")|2dr]
0

IN

IN

This yields that

H /O.A(r)dr ] S C(m, )] %{ [/ A(r) dr]pmxi"};
. a){E | /OnA(T)pdrf}p.
Therefore
|msu2m,aupgc<m,p,a>{E s [0 }%wmp, { [ [ 14 ]| }

Hence for m > 2, a € (ﬁ, %) and p > 1, we have

+ C(m,p,« {/ |A(r er]

For any p > 1, define the norm ||| - |||, on SM(IRY) as

+E [/01 ]A(r)]er]g

E [€5n.0] < COn,p, ) E[l17]- (6.2

Proof of Theorem 6.1. Set &, = I~ *o®,0l. By [21], we have I € D0 (X2ma P2 (\f))
and I™1 € D20 (PA™* (M), X2™). Hence it remains to prove £, € Woo:20 (X 2ma x2m.a)
By [6] [14], &, satisfies the following ODE on X 2™ where the stochastic integral is

taken in the sense of It0,

sup [[O(r)[”

B [1€lna] < Clm.p.0)E | sup

sup [|O(r)]”
rel0,1]

€N = £

Then

56l = b+ [ Ricnebnar+ [Caendae
fo) = =
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Here U(s) is the stochastic parallel transport along v,(s) = ®4(v)(s), qn(t,s) is
given by the following Stratonovich stochastic integral

Gt s) = /0 Q) (h(r), oy (7).

Using the Picard iteration and by a similar argument as used in Driver [6] and
Hsu[15], we can prove that for any k € K, Dp,(s) exists for all s € [0, 1] and all
t € IR. Moreover, D€, satisfies the following equation

a S 1 S S
5 Dkels) = /OQh(th)deﬁt(T)+§/0 DkRiCUt(T)(h(T))dT+/O Dian(t, 7)d& (1),

Diéo(s) = k(s).
(6.4)
For any T' > 0, p > 1, we can prove
sup_ B [[1D€ ()l 0] < 0. (6.5)
te[-T,T]

Indeed, let {£}(s), s € [0,1],¢t € [-T,T]} be given as in [6] and [14]. Let (O} (s), A7 (s))
be the Doob-Meyer decomposition of £}'. Let v} = I(&}), U* = U(7}) and gj(t,s) =
Jo Qur @y (h(r),0de} (1)), s € [0,1], t € [=T,T). Then for any fixed s € [0,1] and
t € [=T,T], it is easy to see that (O} (s), A(s)) € W>*(X,0(d) x RY). Similarly
to [14], we can easily prove that

swp B [Jley — ) < €20 (6.6)
te[-T,T] n:

where

1 2
By - &P = E | sup OF — Op M g | +E [ /0 |47 (s) — A7~ 1(s)]ds

s€[0,1]

Moreover, for all k € H we can easily show that

DLO}(s) = 07(s) [ 104 Diap (. 5)O% ()

DAY = OF(e) [ 108 e (. 5) AL )i

—i—%O?(s) /0 (02(5)] " DiRicyg ) (h(s))du

Putting k£ € H such that k= 1{r11€a into the above formulas, we obtain the explicit
expressions of the Malliavin derivatives DXO}(s) and DA} (s). Set

1 £
EIDFEF] == E [HO?llﬂ(d,d)hE Sup1 ||D?O?(8)H’fw(d,d) +E [/0 | DS A} (5)||jads | -

)
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By standard argument and the Burkholder-Davies-Gundy inequality, and using the
fact that O (s) € O(d) and sup || A} (s)|| < C(1+ |h(s)|) (see [14]), it is straightfor-
nelN

ward to prove that

s€[0,1]

E | sup |[DIUS(s)IP| < cE[[|DZEINI], E | sup [[D2gr(t,s)|]”| < cE[IIDFEN],
s€[0,1] s€[0,1]
E | sup | DU} (s) = DFUF ™ (s)|IP| < cE | sup !!D%?(s)—Di‘ﬁ?‘1<s>!!p]
s€[0,1]

sup ||D$Uf(s)\|2p] } (E[lley — &1 1™])2

s€[0,1]

+c {E
sup || D2qy(t,s) — D2qy ' (¢, s)|P
s€[0,1]

+e{BLIDIG ]} {E [l - g2}

From the above inequalities we can deduce that

E < cB [|DRg} — DRer 7]

sup sup sup F[[|D2}|P] < cre®, (6.7)
n€lN ¢e[-T,T] T€[0,1]

E | sup [D2OP — D2OPL(s)|P
| s€[0,1]

t
<R (T.n)+c /0 |D2En — DEEn|Pdu, (6.8)

B || [ ipar - Do) as
0

t
< B2 (Ton) + ¢ /0 |D2&y — D2 [P,

(6.9)
where for i = 1,2, there exists a constant C'(T,p) such that

1/2 1/2
Ry o(T,n) < C(T, p) { sup  sup [E [lD?E?HQp]} { sup B [[|€} — ?1||2p]} :
te[-T,T] T€[0,1] te[-T,T)

(6.10)
From (6.6), (6.7) and (6.10), Ry o(T,n) = R} ,(T,n)+ R2 (T, n) tends to zero as n
tends to infinity. On the other hand, from (6.8), (6.9) and the Gronwall inequality

we have
swp  sup E[I[D2) — DI P] < Rya(T,m)e”.  (6.11)

te[-T,T] 7€l0,1]

This implies that {¢}',¢ € [~T,T]} converges uniformly in W1°(X, (SM(IR?), ||| -
|l,)) and hence by (6.2) it converges uniformly in W1 (X, (X2 ||-||2m.q)). More-
over, we deduce Eq. (6.4) (respectively, the inequality (6.5)) from the corresponding
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equation for Dy&} (respectively, the inequality (6.7)). In general, by induction and
repeating the same argument as above, we can prove that for all ki,...,k. € H,
Dy, .k, &:(s) exists for all s € [0,1] and all ¢ € IR. Moreover, for any 7' > 0, p > 1,
using the Burkholder-Davies-Gundy inequality we have

sup B ||| D"&, ()l ger 5m,a | < oo (6.12)
te[-T,T)

This finishes the proof of Theorem 6.1 concerning the smoothness of the Driver flow
on the path space P%?’Q(M). To save the length of the paper, we omit the details of
the proofs of the four inequalities listed before (6.7). The reader who is interested in
the details of the proof is refered to C. Cross [3] (for the the case where h € C' N H
is a Lipschitz Cameron-Martin vector) and Léandre [18] as well as Li [22] where
the author proved that the Driver flow ®; is a smooth transform on the path space
P (M). O

We will make use of the following Kolmogorov criterion for co-quasi-continuous
modification of a family of an M-type 2 Banach space FE-valued functionals. When
E =R, it is due to Ren [28]. See also [26].

Theorem 6.2 Let {X(t),t € [-T,T]} be a family of an M -type 2 Banach space E-
valued functionals. Suppose that for all p > 2, r € IN there exist constants c,e > 0
and an even number (B such that

(1) X(t) e WHP(X, E).

(2) For all (s,t) € [-T,T] x [=T, T}, | X(t) — X(s)|/5 € W?(X).

(3) For all (s,t) € [-T,T] x [-T,T], we have

HHX(t) - X(s)llg)‘WW(X) < |t — 8|1t

Then there exists a version of the process {X(t),t € [-T,T|} which is co-quasi-
continuous for each t € [=T,T| and which has continuous paths.

Proof. Since F is an M-type 2 Banach space, the norm ¢(x) = ||z||g is smooth
in £\ {0} and for all k € IN there exists M}, such that sup ||[V*||(z) < M}, < oc.

lzll z=1
Thus, the Tchebycheff type inequality of (r,p)-capacity for E-valued functionals
holds, see e.g. [26]. Hence, for any given r € IN, p > 1, € > 0 we have

Crp{z € X | X(t) — X(s)||p > €}) < }5 HIIX(t) - X(S)H%Hﬁp-

Therefore, Theorem 6.2 can be proved by the same argument as used in the proof
of Theorem 3.1 in [28]. O
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Theorem 6.3 For all p > 2 and r € IN, there exist constants c,e > 0 such that
(1) gt c Wr,p(XQm,a7X2m,a).

(2) ||£t §s|‘2ma € WT,p(X2m,a) fO’I’ all (S,t) € [_T7 T] X [_Tv T]

(3) For all (s, ) [-T,T] x [-T,T], we have

[FORTHOI:"

Proof. By Theorem 6.1, for all t € [T, T] we have £, € W"P(X?™> X2ma) By
the chain rule, for all even number 5 > 0 and (s,t) € [T, T| x [T, T], we can prove
Hft—ﬁsﬂgmﬂ € WnP(X?me), By Lemma 4.1 in [28], for all (s,t) € [T, T x [T, T,
we have

16:0) = EOlBmally,, < Clapr) 11EC) = € llzmaliyy a2,

B ) n—k)2rp 2rp )
Xo?l?écn Hét( ) ( )H2ma

On the other hand, using Eq. (6.3), Eq. (6.4) and the inequalities (6.5) and (6.12),
by the Holder inequality and the Burkholder-Davies-Gundy inequality, we can verify
that for all p > 1 and r € N,

€)= €O lzmalisy < Clp, T)It — 5. (6.15)

€)= €O l2mall, < O, DI — i (6.16)

From (6.14), (6.15) and (6.16), we deduce that for n(p,r) = n large enough and for
some constant € > 0 we have

[HORTAC!+edl §

The proof of Theorem 6.3 is completed. O
Combining Theorem 6.3 with the Kolmogorov criterion (Theorem 6.2), we have
the following

< |t — 5|t (6.13)
P

(6.14)

< |t — 5|7,

T,

Theorem 6.4 For all T > 0, there exists a version of the Driver flow {®,t €
[—T,T]|} on the path space P2ma(M) which is co-quasi-continuous for each t €
[T, T) and which has continuous trajectory on t € [T, T].

Proof of Theorem 1.4. By Theorem 6.3, for any T" > 0, there exists a slim
subset S7 of the path space P%?’Q(M ) such that an co-quasi-continuous modification
(denoted by {®y,t € [-T,T]}) of {®4,t € [T, T]} can be well-defined for all €
P2™(M) \ Sp. Taking T), = 2" we deduce that there exists a common slim set
Soo = UnenSt, such that {®;,t € IR} can be well-defined for all v € sz O‘(M) \
Seo. Thus, {®;,t € R} can be v-a.s. well defined on the loop space Law® (M) =
Ly (M) N PQm "*(M) and hence is v-a.s. well defined on Ly, (M). O

In the rest part of this paper, we fix such an co-quasi-continuous version {&)t, te
IR} of {®¢,t € R}. To end this section let us mention the following remark.
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Remark 6.1 Note that the Driver flow {®:,t € R} is Fs/Fs measurable for all

€ [0,1], see [6] [8] [9]. Thus, the Kolmogorov criterion yields that {®,t € IR} is
again Fs/Fs-measurable for all s € [0,1]. Moreover, using the same argument as
used in the proof of the Sobolev norm and the capacity comparison theorems between
the Wiener space and the path space via the Ité map, see [21], we can prove that for
any F € WP(X) and any subset A C X and ant r € IN and p > 1,

QIHFoftHQ,p—e < N Fllrp < 02l F 0 & ll2rpres (6.17)

010s (& (A)) < CrplA) < 02Crpie €, (A)), (6.18)
where || - ||, (respectively, C..,) denotes the (r,p)-Sobolev norm (respectively, (r,p)-
capacity) on the Wiener space X, {Et,t € R} denotes any co-quasi-continuous mod-
ification of the pull back of the Driver flow & = I™' o ®; 01, a1 and ay are two
constants which depend only on r, p and the upper bounds of the Riemannian cur-
vature and the Ricci curvature as well as their higher order covariant derivatives.
This yzelds that the flow property {S o §t = §t+8 holds quasi-surely on X. Since

&, =1TIo 51& oI 1, we get the flow property ®s o o, = <I>t+s quasi-surely on Pp,,(M).

As explained in [21], the proof of the above inequalities (6.17) and (6.18) are based
on the P. A. Meyer inequality on the Wiener space. However, we still do not know
whether the P. A. Meyer inequality holds or not on the path space over a compact
Riemannian manifold. Thus, we do not know whether or not the corresponding
Sobolev norms (respectively, capacities) comparison inequalities hold on path spaces
if one replace &, by P, etc.

7 Cameron-Martin theorem on loop spaces

In this section we will first construct the Driver flow on the loop space through the
corresponding flow on the path space. Combining this and Theorem 5.4 together
with the Cruzeiro lemma we will give an alternative proof to the Cameron-Martin
theorem on loop spaces established earlier by Driver[7] and Enchev-Stroock[9] by
Doob’s h-processes approach and the short time upper bound estimates of the gra-
dient and the Hessian of logarithmic of the heat kernels.

Our first result in this section is the following

Theorem 7.1 Let h € Hy. Then &)t(LmO(M)) C Ly (M). Moreover, for v-a.s.
Y € Lo (M), we have

O,(7) = Du(®:i(7)), (7.1)
P(y) = -

In view of Theorem 7.1, we regard ®,; as the flow on Ly (M) generated by Dy,.
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Proof. Since ®; = ®; holds quasi-surely on Py, (M), the flow equation (6.1) is
verified. It remains to show that ®;(Ly,, (M) C Ly, (M), i.e.,

B:(7)(1) = mo. (7.2)

To this end, we use the same argument as in Driver [7]. Indeed, for v-a.s. v €
Ly, (M) and any s < 1, by the flow property ®; on Ly,,(M) we have

L5 (3)(s)

T

d(D¢(7)(s), o(7)(s)) <

U (®+(7))(s)h(s)|dT.

o O —_

Now U(®,(7))(s) is isometry from R? to T; M. Thus for v-a.s. v € Ly, (M),

(M (s)

d(®4(7)(s), Do(7)(5)) < [A(s)]- (7.3)

Let
5 = {5 € Ly (M) : d(@:(3)(5) Bo(1)(5)) < |n(s)], Vs <1}.

Since both sides of the inequality in (7.3) are continuous, we have
v(¥)=1. (7.4)
Taking v € 3 and letting s — 1, we have

T d(@,(7)(s),4(s)) < lim [B(s)| = 0.

By the continuity of s — ®,(s), we prove (7.2) for v € ¥ which differs from Ly, (M)
up to a v-negligible subset, cf. (7.4). 0

The following lemma is due to Ana Bela Cruzeiro [4] and is a very useful tool
to study the quasi-invariance of a probability measure under the action of certain
flows.

Lemma 7.2 (Cruzeiro) Let (2, F,{Fs}, P) be a complete filtered probability space,
O = {¢;} be a flow (i.e., a one-parameter group of measurable transformations)
on . Suppose that there exists the divergence div(®) € L'(2, P) such that for all
fecC cL>®,P), where C is a dense subset of L>(Q2, P), we have

{GE1f(@0)]}],—o = E [fdiv(®)]. (7.5)
Moreover, assume that there exists a A > 0 such that

E [Mdv®I] < too. (7.6)

29



Then (¢,)«P is absolutely continuous with respect to P. Denote

ko 40LF

Then

¢
Ky =exp /div(@)(g{)s)ds ,
0

and for all p > 1 with the conjugate exponent q, i.e., - + - = 1, we have

1.1
P g

||Kt||§/p <E [epqtldiv@)l] )

Proof. See [4] [24]. O
Now we are ready to prove the Cameron-Martin theorem on the loop space.

Theorem 7.3 For any h € H,, the pinned Wiener measure v on Ly, (M) is quasi-
invariant under Driver’s flow ®;. Let

d(q)t)*y
K, = .
! dv
Then
¢
Kil) = eap | [S@-()ds |, v-asye LugM), (1)
0
and for all p > 1 with the conjugate exponent q, i.e., % + % = 1., we have
1Kl < B [eratB®I] (7.8)

Proof. Set Q = Ly, (M), P = v, C = FC(Ly,(M)) (the collection of all cylin-
drical functionals on L,,,(M)), ¢, be Driver’s flow ®;. Theorem 4.2 shows that the
divergence div(®) in (7.5) associated to the flow ¢, is just 6(h). By Theorem 5.4,
the v-exponential integrability (7.6) holds for §(h). Hence Cruzeiro’s lemma applies
t0 (Lo (M), ®4,v). Thus, ($;).v is absolutely continuous with respect to v, i.e. the
pinned Wiener measure v is quasi-invariant on loop space Ly, (M) under the flow
®,;. Moreover, we obtain (7.7) and the LP-inequality (7.8). O

According to Remark 1.1, our main results apply to the special case where M =
G is a compact connected Lie group equipped with an Ad-invariant metric and the
left or the right Cartan connection. Theorem 1.5 recaptures the well-known result
due to M. P. Malliavin and P. Malliavin [25] on the quasi-invariance of the pinned
Wiener measure on the loop group. Indeed, our method is inspired by [25] where
the authors initiated the so-called localization method from paths to loops based on
quasi-sure analysis.
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8 Stochastic anti-development of pinned Brownian mo-
tions

Since J. Bismut [2], it has been well-known that the stochastic anti-development
of the pinned Brownian motion on any compact Riemannian manifold is a semi-
martingale up to time 1. However, the LP(v)-convergence (p > 1) and the Fernique
type exponential integrability theorem for the stochastic anti-development of pinned
Brownian motions were first proved by L. Gross on a compact Lie group, see Lemma,
4.8, Remark 4.9 and Corollary 4.10 (pp.291-294) in [13]. More precisely, let L.(G)
be the loop group over a compact Lie group G equipped with an Ad-invariant met-
ric and the left Cartan (or the right Cartan) connection, e its unit element. The
anti-development of the pinned Brownian motion {g(s), s € [0, 1]} is given by

b(s) = /OS g 1 (r)odg(r), s€][0,1].

The Gross theorem says that there exists a small Ag such that for all A < A9 we have

E, [emp ()\ m[ax} Hb(s)HQ)} < 400. See also Gong [12] for an alternative proof. In
s€[0,1

)

this section we will use Lemma 5.2 to establish the LP(v)-convergence and a Fernique
type exponential integrability theorem for the stochastic anti-development of pinned
Brownian motion on any compact Riemannian manifold with a TSS connection. Our
result also sharpens the exponential exponent Ay appeared in the Gross-Fernique
theorem. We begin with the following

Theorem 8.1 Let G be a compact Lie group equipped with an Ad-invariant metric
and the left or the right Cartan connection. Then for all

1,
A<do=3 inf{|wl|% : w e X, |wlzma =1},

we have
E, [exp (AHbH%m’a)] < +o00.

Moreover, for any A < %, we have

E, [eacp </\ max Hb(s)HQ>] < +o0.

s€[0,1]

Proof. For p-a.s. © € X, since dg,(s) = gz(s) o dz(s), we have

1
b(s)(z) = /O [92(r)] ™! 0 dga(r) = x(s) € WP(X, T.G), s € [0,1].

By the Donsker-Varadhan [5] refinement version of the well-known Fernique lemma,
we have

EM [e'rp ()‘”bH%m,a)] - Ell [e:z:p ()‘”wugm,a)] < +OO?
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provided that
A< A =inf{I(w) :w e X, ||w||2ma =1},
where 1
1(w) = Ll e + oo ugn
Note that the function ||- |3, , is smooth in X?™® in the sense of Fréchet-Gateaux.

Thus, the Wiener functional 2 — [|[|3,, ., belongs to W (X?™%). Hence Lemma
5.2 applies to F'(z) = ||2||2m,o. That is to say, for any € > 0 and any p > 1 we have

1
E, [exp (AblI3,0)] < {Eu [ezp (1 + )pAI0)3,,0)] 1705 zll2mall” 2
W™ THe (X)

where n = 2[%] + 2. Thus, for all A < ﬁ, we have E,, [exp (AHbH%m’a)] < +o0.

Since € > 0 and p > 1 are arbitrary, for all A < Ao we get E,, [exp ()\HbH%ma)] < 400.

Now |[w|leo = max ||w(s)]|w < Cllwl2ma. Thus E,

s€[0,1]
+o0 holds provided that

1113

2
oo (2 g o) <

2
Asup 5 <A sup % < Ao.
b#0 ”bHQm,a weX\{0} Hw”Qm,a

Set X* = X \ {0}. Then, for all

1
A < = inf
2 weX*

IN

1
Z inf
2w1€nX*
1
— inf
2 weX*

i.e., for all A < %, we have

5 inf 5
_HwHZm,a weX* HwHoo

lwli?,  wl3m.q
lwllzma w3
'||wu%ﬂ:1
LwlZ] 2

€[0,1]

E, [e:rp <)\ max Hx(s)HQ)] < +o0.

The proof of Theorem 8.1 is completed.
Similarly to the proof of Theorem 8.1, if we replace b(s)

r

U (y) o dy(r),

g
=[5 97 (r) odg(r) by

v—as. v E Ly, (M),

then we can prove the following Fernique type exponential integrability theorem for
the stochastic anti-development of pinned Brownian motions on a compact Rieman-

nian manifold.
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Theorem 8.2 Let M be a compact Riemannian manifold equipped with a torsion-
skew symmetric (TSS) connection. Then for all

L.
A< A= §1nf{|]w\|%, rw e X, |w|l2ma =1},
we have
E, [ea:p ()\H:L‘H%mﬂ)] < 400.
Moreover, for all A < %, we have
E, [e:rp <)\ max Hx(s)HQ)] < +00.
s€[0,1]

Finally, let us prove the LP(v)-convergence of the stochastic anti-development of
pinned Brownian motion.

Theorem 8.3 Let M be a compact Riemannian manifold equipped with a TSS con-
nection. Then for any p > 1, z(s) converges to x(1) in LP(v) as s tends to 1 .
Moreover, for any p > 1, there exists a constant C), such that

|2(s) = 2(1) 1oy < Cp(1 — 5)3.

Proof. Similarly to the proof of Theorem 4.1, there exist a constant C' and a pair
(r,q) € IN x (1,400) such that for p = 2n, n € N,

l2(s) = 2(DI70) < Clllz(s) = 2P lwrac)-
With respect to the Wiener measure on the Wiener space X, z(s) —x(1) is a centred
Gaussian variable with variance 1 — s. Thus, there exists a constant C(n,q) such
that
Epy [la(s) = 2] < C(n,q)(1 = 5)".
On the other hand, for all hy,...,h. € H,i=1,...,d, we have
Vi o Vi (xi(s) — 2(1)* = 2n(2n — 1) ... (2n — r)(zi(s) — 2;(1))*""
x(hi(s) = hi(1) ... (hy(s) = hy(1)).

From which one can easily verify that

2n—r

[V7llz(s) = 2P|, < Cln,r,q)(1 = 5) 72

Therefore, we get

() = 2(D)llgonq) < Cla,rya) [(1=5)% + (1 - )57

Note that r and ¢ are independent of n. Hence

l2(s) — (1) ]| 2y < Cull — 8)2.

1

This yields that |[z(s) — 2(1)|[zr@) < Cp(1 —s)2 for all p > 1. O
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9 Driver’s flow on loop spaces via Doob’s h-theory

For the completeness of the paper, in this section we derive the pull-back Driver flow
equation on loop spaces through Doob’s h-processes approach, from which we then
explain why and how the gradient and the Hessian estimates of the logarithmic of
the heat kernel play a crucial role in the problems of the construction of Driver flow
on loop space and of the quasi-invariance of the pinned Wiener measure.

Recall that with respect to the pinned Wiener measure v on loop space L, (M),
the conditional Brownian motion +, is given by the following Stratonovich SDE

d,‘ys - Us o dbsa 70 = mO?

where {bs,s € [0,1]} is the anti-development of {v,,s € [0,1]} through the It6 map
I: X — P, (M) which can be well-defined up to a slim subset of X. Moreover,
{bs,s € ]0,1]} is a semi-martingale with the following Doob-Meyer decomposition

dbs = dB, + U 'Vliog p1—s(v,, mo)ds,

where {8,,s € [0,1]} is a v-Brownian motion on (X, Fs,F,v). See e.g. Bismut[2],
Driver[7], Enchev-Stroock[9] and Hsu[15] [16].

Let h € H and Dy, be the vector field on L,,,(M). Let 4! be the Driver flow on
the loop space Ly, (M) given by

3= D) = UG

¥ o= 9,
where {U!, s € [0,1]} is the horizontal lift of {7%, s € [0,1]}. Using the intertwinning
formula for the differential of the stochastic development map I~ : P, (M) — X,
see [6] [10] [8] [15] [24] [21], the pull-back flow b* = I~'(4!) satisfies the following
equation

%bg = h(s)ds—&—qh(’yt,s)odsb’;,
b = b,

where
dsb' = dpt + [U§]71Vlog p1_s(vh, mo)ds.

Thus, we have

9 t t_
[a — qn(y ,s)} dsb, = hsds,
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whence

0 : 0
-t edt = duds— | 2 - a0hs)| (U7 Viog pou ok mo)) ds
= hds +an(v',5) (U] Viog p1s(75, mo)) ds

0
+[Uft <&U§> (U~ Wlog p1_s(v,, mo)ds

_ 0
—[UN7'V?log p1—s(7t, mo) (a’ﬁg) ds.

In conclusion, we have derived that {3%,s € [0,1]} (the v-Brownian motions with
drift) verify the pull-back Driver flow equation given by

) .
[E — qn(v", 8)} odsBy = hsds+qn(v',s) ([UL ' Viog pr—s(vh, mo)) ds

0

+[Ui <§U§> [U~Vlog p1—s(vL, mo)ds

—[UH7'V?log p1—s(v%, mo)Uth(s)ds.

To solve the above flow equation by standard Picard iteration or Euler iteration
method, it is now clear that one has to use the gradient estimate and the Hes-
sian estimate of the logarithmic of the heat kernel on compact Riemannian mani-
fold. Moreover, in order to use the usual approach based on Girsanov theorem and
Levy’s invariance of Brownian motion under adapted rotations, we need to verify
the Novikov exponential intergrability condition of the drift term given in the right
hand side of the flow equation for 3. Thus, we need to use again the gradient
estimate and the Hessian estimate of the logarithmic heat kernel. For these, we
refer the reader to Driver[7], Enchev-Stroock [9] and Hsu [15] [16]. See also Sheu
[29], Malliavin-Stroock [27], Stroock-Turetskey [31] and Hsu[17] for the short time
estimates of logarithmic derivatives of the heat kernel.

To end this paper, let us mention that F. Z. Gong has informed us that using the
gradient and the Hessian estimates of the logarithmic of the heat kernel, Gong and
Zhi-Ming Ma can also prove the LP(v)-convergence and the v-exponential integra-
bility of the divergence functional d(h) (for all A < A\ for some constant Ag which
depends on ||h||z and possibly on the constants appeared in the gradient and the
Hessian estimates of the logarithmic heat kernel) by the Doob h-processes approach.
Our approach based on Airault-Malliavin-Sugita-Watanabe inequality (see Theorem
2.2 and Lemma 5.2) shows that we can get an explicit and optimal estimate for Ag
which only depends on the upper bound of the Ricci curvature ||Ric||s and [|h]m,
ie., Ao = [(2+ ||Ricllso)||h|lz]~". To help the reader to understand this strange
phenomenon which has been already appeared in Section 8, we allow ourself to cite
the following paragraphe due to P. Malliavin [23] (Section 5 Page 73).
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“To describe a diffusion with a prescribed value at time 1, the analytic methods
are developed from Doob’s theory of h-processes. To build the h-process, it is neces-
sary to know the fundamental solution h of a parabolic equation. Since very often,
the fundamental solution is approached through an S.D.E., the use of the h-theory
18, in some sense, tautological. Even more, the fundamental solution h can be fully
known, as for the Brownian case, and the h-theory can lead to poor estimates due
to the apparent singularity which appears near T =1."
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