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Abstract
Let M be a complete Riemannian manifold, Wk be the Weitzenböck curvature on

ΛkT ∗M . We prove that, if Wk ≥ 0, then weak Lp-Hodge decomposition theorem holds
on Lp(ΛkT ∗M) for all p > 1. To do so, we prove a probabilistic representation formula for
the singular integrals dd∗�−1

k and d∗d�−1
k and prove that they are bounded in Lp for all

1 < p < ∞ provided Wk ≥ 0.

2000 Mathematics Subjet Classification. Primary 58J65; Secondary 60J65.

1 Introduction

During the decade 1930-1940, Sir W. Hodge [13] developed the theory of harmonic integrals
on forms over compact Riemannian manifolds. He established the Hodge decomposition
theorem on compact Riemannian manifolds. As a consequence, he obtained the De Rham-
Hodge isomorphism theorem between the De Rham cohomology and the space of harmonic
forms on compact Riemannian manifolds. It might be worth to mention that, the first
complete and correct proof of Hodge’s theorems is due to H. Weyl [32]. So far, it has been
well-known that the Hodge theory has far reaching implications in geometry and topology,
in particular, in algebraic and complex geometry.

The Hodge decomposition theory has a very close connection with the study of bound-
ary valued problems and the hydrodynamic systems. In his 1858 paper [12], in order to
solve boundary value problems arising from the study of hydrodynamic systems, Helmholtz
[12] formulated a result, known as the fundamental theorem of vector calculus, states that
any sufficiently smooth, rapidly decaying vector field can be decomposed into irrotational
(curl-free) and solenoidal (divergence-free) component vector fields. The Helmholtz decom-
position, when understood in a suitable form, can be regarded as the Hodge decomposition
on IR3. To see another important source of using the Hodge decomposition to study hydro-
dynamic systems, let us mention that, in his fundamental papers [17, 18, 19], Leray initiated
the method of using the L2-orthogonal projection P = Id+∇(−∆)−1div (from the space of
L2-vectors on IR3 to its subspace of divergence-free L2-vectors) to study the Navier-Stokes
equations. In [31], Weyl used the method of orthogonal projection to study the boundary
problems on domains in IRn. For further developments, see e.g. Lions [22], Schwartz [26]
and reference therein.

Since the end of 1940s, many people have tried to generalize the Hodge theory to complete
non-compact Riemannian manifolds. Let (M, g) be a complete Riemannian manifold, n =
dimM , and dv(x) =

√
detg(x)dx be the volume measure on M . Let C∞0 (ΛkT ∗M) be the

space of smooth k-forms with compact support. For any p > 1, let Lp(ΛkT ∗M) be the space
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of Lp-integrable k-forms on M . The L2-inner product on L2(ΛkT ∗M) is defined

〈〈α, β〉〉 =
∫

M

〈α, β〉 dv, ∀α, β ∈ C∞0 (ΛkT ∗M).

Let dk : C∞0 (ΛkT ∗M) → C∞0 (Λk+1T ∗M) be the exterior differential operator. The formal
L2-adjoint of dk with respect to the Riemannian volume measure, d∗k : C∞0 (Λk+1T ∗M) →
C∞0 (ΛkT ∗M), is defined by: for all α ∈ C∞0 (ΛkT ∗M), β ∈ C∞0 (Λk+1T ∗M),∫

M

〈dkα, η〉 dv =
∫

M

〈α, d∗kβ〉 dv.

The Hodge Laplacian on C∞0 (ΛkT ∗M) is defined by

�k = dk−1d
∗
k−1 + d∗kdk. (1)

It is well-known that, on any complete Riemannian manifold M , �k is closable in Lp(ΛkT ∗M)
for all p > 1, and is essentially self-adjoint on L2(ΛkT ∗M), cf. [29]. In this paper, we use �
to denote the Hodge Laplacian on C∞0 (Λ·T ∗M).

In 1949, extending the orthogonal method of Weyl [31, 32], Kodaira [16] proved the
following weak L2-Hodge decomposition theorem on complete Riemannian manifolds.

Theorem 1.1 (Kodaira [16], De Rham [8]) Let M be a complete Riemannian manifold.
Then the following orthogonal Hodge decomposition holds in L2:

L2(ΛkT ∗M) = H2(M)⊕ dC∞0 (Λk−1T ∗M)⊕ d∗C∞0 (Λk+1T ∗M),

where {·} denotes the L2 closure of the subspace in {·}, and

H2(M) = (Ker�) ∩ L2(ΛkT ∗M).

In 1983, Strichartz [29] introduced the notion of the Riesz transforms on differential
forms on complete Riemannian manifolds. Moreover, he pointed out that there exists a
deep relationship between the Lp-boundedness of the Riesz transforms on forms and the Lp-
Hodge decomposition theory on complete Riemannian manifolds. In their 1993 Acta Math
paper [14], using the Lp-boundedness of the Riesz transforms, Iwaniec and Martin proved
the following Lp-Hodge decomposition theorem on IRn.

Theorem 1.2 Let ω ∈ Lp(IRn,ΛkIRn), 1 < p < ∞, and k = 1, . . . , n− 1. Then there is a
(k − 1)-form α and (k + 1)-form β such that

ω = dα + d∗β

and
dα, d∗β ∈ Lp(IRn,ΛkIRn),

where d∗ denotes the L2-adjoint of d with respect to the Lebesgue measure on IRn. Moreover,
dα and d∗β are unique,

α ∈ Kerd∗ ∩ Lp
1(IR

n,Λk−1IRn), β ∈ Kerd ∩ Lp
1(IR

n,Λk+1IRn),
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and there exists a constant Cp(k, n) > 0 such that

‖α‖Lp
1(IRn) + ‖β‖Lp

1(IRn) ≤ Cp(k, n)‖ω‖p,

where Lp
1(IR

n,ΛkIRn) denotes the homogenuous Sobolev space of k-forms on IRn whose first
order derivatives are Lp-integrable with respect to the Lebesgue measure on IRn, on which
‖ω‖Lp

1(IRn) := ‖dω‖p + ‖d∗ω‖p. (Indeed, using a later result of Iwaniec-Martin [15], and
Bañuelos-Wang [6], the above mentioned constant Cp(k, n) can be independent of n.)

The purpose of this paper is to study the following fundamental problem.

Problem 1.3 Under which condition on M , can we establish the Lp-Hodge decomposition
theorem for some or all p > 1?

As in the case M = IRn, we can imagine that a satisfied answer to the above fundamental
problem will have important applications in the study of the Navier-Stokes equations on
complete Riemannian manifolds. By [29], in order to establish the Lp-Hodge decomposition
theorem, we need only to prove that the singular integral operators dd∗�−1

k and d∗d�−1
k are

bounded in Lp(ΛkT ∗M) for all p > 1. Indeed, Strichartz [29] also indicated that dd∗�−1

and d∗d�−1 are bounded in Lp for all p > 1 provided that the Riesz transforms d�−1/2
k and

d∗�−1/2
k are bounded in Lp for all p > 1. Inspired by Strichartz [29] and based on some

earlier works due to Bakry[2], the author [21] proved the Hodge decomposition theorem
under the non-negativity conditions on the Weitzenböck curvatures Wi, i = k − 1, k, k + 1.
More precisely, we have

Theorem 1.4 (Li [21]) Let M be a complete Riemannian manifold. Suppose that the fol-
lowing Weitzenböck curvatures are non-negative, i.e.,

Wi ≥ 0, i = k − 1, k, k + 1.

Then the Riesz transforms d�−1/2
k and d∗�−1/2

k are bounded in Lp(ΛkT ∗M) for all p > 1.
Moreover, the Hodge projection

H : Lp(ΛkT ∗M) → (Ker�k) ∩ Lp(ΛkT ∗M)

is bounded in Lp, and the weak Lp-Hodge decomposition holds:

Lp(ΛkT ∗M) = HLp(ΛkT ∗M)⊕ dd∗�−1
k Lp(ΛkT ∗M)⊕ d∗d�−1

k Lp(ΛkT ∗M).

More precisely, every ω ∈ Lp(ΛkT ∗M) has the weak Lp-Hodge decomposition

ω = Hω + dd∗�−1
k ω + d∗d�−1

k ω. (2)

We will establish the so-called Weak Lp-Hodge decomposition theorem on complete Rie-
mannian manifolds with non-negative Weitzenböck curvature. Before stating our result,
we would like to review some backgrounds in the study of the Lp-Hodge decomposition on
complete non-compact Riemannian manifolds.

The main observation of this paper is that, the singular operators dd∗�−1
k and d∗d�−1

are bounded in Lp(ΛkT ∗M) for all p > 1 provided that Wk ≥ 0.
Now we are in a position to state main result of this paper. Our first result is the

following
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Theorem 1.5 Let M be a complete Riemannian manifold. Suppose that the Weitzenböck
curvature on ΛkT ∗M is uniformly bounded from below by a non-positive constant, i.e.,

Wk ≥ −a,

where a ≥ 0 is a constant. Then, for all p > 1, the singular integral operators dd∗(a+�k)−1

and d∗d(a + �k)−1 are bounded in Lp. Moreover, there exists a constant C > 0 such that

‖dd∗(a + �k)−1ω‖p ≤ C‖A1‖(p∗ − 1)3/2, (3)

‖d∗d(a + �k)−1ω‖p ≤ C‖A2‖(p∗ − 1)3/2, (4)

where

p∗ = max
{

p,
p

p− 1

}
,

and

‖Ai‖ = sup
x∈M

sup
ω∈ΛkT∗M,ω(x) 6=0

|Aiω(x)|
|ω(x)|

, i = 1, 2.

In particular, if the Weitzenböck curvature on ΛkT ∗M is non-negative, i.e.,

Wk ≥ 0,

for all p > 1, the singular integral operators dd∗�−1
k and d∗d�−1

k are bounded in Lp. More-
over, there exists a constant C > 0 such that

‖dd∗�−1
k ω‖p ≤ C‖A1‖(p∗ − 1)3/2, (5)

‖d∗d�−1
k ω‖p ≤ C‖A2‖(p∗ − 1)3/2. (6)

Based on Theorem 1.5 and using the heat equation approach to the Hodge theory, we
prove the following Weak Lp-Hodge decomposition theorem.

Theorem 1.6 Let M be a complete Riemannian manifold. Suppose that the k-th Weitzenböck
curvature is non-negative, i.e.,

Wk ≥ 0.

Then the singular integral operators dd∗�−1
k and d∗d�−1/2

k are bounded in Lp(ΛkT ∗M) for
all p > 1. Moreover, the Hodge projection

H : Lp(ΛkT ∗M) → (Ker�k) ∩ Lp(ΛkT ∗M)

is bounded in Lp, and the weak Lp-Hodge decomposition holds:

Lp(ΛkT ∗M) = HLp(ΛkT ∗M)⊕ dd∗�−1
k Lp(ΛkT ∗M)⊕ d∗d�−1

k Lp(ΛkT ∗M).

More precisely, every ω ∈ Lp(ΛkT ∗M) has the weak Lp-Hodge decomposition

ω = Hω + dd∗�−1
k ω + d∗d�−1

k ω. (7)
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2 Martingale representation formulas of dd∗(a+�)−1 and
d∗d(a + �)−1

In this section we prove the martingale representation formula of the singular integral oper-
ators dd∗�−1 and d∗d�−1 on complete Riemannian manifolds.

Let M be a complete Riemannian manifold, ∇TM be the Levi-Civita connection on TM .
We have the following Bochner-Weitzenböck formula

� = −∆H + Wk, (8)

where
∆H = Tr∇2

is the covariant Laplace-Beltrami operator on Λ·T ∗M . More precisely, in a local orthonormal
basis e1, . . . , en near x ∈ M , we have

∆H =
n∑

i=1

∇ei∇ei −∇ nP
i=1

eiei

. (9)

Fix x ∈ M . Let {e1, . . . , en} be a normal orthonomal basis of TyM for y near x such
that ∇ei

ej(x) = 0, i, j = 1, . . . , n. Let {e∗1, . . . , e∗n} be the dual basis of {e1, . . . , en}. For
j = 1, . . . , n, let a∗j = e∗j∧, and aj be the interior multiplication induced by ej , i.e.,

a∗jω = e∗j ∧ ω,

ajω = iej
ω.

Proposition 2.1 Let A1 =
(
aia
∗
j

)
, A2 = (a∗i aj), B = A1 − A2. Then, at the point x, for

all ω ∈ C∞(Λ·T ∗M), we have

d∗dω(x) = ∇∗A1∇ω(x), (10)
dd∗ω(x) = ∇∗A2∇ω(x), (11)

(d∗d− dd∗)ω(x) = ∇∗B∇ω(x). (12)

Proof. By the standard result in Riemannian geometry, we have

∇∗η = −
n∑

j=1

∇ej
η(ej).

Moreover,

d =
n∑

j=1

a∗j∇ej
,

d∗ = −
n∑

j=1

aj∇ej
.
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Therefore
d∗dω = −

∑
i,j

ai∇ei

(
a∗j∇ej ω

)
.

Since ∇eiej(x) = 0, we deduce that, at the point x, it holds

d∗dω = −
∑
i,j

aia
∗
j∇ei

∇ej
ω

= −
∑
i,j

∇i

(
aia
∗
j∇ej

ω
)
.

This yields

d∗dω(x) = ∇∗A1∇ω(x) = ∇∗


a11 . . . a1n

. . . . . . . . .
ai1 . . . ain

. . . . . . . . .
an1 . . . ann




∇1ω
. . .
∇jω
. . .
∇nω

 (x).

This proves (10). Similarly, we can prove (11). By (10) and (11), we obtain (12). �

Let Xt be the Brownian motion on M with generator ∆, i.e., the heat semigroup gene-
tated by Xt is et∆, where ∆ is the Laplace-Beltrami operator on M . Suppose that M is
stochastically complete, i.e., the Brownian motion Xt has infinite lifetime, equivalently, the
heat kernel of ∆ satisfies ∫

M

pt(x, y)dy = 1, ∀x ∈ M, t > 0.

Let Mk ∈ End(ΛkT ∗X0
MX0 ,Λ

kT ∗Xt
MXt

) be the solution of the following equation

∇
∂t

Mk(t) = −Wk(Xt)Mk(t)

Mk(0) = 1ΛkT∗M .

For any a ≥ 0, let

ωa(x, t) = e−t(a+�)ω(x), ∀x ∈ M, t > 0.

Proposition 2.2 We have the following identity

ω(XT ) = eaT M∗−1
T ωa(X0, T ) +

∫ T

0

ea(T−s)M∗−1
T M∗s∇ωa(Xs, T − s)dXs. (13)

Proof. By the covariant Itô formula on forms, as dXt · dXt = 2dt, we have

∇(e−atM∗k (t)ωa(Xt, T − t))
= e−atM∗k (t)∇ωa(Xt, T − t) ◦ dXt + e−atM∗k (t)∂tωa(Xt, T − t)dt

+
∇
∂t

(e−atM∗k (t))ωa(Xt, T − t)dt

= e−atM∗k (t)∇ωa(Xt, T − t)dXt +
1
2
e−atM∗k (t)∇2ωa(Xt, T − t)(dXt, dXt)

+e−atM∗k (t)(a + �)ωa(Xt, T − t)dt− e−atM∗k (t) (a + Wk(Xt))ωa(Xt, T − t)dt

= e−atM∗k (t)∇ωa(Xt, T − t)dXt + e−atM∗k (t)
(
Tr∇2 + �−Wk(Xt)

)
ωa(Xt, T − t)dt.
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By the Bochner-Weitzenböck formula,

� = −Tr∇2 + Wk.

Hence

∇(e−atM∗k (t)ωa(Xt, T − t)) = e−atM∗k (t)∇ωa(Xt, T − t)dXt.

Integrating from t = 0 to t = T , we obtain

e−aT M∗T ω(XT ) = ωa(X0, T ) +
∫ T

0

e−asM∗s∇ωa(Xs, T − s)dXs.

This completes the proof of Proposition 2.2. �
Now we can state the main result of this section.

Theorem 2.3 Let M be a complete and stochastically complete Riemannian manifold. Then,
for all a ≥ 0, ω ∈ C∞0 (ΛkT ∗M), we have

d(a + �)−1d∗ω = lim
T→∞

ST
A1

ω, (14)

d∗(a + �)−1dω = lim
T→∞

ST
A2

ω, (15)

where

ST
Ai

ω(x) = ET

[∫ T

0

ea(t−T )MT M−1
t Ai∇ωa(Xt, T − t)dXt

∣∣∣∣∣ XT = x

]
, i = 1, 2. (16)

In particular, the Beurling-Ahlfors transform

SBω := (d∗d− dd∗)(a + �)−1ω

has the following martingale transform representation

SBω(x) = lim
T→∞

ET

[∫ T

0

ea(t−T )MT M−1
t B∇ωa(Xt, T − t)dZt

∣∣∣∣∣ ZT = x

]
, (17)

Equivalently,
Skω = lim

T→∞
(ST

A2
− ST

A1
)ω.

Proof. To prove (14), we need only to show that, for all η ∈ C∞0 (ΛkT ∗M), we have∫
M

〈
lim

T→∞
ST

A1
ω(x), η(x)

〉
dx =

∫
M

〈
dd∗(a + �)−1ω, η

〉
dx

Since the distribution of XT is m(dx) = dx, the property of conditional expectation implies∫
M

〈
ST

A1
ω(x), η(x)

〉
dx = ET

[
(η(XT ),

∫ T

0

ea(s−T )MT M−1
s A∇ωa(Xs, T − s)dXs)

]
.
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Applying (13) to η, we can therefore deduce that∫
M

〈
ST

A1
ω(x), η(x)

〉
dx = IT

1 + IT
2 ,

where

IT
1 = ET

[〈
eaT M∗−1

T ηa(X0, T ),
∫ T

0

ea(s−T )MT M−1
s A1∇ωa(Xs, T − s)dXs

〉]

IT
2 = ET

[〈∫ T

0

ea(T−s)M∗−1
T M∗s∇ηa(Xs, T − s)dXs,

∫ T

0

ea(s−T )MT M−1
s A1∇ωa(Xs, T − s)dXs

〉]
.

Taking the conditional expectation with respect to X0 and using the martingale property
of the Itô integral, we can prove that

IT
1 = ET

[〈
ηa(X0, T ), E

[∫ T

0

easM−1
s A1∇ωa(Xs, T − s)dXs

∣∣∣∣∣ X0

]〉]
= 0.

Thus we need only to prove

lim
T→∞

IT
2 =

∫
M

〈
dd∗(a + �)−1ω(x), η(x)

〉
dx. (18)

By the L2-isometry of Itô integral, we have

IT
2 = ET

[∫ T

0

〈
ea(T−s)M∗−1

T M∗s∇ηa(Xs, T − s), ea(s−T )MT M−1
s A1∇ωa(Xs, T − s)

〉
ds

]

=
∫ T

0

∫
M

∫
M

〈∇ηa(z, T − s), A1∇ωa(z, T − s)〉 pt(x, z)dxdzds

=
∫ T

0

∫
M

∫
M

〈∇ηa(z, T − s), A1∇ωa(z, T − s)〉 pt(x, z)dxdzds.

By the fact that
∫

M
pt(x, z)dx = 1, and using integration by parts formula, we have

IT
2 =

∫ T

0

∫
M

〈∇ηa(z, T − s), A1∇ωa(z, T − s)〉 dzds

=
∫ T

0

∫
M

〈ηa(z, T − s),∇∗A∇ωa(z, T − s)〉 dzds.

By Proposition 2.1, we have
∇∗A1∇ = dd∗.

Therefore

IT
2 =

∫ T

0

∫
M

〈ηa(z, T − s), dd∗ωa(z, T − s)〉 dzds.
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Changing T − t to t, and using the fact that dd∗(a + �)−1 = (a + �)−1dd∗, and by the
self-adjointness of the heat semigroup with respect to dv(x), we have

IT
2 =

∫ T

0

∫
M

〈
ηa(z, t), dd∗(a + �)(a + �)−1ωa(z, t)

〉
dzdt

=
∫ T

0

∫
M

〈
ηa(z, t), (a + �)dd∗(a + �)−1ωa(z, t)

〉
dzdt

=
∫ T

0

∫
M

〈
e−t(a+�)η(z), (a + �)dd∗(a + �)−1e(−t(a+�)ω(z))

〉
dzdt

=
∫ T

0

∫
M

〈
e−t(a+�)η(z), (a + �)e−t(a+�)dd∗(a + �)−1ω(z)

〉
dzdt

=
∫ T

0

∫
M

〈
η(z), (a + �)e−2t(a+�)dd∗(a + �)−1ω(z)

〉
dzdt

=
∫

M

〈
η(z),

∫ T

0

(a + �)e−2t(a+�)dd∗(a + �)−1ω(z)dt

〉
dz.

Hence

lim
T→∞

IT
2 =

∫
M

〈
η(z), lim

T→∞

∫ T

0

(a + �)e−2t(a+�)dd∗(a + �)−1ω(z)dt

〉
dz

=
∫

M

〈
η(z),

∫ ∞
0

(a + �)e−2t(a+�)dd∗(a + �)−1ω(z)ds

〉
dz

=
1
2

∫
M

〈
η(z), (a + �)(a + �)−1dd∗(a + �)−1ω(z)

〉
dz

=
1
2

∫
M

〈
η, dd∗(a + �)−1ω

〉
dv.

This finishes the proof of (14). Similarly, we can prove (15) and (17). �

3 The Lp-boundedness of dd∗(a + �)−1 and d∗d(a + �)−1

In this section we prove Theorem 1.5. To prove it, we need the following

Lemma 3.1 For ω ∈ C∞0 (ΛkT ∗M), and a ≥ 0, let

ωa(x, t) = e−t(a+�)ω(x), ∀x ∈ M, t > 0.

Then(
L +

∂

∂t

)
|ωa(x, T − t)|2 = 2|∇ωa(x, T − t)|2 + 2 〈(W + a)ωa(x, T − t), ωa(x, T − t)〉 , (19)

where ∇ = (∇x, ∂t).
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Proof. Let ω̃a(x, t) = ωa(x, T − t). By the generalized Bochner-Weitzenböck formula, we
have

L|ω̃a|2 = 2|∇ω̃a|2 − 2 〈�ω̃a, ωa〉+ 2 〈Wω̃a, ω̃a〉 . (20)

Using the fact that

∂

∂t
ωa(x, T − t) = (a + �)ωa(x, T − t),

we deduce that

L|ω̃a|2 = 2|∇ω̃a|2 − 2
〈

∂

∂t
ω̃a, ω̃a

〉
+ 2 〈(W + a)ω̃a, ω̃a〉 . (21)

By the elementary identity

∂

∂t
|ωa(x, T − t)|2 = 2

〈
∂

∂t
ωa(x, T − t), ωa(x, T − t)

〉
,

we can obtain (19) from (21). The proof of Lemma 3.1 is completed. �

Proof of Theorem 1.5. By Theorem 2.3, using the fact that E [ |Xτ = x] is contractive
in Lp, and by the Burkholder-Davies-Gundy inequality, we have

‖ST
Ai

ω‖p ≤ Cp sup
0≤t≤T

‖ea(t−T )MT M−1
t Ai‖

∥∥∥∥∥∥
{∫ T

0

|∇ωa(Xt, T − t)|2dt

}1/2
∥∥∥∥∥∥

p

,

where, cf. [28] (P. 50)

Cp =
{

1
2
p(p− 1)

(
p

p− 1

)p}p/2

.

Under the curvature condition Wk ≥ −a, and using the Gronwall inequality, we can prove

‖MT M−1
t ‖ ≤ ea(T−t), ∀t ∈ [0, T ]. (22)

Therefore

‖ST
Ai

ω‖p ≤ Cp‖Ai‖

∥∥∥∥∥∥
{∫ T

0

|∇ωa(Xt, T − t)|2dt

}1/2
∥∥∥∥∥∥

p

. (23)

Let

I =

{∫ T

0

|∇ωa(Xt, T − t)|2dt

}1/2

.

Below we prove that

‖I‖p ≤ Bp‖ω‖p. (24)
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By Lemma 3.1, we have

√
2J ≤

{∫ T

0

(
L +

∂

∂t

)
|ωa(Xt, T − t)|2dt

}1/2

= I.

By Itô’s formula, we have

|ωa(Xt, T − t)|2 = |ωa(X0, T )|2 +
∫ t

0

∇|ωa(Xs, T − s)|2dWs

+
∫ t

0

(
L +

∂

∂s

)
|ωa(Xs, T − s)|2ds.

Let
Zt = |ωa(Xt, T − t)|2 − |ωa(X0, T )|2, 0 ≤ t ≤ T,

Mt =
∫ t∧T

0

∇|ωa(Xs, T − s)|2dWs,

and

At =
∫ t∧T

0

(
L +

∂

∂s

)
|ωa(Xs, T − s)|2ds.

Then we have the Doob-Meyer decomposition Zt = Mt + At. By Lemma 3.1, At is a
non-negative increasing process. Thus, Zt is a submartingle with respect to PX0 .

To estimate ‖I‖p, we need to use some submartingale inequalities. By the Lenglart-
Lépingle-Pratelli inequality, cf. [28] (Proposition 52 in P. 52), for all p > 1, we have

E
[
A

p
2
T

]
≤ (p)p/2E

[
sup

t∈[0,T ]

Z
p
2
t

]
. (25)

On the other hand, using the Doob inequality for submartingale, for all p > 2, we have

E

[
sup

t∈[0,T ]

Z
p
2
t

]
≤

(
p/2

p/2− 1

)p/2

E
[
Z

p
2
T

]
=

(
p

p− 2

)p/2

E [|ω(XT )|p] + E [|ωa(X0, T )|p]

= 2
(

p

p− 2

)p/2

‖ω‖p
p.

From the above inequalities we get

‖I‖p
p ≤ pp/2

(
p

p− 2

)p/2

‖ω‖p
p.

Thus, for all p > 2,

‖J‖p ≤
p√

2(p− 2)
‖ω‖p.

11



From (22), (23) and (24), we can deduce that, for all p > 2, we have

‖dd∗�−1ω‖p ≤ C‖A1‖(p− 1)3/2. (26)

Similarly, we can prove that, for all p > 2, we have

‖dd∗(a + �)−1ω‖p ≤ C‖A2‖(p− 1)3/2. (27)

Note that dd∗(a + �k)−1 and d∗d(a + �k)−1 are self-adjoint. In fact, we have

dd∗(a + �k)−1 = (a + �k)−1dd∗ = (dd∗(a + �k)−1)∗,

and

d∗d(a + �k)−1 = (a + �k)−1d∗d = (d∗d(a + �k)−1)∗.

In the case p = 2, using the Gaffeny integration by parts formula, we have

‖ω −Hω‖2
2 = ‖dd∗�−1ω‖2

2 + ‖d∗d�−1‖2
2. (28)

This yields that

‖dd∗�−1ω‖2 ≤ ‖ω‖2, (29)
‖d∗d�−1ω‖2 ≤ ‖ω‖2, (30)

‖Hω‖2 ≤ ‖ω‖2. (31)

By duality argument, we can prove that, for 1 < p, q < ∞, 1
p + 1

q = 1, we have

‖dd∗(a + �k)−1‖p,p = ‖(dd∗(a + �k)−1)∗‖p,p = ‖dd∗(a + �k)−1‖q,q,

and

‖d∗d(a + �k)−1‖p,p = ‖(d∗d(a + �k)−1)∗‖p,p = ‖d∗d(a + �k)−1‖q,q. (32)

By (26), (27), (32) and (32), we can therefore obtain that, for all 1 < p < 2,

‖dd∗(a + �)−1ω‖p ≤
C‖A1‖

(p− 1)3/2
. (33)

‖dd∗(a + �)−1ω‖p ≤
C‖A2‖

(p− 1)3/2
. (34)

Thus, for all p > 1, we have proved (3) and (4). The proof of Theorem 1.5 is completed. �

4 Manifolds with constant Weitzenböck curvature

Theorem 4.1 Let M be a complete Riemannian manifold. Suppose that the Weitzenböck
curvature on ΛkT ∗M is a non-positive constant, i.e.,

Wk = −a,

12



where a ≥ 0 is a constant. Then, for all p > 1, the singular integral operators dd∗(a+�k)−1

and d∗d(a + �k)−1 are bounded in Lp. Moreover, there exists a constant C > 0 such that

‖dd∗(a + �k)−1ω‖p ≤ C‖A1‖(p∗ − 1), (35)
‖d∗d(a + �k)−1ω‖p ≤ C‖A2‖(p∗ − 1), (36)

where

p∗ = max
{

p,
p

p− 1

}
.

In particular, if the Weitzenböck curvature on ΛkT ∗M is zero, i.e.,

Wk = 0,

for all p > 1, the singular integral operators dd∗�−1
k and d∗d�−1

k are bounded in Lp. More-
over, there exists a constant C > 0 such that

‖dd∗�−1
k ω‖p ≤ C‖A1‖(p∗ − 1), (37)

‖d∗d�−1
k ω‖p ≤ C‖A2‖(p∗ − 1). (38)

Proof. Let ωa(x, t) = e−t(a+�k)ω(x). Since Wk = −a, we have

Mt = eatUt←01ΛkTX0
,

where Ut←0 ∈ End(TX0M,TXtM) denotes the stochastic parallel transport along {Xs : s ∈
[0, T ]}. By Itô’s formula, we have

d(ωa(Xt, T − t)) = ∇ωa(Xt, T − t) ◦ dXt + ∂tωa(Xt, T − t)dt

= ∇ωa(Xt, T − t)dXt +
1
2
∇2ωa(Xt, T − t)(dXt, dXt)

+(a + �)ωa(Xt, T − t)dt

= ∇ωa(Xt, T − t)dXt +
(
Tr∇2 + a + �

)
ωa(Xt, T − t)dt

By the Bochner-Weitzenböck formula,

� = −Tr∇2 + Wk = −Tr∇2 − a.

Hence

d(ωa(Xt, T − t)) = ∇ωa(Xt, T − t)dXt.

Integrating from t = 0 to t = T , we obtain

ω(XT ) = UT←0ωa(X0, T ) +
∫ T

0

UT←t∇ωa(Xt, T − t)dXt. (39)

By the probabilistic representation formula in Theorem 2.3, we have

dd∗(a + �)−1ω = lim
T→∞

ST
A1

ω, (40)

13



d∗d(a + �)−1ω = lim
T→∞

ST
A2

ω, (41)

where

ST
Ai

ω(x) = ET

[∫ T

0

UT←tAi∇ωa(Xt, T − t)dXt

∣∣∣∣∣ XT = x

]
, i = 1, 2. (42)

Moreover

SBω(x) = lim
T→∞

ET

[∫ T

0

UT←tB∇ωa(Xt, T − t)dXt

∣∣∣∣∣ XT = x

]
. (43)

Using the Burkholder sharp Lp-inequality for martingale transforms, cf. [3], for all p > 1,
we have

‖ST
Ai

ω‖p ≤ (p∗ − 1)‖UT←tAiUt←T ‖

∥∥∥∥∥
∫ T

0

UT←tAi∇ωa(Xt, T − t)dXt

∥∥∥∥∥
p

. (44)

Substituting (39) into (44), we have

‖ST
Ai

ω‖p ≤ (p∗ − 1)‖Ai‖ ‖ω(XT )− UT←0ωa(X0, T )‖p . (45)

Observing that

‖ω(XT )‖p = ‖ω‖p, (46)

and

‖UT←0ωa(X0, T )‖p = ‖ωa(X0, T )‖p =
∥∥∥e−T (a+�)ω

∥∥∥
p
. (47)

By Bismut’s formula, we have

e−t�ω(x) = Ex [M∗t ω(Xt)] = eta [Ut←0ω(Xt)] .

Thus
e−t(a+�)ω(x) = Ex [Ut←0ω(Xt)] .

This yields that ∥∥∥e−T (a+�)ω
∥∥∥

p
≤ ‖ω‖p, p = 1,∞. (48)

On the other hand, using the fact that � is a non-negative self-adjoint operator on L2(ΛkT ∗M),
we have ∥∥∥e−T�ω

∥∥∥
2
≤ ‖ω‖2, p = 1,∞.

Therefore ∥∥∥e−T (a+�)ω
∥∥∥

2
≤ e−aT ‖ω‖2. (49)
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By (48) and (49), and using the Riesz-Thorin convexity theorem, for all p > 1, we can prove
that ∥∥∥e−T (a+�)ω

∥∥∥
p

≤ e−2 min{ 1
p , 1− 1

p}aT ‖ω‖p. (50)

Therefore, if a > 0, then, for all p > 1, we have

lim
T→∞

∥∥∥e−T (a+�)ω
∥∥∥

p
= 0, (51)

and if a = 0, we have

lim
T→∞

∥∥∥e−T�ω
∥∥∥

p
≤ ‖ω‖p. (52)

From (40), (41), (44), (46), (47), (51) and (52), we get, if Wk = 0, then, for all p > 1,

‖d∗d�−1ω‖p ≤ lim
T→∞

‖ST
A1

ω‖p ≤ 2(p∗ − 1)‖A1‖‖ω‖p,

‖dd∗�−1ω‖p ≤ lim
T→∞

‖ST
A2

ω‖p ≤ 2(p∗ − 1)‖A2‖‖ω‖p,

and if Wk = −a, then, for all p > 1,

‖d∗d(a + �)−1ω‖p ≤ lim
T→∞

‖ST
A1

ω‖p ≤ (p∗ − 1)‖A1‖‖ω‖p,

‖dd∗(a + �)−1ω‖p ≤ lim
T→∞

‖ST
A2

ω‖p ≤ (p∗ − 1)‖A2‖‖ω‖p.

The proof of Theorem 4.1 is completed. �

5 The weak Lp-Hodge decomposition theorem

In this section we prove the main result of this paper.

Theorem 5.1 Let M be a complete Riemannian manifold. Suppose that the k-th Weitzenböck
curvature is non-negative, i.e.,

Wk ≥ 0.

Then the singular integral operators dd∗�−1
k and d∗d�−1/2

k are bounded in Lp(ΛkT ∗M) for
all p > 1. Moreover, the Hodge projection

H : Lp(ΛkT ∗M) → (Ker�k) ∩ Lp(ΛkT ∗M)

is bounded in Lp, and the weak Lp-Hodge decomposition holds:

Lp(ΛkT ∗M) = HLp(ΛkT ∗M)⊕ dd∗�−1
k Lp(ΛkT ∗M)⊕ d∗d�−1

k Lp(ΛkT ∗M).

More precisely, every ω ∈ Lp(ΛkT ∗M) has the weak Lp-Hodge decomposition

ω = Hω + dd∗�−1ω + d∗d�−1ω. (53)
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Proof. To prove the theorem, we develop the heat equation approach to the Lp-Hodge
theory. This method was initiated by Milgram-Rosenbloom [24] on compact Riemannian
manifolds and was developed by Gaffney [11] for the L2-Hodge theory on complete Rieman-
nian manifolds. By Theorem 1.5, P1 = dd∗�−1 and P2 = d∗d�−1 are bounded in Lp for all
p > 1. Therefore

��−1 = dd∗�−1 + d∗d�−1 : Lp(ΛkT ∗M) → Lp(ΛkT ∗M)

is a bounded operator for all p > 1.
Let Pt = e−t�. Since Wk ≥ 0, by Theorem 2.8 in [21], for all ω ∈ Lp(ΛkT ∗M), it holds

that
Hω = lim

t→∞
Ptω in Lp(ΛkT ∗M).

Writing

Ptω − ω =
∫ t

0

∂

∂s
Psωds in Lp(ΛkT ∗M),

and letting t →∞, we have

Hω − ω =
∫ ∞

0

∂

∂s
Psωds in Lp(ΛkT ∗M).

Note that
∂

∂s
Psω = −�Psω.

Hence
Hω − ω = −

∫ ∞
0

�Psωds.

Therefore, we have the following decomposition in Lp(ΛkT ∗M):

ω = Hω +
∫ ∞

0

�Psωds.

Equivalently, the following decomposition holds in Lp(ΛkT ∗M):

ω = Hω +
∫ ∞

0

(dd∗ + d∗d)Psωds.

By the convention used in the definition of the Riesz transforms, the following decomposition
holds in Lp(ΛkT ∗M):

ω = Hω + dd∗�−1 + d∗d�−1ω. (54)

Finally, from (54), we can deduce that

‖(I −H)ω‖p = ‖dd∗�−1ω + d∗d�−1ω‖p

≤ ‖dd∗�−1ω‖p + ‖d∗d�−1ω‖p

≤ C(‖A1‖+ ‖A2‖)(p∗ − 1)3/2‖ω‖p.

Thus, the Hodge harmonic projection H : Lp(ΛkT ∗M) → (Ker�)⊥∩Lp(ΛkT ∗M) is bounded.
The proof of Theorem 5.1 is completed. �
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[12] H. Helmholtz, Über Integrale der hydrodynamischen Gle ichungen, welche den Wirbel-
bewegunggen entsprechen, J. Reine Angew. Math. 55 (1858), 25-55.

[13] W. Hodge, The Theory and Applications of Harmonic Integrals, Cambridge University
Press, 1941.

[14] T. Iwaniec, G. Martin, Quasiregular mappings in even dimensions, Acta Math. 170
(1993), 29-81.

[15] T. Iwaniec, G. Martin, Riesz transforms and related singular integrals, J. Reine Angew.
Math. 473 (1996), 25-57.

17



[16] K. Kodaira, Harmonic fields in Riemannian manifolds (generalized potential theory),
Ann. Math. 50 (1949), 587-665.
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