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Abstract
Let L = ∆ − ∇φ · ∇ be a symmetric diffusion operator with an invariant measure

µ(dx) = e−φ(x)dx on a complete non-compact Riemannian manifold M . We give the opti-
mal conditions on “the m-dimensional Ricci curvature associated with L” so that various
Liouville theorems hold for L-harmonic functions, and the heat semigroup Pt = etL has
the C0-diffusion property and is unique in L1(M,µ). As applications, we give the optimal
conditions for the uniqueness of the positive L-invariant measure and the L1-uniqueness of
the intrinsic Schrödinger operators on complete non-compact Riemannian manifolds. We
also give a criterion for the finiteness of the total mass of the L-invariant measure and
establish the Calabi-Yau volume growth theorem for the L-invariant measure on complete
Riemannian manifolds on which “the m-dimensional Ricci curvature associated with L” is
non-negative. This leads us to prove that if M is a complete Riemannian manifold with a
finite L-invariant measure for which the associated m-dimensional Ricci curvature is non-
negative, then M is compact. Moreover, we obtain a upper bound diameter estimate of
such Riemannian manifolds by using the dimension of L, the total µ-volume of M and the
upper bound of the µ-volume of geodesic balls of a fixed radius. Finally, using the varia-
tional formulae in Riemannian geometry, we give a new proof of the Bakry-Qian generalized
Laplacian comparison theorem.

Résumé
Soit L = ∆ − ∇φ · ∇ un opérateur de diffusion symétrique par rapport à une mesure

invariante µ(dx) = e−φ(x)dx sur une variété riemannienne complète non-compacte M . Dans
cet article, nous donnons les conditions optimales sur “la courbure de Ricci de dimension m
associée à L” pour établir les théorèmes de Liouville pour les fonctions L-harmoniques, la
propriété de C0-diffusion et l’unicité dans L1(M,µ) pour le semigroupe de noyau Pt = etL.
Comme application, nous établissons l’unicité de la mesure L-invariante positive et l’unicité
dans L1 pour les opérateurs de Schrödinger intrinsèques sur les variétés riemanniennes
complètes non-compactes. Nous donnons aussi un critère pour la finitude de la masse totale
de la mesure L-invariante et établissons le théorème de la croissance de volume de Calabi-
Yau pour la mesure L-invariante sur les variétés riemanniennes complètes pour lesquelles “la
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courbure de Ricci de dimension m associée à L” est non-négative. Ceci implique que si M est
une variété riemannienne complète sur laquelle il existe un opérateur de diffusion symétrique
L pour lequel la courbure de Ricci de dimension m associée est non-négative, et si la masse
totale de la mesure L-invariante est finie, alors M est compacte. De plus, nous obtenons
une estimation de la borne supérieure du diamètre de telles variétés par la dimension de
L, le µ-volume total de M et la borne supérieure du µ-volume des boules géodésiques de
rayon fixé. Enfin, en utilisant les formules variationnelles de géométrie riemannienne, nous
donnons une nouvelle démonstration du théorème de comparaison de Bakry-Qian sur les
laplaciens généralisés.

MSC: 58J05, 58J35, 58J65, 60J45, 60J60, 60H30.

Keywords: Bakry-Emery Ricci curvature, C0-diffusion property, L1-uniqueness, Liouville
theorems.

1 Introduction and main results

1.1 Background

The strong (or weak) Liouville theorem in classical analysis states that every non-negative
(or bounded) harmonic function on IRn must be constant. Since the middle of the seventies
of the last century, Liouville theorems have been extensively studied on complete non-
compact Riemannian manifolds, cf. [29, 17]. In 1975, S.T. Yau [72] proved the L∞-strong (or
weak) Liouville theorem which says that if M is a complete Riemannian manifold with non-
negative Ricci curvature then every positive (or bounded) harmonic function on M must be
constant. In 1976, Yau [73] proved that on any complete non-compact Riemannian manifold
M (without any other assumption) there are no non-negative Lp-subharmonic functions and
no Lp-harmonic functions.

To prove the L∞-Liouville theorem, Yau [72] developed the method of gradient estimate
on complete Riemannian manifolds and proved that if M is a complete Riemannian manifold
with Ricci curvature bounded from below by −K, i.e., Ric ≥ −K, where K ≥ 0 is a
constant, then every harmonic function (i.e., ∆u = 0) which is bounded from below satisfies
the following gradient estimate

|∇u| ≤
√

(n− 1)K(u− inf
M
u). (1.1)

Letting K = 0, the gradient estimate (1.1) implies immediately Yau’s L∞-Liouville theorem.
Another useful approach to prove the L∞-Liouville theorems is to use the elliptic Harnack
inequality or the (more strong) parabolic Harnack inequality. By independent works due
to A. Grigor’yan [32] and L. Saloff-Coste [60], see also [61], the latter is equivalent to
the doubling volume property and a family of the local Poincaré inequalities on geodesic
balls. This implies that, if (M̃, g̃) is a complete Riemannian manifold quasi-isometric to
a complete Riemannian manifold (M, g) with non-negative Ricci curvature, then the L∞-
Liouville theorems hold on (M̃, g̃). Let us mention that, due to the significant works of J.-J.
Prat [56] (in two dimensional case, 1975), D. Sullivan [67] (1983) and M. Anderson [2] (1983)
on the existence of positive or bounded harmonic functions on Cartan-Hadamard manifolds
with sectional curvature pinched between two negative constants, the L∞-Liouville theorem
does not hold on such manifolds, see also Anderson-Schoen [3], Ancona [1], Schoen-Yau
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[63], Hsu-March [34] and Hsu [35, 36]. T. Lyons [49] (1987) constructed two quasi-isometric
complete Riemannian manifolds by which he proved that the validity of the L∞-Liouville
property is not stable under general quasi-isometric changes of Riemannian metrics.

The L1-Liouville theorem has been studied by Garnett [27] (1983), P. Li and R. Schoen
[42] (1983) and P. Li [41] (1984). Garnett [27] showed that if M is complete and has bounded
geometry then M satisfies the L1-Liouville theorem. Li and Schoen [42] proved that if the
Ricci curvature on a complete Riemannian manifold satisfies

Ric(x) ≥ −C(1 + ρ2(x))(log(1 + ρ2(x))−α, ∀x ∈M, (1.2)

where C > 0, α > 0 are two constants, ρ(x) = d(x, o) is the distance between x ∈M and a
fixed point o ∈ M , then every non-negative L1-integrable subharmonic function and every
L1-integrable harmonic function must be constant. The optimal geometric condition for the
L1-Liouville theorem was conjectured in Li-Schoen [42] and was affirmatively proved later
in Li [41]: if the Ricci curvature is bounded below by a negative quadratic polynomial of
the distance from a fixed point, that is, if there exists a constant C > 0 such that

Ric(x) ≥ −C(1 + ρ2(x)), ∀x ∈M, (1.3)

then the L1-Liouville theorem holds. Under the same condition, Li also proved that every
L1-integrable solution of the heat equation ∂tu = ∆u is unique determined by its initial date
u(·, 0) ∈ L1(M,dx). That is to say, the Cauchy problem of the heat equation ∂tu = ∆u is
well-posed in L1(M,dx) providing (1.3). For examples of complete Riemannian manifolds
on which the L1-Liouville theorems do not hold, we refer the reader to Chung [18], Li-Schoen
[42] and Grigor’yan [31].

Two other versions of Liouville theorems have also been well studied in the literature.
The first one is the strong Liouville property for the solution of (∆−λ)u = 0 for sufficiently
large λ > 0. More precisely, this means that there exists some λ0 > 0 such that for all
λ ≥ λ0, every non-negative bounded solution of (∆−λ)u = 0 must be identically zero. This
property is equivalent to the so-called stochastic completeness (i.e., the conservativeness) of
Brownian motion on M in the probabilistic literature, see Davies [21], Grigor’yan [33] and
Sturm [66]. By Yau [73], every complete Riemannian manifold with Ricci curvature bounded
from below is stochastically complete. Karp and Li [39] proved that if the volume of the
geodesic balls B(x,R) of a complete Riemannian manifold M satisfies V (B(x, r)) ≤ eCr2

for some (and hence for all) x ∈ M and all r > 0, then M is stochastically complete. By
this criterion and the Bishop volume comparison theorem, Li [41] proved that if the Ricci
curvature satisfies (1.3) then M is stochastically complete. Li’s result can be also considered
as a special case of a conservative criterion due to Varopoulos [68] and Hsu [36] where they
proved that if there exists a positive increasing continuous function K(r) on [0,∞) such that

inf{Ric(x) : ρ(x) = r} ≥ −(n− 1)K(r) (1.4)

and ∫ ∞

1

dr√
K(r)

= ∞, (1.5)

then M is stochastically complete 1. So far it is well-known that the optimal geometric
condition for the stochastic completeness of a complete Riemannian manifold is due to

1In his report on the first submitted version of this paper, Professor P. Malliavin pointed to the author
that a combination of Debiard-Gaveau-Mazet [23] and Vauthier [70] can give an immediate proof of the
result mentioned here.
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Grigor’yan [30] in which it was proved that if the volume of geodesic balls of a complete
Riemannian manifold M satisfies∫ ∞

1

rdr

logV (B(x, r))
= +∞

for some (and hence for all) x ∈M , then M is stochastically complete. The first example of
complete but not stochastically complete Riemannian manifold was constructed by Azencott
[5]. Lyons [50] showed that the stochastic completeness is not stable under general quasi-
isometric changes of Riemannian metrics.

The second variant version of Liouville theorems is the so-called C0-diffusion property or
the Feller property of the Laplace-Beltrami operator on Riemannian manifolds. Let C0(M)
be the space of continuous functions on M vanishing at infinity. We say that the Laplace-
Beltrami operator on M has the C0-diffusion property (or the Feller property) if C0(M)
is stable under the heat semigroup Pt = et∆ for all t > 0. By Azencott [5], ∆ has the
C0-property if and only if the following Liouville theorem holds for solutions of (∆−λ)u = 0
in the exterior region: for any compact subset K ⊂M and any λ > 0, the minimal positive
solution of (∆ − λ)u = 0 on M \ K with the Dirichlet boundary condition u ≡ 1 on ∂K
must tend to zero at infinity. If {Wt, t ≥ 0} denotes the Brownian motion on M starting at
x ∈M , then M has the C0-property if and only if for each t > 0 and for all compact subset
K ⊂M ,

lim
x→∞

Px(TK < t) = 0, (1.6)

where TK = inf{t > 0 : Wt ∈ K} is the entrance time of Brownian motion {Wt, t ≥ 0} in
K. Intuitively, the Laplace-Beltrami operator on M has the C0-diffusion property if and
only if the probability of Brownian motion starting from very far (near infinity) in M to
visit any fixed compact subset before any fixed time is very small. In [74], Yau proved
that every complete Riemannian manifold with Ricci curvature bounded from below by a
negative constant has the C0-property. We refer the reader to Dodziuk [24] for an alternative
proof of this result for which one need only to use the maximum principle. By developing
Azencott’s idea, Hsu [35] proved that if M is a complete Riemannian manifold on which
there exists a positive increasing continuous function K(r) on [0,∞) satisfying (1.4) and
(1.5), then the Laplace-Beltrami operator on M has the C0-diffusion property.

1.2 Problems

The purpose of this paper is to study various Liouville theorems for general symmetric
diffusion operators on complete Riemannian manifolds. Let M be a complete non-compact
Riemannian manifold, ∇ be the gradient operator onM , ∆ be the negative Laplace-Beltrami
operator on M , φ be a C∞ (or C2) function on M . Consider the diffusion operator

L = ∆−∇φ · ∇

which is the infinitesimal generator of the Dirichlet form

E(f, g) =
∫

M

(∇f,∇g)dµ, ∀ f, g ∈ C∞0 (M),
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where µ is an invariant measure of L given by

dµ(x) = e−φ(x)dx.

By the Dirichlet form theory or Itô’s SDE theory, it is well-known that there exists a minimal
diffusion processes (Xt, t < ξ) on M whose infinitesimal generator is L, where ξ denotes the
lifetime of Xt. In fact, Xt can be defined as the solution to the following Itô SDE:

dXt =
√

2dWt −∇φ(Xt)dt

where Wt denotes the Riemannian Brownian motion on M . The heat semigroup Pt = etL

generated by L can be defined by

Ptf(x) = Ex

[
f(Xt)1[t<ξ]

]
, ∀ f ∈ C∞0 (M).

Clearly, Pt = etL is sub-Markovian, that is, 0 ≤ f ≤ 1 implies 0 ≤ Ptf ≤ 1 for all t > 0.
Now it is very natural to pose the following fundamental problems 2:

Problem 1.1 What is the optimal geometric and analytic condition on M and φ such that
the L∞-Liouville theorems holds?

Problem 1.2 What is the optimal geometric and analytic condition on M and φ such that
the heat semigroup Pt = etL is Markovian, i.e., Pt1 = 1 for all t > 0, or equivalently,
(Xt, t < ξ) is conservative, i.e., ξ ≡ ∞?

Problem 1.3 What is the optimal geometric and analytic condition on M and φ such
thatPt = etL has the C0-diffusion property, i.e., Pt leaves C0(M) (the space of continuous
functions vanishing at infinite) invariant ?

Problem 1.4 What is the optimal geometric and analytic condition on M and φ such that
the L1(µ)-Liouville theorem holds for L-harmonic functions and the solution in L1(µ) of the
heat equation ∂tu = Lu is uniquely determined by its initial date u(·, 0) ∈ L1(µ)?

1.3 Motivation

The problems of establishing various Liouville theorems for the symmetric diffusion operator
L = ∆−∇φ · ∇ are naturally arising in potential theory, probability theory and harmonic
analysis on complete non-compact Riemannian manifolds. Moreover, the study of these
problems has very important applications in other topics, for example, in the studies of the
uniqueness of L-invariant measure and the Strichartz problem of the Lp-boundedness of the
Riesz transform for ultracontractive symmetric diffusion operator on complete Riemannian
manifolds. See Section 8.

A very important motivation to study the above problems can be illustrated by a deep
connection between symmetric diffusion operators and Scrödinger operators naturally raised
in quantum mechanics and quantum field theory. Here we borrow the ideas which have been
extensively used in Davies [21], L.-M. Wu [71] and the reference therein. In fact, it is well-
known that the diffusion operator L = ∆ − ∇φ · ∇ (called Nelson’s diffusion operator in

2In his report on the first submitted version of this paper, Professor P. Malliavin informed the author
that these problems have been studied by Vauthier [70] on complete Riemannian manifolds with bounded
geometry.
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stochastic mechanics, see [71]), considered as a symmetric operator on L2(M,µ), is unitary
equivalent to the Schrödinger operator H = ∆−V with V := 1

4 |∇φ|
2− 1

2∆φ, (H is called the
intrinsic Schrödinger operator in [21]), considered on L2(M,dx). This unitary isomorphism
U : L2(M,µ) → L2(M,dx) is given by

Uf := e−φ/2f.

Under this unitary isomorphism, it is easy to see that u is a solution of Lu = 0 if and
only if v = e−φ/2u is a solution of Hv = 0. Therefore, to say that every positive, or
bounded, or L1(µ)-integrable L-harmonic function u must be constant is equivalent to say
that every positive, or e−φ/2-bounded (i.e., |v(x)| ≤ Ce−φ(x)/2 for some constant C ≥ 0
and for all x ∈ M), or L1(e−φ/2dx)-integrable solution v of Hv = 0 must be of the form
v = Ce−φ/2. Moreover, u is a solution to (L−λ)u = 0 if and only if v = e−φ/2u is a solution
to (H − λ)v = 0. Hence, to say that Pt = etL is conservative (i.e., all the non-negative
bounded solutions of (L − λ)u = 0 must be identically zero for sufficient large λ > 0) is
equivalent to say that all the non-negative e−φ/2-bounded solutions v of (H −λ)v = 0 must
be identically zero for sufficient large λ > 0.

Recall the correspondence between the Lp-uniqueness of etL and the one of the Schrödinger
semigroup Qt = etH generated by H. The Feynman-Kac formula yields that for all t ≥ 0

U ◦ Pt ◦ U−1 = Qt,

where

Qtf(x) = Ex

[
f(Wt)exp

{
−
∫ t

0

(
|∇φ(Wt)|2

4
− ∆φ(Ws)

2

)
ds

}
1[t<χ]

]
, ∀f ∈ C∞0 (M).

Here {Wt, t < χ} denotes the Riemannian Brownian motion on M starting at x with lifetime
χ. Hence, to say that the heat semigroup Pt = etL is Lp(M,µ)-unique (i.e., the Cauchy
problem of the heat equation ∂tu = Lu is well-posed in Lp(M,µ)) with µ = e−φdx is
equivalent to say that the Schrödinger semigroup Qt = etH is Lp(M, e

p−2
2 φdx)-unique (i.e.,

the Cauchy problem of the Schrödinger equation ∂tu = Hu is well-posed in Lp(M, e
p−2
2 φdx)),

where p ∈ [1,∞). In particular, Pt = etL is L1(M, e−φ(x)dx)-unique if and only if Qt = etH

is L1(M, e−
φ(x)

2 dx)-unique. Moreover, it is easy to see that Pt = etL has the C0-diffusion
property is equivalent to say that Cφ(M) := {g ∈ C(M) : lim

d(x,o)→0
eφ(x)/2f(x) = 0} is stable

under the Schrödinger semigroup Qt = etH for all t > 0.
Due to the above correspondence between the properties of the symmetric diffusion

operator L = ∆−∇φ · ∇ and the ones of the Schrödinger operator H = ∆−
(
|∇φ|2

4 − ∆φ
2

)
,

we can therefore transfer the conditions required for the positive answers of Problems 1.1 to
1.4 to the corresponding problems for H, which are of fundamental importance in quantum
mechanics and quantum field theory.

1.4 Method

It is helpful to point out that it was Yau who first realized in his seminal papers [72, 73,
74] that one can combine the PDEs approach (mainly the maximum principle) with some
geometric techniques including the use of the Bochner-Weitzenböck formula and various
comparison theorems in Riemannian geometry to deal with the problem of Liouville theorems
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on complete non-compact Riemannian manifolds. While on the other hand, the stochastic
method in geometric analysis has been systematically developed by many people (e.g. [5,
20, 23, 25, 34, 35, 36, 37, 49, 50, 56, 67, 69, 68, 70]) since the pioneering work of P. Malliavin
[51, 52, 53] in 1974–1975. In particular, Bakry and his collaborators [10, 6, 7, 8, 9, 12, 13, 11]
have developed a successful method to deal with analytic and geometric problems related
to diffusion operators on Riemannian manifolds based on the introduction of the “Ricci
curvature of a diffusion operator” and the use of the “curvature-dimension inequality”. In
this paper we will use a combination of these methods to establish various Liouville theorems
for diffusion operators on complete Riemannian manifolds.

1.5 Bakry-Emery Ricci curvature

To develop the rest part of this paper, let us introduce the most important notion, “the
m-dimensional Ricci curvature associated with a diffusion operator”, which plays a crucial
rôle in the study of our problems. For any constant m ≥ n = dimM , we introduce the
symmetric 2-tensor

Ricm,n(L)(x) := Ric(x) +∇2φ(x)− ∇φ(x)⊗∇φ(x)
m− n

, ∀x ∈M. (1.7)

and call it the m-dimensional Bakry-Emery Ricci curvature of the diffusion operator L =
∆−∇φ · ∇. Throughout this paper we use the convention that m = n if and only if L = ∆.

Following Bakry [8], we say that L satisfies the curvature-dimension CD(K,m) condition
(or the curvature-dimension CD(K,m) inequality) if

Γ2(u, u) ≥
1
m

(Lu)2 +K|∇u|2, ∀ u ∈ C∞(M),

where
Γ2(u, u) :=

1
2
L|∇u|2− < ∇Lu,∇u > .

By Bakry [6, 8], the generalized Bochner-Weitzenböck formula holds

Γ2(u, u) = |∇2u|2+ < Ric(L)∇u,∇u >,

where Ric(L) is the ∞-dimensional Bakry-Emery Ricci curvature defined by

Ric(L) = Ric+∇2φ.

Since
|∇2u|2 ≥ 1

n
|∆u|2,

it follows that the CD(K,n) condition holds when L is the Laplace-Beltrami operator ∆ on
a complete Riemannian manifold with Ric ≥ K. Moreover, using the elementary inequality

(a+ b)2 ≥ a2

1 + α
− b2

α
, ∀ α > 0,
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and by identifying ∇φ⊗∇φ(∇u,∇u) with |∇φ · ∇u|2, we obtain

Γ2(u, u) ≥ 1
n
|∆u|2+ < Ric(L)∇u,∇u >

=
1
n
|Lu+∇φ · ∇u|2+ < Ric(L)∇u,∇u >

≥ 1
n(1 + α)

|Lu|2 − ∇φ⊗∇φ(∇u,∇u)
nα

+ < Ric(L)∇u,∇u > .

Hence

Γ2(u, u) ≥
1

n(1 + α)
|Lu|2 +

(
Ric(L)− ∇φ⊗∇φ

nα

)
(∇u,∇).

Setting
m := (1 + α)n,

then

Γ2(u, u) ≥
1
m
|Lu|2 +

(
Ric(L)− ∇φ⊗∇φ

m− n

)
(∇u,∇u).

Therefore, we find that any diffusion operator L = ∆−∇φ·∇ on any n-dimensional complete
Riemannian manifold (M, g) satisfies the CD(Km,n,m) condition for all m > n, where

Km,n(x) = inf
{
Ric(V, V ) +∇2φ(V, V )− |∇φ(V )|2

m− n
: V ∈ TxM, ‖V ‖ = 1

}
.

This also explains why and how the quantity Ricm,n(L) in (1.7) was introduced.

Remark 1.1 The Bakry-Emery Ricci curvature was introduced when Bakry and Emery [10]
studied the logarithmic Sobolev inequality for diffusion operators on a complete Riemannian
manifold. It plays a crucial rôle in the study of the Lp-boundedness of Riesz transforms
associated with diffusion operators on complete Riemannian manifolds (cf. Bakry [7] and
Li [44]). In a recent paper by G. Perelman [54], it has been used to modify R. Hamilton’s
Ricci flow towards the proof of Poincaré’s conjecture of 3-dimensional manifold. Recently,
Lott [47] gave a new understanding of the Bakry-Emery Ricci curvature by using the warped
product metric. Suppose that q = m − n ∈ IN. Given k ∈ ZZ+, consider Sq ×M with the
warped product metric defined by

gSq×M
k = gM + k−2e−

2φ
q gSq

.

Let π : Sq×M →M be the natural projection map. Let X be the horizontal lift of a vector
field X on M to Sq ×M . Then

RicS
q×M (X,X) = π∗

(
RicM (X,X)− qeφ/q∇2e−φ/q(X,X)

)
.

Equivalently,

Ricm,n(X,X) := RicM (X,X) +∇2φ− 1
q
∇φ⊗∇φ(X,X) = π∗

(
RicS

q×M (X,X)
)
.

In [47], Lott pointed out that, if Ricq ≥ Kg, then as k →∞, (M, g, φ) is the Hausdroff limit
of a sequence of m = n + q-dimensional manifolds (Sq ×M, gSq×M

k ) with Ricci curvature
bounded from below by K.
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1.6 The Bakry-Qian comparison theorem

The following result, which extends the well-known Myers theorem and the Laplacian com-
parison theorem in Riemannian geometry, is due to Bakry-Qian [13]. In Section 10, we give
a new proof of this theorem which plays an important rôle in this paper.

Theorem 1.1 (Bakry-Qian [13]) Let M be a complete Riemannian manifold, L be a diffu-
sion operator satisfying the curvature-dimension condition CD(K,m), where K = K(ρ(x))
is a function depending on ρ(x) = d(x, o), o ∈ M is a fixed point. Let aK be the solution
defined on the maximal interval (0, δK) of the following Riccati equation

−a′K(ρ) = K +
a2

K(ρ)
m− 1

with the boundary condition lim
x→0

xaK(x) = m− 1. Here δK is the explosion time of aK such
that

lim
x→δK−

aK(x) = −∞.

Then
(1) If δK < ∞, then the extended Myers theorem holds, that is, M is compact and the
diameter of M satisfies

D(M) ≤ δK .

(2) The generalized Laplacian comparison theorem holds, that is,

Lρ(x) ≤ aK(ρ(x)), ∀ x ∈M \ cut(o).

Corollary 1.2 ([57, 58, 47, 13]) Let L be a diffusion operator satisfying the curvature-
dimension condition CD(−K,m), where K > 0 is a constant. Then

Lρ ≤ (m− 1)
√
Kρcoth(

√
Kρ), ∀ x ∈M \ cut(o).

Under the curvature-dimension condition CD(K,m), the Bishop volume comparison
theorem follows from the generalized Laplacian comparison theorem. Moreover, the Cheeger-
Gromov-Taylor relative volume comparison theorem also holds, see e.g. [57, 58, 28, 47, 13].

1.7 Main results

Based on the Bakry-Qian generalized Laplacian comparison theorem, using an interplay
between the methods of geometric analysis and stochastic analysis, and by some new in-
gredients that we will explain later, we are able to extend the previous results of Yau, Li,
Schoen, Azencott, Hsu and Varopoulos for the Laplace-Beltrami operator to general sym-
metric diffusion operators under the optimal geometric and analytic conditions. Here the
meaning of “the optimal geometric and analytic conditions” should be understood as the
weakest possible conditions only involving the Ricci curvature of M and the derivatives of
φ. That is, we do not use other geometric or analytic quantities (such as the spectral gap
or the weight volume of geodesic balls, etc) to describe the optimal condition.

We now state the main results of this paper as follows 3:
3Recall that throughout this paper, Ricm,n(L) is well-defined for all m > n if L = ∆ − ∇φ · ∇ is a

diffusion operator with a non-vanishing drift term ∇φ · ∇, while we use the convention that m = n if and
only if L = ∆ (in this case Ricn,n(∆) = Ric).
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Theorem 1.3 Let M be a complete Riemannian manifold, φ ∈ C2(M). Suppose that there
exist two constants m ≥ n and K ≥ 0 such that

Ricm,n(L)(x) ≥ −K, ∀x ∈M. (1.8)

Then for any solution of Lu = 0 which is bounded from below, we have

|∇u| ≤
√

(m− 1)K(u− inf
M
u). (1.9)

In particular, if Ricm,n(L) ≥ 0, then every positive or bounded solution to Lu = 0 must be
constant.

Theorem 1.4 Let M be a complete Riemannian manifold, φ ∈ C2(M). Suppose that there
exist a point o ∈M and a positive increasing function K(r) on (0,∞) such that

Ric(x) +∇2φ(x)− ∇φ(x)⊗∇φ(x)
m− n

≥ −K(ρ(x)), ∀x ∈M,

where ρ(x) = d(x, o), and ∫ ∞

1

dr√
K(r)

= +∞.

Then the heat semigroup Pt = etL is conservative, i.e.,

Pt1(x) = 1, ∀ t > 0, x ∈M.

Equivalently, there exists some λ0 > 0 such that for all λ ≥ λ0, every non-negative bounded
solution of (L− λ)u = 0 must be identically zero.

Theorem 1.5 Let M be a complete Riemannian manifold, φ ∈ C2(M). Suppose that there
exist a constant m > n and a positive increasing continuous function K(r) on [0,∞) such
that

inf{Ricm,n(x) : ρ(x) = r} ≥ −K(r)

with ∫ ∞

1

dr√
K(r)

= ∞.

Then the heat semigroup Pt = etL has the C0-property or the Feller property, i.e., C0(M)
is stable under Pt = etL for all t > 0. Equivalently, for any λ > 0 and any compact subset
K ⊂ M , the the minimal positive solution of (L − λ)u = 0 on M \ K with the Dirichlet
boundary condition u ≡ 1 on ∂K must tend to zero at infinity.

Theorem 1.6 Let M be a complete Riemannian manifold, φ ∈ C2(M). Suppose that there
exist two constants m > n and C > 0 such that

Ricm,n(L)(x) ≥ −C(1 + ρ2(x)), ∀x ∈M. (1.10)

Then every non-negative L1(µ)-integrable L-subharmonic function and every L1(µ)-integrable
L-harmonic function on M must be constant. Moreover, every L1(µ)-integrable solution of
the heat equation ∂tu = Lu is uniquely determined by its initial date in L1(µ).
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Applications of the above results will be given in Section 8. As an application of Theorem
1.3, we prove that if there exists a constant m ≥ n such that Ricm,n(x) ≥ 0 for all x ∈ M ,
then all the positive L-invariant measures must be of the form cµ where c ∈ IR+, see Theorem
8.1. Combining Theorem 1.4 with a result due to the author on the Lp-boundedness of Riesz
transforms for ultracontractive symmetric diffusion operators, see [44], we find a new class
of symmetric diffusion operators on complete non-compact Riemannian manifolds for which
the Bakry-Emery Ricci curvature is not necessarily to be uniformly bounded from below
while the Riesz transforms are bounded in Lp(µ) for all p ≥ 2, see Proposition 8.3.

After the first submitted version of this paper was accepted for publication on January
19, 2005, the author has obtained some new results which are given in Section 9. To save
the length of the paper, we would not like to describe these results here. In Section 10, we
give a new proof of the Bakry-Qian generalized Laplacian comparison theorem by using the
variational formulae in Riemannian geometry.

1.8 Comparison with known results

Before to end this long Introduction, let us give some remarks on the comparison of our
main theorems with some known results in the literature.

Remark 1.2 Theorem 1.3 extends Yau’s gradient estimate (1.1) and his famous Liouville
theorem for harmonic functions of the Laplace-Beltrami operator ∆ to the general symmetric
diffusion operator L = ∆ − ∇φ · ∇. Even though the result is a very nature extension of
Yau’s theorem, it seems to the author that one cannot find it in the literature and its proof
needs a careful estimate which will be given in Section 2 below.

Remark 1.3 In the case where L = ∆, Theorem 1.4 was proved by Varopoulos [68] (1983)
and Hsu [36] (1989). As pointed by Professor P. Malliavin to the author, it can be obtained
via a combination of Debiard-Gaveau-Mazet [23] (1976/1977) and Vauthier [70] (1979). We
refer the reader to Grigor’yan [33] for a complete description of known results and references
in the study of the stochastic completeness on complete Riemannian manifolds. There have
been many known results on the conservativeness and the C0-property of diffusion processes
on non-compact manifolds in the literature. In [6], Bakry proved that if there exists a
constant K ≥ 0 such that Ric(x) + ∇2φ(x) ≥ −K for all x ∈ M , then the L-diffusion
process is conservative (in the case where L = ∆, this result is due to Yau [72]). Elworthy
[25] and Davies [22] have given some criteria for the conservativeness of diffusion operators.
In the case where M is a non-compact Riemannian manifold with a pole o (this requires that
r(·) = d(·, o) is a smooth function on M), X.-M. Li [45] proved that, for diffusion operator
L = ∆+Z (where Z is not necessarily to be of the form Z = ∇φ), the L-diffusion process is
conservative if Ric(x) ≥ −C(1+d2(x, o)) and dr(Z) ≤ C(1+d(x, o)) for all x ∈M . Theorem
1.4 is very closed to a result due to Zhongmin Qian (Indeed, the author proved Theorem
1.4 and Theorem 1.6 in June 2004 and was only aware of Qian’s paper [57] and his results
on the conservativeness and the C0-diffusion property of diffusion operators (see Remark
1.4 below) in September 2004). It was proved in [57] that the heat semigroup generated by
L = ∆ +B is conservative provided that there exist two positive continuous nondecreasing
functions ki : IR+ → IR+ satisfying lim

t→+∞
ki(t) = +∞ and∫ ∞

1

1√
k2
1(t) + k2

2(t)
dt = +∞,
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and such that (Ric − ∇SB)(x) ≥ −k2
1(d(x, o)) and |B|(x) ≤ k2(d(x, o)) for all x ∈ M ,

where ∇SB is the symmetric part of ∇B defined by ∇SB(ξ, η) = 1
2{< ∇ξB, η > + <

∇ηB, ξ >}, ∀ ξ, η ∈ TM . In the case where B = −∇φ, Qian’s condition requires that
Ric(x) + ∇2φ(x) ≥ −k2

1(d(x, o)) and |∇φ(x)| ≤ k2(d(x, o)) for all x ∈ M . Note that
Ricm,n = Ric + ∇2φ − ∇φ⊗∇φ

m−n . It is easy to see that if L = ∆ − ∇φ · ∇ satisfies Qian’s

condition, then Ricm,n(x) ≥ −k2
1(d(x, o)) −

k2
2(d(x,o))
m−n for any constant m > n. Theorem

1.4 gives an optimal curvature-dimension condition (in the sense of Bakry-Emery) for the
conservativeness of Pt = etL on finite dimensional complete Riemannian manifolds. However,
we don’t know whether or not Theorem 1.4 holds on infinite dimensional manifold by taking
m→∞.

Remark 1.4 The concept of C0-diffusion property was introduced by Azencott [5] and goes
back to W. Feller [26]. Azencott [5] developed the connection between diffusion semigroup
having the C0-diffusion property and the Liouville property at infinity for harmonic func-
tions solving (L − λ)u = 0 for some λ > 0 in the exterior region of compact sets K ⊂ M
and satisfying the Dirichlet boundary condition u|∂K = 1, see Section 1.1. In Section 8.4
and P. 433 of [55], R.G. Pinsky described Azencott’s idea by “the explosion inward from
the boundary”. When L is an one-dimensional diffusion operator on open interval, sufficient
and necessary conditions so that the C0-property holds or does not hold are given in [5, 55].
Azencott [5] proved the C0-diffusion property for the Laplace-Beltrami operator on complete
analytic simple connected Riemannian manifolds of negative curvature. Yau [74] and Dodz-
iuk [24] proved the C0-diffusion property for the Laplace-Beltrami operator on complete
Riemannian manifolds with Ricci curvature bounded from below by a negative constant.
Theorem 1.6 extends Hsu’s result in [36] in which L = ∆, see Section 1.1. Elworthy [25]
and Davies [21] have given some criteria for the C0-diffusion property of diffusion operators.
Qian [57] proved that for L = ∆ + B if Ric−∇SB ≥ −k for some nonnegative constant k
and |B(x)| ≤ C(1 + d(x, o)) for all x ∈ M and a fixed point o ∈ M , then Pt = etL has the
C0-diffusion property. Clearly, the assumption required in our Theorem 1.5 is weak than
Qian’s condition for L = ∆−∇φ · ∇.

Remark 1.5 The L1-Liouville theorem for harmonic functions of the Laplace-Beltrami op-
erator on complete non-compact Riemannian manifold is strongly relied on the behavior
of curvature. Garnett [27] showed that if M is complete and has bounded geometry (i.e.,
the Riemannian curvature tensor and all of its higher order derivatives are bounded and
the injectivity radius is strictly positive), then M satisfies the L1-Liouville theorem. This
result was improved by Li-Schoen [42] who proved that the L1-Liouville theorem for the
Laplace-Beltrami operator holds if the Ricci curvature on M is bounded from below and
the volume of every geodesic ball in M has a positive lower bound. Li-Schoen [42] further
proved the L1-Liouville theorem under the condition (1.2) and conjectured that the optimal
curvature condition for the L1-Liouville theorem is (1.3). This was affirmatively proved by
P. Li [41]. Example of complete or even stochastically complete Riemannian manifolds on
which the L1-Liouville theorem does not hold have been given in Li-Schoen [42] and Chung
[18]. Theorem 1.6 extends P. Li’s L1-Liouville theorem and his result on the L1-uniqueness
of heat semigroup et∆ for the Laplace-Beltrami operator ∆ on complete non-compact Rie-
mannian manifolds satisfying the optimal curvature condition (1.3) to general symmetric
diffusion operators satisfying the curvature-dimension condition (1.10). In the case where φ
is not constant, Theorem 1.6 is new and should be considered as the most important result
of this paper. Indeed, one of the original motivations for the author to begin the study of the
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problems in this paper was exactly trying to extend P. Li’s results in [41] to general diffusion
operators under a natural optimal curvature condition (in the sense of Bakry-Emery). The
proof of Theorem 1.6 needs many careful heat kernel estimates and consists of the main part
of the present paper.

Remark 1.6 In the case where M = IRn or M = D is an open domain of IRn, and L =
∆+2∇φ

φ ·∇ is a diffusion operator with singular drift term ∇φ
φ , where φ ∈ H1,2(IRn, dx), the

problem of whether L has a unique extension in L1(M,φ2dx) which generates a C0-semigroup
in L1(M,φ2dx) has been studied by Liskevitch [46], Stannat [64] and L.-M. Wu [71]. In
[71], Wu proved that (L,C∞0 (D)) is L1(D,φ2dx) -unique if and only if the corresponding
diffusion is conservative under the condition that φ is continuous and φ ∈ H1

loc(D). The
reader might wonder why the L1(D,φ2dx)-uniqueness of L = ∆ − 2∇φ

φ · ∇ is equivalent
to the conservativeness of Pt = etL since in the case where D = IRn and φ ∈ C2(IRn), it
is clear that φ satisfies Wu’s conditions and hence if the above statement is true then L is
L1(IRn, φ2dx)-unique if and only if the L-diffusion process is conservative. In November 2004,
Professor Wu kindly pointed out to the author that , the concept of “the L1-uniqueness”
studied in [46, 64, 71] is exactly the dual concept of the L1-uniqueness discussed here and
in [27, 42, 41] and is therefore equivalent to the problem of conservativeness of the heat
semigroup Pt = etL.

2 Gradient estimate and strong Liouville theorem

2.1 The key lemma

The key lemma used in the proof of Yau’s gradient estimate (1.1), see Yau [72] or Schoen-
Yau [63], is that under the curvature condition Ric ≥ −(n − 1)K, where K ≥ 0, for any
harmonic function u (i.e., ∆u = 0), we have

|∇u|∆|∇u|+ (n− 1)K|∇u|2 ≥ 1
n− 1

|∇(|∇u|)|2. (2.11)

This is a consequence of the classical Bochner-Wëitzenbock formula. We now extend Yau’s
lemma to any diffusion operator L = ∆ − ∇φ · ∇ under a suitable curvature-dimension
condition in terms of Ricm,n(L) = Ric+∇2φ− ∇φ⊗∇φ

m−n .

Lemma 2.1 Let u be a solution of Lu = 0, m > n be a constant. Then

|∇u|L|∇u| ≥ 1
m− 1

|∇(|∇u|)|2 + 〈Ricm,n(L)∇u,∇u〉 . (2.12)

Proof. By the generalized Bochner-Weitzenböck formula, for any u ∈ C2(M) we have

1
2
L|∇u|2 = |∇2u|2+ < Ric(L)∇u,∇u > + < ∇Lu,∇u > .

By the diffusion property,

L|∇u|2 = 2|∇u|L|∇u|+ 2|∇(|∇u|)|2.
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Therefore, if u is a solution of Lu = 0, we have

|∇u|L|∇u| = |∇2u|2 − |∇(|∇u|)|2+ < Ric(L)∇u,∇u > . (2.13)

By Yau [72] and Schoen-Yau [63], if we consider a local normal chart at x in which u1(x) =
|∇u|(x) and ui(x) = 0 for all i ≥ 2, then ∇j |∇u| = u1j and hence |∇(|∇u|)|2 =

∑
j

u2
1j .

Since u is a solution of Lu = 0, in the above local geodesic chart we have

n∑
i=2

uii = −u11 + φ1u1.

Hence

|∇2u|2 − |∇(|∇u|)|2 =
∑
i,j

u2
ij −

∑
j

u2
1j =

∑
i 6=1,j≥1

u2
ij

≥
n∑

i=2

u2
i1 +

n∑
i=2

u2
ii

≥
n∑

i=2

u2
i1 +

1
n− 1

(
n∑

i=2

uii

)2

=
n∑

i=2

u2
i1 +

1
n− 1

(u11 + φ1u1)
2
.

Using the elementary inequality

(a+ b)2 ≥ a2

1 + α
− b2

α
, ∀ α > 0,

we obtain

(u11 + φ1u1)
2 ≥ u2

11

1 + α
− |φ1u1|2

α
, ∀ α > 0.

Hence, for all α > 0 we have

|∇2u|2 − |∇(|∇u|)|2 ≥
n∑

i=2

u2
i1 +

1
n− 1

[
u2

11

1 + α
− |φ1u1|2

α

]

=

(
n∑

i=2

u2
i1 +

1
(1 + α)(n− 1)

u2
11

)
− 1
α(n− 1)

|φ1u1|2

≥ 1
(1 + α)(n− 1)

n∑
i=1

u2
i1 −

1
α(n− 1)

|φ1u1|2.

Therefore, for all α > 0,

|∇2u|2 − |∇(|∇u|)|2 ≥ 1
(1 + α)(n− 1)

|∇(|∇u|)|2 − 1
α(n− 1)

|∇φ · ∇u|2.
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Combining this with (2.13), for all α > 0, we have

|∇u|L|∇u| ≥ 1
(1 + α)(n− 1)

|∇(|∇u|)|2 − 1
α(n− 1)

|∇φ · ∇u|2+ < Ric(L)∇u,∇u >

=
1

(1 + α)(n− 1)
|∇(|∇u|)|2 +

〈(
Ric(L)− ∇φ⊗∇φ

α(n− 1)

)
∇u,∇u

〉
.

Taking α = m−n
n−1 , then (1 + α)(n− 1) = m− 1. This yields the desired inequality. �

2.2 Generalized Yau’s gradient estimate

Theorem 2.2 Suppose that Ricm,n(L) ≥ −K, where K ≥ 0 is a constant. Let u be a
solution of Lu = 0 which is bounded from below. Then

|∇u| ≤
√

(m− 1)K
(
u− inf

M
u
)
. (2.14)

In particular, if Ricm,n(L) ≥ 0, then every positive solution (and bounded solution) of
Lu = 0 must be constant.

Proof. The proof is similar to the one in Yau [72] and Schoen-Yau [63]. Suppose u be a
positive solution of Lu = 0. Let ψ = |∇logu|. Then

∇ψ =
∇|∇u|
u

− |∇u|∇u
u2

. (2.15)

At any point where |∇u| 6= 0, by the diffusion property, we have

L(|∇u|) = L(ψu) = uLψ + ψLu+ 2∇ψ · ∇u = uLψ + 2∇ψ · ∇u.

Using (2.12) we have

Lψ =
L|∇u|
u

− 2∇ψ · ∇u
u

=
|∇u|L(|∇u|)

|∇u|u
− 2∇ψ · ∇u

u

≥ 1
|∇u|u

(
1

m− 1
|∇(|∇u|)|2 −K|∇u|2

)
− 2∇ψ · ∇u

u

=
1

m− 1
|∇(|∇u|)|2

|∇u|u
−Kψ − 2∇ψ · ∇u

u
.

Let ε = 2/(m− 1). Using (2.15) we have (see Schoen-Yau [63])

2∇ψ · ∇u
u

= (2− ε)
∇ψ · ∇u

u
+ ε

∇(|∇u|) · ∇u
u2

− ε
|∇u|3

u3

≤ (2− ε)
∇ψ · ∇u

u
+ ε

|∇(|∇u|)||∇u|
u2

− εψ3.

By Schoen-Yau [63], we have

ε
|∇(|∇u|)|∇u|

u2
≤ ε

2

(
|∇(|∇u|)|2

|∇u|u
+
|∇u|3

u3

)
=

1
m− 1

(
|∇(|∇u|)|2

|∇u|u
+ ψ3

)
.
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From the above two inequalities we obtain

Lψ ≥ −Kψ −
(

2− 2
m− 1

)
∇ψ · ∇u

u
+

ψ3

m− 1
. (2.16)

Now suppose that ψ achieves its maximum at some point x0 ∈ M . Then ∇ψ(x0) = 0 and
∆ψ(x0) ≤ 0. Hence Lψ(x0) = ∆ψ(x0)−∇φ(x0) ·∇ψ(x0) ≤ 0. By this and (2.16) we obtain

0 ≥ −Kψ(x0) +
ψ3(x0)
m− 1

.

Therefore ψ(x0) ≤
√

(m− 1)K and hence ψ(x) ≤
√

(m− 1)K holds for all x ∈M . Hence

|∇u| ≤
√

(m− 1)Ku.

Replacing u by u − inf
M
u we finish the proof of (2.14). The strong and the weak Liouville

theorems follow easily from (2.14) by taking K = 0 when Ricm,n(L) ≥ 0. �

2.3 Schoen-Yau gradient estimate and Harnack inequality

The following result is a natural extension of a theorem due to Schoen-Yau [63].

Theorem 2.3 Suppose that Ricm,n(L) ≥ −K, u be a positive solution of ∆u = 0. Then
there exists a constant Cn such that for all a > 0,

sup
y∈B(x,a/2)

|∇u(y)|
u(y)

≤ Cm

(
1
a

+
√
K

)
.

Proof. The proof is similar to the one of Theorem 3.1 in Schoen-Yau [63]. For any a > 0,
let us define

F (y) = (a2 − d2(x, y))
|∇u|
u

, y ∈ B(x, a).

Since F |∂B(x,a) = 0, if |∇u| 6= 0, then F can only achieve its maximum at some point
x0 ∈ B(x, a). Assume that x0 /∈ cut(x), then F is smooth near x0 and by the maximum
principle, ∇F (x0) = 0 and ∆F (x0) ≤ 0. Hence LF (x0) = ∆F (x0) − ∇φ(x0)∇F (x0) ≤ 0.
These yield that at x0 we have

∇ρ2

a2 − ρ2
=
∇ψ
ψ
, (2.17)

−Lρ2ψ + (a2 − ρ2)Lψ − 2∇ρ2 · ∇ψ ≤ 0. (2.18)

Hence

Lψ

ψ
− Lρ2

a2 − ρ2
− 2|∇ρ2|2

(a2 − ρ2)2
≤ 0. (2.19)

By the generalized Laplacian comparison theorem, and using |∇ρ2| = 2ρ|∇ρ| = 2ρ, we have

Lρ2 ≤ 2 + 2(m− 1)(1 +
√
Kρ) ≤ C(1 +

√
K)ρ.
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Combining this and (5.30) with (2.19) we have

0 ≥ Lψ

ψ
− C(1 +

√
Kρ)

a2 − ρ2
− 8ρ2

(a2 − ρ2)2

≥ −(m− 1)Kψ −
(

2− 2
m− 1

)
∇ψ · ∇u

u
+

ψ3

m− 1
− C(1 +

√
Kρ)

a2 − ρ2
− 8ρ2

(a2 − ρ2)2
.

Using (2.17) we have
∇ψ · ∇u
ψu

=
2ρ∇ρ · ∇u
(a2 − ρ2)u

≤ 2ψρ
a2 − ρ2

.

Replacing ψ = F
(a2−ρ2) and this into the previous inequality we obtain

0 ≥ 1
m− 1

F 2 − 4(m− 2)
m− 1

ρF − C(1 +
√
Kρ)(a2 − ρ2)− 8ρ2 − (m− 1)K(a2 − ρ2)2

≥ 1
m− 1

F 2 − 4(m− 2)
m− 1

aF − C(1 +
√
Ka)a2 − 8a2 − (m− 1)Ka4

≥ 1
m− 1

F 2 − 2C1aF − C2(1 +
√
Ka)2a2,

where C1, C2 are two constants depending only on m. This yields that

F (x0) ≤ m− 1
2

(
2C1a+

√
4C2

1a
2 + 4(m− 1)−1(1 +

√
Ka)2a2

)
≤ (m− 1)a(C1(m) + C2(m)

√
Ka).

Therefore

sup
y∈B(x,a)

[
(a2 − d2(x, y))

|∇u(y)|
u(y)

]
≤ Cma(1 +

√
Ka).

Restricting on B(x, a/2) we get

3a2

4
sup

y∈B(x,a/2)

|∇u(y)|
u(y)

≤ Cma(1 +
√
Ka).

Hence

sup
y∈B(x,a/2)

|∇u(y)|
u(y)

≤ Cm

(
1
a

+
√
K

)
.

�
Using the same argument as in Schoen-Yau [63], we can derive the following results from

the generalized Schoen-Yau inequality. To save the length of the paper, we omit the proofs.

Corollary 2.4 Suppose that Ricm,n(L) ≥ −(m − 1)K, where K ≥ 0 is a constant. Let u
be a solution of Lu = 0 in the geodesic ball B(x, a), ∀x ∈M . Then

sup
B(x,a/2)

|∇u| ≤ Cm

(
1 +

√
Ka

a

)
sup

B(x,a)

|u|,

where Cm is a constant depending only on m.
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Corollary 2.5 (Harnack inequality) Suppose that Ricm,n(L) ≥ −(m − 1)K, where K ≥ 0
is a constant. Let u be a positive solution of Lu = 0 in the geodesic ball B(x, a), ∀x ∈ M .
Then

sup
B(x,a/2)

u ≤ e
2aCm

(
1+
√

Ka
a

)
inf

B(x,a/2)
u,

where Cm is a constant depending only on m.

Similarly, we have the following result for the solution of (L− λ)u = 0 for λ > 0.

Theorem 2.6 Suppose that Ricm,n(L) ≥ −(m− 1)K, where K ≥ 0 is a constant. Let u be
a positive solution of (L− λ)u = 0, where λ > 0 is a constant. Then there exists a constant
C(m,K, λ) depending only on m,K and λ such that

|∇u| ≤ C(m,K, λ)u.

3 Conservativeness of heat semigroup

In [22], E.B. Davies extended Karp-Li’s conservative criterion to symmetric diffusion opera-
tors. He proved that if there exist two constants C1 and C2 such that µ(B(x,R)) ≤ C1e

C2R2

for some (and hence for all) x ∈M then the heat semigroup Pt = etL is conservative. This
can be considered as a special case of the generalized Grigor’yan criterion for the conserva-
tiveness of Dirichlet form, see Sturm [66], which says that if for some x ∈M ,∫ ∞

1

rdr

logµ(B(x, r))
= +∞,

then Pt = etL is conservative. In view of these, Theorem 1.4 follows from the following

Lemma 3.1 Under the same condition of Theorem 1.4, we have

µ(B(o,R)) ≤ µ(B(o, r))
(
R

r

)m

exp
(
(m− 1)

√
K(R)(R− r)

)
, ∀ R > r > 0.

Proof. Let ρ(x) = d(x, o). Then the diffusion property of L implies

Lρ2 = 2ρLρ+ 2|∇ρ|2 ≤ 2 + 2ρLρ, on M \ cut(o).

By Theorem 1.1, we have Lρ ≤ a(ρ), where a(ρ) is the solution of the Riccati equation

−a′(ρ) = −K(ρ) +
a2(ρ)
m− 1

, with lim
x→0

xa(x) = m− 1.

Let aK(R) be the solution of the Riccati equation

−a′(ρ) = −K(R) +
a2(ρ)
m− 1

, with lim
x→0

xa(x) = m− 1.

The Strum-Liouville comparison theorem of Riccati equation implies

a(ρ(x)) ≤ aK(R)(ρ(x)) = (m− 1)
√
K(R)coth[

√
K(R)ρ(x)], ∀ x ∈ B(o,R) \ cut(o).
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Combining this together with
√
K(R)ρ coth(

√
K(R)ρ) ≤ 1 +

√
K(R)ρ, we have

Lρ2 ≤ 2 + 2(m− 1)
√
K(R)ρcoth[

√
K(R)ρ(x)]

≤ 2m+ 2(m− 1)
√
K(R)ρ, ∀x ∈ B(o,R) \ cut(o).

Integrating over B(o,R) and since µ(cut(o)) = 0, we have∫
B(o,R)

Lρ2(x)dµ(x) ≤ 2mµ(B(o,R)) + 2(m− 1)
√
K(R)

∫
B(o,R)

ρ(x)dµ(x)

≤ 2
[
m+ (m− 1)

√
K(R)R

]
µ(B(o,R)).

On the other hand, applying Green’s formula we have∫
B(o,R)

Lρ2(x)dµ(x) =
∫

∂B(o,R)

∂ρ2

∂ν
(x)dµσ(x) = 2Rµσ(∂B(o,R)),

where ∂
∂ν denotes the exterior normal derivative, µσ denotes the weight area-measure induced

by the weight volume measure µ. Moreover, using the co-area formula, we have

µσ(∂B(o,R)) =
∂µ(B(o, r)

∂r

∣∣∣∣
r=R

.

Hence ∫
B(o,R)

Lρ2(x)dµ(x) = 2R
dµ(B(o,R)

dR
.

Let V (R) = µ(B(o,R)). Then

R
dVR

dR
≤ (m+ (m− 1)

√
K(R)R)VR.

Thus
dlogVR

dR
≤ m

R
+ (m− 1)

√
K(R).

Integrating with respect R from r to R, we have

VR ≤ Vr

(
R

r

)m

exp

(
(m− 1)

∫ R

r

√
K(s)ds

)

≤ Vr

(
R

r

)m

exp
(
(m− 1)

√
K(R)(R− r)

)
.

The proof of Lemma 3.1 is completed. �

Remark 3.1 The above proof of Theorem 1.4 is purely geometric. Using the Laplace
comparison theorem in Riemannian geometry, the comparison theorem of one-dimensional
stochastic differential equations and the Itô-Skorokhod formula for the radial part of Brow-
nian motion, Hsu [35, 36] proved Theorem 1.4 in the case where φ ≡ 0. This probabilistic
method has been further developed by Qian [57] to establish his conservative criterion for
L-diffusion process mentioned in Remark 1.3. In the case of symmetric diffusion operator
L = ∆−∇φ · ∇, we can use this approach to give a probabilistic proof of Theorem 1.4. To
save the length of the paper, we omit it. See Section 4 for Kendall’s Itô-Skorokhod formula
for the radial part of the L-diffusion process.
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Remark 3.2 By the generalized Laplacian comparison theorem, if Ricm,n(L) ≥ −(m −
1)K2, where K ≥ 0 is a constant, we can see from the proof of Theorem 1.4 that

Lρ(·, x)|y ≤
m− 1
ρ(y, x)

(1 +Kρ(y, x)), ∀ y ∈M \ cut(x). (3.20)

In the case where L = ∆ and m = n, the above inequality is well-known in geometry.
Moreover, see Appendix in Yau [73] and Remark 1.5 in Schoen [62], it can be shown that
a corresponding global inequality holds in the sense of distribution: if Ric ≥ −(n − 1)K2,
then for all ψ ∈ C∞0 (M, IR+),∫

M

ρ(y, x)∆ψ(y)dy ≤ (n− 1)
∫

M

1 +Kρ(y, x)
ρ(y, x)

ψ(y)dy. (3.21)

For a proof, see Appendix (iv) in Yau [73], Proposition 1.1.1 in Schoen-Yau [63], or Section
1.6 in Schoen [62]. In the general case, Ricm,n(L) ≥ −(m− 1)K2 also implies the following
global inequality in the sense of distribution: for all ψ ∈ C∞0 (M, IR+),∫

M

ρ(y, x)Lψ(y)dµ(y) ≤ (m− 1)
∫

M

1 +Kρ(y, x)
ρ(y, x)

ψ(y)dµ(y), ∀ ψ ∈ C∞0 (M), ψ ≥ 0.(3.22)

In fact, since φ ∈ C2(M), the measure µ is equivalent to the volume measure dx. As the
Hausdroff measure of cut(x) is zero, we see that µ(cut(x)) = 0 for all x ∈ M . Hence, if we
denote Ω = M \ cut(x), then∫

ρ(y, x)Lψ(y)dµ(y) =
∫

Ω

ρ(y, x)Lψ(y)dµ(y).

Defining Ωε = {y ∈ Ω, d(y, cut(x)) ≥ ε}, then Ωε tends to Ω as ε tends to zero. Applying
the Stokes formula and the Green formula on Ωε and using (3.20), we can prove that∫

M

ρ(y, x)Lψ(y)dµ(y) ≤ (m− 1)
∫

M

1 +Kρ(y, x)
ρ(y, x)

ψ(y)dµ(y)− lim
ε→0

∫
∂Ωε

ψ(y)
∂ρ(y, x)
∂ν

dµσ(y).

As Ω is star-sharped, so is Ωε. Hence, ∂ρ(y,x)
∂ν ≥ 0. Therefore the second term in the last

inequality is non-negative. This proves (3.22). To save the length of the paper, we omit the
detail of the proof.

By the well-known equivalence between the conservativeness and the L∞-uniqueness of
the Cauchy problem of heat equation, see [24, 30, 33, 36], we obtain immediately

Theorem 3.2 Under the same condition as in Theorem 1.4, for any bounded continuous
function f ∈ L∞(M), there exists a unique bounded solution to the heat equation ∂tu = Lu
with the initial condition u(0, x) = f(x) for all x ∈M .

4 C0-diffusion property of heat semigroup

To prove Theorem 1.5, we follow the method used in Azencott [5] and developed in Hsu
[35, 36], see also Qian [57]. By Theorem 1.4, the L-diffusion process is conservative. Let
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{Xt, t <∞} be the L-diffusion process starting at x ∈M . By Azencott [5], we need only to
prove that for any closed geodesic ball K = B(o,R), where R is any fixed constant, we have

lim
d(x,o)→∞

Px(TK < t) = 0, (4.23)

where TK := inf{t > 0 : Xt ∈ K} is the entrance time of {Xt, t <∞} in K = B(o,R). Let
σ0 = 0, and for all n ∈ IN,

τn = inf{t > σn : d(Xt, Xσn
) = 1}, n ≥ 0,

σn = inf{t ≥ τn−1 : ρ(Xt) = ρ(x)− n}, n ≥ 1.

That is, σn is the entrance time of the L-diffusion process Xt in the geodesic ball B(o, ρ(x)−
n), θn := τn − σn is the amount of time during which the L-diffusion process moves from
Xσn

∈ ∂B(o, ρ(x) − n) to Xτn
∈ ∂B(Xσn

, 1), and σn+1 − τn is the amount of time during
which the L-diffusion process leaves from ∂B(Xσn

, 1) and hits ∂B(o, ρ(x)− (n+ 1)). Let

θn = τn − σn.

Then
TK ≥ σ[ρ(x)−R] ≥ θ0 + θ1 + . . .+ θ[ρ(x)−R−1],

where [ρ(x)−R] denotes the integer part of ρ(x)−R. The key point is to prove that there
exist two constants C1 > 0 and C2 > 0 such that for all n ≥ 0,

Px

(
θk ≤ C1/

√
K(ρ(x)− n+ 1)

)
≤ e−C2K(ρ(x)−n+1). (4.24)

To this end, we use Kendall’s Itô-Skorokhod formula. In fact, see Kendall [38], under the
probability measure Px, there exists a standard one-dimensional Brownian motion βt such
that r(Xt) = d(Xt, x) can be decomposed into

r(Xt) = βt +
1
2

∫ t

0

Lr(Xs)ds− Lt, (4.25)

where Lt is a nondecreasing process which is increasing only on {t : Xt ∈ cut(x)}. For a
proof, see also Remark 4.1. Moreover, using the Kendall decomposition and the Girsanov
transformation, we have (cf. Qian [57]),

d(Xt, Xσn
) = βt − βσn

+
1
2

∫ t

σn

Ld(Xs, Xσn
)ds− (Lt − Lσn

).

Note that

d2(Xt, Xσn
) = 2

∫ t

0

d(Xs, Xσn
)d(d(Xs, Xσn

))+ < d(X·, Xσn
), d(X·, Xσn

) >t .

Since < d(X·, Xσn
), d(X·, Xσn

) >t=< β, β >t= t and Lt − Lσn
is a nondecreasing positive

process on [σn, τn], we have

d2(Xt, Xσn
) ≤ 2

∫ t

σn

d(Xs, Xσn
)dβs +

∫ t

σn

d(Xs, Xσn
)Ld(Xs, Xσn

)ds+ t− σn. (4.26)
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For all t ∈ [σn, τn], Xt ∈ B(Xσn
, 1) ⊂ B(o, ρ(x)− n+ 1). While

Ricm,n(L)(y) ≥ −K(ρ(x)− n+ 1), ∀ y ∈ B(o, ρ(x)− n+ 1).

By the generalized Laplacian comparison theorem, see Corollary 1.2, we have

Ld(y,Xσn
) ≤ (m−1)

√
K(ρ− n+ 1)coth(

√
K(ρ− n+ 1)d(y,Xσn

) onB(o, ρ(x)−n+1)\cut(Xσn
).

Using a cotha ≤ 1 + a for all a ≥ 0, we obtain

d(Xt, Xσn)Ld(Xt, Xσn) ≤ (m− 1)(1 + d(Xt, Xσn)
√
K(ρ− n+ 1)).

Taking t = τn in (4.26) and since d(Xs, Xσn
) ≤ d(Xτn

, Xσn
) = 1 for all s ∈ [σn, τn], we

obtain

1 ≤ 2
∫ τn

σn

d(Xs, Xσn)dβs +
[
(m− 1)(1 +

√
K(ρ(x)− n+ 1)) + 1

]
(τn − σn).

Without loss of the generality we may assume K(ρ(x)− n+ 1) ≥ 1 then

1 ≤ 2
∫ τn

σn

d(Xs, Xσn
)dβs + 2m

√
K(ρ(x)− n+ 1)(τn − σn).

This yields that, for any enough small constant C1 > 0,

Px

(
τn − σn ≤ C1/

√
K(ρ(x)− n+ 1)

)
≤ Px

(∫ τn

σn

d(Xs, Xσn
)dβs ≥

1
8

)
.

Based on Lévy’s criterion and the random time change, the standard method as used in
[34, 36] proves that

Px

(∫ τn

σn

r(Xs)dβs ≥
1
8

)
≤ exp(−C2

√
K(ρ(x)− n+ 1)).

Therefore we have proved (4.24).
Then we can follow the same argument used in Hsu [36] to obtain

Px(TK ≤ t) ≤
N(x,t)∑
n=1

e−C2

√
K(ρ(x)−n+1),

where N(x, t) is the smallest integer such that

N∑
n=1

1√
K(ρ(x)− n+ 1)

>
t

C1
.

As
∫∞
1
K(s)−1/2ds = ∞, suchN(x, t) exists for sufficiently large ρ(x) and moreoverN(x, t) ≤

[ρ(x)−R]. Then we can obtain

Px(TK ≤ t) ≤
∫ ρ(x)+1

ρ(x)−N(x,t)+1

e−C2

√
K(r)dr.

By Hsu [35, 36], the latter term tends to zero as ρ(x) → ∞. This proves the desired key
estimate (4.23) for K = B(o,R). �
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Remark 4.1 (Proof of (4.1)) In the Appendix (see Formula (6)) of Yau [73], it was proved
that for any smooth non-negative function ψ with compact support on M , we have∫

M

ρ(x)∆ψ(x)dx ≤
∫

M\cut(x0)

ψ(x)∆ρ(x)dx. (4.27)

Here x0 is a fixed point in M , ρ(x) = d(x0, x). If we let ∆ρ to denote the Laplacian of ρ
in the sense of distribution, then, as pointed out in Hsu [35], the above Yau’s distributional
inequality (4.27) implies that the distribution

ν∆ := ∆ρIM\cut(x0) −∆ρ

is non-negative on non-negative test functions. Similarly to Yau’s distributional inequality
(4.27) for the Laplace-Beltrami operator, for all test functions ψ ∈ C∞0 (M, IR+), we have∫

M

ρ(x)Lψ(x)dµ(x) ≤
∫

M\cut(x0)

ψ(x)Lρ(x)dµ(x). (4.28)

Indeed, since µ is equivalent to dx and since the Hausdroff measure of cut(x0) is zero, we
have µ(supp(ψ) ∩ cut(x0)) = 0. Hence∫

M

ρ(x)Lψ(x)dµ(x) =
∫

M\cut(x0)

ρ(x)Lψ(x)dµ(x).

Now take a sequence of star-sharp approximation Ωε = {y ∈M \cut(x0) : d(y, cut(x0)) ≥ ε}.
Applying the Stokes formula and the Green formula on Ωε we have∫

M

ρ(x)Lψ(x)dµ(x) = lim
ε→0

∫
Ωε

Lψ(x)ρ(x)dµ(x)− lim
ε→0

∫
∂Ωε

ψ(x)
∂ρ(x)
∂ν

dµσ(x)

=
∫

M\cut(x0)

Lψ(x)ρ(x)dµ(x)− lim
ε→0

∫
∂Ωε

ψ(x)
∂ρ(x)
∂ν

dµσ(x).

Here ∂
∂ν denotes the exterior normal derivative. Since Ωε is star-sharp, we have ∂ρ(x)

∂ν ≥ 0.
Hence

∫
∂Ωε

ψ(x)∂ρ(x)
∂ν dµσ(x) is non-negative. The inequality (4.28) follows. Equivalently to

say, the distribution
νL := LρIM\cut(x0) − Lρ

is non-negative on non-negative test functions. Similarly to the case discussed in Hsu [35]
for L = ∆, by the Riesz representation theorem, νL is a Radon measure on M supported on
cut(x0). Hence, the distribution Lρ is indeed a Radon measure on M . Using the generalized
Itô formula, one proves immediately the Kendall decomposition (4.25) in which Lt is the
continuous positive additive functional associated with the measure νL.

5 Harnack inequalities and heat kernel estimates

In order to prove the L1-Liouville theorem for the solution of Lu = 0 and the L1-uniqueness
of the heat semigroup Pt = etL, we need to establish Li-Yau parabolic Harnack inequalities
and to prove some heat kernel estimates.
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5.1 Upper bound estimate via Li-Yau Harnack inequalities

In this subsection we prove the Li-Yau differential Harnack inequality and the Li-Yau Har-
nack inequality for the heat semigroup generated by L = ∆−∇φ · ∇ under the curvature-
dimension condition CD(Km,n,m), where Km,n(x) is a radial function depended on ρ(x) =
d(x, o). These estimates allow us to deduce the Li-Yau upper bound estimate of the heat
kernel on geodesic balls. In principle we follow the method of Li-Yau [43] except that we
are dealing with the heat semigroup of the diffusion operator L = ∆ −∇φ · ∇ rather than
the heat semigroup of the Laplace-Beltrami operator ∆. To the reader who is very familiar
in Li-Yau’s technique, it might be thought that one does not need to reproduce the proofs
of the Li-Yau Harnack inequalities for the heat semigroup of L as it is well-known that the
Bakry-Emery Ricci curvature of L plays a very similar rôle as the Ricci curvature for ∆.
However we still reproduce the proof of the differential Harnack inequality in detail since our
aim here is to establish these inequalities under a natural geometric and analytic condition
which we hope to be as sharp as possible.

Theorem 5.1 Let M be a complete Riemannian manifold, L = ∆ − ∇φ · ∇, φ ∈ C2(M).
Let −K(2R) be a lower bound of the Bakry-Emery Ricci curvature

Ricm,n(L) = Ric+∇2φ− ∇φ⊗∇φ
m− n

on the geodesic ball B(o, 2R). Let u(x, t) be a positive solution of the heat equation

∂tu = Lu

on M × (0, T ]. Then, for any α > 1, we have

|∇u|2

u2
− αut

u
≤ Cα2

R2

(
1 +R

√
K(2R) +

α2

α− 1

)
+
mα2

2t
+
mα2K(2R)
(α− 1)

√
2
. (5.29)

Proof. The proof is similar to the one of Theorem 2.1 in [43]. Let f = logu. The diffusion
property Lg(u) = g′(u)Lu+ g

′′
(u)|∇u|2 for all g ∈ C2(IR, IR) implies that

∂tf = Lf + |∇f |2.

Define
F (x, t) = t(|∇f |2 − αft).

Let η be a C2-function on [0,∞) such that

η(r) =
{

1 on [0, 1]
0 on [2,∞),

with −C1η
1/2(r) ≤ η′(r) ≤ 0 and η

′′
(r) ≥ −C2, where C1, C2 are two positive constants.

Let ρ(x) = d(o, x). Define
ψ(x) = η(ρ(x)/R).

Since ρ(x) is Lipschitz on the cut locus of o, ψF is a Lipschitz function with support in
B(o, 2R) × [0,∞). As explained in Li-Yau [43], an argument of Calabi allows us to apply
the maximum principle to ψF . Let (x0, t0) ∈ M × [0, T ] be a point where ψF achieves its
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maximum. We assume ψF (x0, t0) > 0, otherwise the theorem holds trivially. At (x0, t0) we
have

∇(ψF ) = 0, ψFt =
∂

∂t
(ψF ) ≥ 0, ∆(ψF ) ≤ 0.

By the generalized Laplacian comparison theorem, as Ricm,n(L) ≥ −(m−1)K(2R), we have

Lρ ≤ (m− 1)
√
K(2R)coth(

√
K(2R)ρ).

Note that

Lψ(x) =
η′(ρ(x)/R)Lr

R
+
η
′′
(ρ(x)/R)|∇ρ(x)|2

R2
.

By the conditions on η, we have

Lψ(x) ≥ −C1

R
(m− 1)

√
K(2R)coth(

√
K(2R)R)− C2

R2
. (5.30)

Under the curvature-dimension CD(K(2R),m) condition, for any α > 1, we have

L|∇f |2 ≥ 2
m
|Lf |2 + 2∇(Lf) · ∇f − 2K|∇f |2.

Hence

(L− ∂t)(tft) = t∂tLf − ft − tftt

= tLft − ft − t∂t(Lf + |∇f |2)
= tLft − ft − t(Lft + 2∇f · ∇ft)
= −2t∇f · ∇ft − ft.

These yield

(L− ∂t)F = (L− ∂t)(t|∇f |2 − αtft)

≥ 2t
m
|Lf |2 + 2t∇(Lf) · ∇f − 2tK|∇f |2 − |∇f |2 − 2t∇f · ∇ft + 2αt∇f · ∇ft + αft

≥ 2t
m

(|∇f |2 − ft)2 − 2t∇f · ∇(|∇f |2 − ft)− 2Kt|∇f |2

−(|∇f |2 − αft) + 2(α− 1)t∇f · ∇ft.

Therefore

(L− ∂t)F ≥ 2t
m

(|∇f |2 − ft)2 − 2Kt|∇f |2 − t−1F − 2 < ∇f,∇F > . (5.31)

Replacing (5.30) and (5.31) into

L(ψF ) = (Lψ)F + 2 < ∇ψ,∇F > +ψLF,

we have

L(ψF ) ≥ −F (C1R
−1(m− 1)

√
K(2R)coth(

√
K(2R)R) + C2R

−2) + 2 < ∇ψ,∇(ψF ) > ψ−1

−2F |∇ψ|2ψ−1 + ψ

[
Ft − 2 < ∇f,∇F > +

2
m
t(|∇f |2 − ft)2 − t−1F − 2K(2R)t|∇f |2

]
.
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Note that at (x0, t0) we have

L(ψF ) = ∆(ψF )−∇φ · ∇(ψF ) ≤ 0.

Hence

0 ≥ −F (C1R
−1(m− 1)

√
K(2R)coth(

√
K(2R)R) + C2R

−2)− 2F |∇ψ|2ψ−1

+2F < ∇f,∇ψ > +
2
m
t0ψ(|∇f |2 − ft)2 − t−1

0 ψF − 2K(2R)t0ψ|∇f |2.

Using the same argument as used in Li-Yau [43], see pp. 161-162, or taking γ = θ = ε = 0
there, we can show that at the maximum point (x0, t0) ∈M × [0, T ], we have

ψF ≤ (RHS) := C3α
2t0R

−2(1 +R
√
K(2R) + α2(α− 1)−1) +

mα2

2
+
t0mα

2(α− 1)−1K(2R)√
2

.

This yields, for all (x, T ) ∈M×{T}, (ψF )(x, T ) ≤ (RHS). In particular, for all x ∈ B(o,R),

T (|∇f |2 − αft)
∣∣
t=T

≤ C3α
2t0R

−2(1+R
√
K(2R)+α2(α−1)−1)+

mα2

2
+
t0mα

2(α− 1)−1K(2R)√
2

.

Since t0 ≤ T , this implies the desired inequality by taking t = T in (5.29). �
The differential Harnack inequality implies the following parabolic Harnack inequality.

Theorem 5.2 Let M be a complete Riemannian manifold, L = ∆ − ∇φ · ∇, φ ∈ C2(M).
Let −K(2R) be a lower bound of the Bakry-Emery Ricci curvature

Ricm,n(L) = Ric+∇2φ− ∇φ⊗∇φ
m− n

on the geodesic ball B(o, 2R). Let u(x, t) be a positive solution of the heat equation

∂tu = Lu

on M × (0, T ]. Then, for any α > 1, 0 < t1 < t2 < T and x, y ∈ B(o,R), we have

u(x, t1) ≤ u(y, t2)
(
t2
t1

)mα/2

exp
(
A(t2 − t2) +

αd2(x, y)
4(t2 − t2)

)
, (5.32)

where
A = C

[
αR−1

√
K(2R) + α3(α− 1)−1R−2 + α(α− 1)−1K(2R)

]
.

Proof. By integrating d/ds(logu) along the curve η(s) = (γ(s), (1−s)t2 +st1), where γ is
a geodesic between x and y, and using the same argument as used in the proof of Theorem
2.1 in Li-Yau [43], Theorem 5.2 follows from Theorem 5.1. �

Corollary 5.3 Under the same condition and the same notation as in Theorem 5.2, we
have the mean value inequality

u(x, t1) ≤

(∫
B(x,R)

up(y, t2)dµR(y)

)1/p

·
(
t2
t1

)mα/2

· exp
(

αR2

4(t2 − t1)
+A(t2 − t1)

)
,

where p > 0, α > 1, 0 < t1 < t2, dµR(y) = µ−1(B(o,R))dµ(y).
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Proof. This follows from Theorem 5.2 by integrating (5.32) over B(o,R). �
Finally, using the same argument as used in the proof of Theorem 3.3 in Li-Yau [43], the

parabolic Harnack inequality implies the following upper bound estimate of the heat kernel
H(x, y, t) for the diffusion operator L. To save the length of the paper we leave the details
of this proof to the reader.

Theorem 5.4 Let M be a complete Riemannian manifold, L = ∆ − ∇φ · ∇, φ ∈ C2(M).
Let −K(2R) be a lower bound of the Bakry-Emery Ricci curvature

Ricm,n(L) = Ric+∇2φ− ∇φ⊗∇φ
m− n

on the geodesic ball B(o, 2R). Then, for any ε > 0, there exists a constant C(ε) > 0 such
that

H(x, y, t) ≤ C(ε)µ−1/2(Bx(
√
t)µ−1/2(By(

√
t)exp

(
−d2(x, y)
(4 + ε)t

+ αε(K(R) +R−2)t
)

(5.33)

for all x, y ∈ Bx0(R) := B(x0, R), t > 0 and some constant α depending only on n.

To end this section, let us mention that the Li-Yau differential Harnack inequality for
the heat equation ∂tu = ∆u has been improved by Bakry and Qian [12]. Using the same
technique based on the Laplacian type comparison theorem and the curvature-dimension
condition CD(K,m), we can prove that the Bakry-Qian differential Harnack inequality
holds for diffusion operator L with CD(K,m) condition.

Theorem 5.5 Suppose that L = ∆−∇φ · ∇ satisfies the curvature-dimension condition

Ric+∇2φ− ∇φ⊗∇φ
m− n

≥ −K

with K ≥ 0. Let f = logu, where u is a solution to the heat equation ∂tu = Lu. Then

|∇f |2 − ft ≤
√
mK

√
|∇f |2 +

m

2t
+
mK

4
+
m

2t
.

5.2 L2-estimate of heat kernel outside geodesic balls

In this subsection we prove the following exterior L2-estimate for the heat kernel.

Proposition 5.6 Let K(2R) be the lower bound of Ricm,n(L) on a geodesic ball B(o, 2R).
Then, for all x ∈M , t > 0 and α > 1,

I =
∫

M\B(o,R/2)

H2(x, y, t)dµ(y) ≤ Cµ−1(B(x,
√
t)e

3At
2 − (R−2d(x,o))2

20t . (5.34)

where
A = C

[
αR−1

√
K(2R) + α3(α− 1)−1R−2 + α(α− 1)−1K(2R)

]
.

To prove the above proposition, we need the following L2-monotone integral inequality.
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Lemma 5.7 Let u(t, x) be an L2(µ)-solution of the heat equation ∂tu = Lu with the initial
data u(0, ·) ∈ L2(µ). Assuming that g(x, t) ∈ C1(M × [0,∞)) satisfies

∂g

∂t
+

1
4
|∇g|2 = 0, g ≤ 0.

Then for any R > 0, T > 0 and any x ∈M we have∫
B(x,R)

e
1
2 g(y,T )u2(T, y)dµ(y) ≤

∫
B(x,R)

e
1
2 g(y,0)u2(0, y)dµ(y).

Proof. The proof modifies the argument used in the one of Lemma VI.2 in Schoen-Yau
[63], see also the proof of Lemma 3.2 in Li-Yau [43]. It is based on the integration by parts
formula for the weight volume measure µ, the standard method using cut-off function on
geodesic balls together with the Cauchy-Schwarz inequality. This argument goes back to
Aronson [4] and has been used in Grigor’yan [33] and followed by Saloff-Coste [61]. To save
the length of the paper, we omit it. �

Proof of Proposition 5.6. Let ρ > 0 to be fixed. Define

F (y, t) =
∫

M\B(o,ρ)

H(x, z, T )H(z, y, t)dµ(z).

Then it is clear that F (y, t) is a positive solution of the heat equation with initial date

F (y, 0) =
{
H(x, y, T ) for y ∈M \B(o, ρ)
0 for y ∈ B(o, ρ).

Clearly, F (y, t) ≤ H(x, y, t+ T ) and hence F (·, t) ∈ L2(µ). Taking

g(y, t) = − d2(x, y)
(1 + 2δ)T − t

in Lemma 5.7, we can prove that, for any R > 0, δ > 0 and t ≤ (1 + 2δ)T , we have∫
B(x,R)

exp
(
− d2(x, y)

2[(1 + 2δ)T − t]

)
F 2(y, t)dµ(y) ≤

∫
M

exp
(
− d2(x, y)

2(1 + 2δ)T

)
F 2(y, 0)dµ(y).

Taking t = (1 + δ)T and since F (y, 0) = H(x, y, T )1M\B(o,ρ)(y), we obtain

e
−R2
2δT

∫
B(x,R)

F 2(y, (1 + δ)T )dµ(y) ≤
∫

M\B(o,ρ)

exp
(
− d2(x, y)

2(1 + 2δ)T

)
H2(x, y, T )dµ(y).

Thus ∫
B(x,R)

F 2(y, (1 + δ)T )dµ(y) ≤ e
R2
2δT F (x, T ) sup

y∈M\B(o,ρ)

e−
d2(x,y)

2(1+2δ)T .

On the other hand, as F (y, t) is a positive solution to the heat equation ∂tu = Lu, the mean
value inequality (Corollary 5.3) applies to F (y, t). Taking p = 2 in Corollary 5.3 we have

F 2(x, T ) ≤ µ−1(Bx(R))

[∫
Bx(R)

F 2(y, (1 + δ)T )dµ(y)

]
(1 + δ)mαexp

(
αR2

2δT
+AδT

)
.
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From the above two inequalities we get

F (x, T ) ≤ µ−1(Bx(R))(1 + δ)mαexp
(

(1 + α)R2

2δT
+ 2AδT

)
sup

y∈M\B(o,ρ)

e−
d2(x,y)

2(1+2δ)T .

Taking R2 = T we obtain

F (x, T ) ≤ C(m,α, δ)µ−1(Bx(
√
T ))e2AδT sup

y∈M\B(o,ρ)

e−
d2(x,y)

2(1+2δ)T .

Now taking ρ = R/2, δ = 3/4 and T = t, we obtain

I ≤ Cµ−1(B(x,
√
t)e

3At
2 sup

y∈M\B(o,R/2)

e
−d2(x,y)

5t

= Cµ−1(B(x,
√
t)e

3At
2 − (R−2d(x,o))2

20t .

�

5.3 Two integral inequalities on derivatives of heat kernel

In the proof of the L1-Liouville theorem for ∆ on a complete Riemannian manifold, Li [41]
has used an integral inequality proved by Cheng-Li-Yau [16] for the heat kernel on any
complete Riemannian manifold (not necessarily with bounded curvature) which states that:
for any β ∈ IN there exists a constant C(β) > 0 such that and any x ∈ M , the heat kernel
H(x, y, t) of ∆ satisfies∣∣∣∣∫

M

H(x, y, t)∆β
yH(x, y, t)dy

∣∣∣∣ ≤ t−βC(β)
∫

M

H2(x, y, t/2)dy. (5.35)

To prove this inequality, Cheng-Li-Yau used the method of eigenfunction expansion to show
that the heat kernel Hi(x, y, t) on B(x,Ri) (which is a compact exhaustion of M) with the
Dirichlet boundary condition satisfies∣∣∣∣∣

∫
B(x,Ri)

Hi(x, y, t)∆β
yHi(x, y, t)dy

∣∣∣∣∣ ≤ t−βC(β)
∫

B(x,Ri)

H2
i (x, y, t/2)dy, (5.36)

and then used the fact that the monotone increasing sequence Hi(x, y, t) converges uniformly
to H(x, y, t) on compact sets. We would like to point out that, to obtain the uniform
convergence, Cheng-Li-Yau [16] has first proved a upper bound estimate of the heat kernel

Hi(x, y, t) ≤ C(n, k(2d), δ̃(x), T )t−n/2exp

(
−d2

16t

)
(5.37)

for all t ∈ [0, T ] and all x ∈ M . Here, according to the notation used in [16], d = d(x, y),
k(2d) denotes the lower bound of the sectional curvature on B(x, 2d).

When one deals with a general symmetric diffusion operator L = ∆−∇φ ·∇, it seems to
the author that it is not easy to extend the Cheng-Li-Yau upper bound estimate (5.37) to
the Dirichlet heat kernel of L = ∆−∇φ · ∇ on B(x,Ri), since on the one hand there is no

29



suitable notion of “sectional curvature for L” and on the other hand there should be many
preliminary results which one needs to establish in order to prove (5.37).

However, we can still use the eigenfunction expansion method as used in Cheng-Li-Yau
[16] for ∆ to prove that (5.35) remains valid for the heat kernel H(x, y, t) of L (certainly we
need to replace ∆ in (5.35) by L) even though we may not easily extend (5.37) in a suitable
way. Indeed, letting Hi(x, y, t) denote the heat kernel of L on B(x,Ri) with the Dirichlet
boundary condition, then the maximum principle implies that Hi(x, y, t) is a monotone
increasing sequence which converges to the heat kernel H(x, y, t) of L on M . Moreover,
using the famous result due to Aronson and Nash, H(x, y, t) is locally Hölder continuous.
By Dini’s theorem, the monotone convergence of Hi(x, y, t) to H(x, y, t) is also uniform on
all compact sets. Thus, the eigenfunction expansion method used in the proof of Lemma 7
in Cheng-Li-Yau [16] remains valid for L = ∆−∇φ · ∇ and for all β ∈ IN.

Here, we would like to give a new proof of the generalized Cheng-Li-Yau inequality for
the heat kernel of L = ∆−∇φ · ∇. In a very similar way, this method has been used earlier
by Varopoulos [69] and Saloff-Coste [59] in the study of L∞-bound of time derivatives of the
heat kernel of the Laplace-Beltrami operator on complete Riemannian manifolds.

Proposition 5.8 Let L = ∆ − ∇φ · ∇ be a symmetric diffusion operator on a complete
Riemannian manifold M with φ ∈ C2(M). Then for any β > 0 there exists a constant
C(β) > 0 such that for all x ∈M ,∣∣∣∣∫

M

H(x, y, t)Lβ
yH(x, y, t)dµ(y)

∣∣∣∣ ≤ C(β)t−β

∫
M

H2(x, y, t/2)dµ(y).

Proof. Note that L = ∆ − ∇φ · ∇ is symmetric with respect to µ. Using the spectral
decomposition we have∫

M

H(x0, x, t)Lβ
xH(x0, x, t)dµ(x) =

∫
|Lβ/2

x H(x0, x, t)|2dµ(x).

Therefore we need only to prove∫
M

∣∣∣Lβ/2
x H(x, x0, t)

∣∣∣2 dµ(x) ≤ C(β)t−β

∫
M

H2(x, x0, t/2)dµ(x).

Since L = ∆−∇φ ·∇ is self-adjoint in L2(M,µ), the heat semigroup Pt = e−tL is analytic in
Lp(M,µ) for all p ∈ (1,∞). Hence, for all β > 0 and p > 1 there exists a constant Cp(β) > 0
such that f ∈ C∞(M),

‖Lβ/2e−tLf‖p = ‖Lβ/2e−tL/2e−tL/2f‖p ≤ Cp(β)t−β/2‖e−tL/2f‖p.

In particular, for p = 2, we have

‖Lβ/2e−tLf‖2
2 ≤ C2

2 (β)t−β‖e−tL/2f‖2
2. (5.38)

(Indeed, using the spectral decomposition, we have

‖Lβ/2e−tLf‖2
2 =

∥∥∥∥∫ ∞

0

λβ/2e−λtdEλf

∥∥∥∥2

2

≤ C2
2 (β)t−β

∥∥∥∥∫ ∞

0

e−λt/2dEλf

∥∥∥∥2

2

= C2
2 (β)t−β‖e−tL/2f‖2

2
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providing λβ/2e−λt ≤ C2(β)t−β/2e−λt/2. This is true if we take C2(β) := sup
t>0

[tβ/2e−t/2].)

Now taking fn(y) → δx0(y) in the sense of distribution, as in [69] where φ ≡ 0, we have

lim
n→∞

∫
M

∣∣∣∣∫
M

H(x, y, t/2)fn(y)e−φ(y)dy

∣∣∣∣2 dµ(x) =
∫

M

H2(x, x0, t/2)e−2φ(x0)dµ(x).

On the other hand, Fatou’s lemma yields∫
M

∣∣∣Lβ/2
x H(x, x0, t)e−φ(x0)

∣∣∣2 dµ(x)

=
∫

M

lim
n→∞

∣∣∣∣∫
M

Lβ/2
x H(x, y, t)fn(y)dµ(y)

∣∣∣∣2 dµ(x)

≤ lim inf
n→∞

∫
M

∣∣∣∣∫
M

Lβ/2
x H(x, y, t)fn(y)e−φ(y)dy

∣∣∣∣2 dµ(x).

Combing these with the inequality (5.38) we conclude that for C(β) = C2
2 (β),∫

M

∣∣∣Lβ/2
x H(x, x0, t)

∣∣∣2 dµ(x) ≤ C(β)t−β

∫
M

H2(x, x0, t/2)dµ(x).

�
The following result extends another inequality appeared in Cheng-Li-Yau [16] for ∆ and

will be used in the next section.

Proposition 5.9 Let L = ∆ − ∇φ · ∇ be a diffusion operator on a complete Riemannian
manifold M with φ ∈ C2(M). Then for all o, x ∈M and all r > 0, we have∫

Bc(o,3r/4)

|∇H(y)|2dµ(y) ≤ 64
r2

∫
Bc(o,r/2)

H2(y)dµ(y) + 2
∫

Bc(o,r/2)

H(y)|LH(y)|dµ(y).

(5.39)
where H(y) denotes H(x, y, t), Bc(o, r/2) = M \B(o, r/2), etc.

Proof. Let R > r. Let η be the cut-off function defined by

η(y) =

 1 on B(o,R) \B(o, 3r/4)
0 on M \B(o, 2R)
0 on B(o, r/2),

and such that 0 ≤ η(y) ≤ 1 and |∇η(y)| ≤ 4/r for all y ∈ M . Note that the L2-adjoint of
the exterior differential operator d with respect to dµ = e−φdx is d∗φ = d∗ − i∇φ, where i∇φ

is the interior multiplication by the vector field X = ∇φ. Therefore∫
M

η2|∇H|2dµ =
∫

M

(dH, η2dH)dµ =
∫

M

Hd∗φ(η2dH)dµ

= −2
∫

M

(Hdη, ηdH)dµ−
∫

M

η2HLHdµ

≤ 2
∫
|∇η|2H2dµ+

1
2

∫
η2|∇H|2dµ−

∫
η2HLHdµ.
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This yields ∫
M

η2|∇H|2dµ ≤ 4
∫
|∇η|2H2dµ− 2

∫
η2HLHdµ

≤ 64
r2

∫
M\B(o,r/2)

H2dµ+ 2
∫

M\B(o,r/2)

H|LH|dµ.

Letting R→∞, we prove the desired inequality. �

Corollary 5.10 Let L = ∆ − ∇φ · ∇ be a diffusion operator on a complete Riemannian
manifold M with φ ∈ C2(M). Then for all o, x ∈M and r > 0, we have∫

M\B(o,3r/4)

|∇H(x, y, t)|2dµ(y) ≤

(∫
M\B(o,r/2)

H2

)1/2 [
64
r2
H1/2(x, x, 2t) +

2C
t
H1/2(x, x, t)

]
.

(5.40)

Proof. By the Cauchy-Schwarz inequality we have

∫
M\B(o,3r/4)

|∇H|2 ≤

(∫
M\B(o,r/2)

H2

)1/2 [
64
r2

(∫
M

H2

)1/2

+ 2
(∫

M

|LH|2
)1/2

]
.

Combining this with Propositions 5.8 and 5.9, and using
∫

M
H2(x, y, t)dµ(y) = H(x, x, 2t),

we obtain (5.40). �

6 Integration by parts formula

The following integration by parts formula will play a crucial rôle in the proofs of the L1-
Liouville theorem and the L1-uniqueness of heat semigroup.

Theorem 6.1 Suppose that there exists a constant C > 0 such that

Ric+∇2φ− ∇φ⊗∇φ
m− n

≥ −C(1 + ρ(x)2), ∀ x ∈M,

where ρ(x) = d(x, o), o ∈ M is a fixed point. Then, for any non-negative subharmonic
function g ∈ L1(M,µ), we have∫

M

LyH(x, y, t)g(y)dµ(y) =
∫
H(x, y, t)Lg(y)dµ(y). (6.41)

To prove this result, we need the following Green formula.

Lemma 6.2 Let Ω ⊂ M be a bounded domain with C1-boundary, ∂ν denotes the exterior
normal derivative. Then, for any u, v ∈ C2(M), we have∫

Ω

Luvdµ =
∫

Ω

uLv +
∫

∂Ω

v∂νudµσ −
∫

∂Ω

u∂νvdµσ,

where
dµσ(y) = e−φ(y)dσ(y)

is the weight area-measure induced by dµ(y) = e−φ(y)dy on ∂Ω.
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Proof. By standard Green’s formula for the volume measure, we have∫
Ω

∆u
(
ve−φ

)
dy =

∫
∂Ω

∂νu
(
ve−φ

)
dσ(y)−

∫
Ω

< ∇u(y),∇
(
v(y)e−φ(y)

)
> dy

=
∫

∂Ω

∂νuvdµσ(y)−
∫

Ω

< ∇u(y),∇(v(y)e−φ(y)) > dy

=
∫

∂Ω

∂νuvdµσ(y)−
∫

Ω

< ∇u,∇v > dµ(y) +
∫

Ω

∇φ(y) · ∇u(y)v(y)dµ(y).

Therefore ∫
Ω

Lu(y)v(y)dµ(y) =
∫

Ω

(∆u(y)−∇φ(y) · ∇u(y))v(y)e−φ(y)dy

=
∫

∂Ω

v∂νudµσ −
∫

Ω

< ∇u,∇v > dµ(y).

Similarly ∫
Ω

uLvdµ =
∫

∂Ω

u∂νvdµσ −
∫

Ω

< ∇u,∇v > dµ(y).

The desired result follows from the above identities. �

Proof of Theorem 6.1. Applying the Green formula on B(o,R), we have∣∣∣∣∣
∫

B(o,R)

LyH(x, y, t)g(y)dµ(y)−
∫

B(o,R)

H(x, y, t)Lg(y)dµ(y)

∣∣∣∣∣
=

∣∣∣∣∣
∫

∂B(o,R)

∂H

∂ν
(x, y, t)g(y)dµσ,R(y)−

∫
∂B(o,R)

H(x, y, t)
∂g

∂ν
dµσ,R(y)

∣∣∣∣∣
≤

∫
∂B(o,R)

|∇yH(x, y, t)|g(y)dµσ,R(y) +
∫

∂B(o,R)

H(x, y, t)|∇g|(y)dµσ,R(y),

where µσ,R denotes the weight area-measure induced by µ on ∂B(o,R). It remains to show
that the above two boundary integrals tend to zero as R→∞.
Step 1. Based on the generalized Laplacian comparison theorem and the Bishop-Cheeger-
Gromov type volume comparison theorem with respect to µ, using a similar argument as
used in the proof of Theorem 2.1 in Li-Schoen [42],we can prove the following mean value
inequality for L-subharmonic function on every geodesic ball B(o,R), i.e., if we let −K(R)
be the lower bound of the Bakry-Emery Ricci curvature Ricm,n(L) on B(o,R), then for
some constants C and α depending only on m, we have

sup
B(o,R)

g(x) ≤ C
eα
√

K(R)R

µ(B(o, 2R))

∫
B(o,2R)

g(y)dµ(y). (6.42)

Therefore, under the assumption Ricm,n(L) ≥ −C(1 + ρ(x)2) we have

sup
B(o,R)

g(x) ≤ CeαR2

µ(B(o, 2R))
‖g‖L1(µ).
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Let φ(y) = φ(ρ(y)) be a cut-off function such that 0 ≤ φ ≤ 1, |∇φ| ≤
√

3 and

φ(ρ(y)) = 1 on B(o,R+ 1) \B(o,R),
φ(ρ(y)) = 0 on B(o,R− 1) ∪ (M \B(o,R+ 2)).

By the L-subharmonicity of g and the Cauchy-Schwarz inequality we have

0 ≤
∫

M

φ2(y)g(y)Lg(y)dµ(y) = −
∫

M

∇(φ2(y)g(y))∇g(y)dµ(y)

= −2
∫

M

φg < ∇φ,∇g > dµ−
∫

M

φ2|∇g|2dµ

≤ 2
∫

M

|∇φ|2g2dµ− 1
2

∫
M

φ2|∇g|2dµ.

Thus ∫
B(o,R+1)\B(o,R)

|∇g(y)|2dµ(y) ≤ 4
∫

M

|∇φ|2g2dµ ≤ 12
∫

B(o,R+2)

g2dµ

≤ 12‖g‖L1(µ) sup
B(o,R+2)

g(y)

≤
Ceα(R+2)2‖g‖2

L1(µ)

µ(B(o, 2R+ 4))
,

from which and using the Cauchy-Schwarz inequality we have

∫
B(o,R+1)\B(o,R)

|∇g|dµ ≤

(∫
B(o,R+1)\B(o,R)

|∇g|2dµ

)1/2√
B(o,R+ 1) \B(o,R))

≤

(∫
B(o,R+1)\B(o,R)

|∇g|2dµ

)1/2√
µ(B(o, 2R+ 4)).

Hence ∫
B(o,R+1)\B(o,R)

|∇g|dµ ≤ C‖g‖L1(µ)e
αR2

. (6.43)

Step 2. By Lott[47], under the curvature-dimension condition for L, the Bishop-Cheeger-
Gromov type relative volume comparison theorem holds for µ. Hence

µ(Bx(
√
t)) ≤ µ

(
By(d(x, y) +

√
t) \By(d(x, y)−

√
t)
)

≤ µ(By(
√
t))
V (B(K(R), d(x, y) +

√
t))− V (B(K(R), d(x, y)−

√
t))

V (B(K(R),
√
t))

≤ µ(By(
√
t))
V (B(K(R), d(x, y) +

√
t))

V (B(K(R),
√
t))

≤ µ(By(
√
t))
Cexp(

√
(m− 1)K(R)(d(x, y) +

√
t)

tm/2
,
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where V (B(K(R),
√
t) denotes the volume of the geodesic ball of radius

√
t in the m-

dimensional hyperbolic model space H(−K(R)
m−1 ) of constant sectional curvature −K(R)

m−1 .
Combining the above inequality with (5.33) we obtain

H(x, y, t) ≤ C

µ(Bx(
√
t))tm/4

exp
(
−d2(x, y)

5t
+ α(R2 +R−2)t+ αR(d(x, y) +

√
t)
)
. (6.44)

Step 3. Combining (6.43) with (6.44) we obtain

J1 : =
∫

B(o,R+1)\B(o,R)

H(x, y, t)|∇g|(y)dµ(y)

≤

(
sup

y∈B(o,R+1)\B(o,R)

H(x, y, t)

)∫
B(o,R+1)\B(o,R)

|∇g|dµ

≤ C‖g‖1e
αR2

µ−1(Bx(
√
t))t−m/4

×exp
(
−(R− d(o, x))2

5t
+ α(R2 +R−2)t+ αR(R+ 1 + d(o, x) +

√
t)
)
.

Note that

αR2 − (R− d(o, x))2

5t
+ α(R2 +R−2)t+ αR(R+ 1 + d(o, x) +

√
t)

= (2α− 1
5t

+ αt)R2 +
2Rd(o, x)

5t
− d2(o, x)

5t
+ αRd(o, x) + αR(1 +

√
t) + αR−2t

≤ (2α+ αt− 1
5t

)R2 +
R2

10t
+

1
5t
d2(o, x) +

α

2
R2 +

α

2
d2(o, x) +

α

2
R2 +

α

2
(
√
t+ 1)2 + αR−2t

≤ (3α+ αt− 1
10t

)R2 + (
1
5t

+
α

2
)d2(o, x) + α(t+ 1) + αR−2t.

Thus, for T sufficiently small and for all t ∈ (0, T ) there exist some constants β > 0,
C1 > 0, C2 > 0 such that

J1 ≤ C‖g‖1µ
−1(Bx(

√
t))t−m/4exp

(
−βR2 + C1(1 + t−1)d2(o, x) + C2(1 +R−2)t

)
. (6.45)

Step 4. By (6.42) and the Cauchy-Schwarz inequality we have

J2 : =
∫

B(o,R+1)\B(o,R)

|∇H(x, y, t)|g(y)dµ(y)

≤ sup
y∈B(o,R+1)\B(o,R)

g(y)
∫

B(o,R+1)\B(o,R)

|∇H(x, y, t)|dµ(y)

≤ C‖g‖1e
α(R+1)2

µ(B(o, 2R+ 2))

√
µ(B(o,R+ 1) \B(o,R))

[∫
B(o,R+1)\B(o,R)

|∇H(x, y, t)|2dµ(y)

]1/2

.
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By (5.40), (5.33) and (5.34), we have∫
M\B(o,R)

|∇H(x, y, t)|2dµ(y)

≤

(∫
M\B(o,R/2)

H2(x, y, t)dµ(y)

)1/2 [
64R−2H1/2(x, x, 2t) + 2Ct−1H1/2(x, x, t)

]
≤ C

[
R−2µ−1/2(B(x,

√
2t)) + t−1µ−1/2(B(x,

√
t))
]
eαε(K(R)+R−2)t

×µ−1/2(B(x,
√
t)e

3At
4 − (R−2d(x,o))2

40t

≤ C[R−2 + t−1]µ−1(B(x,
√
t))eC(R2+R−2)t− (R−2d(x,o))2

40t .

Therefore

J2 ≤ C‖g‖1e
α(R+1)2µ−1(B(o, 2R+ 2))µ1/2(B(o,R+ 1))[R−2 + t−1]1/2

×µ−1/2(B(x,
√
t))exp

(
−(R− 2d(o, x))2

80t
+ C(R2 +R−2)t

)
≤ C‖g‖1[R−2 + t−1]1/2e2αR2

µ1/2(B(o, 2R+ 2))
µ−1/2(B(x,

√
t))exp

(
−(R− 2d(o, x))2

80t
+ C(R2 +R−2)t

)
.

Similar to the case of J1, when T > 0 is small enough, there exist β > 0, C1 > 0, C2 > 0
such that for all t ∈ (0, T ) and R > 0, we have

J2 ≤
C‖g‖1[R−2 + t−1]1/2

µ1/2(B(o, 2R+ 2))
µ−1/2(B(x,

√
t))exp

(
−βR2 + C1(1 + t−1)d2(o, x) + C2(1 +R−2)t

)
.

(6.46)
Step 5. By the co-area formula for all f ∈ C∞0 (M) we have∫

B(o,R+1)\B(o,R)

f(y)dµ(y) =
∫ R+1

R

[∫
∂B(o,r)

f(y)dµσ,r(y)

]
dr,

where µσ,r denotes the weight area-measure induced by µ on ∂B(o, r). Therefore, the mean
value theorem yields that for any R > 0 there exists R ∈ (R,R+ 1) such that

J : =
∫

∂B(o,R)

(|∇H(x, y, t)|g(y) +H(x, y, t)|∇g(y)|)dµσ,R(y)

=
∫

B(o,R+1)\B(o,R)

(|∇H(x, y, t)|g(y) +H(x, y, t)|∇g(y)|)dµ(y).

By (6.45) and (6.46) we obtain

J ≤ C‖g‖1µ
−1(Bx(

√
t))t−m/4exp

(
−βR2 + C1(1 + t−1)d2(o, x) + C2(1 +R−2)t

)
+
C‖g‖1[R−2 + t−1]1/2

µ1/2(B(o, 2R+ 2))
µ−1/2(B(x,

√
t))exp

(
−βR2 + C1(1 + t−1)d2(o, x) + C2(1 +R−2)t

)
≤ C‖g‖1

[
t−m/4µ−1(Bx(

√
t)) +

[R−2 + t−1]1/2

µ1/2(B(o, 2R+ 2))
µ−1/2(B(x,

√
t))
]

×exp
(
−βR2 + C1(1 + t−1)d2(o, x) + C2(1 +R−2)t

)
.
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Hence, for all t ∈ (0, T ) and all x ∈ M , J tends to zero as R tends to infinity. This proves
that the integration by parts formula holds for t ∈ (0, T ) and all x ∈M .
Step 6. Using the semigroup property we have

∂

∂(s+ t)
e(s+t)Lg =

∂

∂t
(esLetLg) = esL ∂

∂t
(etLg)

= esLetL(Lg) = e(s+t)L(Lg).

Thus, the integration by parts formula holds for all t > 0 and all x ∈M . �

7 L1-Liouville theorem and L1-uniqueness

In this section we prove the L1-Liouville theorem and the L1-uniqueness of heat semigroup.

7.1 L1-Liouville theorem

Theorem 7.1 Suppose that there exists a constant C > 0 such that

Ric+∇2φ− ∇φ⊗∇φ
m− n

≥ −C(1 + ρ(x)2), ∀ x ∈M,

where ρ(x) = d(x, o), o ∈M is a fixed point. Then
(1) Every L1(µ)-integrable non-negative L-subharmonic function on M must be identi-

cally constant.
(2) Every L1(µ)-integrable L-harmonic function on M must be identically constant.

Proof. Let g be a non-negative L1-integrable L-subharmonic function on M . Define(
etLg

)
(x) =

∫
M

H(x, y, t)g(y)dµ(y).

Then

∂

∂t

(
etLg

)
(x) =

∫
M

∂

∂t
H(x, y, t)g(y)dµ(y) =

∫
M

LyH(x, y, t)g(y)dµ(y).

By Theorem 6.1 we have
∂

∂t
etLg = etLLg ≥ 0.

Therefore, etLg(x) is increasing in t.
On the other hand, under the assumption of the theorem, we have

∫
H(x, y, t)dµ(x) = 1

(see Theorem 1.4). By Fubini’s theorem we have

‖etLg‖L1(µ) =
∫
etLg(x)dµ(x) =

∫ ∫
H(x, y, t)g(y)dµ(y)dµ(x)

=
∫
g(y)

(∫
H(x, y, t)dµ(x)

)
dµ(y) =

∫
g(y)dµ(x) = ‖g‖L1(µ).

Hence etLg(x) = g(x) for all x ∈ M and t ≥ 0. This implies that g must be a harmonic
function and ga := g ∧ a is a non-negative L1-integrable L-superharmonic function for
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any non-negative constant a ≥ 0. By K.T. Sturm’s generalization of Grigor’yan’s result
(see [31, 33, 66]), the conservativeness of L-diffusion process implies that all non-negative
L1-integrable L-superharmonic functions must be constant. Hence, for all a ≥ 0, ga is a
constant. This can only be true provided that g is a constant. Thus, any non-negative
L1-integrable L-subharmonic function must be constant.

If u is a L1-integrable L-harmonic function, then g = |u| is non-negative L1-integrable
L-subharmonic. Applying the above result to g = |u|, we see that |u| must be constant.
Since M is connected and u is continuous, we conclude that u must be constant. �

7.2 L1-uniqueness of heat semigroup

Theorem 7.2 Suppose that there exists a constant C > 0 such that

Ric+∇2φ− ∇φ⊗∇φ
m− n

≥ −C(1 + ρ(x)2), ∀ x ∈M,

where ρ(x) = d(x, o), o ∈M is a fixed point. Then
(1) Let v(x, t) be a non-negative function defined on M × IR+ satisfying(

L− ∂

∂t

)
v(x, t) ≥ 0,

∫
M

v(x, t)dµ(x) < +∞

for all t > 0, and

lim
t→0

∫
M

v(x, t)dµ(x) = 0.

Then v(x, t) = 0 for all (x, t) ∈M × IR+.
(2) Every L1(µ)-integrable solution of the heat equation ∂tu = Lu is uniquely determined

by its initial date u(0, ·) ∈ L1(µ).

Proof. For the completeness of the paper we follow the method used in Li [41] to give a
proof of the theorem. For ε > 0, let vε(x) = v(x, ε). Define etLvε(x) =

∫
M
H(x, y, t)vε(y)dµ(y),

and Fε(x, t) = max{0, v(x, t+ ε)− etLvε(x)}. Then lim
t→0

Fε(x, t) = 0 and

(L− ∂t)Fε(x, t) ≥ 0.

Let T > 0 be fixed. Define f(x) =
∫ T

0
Fε(x, t)dt. Then

Lf(x) =
∫ T

0

LFε(x, t)dt ≥
∫ T

0

∂

∂t
Fε(x, t)dt = Fε(x, T ) ≥ 0. (7.47)
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By Fubuni’s theorem and using the fact that Pt = etL is conservative, we have

‖f‖L1(µ) =
∫

M

f(x)dµ(x) =
∫ T

0

∫
M

Fε(x, t)dµ(x)dt

≤
∫ T

0

∫
M

|v(x, t+ ε)− etLvε(x)|dµ(x)dt

≤
∫ T

0

∫
M

v(x, t+ ε)dµ(x)dt+
∫ T

0

∫
M

etLvε(x)dµ(x)dt

=
∫ T

0

∫
M

v(x, t+ ε)dµ(x)dt+
∫ T

0

∫
M

∫
M

H(x, y, t)vε(y)dµ(x)dµ(y)dt

=
∫ T

0

∫
M

v(x, t+ ε)dµ(x)dt+ T

∫
M

vε(y)dµ(y).

Hence ‖f‖L1(µ) < ∞. Therefore, f is a non-negative L1-integrable subharmonic function.
By the L1-Liouville theorem (i.e., Theorem 7.1), f must be constant. Combining this with
(7.47), we have 0 = Lf(x) ≥ Fε(x, T ) ≥ 0. Hence Fε(x, T ) ≡ 0 for all x ∈ M and T > 0.
Therefore

etLvε(x) ≥ v(x, t+ ε). (7.48)

Applying the upper bound estimate (6.44) of the heat kernel H(x, y, t) and setting R =
1 + 2d(x, y), we have

etLvε(x) ≤ Ct−m/4µ−1(Bx(
√
t))
∫

M

[
exp

(
−d2(x, y)

5t
+ αt(1 + d2(x, y))

)
v(y, ε)

]
dµ(y).

Hence there exists a sufficiently small t0 > 0 such that for all 0 < t ≤ t0 we have

etLvε(x) ≤ Ct−m/4µ−1(Bx(
√
t))
∫

M

v(y, ε)dµ(y).

Therefore for all x ∈M and for all 0 < t ≤ t0,

lim
ε→0

etLvε(x) ≤ Ct−m/4µ−1(Bx(
√
t)) lim

ε→0

∫
M

v(y, ε)dµ(y) = 0.

On the other hand, for t > t0 setting t = nt0 + a, where a ∈ (0, t0), by induction and the
semigroup property, we have for all x ∈M ,

lim
ε→0

etLvε(x) = lim
ε→0

ent0L
(
eaLvε

)
(x)

= et0L
(

lim
ε→0

e(n−1)t0eaLvε

)
(x)

= ent0L lim
ε→0

eaLvε(x)

= 0.

Hence lim
ε→0

etLvε(x) = 0 for all x ∈ M and t > 0. Combining this with (7.48), we have

v(x, t) ≤ 0. As v(x, t) is non-negative we obtain v(x, t) ≡ 0. This proves (1).
Suppose that u1(x, t), u2(x, t) are two L1(µ)-integrable solutions of the heat equation

∂tu = Lu with the initial data u(·, 0) ∈ L1(M,µ). Applying this above result to v(x, t) =
|u1(x, t)− u2(x, t)|, we see that v(x, t) ≡ 0 and hence the heat semigroup is uniquely deter-
mined by u(·, 0) in L1(M,µ). The proof of (2) is finished. �
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8 Applications and some further remarks

8.1 Uniqueness of L-invariant measure

In this subsection we give an application of the strong Liouville theorem (i.e., Theorem 1.3)
in the study of the problem of uniqueness of L-invariant measure on complete Riemannian
manifolds. Recall that a Borel measure ν on M is an invariant measure of L if and only if
L∗ν = 0 holds in the sense of distribution, that is, for all f ∈ C∞0 (M), we have∫

M

Lfdν = 0.

In the case where M is a compact Riemannian manifold, a famous theorem due to Kol-
mogorov [40] (see also Ikeda-Watanabe [37] Proposition 4.5, P. 293) says that for any elliptic
operator of the form A = ∆+b (where b is a smooth vector field on M), an invariant measure
ν(dx) of A-diffusion exists and is unique up to a multiplicative constant, moreover ν(dx)
must be of the form v(x)dx for some v ∈ C∞(M). Hence, in the case where M is a compact
Riemannian manifold, the invariant measure of L = ∆ − ∇φ · ∇ (which is symmetric on
L2(M,µ)) is unique up to a multiplicative constant and must be of the form cµ for some
constant c ∈ IR+. The following result gives a natural sufficient condition for the uniqueness
of L-invariant measure on complete non-compact Riemannian manifolds.

Theorem 8.1 Let M be a complete Riemannian manifold, φ ∈ C2(M). Suppose that there
exists a constant m ≥ n such that

Ric(x) +∇2φ(x)− ∇φ(x)⊗∇φ(x)
m− n

≥ 0, ∀x ∈M.

Then the positive invariant measure of L is unique up to a multiplicative constant and must
be of the form cµ, c ∈ IR+.

Proof. Let ν be an invariant measure of L. Then L∗ν = 0 holds in the sense of distri-
bution. The elliptic regularity (i.e., Weyl’s lemma) implies that the restriction of ν on any
relative compact open set U ⊂ M must be of the form ν(dx) = v(x)dx, where v ∈ C2(U).
By the standard argument based on the partitions of unity on any complete Riemannian
manifold, we conclude that ν must be of the form dν(x) = v(x)dx, v ∈ C2(M). Therefore,
there exists a function u ∈ C2(M) such that ν = uµ. Note that, for all f ∈ C∞0 (M, IR),∫
Lfdν =

∫
Lfudµ =

∫
fLudµ. Therefore L∗ν = 0 if and only if Lu = 0. Hence, the

uniqueness of positive L-invariant measure is equivalent to the strong Liouville theorem for
L. Theorem 8.1 follows from Theorem 1.3. �

8.2 L1-uniqueness of the intrinsic Schrödinger operator

Recall that the diffusion operator L in L2(M,µ) is unitary equivalent to the Schrödinger
operator H = ∆ −

(
|∇φ|2

4 − ∆φ
2

)
in L2(M,dx). Using this isomorphism, we have already

seen in Section 1.3 that Pt = etL is L1(M, e−φ(x)dx)-unique if and only if Qt = etH is
L1(M, e−

φ(x)
2 dx)-unique. This observation and Theorem 7.2 lead us to state the following
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Theorem 8.2 Suppose that there exists a constant C > 0 such that

Ric+∇2φ− ∇φ⊗∇φ
m− n

≥ −C(1 + ρ(x)2), ∀ x ∈M,

where ρ(x) = d(x, o), o ∈M is a fixed point. Then the Cauchy problem of the heat equation
∂tu = Hu is well-posed in L1(M, e−

φ
2 dx), where H = ∆ −

(
|∇φ|2

4 − ∆φ
2

)
. That is, every

L1(e−
φ
2 dx)-integrable solution of ∂tu = Hu is uniquely determined by its initial data u(0, ·) ∈

L1(M, e−φ(x)/2dx).

8.3 Example: Ornstein-Uhlenbeck operator

Now we consider the Ornstein-Uhlenbeck operator L = ∆− x · ∇ on the finite dimensional
Gaussian space (IRn, µ) with µ(dx) = e−‖x‖

2/2dx. In this case, the Bakry-Emery Ricci
curvature Ricm,n(L) is given by

Ricm,n(L)(x) =
(

1− ‖x‖2

m− n

)
I, x ∈ IRn,

in particular, Ric(L) = Ric∞,n(L) = I, where I denotes the identity transformation on
IRn. The well-known Mehler formula implies that Pt = etL is conservative and the strong
Liouville theorem holds for non-negative harmonic function Lu = 0. Notice that for any
finite dimensional Ornstein-Uhlenbeck operator we have

Ricm,n(L)(x) ≥ −C(1 + ‖x‖2).

By Theorem 7.1 and Theorem 7.2, the L1(µ)-Liouville theorem holds for the solutions of
Lu = 0 and the heat semigroup Pt = etL is L1(µ)-unique. Moreover, Ricm,n(L) satisfies the
assumptions required in Theorem 1.4 and Theorem 1.5. Therefore, Pt = etL is a Markovian
semigroup and has the C0-diffusion property. Moreover, the Ornstein-Uhlenbeck operator
L = ∆ − x · ∇ which is symmetric on L2(IRn, µ) is unitary equivalent to the harmonic
oscillate operator H = ∆−

(
‖x‖2

4 − n
)

which is symmetric on L2(IRn, dx). By Theorem 8.2,

we conclude that the heat semigroup Qt = etH is L1(e−
‖x‖2

4 dx)-unique. Indeed, as it will be
explained in Section 8.5 below, Pt = etL is Lp(µ)-unique and Qt = etH is Lp(e

p−2
4 ‖x‖2dx)-

unique for all p ∈ [1,∞).

8.4 Riesz transforms for ultracontractive diffusion operators

In [7, 44], the conservativeness plays a crucial rôle in the study of the Lp-boundedness of
Riesz transforms associated with symmetric diffusion operators. By Theorem 2.2 in [44], if
L = ∆−∇φ ·∇ is a conservative diffusion operator satisfying the utracontractivity property
in the sense that

‖Ptf‖L∞ ≤ A

tl/2
‖f‖L1(µ), ∀ f ∈ C∞c (M), t ∈ (0, 1),

where l = dim(L) > 0 (is called the ultracontractive dimension of L) and A > 0 are some
constants and if there exist two constants ε > 0 and B ≥ 0 such that the lowest eigenvalue
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λmin(x) of the Bakry-Emery Ricci curvature Ric(L) = Ric+∇2φ satisfies the integrability
condition

(λmin(x) +B)− ∈ Ll/2+ε(M,µ),

then for all p ≥ 2, the Riesz transforms Ra(L) = ∇(a− L)−1/2 is bounded in Lp(M,µ).
Assuming that Ricm,n(L)(x) = Ric(L)(x)− ∇φ(x)⊗∇φ(x)

m−n ≥ −C(1+ρ2(x)), where ρ(x) =
d(o, x). Then µ(B(o, r)) ≤ C1e

C2r2
for all r > 0. Let u ∈ Cb(M)∩C2(M). By Grigor’yan’s

criterion, the diffusion operator L̃ = L+∇u·∇ is still conservative since µ̃(B(o, r)) ≤ C̃1e
C2r2

for all r > 0, where dµ̃(x) = e−u(x)dµ(x), C̃1 = C1e
−minu. Since u is bounded, we can prove

that if L is a ultracontractive symmetric diffusion operator in L2(M,µ) with the dimension
dim(L) ≥ 1, then L̃ is a ultracontractive symmetric diffusion operator in L2(M, µ̃) with
the same dimension dim(L̃) = dim(L). That is, P̃t = etL̃ satisfies the ultracontractivity
property with dim(L̃) = dim(L). Hence, using Theorem 2.2 in [44] we obtain the following

Proposition 8.3 Let L = ∆−∇φ ·∇ be a ultracontractive diffusion operator on a complete
Riemannian manifold (M, g) with dim(L) = l ≥ 1, Ricm,n(L) ≥ −C(1 + ρ2(x)). Then
for all u ∈ Cb(M) ∩ C2(M), the Riesz transform associated with the diffusion operator
L̃ = L+∇u · ∇, namely, Ra(L̃) = ∇(a− L̃), is bounded in Lp(M, e−uµ) for all a > 0 and
p ≥ 2 provided that for some B ≥ 0 and ε > 0,

∫
M

[(
λmin

(
∇2u(x) +

∇φ(x)⊗∇φ(x)
m− n

)
− Cρ2(x) +B

)−] l
2+ε

dµ(x) < +∞,

where λmin(∇u2(x) + ∇φ(x)⊗∇φ(x)
m−n ) denotes the lowest eigenvalue of the symmetric 2-tensor

∇2u+ ∇φ⊗∇φ
m−n on TxM , ∀ x ∈M .

8.5 Lp-Liouville theorem and Lp-uniqueness

For all p ∈ (1,∞), Yau [72] proved that the Lp-Liouville theorem holds for solutions of
Lu = 0 on any complete non-compact Riemannian manifold. By Strichartz [65], it is well-
known that the Laplace-Beltrami operator ∆ is essentially self-adjoint in L2(M,dx) and the
heat semigroup et∆ is Lp(dx)-unique for all p > 1. By Bakry [7], the diffusion operator
L = ∆ − ∇φ · ∇ is essentially self-adjoint on L2(M,µ) for all φ ∈ C2(M). By Sturm
[66], it is known that for any complete non-compact Riemannian manifold M and for all
φ ∈ C2(M), the Lp-Liouville theorem holds for L-harmonic functions and the Lp-uniqueness
holds for the heat semigroup Pt = etL for all p ∈ (1,∞). By the correspondence between
the Lp-uniqueness of the heat semigroup Pt = etL and the one of the Schrödinger semigroup
Qt = etH generated by H = ∆ −

(
|∇φ|2

4 − ∆φ
2

)
, we conclude that Qt = etH is unique in

Lp(M, e
p−2
2 φdx) for all p ∈ (1,∞).

8.6 Infinite dimensional case: open problems

The proofs of the main results of this paper are strongly relied on the generalized Laplace
comparison theorem for diffusion operator with curvature-dimension condition. It seems to
the author that one cannot extend the main results of this paper to infinite dimensional case
if we want to keep the lower bound of the Bakry-Emery Ricci curvature to be a negative
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quadratic polynomial of the distance function. That is to say, the author cannot prove that
the main results of this paper remain true on infinite dimensional manifolds under the pure
negative quadratic curvature condition Ric(x)+∇2φ(x) ≥ −C(1+d2(x, o)), ∀ x ∈M , where
d(x, o) denotes the Carnot-Carathéodory metric corresponding to L. Here, we would like
to mention a result due to Bakry [6] which says that if Ric(L) = Ric + ∇2φ is uniformly
bounded below by a negative constant, then the heat semigroup Pt = etL is conservative.
Moreover, we refer the reader to Cruzeiro-Malliavin [19] and Bogachev-Röckner-Wang [14]
and the reference therein for the the study of existence, uniqueness and regularity of invariant
measures for diffusion operators (which are not necessarily to be symmetric) on finite or
infinite dimensional manifolds under the strict positivity assumption of the Bakry-Emery
Ricci curvature.

8.7 Liouville theorems for non-symmetric diffusion operators

As we have mentioned in Section 1.7, Qian [57] has studied the problems of conservation and
the C0-property for diffusion operator of the form L = ∆ +B where B is not necessarily to
be the gradient of some C2-smooth function. Moreover, Bakry and Qian [13] proved that the
generalized Laplace comparison theorem and the differential volume comparison theorem (for
the L-invariant measure) hold for non-symmetric diffusion operator L = ∆ +B. To do this,
they replaced Ricm,n(L) = Ric+∇2φ− ∇φ⊗∇φ

m−n by RicSm,n(L) = Ric−∇SB − B⊗B
m−n , where

∇SB is the symmetric part of ∇B defined by ∇SB(ξ, η) = 1
2 {< ∇ξB, η > + < ∇ηB, ξ >},

∀ ξ, η ∈ TM . See also Bakry-Qian [12]. In this case, the measure dµ(x) = e−φ(x)dx should
be replaced by an L-invariant measure which is a solution of the elliptic equation L∗µ = 0,
where L∗ is given by L∗f = ∆f − div(fB) for all f ∈ C∞0 (M), see Ikeda-Watanabe [37] (P.
293) or Cruzeiro-Malliavin [19] and Bogachev-Röckner-Wang [14]. Due to these observations,
it would be very possible to extend the main results in this paper to non-symmetric diffusion
operators. We will study these problems in a forthcoming paper.

9 Generalized Calabi-Yau volume growth theorem and
a criterion for the finiteness of the total mass of the
invariant measure

9.1 Problem and background

In his report on the first submitted version of this paper, Professor P. Malliavin raised the
following problem to the author.

Problem 9.1 What is the optimal geometric and analytic condition on M and φ such that
the total mass of µ(dx) = e−φ(x)dx is finite?

The well-known Bonnet-Myers theorem says that ifM is a complete Riemannian manifold
with Ricci curvature bounded below by a (strictly) positive constant, then M must be
compact and hence has finite volume measure. Similarly, it has been known in the literature
(cf. [9, 19]) that if the (finite- or infinite-dimensional) Bakry-Emery Ricci curvature of the
diffusion operator L = ∆−∇φ · ∇ is bounded from below by a (strictly) positive constant,
that is, Ricm,n(L) = Ric + ∇φ − ∇φ⊗∇φ

m−n ≥ K, where K > 0 is a constant, m = ∞ or
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m > n is a constant, then µ is a finite measure on M , that is, µ(M) =
∫

M
e−φ(x)dx < +∞.

For example, the invariant measure of the Ornstein-Uhlenbeck operator L = ∆ − x · ∇ on
Euclidean spaces or on the Wiener space is a finite measure since the infinite-dimensional
Bakry-Emery Ricci curvature of L is identically equal to 1, that is, Ric(L) = Id.

9.2 The generalized Calabi-Yau volume growth theorem

A famous theorem due to Calabi [15] and Yau [73] says that if M is a complete non-compact
Riemannian manifold with non-negative Ricci curvature, then M must have infinite volume.
In general, we can extend Calabi-Yau’s theorem to the following

Theorem 9.1 Let M be a complete Riemannian manifold, φ ∈ C2(M). Suppose that there
exists a constant m ∈ (n,∞) such that

Ricm,n(L) = Ric+∇2φ− ∇φ⊗∇φ
m− n

≥ 0.

Then for all o ∈M and all R > 0, ε > 0, we have

µ(B(o,R+ 3ε)) ≥ R

4mε
µ(B(o, ε)). (9.49)

In particular, if M is non-compact, we have

µ(M) =
∫

M

e−φ(x)dx = +∞.

Proof. By Remark 3.2, under the condition Ricm,n(L) ≥ 0, it holds that Lρ2 = 2ρLρ+
2 ≤ 2m in the sense of distribution. That is, for all ψ ∈ C∞0 (M, IR+), we have∫

M

ψLρ2dµ ≤ 2m
∫

M

ψdµ. (9.50)

Since C∞0 (M) is dense in Lip0(M) which is the set of all Lipschitz functions with compact
support in M , the inequality (9.50) still holds for all ψ ∈ Lip0(M).

The rest of the proof is similar to the one of Calabi-Yau’s theorem given in Schoen-Yau
[63]. We fix a point x0 ∈ ∂B(o,R) and denote ρ(x) = dist(x0, x) for all x ∈ M . Choosing
ψ(x) = u(ρ(x)), where u(t) = 1 on [0, R−ε], u(t) = 0 on [R+ε,∞) and satisfies u′(t) = − 1

2ε
on [R− ε,R+ ε], then suppψ ⊂ B(x0, R+ ε). Integrating by parts shows that∫

M

ψ(x)Lρ2(x)dµ(x) = −
∫

B(x0,R+ε)

∇ψ · ∇ρ2dµ

= −2
∫

B(x0,R+ε)

u′(ρ(x))ρ|∇ρ|2dµ

= ε−1

∫
B(x0,R+ε)\B(x0,R−ε)

ρdµ

≥ ε−1(R− ε)µ(B(x0, R+ ε) \B(x0, R− ε)).
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On the other hand, the inequality (9.50) implies∫
B(x0,R+ε)\B(x0,R−ε)

ψLρ2dµ ≤ 2m
∫

M

ψdµ = 2m
∫

B(x0,R+ε)

ψdµ

≤ 2m
∫

B(x0,R+ε)

1dµ = 2mµ(B(x0, R+ ε)).

Note that B(o, ε) ⊂ B(x0, R+ ε) \B(x0, R− ε). Hence

2mµ(B(x0, R+ ε)) ≥ ε−1(R− ε)µ(B(x0, R+ ε) \B(x0, R− ε)) ≥ ε−1(R− ε)µ(B(o, ε)).

On the other hand, B(x0, R+ ε) ⊂ B(o, 2R+ ε). Hence

µ(B(o, 2R+ ε)) ≥ R− ε

2mε
µ(B(o, ε)), ∀ R > ε > 0.

Replacing R by (R+ 2ε)/2, we have

µ(B(o,R+ 3ε)) ≥ R

4mε
µ(B(o, ε)), ∀ R > 0, ε > 0.

The proof of theorem is completed. �

Remark 9.1 Under the same condition as in Theorem 9.1, the generalized Laplacian com-
parison theorem implies that µ(B(o,R)) ≤ µ(B(o, ε))

(
R
ε

)m
. To see this, we need only to

take K(R) ≡ 0 in Lemma 3.1. Combining this with (9.49), we have the following two-sides
volume growth comparison inequality for any L-invariant measure µ on complete Rieman-
nian manifolds with Ricm,n(L) ≥ 0, namely,

(R− 3ε)+

4mε
µ(B(o, ε)) ≤ µ(B(o,R)) ≤ µ(B(o, ε))

(
R

ε

)m

, ∀ R > ε > 0.

9.3 A upper bound diameter estimate

As a corollary of the estimate (9.49), we have the following result for the compactness of
complete Riemannian manifolds which seems new in the literature. We refer the reader to
Bakry-Ledoux [11] for another type of diameter upper bound estimate in terms of the mean
of the distance function on compact Riemannian manifolds.

Theorem 9.2 Let M be a complete Riemannian manifold, φ ∈ C2(M). Suppose that there
exists a constant m ∈ (n,∞) such that

Ricm,n(L) = Ric+∇2φ− ∇φ⊗∇φ
m− n

≥ 0.

If µ(M) =
∫

M
e−φ(x)dx < +∞, then M is compact. Moreover, for any ε > 0 small enough,

the diameter of M satisfies

D(M) ≤ 8mεµ(M)
sup
o∈M

µ(B(o, ε))
. (9.51)
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Remark 9.2 After the author proved the above diameter estimate (9.51), we are aware
from M. Ledoux that Lott and Villani [48] have recently proved the so-called weak Myers
theorem on metric-measure spaces via a combination of the Bishop type volume inequality
and the Talagrand optimal transport inequality. Their result says that if the CD(0,m) and
the CD(K,∞) conditions hold on a compact measured length space, where K > 0 is a
constant, then the diameter of M satisfies D(M) ≤ C

√
m
K for some constant C > 0 inde-

pendent of m and K. As mentioned in the beginning of this section, CD(K,∞) with K > 0
implies automatically µ(M) <∞, hence Theorem 9.2 and our diameter estimate (9.51) ap-
ply on complete Riemannian manifolds equipped with a L-invariant measure satisfying the
CD(0,m) and the CD(K,∞) conditions for some m > n and K > 0. It would be very inter-
esting to know whether there exists some link between (9.51) with the weak Myers theorem
proved by Lott and Villani and whether Theorem 9.2 and (9.51) hold on metric-measured
spaces equipped with a finite measure and satisfying the CD(0,m) condition.

9.4 A criterion of the finiteness of the total mass of the L-invariant
measure

We now turn to Problem 9.1 posed by Professor P. Malliavin. The following theorem gives
a criterion for the finiteness of the total mass of the L-invariant measure on complete non-
compact Riemannian manifolds. We owe this criterion to D. Bakry with whom a stimulating
discussion leads us to obtain the result.

Theorem 9.3 Let M be a complete non-compact Riemannian manifold, φ ∈ C2(M). Sup-
pose that there exist a fixed point o ∈ M , a constant m ∈ [n,∞) and a function K on IR+

such that for all x ∈M ,

Ricm,n(L) = Ric+∇2φ− ∇φ⊗∇φ
m− n

≥ K(ρ(x)),

where m = n if and only if φ is identically equal to a constant. Then

µ(M) =
∫

M

e−φ(x)dx < +∞

provided that for some ε > 0,

µK([ε,+∞)) :=
∫ ∞

ε

e
∫ r

ε
aK(s)dsdr < +∞,

where aK is the solution to the Riccati equation

−a′K = K +
a2

K

m− 1
in IR+ \ {0}

with the boundary condition lim
r→0+

raK(r) = m− 1.

Notice that by the extended Myers theorem (see Part (1) in Theorem 1.1), since M is a
complete non-compact Riemannian manifold, the solution aK to the above Ricciti equation
is globally well-defined on (0,∞). Let

LK =
d2

dx2
+ aK(x)

d

dx
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be the uni-dimensional diffusion operator on (0,∞) with an invariant measure given by

µK(dx) = e−
∫ x

ε
aK(y)dydx, ∀ ε > 0.

Similarly to the rôle of the space forms (which are complete and simple connected Rieman-
nian manifolds with constant sectional curvature) in Riemannian geometry, ((0,∞), LK , µK)
(in fact ([ε,∞), LK , µK)) provides us with the model for the comparison with (M,L, µ).

9.5 Proofs of Theorem 9.3

We would like to give three different proofs of Theorem 9.3.
Proof I. Let dµσ(x) be the area measure on ∂B(o, r). Using the co-area formula and the

generalized Laplacian comparison theorem, we have∫
B(o,R)\B(o,r)

Lρ(x)dµ(x) =
∫ R

r

∫
∂B(o,s)

Lρ(x)dµσ(x)ds

≤
∫ R

r

∫
∂B(o,s)

aK(ρ(x))dµσ(x)ds

=
∫ R

r

aK(s)µσ(∂B(o, s))ds.

On the other hand, the Green formula yields∫
B(o,R)\B(o,r)

Lρ(x)dµ(x) =
∫

∂(B(o,R)\B(o,r))

∂ρ(x)
∂ν

dµσ(x) = µσ(∂B(o,R))− µσ(∂B(o, r)).

Combining the above formulae with

µσ(∂B(o, r)) =
∂µ(B(o, r))

∂r

and denoting VR = µ(B(o,R)), we obtain

V ′R − V ′r ≤
∫ R

r

aK(s)V ′sds, ∀ R > r > 0.

This yields that
V ′′r ≤ aK(r)V ′r , ∀ r > 0.

Then it is easy to verify that

VR ≤ Vr + V ′r

∫ R

r

e
∫ s

r
aK(τ)dτds, ∀ R > r > 0.

Letting R→∞, we have

µ(M) ≤ Vr + V ′r

∫ ∞

r

e
∫ s

r
aK(τ)dτds, ∀ r > 0.
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Proof II. Similarly to the proof of Lemma 3.1, integrating Lρ2 on B(o,R)\B(o, r), where
R > r > 0, and applying the Green formula and the co-area formula, we can prove that

RV ′R − rV ′r ≤ VR − Vr +
∫

B(o,R)\B(o,r)

ρ(x)Lρ(x)dµ(x),

where

Vr = µ(B(o, r)), V ′r =
∂µ(B(o, r))

∂r
, ∀ r > 0.

Moreover, the generalized Laplacian comparison formula and the co-area formula imply∫
B(o,R)\B(o,r)

ρ(x)Lρ(x)dµ(x) ≤
∫

B(o,R)\B(o,r)

ρ(x)aK(ρ(x))dµ(x)

=
∫ R

r

saK(s)µσ(∂B(o, s))ds

=
∫ R

r

saK(s)V ′sds.

Hence

RV ′R − rV ′r ≤ VR − Vr +
∫ R

r

saK(s)V ′sdr, ∀ R > r > 0.

This yields that
(rV ′r )′ ≤ V ′r + raK(r)V ′r , ∀ r > 0.

That is
V ′′r ≤ aK(r)V ′r , ∀ r > 0.

This implies the desired result in Theorem 9.3.
Proof III. Choosing the normal polar coordinate system (r, θ) near o ∈M , where r ∈ IR+,

θ ∈ Sn−1, the Gauss lemma implies that

ds2M = dr2 + gαβ(r, θ)dθαdθβ , α, β = 2, . . . , n.

Letting

J(r, θ) =
√

det(gαβ(r, θ)

be the area density of the geodesic sphere ∂B(o, r), then

∆ =
∂2

∂r2
+
∂logJ
∂r

∂

∂r
+ ∆∂B(o,r).

Hence on M \ cut(o), we have

Lr =
∂logJ
∂r

−∇φ · ∇r

=
∂logJ
∂r

− ∂φ(r, θ)
∂r

.

By the co-area formula, see also Lemma 6.2, the weight area measure of µ on ∂B(o, r) is
given by

dµσ(r, θ) = e−φ(r,θ)J(r, θ)dθ,
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where dθ denotes the standard area measure on Sn−1. Let

Jφ(r, θ) = e−φ(r,θ)J(r, θ). (9.52)

Then
Lr =

∂

∂r
logJφ(r, θ), on M \ cut(o). (9.53)

Therefore, the generalized Laplacian comparison theorem is equivalent to the differential
inequality

J ′φ(r, θ) ≤ aK(r)Jφ(r, θ), on M \ cut(o).

Combining this with

µ(B(o,R)) =
∫ R

0

∫
∂B(o,r)

Jφ(r, θ)drdθ,

the standard argument yields that

µ(B(o,R)) ≤ µ(B(o, r)) + µσ(∂B(o, r))
∫ s

r

e
∫ s

r
aK(τ)dτds, ∀ R > r > 0.

The proofs of Theorem 9.3 are completed. �

10 A variational approach to the Bakry-Qian Laplacian
comparison theorem

In [13], Bakry and Qian proved the generalized Laplacian comparison theorem for the dif-
fusion operator without using the Jacobi fields theory. To reader who is not familiar in
the theory of Γ2 which serves as an indispensable tool in [13], it might be useful to give
a new proof for this result without using Γ2. Our proof uses the variational formulae in
Riemannian geometry and is accessible to people in geometric analysis.

Proof of Theorem 1.1. Choosing the normal polar coordinate system (r, θ) at o ∈ M ,
where r ∈ IR+, θ ∈ Sn−1, the Gauss lemma implies that

ds2M = dr2 + gαβ(r, θ)dθαdθβ , α, β = 2, . . . , n.

Let
J(r, θ) =

√
det(gαβ(r, θ),

Jφ(r, θ) = e−φ(r,θ)J(r, θ).

Then
dµ(x) = Jφ(r, θ)drdθ.

By the first and the second variational formulae in Riemannian geometry, for all x = (r, θ) ∈
M \ cut(o), we have

J ′(r, θ) =
∂J

∂r
(r, θ) = H(r, θ)J(r, θ),
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and

J ′′(r, θ) =
∂2J

∂r2
(r, θ) =

− n−1∑
i,j=1

h2
ij(r, θ)−Ric(

∂

∂r
,
∂

∂r
) +H2(r, θ)

 J(r, θ),

where H(r, θ) denotes the mean curvature at x = (r, θ), (hij(r, θ)) denotes the second
fundamental form of ∂B(o, r) at x = (r, θ) with respect to the unit normal vector ∂

∂r .
Denote φ′ = ∂φ

∂r (r, θ), φ′′ = ∂2φ
∂r2 (r, θ). Then

J ′φ(r, θ) =
∂Jφ

∂r
(r, θ) = [H − φ′] Jφ(r, θ),

J ′′φ (r, θ) =
∂2Jφ

∂r2
(r, θ) = [H ′ − φ′′] Jφ(r, θ) + [H − φ′]2 Jφ(r, θ). (10.54)

Substituting

H ′(r, θ) = −
n−1∑
i,j=1

h2
ij(r, θ)−Ric(

∂

∂r
,
∂

∂r
)

into (10.54), we obtain

J ′′φ
Jφ

= −
n−1∑
i,j=1

h2
ij −Ric(

∂

∂r
,
∂

∂r
)− φ′′ +H2 − 2Hφ′ + φ′2

= −Ric(L)(
∂

∂r
,
∂

∂r
)−

n−1∑
i,j=1

h2
ij +H2 − 2Hφ′ + φ′2

= −Ricm,n(L)(
∂

∂r
,
∂

∂r
) +

m− n− 1
m− n

φ′2 +H2 − 2Hφ′ −
n−1∑
i,j=1

h2
ij .

Notice that

n−1∑
i,j=1

h2
ij ≥

n−1∑
i=1

h2
ii ≥

(
n−1∑
i=1

hii

)2

n− 1
=

H2

n− 1
.

Hence

J ′′φ
Jφ

≤ −Ricm,n(
∂

∂r
,
∂

∂r
) +

m− n− 1
m− n

φ′2 +
n− 2
n− 1

H2 − 2Hφ′

=
m− 2
m− 1

[H − φ′]2 −Ricm,n(
∂

∂r
,
∂

∂r
) +

m− n− 1
m− n

φ′2 − 2Hφ′ − m− 2
m− 1

[H − φ′]2

=
m− 2
m− 1

[
J ′φ
Jφ

]2
−Ricm,n(

∂

∂r
,
∂

∂r
) +

m− n− 1
m− n

φ′2 − 2Hφ′ − m− 2
m− 1

[H − φ′]2.
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Notice that

m− n− 1
m− n

φ′2 − 2Hφ′ − m− 2
m− 1

[H − φ′]2

= − n− 1
(m− n)(m− 1)

φ′2 − 2
m− 1

Hφ′ − m− n

(m− 1)(n− 1)
H2

= − n− 1
(m− n)(m− 1)

[
φ′ +

1/(m− 1)
(n− 1)/(m− n)(m− 1)

H

]2
= − n− 1

(m− n)(m− 1)

[
φ′ +

m− n

n− 1
H

]2
≤ 0.

Therefore
J ′′φ
Jφ

≤ m− 2
m− 1

[
J ′φ
Jφ

]2
−Ricm,n(L)(

∂

∂r
,
∂

∂r
).

Let u = J′φ
Jφ

. Then

u′ =
J ′′φ
Jφ

−
[
J ′φ
Jφ

]2
≤ − 1

m− 1

[
J ′φ
Jφ

]2
−Ricm,n(L)(

∂

∂r
,
∂

∂r
).

That is to say, on M \ cut(o), we have the Riccati differential inequality

−u′ ≥ u2

m− 1
+Ricm,n(L)(

∂

∂r
,
∂

∂r
). (10.55)

Since any Riemannian metric on M is locally Euclidean, as r → 0+, we have

J(r, θ) ' rn−1 and J ′(r, θ) ' (n− 1)rn−2.

This implies that, as r → 0+,
Jφ(r, θ) ' e−φ(r,θ)rn−1,

and

J ′(r, θ) '
[
−φ′(r, θ) +

n− 1
r

]
Jφ(r, θ).

Since m ≥ n (where m = n if and only if φ is identically equal to a constant), we have

u(r, θ) '
[
−φ′(r, θ) +

n− 1
r

]
≤ m− 1

r
, as r → 0+.

Hence, under the curvature condition Ricm,n(L) ≥ K, we have

−u′ ≥ u2

m− 1
+K

and the boundary condition

lim
r→0+

ru(r, θ) = n− 1 ≤ m− 1.
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The well-known Sturm-Liouville comparison theorem of the Riccati equation implies that

u ≤ aK on M \ cut(o),

where aK is the solution to the Riccati equation

−a′K =
a2

K

m− 1
+K (10.56)

with the boundary condition
lim

r→0+
raK(r, θ) = m− 1. (10.57)

Hence, the Bishop volume differential inequality holds

J ′φ
Jφ

(r, θ) ≤ aK(r) on x = (r, θ) ∈M \ cut(o). (10.58)

As in Proof III of Theorem 9.3, the Gauss lemma implies that

Lr =
J ′φ
Jφ
, on M \ cut(o).

Combining this with (10.58), we have

Lr ≤ aK(r) on x = (r, θ) ∈M \ cut(o).

Moreover, this also implies that ∆r = Lr + φ′ can only be well-defined on (0, θK) × Sn−1,
where δK denotes the explosion time of the solution aK to the Riccati equation (10.56) with
the initial condition (10.57) such that

lim
r→δK−

aK(r) = −∞.

Hence the Myers theorem holds, that is, the diameter of M is less than δK , i.e.,

D(M) ≤ δK .

The proof of Theorem 1.1 is completed. �
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