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Abstract

Let L = A — V¢ -V be a symmetric diffusion operator with an invariant measure
p(dz) = e *@)dz on a complete non-compact Riemannian manifold M. We give the opti-
mal conditions on “the m-dimensional Ricci curvature associated with L” so that various
Liouville theorems hold for L-harmonic functions, and the heat semigroup P, = e'r has
the Co-diffusion property and is unique in L'(M, u). As applications, we give the optimal
conditions for the uniqueness of the positive L-invariant measure and the L'-uniqueness of
the intrinsic Schrodinger operators on complete non-compact Riemannian manifolds. We
also give a criterion for the finiteness of the total mass of the L-invariant measure and
establish the Calabi-Yau volume growth theorem for the L-invariant measure on complete
Riemannian manifolds on which “the m-dimensional Ricci curvature associated with L” is
non-negative. This leads us to prove that if M is a complete Riemannian manifold with a
finite L-invariant measure for which the associated m-dimensional Ricci curvature is non-
negative, then M is compact. Moreover, we obtain a upper bound diameter estimate of
such Riemannian manifolds by using the dimension of L, the total u-volume of M and the
upper bound of the p-volume of geodesic balls of a fixed radius. Finally, using the varia-
tional formulae in Riemannian geometry, we give a new proof of the Bakry-Qian generalized
Laplacian comparison theorem.

Résumé

Soit L = A — V¢ - V un opérateur de diffusion symétrique par rapport a une mesure
invariante p(dz) = e~ ?®) dz sur une variété riemannienne compléte non-compacte M. Dans
cet article, nous donnons les conditions optimales sur “la courbure de Ricci de dimension m
associée a L” pour établir les théoremes de Liouville pour les fonctions L-harmoniques, la
propriété de Co-diffusion et 1'unicité dans L'(M, 1) pour le semigroupe de noyau P; = e*r.
Comme application, nous établissons 'unicité de la mesure L-invariante positive et 'unicité
dans L' pour les opérateurs de Schrodinger intrinséques sur les variétés riemanniennes
completes non-compactes. Nous donnons aussi un critere pour la finitude de la masse totale
de la mesure L-invariante et établissons le théoreme de la croissance de volume de Calabi-
Yau pour la mesure L-invariante sur les variétés riemanniennes completes pour lesquelles “la



courbure de Ricci de dimension m associée a L” est non-négative. Ceci implique que si M est
une variété riemannienne compléte sur laquelle il existe un opérateur de diffusion symétrique
L pour lequel la courbure de Ricci de dimension m associée est non-négative, et si la masse
totale de la mesure L-invariante est finie, alors M est compacte. De plus, nous obtenons
une estimation de la borne supérieure du diametre de telles variétés par la dimension de
L, le p-volume total de M et la borne supérieure du p-volume des boules géodésiques de
rayon fixé. Enfin, en utilisant les formules variationnelles de géométrie riemannienne, nous
donnons une nouvelle démonstration du théoreme de comparaison de Bakry-Qian sur les
laplaciens généralisés.
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1 Introduction and main results

1.1 Background

The strong (or weak) Liouville theorem in classical analysis states that every non-negative
(or bounded) harmonic function on IR™ must be constant. Since the middle of the seventies
of the last century, Liouville theorems have been extensively studied on complete non-
compact Riemannian manifolds, cf. [29, 17]. In 1975, S.T. Yau [72] proved the L*°-strong (or
weak) Liouville theorem which says that if M is a complete Riemannian manifold with non-
negative Ricci curvature then every positive (or bounded) harmonic function on M must be
constant. In 1976, Yau [73] proved that on any complete non-compact Riemannian manifold
M (without any other assumption) there are no non-negative LP-subharmonic functions and
no LP-harmonic functions.

To prove the L*°-Liouville theorem, Yau [72] developed the method of gradient estimate
on complete Riemannian manifolds and proved that if M is a complete Riemannian manifold
with Ricci curvature bounded from below by —K, i.e., Ric > —K, where K > 0 is a
constant, then every harmonic function (i.e., Au = 0) which is bounded from below satisfies
the following gradient estimate

[Vu| < +/(n— 1)K(u—il\r}1fu). (1.1)

Letting K = 0, the gradient estimate (1.1) implies immediately Yau’s L°°-Liouville theorem.
Another useful approach to prove the L°-Liouville theorems is to use the elliptic Harnack
inequality or the (more strong) parabolic Harnack inequality. By independent works due
to A. Grigor'yan [32] and L. Saloff-Coste [60], see also [61], the latter is equivalent to
the doubling volume property and a family of the local Poincaré inequalities on geodesic
balls. This implies that, if (M,q) is a complete Riemannian manifold quasi-isometric to
a complete Riemannian manifold (M, g) with non-negative Ricci curvature, then the L°°-
Liouville theorems hold on (M ,g). Let us mention that, due to the significant works of J.-J.
Prat [56] (in two dimensional case, 1975), D. Sullivan [67] (1983) and M. Anderson [2] (1983)
on the existence of positive or bounded harmonic functions on Cartan-Hadamard manifolds
with sectional curvature pinched between two negative constants, the L°°-Liouville theorem
does not hold on such manifolds, see also Anderson-Schoen [3], Ancona [1], Schoen-Yau



[63], Hsu-March [34] and Hsu [35, 36]. T. Lyons [49] (1987) constructed two quasi-isometric
complete Riemannian manifolds by which he proved that the validity of the L°°-Liouville
property is not stable under general quasi-isometric changes of Riemannian metrics.

The L!-Liouville theorem has been studied by Garnett [27] (1983), P. Li and R. Schoen
[42] (1983) and P. Li [41] (1984). Garnett [27] showed that if M is complete and has bounded
geometry then M satisfies the L!-Liouville theorem. Li and Schoen [42] proved that if the
Ricci curvature on a complete Riemannian manifold satisfies

Ric(x) > —C(1 + p*(x))(log(1 + p*(x))™%, Vo € M, (1.2)

where C' > 0, a > 0 are two constants, p(x) = d(x,0) is the distance between xz € M and a
fixed point o € M, then every non-negative L'-integrable subharmonic function and every
L'-integrable harmonic function must be constant. The optimal geometric condition for the
L!'-Liouville theorem was conjectured in Li-Schoen [42] and was affirmatively proved later
in Li [41]: if the Ricci curvature is bounded below by a negative quadratic polynomial of
the distance from a fixed point, that is, if there exists a constant C > 0 such that

Ric(xz) > —C(1 + p*(x)), Yz € M, (1.3)

then the L!-Liouville theorem holds. Under the same condition, Li also proved that every
L'-integrable solution of the heat equation 8,u = Aw is unique determined by its initial date
u(-,0) € L*(M,dz). That is to say, the Cauchy problem of the heat equation dyu = Au is
well-posed in L'(M, dz) providing (1.3). For examples of complete Riemannian manifolds
on which the L!-Liouville theorems do not hold, we refer the reader to Chung [18], Li-Schoen
[42] and Grigor’yan [31].

Two other versions of Liouville theorems have also been well studied in the literature.
The first one is the strong Liouville property for the solution of (A — X)u = 0 for sufficiently
large A > 0. More precisely, this means that there exists some Ag > 0 such that for all
A > Ag, every non-negative bounded solution of (A — A)u = 0 must be identically zero. This
property is equivalent to the so-called stochastic completeness (i.e., the conservativeness) of
Brownian motion on M in the probabilistic literature, see Davies [21], Grigor’yan [33] and
Sturm [66]. By Yau [73], every complete Riemannian manifold with Ricci curvature bounded
from below is stochastically complete. Karp and Li [39] proved that if the volume of the
geodesic balls B(z, R) of a complete Riemannian manifold M satisfies V(B(z,r)) < eCr*
for some (and hence for all) x € M and all r > 0, then M is stochastically complete. By
this criterion and the Bishop volume comparison theorem, Li [41] proved that if the Ricci
curvature satisfies (1.3) then M is stochastically complete. Li’s result can be also considered
as a special case of a conservative criterion due to Varopoulos [68] and Hsu [36] where they
proved that if there exists a positive increasing continuous function K () on [0, 00) such that

inf{Ric(z) : p(x) =r} > —-(n—1)K(r) (1.4)

< dr
/1 R0 = 00, (1.5)

1

and

then M is stochastically complete So far it is well-known that the optimal geometric
condition for the stochastic completeness of a complete Riemannian manifold is due to

1In his report on the first submitted version of this paper, Professor P. Malliavin pointed to the author
that a combination of Debiard-Gaveau-Mazet [23] and Vauthier [70] can give an immediate proof of the
result mentioned here.



Grigor’yan [30] in which it was proved that if the volume of geodesic balls of a complete
Riemannian manifold M satisfies

/°° rdr n
- =400
1 logV(B(x,r))

for some (and hence for all) z € M, then M is stochastically complete. The first example of
complete but not stochastically complete Riemannian manifold was constructed by Azencott
[5]. Lyons [50] showed that the stochastic completeness is not stable under general quasi-
isometric changes of Riemannian metrics.

The second variant version of Liouville theorems is the so-called Cy-diffusion property or
the Feller property of the Laplace-Beltrami operator on Riemannian manifolds. Let Cy(M)
be the space of continuous functions on M vanishing at infinity. We say that the Laplace-
Beltrami operator on M has the Cy-diffusion property (or the Feller property) if Co(M)
is stable under the heat semigroup P; = e for all ¢ > 0. By Azencott [5], A has the
Co-property if and only if the following Liouville theorem holds for solutions of (A —X)u =0
in the exterior region: for any compact subset K C M and any A > 0, the minimal positive
solution of (A — XN)u = 0 on M \ K with the Dirichlet boundary condition © = 1 on 0K
must tend to zero at infinity. If {W;,¢ > 0} denotes the Brownian motion on M starting at
x € M, then M has the Cy-property if and only if for each ¢ > 0 and for all compact subset
KcM,

lim P,(Tkx <t)=0, (1.6)

r—00
where T = inf{t > 0 : W, € K} is the entrance time of Brownian motion {W;,¢ > 0} in
K. Intuitively, the Laplace-Beltrami operator on M has the Cy-diffusion property if and
only if the probability of Brownian motion starting from very far (near infinity) in M to
visit any fixed compact subset before any fixed time is very small. In [74], Yau proved
that every complete Riemannian manifold with Ricci curvature bounded from below by a
negative constant has the Cy-property. We refer the reader to Dodziuk [24] for an alternative
proof of this result for which one need only to use the maximum principle. By developing
Azencott’s idea, Hsu [35] proved that if M is a complete Riemannian manifold on which
there exists a positive increasing continuous function K (r) on [0,00) satisfying (1.4) and
(1.5), then the Laplace-Beltrami operator on M has the Cy-diffusion property.

1.2 Problems

The purpose of this paper is to study various Liouville theorems for general symmetric
diffusion operators on complete Riemannian manifolds. Let M be a complete non-compact
Riemannian manifold, V be the gradient operator on M, A be the negative Laplace-Beltrami
operator on M, ¢ be a O (or C?) function on M. Consider the diffusion operator

L=A-V¢-V

which is the infinitesimal generator of the Dirichlet form

E(f.g) = /M(Vﬁ Vg)du, ¥ f.g € C(M),



where p is an invariant measure of L given by
dp(z) = e~ @ dz.

By the Dirichlet form theory or Itd’s SDE theory, it is well-known that there exists a minimal
diffusion processes (X¢,t < &) on M whose infinitesimal generator is L, where £ denotes the
lifetime of X;. In fact, X; can be defined as the solution to the following It6 SDE:

dX; = V2dW, — Vo(X,)dt

where W, denotes the Riemannian Brownian motion on M. The heat semigroup P, = et

generated by L can be defined by
Pif(z) = By [f(X)lp<g], YV f€C5(M).

Clearly, P, = e'* is sub-Markovian, that is, 0 < f < 1 implies 0 < P,f < 1 for all ¢ > 0.
Now it is very natural to pose the following fundamental problems 2:

Problem 1.1 What is the optimal geometric and analytic condition on M and ¢ such that
the L*>-Liouville theorems holds?

Problem 1.2 What is the optimal geometric and analytic condition on M and ¢ such that
the heat semigroup P, = etr is Markovian, i.e., P,1 = 1 for all t > 0, or equivalently,
(X¢,t < &) is conservative, i.e., £ = oc0?

Problem 1.3 What is the optimal geometric and analytic condition on M and ¢ such
thatP; = €' has the Cy-diffusion property, i.e., P; leaves Co(M) (the space of continuous
functions vanishing at infinite) invariant ¢

Problem 1.4 What is the optimal geometric and analytic condition on M and ¢ such that
the L (u)-Liouville theorem holds for L-harmonic functions and the solution in L*(u) of the
heat equation O;u = Lu is uniquely determined by its initial date u(-,0) € L*(u)?

1.3 Motivation

The problems of establishing various Liouville theorems for the symmetric diffusion operator
L =A—V¢-V are naturally arising in potential theory, probability theory and harmonic
analysis on complete non-compact Riemannian manifolds. Moreover, the study of these
problems has very important applications in other topics, for example, in the studies of the
uniqueness of L-invariant measure and the Strichartz problem of the LP-boundedness of the
Riesz transform for ultracontractive symmetric diffusion operator on complete Riemannian
manifolds. See Section 8.

A very important motivation to study the above problems can be illustrated by a deep
connection between symmetric diffusion operators and Scrodinger operators naturally raised
in quantum mechanics and quantum field theory. Here we borrow the ideas which have been
extensively used in Davies [21], L.-M. Wu [71] and the reference therein. In fact, it is well-
known that the diffusion operator L = A — V¢ - V (called Nelson’s diffusion operator in

2In his report on the first submitted version of this paper, Professor P. Malliavin informed the author
that these problems have been studied by Vauthier [70] on complete Riemannian manifolds with bounded
geometry.



stochastic mechanics, see [71]), considered as a symmetric operator on L?(M, ), is unitary
equivalent to the Schrodinger operator H = A—V with V := %|V¢\2 — %Aqﬁ, (H is called the
intrinsic Schrédinger operator in [21]), considered on L?(M, dz). This unitary isomorphism
U:L*(M,pn) — L*(M,dz) is given by

Uf:=e ?/%f.

Under this unitary isomorphism, it is easy to see that u is a solution of Lu = 0 if and
only if v = e~ %%y is a solution of Hv = 0. Therefore, to say that every positive, or
bounded, or L!(p)-integrable L-harmonic function u must be constant is equivalent to say
that every positive, or e~?/2-bounded (i.e., [v(z)| < Ce ?®)/2 for some constant C' > 0
and for all z € M), or L'(e~%/2dx)-integrable solution v of Hv = 0 must be of the form
v = Ce~?/2. Moreover, u is a solution to (L — A)u = 0 if and only if v = e~%/2y is a solution
to (H — A\)v = 0. Hence, to say that P, = e’ is conservative (i.e., all the non-negative
bounded solutions of (L — A)u = 0 must be identically zero for sufficient large A\ > 0) is
equivalent to say that all the non-negative e~#/2-bounded solutions v of (H — A\)v = 0 must
be identically zero for sufficient large A > 0.

Recall the correspondence between the LP-uniqueness of e!* and the one of the Schrédinger
semigroup Q; = e* generated by H. The Feynman-Kac formula yields that for all ¢ > 0

UoPoU ' =Qy,

where

Quttw) = B [swgeap { - [ (AL BOWD) by ] o e copan,

Here {W;,t < x} denotes the Riemannian Brownian motion on M starting at « with lifetime
x. Hence, to say that the heat semigroup P, = e'F is LP(M, p)-unique (i.e., the Cauchy
problem of the heat equation 0;u = Lu is well-posed in LP(M,p)) with u = e ?dz is
equivalent to say that the Schrodinger semigroup Q; = e is LP(M, e%d’dac)—unique (i.e.,
the Cauchy problem of the Schrodinger equation dyu = Hu is well-posed in LP(M, epT4¢dx)),
where p € [1,00). In particular, P, = et is L' (M, e~ ?(*)dz)-unique if and only if Q, = e
is Ll(M,e_@d;v)—unique. Moreover, it is easy to see that P, = e'* has the Cy-diffusion
property is equivalent to say that Cy(M) := {g € C(M) : d(xh(g:o e?@)/2 f(x) = 0} is stable

under the Schrédinger semigroup Q; = e for all ¢ > 0.
Due to the above correspondence between the properties of the symmetric diffusion

2
operator L = A — V¢ -V and the ones of the Schrédinger operator H = A — (WT‘M — %),
we can therefore transfer the conditions required for the positive answers of Problems 1.1 to

1.4 to the corresponding problems for H, which are of fundamental importance in quantum
mechanics and quantum field theory.

1.4 Method

It is helpful to point out that it was Yau who first realized in his seminal papers [72, 73,
74] that one can combine the PDEs approach (mainly the maximum principle) with some
geometric techniques including the use of the Bochner-Weitzenbock formula and various
comparison theorems in Riemannian geometry to deal with the problem of Liouville theorems



on complete non-compact Riemannian manifolds. While on the other hand, the stochastic
method in geometric analysis has been systematically developed by many people (e.g. [5,
20, 23, 25, 34, 35, 36, 37, 49, 50, 56, 67, 69, 68, 70]) since the pioneering work of P. Malliavin
[51, 52, 53] in 1974-1975. In particular, Bakry and his collaborators [10, 6, 7, 8, 9, 12, 13, 11]
have developed a successful method to deal with analytic and geometric problems related
to diffusion operators on Riemannian manifolds based on the introduction of the “Ricci
curvature of a diffusion operator” and the use of the “curvature-dimension inequality”. In
this paper we will use a combination of these methods to establish various Liouville theorems
for diffusion operators on complete Riemannian manifolds.

1.5 Bakry-Emery Ricci curvature

To develop the rest part of this paper, let us introduce the most important notion, “the
m-dimensional Ricci curvature associated with a diffusion operator”, which plays a crucial
role in the study of our problems. For any constant m > n = dimM, we introduce the
symmetric 2-tensor

Vo(r) ® Vo(x)

m-—-n

Ricymn(L)(2) := Ric(z) + V2¢(x) — , Ve e M. (1.7)

and call it the m-dimensional Bakry-Emery Ricci curvature of the diffusion operator L =
A —V¢-V. Throughout this paper we use the convention that m = n if and only if L = A.

Following Bakry [8], we say that L satisfies the curvature-dimension C'D(K, m) condition
(or the curvature-dimension C'D(K, m) inequality) if

To(u,u) > —(Lu)* + K|Vul?, ¥V u € C(M),

1
m
where 1

Lo (u,u) := 5L|vu|2— < VILu,Vu>.

By Bakry [6, 8], the generalized Bochner-Weitzenbock formula holds
Da(u,u) = |V2ul*+ < Ric(L)Vu, Vu >,
where Ric(L) is the co-dimensional Bakry-Emery Ricci curvature defined by
Ric(L) = Ric + V?¢.

Since 1
[V2ul?> > =|Aul?,
n

it follows that the CD (K, n) condition holds when L is the Laplace-Beltrami operator A on
a complete Riemannian manifold with Ric > K. Moreover, using the elementary inequality



and by identifying V¢ ® Vé(Vu, Vu) with [V¢ - Vul?, we obtain
1
Ty(u,u) > E|Au|2+ < Ric(L)Vu,Vu >

1
= —[Lu+ Vo Vul*+ < Ric(L)Vu, Vu >
1 Vo @ Vo(Vu, Vu)

> ——|Lu* - ‘ .
Z oita) | Lul . + < Ric(L)Vu,Vu >
Hence ) Voo Vo
by
> ———|Luf? ic(L) — ——— :
Ty (u,u) > nita) |Lul” + (ch(L) . ) (Vu, V)
Setting
m:= (1+ a)n,
then
Vo Vo

m—n

1
Ty (u,u) > E'LMQ + (Ric(L) ) (Vu, Vu).
Therefore, we find that any diffusion operator L = A—V¢-V on any n-dimensional complete
Riemannian manifold (M, g) satisfies the CD (K, n, m) condition for all m > n, where
Vo(V)?
_ Ve Vel M, |V]= 1}.

K n(x) = inf {Ric(V, V)4 V2(V, V)

This also explains why and how the quantity Ric,, (L) in (1.7) was introduced.

Remark 1.1 The Bakry-Emery Ricci curvature was introduced when Bakry and Emery [10]
studied the logarithmic Sobolev inequality for diffusion operators on a complete Riemannian
manifold. It plays a crucial role in the study of the LP-boundedness of Riesz transforms
associated with diffusion operators on complete Riemannian manifolds (cf. Bakry [7] and
Li [44]). In a recent paper by G. Perelman [54], it has been used to modify R. Hamilton’s
Ricci flow towards the proof of Poincaré’s conjecture of 3-dimensional manifold. Recently,
Lott [47] gave a new understanding of the Bakry-Emery Ricci curvature by using the warped
product metric. Suppose that ¢ = m —n € IN. Given k € Z*, consider S7 x M with the
warped product metric defined by
glquM —gM 4 k_Qe_%gSq.

Let m : S x M — M be the natural projection map. Let X be the horizontal lift of a vector
field X on M to S? x M. Then

RicS"™M(X, X) = n* (Rz’cM(X,X) - qe¢/que—¢/Q(X,X)) .
Equivalently,
1 oy —
Ricymn(X,X) = Ric" (X, X) + V?¢ — 6v¢ @ VH(X,X) =, (Rics *M(X X)) )

In [47], Lott pointed out that, if Ric, > Kg, then as k — oo, (M, g, ¢) is the Hausdroff limit

of a sequence of m = n + ¢-dimensional manifolds (57 x M, g,‘j M ) with Ricci curvature

bounded from below by K.



1.6 The Bakry-Qian comparison theorem

The following result, which extends the well-known Myers theorem and the Laplacian com-
parison theorem in Riemannian geometry, is due to Bakry-Qian [13]. In Section 10, we give
a new proof of this theorem which plays an important role in this paper.

Theorem 1.1 (Bakry-Qian [13]) Let M be a complete Riemannian manifold, L be a diffu-
sion operator satisfying the curvature-dimension condition CD(K, m), where K = K(p(x))
is a function depending on p(x) = d(x,0), o € M is a fixed point. Let ax be the solution
defined on the mazimal interval (0,05 ) of the following Riccati equation

—ak(p) = K + 45 (p)

m—1
with the boundary condition lim xax(x) = m—1. Here 0k is the explosion time of ax such

z—0
that

lim ax(x) = —o0.
r—0K —

Then
(1) If 6k < oo, then the extended Myers theorem holds, that is, M is compact and the
diameter of M satisfies

D(M) < k.

(2) The generalized Laplacian comparison theorem holds, that is,
Lp(z) < ag(p(x)), VY ae M\ cut(o).

Corollary 1.2 (/57, 58, 47, 13]) Let L be a diffusion operator satisfying the curvature-
dimension condition CD(—K, m), where K > 0 is a constant. Then

Lp < (m —1)VKpcoth(VKp), ¥ xe M\ cut(o).

Under the curvature-dimension condition C'D(K,m), the Bishop volume comparison
theorem follows from the generalized Laplacian comparison theorem. Moreover, the Cheeger-
Gromov-Taylor relative volume comparison theorem also holds, see e.g. [57, 58, 28, 47, 13].

1.7 Main results

Based on the Bakry-Qian generalized Laplacian comparison theorem, using an interplay
between the methods of geometric analysis and stochastic analysis, and by some new in-
gredients that we will explain later, we are able to extend the previous results of Yau, Li,
Schoen, Azencott, Hsu and Varopoulos for the Laplace-Beltrami operator to general sym-
metric diffusion operators under the optimal geometric and analytic conditions. Here the
meaning of “the optimal geometric and analytic conditions” should be understood as the
weakest possible conditions only involving the Ricci curvature of M and the derivatives of
¢. That is, we do not use other geometric or analytic quantities (such as the spectral gap
or the weight volume of geodesic balls, etc) to describe the optimal condition.
We now state the main results of this paper as follows 3:

3Recall that throughout this paper, Ricm,n(L) is well-defined for all m > n if L = A — V¢ -V is a
diffusion operator with a non-vanishing drift term V¢ - V, while we use the convention that m = n if and
only if L = A (in this case Ricn,n(A) = Ric).



Theorem 1.3 Let M be a complete Riemannian manifold, ¢ € C*(M). Suppose that there
exist two constants m > n and K > 0 such that

Ricyn(L)(z) > —K, Yz € M. (1.8)
Then for any solution of Lu = 0 which is bounded from below, we have

[Vu| < +/(m — 1)K(u—i?4fu). (1.9)

In particular, if Ricy, (L) > 0, then every positive or bounded solution to Lu = 0 must be
constant.

Theorem 1.4 Let M be a complete Riemannian manifold, ¢ € C*(M). Suppose that there
exist a point o € M and a positive increasing function K (r) on (0,00) such that

Vé(x) ® Vo(x)

m—-n

/100 ;l;(r) -

18 conservative, 1i.e.,

Ric(z) + V?¢(z) — > —K(p(z)), Yze M,

where p(x) = d(z,0), and

Then the heat semigroup Py = et

Pl(z)=1, Vt>0, z€ M.

Equivalently, there exists some Ao > 0 such that for all A > \g, every non-negative bounded
solution of (L — X\)u = 0 must be identically zero.

Theorem 1.5 Let M be a complete Riemannian manifold, ¢ € C*(M). Suppose that there
exist a constant m > n and a positive increasing continuous function K(r) on [0,00) such
that

inf{Ricy, n(x) : p(z) =7} > —K(r)

/100 j(r(r) -

Then the heat semigroup Py = e'* has the Co-property or the Feller property, i.e., Co(M)
is stable under P, = et for all t > 0. Equivalently, for any A\ > 0 and any compact subset
K C M, the the minimal positive solution of (L — N)u = 0 on M \ K with the Dirichlet
boundary condition u =1 on 0K must tend to zero at infinity.

with

Theorem 1.6 Let M be a complete Riemannian manifold, ¢ € C*(M). Suppose that there
exist two constants m > n and C > 0 such that

Ricmn(L)(x) > —C(1+ p*(x)), Vo € M. (1.10)

Then every non-negative L' (11)-integrable L-subharmonic function and every L*(p)-integrable
L-harmonic function on M must be constant. Moreover, every L' (u)-integrable solution of
the heat equation Oyu = Lu is uniquely determined by its initial date in L*(p).

10



Applications of the above results will be given in Section 8. As an application of Theorem
1.3, we prove that if there exists a constant m > n such that Ricm,n(x) >0 for all x € M,
then all the positive L-invariant measures must be of the form cu where ¢ € IRT, see Theorem
8.1. Combining Theorem 1.4 with a result due to the author on the LP-boundedness of Riesz
transforms for ultracontractive symmetric diffusion operators, see [44], we find a new class
of symmetric diffusion operators on complete non-compact Riemannian manifolds for which
the Bakry-Emery Ricci curvature is not necessarily to be uniformly bounded from below
while the Riesz transforms are bounded in LP(u) for all p > 2, see Proposition 8.3.

After the first submitted version of this paper was accepted for publication on January
19, 2005, the author has obtained some new results which are given in Section 9. To save
the length of the paper, we would not like to describe these results here. In Section 10, we
give a new proof of the Bakry-Qian generalized Laplacian comparison theorem by using the
variational formulae in Riemannian geometry.

1.8 Comparison with known results

Before to end this long Introduction, let us give some remarks on the comparison of our
main theorems with some known results in the literature.

Remark 1.2 Theorem 1.3 extends Yau’s gradient estimate (1.1) and his famous Liouville
theorem for harmonic functions of the Laplace-Beltrami operator A to the general symmetric
diffusion operator . = A — V¢ - V. Even though the result is a very nature extension of
Yau’s theorem, it seems to the author that one cannot find it in the literature and its proof
needs a careful estimate which will be given in Section 2 below.

Remark 1.3 In the case where L = A, Theorem 1.4 was proved by Varopoulos [68] (1983)
and Hsu [36] (1989). As pointed by Professor P. Malliavin to the author, it can be obtained
via a combination of Debiard-Gaveau-Mazet [23] (1976/1977) and Vauthier [70] (1979). We
refer the reader to Grigor’yan [33] for a complete description of known results and references
in the study of the stochastic completeness on complete Riemannian manifolds. There have
been many known results on the conservativeness and the Cy-property of diffusion processes
on non-compact manifolds in the literature. In [6], Bakry proved that if there exists a
constant K > 0 such that Ric(x) + V2¢(x) > —K for all z € M, then the L-diffusion
process is conservative (in the case where L = A, this result is due to Yau [72]). Elworthy
[25] and Davies [22] have given some criteria for the conservativeness of diffusion operators.
In the case where M is a non-compact Riemannian manifold with a pole o (this requires that
r(-) = d(-,0) is a smooth function on M), X.-M. Li [45] proved that, for diffusion operator
L = A+ Z (where Z is not necessarily to be of the form Z = V¢), the L-diffusion process is
conservative if Ric(z) > —C(1+d?*(x,0)) and dr(Z) < C(1+d(z,0)) for all z € M. Theorem
1.4 is very closed to a result due to Zhongmin Qian (Indeed, the author proved Theorem
1.4 and Theorem 1.6 in June 2004 and was only aware of Qian’s paper [57] and his results
on the conservativeness and the Cy-diffusion property of diffusion operators (see Remark
1.4 below) in September 2004). It was proved in [57] that the heat semigroup generated by
L = A + B is conservative provided that there exist two positive continuous nondecreasing
functions k; : RT — IR satisfying tligloo k;i(t) = 400 and

o0 1
[ et
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and such that (Ric — VSB)(x) > —k?(d(z,0)) and |B|(z) < ko(d(z,0)) for all x € M,
where VB is the symmetric part of VB defined by VSB(¢,n) = %{< VeB,n > + <
VyB,¢ >}, V& n € TM. In the case where B = —V¢, Qian’s condition requires that
Ric(x) + V2¢(z) > —ki(d(x,0)) and |Vo(z)| < ko(d(x,0)) for all z € M. Note that
Ricy,n = Ric+ V3¢ — YouVe g ig easy to see that if L = A — V¢ - V satisfies Qian’s

m—n
2
condition, then Ricy, ,(z) > —ki(d(z,0)) — W for any constant m > n. Theorem

1.4 gives an optimal curvature-dimension condition (in the sense of Bakry-Emery) for the
conservativeness of P; = e'* on finite dimensional complete Riemannian manifolds. However,
we don’t know whether or not Theorem 1.4 holds on infinite dimensional manifold by taking
m — 00.

Remark 1.4 The concept of Cp-diffusion property was introduced by Azencott [5] and goes
back to W. Feller [26]. Azencott [5] developed the connection between diffusion semigroup
having the Cy-diffusion property and the Liouville property at infinity for harmonic func-
tions solving (L — A)u = 0 for some A > 0 in the exterior region of compact sets K C M
and satisfying the Dirichlet boundary condition u|,, = 1, see Section 1.1. In Section 8.4
and P. 433 of [55], R.G. Pinsky described Azencott’s idea by “the explosion inward from
the boundary”. When L is an one-dimensional diffusion operator on open interval, sufficient
and necessary conditions so that the Cy-property holds or does not hold are given in [5, 55].
Azencott [5] proved the Cy-diffusion property for the Laplace-Beltrami operator on complete
analytic simple connected Riemannian manifolds of negative curvature. Yau [74] and Dodz-
iuk [24] proved the Cp-diffusion property for the Laplace-Beltrami operator on complete
Riemannian manifolds with Ricci curvature bounded from below by a negative constant.
Theorem 1.6 extends Hsu’s result in [36] in which L = A, see Section 1.1. Elworthy [25]
and Davies [21] have given some criteria for the Cy-diffusion property of diffusion operators.
Qian [57] proved that for L = A + B if Ric — V¥ B > —k for some nonnegative constant k
and |B(z)| < C(1+d(x,0)) for all # € M and a fixed point o € M, then P, = 'L has the
Cy-diffusion property. Clearly, the assumption required in our Theorem 1.5 is weak than
Qian’s condition for L =A —V¢- V.

Remark 1.5 The L'-Liouville theorem for harmonic functions of the Laplace-Beltrami op-
erator on complete non-compact Riemannian manifold is strongly relied on the behavior
of curvature. Garnett [27] showed that if M is complete and has bounded geometry (i.e.,
the Riemannian curvature tensor and all of its higher order derivatives are bounded and
the injectivity radius is strictly positive), then M satisfies the L!-Liouville theorem. This
result was improved by Li-Schoen [42] who proved that the L!-Liouville theorem for the
Laplace-Beltrami operator holds if the Ricci curvature on M is bounded from below and
the volume of every geodesic ball in M has a positive lower bound. Li-Schoen [42] further
proved the L!-Liouville theorem under the condition (1.2) and conjectured that the optimal
curvature condition for the L!-Liouville theorem is (1.3). This was affirmatively proved by
P. Li [41]. Example of complete or even stochastically complete Riemannian manifolds on
which the L!-Liouville theorem does not hold have been given in Li-Schoen [42] and Chung
[18]. Theorem 1.6 extends P. Li’s L'-Liouville theorem and his result on the L'-uniqueness
of heat semigroup e*® for the Laplace-Beltrami operator A on complete non-compact Rie-
mannian manifolds satisfying the optimal curvature condition (1.3) to general symmetric
diffusion operators satisfying the curvature-dimension condition (1.10). In the case where ¢
is not constant, Theorem 1.6 is new and should be considered as the most important result
of this paper. Indeed, one of the original motivations for the author to begin the study of the

12



problems in this paper was exactly trying to extend P. Li’s results in [41] to general diffusion
operators under a natural optimal curvature condition (in the sense of Bakry-Emery). The
proof of Theorem 1.6 needs many careful heat kernel estimates and consists of the main part
of the present paper.

Remark 1.6 In the case where M = IR" or M = D is an open domain of IR", and L =
A +2% -V is a diffusion operator with singular drift term %, where ¢ € HV2(IR", dx), the
problem of whether L has a unique extension in L*(M, ¢?dx) which generates a Cy-semigroup
in L'(M, ¢?dz) has been studied by Liskevitch [46], Stannat [64] and L.-M. Wu [71]. In
[71], Wu proved that (L,C§°(D)) is L*(D, ¢?dx) -unique if and only if the corresponding
diffusion is conservative under the condition that ¢ is continuous and ¢ € H} (D). The
reader might wonder why the L'(D, $?dx)-uniqueness of L = A — 2% -V is equivalent
to the conservativeness of P; = e*” since in the case where D = IR™ and ¢ € C?(IR"), it
is clear that ¢ satisfies Wu’s conditions and hence if the above statement is true then L is
L'(IR", ¢*dx)-unique if and only if the L-diffusion process is conservative. In November 2004,
Professor Wu kindly pointed out to the author that , the concept of “the L!-uniqueness”
studied in [46, 64, 71] is exactly the dual concept of the L!-uniqueness discussed here and
in [27, 42, 41] and is therefore equivalent to the problem of conservativeness of the heat

semigroup P; = e'l.

2 Gradient estimate and strong Liouville theorem

2.1 The key lemma

The key lemma used in the proof of Yau’s gradient estimate (1.1), see Yau [72] or Schoen-
Yau [63], is that under the curvature condition Ric > —(n — 1)K, where K > 0, for any
harmonic function u (i.e., Au = 0), we have

1
|Vu|A|Vau| + (n — 1)K|Vul? > —

— [V(Vu)*. (2.11)

This is a consequence of the classical Bochner-Weéitzenbock formula. We now extend Yau'’s
lemma to any diffusion operator L = A — V¢ - V under a suitable curvature-dimension
condition in terms of Ricy, (L) = Ric+ V2¢ — Y2&Vo,

m—n
Lemma 2.1 Let u be a solution of Lu =0, m > n be a constant. Then

1

>
|Vu|L|Vu| > —

\V(IVul)|? + (Ricm (L) Vu, Vu) . (2.12)

Proof. By the generalized Bochner-Weitzenbock formula, for any v € C2(M) we have
1
5L|vu\2 = |V2u*+ < Ric(L)Vu,Vu > + < VLu,Vu > .

By the diffusion property,

LIVul? = 2|Vu| L|Vu| + 2|V (|Vul) 2.
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Therefore, if u is a solution of Lu = 0, we have
|Vu|L|Vu| = |V2ul* — |V(IVu|)|*+ < Ric(L)Vu, Vu > . (2.13)

By Yau [72] and Schoen-Yau [63], if we consider a local normal chart at « in which u;(x) =
|Vul(z) and w;(x) = 0 for all i > 2, then V;|Vu| = u1; and hence |V(|Vu|)|* = Eu%j
j

Since u is a solution of Lu = 0, in the above local geodesic chart we have

n
E Uy = —Uurr + G1us.
i=2

Hence

|V2U|Q—|V(|VU|)‘2 = Zufj_zufj: Z U?j
0,J J

i#1,j>1

n n
> D uh+ ) ul
=2 i=2
> St (D)
=2 " =2
= 1
2 2
= Zuil + (u11 + d1u1)”.
= n—1
Using the elementary inequality
a2 2
(a+0b)* > - —, Ya>0,
l+4a «
we obtain ) b1
2 Uy 1U1
>—— - —"—, Ya>0.
(u11 + p1u1)” > 1ta o ¢

Hence, for all o > 0 we have

- 1 ui |¢1U1\2
212 2 S 2 11
VR - IV(VUP 2 3 udh+ - e
= 1 1
_ E : 2 ey L 2
- <i=2 Usq + (1 + O[)(Tl 7 1)“’11) O[(Tl N 1) |¢1U1|
1 - 1
D — 2 2.
Z Tro)m-D 2" amon
=1
Therefore, for all a > 0,
1 1
2,12 2 > - 2 - . 2
|V=u| IV(IVu))|© > (1+a><n_1)|V(|VU|)| a(n—1)|v¢) Vul*.
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Combining this with (2.13), for all a > 0, we have

VULVU > sV (V) -

n—1
o
I+a)(n—-1)

b
a(n—1)

a(n—1)

Taking o = 2=, then (1 + a)(n — 1) = m — 1. This yields the desired inequality.

2.2 Generalized Yau’s gradient estimate

V(v + <<Ric(L) - W) w,w> .

|Vé - Vul|*+ < Ric(L)Vu, Vu >

O

Theorem 2.2 Suppose that Ricmyn(L) > —K, where K > 0 is a constant. Let u be a

solution of Lu = 0 which is bounded from below. Then

[Vu| < v/(m—-1)K (u - i?/[fu) .

(2.14)

In particular, if Ricy (L) > 0, then every positive solution (and bounded solution) of

Lu = 0 must be constant.

Proof. The proof is similar to the one in Yau [72] and Schoen-Yau [63]. Suppose u be a

positive solution of Lu = 0. Let ¢ = |Vlogu|. Then

VY

_ VIVu|  |[Vu|Vu
o u?

At any point where |Vu| # 0, by the diffusion property, we have

L(|Vu|) = L(yu) = uLtp + ¢ Lu+ 2V - Vu = uly) + 2V - V.

Using (2.12) we have

LIVu|  2VY-Vu _ |[VulL(|Vu])  2Vy-Vu

L = u u [Vul|u u
1 1 , L\ 2V Vu
- _K AR A
> e (g OV = K19 ) - 2
2 .
_ L |[V(Vu)l® Ki— 2Vy Vu.
m—1 |Vulu u

Let e = 2/(m —1). Using (2.15) we have (see Schoen-Yau [63])

2 . . . 3
Vi -Vu (2_€)V1/1 Vu+€V(|Vu|2) VU_E|V1;|
u u u u
oo Ye Ve, V(T

u u?
By Schoen-Yau [63], we have

V(I Vu)) [Vl e (IV(VuDP | [Vuf
LD o ( + 78

u? - [Vulu u?
1 (IV(Vu)P | s
m—1 ( [Vulu o)
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From the above two inequalities we obtain

2 V) - Vu 3
ml) 2 (2.16)

sz—Kw—(2—

Now suppose that 1) achieves its maximum at some point g € M. Then Vi)(zg) = 0 and
AY(zo) < 0. Hence Lip(xg) = Ap(zo) — V(o) - Vip(z) < 0. By this and (2.16) we obtain

P® (o)
—1°

0> —Kv(xo) +

m

Therefore ¢ (zg) < \/(m — 1)K and hence 9(x) < 1/(m — 1)K holds for all x € M. Hence
[Vul < v/(m —1)Ku.

Replacing v by u — 1]1\1}’ u we finish the proof of (2.14). The strong and the weak Liouville

theorems follow easily from (2.14) by taking K = 0 when Ric,, (L) > 0. O

2.3 Schoen-Yau gradient estimate and Harnack inequality

The following result is a natural extension of a theorem due to Schoen-Yau [63].

Theorem 2.3 Suppose that Ricymn(L) > —K, u be a positive solution of Au = 0. Then
there exists a constant Cy, such that for all a > 0,

ap VW o (i + \/E) .

yEB(x,a/2) u(y)

Proof. The proof is similar to the one of Theorem 3.1 in Schoen-Yau [63]. For any a > 0,
let us define
V|

F(y) = (0,2 - dz(xay))Ta Y€ B(xaa)'

Since Flpp(z,a) = 0, if [Vu| # 0, then F' can only achieve its maximum at some point
xo € B(z,a). Assume that z¢ ¢ cut(z), then F' is smooth near zp and by the maximum
principle, VF(zg) = 0 and AF(z¢) < 0. Hence LF(z9) = AF(xg) — V(o) VF(z0) < 0.
These yield that at o we have

Vp? V)
A 2.1
a2 — p2 w ) ( 7)
—Lp* + (a® — p*)Lyp — 2Vp? - Voh < 0. (2.18)
Hence
L L 2 2 212
Ly _Le” 28 (2.19)

v aZ—p2 (a2 —p2)2 =
By the generalized Laplacian comparison theorem, and using |V p?| = 2p|Vp| = 2p, we have

Lp* <2+2(m—1)(1+VEp) < C(1+ VK)p.
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Combining this and (5.30) with (2.19) we have

0 Ly CO+VKp) 8
= a? — 2 (a2 — p2)?

2 \Vy-Vu ¢ C(+VKp) 8p2
2—(m—1)K¢—<2—m_1> u +m—1_ a? — p? _(a2—p2)2'

Using (2.17) we have
Vi -Vu  2pVp-Vu < 2¢p

T e

Replacing ¢ = ﬁ and this into the previous inequality we obtain

1 5 4(m—2)

> F? — F—C(+ VKp)(a® — p?) —8p> — (m — 1)K (a® — p?)?
0 = —— 1 PE—C+VEp)(a®—p7) = 8" — (m ~1)K(a” — )
1 4(m —2
> F? - (m )aF—C’(l—FvKa)aQ —8a%> — (m —1)Ka*
m—1 m—1
1
2 -

1F2 —2C1aF — Cy(1 4+ VKa)?a?,

m —

where C1,Cs are two constants depending only on m. This yields that

m—1

F(xo) T <2C’1a + \/4Cl2a2 +4(m—1)"1(1+ \/Ea)zcﬂ)

IN

2
< (m—1)a(Cy(m) + Co(m)VEa).

Therefore

|Vu(y)|
u(y)

sup [(OL2 - d2(ac7 Y))
yEB(z,a)

} < Cpa(l + VEKa).

Restricting on B(x,a/2) we get

3> |Vu(y)
p
yEB(x,a/2) U(y)

< Cma(l + VEKa).

Hence

v 1

sup Vuly)l < Ch (—&-\/ﬁ)
yEB(x,a/2) u(y) a

O

Using the same argument as in Schoen-Yau [63], we can derive the following results from

the generalized Schoen-Yau inequality. To save the length of the paper, we omit the proofs.

Corollary 2.4 Suppose that Ricy, n(L) > —(m — 1)K, where K > 0 is a constant. Let u
be a solution of Lu =0 in the geodesic ball B(x,a), Yo € M. Then

1+ \/Ka>
—— | sup |ul,
a

sup  |[Vu| < Oy
B(z,a)

B(z,a/2)

where Cyy, is a constant depending only on m.
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Corollary 2.5 (Harnack inequality) Suppose that Ricpy, (L) > —(m — 1)K, where K >0
is a constant. Let u be a positive solution of Lu = 0 in the geodesic ball B(x,a), Vox € M.
Then

sup u<ezacm(l+fﬂ) inf w
B(z,a/2) B(z,a/2)

where Cp, is a constant depending only on m.
Similarly, we have the following result for the solution of (L — A)u = 0 for A > 0.

Theorem 2.6 Suppose that Ricy, (L) > —(m — 1)K, where K > 0 is a constant. Let u be
a positive solution of (L — A)u =0, where A > 0 is a constant. Then there exists a constant
C(m, K, \) depending only on m, K and X\ such that

[Vu| < C(m, K, \u.

3 Conservativeness of heat semigroup

In [22], E.B. Davies extended Karp-Li’s conservative criterion to symmetric diffusion opera-
tors. He proved that if there exist two constants C; and Cy such that pu(B(z, R)) < C1e“? R?
for some (and hence for all) x € M then the heat semigroup P; = e*Z is conservative. This
can be considered as a special case of the generalized Grigor’yan criterion for the conserva-
tiveness of Dirichlet form, see Sturm [66], which says that if for some x € M,

/ v__rdr
1 logu(Blx,r)) —

then P, = e’ is conservative. In view of these, Theorem 1.4 follows from the following

Lemma 3.1 Under the same condition of Theorem 1.4, we have
R m
(B0 1) < uBlo,n) () exp (= DYRTRR 1), ¥ B> 10

Proof. Let p(x) = d(x,0). Then the diffusion property of L implies
Lp* = 2pLp +2|Vp|? <24 2pLp, on M\ cut(o).

By Theorem 1.1, we have Lp < a(p), where a(p) is the solution of the Riccati equation
T with iiil%xa(x) =m— L

Let ak(r)y be the solution of the Riccati equation

2
a (p)17 with lim za(z) = m — 1.

— x—0

—d'(p) = —K(R) +
The Strum-Liouville comparison theorem of Riccati equation implies

a(p(2)) < ax(r)(p(x)) = (m = 1)V/K(R)coth[y K (R)p(z)], ¥z € B(o,R)\ cut(o).
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Combining this together with /K (R)pcoth(\/K(R)p) <1+ /K (R)p, we have

Lp* < 242(m —1)y/K(R)pcoth[\/K(R)p(x)]
< 2m+2(m—1)/K(R)p, Vx € B(o,R)\ cut(o).

Integrating over B(o, R) and since p(cut(o)) = 0, we have

/B o W) S 2B, )+ 2(m — 1)K R) p(a)dp(z)

B(o,R)

< 2 [m +(m—1) K(R)R} 1(B(o,R)).
On the other hand, applying Green’s formula we have

0p?

[ ti@aue = [ @)dua(o) = 2R (0B (0, B),
B(o,R) dB(o,R) OV

where a% denotes the exterior normal derivative, i, denotes the weight area-measure induced

by the weight volume measure p. Moreover, using the co-area formula, we have

_ Ou(B(o,T)

o (0B(o, R)) o

r=R

Hence

R% < (m+ (m— DVER)R)Vr
Thus dlogV/
ogVr _m
iR ,R-l-(m vV K(R)

Integrating with respect R from r to R, we have

m R
Ve < V. (R> exp ((m - 1)/ \/K(S)dS)
r -
< V (R> exp ((m —1)vVK(R)(R - T)) .
r
The proof of Lemma 3.1 is completed. g

Remark 3.1 The above proof of Theorem 1.4 is purely geometric. Using the Laplace
comparison theorem in Riemannian geometry, the comparison theorem of one-dimensional
stochastic differential equations and the It6-Skorokhod formula for the radial part of Brow-
nian motion, Hsu [35, 36] proved Theorem 1.4 in the case where ¢ = 0. This probabilistic
method has been further developed by Qian [57] to establish his conservative criterion for
L-diffusion process mentioned in Remark 1.3. In the case of symmetric diffusion operator
L=A—-V¢-V, we can use this approach to give a probabilistic proof of Theorem 1.4. To
save the length of the paper, we omit it. See Section 4 for Kendall’s It6-Skorokhod formula
for the radial part of the L-diffusion process.
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Remark 3.2 By the generalized Laplacian comparison theorem, if Ricp, (L) > —(m —
1)K?, where K > 0 is a constant, we can see from the proof of Theorem 1.4 that

m—1
p(y, )

In the case where L = A and m = n, the above inequality is well-known in geometry.
Moreover, see Appendix in Yau [73] and Remark 1.5 in Schoen [62], it can be shown that
a corresponding global inequality holds in the sense of distribution: if Ric > —(n — 1)K?,
then for all ¢ € C5° (M, RT),

Lp(-,z)|, < (14 Kp(y,x)), Vye M\ cut(z). (3.20)

| stwasvtiy < - [ LHEp2) oy, (3.21)

M p(ya‘r)

For a proof, see Appendix (iv) in Yau [73], Proposition 1.1.1 in Schoen-Yau [63], or Section
1.6 in Schoen [62]. In the general case, Ricy, (L) > —(m — 1)K? also implies the following
global inequality in the sense of distribution: for all ¢ € C§°(M,R*),

/M Pl ) LU )dty) < (m — ) [ LERPG.2) yauty), v € G (M), o > 0.3.22)

M p(y, )

In fact, since ¢ € C?(M), the measure p is equivalent to the volume measure dr. As the
Hausdroff measure of cut(x) is zero, we see that u(cut(z)) = 0 for all x € M. Hence, if we
denote Q = M \ cut(x), then

/ p(y, =) Ly (y)du(y) = /Q p(y, =) Ly (y)du(y).

Defining Q. = {y € Q,d(y, cut(z)) > €}, then Q. tends to 2 as ¢ tends to zero. Applying
the Stokes formula and the Green formula on €. and using (3.20), we can prove that

1+ Kp(y, ) . Ip(y,z)
/M p(y, ) Ly (y)du(y) < (m —1) /M Ww(y)du(y) — lim o w(y)Tduo(y)-

As () is star-sharped, so is 2.. Hence, W > 0. Therefore the second term in the last
inequality is non-negative. This proves (3.22). To save the length of the paper, we omit the
detail of the proof.

By the well-known equivalence between the conservativeness and the L°°-uniqueness of
the Cauchy problem of heat equation, see [24, 30, 33, 36], we obtain immediately

Theorem 3.2 Under the same condition as in Theorem 1.4, for any bounded continuous
function f € L (M), there exists a unique bounded solution to the heat equation dyu = Lu
with the initial condition w(0,x) = f(x) for all x € M.

4 (y-diffusion property of heat semigroup

To prove Theorem 1.5, we follow the method used in Azencott [5] and developed in Hsu
[35, 36], see also Qian [57]. By Theorem 1.4, the L-diffusion process is conservative. Let
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{X¢,t < oo} be the L-diffusion process starting at x € M. By Azencott [5], we need only to
prove that for any closed geodesic ball K = B(o, R), where R is any fixed constant, we have

lim P,(Tx <t) =0, (4.23)

d(x,0)—00

where Tk := inf{t > 0: X; € K} is the entrance time of {X;,t < oo} in K = B(o, R). Let
o9 = 0, and for all n € IN|

o = inf{t >0, :d(Xs, X,,) =1}, n>0,
on = inf{t >7,_1:p(Xs) =plx) —n}, n>1

That is, oy, is the entrance time of the L-diffusion process X; in the geodesic ball B(o, p(x) —
n), 0, := 7, — o, is the amount of time during which the L-diffusion process moves from
X,, € 0B(o,p(z) —n) to X, € dB(X,,,1), and 0,41 — 75, is the amount of time during
which the L-diffusion process leaves from dB(X,, ,1) and hits dB(o, p(z) — (n +1)). Let

0, =1n—0op.

Then
Tk > Olp(x)—R] >0 +01+...+ e[p(x)—R—l]a

where [p(z) — R] denotes the integer part of p(z) — R. The key point is to prove that there
exist two constants C'; > 0 and Cy > 0 such that for all n > 0,

P, (ek < Cy/VE () —n+ 1)) < e~ C2K(p(@)=n+1), (4.24)

To this end, we use Kendall’s It6-Skorokhod formula. In fact, see Kendall [38], under the
probability measure P,, there exists a standard one-dimensional Brownian motion (; such
that 7(X;) = d(Xt, z) can be decomposed into

1 t
r(Xy) =B + 5/ Lr(Xs)ds — Ly, (4.25)
0
where L; is a nondecreasing process which is increasing only on {t : X; € cut(z)}. For a

proof, see also Remark 4.1. Moreover, using the Kendall decomposition and the Girsanov
transformation, we have (cf. Qian [57]),

1 t
A(Xe Xo) = B~ s + 5 / Ld(X,. X, )ds — (L; — Ly, ).

Note that
t
d*(X;, X,,) =2 / d(Xs, Xp, )d(d(Xs, Xo )+ < d(X., X, ), d(X., Xo,) >t -
0

Since < d(X., X, ),d(X., X, ) >+=< 3,0 >=1t and L; — L,, is a nondecreasing positive
process on [0, 7], we have

t t
(X1, X,,) < 2/ d(XS,XUn)dﬁs+/ d(Xy, Xy VLd(Xy, Xy )ds +t — 0. (4.26)
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For all t € [0, ], Xt € B(X,,,1) C B(o, p(z) —n + 1). While
Ricy n(L)(y) > —K(p(z) —n+1), Yye B(o,p(x) —n+1).
By the generalized Laplacian comparison theorem, see Corollary 1.2, we have
Ld(y, X,,) < (m—1)\/K(p —n + 1)coth(r/K(p —n+ 1)d(y, X,, ) on B(o, p(x)—n+1)\cut(X,,).
Using a cotha < 1+ a for all a > 0, we obtain
d(Xt, Xo, ) Ld( X4, Xo,)) < (m = 1)1+ d(Xe, Xo, )V E(p—n+1)).

Taking ¢ = 7, in (4.26) and since d(X;s, X,,) < d(X,,,X,,) = 1 for all s € [0, 7], we
obtain

1< 2/ A(X,, Xy, )dBs + [(m = 1)(1+ VE(p(@) =1+ 1) + 1] (7 — o).

Without loss of the generality we may assume K(p(z) —n+ 1) > 1 then

1<2 / d(X,, X, )dBs + 2my/K(p(@) — 1 + 1)(1n — o).

This yields that, for any enough small constant C; > 0,

Pu (=0 < O VEG@ —ir ) < P2 ([ X = 5 )

On

Based on Lévy’s criterion and the random time change, the standard method as used in
[34, 36] proves that

P, (/ r(X,)d8, > )<exp< Cov/K(p(@) —n +1)).

Therefore we have proved (4.24).
Then we can follow the same argument used in Hsu [36] to obtain

N(z,
P.(Tx <t) Z Cay/K(p(z)— n+1)

where N(z,t) is the smallest integer such that

Z\/——nﬂ

As [° K(s)71/%ds = oo, such N(z,t) exists for sufficiently large p(z) and moreover N(z,t) <
[p(x) — R] Then we can obtain

p(z)+1

P (Tx <t) < / —CaV KM gy,
P

()= N(z,t)+1

By Hsu [35, 36], the latter term tends to zero as p(z) — co. This proves the desired key
estimate (4.23) for K = B(o, R). O
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Remark 4.1 (Proof of (4.1)) In the Appendix (see Formula (6)) of Yau [73], it was proved
that for any smooth non-negative function ¢ with compact support on M, we have

[ ponv < [ (@) Ap()da. (1.27)
M

M\cut(zo)

Here z¢ is a fixed point in M, p(x) = d(zo,z). If we let Ap to denote the Laplacian of p
in the sense of distribution, then, as pointed out in Hsu [35], the above Yau’s distributional
inequality (4.27) implies that the distribution

VA = APIM\cut(ro) - Ap

is non-negative on non-negative test functions. Similarly to Yau’s distributional inequality
(4.27) for the Laplace-Beltrami operator, for all test functions ¢ € C§°(M,IR"), we have

| pLi@int) < [ (@) Lp(@)du(x). (4.28)
M

M\cut(zo)

Indeed, since u is equivalent to dz and since the Hausdroff measure of cut(xg) is zero, we
have u(supp(v) N cut(zo)) = 0. Hence

/M pa) () dp() = / ple) L) dp().

M\ cut(zo)

Now take a sequence of star-sharp approximation Q. = {y € M\ cut(zg) : d(y, cut(zy)) > €}.
Applying the Stokes formula and the Green formula on 2. we have

/Mp(x)Lw(w)du(x) i, [ Lo)p)dute) — tim [ o) 20D gy ()

e—0 Q e—0 0.
Ip(x)

/ L@)p@)dute) ~ tim [ o) 0 dy (2).
M\cut(zo)

e—0 90,

Here % denotes the exterior normal derivative. Since 2. is star-sharp, we have ag—(f) > 0.

Hence |, a0, V(@) 8;5(:) dpis () is non-negative. The inequality (4.28) follows. Equivalently to

say, the distribution

vp = LpIM\cut(zo) - Lp

is non-negative on non-negative test functions. Similarly to the case discussed in Hsu [35]
for L = A, by the Riesz representation theorem, vy, is a Radon measure on M supported on
cut(zxp). Hence, the distribution Lp is indeed a Radon measure on M. Using the generalized
It formula, one proves immediately the Kendall decomposition (4.25) in which L; is the
continuous positive additive functional associated with the measure vy,.

5 Harnack inequalities and heat kernel estimates
In order to prove the L'-Liouville theorem for the solution of Lu = 0 and the L'-uniqueness

of the heat semigroup P, = e*”, we need to establish Li-Yau parabolic Harnack inequalities
and to prove some heat kernel estimates.
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5.1 Upper bound estimate via Li-Yau Harnack inequalities

In this subsection we prove the Li-Yau differential Harnack inequality and the Li-Yau Har-
nack inequality for the heat semigroup generated by L = A — V¢ - V under the curvature-
dimension condition CD(K,, ,,, m), where K,, »(z) is a radial function depended on p(z) =
d(x,0). These estimates allow us to deduce the Li-Yau upper bound estimate of the heat
kernel on geodesic balls. In principle we follow the method of Li-Yau [43] except that we
are dealing with the heat semigroup of the diffusion operator L = A — V¢ - V rather than
the heat semigroup of the Laplace-Beltrami operator A. To the reader who is very familiar
in Li-Yau’s technique, it might be thought that one does not need to reproduce the proofs
of the Li-Yau Harnack inequalities for the heat semigroup of L as it is well-known that the
Bakry-Emery Ricci curvature of L plays a very similar role as the Ricci curvature for A.
However we still reproduce the proof of the differential Harnack inequality in detail since our
aim here is to establish these inequalities under a natural geometric and analytic condition
which we hope to be as sharp as possible.

Theorem 5.1 Let M be a complete Riemannian manifold, L = A — V¢ -V, ¢ € C*(M).
Let —K(2R) be a lower bound of the Bakry-Emery Ricci curvature

Ricpn(L) = Ric+ V3¢ — Voo Ve
m—n
on the geodesic ball B(o,2R). Let u(x,t) be a positive solution of the heat equation
Oyu = Lu
on M x (0,T). Then, for any o > 1, we have

2 2
Vol _ow _ Ca” (1+R K(2R) +

(5.29)

a—1

a? > ma?  ma’K(2R)
+ + .
26 (a—1)V2

Proof. The proof is similar to the one of Theorem 2.1 in [43]. Let f = logu. The diffusion

property Lg(u) = ¢'(u)Lu+g (u)|Vul? for all g € C?(IR,R) implies that
of=Lf+ VS
Define
F(z,t) = t(|Vf]* — afy).

Let 17 be a C2-function on [0, c0) such that

(r) = 1 on [0,1]
=90 on [2, 00),
with —Cy19'/2(r) < o/(r) < 0 and 7" (r) > —Cy, where Cy,Cy are two positive constants.

Let p(x) = d(o,x). Define
¥(x) = n(p(z)/R).

Since p(z) is Lipschitz on the cut locus of o, ¥ F is a Lipschitz function with support in
B(0,2R) x [0,00). As explained in Li-Yau [43], an argument of Calabi allows us to apply
the maximum principle to ¢ F. Let (zg,tg) € M X [0,T] be a point where ¢/ F achieves its
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maximum. We assume ¥ F (zg,ty) > 0, otherwise the theorem holds trivially. At (zg,to) we
have

V(F) =0, ¢F, = %(w) >0, A(WF)<O0.

By the generalized Laplacian comparison theorem, as Ricy, (L) > —(m—1)K(2R), we have

Lp < (m — 1)v/K (2R)coth(v/K (2R)p).

Note that ., )
! R)L R)|V
Lote) = TR o (o) RITH
By the conditions on 7, we have
Lo(z) > _%(m —1)/E@R)coth(v/K@R)R) — %. (5.30)

Under the curvature-dimension CD(K (2R),m) condition, for any « > 1, we have
2
LIVf? > %|Lf|2 +2V(Lf)- V[ =2K|V .

Hence

(L—=0)(tft) = toLf—fi—tfu

= tLfi— fr —t0(Lf + |Vf]?)
tLf — fe —t(Lfi +2Vf-Vf)
=2tV f -V fi — ft.

These yield

(L=0)F = (L=08)tVfP—atf)
> %|Lf\2+2tV(Lf)~fo2tK|Vf|2 — |VfI? =2tV f-Vf + 20tV f -V + af,
> 2SR~ )P -2V (VIR - f) - 2K S
—(|VfI? = af) +2(a— 1tVf- V.
Therefore
(L —8,)F > %(Wﬂ? — f)? —2Kt|Vf? =t 'F -2 < Vf VF >. (5.31)

Replacing (5.30) and (5.31) into
L(YF) = (LY)F +2 < Vi), VF > +LF,
we have
LF) > —F(CiR™Y(m —1)y/K(2R)coth(\/K(2R)R) + CoR™2) +2 < Vo), V(¢ F) > ¢~ *
—2F|Vp|*p~t + 4 |F, =2 < Vf,VF > +%t(|Vf|2 — f)? —t7'F —2K(2R)Vf|*].
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Note that at (xo,to) we have
L(WF) = AWF) — Vo - V(yF) <0.
Hence
0 > —F(CiR'(m—1)y/K(2R)coth(\/K(2R)R) + CoR™2) — 2F|V¢|?y~*
+2F < V[, Vi) > +%tm/z(|Vf|2 — f1)? = tg " F — 2K (2R)tg|V £
Using the same argument as used in Li-Yau [43], see pp. 161-162, or taking vy =0 =¢ =10

there, we can show that at the maximum point (xo,t9) € M x [0,T], we have

ma? N toma?(a — 1)1 K(2R)
2 V2 ’
This yields, for all (z,T) € M x{T}, (WF)(x,T) < (RHS). In particular, for all z € B(o, R),

YF < (RHS) := C3a*tgR*(1+ RV K(2R) + a*(a—1)"1) +

ma? thomaZ(a —1)71K(2R)

T (VI = af)|_p < Cs0’toR7*(1+ RV K (2R)+0?(a—1) ")+ = 7

Since to < T, this implies the desired inequality by taking ¢ = T in (5.29). O
The differential Harnack inequality implies the following parabolic Harnack inequality.

Theorem 5.2 Let M be a complete Riemannian manifold, L = A —V¢ -V, ¢ € C*(M).
Let —K(2R) be a lower bound of the Bakry-Emery Ricci curvature

Ricpmn(L) = Ric+ V3¢ — Voo Ve
m—n
on the geodesic ball B(0,2R). Let u(x,t) be a positive solution of the heat equation
Ou = Lu
on M x (0,T]. Then, for any a > 1,0 <t <ty <T and z,y € B(o, R), we have
ad’(z,y) )

1ty — 1) (5.32)

mao/2
u(z,t1) < u(y,ta) (Z) exp (A(tz —t2) +

where

A=C {aR’l KCR)+a*(a—1)"'R2 + ala — 1)*%(23)} .
Proof. By integrating d/ds(logu) along the curve n(s) = (y(s), (1 — $)ta + st1), where 7 is

a geodesic between x and y, and using the same argument as used in the proof of Theorem
2.1 in Li-Yau [43], Theorem 5.2 follows from Theorem 5.1. O

Corollary 5.3 Under the same condition and the same notation as in Theorem 5.2, we
have the mean value inequality

1/p ¢ ma/2 OéRQ
we) < ([ it ) (2) . exp ( At - m) |
B(z,R) ty 4(t2 — 1)

where p >0, a > 1, 0 < t; < ta, dug(y) = p~(B(o, R))du(y).
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Proof. This follows from Theorem 5.2 by integrating (5.32) over B(o, R). O

Finally, using the same argument as used in the proof of Theorem 3.3 in Li-Yau [43], the
parabolic Harnack inequality implies the following upper bound estimate of the heat kernel
H(xz,y,t) for the diffusion operator L. To save the length of the paper we leave the details
of this proof to the reader.

Theorem 5.4 Let M be a complete Riemannian manifold, L = A — V¢ -V, ¢ € C*(M).
Let —K(2R) be a lower bound of the Bakry-Emery Ricci curvature

Vo Ve

m—-n

Ricpmn(L) = Ric+ V3¢ —

on the geodesic ball B(o,2R). Then, for any e > 0, there exists a constant C(g) > 0 such
that

_dQ(x7 y)

H(z,y,t) < C(e)u™2(B, (Ve ™ 2(B, (VE)exp ( @ o)

+ ae(K(R) + R_Q)t> (5.33)

for all z,y € By, (R) := B(xg,R), t > 0 and some constant o depending only on n.

To end this section, let us mention that the Li-Yau differential Harnack inequality for
the heat equation d;u = Aw has been improved by Bakry and Qian [12]. Using the same
technique based on the Laplacian type comparison theorem and the curvature-dimension
condition CD(K,m), we can prove that the Bakry-Qian differential Harnack inequality
holds for diffusion operator L with CD(K,m) condition.

Theorem 5.5 Suppose that L = A — V¢ -V satisfies the curvature-dimension condition
Vo @ Ve > _

Ric+ V?¢ — > K

m—-n

with K > 0. Let f =logu, where u is a solution to the heat equation Oyu = Lu. Then

m mK m
VIR~ o< VR f[opp e e

5.2 L’-estimate of heat kernel outside geodesic balls

In this subsection we prove the following exterior L2-estimate for the heat kernel.

Proposition 5.6 Let K(2R) be the lower bound of Ricy, n(L) on a geodesic ball B(o,2R).
Then, for allx € M, t >0 and o > 1,

34t _ (R—2d(z,0))?
2

-/ H2 (2, Odu(y) < Cp (B, Vi)e 2t~ S5 (5.34)
M\B(o,R/2)

where
A=C [aR—l K@R) +a*(a—1)"'R2 + a(a—1)"'K(2R)] .

To prove the above proposition, we need the following L?-monotone integral inequality.
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Lemma 5.7 Let u(t,z) be an L?(u)-solution of the heat equation Oyu = Lu with the initial
data u(0,-) € L?*(n). Assuming that g(z,t) € C1(M x [0,00)) satisfies
99

1
4+ Z|VglP=0, ¢g<Oo.

Then for any R >0, T > 0 and any x € M we have

/ e%g(y,T)UQ(T7 Y)du(y) < / e%g(y,o)u2<0’ y)du(y).
B(z,R) B(z,R)

Proof. The proof modifies the argument used in the one of Lemma VI.2 in Schoen-Yau
[63], see also the proof of Lemma 3.2 in Li-Yau [43]. It is based on the integration by parts
formula for the weight volume measure p, the standard method using cut-off function on
geodesic balls together with the Cauchy-Schwarz inequality. This argument goes back to
Aronson [4] and has been used in Grigor’yan [33] and followed by Saloff-Coste [61]. To save
the length of the paper, we omit it. O

Proof of Proposition 5.6. Let p > 0 to be fixed. Define
Fo) = [ Hoz D H( . 0du(),
M\B(o,p)

Then it is clear that F(y,t) is a positive solution of the heat equation with initial date

_ | H(z,y,T) for y € M\ B(o,p)
F(y,O)—{ 0 for y € B(o,p).

Clearly, F(y,t) < H(x,y,t+T) and hence F(-,t) € L?(u1). Taking

d*(z,y)
0= T -

in Lemma 5.7, we can prove that, for any R > 0, § > 0 and ¢ < (1 + 26)7T, we have

d2(gs7y) 9 d2(1‘,y) )

Taking t = (14 6)T" and since F(y,0) = H(x,y,T)1an B(o,p) (¥), We obtain

-2 d*(z,y)
T F2(y, (1 4+ 6)T)du(y §/ exp(’)H2 x,y, T)du(y).
/B L Pearonmws [ ST ) 0 D))

Thus

2 d2(z,y)
/ F2(y,(1+0)T)du(y) < e»TF(z,T) sup e BT 2T
B(z,R) yEM\B(o,p)
On the other hand, as F(y,t) is a positive solution to the heat equation d;u = Lu, the mean
value inequality (Corollary 5.3) applies to F(y,t). Taking p = 2 in Corollary 5.3 we have

F2(z,T) < p ' (B.(R)) (14 6)™Yexp (O‘RQ + A5T> .

20T

/ F2(y, (1+ 6)T)du(y)
Bm(R)
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From the above two inequalities we get

1 R? _ _d’(z.y)
Fe.T) < 5= (Bo(R))(1+ 8)™exp ((*O‘) n 2A5T) R
20T yEM\B(0,p)
Taking R? = T we obtain
d? (z,y)
F(z,T) < C(m, o, 0)p Y (B, (VT))e*T  sup e AT
yEM\B(0,p)
Now taking p = R/2, § =3/4 and T = t, we obtain
t —d? z,Y
I < Cu *(B(, \/f)e% sup e~

yeM\B(o,R/2)

34t _ (R—2d(x,0))?
2 20t

= Cu Y(B(z,Vt)e

5.3 Two integral inequalities on derivatives of heat kernel

In the proof of the L!-Liouville theorem for A on a complete Riemannian manifold, Li [41]
has used an integral inequality proved by Cheng-Li-Yau [16] for the heat kernel on any
complete Riemannian manifold (not necessarily with bounded curvature) which states that:
for any § € IN there exists a constant C'(8) > 0 such that and any = € M, the heat kernel
H(z,y,t) of A satisfies

HGop )AL H (o0 < 7€) [ 2o, t/2)d (5.35)
M M

To prove this inequality, Cheng-Li-Yau used the method of eigenfunction expansion to show
that the heat kernel H;(z,y,t) on B(x, R;) (which is a compact exhaustion of M) with the
Dirichlet boundary condition satisfies

<t7C(p) /B( RV)Hf(%y,t/?)dy, (5.36)

/ (e, y, )ASH, (2, y, t)dy
B(x,R;)

and then used the fact that the monotone increasing sequence H;(x,y,t) converges uniformly
to H(xz,y,t) on compact sets. We would like to point out that, to obtain the uniform
convergence, Cheng-Li-Yau [16] has first proved a upper bound estimate of the heat kernel

2

H;i(z,y,t) < C(n, k(2d),(z), T)t " ?exp (1&) (5.37)

for all ¢t € [0,T] and all z € M. Here, according to the notation used in [16], d = d(z,y),
k(2d) denotes the lower bound of the sectional curvature on B(zx,2d).

When one deals with a general symmetric diffusion operator L = A —V¢ -V, it seems to

the author that it is not easy to extend the Cheng-Li-Yau upper bound estimate (5.37) to

the Dirichlet heat kernel of L = A — V¢ -V on B(z, R;), since on the one hand there is no
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suitable notion of “sectional curvature for L” and on the other hand there should be many
preliminary results which one needs to establish in order to prove (5.37).

However, we can still use the eigenfunction expansion method as used in Cheng-Li-Yau
[16] for A to prove that (5.35) remains valid for the heat kernel H(z,y,t) of L (certainly we
need to replace A in (5.35) by L) even though we may not easily extend (5.37) in a suitable
way. Indeed, letting H;(x,y,t) denote the heat kernel of L on B(z, R;) with the Dirichlet
boundary condition, then the maximum principle implies that H;(z,y,t) is a monotone
increasing sequence which converges to the heat kernel H(z,y,t) of L on M. Moreover,
using the famous result due to Aronson and Nash, H(x,y,t) is locally Holder continuous.
By Dini’s theorem, the monotone convergence of H;(z,y,t) to H(x,y,t) is also uniform on
all compact sets. Thus, the eigenfunction expansion method used in the proof of Lemma 7
in Cheng-Li-Yau [16] remains valid for L = A — V¢ - V and for all 8 € IN.

Here, we would like to give a new proof of the generalized Cheng-Li-Yau inequality for
the heat kernel of L = A —V¢- V. In a very similar way, this method has been used earlier
by Varopoulos [69] and Saloff-Coste [59] in the study of L°-bound of time derivatives of the
heat kernel of the Laplace-Beltrami operator on complete Riemannian manifolds.

Proposition 5.8 Let L = A — V¢ -V be a symmetric diffusion operator on a complete
Riemannian manifold M with ¢ € C*(M). Then for any 3 > 0 there exists a constant
C(B) > 0 such that for allx € M,

] / H(z,y,t)LﬁH(x,y,t)du(y)‘gC(ﬁ)tﬁ [ /2ty
M M

Proof. Note that L = A — V¢ - V is symmetric with respect to pu. Using the spectral
decomposition we have

/ H(dfo,x,t)LﬁH(zo,x,t)du(x)=/\L§/2H($o,x,t)|2du($)-
M

Therefore we need only to prove

2
/ ‘Lf/QH(;v, zo,t)| du(z) < CB) P | H*(x,x0,t/2)du(z).
M M
Since L = A —V¢-V is self-adjoint in L?(M, ), the heat semigroup P; = e~* is analytic in
LP(M, ) for all p € (1,00). Hence, for all 8 > 0 and p > 1 there exists a constant C,(3) > 0
such that f € C>*(M),

|72 fll, = L9726 22 £, < Cy(B) 2 e /2] .
In particular, for p = 2, we have
IL72e= E f1I5 < CE (Bt [le™ 2 £ 5. (5.38)

(Indeed, using the spectral decomposition, we have

2
= C3(B)t Pl 21113

o0
HLB/Ze_thHg _ H/ )\5/26—)\tdE)\f
0 2

2
< A" ]

2

/ e—At/QdE)\f

0
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providing \/2e=* < Co(B)t=5/2e= /2. This is true if we take Co(3) := sup[t?/2e/2].)
>0
Now taking f,,(y) — 0z, (y) in the sense of distribution, as in [69] where ¢ = 0, we have

2

dp(x) = | H?(x,z0,t/2)e”**@0)dp(z).

lim ’/ H(x,y,t/2)fn(y)e *@dy
M

n—oo

On the other hand, Fatou’s lemma yields

2
[ |22, 00| dut
M

dp(z)

/M lim ’ / LE/2H (2,y,) fu (y)dia(y)

n—oo

IA

du( )-

n—oo

lim inf / ‘/ LB/2H (7, y,t) fnly)e ~Wdy

Combing these with the inequality (5.38) we conclude that for C'(3) = C3(3),

2
/ ‘Lg/zH(m,xo,t)’ du(z) < C(B)t P | H?(x,x0,t/2)du(x).
M M

O
The following result extends another inequality appeared in Cheng-Li-Yau [16] for A and
will be used in the next section.

Proposition 5.9 Let L = A — V¢ -V be a diffusion operator on a complete Riemannian
manifold M with ¢ € C2(M). Then for all o,x € M and all r > 0, we have

64
[ vHGPww < [ #edaw) 2 [ HEILHE)d.
B¢(0,3r/4) 7" JBe(o,r/2) Be(o,r/2)
(5.39)
where H(y) denotes H(x,y,t), B¢(o,r/2) = M \ B(o,r/2), etc.
Proof. Let R > r. Let n be the cut-off function defined by

1 on B(o,R)\ B(o,3r/4)
ny) =< 0 on M\ B(o,2R)
0 on B(o,r/2),

and such that 0 < n(y) < 1 and |Vn(y)| < 4/r for all y € M. Note that the L2-adjoint of
the exterior differential operator d with respect to du = e~ ?dz is dy = d* —ive, where ivg
is the interior multiplication by the vector field X = V¢. Therefore

[oevapan = [ @opaman= [ o
M M M

= -2 / (Hdn,ndH)dp — / n?*HLHdpu
M M

IN

1
2/\Vn|2H2d,u+§/772\VH\2du—/nQHLHdM.
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This yields

/ V\VHP*dp < 4/\V17|2H2d,u—2/772HLHdu
M
64 9
< = Hedp + 2 H|LH|dp.
= JM\B(o,r/2) M\ B(o,r/2)
Letting R — oo, we prove the desired inequality. O

Corollary 5.10 Let L = A — V¢ -V be a diffusion operator on a complete Riemannian
manifold M with ¢ € C*(M). Then for all o,z € M and r > 0, we have

1/2
64 2C
/ |VH (z,y,t)|?du(y) < / H? [zHl/Q(x, x,2t) + Hl/Q(x,x,t)] .
M\B(0,3r/4) M\B(o,r/2) r t

(5.40)
Proof. By the Cauchy-Schwarz inequality we have

1/2 64 1/2 1/2
VH|? < H? — H? +2 LH? )
2
M\ B(0,3r/4) M\ B(o,r/2) r M M

Combining this with Propositions 5.8 and 5.9, and using fM H?(z,y,t)du(y) = H(z,z,2t),
we obtain (5.40). O

6 Integration by parts formula

The following integration by parts formula will play a crucial role in the proofs of the L'-
Liouville theorem and the L'-uniqueness of heat semigroup.

Theorem 6.1 Suppose that there exists a constant C' > 0 such that
Vo @V >
m-—n

Ric+ V%¢ — —C(1+p(x)?), YazeM,

where p(x) = d(z,0), o € M is a fized point. Then, for any non-negative subharmonic
function g € LY(M, j1), we have

| Lyttt 00)dut) = [ Hept) Latw)duto) (6.41)
To prove this result, we need the following Green formula.

Lemma 6.2 Let Q C M be a bounded domain with C'-boundary, 0, denotes the exterior
normal derivative. Then, for any u,v € C?(M), we have

/Luvdu:/uLv—l—/ v&,ud,ug—/ w0, vd iy,
Q Q o0 o0

dpio(y) = e *Wda(y)
is the weight area-measure induced by du(y) = e~ *Wdy on ON.

where
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Proof. By standard Green’s formula for the volume measure, we have

/QAU (ve=®)dy = /ag dyu (ve™?) do(y) — /Q < Vu(y),V (v(y)efd’(y)) > dy

Byuvdyiy (y) — /Q < Vuly), V(o(y)e *®) > dy

o0

By uvdyio (y) — /Q < Vu, Vo > du(y) + /Q Vé(y) - Vuly)o(y)du(y).

o0
Therefore
/Q Lu(y)v(y)dp(y) = /Q (Au(y) — Vo(y) - Vu(y))v(y)e *Wdy
= / vo,udis —/ < Vu, Vo > du(y).
le) Q
Similarly
/uLvdu :/ w0, vd iy —/ < Vu, Vv > du(y).
Q o0 Q
The desired result follows from the above identities. O

Proof of Theorem 6.1. Applying the Green formula on B(o, R), we have

/ LyH(x,y,t)g(y)du(y) — / H(z,y,t)Lg(y)du(y)
B(o,R) B(o,R)

OH dg
(%, y,t)9(y)d o, y—/ H(z,y,t) 5~ dus r(Y
L e 0@ = [y ) 5ty

IN

/ IV, H 2,5, 0)g(9)dpio e (y) + / H(y, 1)Vl (0) dpo n ().
dB(0,R) 0B(o,R)

where (. p denotes the weight area-measure induced by p on 0B(o, R). It remains to show
that the above two boundary integrals tend to zero as R — oo.

Step 1. Based on the generalized Laplacian comparison theorem and the Bishop-Cheeger-
Gromov type volume comparison theorem with respect to p, using a similar argument as
used in the proof of Theorem 2.1 in Li-Schoen [42],we can prove the following mean value
inequality for L-subharmonic function on every geodesic ball B(o, R), i.e., if we let —K(R)
be the lower bound of the Bakry-Emery Ricci curvature Ricy, (L) on B(o, R), then for
some constants C' and a depending only on m, we have

cor/KR
Bs(zl’% )g(w) < 07;;(3(0, 2R) /B (OQR)g(y)du(y) (6.42)

Therefore, under the assumption Ricy, (L) > —C(1 + p(x)?) we have

CveozR2

sup g(x) < ———=19llL1(u)-
B(o,R) ( ) M(B(0a2R))|| ||L )
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Let ¢(y) = ¢(p(y)) be a cut-off function such that 0 < ¢ < 1, |[V¢| < +/3 and

o(p(y) = 1 on Blo,R+1)\Blo,R),
é(p(y) = 0 on Blo,R—1)U(M\ B(o,R+2)).

By the L-subharmonicity of g and the Cauchy-Schwarz inequality we have

0 < /M ¢*(1)g(y) Ly (y)du(y) = — /M V(¢*(1)9(y) Vg (y)du(y)

= <2 oy <VoVg>du- [ Vol
M M

1
< 2 [ [VoPgrdu- [ &19gPdu
M 2 M
Thus
/ IVg(y)Pduly) < 4/ |V¢>I2g2du§12/ g*dp
B(o,R+1)\B(o,R) M B(0,R+2)
<

< 12||gllLr¢ny  sup )g(y)

o,R+2
a(R+2)2 2
Ce ||9||L1(;L)
= Tu(B(o,2R+4))

from which and using the Cauchy-Schwarz inequality we have

IVgldp

IA

1/2
/ / Voltdu ) /Blo BT 1)\ Blo, B)
B(o,R+1)\B(o,R) B(o,R+1)\B(0,R)

IN

1/2
( / |V9|2du> VB0, 2R 1 1)).
B(o,R+1)\B(o,R)
Hence

2
/ Vgldp < Clgllzr e (6.43)
B(o,R+1)\B(o,R)

Step 2. By Lott[47], under the curvature-dimension condition for L, the Bishop-Cheeger-
Gromov type relative volume comparison theorem holds for y. Hence

W(Bs (V1))

IN

i (By(d(z.y) + VD) \ By(d(w,y) — V1))
V(B(K(R),d(z,y) + VD) — V(B(K(R), d(z,y) - V)
V(B(K(R), V1))
V(B(K(R), d(z,y) + VD))
V(B(K(R), VD)

Cexp(y/(m — DK (R)(d(z,y) + V)
tm/2 ’

IN

w(By (V1))

IN

u(By (V1))

IN

w(By (V1))
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where V(B(K(R),/t) denotes the volume of the geodesic ball of radius v/# in the m-
dimensional hyperbolic model space H (—I;L(_Rl)) of constant sectional curvature —I;L(_Rl)

Combining the above inequality with (5.33) we obtain

Pz
H(x,y,t) < (B (\%))tm/‘lexp < d 5(t X)) + a(R? + Rt + aR(d(z,y) + \/i)> . (6.44)

Step 3. Combining (6.43) with (6.44) we obtain

Ji: o= H(z,y,t)|Vg|(y)du(y)

»/B(O,R+1)\B(O,R)

( sup H(m,y,w) / IVgldp
y€B(o,R+1)\B(o,R) B(o,R+1)\B(o,R)

< Olglhe™ = (B (VE))t /4
2

—(R—d(o,z))
X exp <5t

IN

A

+a(R*+ R )t + aR(R+1+d(o,z) + \/£)> .

Note that

(R — d(o,x))?
5t

aR? — +a(R* 4+ RHt+ aR(R+1+d(o,z) + V1)

1 2 2

= (2a — 7 +at)R* + Rdé:’ z) _d (507; z) + aRd(o,z) + aR(1 +Vt) + aR™?t
R2

1

< (2 - —)R?

< (o +at— )R+
1 1 «

< _ T \p2 TR P 1 -2

< Ba+at— 1R+ (o + 5)d*(0,2) +a(t +1) + aR ™t

1
+ QdQ(O’ z) + %RQ + %dQ(o, z) + %RQ + %(\/E +1)2+aR™%t

Thus, for T sufficiently small and for all ¢ € (0,7") there exist some constants 5 > 0,
Ci > O7 C5 > 0 such that

J1 < COlgllip YBL(Vt)t™™ texp (=BR*+ C1(1+t ")d*(0,2) + C2(1 + R™?)t) . (6.45)

Step 4. By (6.42) and the Cauchy-Schwarz inequality we have

Jo: = \VH (z,y,t)|g(y)du(y)

/B(07R+1)\B(07R)

IN

sup gy /
y€B(0,R+1)\B(o,R) B(o,R+1)\B(o,R)

Cllg|l e B+D*
1(B(0,2R + 2))

|VH (z,y,t)|du(y)

1/2
\VH(z,y,t)|*du(y)

Vi(B(o,R+ 1)\ B(o, R)) /B( R+1\B(o,R)

35



By (5.40), (5.33) and (5.34), we have

[ VHEO )
M\B(o,R)

1/2
< / H?(z,y,t)du(y) {64R_2H1/2(x,x,2t) + QCt_lHl/Q(x,a:,t)}
M\B(o,R/2)

< C[R72072(B(2, VD) + 71 VA(Bla, V) | eosKORIER

34t _ (R—2d(x,0))?
40t

xp V2 (B(x,Vt)e
< C[R™2 4+t~ (B(a, VE))eC R +R )= el
Therefore
Jo < Cllglhe® P+ u=Y(B(0,2R + 2))ut/?(B(o, R+ 1))[R™2 + t~1]1/2

—(R —2d(0,z))?
xul/Q(B(I,\/Z))eXp< (R 82(?75(7 )

Cllgla[R2 + ¢ Y] /22 ®
§u72(B(o, 2R + 2))

+C(R?* + RQ)t)

—(R —2d(0,))?
80t

(B(z, Vt))exp < + C(R* + R2)t) :

Similar to the case of Ji, when T > 0 is small enough, there exist 3 > 0,C; > 0,Cy > 0
such that for all ¢ € (0,7) and R > 0, we have

-2 | 4—171/2
Jy < C”lg!l[R +t7] / —1/2
p'/?(B(o, 2R + 2))

(B(z,Vt))exp (=BR*+ C1(1+t ")d*(0,2) + Ca(1 + R7?)1) .

(6.46)
Step 5. By the co-area formula for all f € C5°(M) we have

R+1
F(w)duy) = /R VB )

where p, - denotes the weight area-measure induced by p on dB(o, 7). Therefore, the mean
value theorem yields that for any R > 0 there exists R € (R, R + 1) such that

dr,

/B(O,R+1)\B(0,R)

J:

/ (VH(, 3, 0)lg(y) + H(z, 5, ) Vaw))du, 5()
OB(o,R)

/ (IVH (@, 3.0)l9(0) + Hw. 90| V9(0) (o).
B(0,R+1)\B(0,R)

By (6.45) and (6.46) we obtain
J < C’||gH1/,L71(B$(\/E))t7m/4exp (—ﬂR2 +C(1+t7Yd%(0,z) + Co(1 + R72)t)

Cllgllh[R2 +¢~1]M/2 ~1/2

112(B(0,2R + 2)) (B(z,vt))exp (—ﬂR2 +C (1 +t7Yd%(0,x) + Co(1 + R_Q)t)

[R2+t712
u12(Bo,2R + 2))" (Bl V1))

X exp (—ﬁR2 +C1(1+t71)d?(0,2) + Ox(1 + R_2)t) .

< Clgl |t " (B (V) +
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Hence, for all t € (0,T) and all z € M, J tends to zero as R tends to infinity. This proves
that the integration by parts formula holds for ¢ € (0,7) and all x € M.
Step 6. Using the semigroup property we have

a(s + 1) at at
— esLetL(Lg) — e(SH)L(Lg).

e =

9 e(s+t)Lg _ 9 (esL tL ) esL 9 (etLg)

Thus, the integration by parts formula holds for all ¢ > 0 and all z € M. O

7 L!'-Liouville theorem and L'-uniqueness

In this section we prove the L'-Liouville theorem and the L'-uniqueness of heat semigroup.

7.1 L!'-Liouville theorem
Theorem 7.1 Suppose that there exists a constant C > 0 such that
Vo ® Ve >

m—-n

Ric+ V?%¢ — C(1+p(x)?), YazeM,

where p(x) = d(z,0), 0 € M is a fized point. Then

(1) Every L'(u)-integrable non-negative L-subharmonic function on M must be identi-
cally constant.

(2) Every L*(u)-integrable L-harmonic function on M must be identically constant.

Proof. Let g be a non-negative L'-integrable L-subharmonic function on M. Define

(eg) (x) = /M H(x,y,t)g(y)du(y).

Then
0 0
5 €9 @ = [ S HE09wdn) = [ LH 090 dut)
M M
By Theorem 6.1 we have

0
&etLg =e'lLg>0.

Therefore, e'l'g(x) is increasing in t.
On the other hand, under the assumption of the theorem, we have [ H(x,y,t)du(z) =1
(see Theorem 1.4). By Fubini’s theorem we have

gl = [ Fo@duta) = [ [ B 09@dnw)dntz)
[t ([ #v0dute) ) ) = [ ataute) = Lol

Hence e'lg(x) = g(z) for all x € M and ¢t > 0. This implies that g must be a harmonic
function and g, := g A a is a non-negative L'-integrable L-superharmonic function for
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any non-negative constant ¢ > 0. By K.T. Sturm’s generalization of Grigor’yan’s result
(see [31, 33, 66]), the conservativeness of L-diffusion process implies that all non-negative
L'-integrable L-superharmonic functions must be constant. Hence, for all a > 0, g, is a
constant. This can only be true provided that g is a constant. Thus, any non-negative
L'-integrable L-subharmonic function must be constant.

If u is a Ll-integrable L-harmonic function, then g = |u| is non-negative L'-integrable
L-subharmonic. Applying the above result to g = |u|, we see that |u| must be constant.
Since M is connected and w is continuous, we conclude that u must be constant. O

7.2 L'-uniqueness of heat semigroup

Theorem 7.2 Suppose that there exists a constant C > 0 such that

Ric+V?¢ — % > -C(1+p(x)?), VYaxeM,

where p(x) = d(z,0), o € M is a fized point. Then
(1) Let v(x,t) be a non-negative function defined on M x R* satisfying

(L - ;) v(z,t) >0, /M vz, t)dp(z) < +oc0

for allt >0, and

lim [ wo(x,t)du(z) =0.
t—0 Jar

Then v(z,t) =0 for all (x,t) € M x RT.
(2) Every Lt (u)-integrable solution of the heat equation O;u = Lu is uniquely determined
by its initial date u(0,-) € L' ().

Proof. For the completeness of the paper we follow the method used in Li [41] to give a
proof of the theorem. For e > 0, let v (z) = v(x, ). Define ev.(z) = [, H(z,y,t)ve(y)du(y),
and F.(z,t) = max{0,v(z,t + ) — e'Lv.(z)}. Then tlir% F.(x,t) = 0 and

Let T > 0 be fixed. Define f(z) = fT F.(z,t)dt. Then

0

T T
Lf(x) = /0 LF (z,t)dt > /0 %Fs(x,t)dt = F.(z,T) > 0. (7.47)
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By Fubuni’s theorem and using the fact that P, = e'” is conservative, we have

/f Ydp(z // c(x, t)dp(z)dt

/ [ otant+ o) et oldnte)

/ / (x,t+ e)du(x dt—l—/ /e ve(x)dp(z)dt

- / | vtot+e)intoyie+ / | [ e aut

- /OT /Mv(x,t—f—e)du(x)dt-i-T/M v (y)dp(y).

Hence ||f||z1(n) < oo. Therefore, f is a non-negative L'-integrable subharmonic function.
By the L!-Liouville theorem (i.e., Theorem 7.1), f must be constant. Combining this with
(7.47), we have 0 = Lf(x) > F.(x,T) > 0. Hence F.(z,T) =0 for all z € M and T > 0.
Therefore

(FAIFAYOD)

IA

IN

el (z) > vz, t +¢). (7.48)

Applying the upper bound estimate (6.44) of the heat kernel H(z,y,t) and setting R =
1+ 2d(z,y), we have

e, (z) < CE N (Bo(vVD) /

M

[eXP (W +at(l+ d2(w,y))> v(y,a)] dp(y)-

Hence there exists a sufficiently small ¢y > 0 such that for all 0 < ¢ < ¢ty we have

e, (@) < O™ (By (V) / o(y,€)dpu(y).

M
Therefore for all x € M and for all 0 < t < tg,

e— e—s

lim e*Fv. () < Ot~ (Bo(VE) lim [ o(y, €)dp(y) = 0.
M

On the other hand, for ¢ > t; setting ¢ = nty + a, where a € (0,%g), by induction and the
semigroup property, we have for all x € M,

tL _ : ntoL al
hr%e (x) = ili%e (e*"ve) (x)

= elol (lim e("_l)toeaLUE) (x)

e—0

aLUE (ZL’)

= "™l lime
e—0
= 0.
Hence lir% etfv.(z) = 0 for all x € M and t > 0. Combining this with (7.48), we have
v(z,t) < 0. As v(z,t) is non-negative we obtain v(x,t) = 0. This proves (1).

Suppose that u(x,t), us(x,t) are two L'(u)-integrable solutions of the heat equation
Oyu = Lu with the initial data u(-,0) € L'(M, ). Applying this above result to v(x,t) =
|ug(x,t) — ug(x,t)|, we see that v(x,t) = 0 and hence the heat semigroup is uniquely deter-
mined by u(-,0) in L*(M, ). The proof of (2) is finished. O
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8 Applications and some further remarks

8.1 Uniqueness of L-invariant measure

In this subsection we give an application of the strong Liouville theorem (i.e., Theorem 1.3)
in the study of the problem of uniqueness of L-invariant measure on complete Riemannian
manifolds. Recall that a Borel measure v on M is an invariant measure of L if and only if
L*v = 0 holds in the sense of distribution, that is, for all f € C§°(M), we have

/M Lfdv = 0.

In the case where M is a compact Riemannian manifold, a famous theorem due to Kol-
mogorov [40] (see also Ikeda-Watanabe [37] Proposition 4.5, P. 293) says that for any elliptic
operator of the form A = A+b (where b is a smooth vector field on M), an invariant measure
v(dz) of A-diffusion exists and is unique up to a multiplicative constant, moreover v(dx)
must be of the form v(z)dz for some v € C*°(M). Hence, in the case where M is a compact
Riemannian manifold, the invariant measure of L = A — V¢ - V (which is symmetric on
L?(M, p)) is unique up to a multiplicative constant and must be of the form cu for some
constant ¢ € IRT. The following result gives a natural sufficient condition for the uniqueness
of L-invariant measure on complete non-compact Riemannian manifolds.

Theorem 8.1 Let M be a complete Riemannian manifold, ¢ € C*(M). Suppose that there
exists a constant m > n such that

Vo(r) ® Vo(r)

m—-n

Ric(z) + V2¢(z) — >0, Vz € M.
Then the positive invariant measure of L is unique up to a multiplicative constant and must
be of the form cu, ¢ € RT.

Proof. Let v be an invariant measure of L. Then L*v = 0 holds in the sense of distri-
bution. The elliptic regularity (i.e., Weyl’s lemma) implies that the restriction of v on any
relative compact open set U C M must be of the form v(dx) = v(z)dx, where v € C%(U).
By the standard argument based on the partitions of unity on any complete Riemannian
manifold, we conclude that v must be of the form dv(z) = v(x)dx, v € C?(M). Therefore,
there exists a function u € C?(M) such that v = uu. Note that, for all f € C5°(M,IR),
JLfdv = [Lfudp = [ fLudp. Therefore L*v = 0 if and only if Lu = 0. Hence, the
uniqueness of positive L-invariant measure is equivalent to the strong Liouville theorem for
L. Theorem 8.1 follows from Theorem 1.3. 0

8.2 L'-uniqueness of the intrinsic Schrodinger operator
Recall that the diffusion operator L in L2(M, u) is unitary equivalent to the Schrédinger

4 2
seen in Section 1.3 that P, = et is LY(M, e ?®)dz)-unique if and only if Q, = €' is

LY(M, e*@dx)—unique. This observation and Theorem 7.2 lead us to state the following

operator H = A — (M - M) in L?(M,dz). Using this isomorphism, we have already
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Theorem 8.2 Suppose that there exists a constant C' > 0 such that
Vo Vo >

m—-n

Ric+ V?%¢ —C(1+p(x)?), VYaeM,

where p(x) = d(x,0), 0 € M is a fized point. Then the Cauchy problem of the heat equation
2
Owu = Hu 1s well-posed in Ll(M,e_%dx), where H = A — (% - %) That is, every

Ll(e_%dx)-integmble solution of Opu = Hu is uniquely determined by its initial data u(0,-) €
LY (M, e=*@)/24z).

8.3 Example: Ornstein-Uhlenbeck operator

Now we consider the Ornstein-Uhlenbeck opegator L =A —z-V on the finite dimensional
Gaussian space (IR™, ) with p(dz) = e I#I7/2dz. In this case, the Bakry-Emery Ricci
curvature Ricp, (L) is given by

=l

Ricp n(L)(z) = <1 ) I, zeR",

m-—n
in particular, Ric(L) = Riceon(L) = I, where I denotes the identity transformation on
IR". The well-known Mehler formula implies that P, = e* is conservative and the strong
Liouville theorem holds for non-negative harmonic function Lu = 0. Notice that for any
finite dimensional Ornstein-Uhlenbeck operator we have

Ric (L)) > —C(1 + [2]?).

By Theorem 7.1 and Theorem 7.2, the L!(u)-Liouville theorem holds for the solutions of
Lu = 0 and the heat semigroup P; = ' is L!(u)-unique. Moreover, Ric,, ,,(L) satisfies the
assumptions required in Theorem 1.4 and Theorem 1.5. Therefore, P, = e’ is a Markovian
semigroup and has the Cy-diffusion property. Moreover, the Ornstein-Uhlenbeck operator
L = A — z -V which is symmetric on L?(IR"™, ) is unitary equivalent to the harmonic

oscillate operator H = A — (% — n) which is symmetric on L2(IR", dz). By Theorem 8.2,

212
we conclude that the heat semigroup @Q; = et ig Ll(e_%dx)-unique. Indeed, as it will be
explained in Section 8.5 below, P; = e~ is LP(p)-unique and Q; = et is LP(e"7 71 dx)-
unique for all p € [1, 00).

8.4 Riesz transforms for ultracontractive diffusion operators

In [7, 44], the conservativeness plays a crucial réle in the study of the LP-boundedness of
Riesz transforms associated with symmetric diffusion operators. By Theorem 2.2 in [44], if
L =A—-V¢-V is a conservative diffusion operator satisfying the utracontractivity property
in the sense that

A
1P A~ < crglflleg, ¥ f € CR(M), € (0,)

where | = dim(L) > 0 (is called the ultracontractive dimension of L) and A > 0 are some
constants and if there exist two constants € > 0 and B > 0 such that the lowest eigenvalue
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Amin(2) of the Bakry-Emery Ricci curvature Ric(L) = Ric + V¢ satisfies the integrability
condition
(Amin(x) + B)™ € Ll/2+E(M> 1),

then for all p > 2, the Riesz transforms R, (L) = V(a — L)~/? is bounded in LP(M, ).

Assuming that Ricy, »(L)(z) = Ric(L)(x)— W > —C(1+p*(z)), where p(z) =
d(o,z). Then pu(B(o,7)) < C1e%"” for all r > 0. Let u € Cy(M) N C2(M). By Grigor'yan’s
criterion, the diffusion operator L = L+Vu-V is still conservative since fi(B(o,r)) < Cye@
for all r > 0, where dji(z) = e"*®du(z), C; = Cre~™%_ Since u is bounded, we can prove
that if L is a ultracontractive symmetric diffusion operator in L?(M, 1) with the dimension
dim(L) > 1, then L is a ultracontractive symmetric diffusion operator in L2(M,Ji) with
the same dimension dim(L) = dim(L). That is, P, = el satisfies the ultracontractivity
property with dim(L) = dim(L). Hence, using Theorem 2.2 in [44] we obtain the following

Proposition 8.3 Let L = A—V¢-V be a ultracontractive diffusion operator on a complete
Riemannian manifold (M,g) with dim(L) = 1 > 1, Ricyn(L) > —C(1 + p*(x)). Then
for all uw € Cy(M) N C%(M), the Riesz transform associated with the diffusion operator
L=L+Vu-V, namely, Ra(i) =V(a— E), is bounded in LP(M,e ") for all a > 0 and
p > 2 provided that for some B >0 and € > 0,

/M [()\min <V2u(x) + YD) & Velo) Vé(x)) — Cp(x) + B) :

1
3te€

du(z) < 400,
m-—n

where Apin(Vu?(z) + W) denotes the lowest eigenvalue of the symmetric 2-tensor
V2u+w on T, M,V xe M.

8.5 [LP-Liouville theorem and [”-uniqueness

For all p € (1,00), Yau [72] proved that the LP-Liouville theorem holds for solutions of
Lu = 0 on any complete non-compact Riemannian manifold. By Strichartz [65], it is well-
known that the Laplace-Beltrami operator A is essentially self-adjoint in L?(M, dx) and the
heat semigroup e*® is LP(dx)-unique for all p > 1. By Bakry [7], the diffusion operator
L = A — V¢ -V is essentially self-adjoint on L*(M,pu) for all ¢ € C?(M). By Sturm
[66], it is known that for any complete non-compact Riemannian manifold M and for all
¢ € C?(M), the LP-Liouville theorem holds for L-harmonic functions and the LP-uniqueness
holds for the heat semigroup P; = e’ for all p € (1,00). By the correspondence between
the LP-uniqueness of the heat semigroup P; = e'* and the one of the Schrédinger semigroup

Q. = et generated by H = A — (% - %), we conclude that Q; = e*¥ is unique in
LP(M,eprwda:) for all p € (1,00).

8.6 Infinite dimensional case: open problems

The proofs of the main results of this paper are strongly relied on the generalized Laplace
comparison theorem for diffusion operator with curvature-dimension condition. It seems to
the author that one cannot extend the main results of this paper to infinite dimensional case
if we want to keep the lower bound of the Bakry-Emery Ricci curvature to be a negative
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quadratic polynomial of the distance function. That is to say, the author cannot prove that
the main results of this paper remain true on infinite dimensional manifolds under the pure
negative quadratic curvature condition Ric(x)+VZ2¢(z) > —C(1+d?*(z,0)),V & € M, where
d(x,0) denotes the Carnot-Carathéodory metric corresponding to L. Here, we would like
to mention a result due to Bakry [6] which says that if Ric(L) = Ric + V?¢ is uniformly
bounded below by a negative constant, then the heat semigroup P, = et is conservative.
Moreover, we refer the reader to Cruzeiro-Malliavin [19] and Bogachev-Réckner-Wang [14]
and the reference therein for the the study of existence, uniqueness and regularity of invariant
measures for diffusion operators (which are not necessarily to be symmetric) on finite or
infinite dimensional manifolds under the strict positivity assumption of the Bakry-Emery
Ricci curvature.

8.7 Liouville theorems for non-symmetric diffusion operators

As we have mentioned in Section 1.7, Qian [57] has studied the problems of conservation and
the Cy-property for diffusion operator of the form L = A 4+ B where B is not necessarily to
be the gradient of some C2-smooth function. Moreover, Bakry and Qian [13] proved that the
generalized Laplace comparison theorem and the differential volume comparison theorem (for
the L-invariant measure) hold for non-symmetric diffusion operator L = A + B. To do this,
they replaced Ricm, (L) = Ric+ V¢ — Y22¥% by RicS (L) = Ric— VB — 828 where
V9B is the symmetric part of VB defined by VSB(§,n) = 3 {< V¢B,n >+ < V,B,£ >},
¥ &m € TM. See also Bakry-Qian [12]. In this case, the measure du(z) = e~?® dz should
be replaced by an L-invariant measure which is a solution of the elliptic equation L*u = 0,
where L* is given by L*f = Af — div(fB) for all f € C§°(M), see Ikeda-Watanabe [37] (P.
293) or Cruzeiro-Malliavin [19] and Bogachev-Réckner-Wang [14]. Due to these observations,
it would be very possible to extend the main results in this paper to non-symmetric diffusion
operators. We will study these problems in a forthcoming paper.

9 Generalized Calabi-Yau volume growth theorem and
a criterion for the finiteness of the total mass of the
invariant measure

9.1 Problem and background

In his report on the first submitted version of this paper, Professor P. Malliavin raised the
following problem to the author.

Problem 9.1 What is the optimal geometric and analytic condition on M and ¢ such that
the total mass of p(dx) = e~ dx is finite?

The well-known Bonnet-Myers theorem says that if M is a complete Riemannian manifold
with Ricci curvature bounded below by a (strictly) positive constant, then M must be
compact and hence has finite volume measure. Similarly, it has been known in the literature
(cf. [9, 19]) that if the (finite- or infinite-dimensional) Bakry-Emery Ricci curvature of the
diffusion operator L = A — V¢ - V is bounded from below by a (strictly) positive constant,
that is, Ricy, n(L) = Ric+ V¢ — w > K, where K > 0 is a constant, m = oo or

43



m > n is a constant, then y is a finite measure on M, that is, (M) = [}, e @ dr < +oo0.
For example, the invariant measure of the Ornstein-Uhlenbeck operator L = A —z - V on
Euclidean spaces or on the Wiener space is a finite measure since the infinite-dimensional
Bakry-Emery Ricci curvature of L is identically equal to 1, that is, Ric(L) = Id.

9.2 The generalized Calabi-Yau volume growth theorem

A famous theorem due to Calabi [15] and Yau [73] says that if M is a complete non-compact
Riemannian manifold with non-negative Ricci curvature, then M must have infinite volume.
In general, we can extend Calabi-Yau’s theorem to the following

Theorem 9.1 Let M be a complete Riemannian manifold, ¢ € C*(M). Suppose that there
exists a constant m € (n,o0) such that

7V¢®V¢ > 0.

m—-n

Ricpn(L) = Ric+ V3¢ —
Then for allo € M and all R > 0, € > 0, we have
(B(o, R+ 3¢)) >~ j(B(o,2)) (9.49)
1(B(o, > = (Bo,e)). :

In particular, if M is non-compact, we have
w(M) = / e @ dy = fo0.
M

Proof. By Remark 3.2, under the condition Ric, (L) > 0, it holds that Lp? = 2pLp +
2 < 2m in the sense of distribution. That is, for all ¢ € C§°(M,IR™"), we have

YLpdp < 2m / m (9.50)
M M

Since C§°(M) is dense in Lip, (M) which is the set of all Lipschitz functions with compact
support in M, the inequality (9.50) still holds for all ¢ € Lip,(M).

The rest of the proof is similar to the one of Calabi-Yau’s theorem given in Schoen-Yau
[63]. We fix a point 2y € 0B(o, R) and denote p(x) = dist(zg,x) for all x € M. Choosing
¥(x) = u(p(x)), where u(t) = 1 on [0, R—e], u(t) = 0 on [R+¢,00) and satisfies v'(t) = — 5
on [R— ¢, R+ €], then suppy C B(zo, R+ ¢). Integrating by parts shows that

V@)L )dula) = - [ Vi Vptdu
M B(zo,R+¢)

= —2/ o (p(x))p|VplPdp
B(zo,R+¢)

e / pdp
B(a}o,R-‘rE)\B(wo,R—E)

> e YR —e)u(B(zo,R+¢)\ B(xg, R —¢)).
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On the other hand, the inequality (9.50) implies

YLe*dp < 2m /M Yy = 2m iy

/B(IO,R+5)\B(mO,R—s) B(zo,R+¢)

< 2m 1dp = 2mu(B(zo, R+ €)).
B(zo,R+¢)

Note that B(o,e) C B(zg, R+ ¢) \ B(xo, R — ). Hence
2mu(B(zg, R +¢)) > e YR — e)u(B(zo, R+ )\ B(xg, R —¢)) > e (R — &)u(B(o,¢)).
On the other hand, B(zg, R +¢) C B(0,2R + ¢). Hence

R—¢

2me

w(B(o,2R+¢)) > w(B(o,€)), VR >e>0.

Replacing R by (R + 2¢)/2, we have

R (Blo.e), YR>0, e>0.

B > —
p(Blo,R+38)) = £ —

The proof of theorem is completed. O

Remark 9.1 Under the same condition as in Theorem 9.1, the generalized Laplacian com-
parison theorem implies that p(B(o, R)) < u(B(o,¢)) (%)m To see this, we need only to
take K(R) =0 in Lemma 3.1. Combining this with (9.49), we have the following two-sides
volume growth comparison inequality for any L-invariant measure g on complete Rieman-

nian manifolds with Ric,, (L) > 0, namely,

R

1(B(0,)) < u(Blo, R)) < u(B(0,)) () L VR>e>0.

(R—3e)"
dme

9.3 A upper bound diameter estimate

As a corollary of the estimate (9.49), we have the following result for the compactness of
complete Riemannian manifolds which seems new in the literature. We refer the reader to
Bakry-Ledoux [11] for another type of diameter upper bound estimate in terms of the mean
of the distance function on compact Riemannian manifolds.

Theorem 9.2 Let M be a complete Riemannian manifold, ¢ € C*(M). Suppose that there
exists a constant m € (n,o0) such that

Veave

Ricy n(L) = Ric+ V¢ —
m—n
If u(M) = fM e~ @) dy < 400, then M is compact. Moreover, for any e > 0 small enough,
the diameter of M satisfies
M
D(M) < Smep(M)

= Sup 4(B(0,9))°
oeM

(9.51)
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Remark 9.2 After the author proved the above diameter estimate (9.51), we are aware
from M. Ledoux that Lott and Villani [48] have recently proved the so-called weak Myers
theorem on metric-measure spaces via a combination of the Bishop type volume inequality
and the Talagrand optimal transport inequality. Their result says that if the CD(0,m) and
the CD(K,00) conditions hold on a compact measured length space, where K > 0 is a
constant, then the diameter of M satisfies D(M) < C/7% for some constant C' > 0 inde-
pendent of m and K. As mentioned in the beginning of this section, CD(K, c0) with K > 0
implies automatically pu(M) < oo, hence Theorem 9.2 and our diameter estimate (9.51) ap-
ply on complete Riemannian manifolds equipped with a L-invariant measure satisfying the
CD(0,m) and the CD(K, c0) conditions for some m > n and K > 0. It would be very inter-
esting to know whether there exists some link between (9.51) with the weak Myers theorem
proved by Lott and Villani and whether Theorem 9.2 and (9.51) hold on metric-measured
spaces equipped with a finite measure and satisfying the CD(0,m) condition.

9.4 A criterion of the finiteness of the total mass of the L-invariant
measure

We now turn to Problem 9.1 posed by Professor P. Malliavin. The following theorem gives
a criterion for the finiteness of the total mass of the L-invariant measure on complete non-
compact Riemannian manifolds. We owe this criterion to D. Bakry with whom a stimulating
discussion leads us to obtain the result.

Theorem 9.3 Let M be a complete non-compact Riemannian manifold, ¢ € C*(M). Sup-
pose that there exist a fized point o € M, a constant m € [n,o0) and a function K on IR™
such that for all x € M,

Ricy (L) = Ric+ V¢ (p(z)),

where m = n if and only if ¢ is identically equal to a constant. Then

_VoeVs |
m-—-n

w(M) = / e *@dx < 400
M
provided that for some e > 0,

e ([e, +0)) = / el KO dr < oo,

€

where ag s the solution to the Riccati equation

2
—d = K + m“f_fl in R\ {0}
with the boundary condition li%l+ rag(r)=m— 1.
T —

Notice that by the extended Myers theorem (see Part (1) in Theorem 1.1), since M is a
complete non-compact Riemannian manifold, the solution ax to the above Ricciti equation
is globally well-defined on (0, 00). Let

d2

d
@ +O/K((E)7

L =
K dx
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be the uni-dimensional diffusion operator on (0, c0) with an invariant measure given by
g (de) = e IS ax@Wdygy vy e > 0,
Similarly to the réle of the space forms (which are complete and simple connected Rieman-

nian manifolds with constant sectional curvature) in Riemannian geometry, ((0,00), Lk, ftx)
(in fact ([e,00), Lk, 1)) provides us with the model for the comparison with (M, L, u).

9.5 Proofs of Theorem 9.3

We would like to give three different proofs of Theorem 9.3.
Proof I Let duy(x) be the area measure on dB(o,r). Using the co-area formula and the
generalized Laplacian comparison theorem, we have

R
/ Lp@inte) = [ [ Low)dus(a)ds
B(o,R)\B(o,r) r 9B(o,s)

/TR /aB(O’S) axc (p(x))dpio ()ds

R
= / ak (8)ps(0B(0, 8))ds.

IN

On the other hand, the Green formula yields

Op(x
/ Low)ana) = [ 29) o () = 110 (0B (o, B)) ~ 1o (0B (o, 7).
B(o,R)\B(o,r) 9(B(o,R)\B(o,r)) v

Combining the above formulae with

Ou(B(o,r))

e (9B(0.1) = F=

and denoting Vg = u(B(o, R)), we obtain
R
V}’{—VT’S/ ar(s)Vids, Y R>r>0.

This yields that
V! <ag(r)V,, Vr>O0.
Then it is easy to verify that

R
Ve <V, + W/ elraxMdrgs v R>r > 0.

Letting R — oo, we have
wM) <V, + V}'/ elrax(Mdrgs v > 0.

T
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Proof II. Similarly to the proof of Lemma 3.1, integrating Lp? on B(o, R)\ B(o,r), where
R > r > 0, and applying the Green formula and the co-area formula, we can prove that

RV =1V, < Va =Vt [ p(@) Lp()dpu(2),
B(o,R)\B(o,r)

where

Ou(B(o,r))
or

Moreover, the generalized Laplacian comparison formula and the co-area formula imply

Vi = u(Blo,r)), V) = ¥ >0,

/ palLpyinte) < [ p(@)ar (p(2))dpu(z)
B(o,R)\B(o,r) B(o,R)\B(o,r)
R
= / sak (s)ps(0B(o, s))ds

R
= / sax(s)V.ds.

Hence .
RVI%_TV/ﬁVR—WJr/ sax(s)V.dr, ¥ R>r > 0.
This yields that
(rV,) < V! +rag(r)Vy, Vr>0.

That is
V! <ag(r)V,, Vr>0.

This implies the desired result in Theorem 9.3.
Proof III. Choosing the normal polar coordinate system (r,0) near o € M, where r € R,
6 € S*~1, the Gauss lemma implies that

ds; = dr? + gap(r,0)d0°d6°, a,=2,...,n.

Letting
‘](Ta '9) = det (gaﬁ (T7 0)

be the area density of the geodesic sphere dB(o,7), then

0%  OlogJ 0
= o T Tor oy tABEn
Hence on M \ cut(o), we have
Lr doel G or
or
~ OlogJ B oo(r,0)
o or

By the co-area formula, see also Lemma 6.2, the weight area measure of y on 0B(o,r) is
given by
dpg(r,0) = e~ "0 J(r,0)db,
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where df denotes the standard area measure on S™~1. Let

Jo(r,0) = e I (r.6). (9-52)
Then 9
Lr = 510g(}¢(r’ 0), on M\ cut(o). (9.53)

Therefore, the generalized Laplacian comparison theorem is equivalent to the differential
inequality
Jy(r,0) < ag(r)Jg(r,0), on M\ cut(o).

Combining this with
R
w(B(o, R)) :/ / Jp(r,0)drdo,
0 dB(o,r)

the standard argument yields that
u(B(o, R)) < u(B(0.7)) + i (9B(0,7)) / 7 I gs RS>0,

The proofs of Theorem 9.3 are completed. O

10 A variational approach to the Bakry-Qian Laplacian
comparison theorem

In [13], Bakry and Qian proved the generalized Laplacian comparison theorem for the dif-
fusion operator without using the Jacobi fields theory. To reader who is not familiar in
the theory of T's which serves as an indispensable tool in [13], it might be useful to give
a new proof for this result without using I's. Our proof uses the variational formulae in
Riemannian geometry and is accessible to people in geometric analysis.

Proof of Theorem 1.1. Choosing the normal polar coordinate system (r,0) at o € M,
where r € IR*, 0 € S”~!, the Gauss lemma implies that

ds3; = dr® + gap(r,0)d9°d0°, a,f=2,...,n.
Let
J(r,0) = \/det(gap(r,0),
Jy(r,0) = ef‘z’(’“ﬁ)J(r, 0).

Then
du(z) = Jg(r, 8)drdd.

By the first and the second variational formulae in Riemannian geometry, for all x = (r,0) €
M \ cut(0), we have

J'(r,0) = g—i(r, 0)=H(r,0)J(r,0),
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and

0%J 0 0
" N 2
J"(r,0) = o 5 ( ]E 1h RZC(@T’@T)+H (r,0)| J(r,0),
where H(r,0) denotes the mean curvature at = = (r,0), (h;;(r,0)) denotes the second

fundamental form of dB(o,r) at = = (r,0) with respect to the unit normal vector 2

Denote ¢’ = 8¢ 2(r,0), ¢" = grf (r,0). Then

Tifr,0) = %2(2,0) = [H ~ 9] 1ol 0),

2
T00) = L0 0,0) = (1 — 67 () + 1 — o Jo(r0). (10.54)

Substituting

n—1
o 0
_ 2 _ Ric(—
E h”(r,e) Rlc(ar,ar)

Q=1
into (10.54), we obtain
J// n—1 8 a
¢ 2 . " 2 ’ 2
- 2 Ric(—, 2y~ H? —2H
= —Ric(L) ‘9 Zh2 + H? —2H¢ + ¢
8 2
g 0 m-—n-—1 iy
= (L) (=, =—) + ———— ¢ + H> —2H¢' — hZ..
RZC ( )(87"67")—’_ m — (b + ¢ igz:l 1]
Notice that
n—1 2
n—1 ) n—1 ) (Zlh“) H2
> 2 > NI= =
Zh”_zh” n—1 n—1
i,7=1 =1
Hence
JY o 0 m—mn—1 n—2
o < _p; v 2 2 /
Jy T me’n(ﬁ ’31")—’_ m-—n ¢ +n—1H 2H¢
= P20 P — Ricna( o o)+ P e oy - 2 g
- om—1 mn o or m-—n 1
m—2[J} 0 0 m—n-—1 m—2
_ 9 —9H e - _an2
|52 - Rienalr o)+ Tt —ame - R - )
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Notice that

m-—n-—1 m—2

— ¢/2_2H¢1_H[H_¢/]2
n—1 2 2 - m-—n 9
(m—n)(m—l)q5 m—1H¢ (m—-1)mn-1)
B n—1 ) 1/(m —1) 2
(m—n)(m —1) [¢ T D/m—mm-1)

n—1 , m-—n 2
- e 2

(m—n)(m—1 n—1
< 0
Therefore )
Jy om—2[J] 0o 0
e < b A Y
Jp “m—1 {qu] Ricm.n )(87“767“)

Let u = #. Then
Jo

g J! 2 J!
o — T¢ _ [J‘i’} < b {(ﬁ] —Ricmn(L)(ﬁ 2)_
¢ ¢

That is to say, on M \ cut(o), we have the Riccati differential inequality

2
Y +Ricm7n(L)(8 4

/
> Z =z
e — or’ or

)-
Since any Riemannian metric on M is locally Euclidean, as r — 07, we have
J(r,0) ~ "1 and J’(r7 0) ~ (n— 1),,417,—2.

This implies that, as r — 0T,
Jp(r,0) ~ e 90 pn=1

and

J(r,0) ~ {—d)’(r, ) + nrl} Jp(1,0).

(10.55)

Since m > n (where m = n if and only if ¢ is identically equal to a constant), we have

-1 -1
u(r, 0) ~ {—d(r, 0) + “ ] < , as r— 0T,
r

r

Hence, under the curvature condition Ric,, (L) > K, we have

2

—u >

K
_m—1+

and the boundary condition

lim ru(r,0) =n—1<m-—1.
r—0
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The well-known Sturm-Liouville comparison theorem of the Riccati equation implies that
u<ag on M\ cut(o),

where ay is the solution to the Riccati equation

;0%
—ay = K 10.56
K m—1 * ( )
with the boundary condition
lim rag(r,8) =m — 1. (10.57)

r—0+

Hence, the Bishop volume differential inequality holds

Jféﬂ(h 0) <ag(r) on == (r,0) € M\ cut(o). (10.58)

As in Proof III of Theorem 9.3, the Gauss lemma implies that

Lr on M\ cut(o).

!
)
Jy’
Combining this with (10.58), we have
Lr <ak(r) on z=(r,0) € M\ cut(o).

Moreover, this also implies that Ar = Lr + ¢’ can only be well-defined on (0, 0) x S"~1,
where dx denotes the explosion time of the solution ax to the Riccati equation (10.56) with
the initial condition (10.57) such that

lim ag(r) = —oc.
7"—>5K—

Hence the Myers theorem holds, that is, the diameter of M is less than g, i.e.,
D(M) < k.

The proof of Theorem 1.1 is completed. O
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