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Abstract

Let M be a complete Riemannian manifold, Wy be the Weitzenbock curvature on
AFT*M. We prove that, if W), > 0, then weak LP-Hodge decomposition theorem holds
on LP (AkT*M ) for all p > 1. To do so, we prove a probabilistic representation formula for
the singular integrals dd*[l,:l and d*dD,;l and prove that they are bounded in LP for all
1 < p < oo provided Wy > 0.
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1 Introduction

During the decade 1930-1940, Sir W. Hodge [13] developed the theory of harmonic integrals
on forms over compact Riemannian manifolds. He established the Hodge decomposition
theorem on compact Riemannian manifolds. As a consequence, he obtained the De Rham-
Hodge isomorphism theorem between the De Rham cohomology and the space of harmonic
forms on compact Riemannian manifolds. It might be worth to mention that, the first
complete and correct proof of Hodge’s theorems is due to H. Weyl [32]. So far, it has been
well-known that the Hodge theory has far reaching implications in geometry and topology,
in particular, in algebraic and complex geometry.

The Hodge decomposition theory has a very close connection with the study of bound-
ary valued problems and the hydrodynamic systems. In his 1858 paper [12], in order to
solve boundary value problems arising from the study of hydrodynamic systems, Helmholtz
[12] formulated a result, known as the fundamental theorem of vector calculus, states that
any sufficiently smooth, rapidly decaying vector field can be decomposed into irrotational
(curl-free) and solenoidal (divergence-free) component vector fields. The Helmholtz decom-
position, when understood in a suitable form, can be regarded as the Hodge decomposition
on IR3. To see another important source of using the Hodge decomposition to study hydro-
dynamic systems, let us mention that, in his fundamental papers [17, 18, 19], Leray initiated
the method of using the L2-orthogonal projection P = Id + V(—A)~!div (from the space of
L2-vectors on IR? to its subspace of divergence-free L2-vectors) to study the Navier-Stokes
equations. In [31], Weyl used the method of orthogonal projection to study the boundary
problems on domains in IR”. For further developments, see e.g. Lions [22], Schwartz [26]
and reference therein.

Since the end of 1940s, many people have tried to generalize the Hodge theory to complete
non-compact Riemannian manifolds. Let (M, g) be a complete Riemannian manifold, n =
dimM, and dv(r) = y/detg(z)dz be the volume measure on M. Let C§°(A*T*M) be the
space of smooth k-forms with compact support. For any p > 1, let LP(A*T* M) be the space



of LP-integrable k-forms on M. The L2-inner product on L?(A*T* M) is defined
(e, B)) = / (a, B) dv, Vo, € C°(AFT*M).
M

Let dy. : C°(A*T*M) — C§°(A*T1T* M) be the exterior differential operator. The formal
L%-adjoint of dj, with respect to the Riemannian volume measure, dj : C§°(AFT1T*M) —
Cs°(AFT* M), is defined by: for all a € CS°(AFT* M), B € O (AFIT* M),

/ (dpa,m) dv = / (o, di.B) dv.
M M
The Hodge Laplacian on C§°(AFT* M) is defined by

Ok = di—1dy_; + didg. (1)

It is well-known that, on any complete Riemannian manifold M, Oy, is closable in LP (A*T* M)
for all p > 1, and is essentially self-adjoint on L2(A*T*M), cf. [29]. In this paper, we use [J
to denote the Hodge Laplacian on C§°(A'T*M).

In 1949, extending the orthogonal method of Weyl [31, 32], Kodaira [16] proved the
following weak L2-Hodge decomposition theorem on complete Riemannian manifolds.

Theorem 1.1 (Kodaira [16], De Rham [8]) Let M be a complete Riemannian manifold.
Then the following orthogonal Hodge decomposition holds in L?:

L2(AFT* M) = Ho(M) © dCP(AF=1T*M) @ d*Cg° (AT M),
where {-} denotes the L? closure of the subspace in {-}, and
Hy(M) = (KerD) N L2(A*T* M).

In 1983, Strichartz [29] introduced the notion of the Riesz transforms on differential
forms on complete Riemannian manifolds. Moreover, he pointed out that there exists a
deep relationship between the LP-boundedness of the Riesz transforms on forms and the LP-
Hodge decomposition theory on complete Riemannian manifolds. In their 1993 Acta Math
paper [14], using the LP-boundedness of the Riesz transforms, Iwaniec and Martin proved
the following LP-Hodge decomposition theorem on IR™.

Theorem 1.2 Letw € LP(IR",A¥R"), 1 <p < oo, and k =1,...,n— 1. Then there is a
(k —1)-form a and (k + 1)-form 3 such that

w=doa+d*j3

and
da, d*3 € LP(IR", A*IR"),

where d* denotes the L?-adjoint of d with respect to the Lebesgue measure on IR™. Moreover,
da and d* (3 are unique,

a € Kerd* N LP(R™, A*~'IR"), 8 € Kerd N LY (IR", A¥F1IR"™),



and there exists a constant Cyp(k,n) > 0 such that
e qrmy + 18l (mmy < Co(ksn)||wllp,

where LY (IR™, A*¥IR™) denotes the homogenuous Sobolev space of k-forms on IR™ whose first
order derivatives are LP-integrable with respect to the Lebesgue measure on IR™, on which
[wllze@rny = lldwllp + [d*wllp. (Indeed, using a later result of Iwaniec-Martin [15], and
Banuelos-Wang [6], the above mentioned constant Cp(k,n) can be independent of n.)

The purpose of this paper is to study the following fundamental problem.

Problem 1.3 Under which condition on M, can we establish the LP-Hodge decomposition
theorem for some or allp > 17

As in the case M = IR", we can imagine that a satisfied answer to the above fundamental
problem will have important applications in the study of the Navier-Stokes equations on
complete Riemannian manifolds. By [29], in order to establish the LP-Hodge decomposition
theorem, we need only to prove that the singular integral operators dd*D,;1 and d* dD,;l are
bounded in LP(A*T*M) for all p > 1. Indeed, Strichartz [29] also indicated that dd*0~!
and d*dd~' are bounded in LP for all p > 1 provided that the Riesz transforms dD;l/ % and
d*D,;l/2 are bounded in L? for all p > 1. Inspired by Strichartz [29] and based on some
earlier works due to Bakry[2], the author [21] proved the Hodge decomposition theorem
under the non-negativity conditions on the Weitzenbock curvatures Wi, i =k — 1, k k+ 1.
More precisely, we have

Theorem 1.4 (Li [21]) Let M be a complete Riemannian manifold. Suppose that the fol-
lowing Weitzenbdck curvatures are non-negative, i.e.,

W; >0, i=k—1,k k+1.

Then the Riesz transforms dD,:l/2 and d*lj;l/2 are bounded in LP(A*T*M) for all p > 1.
Moreover, the Hodge projection

H: LP(A*T*M) — (KerOy) N LP(A*T* M)
18 bounded in LP, and the weak LP-Hodge decomposition holds:
LP(APT*M) = HLP(A*T* M) @ dd* 0, ' LP(A*T* M) @ d*d0;,  LP(A*T* M).
More precisely, every w € LP(A¥T*M) has the weak LP-Hodge decomposition
w = Hw+dd*'0; 'w + d*d0;, 'w. (2)

We will establish the so-called Weak LP-Hodge decomposition theorem on complete Rie-
mannian manifolds with non-negative Weitzenbock curvature. Before stating our result,
we would like to review some backgrounds in the study of the LP-Hodge decomposition on
complete non-compact Riemannian manifolds.

The main observation of this paper is that, the singular operators dd”‘D,;1 and d*d0~!
are bounded in LP(A*T*M) for all p > 1 provided that W}, > 0.

Now we are in a position to state main result of this paper. Our first result is the
following



Theorem 1.5 Let M be a complete Riemannian manifold. Suppose that the Weitzenbick
curvature on A¥T*M is uniformly bounded from below by a non-positive constant, i.e.,

Wk Z —a,

where a > 0 is a constant. Then, for all p > 1, the singular integral operators dd*(a+ ;) ™!
and d*d(a + Og)~1 are bounded in LP. Moreover, there exists a constant C > 0 such that

dd*(a +Op) " 'wll, < CllAx|(p* —1)%2, (3)
ld*d(a+Op) " wll, < CllAzl(p* —1)%2, (4)
where
. { p }
p =maxqp, —— 9
p—1
and

Al = sup sup  Aw@l

, 1=1,2.
TEM wEAFT* M w(z)£0 |w(z)]

In particular, if the Weitzenbéock curvature on A*T* M is non-negative, i.e.,
Wk 2 07

for all p > 1, the singular integral operators dd”"D,:1 and d*lez1 are bounded in LP. More-
over, there exists a constant C > 0 such that

ldd* 0, wl, < Ol — 1), (5)

la*dDy twll, < CllAzli(p* —1)%2. (6)

Based on Theorem 1.5 and using the heat equation approach to the Hodge theory, we
prove the following Weak LP-Hodge decomposition theorem.

Theorem 1.6 Let M be a complete Riemannian manifold. Suppose that the k-th Weitzenbick
curvature 1s non-negative, i.e.,
Wi > 0.

Then the singular integral operators dd*EI,;1 and d*dD,:l/2 are bounded in LP(A*T*M) for
all p > 1. Moreover, the Hodge projection

H : LP(A*T*M) — (Kery) N LP(AFT* M)
18 bounded in LP, and the weak LP-Hodge decomposition holds:
LP(APT*M) = HLP(A*T* M) @ dd* 0, ' LP(A*T* M) @ d*d0,  LP(A*T* M).
More precisely, every w € LP(A¥T*M) has the weak LP-Hodge decomposition

w = Hw+dd*'0; 'w + d*d0;, 'w. (7)



2 Martingale representation formulas of dd*(a+)~! and
d*d(a + O)~1

In this section we prove the martingale representation formula of the singular integral oper-
ators dd*[J~! and d*dJ~! on complete Riemannian manifolds.

Let M be a complete Riemannian manifold, V7' be the Levi-Civita connection on T'M.
We have the following Bochner-Weitzenbock formula

O=-A" 4+ W, (8)

where

AT = Trv?

is the covariant Laplace-Beltrami operator on A'T* M. More precisely, in a local orthonormal
basis eq,...,e, near x € M, we have

n
H _ —
AP = Z VeVei =V . (9)
i=1 i=1
Fix € M. Let {ei,...,e,} be a normal orthonomal basis of T, M for y near = such
that Ve,e;(z) =0, 4,5 = 1,...,n. Let {e],...,e},} be the dual basis of {e1,...,e,}. For
J=1,...,n, let aj = €A, and a; be the interior multiplication induced by e;, i.e.,
a;w = e; Nw,
AW = de;w.

Proposition 2.1 Let A; = (aia;), Ay = (afaj), B = A1 — As. Then, at the point z, for
allw e C®°(A'T*M), we have

d'dw(z) = V*A1Vw(x), (10)
dd*w(z) = V"AVw(x), (11)
(d*d —dd")w(z) = V*BVuw(z). (12)

Proof. By the standard result in Riemannian geometry, we have
n
Vi == Venle).
j=1

Moreover,

n

2 : *
d: ajvej,

=1

d*=— i ajVej.
j=1



Therefore
d*dw = — Zaivei (G;Vejw) .
4,9
Since V,e;(x) = 0, we deduce that, at the point z, it holds

d'dw = - Zaia;veivejw
.3
= — Z Vi (aia;fvejw) .
4,3
This yields
a1 .o Qln Vlw
d'dw(z) = VA Vw(z) =V | ain ... ain Viw | (2).
apl ... Qnn Vnw
This proves (10). Similarly, we can prove (11). By (10) and (11), we obtain (12). O

Let X; be the Brownian motion on M with generator A, i.e., the heat semigroup gene-
tated by X, is e'®, where A is the Laplace-Beltrami operator on M. Suppose that M is
stochastically complete, i.e., the Brownian motion X; has infinite lifetime, equivalently, the
heat kernel of A satisfies

/Pt($7y)dy=1, Vo e M,t>0.
M

Let M* € End(A*T% Mx,, A*T% Mx,) be the solution of the following equation

SMt) = ~Wi(X)Mi(0)

Mg(0) = Iper-n-
For any a > 0, let
wa(,t) = e M@ y(x), Vo e M,t>0.
Proposition 2.2 We have the following identity

T
w(X7) = T M3 wa(Xo, T) + / TV M I Vw, (X, T — 5)d X (13)
0

Proof. By the covariant It6 formula on forms, as dX; - dX; = 2dt, we have
V(e "M (t)wa(Xs, T —t))
= e "M} (t)Vwe (Xe, T —t) 0 dXy + e “ M (t)Oswa( Xy, T — t)dt
\Y

+a(e*“tM;;(t))wa(Xt, T —t)dt

= eiatM;; (t)Vwa(Xt, T— t)dXt + %efatM,: (t)Vzwa(Xt, T— t)(dXt, dXt)
+e M (t) (a + O)wa (Xy, T — t)dt — e~ M () (a + Wi (Xy)) wa(Xy, T — t)dt
= e "M (t)Vwa(Xy, T — t)dX; + e M (t) (TrV? + 0 — Wi (X)) wa(Xe, T — t)dt.



By the Bochner-Weitzenbock formula,
O=-TrV? + Wi,
Hence
V(e "M} (wa (X, T — 1)) = e "M (t)Vwa (Xs, T — t)dX;.

Integrating from ¢ = 0 to t =T, we obtain
T
e TMrw(X7) = wa(Xo, T) + / e~ MIVw, (X, T — 8)dXs.
0

This completes the proof of Proposition 2.2. O
Now we can state the main result of this section.

Theorem 2.3 Let M be a complete and stochastically complete Riemannian manifold. Then,
for alla >0, w € C(A*T*M), we have

dla+D)'d'w = Jim Sh,w, (14)
d*(a+0) tdw = Jim Sh,w, (15)
where
T
Sh w(z)=ET / DM M ANVWw, (Xy, T — 1)dX, | Xp = x] , i=1,2.  (16)
0

In particular, the Beurling-Ahlfors transform
Spw := (d*d — dd*)(a +0) 'w

has the following martingale transform representation

T
/ =) Mo M BV wo (X, T — t)dZ,
0

Spw(z) = lim ET

T—o0

ZT = x] 5 (17)

FEquivalently,
Spw = Tlim (Sh, — 5%, w.

Proof. To prove (14), we need only to show that, for all n € C§°(A*T*M), we have

/M < lim S} w(z), n(x)> dx = /M {(dd*(a+0)'w,n) dx

T—o0

Since the distribution of X7 is m(dz) = dx, the property of conditional expectation implies

T
/ <S£1w(x),n(x)>dx = ET (n(XT),/ ea(sz)MTMsflAVwa(Xs,T—s)dXs) .
M 0




Applying (13) to 1, we can therefore deduce that

| (hw)nte)) de =17 + 17,
M

where
T
i = ET <e“TM;1na(XO,T)7/ e“(S‘T)MTMs‘lAlea(XS,T—s)dXS>
0
T T
7 = ET / e T=INETIMIVD (X, T — 5)dXs, | ™D MM A1V, (X, T — 5)dX, )| .
0 0

Taking the conditional expectation with respect to Xy and using the martingale property
of the It6 integral, we can prove that

lim 17 = /M {(dd*(a +0) 'w(z),n(z)) dz. (18)

T—o0

Ir ET

T
/ e M A1V, (X, T — s)dX,
0

<77a(X05 T)’ E

= 0.

Thus we need only to prove

By the L2-isometry of Itd integral, we have

I = ET

T
/ <e“<T—5)M;’1M:Vna(XS, T —s), e My M A Voo (X, T — s)> ds]
0

/OT /M /M (Vna(2,T = ), AtVwa(2, T — s)) pi(x, z)drdzds

[ T AT . izt

By the fact that [ 1 Pe(x, z)dx = 1, and using integration by parts formula, we have

I

T
/ / (Vne(z,T — 8), A1Vwa(z, T — s)) dzds
o Jum

T

/ / Ma(2, T —5), V*AVw, (2, T — s)) dzds.
0 JM

By Proposition 2.1, we have

V*A 'V =dd”.

Therefore

T
I = / / Ma(2,T — 8),dd*wa (2, T — 8)) dzds.
0o Jm



Changing T — t to t, and using the fact that dd*(a + 0)~! = (a + 0)~1dd*, and by the

self-adjointness of the heat semigroup with respect to dv(zx), we have

T
I = / / (na(z,t),dd*(a+ O)(a+0) 'we(z,t)) dzdt

M

T
/ (na(2,1), (a+0O)dd*(a + O) 'wa(z, 1)) dzdt
oy
-1
oy

T
<17 / (a + 0)e 2D gd* (a + D)_lw(z)dt> dz.
0

g

g

g

(e
< 7t(a+D ), (a+ e —t( a+|:|)dd*(a_|_|:|) w(z )>dzdt
(n2)

1(2), (a + 0)e 2@+ 0 gg* (g + O)~tw(z )>dzdt

g

— o — S— S—. S

M

Hence
lim 17 = /

T—o0 M
8

T—oo Jg

n(z),
<17(z)7 /oo(a + O)e 21+ D dd*(a + D)_lw(z)ds> dz
0
% / (n(2), (a + O)(a + 0) " dd*(a + O)~'w(2)) dz
M

S n,dd* (a +0)"'w) do.
2/m

This finishes the proof of (14). Similarly, we can prove (15) and (17).

~a+Dy (), (a + O)dd* (a + D)‘le(‘t(“+m)w(2))> dzdt

T
< lim (a+O)e 2D ad* (a + D)lw(z)dt> dz

3 The LP-boundedness of dd*(a + 0)~! and d*d(a + O)~

In this section we prove Theorem 1.5. To prove it, we need the following
Lemma 3.1 Forw € C*(A¥T*M), and a > 0, let
wa(z,t) = e @D y(z), Vo e Mt >0.

Then

<L+ i) (wale, T = O = 2V, T~ O +2 (W + a)wa(w, T — £),wa(z, T~ 1)), (19)

where V = (V, 0;).



Proof. Let @y (x,t) = wq(z, T —t). By the generalized Bochner-Weitzenbock formula, we
have

L|@a|? = 2|V, |? — 2 (0B, we) + 2 Wk, @y) - (20)

Using the fact that
0
Ewa(x,T —t) = (a+ DQwu(z, T — 1),

we deduce that
0

L|@a|* = 2|V@,|? — 2 <atc~ua,fua> +2((W + a)Wq, Wa) - (21)

By the elementary identity

0 0
§|wa(m,T —F=2 <8twa(x,T —t),wa(z, T — t)> ,
we can obtain (19) from (21). The proof of Lemma 3.1 is completed. O
Proof of Theorem 1.5. By Theorem 2.3, using the fact that E| | X, = z] is contractive

in LP, and by the Burkholder-Davies-Gundy inequality, we have
T 1/2
IS%,wllp < Cp sup (e Mp M, A {/ Vwa(Xt,Tt)lzdt} ;
0<t<T 0
P

where, cf. [28] (P. 50)

1 P py P/2
C,=49=-plp—-1) — .
b {217(17 )(p_1> }
Under the curvature condition Wy > —a, and using the Gronwall inequality, we can prove
[ Mr MY < e, v e [0,T). (22)

Therefore
T 1/2
15%,wllp < CpllAdll {/0 [Vwa (X, T — t)lzdt} : (23)

Let
1/2

I— {/O Veow (X3, T — 1) dt}

||I||p < BpHWHp- (24)

Below we prove that

10



By Lemma 3.1, we have

T 9 1/2
V2J < {/ (L+ 8t> |wa (X, T — t)%lt} =1.
0

By It6’s formula, we have

t

lwa (X3, T =) = |wa(X0,T)|2+/ V|we(Xs, T — 8)|2dW,
0
¢ d

+/O <L+as> |lwa (X, T — 8)|*ds.

Zy = |wa (X, T — t)> — |wa(Xo, T)]?, 0<t<T,

Let

tAT
Mt:/ Vwa (X, T — 8)[2dW,
0

tAT 8
A, = / <L + ) lwa (Xo, T — 5)|%ds.
0 68

Then we have the Doob-Meyer decomposition Z; = M; + A;. By Lemma 3.1, A; is a
non-negative increasing process. Thus, Z; is a submartingle with respect to Px,.

To estimate ||I]|,, we need to use some submartingale inequalities. By the Lenglart-
Lépingle-Pratelli inequality, cf. [28] (Proposition 52 in P. 52), for all p > 1, we have

and

E [Aﬂ < (p)P/2E | sup Z;
t€[0,T

(M)

. (25)

On the other hand, using the Doob inequality for submartingale, for all p > 2, we have

< (%)=l

p P2 P p
<H> E [[o(X7)[") + E [lwa(Xo, T)I7]

p/2
p
2(25) el

From the above inequalities we get

2
Il < pp/2 p v P
HIE <p — [lw][}-
p—2

P
2

E | sup Z;
te[0,T]

Noks

Thus, for all p > 2,
p

I £ ———
7 <~

[wllp-

11



From (22), (23) and (24), we can deduce that, for all p > 2, we have
dd*O s, < Cll Al (p — 1)
Similarly, we can prove that, for all p > 2, we have
ldd* (a+0) "], < CJl Asll(p — 1?2,

Note that dd*(a + 0x)~! and d*d(a + Og)~! are self-adjoint. In fact, we have

dd*(a +O) " = (a4 O)~'dd* = (dd*(a + Og)~1)*,
and

d*d(a+0g) ™' = (a+0g) " td*d = (d*d(a + Og) 1"
In the case p = 2, using the Gaffeny integration by parts formula, we have

o — Huw|2 = ldd" 0 w| + [*d0 " |2,

This yields that

ldd" D7 wllz < lwll2,
la*dD™ wlla < Jlwll2,
[Hollz < lwl-

By duality argument, we can prove that, for 1 < p,q < oo, % + % =1, we have

ldd* (a+ Ok) " llpp = [1(dd*(a +0%) ™) [lpp = ldd*(a + 0p) ™

9,9

and

ld*d(a + Ox) " lpp = I(d"d(a + Ox) ™) [lpp = lld*d(a + Ox) ™!

q9,9*

By (26), (27), (32) and (32), we can therefore obtain that, for all 1 < p < 2,

- CllA|

* 1

ldd* (e +0) " wl|, < TR
CllAs|

* —1
[dd*(a +0) " wllp < =137

(26)

(27)

(34)

Thus, for all p > 1, we have proved (3) and (4). The proof of Theorem 1.5 is completed. O

4 Manifolds with constant Weitzenbock curvature

Theorem 4.1 Let M be a complete Riemannian manifold. Suppose that the Weitzenbock

curvature on A*T*M is a non-positive constant, i.e.,

Wk = —a,

12



where a > 0 is a constant. Then, for all p > 1, the singular integral operators dd*(a+ ) !
and d*d(a + Og)~1 are bounded in LP. Moreover, there exists a constant C > 0 such that

ldd* (a+ Ox) ]l
ld*d(a + Ox) ],

CllA[(p" = 1), (35)
CllAzll(p* = 1), (36)

= 2 )
p* =max<sp, —— ;.
p—1

In particular, if the Weitzenbéck curvature on A*T*M is zero, i.e.,

<
<

where

Wy =0,

for all p > 1, the singular integral operators dd*D;l and d"‘dD,:1 are bounded in LP. More-
over, there exists a constant C > 0 such that

ldd" Oy wll, < CllAl(" - 1), (37)
ld*d0 el < CllAi(p" — 1), (38)
Proof. Let wq(x,t) = e~ e+5r)y(2). Since Wy, = —a, we have

at
Mt =€ Ut<—01AkTXO>

where Uy € End(Tx, M, Tx, M) denotes the stochastic parallel transport along {X, : s €
[0,7]}. By Itd’s formula, we have

d(wa(Xt,T—t)) = Vwa(Xt,T—t) OdXt +8twa(Xt,T—t)dt
1
= Vw(X;, T —t)dX, + 5v%a(xt,T —t)(dX¢,dX;)

+(a+ Dwe (X, T — t)dt
= Vwo(Xy, T —)dX; + (TrV? + a + O) wa (X, T — t)dt

By the Bochner-Weitzenbock formula,
O=-TrV2+ W, = -TrV? —a.
Hence
d(we(Xe, T —t)) = Vwo (X, T — t)dX;.

Integrating from ¢t = 0 to t = T', we obtain
T
w(X7) = Up—owa(Xo,T) +/ Ur—iVw, (X, T — t)dX;. (39)
0
By the probabilistic representation formula in Theorem 2.3, we have

dd*(a+0)'w = lim S w, (40)

T—o0

13



ddla+0)"'w = lim Shw, (41)
T—o0
where

T
/ UTH:Aina(Xt,T — t)dXt
0

Sgiw(a:) =ET

XT:x] , 1=1,2. (42)
Moreover

Spw(r) = lim ET

T—o0

T
/ UrtBVwa(Xy, T — t)dX,
0

Using the Burkholder sharp LP-inequality for martingale transforms, cf. [3], for all p > 1,
we have

T
ISA.wllp < 0" = DI Ur—tAiUe1| / Ur—1AiVwa(Xy, T — t)d X, (44)
0 p
Substituting (39) into (44), we have
1S3,y < (0" = DI Al |w(X7) = Ur—owa(Xo, ), - (45)
Observing that
lw(X7)[lp = [l (46)
and
107 -owa(X0, Dllp = a(Xo, Dl = e Do . (47)
By Bismut’s formula, we have
e Buw(x) = B, [Mjw(X,)] = e [Uy_ow(X,)] .
Thus
e FDy(z) = B, [Upow(Xy)] .
This yields that
He_T(“JFD)wH <|wllp, p=1,00. (48)
P

On the other hand, using the fact that (] is a non-negative self-adjoint operator on L?(A*T* M),
we have

He_TDwH2 < |wll2, p=1,00.

Therefore

e*T<a+D>sz < e |lwl. (49)
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By (48) and (49), and using the Riesz-Thorin convexity theorem, for all p > 1, we can prove
that
He—T(a-H:l)w < 672rnin{%7 17%}aT||w||p. (50)
P

Therefore, if a > 0, then, for all p > 1, we have

lim He_T(‘”D)w =0, (51)
T—o0 P

and if a = 0, we have
lim He*T%H < lwll,- (52)
T—o0 p

From (40), (41), (44), (46), (47), (51) and (52), we get, if W), = 0, then, for all p > 1,

ld*d0~ wllp < Tim (|53, w]l, < 200" = Dl Aw|flw]l,,

ldd" D~ wllp < Tim [|S5,w]l, < 200" = 1)l Azl lw]l,,
and if Wy, = —a, then, for all p > 1,

ld*d(a +0) " w]l, < lim [|Sh 0, < (0" = Dl Aullllw]l,,

ldd"(a +0) " wll, < lim [|Sh 0, < (0" = 1)l Azl flw]l,.

The proof of Theorem 4.1 is completed. O

5 The weak [’-Hodge decomposition theorem
In this section we prove the main result of this paper.

Theorem 5.1 Let M be a complete Riemannian manifold. Suppose that the k-th Weitzenbock
curvature is non-negative, i.e.,
Wi > 0.

Then the singular integral operators dd”‘D,:1 and d*lezl/2 are bounded in LP(A*T*M) for
all p > 1. Moreover, the Hodge projection

H : LP(A*T* M) — (KerOy) N LP(A*T* M)
18 bounded in LP, and the weak LP-Hodge decomposition holds:
LP(APT*M) = HLP(A*T* M) @ dd* 0, ' LP(A*T* M) @ d*d0, * LP(A*T* M).
More precisely, every w € LP(A*T*M) has the weak LP-Hodge decomposition

w=Hw+dd'0'w+d*d0 w. (53)
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Proof.  To prove the theorem, we develop the heat equation approach to the LP-Hodge
theory. This method was initiated by Milgram-Rosenbloom [24] on compact Riemannian
manifolds and was developed by Gaffney [11] for the L2-Hodge theory on complete Rieman-
nian manifolds. By Theorem 1.5, P; = dd*(0~! and P, = d*dJ~"! are bounded in LP for all
p > 1. Therefore

00~ =dd*O ! + d*dd~' : LP(A*T* M) — LP(AFT* M)

is a bounded operator for all p > 1.
Let P, = e~*Y. Since W} > 0, by Theorem 2.8 in [21], for all w € LP(AFT*M), it holds
that
Hw = lim Pw in LP(A*T* M).

Writing
Lo
Pw—w= / —Pywds in LP(A*T*M),
0 88
and letting t — oo, we have

Hw—w:/ gPswds in LP(AFT*M).
0 68

Note that P
gPSw = —0Pw.

Hence o
Ho—w= —/ OP,wds.
0

Therefore, we have the following decomposition in LP(A¥T* M):
w=Hw +/ OP,wds.
0
Equivalently, the following decomposition holds in LP(A*T*M):

w=Hw +/ (dd* + d*d) Pswds.
0

By the convention used in the definition of the Riesz transforms, the following decomposition
holds in LP(AFT*M):

w=Hw+dd'O "' +d*d0 . (54)
Finally, from (54), we can deduce that
I = Hwll, = [ldd"'D™ w +d"d0~ w],
ldd* D~ wllp + [ld*d0™ wll,
Ol Al + A1) (" = 1) 2|l

Thus, the Hodge harmonic projection H : LP(A*T*M) — (Ker()*NLP(A*T* M) is bounded.
The proof of Theorem 5.1 is completed. (]

IN A
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