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Abstract

In this paper we study the growth of the upper bound of the LP-norm of the Riesz
transforms on forms and establish the Weak LP-Hodge decomposition theorem on com-
plete Riemannian manifolds with suitable curvature conditions. Let M be a complete
Riemannian manifold, dpu = e~ ®dv the weighted volume measure with ¢ € C*(M). Let
04,k be the weighted Hodge Laplacian on k-forms, Wy, the Weitzenbdck curvature of
Og.x on AFT*M. In the case Wy > —a and Wy k11 > —a, where a > 0 is a non-
negative constant, we prove that the LP-norm of the Riesz transform d(a 4+ Og )~ /2
satisfies [|d(a + Oy k)" 2|lpp < Cr(p* —1)%/2 for all p > 1, where Cj is a constant
depending only on k, p* = max{p, ﬁ}. In the case Wy r4+1 > —a and Wy = —a,
we prove that ||d(a + Oy ) ""2||lpp < Ck(p* — 1) for all p > 1. In particular, on n-
dimensional hyperbolic manifolds with constant curvature —1, we prove that, for all
k> 22 p> 1, we have [|d(k(n — k) + Or)~/?||pp < Ci(p* — 1). Finally, we prove

the Weak LP-Hodge decomposition theorem on complete Riemannian manifolds with
non-negative Weitzenbock curvature.
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1 Introduction

1.1 Background

It is well-known that the Riesz transforms R; on IR™, defined by the principal value of the
singular integrals
Rif(z) = dy, j=1,...,n,

I((n+1)/2) 5~y
it 1)/2) / R

+1
T r —y[H

are weak (1,1) and are bounded in LP(IR", dx) for all p > 1, see e.g. E. M. Stein [64]. In
recent years, there has been considerable interest in finding the exact value or obtaining a
good estimate of the LP-norm of the Riesz transforms. In 1972, Pichorides [57] proved that
the LP-norm of the Hilbert transform on the real line
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is given by
m

2p*
Here and throughout of this paper, we denote

{2 )
p* =max<p, —— ;.
p—1

In 1996, Iwaniec and Martin [34] proved that the LP-norm of the Riesz transforms R; is
given by

| H|[p,p = cot( ), Vp>1

Ty i=1,...,n (1)

R.
|| J 2p*

pp = cot(

In [10], Banuelos and Wang gave an alternative proof of (1) and proved that for all p > 1
the LP-norm of the vector Riesz transform V(—A)~Y2 = (Ry,..., R,) has an explicit and
dimension-free upper bound

IV (=2)" 2], < 200" = 1). (2)

One of the motivations of the above study can be seen in Donaldson and Sullivan [20]
and in Iwaniec and Martin [33, 34], where it has been pointed out that the knowledge of the
exact value or a good estimate of the LP-norm of the Riesz transform can lead important
applications in the study of quasi-conformal mappings and related nonlinear geometric PDEs
as well as in the LP-Hodge decomposition theory. In their 1993 Acta Math paper [33], using
the LP-boundedness of the Riesz transforms, Iwaniec and Martin proved the following version
of the LP-Hodge decomposition theorem on IR™.

Theorem 1.1 Let w € LP(IR", A¥KIR™), 1 < p < oo, and k = 1,...,n — 1. Then there is a
(k= 1)-form « and (k + 1)-form 3 such that

w=da+d* s

and

da, d* € LP(R™, AFIR"),
where d* denotes the L?-adjoint of d with respect to the Lebesgue measure on IR™. Moreover,
da and d* (3 are unique,

a € Kerd* N LP(R™, A*~'IR"), 8 € Kerd N LY (IR", A¥F1IR"™),
and there exists a constant Cp(k,n) > 0 such that
lellzparny + 18l rny < Co(k,n)||wllp,

where LY (IR™, AFIR™) denotes the homogenuous Sobolev space of k-forms on IR™ whose first
order derivatives are LP-integrable with respect to the Lebesgue measure on IR™, on which
|wllze@rny = lldwllp + |[d*w|lp. (Indeed, using (2), the above mentioned constant Cy(k,n)
can be independent of n.)

It might be interesting to point out that, in his 1858 Crelle’s paper [32], in order to
solve boundary value problems arising from the study of hydrodynamic systems, Helmholtz
formulated a result on the splitting of vector fields into vortices and gradients, which can
be understood in a suitable form of what is now called the "Hodge decomposition”. In his
fundamental paper [38], Leray used the L2-orthogonal projection P = Id + V(—A)~!div to
study the Navier-Stokes equations. So far, it has been well-known that the LP-boundedness
of the Riesz transforms and the LP-Hodge decomposition theorem have important applica-
tions in the study of the elliptic and parabolic PDEs [26], the Navier-Stokes equations [47],
the boundary valued problems [55], the quasi-conformal mappings and related nonlinear
geometric PDEs [20, 33, 34, 58] and the stochastic differential equations [67].



1.2 Motivation

To what extent can the classical analysis on Euclidean space be extended to complete Rie-
mannian manifolds? This is an important issue in analysis on complete non-compact Rie-
mannian manifolds. Let (M, g) be a complete non-compact Riemannian manifold, n =
dimM , v the Riemannian volume measure, i.e., dv(z) = y/detg(x)dx. For any k =1,...,n,
we use C§°(A*T*M) to denote C5°(M, A*T*M). Let dj, be the exterior differential on k-
forms, d; the formal L?-adjoint of dj, with respect to v. The Hodge Laplacian on k-forms is
defined by
O, = dk—ldz_l —+ dde

Inspired by the Witten deformation of the Morse theory [69], we consider more general
weighted Hodge Laplacians on complete Riemannian manifolds. More precisely, let M be a
complete Riemannian manifold equipped with a weighted volume measure

dp = e %dv,

where ¢ € C%(M). Let dj j, the formal L?-adjoint of dj with respect to p, i.e., for all
ac C(?O(AkT*M) and 3 € CSO(AkHT*M), we have

/<da,ﬂ>du=/ < a,dyB > dpu.
M M

The weighted Hodge Laplacian on k-forms with respect to the weighted volume measure p,
also called the Witten Laplacian on k-forms with respect to pu, is defined by

O = dr—1dg j 1 + dg i

When ¢ = 0, we have dak = dy and Opp = O, £ = 0,1,...,n. For all p > 1, let
LP(ART* M, ;1) be the completion of C§°(A*T* M) with respect to the LP-norm || - ||,, defined
by

Jwll? = /M lw(z) Pdp(z).

By [15, 65], it is well-known that (Jj, is essentially self-adjoint on L2(A¥T*M, v). Similarly,
we can prove that Oy . is essentially self-adjoint on L2(A*T*M, p).
The purpose of this paper is to study the following fundamental problems.

Problem 1.2 Under which conditions on a complete non-compact Riemannian manifold M
and ¢ € C?>(M), the Riesz transforms dD;yz and d(’;D;iﬂ are bounded in LP with respect
to the weighted measure dy = e~®dv for some or all p > 17

Problem 1.3 Under which conditions on a complete non-compact Riemannian manifold M
and ¢ € C*(M), the Weak LP-Hodge decomposition theorem holds for some or allp > 17

When ¢ = 0, Problem 1.2 was originally raised by Strichartz in his 1983 celebrated
paper [65] and is called the Strichartz problem by people working in harmonic analysis
on complete non-compact manifolds. In [65], Strichartz has already pointed out the deep
relationship between the above two problems. When p = 2, using Gaffney’s integration
by parts formula and the Kodaira Weak L2-Hodge decomposition theorem on complete
Riemannian manifolds, it is well-known that the Riesz transforms dl:];}c/ % and d;D;}! % are
always bounded in L?, and the Weak L2-Hodge decomposition theorem is always true on all
complete Riemannian manifolds with C2-weighted volume measures, see e.g. [19, 65, 12].
However, for p # 2, the situation is very complicated. Since 1983, many people have studied
the above problems on complete non-compact Riemannian manifolds with various geometric
or analytic conditions, see e.g. [65, 48, 5, 62, 71, 72, 16, 17, 2, 14, 49, 42, 43] and reference
therein.



1.3 Previous results

We now describe some results of Bakry [5]. Using a martingale approach to the Littlewood-
Paley-Stein inequalities, Bakry [5] proved that, for any diffusion operator L = A — V¢ -V
on a complete Riemannian manifold M, where ¢ € C?(M), if the Ricci curvature associated
with L is bounded below by —a, i.e., Ric(L) = Ric + V?¢ > —a, where a > 0 is a non-
negative constant, then for all p > 1 the Riesz transform V(a — L)~/2 is bounded in LP
with respect to the weighted volume measure di = e~®dv and its LP-norm is bounded above
by a universal constant depending only on p. In particular, if Ric(L) > 0, then the Riesz
transform V(—L)~!/? is bounded in L? for all p > 1 and its LP-norm is bounded above by
a dimensional free constant. This recaptures an earlier famous result due to P. A. Meyer
[63] on the LP-boundedness of the Riesz transforms associated with the Ornstein-Uhlenbeck
operator on finite or infinite dimensional Gaussian spaces. In [5], Bakry also proved that,
if M is a complete Riemannian manifold with Wy > —a and Wy41 > —a for some positive
constant a > 0, where W}, denotes the k-th Weitzenbock curvature on (M, g), then the Riesz
transforms d(a + O;) /2 associated with the Hodge Laplacian [, is bounded in L? for all
p > 1, and there exists a universal constant Cp ; > 0 which is independent of n = dimM
and a, such that for all w € C§°(A*T* M),

ld(a +Bk) 2wl < Cpillwllp, (3)

Under the same conditions, the Riesz transform d*(a + Og41)~'/? is bounded in LP for all
p > 1. Moreover,

ld* (@ + Oi1) ™ 2wllp < Cpillwll,. (4)

It is very natural to ask whether the Riesz transforms dD,:l/ % and d*D,:if are bounded
in LP for all 1 < p < oo if M is a complete Riemannian manifold with non-negative Weit-
ezenbock curvatures W; > 0, ¢ = k, k+1. Whether or not this result is true is very important
to obtain an affirmative answer to the Strichartz problem and to prove the Weak LP-Hodge
decomposition theorem on complete Riemannian manifolds with non-negative Weizenbock
curvatures. When k > 1, it seems that one cannot find an explicit statement of this result
in [5] even though it can be derived from Bakry’s LP-estimates (3) and (4) with universal
constant. Indeed, (3) is equivalent to

ldwllp < Cpell(a+0) 2]y, Vw € C§°(APT* M) (5)

Using Lemma 5.2 in [5], there exists a constant A > 0 independent of a and p such that
(@ + 0p)2wll, < AWVal|wll, + [0 *wlp), Yo € C(ART*M). (6)

Since the universal constants C), j, and A are independent of a > 0, one can take the limit
a — 0in (5) and (6), and deduce that

ldwll, < ACy 10, *w]lp, W € CE(AFT*M).
Thus, the Riesz transform dD;l/ ? is bounded in L” for all p > 1 on complete Riemannian

manifolds with non-negative Weitezenbock curvatures W; > 0, ¢ = k,k + 1. By duality
argument, under the same conditions, the Riesz transform d*D,:i{z is bounded in LP for all

p > 1, Moreover, for all p > 1 and k =1,...,n, we have
140, < AC,
wm—1/2
| 0%l < ACpk



Inspired by the above mentioned results due to of Pichorides [57], Iwaniec-Martin [34] and
Baniuelos-Wang [10] on the LP-norm estimates of the Riesz transforms on Euclidean space, it
is very natural to ask what is the asymptotic behavior of the constant Cj, , when p — 1 and
p— oo forall k =0,1,...,n. In our previous paper [43], we developed a new probabilistic
approach in the study of the Riesz transforms on complete Riemannian manifolds and proved
that, if the Bakry-Emery Ricci curvature associated with L = A — V¢ - V is non-negative,
i.e., Ric(L) = Ric + V?¢ > 0, then the LP-norm of the Riesz transform V(—L)~/2 with
respect to the weighted volume measure p satisfies

IV(=L)lpp < 200" = 1), Vp>1. (7)

In particular, on all complete Riemannian manifolds with non-negative Ricci curvature, we
proved in [43] that

IV(=A) 2]y < 200" — 1), Vp>1. (8)

These can be considered as a refinement of the above mentioned result of Bakry [5] and
a natural generalization of the above mentioned results due to Pichorides [57], Iwaniec-
Martin [34] and Banuelos-Wang [10]. Moreover, using the results of Iwaniec-Martin [34]
and Banuelos-Wang [10], Arcozzi [1] and Larsson-Cohn [37], we pointed out the above
estimate (7) and (8) are asymptotic sharp when p — 1 and when p — oco. Now, it is
very natural to ask whether one can extend the above estimates (7) and (8) to the Riesz
transforms associated with the Witten Laplacians on complete Riemannian manifolds with
non-negative Weitzenbock curvature. In this paper, we study this problem and establish
the Weak LP-Hodge decomposition theorem on complete Riemannian manifolds with non-
negative Weitzenbdck curvature.

1.4 Notation and assumption

Let (M,g) be a complete non-compact Riemannian manifold, v the Riemannian volume
measure, n = dimM. Let V be the Levi-Civita connection on T'M or the Levi-Civita
covariant derivative operator on AT*M. Let ¢ € C?(M), and du = e~ ®dv. The Hodge
Laplacian and the Witten Laplacian on k-forms are denoted by U and Uy ;. respectively.
When acting on k-forms on M, k= 0,1,...,n, we denote

Ay =A—Vyy,

where A = trV? is the covariant Laplace-Beltrami operator on (M, g). In particular, when
k =0, we use L to denote A¢‘COO(M). More precisely,
0

L=A-V¢-V.

Note that, for all f,g € C5°(M), we have the integration by parts formula

/M <Vf,Vg>du=— /M(Lf)gdu = - /M f(Lg)dp.

In other words, L = —[, . Similarly to the case ¢ = 0 as in [15, 65], L and Oy are
essentially self-adjoint on L?(M, ) and L2(AFT*M,p), k=1,...,n.

Fix x € M. Let e,...,e, be a normal orthonormal basis of T, M neat x such that
Veej(x) =0 forall 4,5 =1,...,n, and let e],..., e} be its dual basis. By definition, the
k-th Weitzenbock curvature associated with the Witten Laplacian [y on k-forms, is defined
as a symmetric endomorphism on A*T*M, and is given by

Wok(x) = _ef Nie,Rlei ) + dAF V2,

.3



where R the Riemannian curvature of the Levi-Civita connection V on (M, g), i., denotes
the interior multiplication induced by the contraction of the vector field e; on AF(T*M),
V2¢ denotes the Hessian of ¢ with respect to the Levi-Civita connection V, and dA*V?2¢ is
defined by

ANV g(or AL A o) Zvl AVZO) . Aok, v1,... v € TM.

For simplicity, we make use the convention that Wy =0 for £ = 0,n+ 1. When ¢ = 0, we
denote Wi, =Wy, k=0,...,n+ 1.

Throughout this paper, we make the following basic assumption:

(A) The heat semigroup e‘” is a Markovian semigroup in the sense that e*”1(z) = 1 for
all 2 € M. In other words, the heat semigroup e*” is stochastically complete.

In the case ¢ = 0, Yau [70] proved that the heat semigroup e!” is Markovian if M is
a complete Riemannian manifold with Ricci curvature bounded from below. More general
criterion for the stochastical completeness of the heat semigroup et® were given by Kanp-Li
[36], Li-Schoen [39], and Grigor’yan [27, 28]. In the case ¢ # 0, Bakry [4] proved that, if
the Bakry-Emery Ricci curvature Ric(L) = Ric+ V2@ is bounded from below by a negative
constant, then e’ is Markovian. More general criterion for the stochastical completeness of
the heat semigroup e'X are due to Sturm [68] and the author [41] (p. 1306, Theorem 1.4).

1.5 Main results

To state the main results of this paper, we first recall the rigorous definitions of the Riesz
transforms and the Riesz potentials associated with the Hodge Laplacian on complete Rie-
mannian manifolds.

Definition 1.4 (/65]) Let M be a complete Riemannian manifold, Og 1 be the weighted
Hodge Laplacian with respect to the weighted volume measure du = e~ ®dv. For a > 0,
the Riesz transforms d(a + Oy 1) ~Y/? and dy(a + Ogx)~Y/? as well as the Riesz potential
(a+0gx)"Y? are defined as follows:

(i) ak-form w € LP(A*T*M, ) is in the domain of d(a + Oy )~ Y/2 if

d -1/2, . _ 1 ; 4 —t(a+Us k), dt
(a+Dow)""we = pagy. dm | de YV

exists in LP(AFTIT* M, p).
(ii) a k-form w € LP(A*T*M, i) is in the domain of dy(a + Ogx) "2 if

)

1 A dt
* -1/2, . _ : * o—t(a+lox) , 22
dgatDox)™ T(1/2) c—t it / doe v
exist in LP(A*=YT*M, p).
(iii) a k-form w € LP(A*T*M, ) is in the domain of (a + Ogx) /2 if

_ 1 dt
0. -2, . / de—t@t0e0,
(a + ¢’k)¢’k @ F(1/2) EHO A~>oo € \/E

exists in LP(AFT* M, p).

Now we are in a position to state the main results of this paper as follows.

Our first result is a refinement of the above mentioned result due to Bakry [5].



Theorem 1.5 Let (M, g) be a complete Riemannian manifold, ¢ € C*(M). Suppose that
the heat semigroup e’ is conservative, and Wy > —a, it =k, k+1, where a is a non-
negative constant. Then, there exists a constant Cy > 0 such that, for all 1 < p < oo, we
have

Ik (a+Opr) "2 lpp < Crlp® — 1)*2, (9)

||d;7k(a + D¢7k+1)71/2”p,p < Ck(p* - 1)3/2. (10)
In particular, if the k-th and (k + 1)-th Weitzenbdck curvatures are non-negative, i.e.,
Wei>0, i=kk+1,

then the Riesz transforms dD;}f and d;@D;}ﬁl are bounded in LP for all p > 1. Moreover,
forallp > 1,

140, 3 % llpp < Crlp* — 1)*/2, (11)

|p7p < Ck(p™ - 1)3/2- (12)

~1/2
(Lt
Our second result provides us with a reasonable condition on the Weitzenbdck curvatures

under which the asymptotically sharp LP-norm estimates (2), (7) and (8) extend to the Riesz
transforms associated with the Witten Laplacians on k-forms.

Theorem 1.6 Let (M, g) be a complete Riemannian manifold, ¢ € C*(M). Suppose that

etl is conservative, Wer = —a and Wy 41 > —a, where a > 0 is a non-negative constant.
Then, there exists a constant Cy, such that for all 1 < p < oo, we have

ld(a+0g k)~ "?|lpp < 20k (p* — 1), (13)

I (a + Op k1) ™2l < 2Ck(p* = 1), (14)
where J
w
Cy := sup 9]l oo < 400
wel(ART* M), Vw0 || VW00

18 a positive constant depending only on k=0,1,...,n.

Moreover, at least on the Euclidean space, an upper bound of the form O(p* — 1) for
the LP-norm of the Riesz transforms associated with the Hodge Laplacian is asymptotically
sharp when p — 1 and when p — .

By Gallot-Meyer [25], on the hyperbolic manifold M = I'\IH"(—1) of constant sectional
curvature —1, where I is any torsion-free discrete subgroup of G = SO (n, 1) (the group of
isometries on IH"(—1)), we have

Wi = —k(n — k)Id.
From this and Theorem 1.6 we have the following result which is also new in the literature.

Theorem 1.7 Let M = T\IH"(—1) be the hyperbolic manifold of constant sectional cur-
vature —1, where T is any torsion-free discrete subgroup of G = SOT(n,1). Then, for

kz%‘ﬂ...mifn is odd, k = 5,...,n if n is even, and for all p > 1, we have
ld (k(n = k) + 00) ™[l < 2C(p" — 1), (15)
ld (k(n = k) + O1) ™2 pp < 210" = 1), (16)

where Cy, is a universal constant depending only on k.



The last main result is the following Weak LP-Hodge decomposition theorem on com-
plete Riemannian manifolds with non-negative Weitzenbock curvatures, which is a natural
extension of Theorem 1.1.

Theorem 1.8 Let (M, g) be a complete Riemannian manifold, ¢ € C*(M). Suppose that
etl is conservative, and the Weitzenbick curvatures are non-negative:

Wy >0, i=k—1,kk+1.
Then, for all 1 < p < 0o, every w € L”(AkT*M7 u) has a unique decomposition in LP:
w= Hw+da+ d3p,
where H : LP(A*T*M, ) — KerOy, . N LP(A*T* M, 1) denotes Hodge harmonic projection,
a € Kerd, N LY(A*'T*M, 1), B € Kerd N LE(AFH1T* M, p).

Moreover, there exists a constant Cy > 0 (as the same as in Theorem 1.5), such that for all
1 < p < o0, we have

IN

el p (an=17+ p,p0) Cia (™ = 1D lwllp,

||ﬁHLf(Ak+1T*AL;L) > C;?(p*—l)SIIwIIpy

A

and
I(I = H)wllp < (Cizy + CR) " = 1P ||wllp,
where LY (ART* M, 1) denotes the homogenuous Sobolev space of k-forms n on M such that

11 o (ar a1,y = lldnllp + |l < 400

1.6 Remarks

Remark 1.9 To prove Theorem 1.5 and Theorem 1.6, we will first prove a probabilistic
representation formula of the Riesz transforms on differential forms, cf. Theorem 5.3 below.
In the proof of Theorem 5.3, we use the Littlewood-Paley identity. However, the proof of
Theorem 1.5 and Theorem 1.6 does not need to use the Littlewood-Paley-Stein inequalities.

Remark 1.10 To prove Theorem 1.5, Theorem 1.6 and Theorem 1.8, we need also to prove
the LP-strong stability of the heat semigroup and the Poisson semigroup of the Hodge
Laplacian or the Witten Laplacians on complete Riemannian manifolds with non-negative
Weitzenbock curvature, cf. Theorem 3.4 below. It seems that we cannot find either an
explicit statement or a proof of Theorem 3.4 in the literature.

1.7 Applications

The method and the main results of this paper will be used in three forthcoming papers
[44, 45, 46]. In [44], we use the main results of this paper to prove the Strong LP-Hodge
decomposition theorem and to prove some vanishing theorems of the LP-cohomology on
complete Riemannian manifolds with suitable geometric conditions. In [45], we use the
main results of this paper to prove some Sobolev inequalities on differential forms and to
prove some vanishing theorems of the LP-?-cohomology on complete Riemannian manifolds
with suitable geometric conditions. In [46], we use the method of this paper to prove the LP-
boundedness of the Riesz transforms associated with the complex Kodaira-Hodge Laplacian
on complete Kéhler manifolds with non-negative curvature operator, and use this result



to prove the LP-estimates and existence theorems of the d-operator on complete Kihler
manifold with semi-positive curvatures. The main result in [46] can be viewed as a non-
trivial extension of the famous Hérmander-Andreotti-Vesentini L?-estimate and existence
theorem of the J-operator on complete Kihler manifolds with semi-positive curvature. In a
paper which is in preparation, we will extend the method and the results of this paper to the
Riesz transforms associated with the Hodge Laplacian of the Dirac operator and the twisted
Dirac operators on complete Riemannian spin manifolds with suitable curvature conditions.

The rest of this paper is organized as follows. In Section 2, we recall the well-known
probabilistic representation formulas of the heat semigroup and the Poisson semigroup gen-
erated by the Hodge Laplacian or the Witten Laplacians on forms on complete Riemannian
manifolds, as well as the well-known semigroup domination inequalities. In Section 3, we
prove the strong LP-stability of the heat semigroup and the Poisson semigroup on forms
on complete Riemannian manifolds with non-negative Weitzenbock curvature. In Section
4, we formulate the Burkholder sharp LP-inequality for martingale transforms on complete
Riemannian manifolds. In Section 5, we prove the probabilistic representation formulas for
the Riesz transforms and the Riesz potentials on forms on complete Riemannian manifolds.
In Section 6, we prove Theorem 1.5, Theorem 1.6 and Theorem 1.7. In Section 7, we prove
the Weak LP-Hodge decomposition theorem (i.e., Theorem 1.8) on complete Riemannian
manifolds with non-negative Weitzenbock curvatures.
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2 Heat semigroup and Poisson semigroup on forms

2.1 The weighted Bochner-Weitzenbock formula

We first recall the weighted Bochner-Weitzenbock formula which has been well-known to
experts. To sake the completeness of the paper, we give a proof for it.

Theorem 2.1 Let V be the Levi-Civita connection on (M,g), ¢ € C*(M). Let
Ay =A—Vyy

be the covariant weighted Laplace-Beltrami operator, where A = TrV? is the covariant
Laplace-Beltrami operator on k-forms. Let

Wi =D € Nie,Rlei,e5) + dAF V¢
4,J

be the weighted Weitzenbock curvature, where ey, ..., e, is a normal orthonormal basis at
T,M fory € M near x € M such that V.,ej(x) = 0, V¢ denotes the Hessian of ¢ with
respect to the Levi-Civita connection V. Then

Dqg’k = —A¢ + Wk,aﬁ- (17)

Proof. By definition, the L2-adjoint of dj with respect to the measure u, denoted by
&%y O (AFHIT* M) — L2(APT* M, ), satisfies

/<dkw7n>du=/ <w,dy pn > dp.
M M '



Standard argument based on integration by parts formula shows that

dyp =d" +ivs,

where iy, denotes the interior multiplication induced by the contraction of the vector field
V¢ on A*FIT* M. This yields

U = d(d* + iv¢) + (d* + ’iv¢)d
= (dd* +d*d) + (div¢ + iv¢d).

Using the Cartan identity

we obtain

d’iv¢ + iv¢d = Lv¢,

D,ﬁ_’k =0+ Lv¢.

By the standard Bochner-Weitzenbock formula, we have

O=-A+ Ze;‘ Nie; R(es, €j).

1<j

We now prove the following identity

Lygw = Vygw + dA*"VZpw.

To prove (20), notice that V. i., = 0 holds at the point . Hence

div¢w =

and

iv¢dw

D e AV (< Ve > icw)

i,J

Zvej <V, e; > € Nie,w + Z <Vo,e; > €j Nie,Ve,w
i,J ,J

ZV2¢(ei,ej)e§ Nie;w + Z <V, e; > €] Nie,Ve,w,

(2] ,J

Z < Vo, e; > ieie; AVe,w

i

= Y <Véei>Vew—Y <Voe>e; Nie,Vew
i i<J

= Vygw — Z <Vo,e; >€j Nie,Ve,w.

1<j

Combining the above identities, we obtain (20). From (18)-(20), we obtain (17).

2.2 Heat semigroup on forms

In this subsection we recall the well-known probabilistic representation formula of the heat
semigroup on forms and the semigroup domination inequalities.

Let X; be a diffusion process on M with infinitesimal generator L = A — Vy4 and
with Xo = . By Ito’s theory of diffusion process on Riemannian manifolds, there exists a
Brownian motion W; on IR", such that

dXt = Ut o th - V(b(Xt)dt,
XO = T,

10



where U; € End(T,M,Tx,M) denotes the stochastic parallel transport along the path
{Xs,s € [0,t]} with respect to the Levi-Civita connection, and is the unique solution to
the following covariant SDE along { X5, s € [0, t]}:

Voax, Ut =0, Up = Idr,,

where od denotes the Stratonovich stochastic differentiation.

By Itd’s formula and the weighted Bochner—Lichnerowicz-Weitzenbock formula, and us-
ing the same argument as in the proof of the Feynman-Kac formula for vector valued function
on IR™, we have the following well-known probabilistic representation formula of the heat
semigroup generated by the Witten Laplacian g j on k-forms:

e Herw(a) = B, [M]w(Xe)] (21)

where M, j, € End(AFT M, AkT)*QM ) is the solution of the covariant differential equation

\Y
aMt,k = Wy (Xe) My, Moy = Idprrenrs (22)
where % = Ut%U[1 denotes the covariant derivative operator with respect to the Levi-

Civita connection along the path of {X;, s € [0,t]}. For a proof of (21), we refer the reader
to Elworthy-Le Jan-X.-M. Li [21].
We have the following well-known semigroup domination inequality, cf. [21].

Theorem 2.2 Let M be a complete Riemannian manifold, ¢ € C?(M). Suppose that
Wi > a, where a € R. Then, for allw € C§°(A*T*M),

‘e‘th*"“w(m)‘ <e ettw|(x), Vre M,t>0. (23)
Remark 2.3 In the case k = 0 and ¢ = 0, the probabilistic representation formula (21) of

the heat semigroup e '™ and the semigroup domination inequality (23) can be traced back
to Malliavin [50].

2.3 Poisson semigroup on k-forms

Using the Bochner subordination formula, for all w € C§°(A*T*M), and for all (z,t) €
M x R*, the Poisson semigroup e 'V *+t5e.x on one-forms can be defined as follows

eftV“JrDWkw(z) = \lf/ 67%(‘”D’W)w(x)e*“ufl/zdu.
™ Jo

In the case k = 0, for all f € C§°(M), the Poisson semigroup e~V2~% on functions can be
given by

1 > t2
—tva—L _ -+ (a—L) —u, —1/2
e flx) = / e~ tu f(z)e ™ u™""*du.
VT Jo
We can also give the probabilistic representation formulas for the Poisson semigroup

e~ tVe=L and the Poisson semigroup e~V atUs  To do so, let B; be the standard Brownian
motion starting from By =y > 0, and let

1, = inf{t > 0: B; = 0}.

11



Then it is well known that for all A > 0, we have
E, [67)\7—14} — e VA

This leads us to the following probabilistic representation formula for the Poisson semigroup
on functions

e WA L(y) = E, [6—(“—””}((96)} = By [e7" B, [f(X-,)]] -
That is
e WL f(x) = By [ f(X,)] -

Similarly, for any w € C§°(A*T*M), the Poisson semigroup e ¥V ‘“LD‘f’ﬂ’“w(x) can be repre-
sented by

e—y\/a+D¢,kw($) =E, [e—(a—‘er@)Tyw(x)} =B, [e—aTg/Em[M*y,kw(XTy)]} .

That is
eVt Boniy(z) = B, ) {eiaTyM* kw(XTy)} '

Ty

Remark 2.4 Let B; be the one-dimensional Brownian motion starting at Bg =y > 0. Let
1, = inf{t > 0: B, = 0}, and define

Et = BTy—t7 t e [07Ty}.

Let ~
L, =sup{t>0:B, =y}
be the last exiting time of {Et} from y. Then, it is well known, see [52, 59], that L, has the
same law as Ty, i.e.,
_ _ Y _—3/2_ —y?/22
P(L,c€dz)=P(1,€dz) = ——== e ¥ /%dz. 24

Moreover, {By,t € [0, L]} is the conditional 3-dimensional Bessel process starting at 0 and

with terminal value y conditioning at Ly, i.e., ELy =y. Note that lim 7, = lim L, = oo.
y—o00 y—o0

This leads us to identify Et = B, with the standard 3-dimensional Bessel process starting
from 0 when the initial position of Brownian motion tends infinity, i.e., when By =y — oo.

3 LP-strong stability of the heat semigroup and the Pois-
son semigroup

In this section we prove the LP-strong stability of the heat semigroup and the Poisson
semigroup on complete Riemannian manifolds with non-negative Weitzenbock curvatures.
This result will play a crucial role in the proof of Theorem 1.5.

We first prove the following result which is essentially due to Bakry [5].

Theorem 3.1 Let M be a complete Riemannian manifold. Suppose that Wy ;. > —a, where
a > 0 is a constant. Then, for all p € [1,00] and t > 0, we have

He—t(a-&-Dd,,k) < e—Qmin{%,l—%}at, (25)
p,p

Heft\/a+E|¢,k < 6—2min{%,1—%}\/at. (26)
p,p

12



Proof. Using the semigroup domination inequality (23) and the fact that e*” is LP-contractive,
under the curvature condition Wy ; > —a, we have

et Benol, < et lul, < llwly, € [1,00],¢ > 0.

Therefore
et *en) ]y, <1, Vp € [l 00],t >0,

This proves (25) for p = 1,00. On the other hand, for all w € L?(A*T*M, ),

P 2
— |le= ok -2 < Oy pe~Boky e Moy > du
ot 2 M @

IA

0.
Hence

e R
2

This yields
ety < 7, vt > 0.

By the Riesz convexity interpolation, for all p € (1,2), letting 6 € (0,1) be such that
1/p=60/1+1-60/2,ie.,0=2/p—1, we have

0 1-60

Heft(aJrD(ﬁ,k)

< Heft(amw)

Heftmmm

2,2

P 1,1 )

< e—(l—O)at
N _ 2(p—1)at

= e f, Vt>0

Similarly, for all p € (2,00), letting 6 € (0,1) be such that 1/p = 1—60/2 + /00, ie.,
6 =1-2/p, we have

6 1-6
e—t(a+D¢‘k) S e*t(aJrDak) B*t(aJqub,k)
p;p 00,00 2,2
< e—(1—9)at
_ 2at
= e », Vt>0.

These finish the proof of (25) for all p € [1,00] and ¢ > 0. Similarly, for all p € [1,00] and
t > 0, we can prove (26). O

We would like to point out that Theorem 3.1 plays a crucial role in Bakry’s proof of the
LP-boundedness of the Riesz transforms d(a+y )~/ on complete Riemannian manifolds
with Wy, > —a and Wy ;41 > —a for some positive constant a > 0. According to [22],
Theorem 3.1 says that, under the condition Wy > —a with a > 0, the heat semigroup

e~ta+Usx) and the Poisson semigroup eV atlsk are exponentially stable when ¢ — oco.
In particular, we obtain the following

Corollary 3.2 Under the same conditions as in Theorem 3.1, for all p > 1, we have

N e
t—00 p.p
lim He_tv atle x =0.
t—o0 D,
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Remark 3.3 In the case where M is a complete non-compact Riemannian manifold with
non-negative Weitzenbock curvature Wy, > 0, if we do not assume some additional con-
dition on M, we cannot prove that the heat semigroup e~*J¢* and the Poisson semigroup

e~ 'VHok are exponentially stable. This might be the most important reason why we cannot

find an explicit statement in [5] saying that the Riesz transform dD_i/ % is bounded in L?
for all p > 1 if M is a complete Riemannian manifold with Wy > 0 and Wy ;41 > 0.
An important observation of this paper is that, even though the heat semigroup e ~*Fe.»

and the Poisson semigroup e~V Hox are usually not exponentially stable on complete Rie-
mannian manifolds with non-negative Weitzenbock curvatures Wy > 0, they are strong
stable in LP for all p > 1 in the sense of Theorem 3.4 below. It will play a crucial role in
the proof of Theorems 1.5, 1.6 and Theorem 1.8.

Theorem 3.4 Let M be a complete Riemannian manifold, ¢ € C*(M). Suppose that

W¢7k > 0.

Then the heat semigroup Hy = e~ 'Box and the Poisson semigroup etV Dok gre LP-strong
stable in (KerOy )t N LP(ART*M, p), i.e.,

lim [|e7tP%*w — Hywl|, =0, Yw e LP(AFT*M, p),

t—oo

lim [e”'VPerw — Hywl|, =0, VYwe LP(AFT*M, 1),

t—oo

where
Hy,: LP(ART* M, p) — (KerOy ) N LP(ART* M, 1)

denotes the LP-Hodge harmonic projection.
Proof. Using the semigroup domination inequality (23), as Wy, > 0, we have
le7Hor(x)| < e |w|(z), Vw e LP(APT*M, p),z € M,t > 0.

Since etL

is a Markovian semigroup, it is LP-contractive. Therefore
le™" k0, < flwllp, Vi > 0.
By Bochner subordination, we have
leVEeraly < flwllp, Ve >0,
Slightly modifying the argument used in the proof of Theorem 1 (p. 67) in E. M. Stein [63]
or Theorem 4.2.12 (p. 293) in Jacob [35], using the fact that O, is a self-adjoint operator

on L*(A*T*M, i), and that e~ *De.x is LP-contractive for all p € [1,00], we can prove that
e~Hsx has an analytic continuation from the sector Yo(p) to LP(A*T* M, 11), where

2
Za(p)Z{zE G:|arg(z)|<72r<1—‘p—1‘>}, p>1.

By the theory of analytic semigroups, see e.g. Theorem 4.2.7 in Jacob [35], there exists two
constants § € (0, 5) and M > 0 such that

m
Spps= {)\ € C: largh| < 3 +5} U{0} € pp(Tor),
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and M
A= Og) Hlpp < ik VA€ X5\ {0},

where p,(0y %) denotes the resolvent set of O,y in LP(A*T*M, p). Equivalently, the LP-
spectra of Uy ;, satisfies
o,(0p) NiR C {0}.

By a theorem of Arendt-Batty-Lyubich-V1, see [22] (Ch. VI Theorem 2.21, see also Example
2.23(i) of Ch. VI), we obtain

lim [e7tP9+w — Hywl|, =0, Yw € LP(A*T*M, p).

t—o0

This proves that e ="M+ is strong stable in (Ker(Jg x)* N LP(A*T* M, ). Similarly, we can

prove that the Poisson semigroup e~*V 5% is strong stable in (Ker(g )= N LP(AFT* M, 11).
The proof of Theorem 3.4 is completed. g

Remark 3.5 As far as we know, we cannot find an explicit statement of Theorem 3.4
and a proof for it in the literature. The LP-contractivity of the heat semigroup e *J¢ on
differential forms plays an important role in the above proof. In [66], Strichartz studied
the problem of the LP-contractivity of the heat semigroup e "~ on differential forms and
the LP-contractivity of the Hodge-Kodaira projection on complete non-compact Riemannian
manifolds. He pointed out that the heat semigroup on k-forms is always L?-contractive but
one cannot expect that the LP-contractivity of the heat semigroup is always "yes”. In p. 353
in [66], he wrote: "If e'® were LP contractive then by taking the limit as t — co we would
obtain that the Kodaira projection operator 17" onto the harmonic k-forms is LP-contractive.”
Here, according to the notation in [66], A denotes the negative Hodge-de Rham Laplacian
on k-form.

4 Martingale transforms on complete Riemannian man-
ifolds

In this section, we formulate the Burkholder LP-sharp inequality for martingale transforms
on complete Riemannian manifolds. For this, we borrow some ideas from Balnuelos-Wang
[10] and Arcozzi [1].

Let F; be the filtration generated by the n-dimensional Brownian motion W;. Let Y; be
a real-valued L?-martingale on the Brownian filtration F;. Then

t
Yt:E[YtH/ H,-dw,,
0

where H; is a predictable process with value in IR". Let A € M(n,IR) be an n x n real
matrix-valued predictable process. Define the martingale transformation

t
(A*Y)t:/ A(s)H, - dW,.
0
Let [[|All] = sup [A(s)[|, where [|A(s)|| = sup{[|A(s)v[|r~ : v € R", [|v||r~ < 1}. Then

<A*Y > — < AxY S <|A|P <Y > —||AP <Y >;.

According to [13, 10, 1], this means that (A * Y, is differentially subordinate to |||Al||Y;.
The following theorem is essentially due to Burkholder [13]. It gives the best constant
in the LP-inequality for the differential subordinate martingales.
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Theorem 4.1 ([13, 10, 1]) Let Y and A Y be as above. Then, for any p > 1, we have
[A*Yllp < (p* = DIIANNY [l
and the constant (p* — 1)||A|| is the best possible here.

Let M be a complete Riemannian manifold, n = dimM, and ¢ € C?(M). Suppose
that the L-diffusion process X; is stochastically complete, i.e., the lifetime of the L-diffusion
process is infinite. By It6’s SDE theory, we have

dXt = Ut ] th - V¢(Xt)dt,

where W; is the standard Brownian motion on IR", U; denotes the stochastic parallel trans-
port along the trajectory of {X; : s € [0,t]}, i.e., U; satisfies the following covariant SDE on
the orthonoimal frame bundle O(M) over M:

Veoax,Us = 0.

Note that the Brownian filtration F; coincides with the filtration generated by X, since we
can reconstruct the IR™-valued Brwonian motion W; from the M-valued L-diffusion process
X in the following way:

t t
W, :/ UlodX, +/ U7 'Vo(X,)ds,
0 0

where odX; denotes the Stratonovich differential along the trajectory of {Xs, s € [0,¢]}.

Definition 4.2 Let F' be a vector bundle over M, < -,- >p be an inner product over F.
Let E = ANT*M ® F. Let UF : Fx, — Fx, be the stochastic parallel transport along the
trajectory of {Xs : s € [0,t]}. AnEnd(F)-valued martingale transformer over the L-diffusion
process Xy on M is a bounded and continuous process A; such that

Let U, be a continuous, bounded process with values in E = ANT*M ® F over X. The
martingale transform of the Fx,-valued Ito stochastic integral

t
(I\p)t:/ b=, U, dw,
0

by the martingale transformer A € End(E), denoted by (A * Ig), is the Fx,-valued martin-
gale defined by

t
(A*Iq,)t:/ UB=1 AW U dW,.
0

The following theorem is a straightforward extension of a result due to Arcozzi [1] where
F is a trivial vector bundle over M, i.e., F = R

Theorem 4.3 Let X; be a stochastically complete L-diffusion process on M. Let Ay be a
martingale transformer over X;. Suppose that

Al = sup sup [[As(w)lop < o0,
s>0 we

where ||Ag(w)|lop denotes the operator norm of As(w) € End(A'Tx M ® Fx,). Then

[A Ty ll, < (0" = DA wllp-
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Proof. By Theorem 4.1, we need only to prove that A x Iy is differentially subordinate
to Iy. The covariance process of the martingale transformation A * Iy is

t
< Axlyg >= / Tr(A Vs ® AW, )ds
0

Let eq1,...,e, be an orthonormal basis of T, M, and let fq,..., f; be an orthonormal basis
of FXS(w)- Then {62‘ ®fj, 1<i<n,1<5< l} is an ONB of EXS(w) = A.T;(s(w)M®FXS(w)-
By definition, we have

n l

Tr(AsV, ® AV,)(Xs(w)) = ZZ < AU (e; ® fj)?As\I]s(ei & f]) >Ex.(w)
i=1 j=1

n l

= > DY <AV, @[ >p, o I

=1 j=1
HAS\IJSHQEXS(M)

1Al 19

AN [y, -

IAN

IN

Hence
t
< AxIy >< A2 / 1,13, ds = AN < Ty > -
0

This yields that A « Y is a differential subordination to Y, i.e., we have
<Axly > — < AxIyg > < ||A||l| < Iy > —||A]ll < [ >, VO <s <t
The proof of Theorem 4.3 is completed.
O

5 DMartingale representation of Riesz transforms and
Riesz potentials

5.1 Background radiation process

From this section, let {X;,¢ > 0} be the diffusion process on M whose infinitesimal generator
is L and whose initial measure is u, and let B; be a one-dimensional Brownian motion
starting from By = y with infinitesimal generator j—:z. We have dB; - dBy = 2dt. Following
P. A. Meyer [52] and Gundy [30], we introduce the so-called background radiation process
on M x IRT as follows
Zy = (Xy, By).

In fact, {Z;,t € [0,7]} is a diffusion process on M x IR* whose infinitesimal generator is
L+ %:2 and whose initial distribution is 4 ® d, supported on the hypersurface M x {y} at
time ¢t = 0. The process {Z;,t € [0,7,]} terminates at time ¢ = 7 upon hitting the boundary
M x {0}.

Let P, be the probability law of Z, = (X, B;) starting at (z,y) € M x RT. We
define the measures {P,,y > 0} on the path space C([0,00), M X IR) as

P,(Z: € B) = /M Proy)(Z: € B)dp(a), (27)

for all Borel sets B C M x R*. Let E, be the expectation corresponding to P.
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5.2 Covariant Ito’s calculus

The following proposition will be used in the proof of the results of the next sections.
Proposition 5.1 For allw € C§°(A*T*M) and all a > 0, we have

e Mw(X,) = eaTM:ﬁlwa(Zo)Jr/ e TS MM <v, ;) wa(Z4)-(UsdW,, dBy). (28)
0 Y

where
wala,y) == e Wtou(2), V(z,y) e M x R*.

Proof. By (22), we have

%(Mt*) = —M; Wy 1(Xy). (29)

Using the covariant version of the It6 formula acting on differential forms, cf. Elworthy-Le
Jan-X.M. Li [21] and Norris [56], we have

V(e " M;w(X;)) = —ae “"M;w(X)dt +e VM w(Xy)dt + e M, (Vw)(X;) o dX;
= —e "M (a+ Wy (Xe))w(Xy)dt + e~ M (Vw)(X,)d Xy
+e U M;V2w(X ) (d Xy, dXy).

Note that
dXt = Ut o th - V¢(Xt)dt

Hence

Vew(Xo)(dXy,dXy) = > V2w(Xy)(Uses, Upe;)dW;dWY
,J
= ZVZW(Xt)(UBi,Uej)éijdt
,J
= TrV3iw(X)dt

This yields that

V(e " Miw(X)) = e “M;(Vw)(Xt)dX; +e M (A — Wy k(Xt) — a)w(Xy)dt
= e_atMt*(Vw)(Xt)Utth + e_atMt* (A - Vv¢ — W¢,k(Xt) — a)w(Xy)dt
e_atMt*(Vw)(Xt)Utth - e_atMt*(—A¢ + W¢,k(Xt) + G)W(Xt)dt

By the weighted Bochner-Weitzenbock formula (17), we obtain
V(e " Miw(Xy)) = e~ M} (Vw) (X)) UpdWy — e~ " M, (a + O )w(X;)dt.
Therefore, for all w € Ker(a + 0y), we have
V(e ™M w(Xy)) = e "M, (Vw) (X)) UrdW;.

Integrating from s to ¢ along the trajectory of the diffusion process X we get

t
eI MIW(X,) = e~ MPw(X,) + / =9 M (V) (X, ) Uy W

18



Replacing X; by the background radiation process Z; = (X, B;), and replacing the (a+0y)-

harmonic form w € Ker(a+g) on M by the Poisson semigroup w, (z,y) = e ¥V a+Hery(g)
on M x R*, we get

t
e Miwa(Zy) = e Mwa(Zs) +/ e "M (V, ;) wa(Zy) - (UrdW,, dBy).
s Y

In particular, at ¢t = 7 and s = 0, we get
w(X,) ="M w(Z) +/ e T MM <v,a> wa(Zs) - (UsdWs, dBy).

0 dy
The proof of Proposition 5.1 is completed. ]

5.3 A probabilistic representation formula of k-forms

The formula (28) in Proposition 5.1 gives a probabilistic representation of k-form in terms
of the time derivative and the covariant derivative of its Poisson semigroup composed with
the background radiation process on M x IR™. In this subsection we prove a probabilis-
tic representation formula of k-forms which uses only the time derivative of the Poisson
semigroup.

Theorem 5.2 Suppose that Wy 1 > —a, where a is a non-negative constant. Then, for all
w € C(A*T*M), we have

1 T 0
“w(z) = lim B, / eI M M —w,(X,, By)dB, | X, = x|, (30)
2 Y—00 0 8y
where
wa(z,y) = e Voo y(2), ¥ (z,y) € M x R,

Proof. Let n € C§°(AFT*M). By Proposition 5.1, we have

n(X-) = e M 'n.(Xo, Bo) + / e T MM (v, ;;) (X, Bs) - (UsdWs, dBy).
0
Hence
/ <Ey [/ ea<S—T>MTM;1§wa(XS,BS)dBS X, = x} : n(x)>du(x)
M 0 Y
= E, / ea<8*T>MTM;1Q%(XS,Bs)st, n(X,)
0 oy
= I + I,
where
L = B, [</ ea<S*T>MTM;1§wa(XS,Bs)st, e“TMj’lna(Xo,Bo)ﬂ ,
0 Y
ho= b K/ COMAM L wn(Z0dBa, [N M (9.0, (22)- <Usdws,st>>} '
0 0

Using the martingale property of the Itd stochastic integral, we have

Il = E’U |:</ eaSMs_lagywa(Xs’Bs>dBS7 ’I]Q(X(),Bo)>:|
0

T o)
E,|[(E / e M —w.(X,, B,)dB,
o[ (o] et gt
= 0.

(XO,BO)} ) na(Xo,Bo)ﬂ
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By the L%-isometry of the Ito stochastic integral, we have

[ [T ) )
I, = FE / <MTMS‘1wa Z), M~ M —n,(Z, >ds}
2 Y o ay ( ) ayn ( )

(T /0 0
= F / <wa Zg), M7Y MMM —n,(Z, >ds]
v ), \ay (Zs) ay" (Zs)

) :/OT<§/%<ZS), (fyna(zs>>ds]-

The Green function of the background radiation process is given by 2(y A z). Thus

By [ (gpenXe B, gomXeB)Yas| =2 [ [T wna) ( Fones) fonato) deduta.

Using the spectral decomposition, we have the Littlewood-Paley identity

Jm [ [Twns <§Zwa<x, 2, Lol z>> ded(w) = [ (o) n(o)dua).

Therefore

<Wan>L2(H) =2 hm <Ey |:/ ea(s_T)M-rMs_léwa(XsaBS) : dBé |XT = x:l an(x)> d/’[’(x)
y=ee M 0 dy

Since the above identity holds for all € C2°(M, A*T*M), we get

w(r) =2 lim E, [/ MTMglgwa(Xs,Bs) -dB, | X, = x} .
0 Y

Yy—00

The proof of Theorem 5.2 is completed. |

5.4 Representation of Riesz transforms on k-forms

Following [65, 5], we consider the Riesz transforms d(a + Oy x) /2 and dy(a + Ogx) Y2
associated with the Witten Laplacian on k-forms. To simplify the notations, let

ROy k) == d(a + Oy )% € End(AFT* M, A*F1T* M),
R2(Ogk) i= di(a+ D)~ /? € End(AFT* M, A*1T* M).

We have the following probabilistic representation formulas of the Riesz transforms on
k-forms.

Theorem 5.3 For allw € C°(AFT*M), a > 0, let
Qk,aw(x7y) =e YV a+D¢'kW($), Yxe M, Yy Z 0.

Then, for all x € M, we have

1 : T a(s—T -
75R}1(D¢,k)w(x) = lim E, U e TIM, g1 M dk Qo (w)(Z4)d B,
0

Yy—0o0

X, = x} . (31)

1 : T a(s—T — *
S F2(Og)w(e) = lm B, [ | e M ML 0 Qua)(Z2) B
0

Yy—00

X, = x} . (32)
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Proof. By Theorem 5.2, for all w € C§°(A*T* M), we have

1 T
iw(x) = lim E, [/ e“(sz)MT,kalg
0

w(Z)dBs | X, = x| .
y—-+o0 8,k 6ka’ w(Zs) | x}

—1/2

Replacing w by di(a + Oy ) w, we obtain

S RE O )el)

= lim B, [/ DM My Va+ Op e Quradi(a + Og ) ™20(Z,)dBs | X, = x] '
0

Yy—00

Using the commutative formula

dipv/a + D¢7kw =/a+ D¢’k+1dkw,

we obtain
1 T
iR;(Dqg,k)w(x) =— lim E, [/ ea(877—)M‘r,kJrlMs_li-i—lQk+17ade(Zs)st X, = :C] )
Yy—00 0 ?
Using again diQk,q = Qk+1,adk, we prove (31). Similarly, we can prove (32). |

Remark 5.4 When k = 0, the formula (31) was proved in [43]. It is a natural extension of
the well-known Gundy-Varopoulos probabilistic representation formula of the Riesz trans-
forms on IR™ [31] and Gundy’s representation formula of the P. A. Meyer Riesz transforms
on the Weiner space [30].

5.5 Representation of Riesz potential on k-forms

In this subsection we give a probabilistic representation of the Riesz potential D;}C/ ? and

the Bessel potential (a + D¢7k)_1/2 on k-forms, even though we do not need it in the study
of the Riesz potentials on Riemannian manifolds.

Theorem 5.5 Under the same notations as in Theorem 5.3, for all a > 0, we have

ot Do) ™ ule) = B [ /0 T M, M e BV ek (X, )dB, | X, = x] .
In particular, for a =0,
%D;}/%(x) = —FE. UOT M, M e BV Bok(X,)dB, | X, = x] :
Proof. Applying the general representation formula (30) to (a + D);;/ Qw, the formula
(33) follows. Taking a = 0, we get (33). O

6 Proof of Theorem 1.5 and Theorem 1.6

In this section we prove Theorem 1.5 and Theorem 1.6. It would be interesting to ask
whether one can give an analytic proof of Theorem 1.5 without using ”the magic world of
Brownian motion”.
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6.1 Proof of Theorem 1.5

In this subsection, we prove Theorem 1.5. More precisely, we prove the following

Theorem 6.1 Let M be a complete Riemannian manifold, ¢ € C*(M). Suppose that et
is conservative, Wy . > —a and Wy 141 > —a, where a is a non-negative constant. Then,
there exists a constant Cy > 0 such that, for allp > 1,

ld(a+Op) " 2lpp < CA" =12, (33)
ld5(a+ Do) ?lpp < CA(p* =12, (34)

where C > 0 is a constant independent of p and k, Ay denotes the uniform norm in the
following inequality
[dw|loo < Ap||Vwllso, VYw € CS°(ART*M).

Proof. In the case p = 2, it is well-known that, using the Gaffney integration by parts formula
[23], the Riesz transform d(a + Ogx) /2 is bounded in L? on all complete Riemannian
manifolds and its L2-norm is less than 1. Below, we consider the case p # 2.

For all p > 1, since conditional expectation E[- | X, = ] is contractive in L?, we have

IRL(Oy)wllt = 27 /M E, [/OT ea(S_T)MT’]@JrlM;]i_,’_lan,kw(Xs,Bs)st | X, = x} pdu(x)
< 2P /M E, [ /OT ea(sff)M77k+1M;,i+1an7kw(Xs,Bs)st ! | X, = x] du(x)
= 2°E, {/OT ea(s_T)Mr,k+1M;;i+1an,kw(Xs,Bs)st ’

Let

I, = /0 ’ e IM, g1 M dQq yw (X, By)dBs.
We have
ld(a +Bg) 2wl < 2 lim {2yl (35)

We now estimate || I, ||p. Notice that, at any fixed point z € M, for all w € T(A*T*M @ R),
dw(z,-) = Z ef NVew(z,-),
i=1

where ey, ..., e, is a normal orthonormal basis at T, M such that V., e;(z) = 0 for all i,j =
1,...,n,and e},..., e’ isits dual basis. Let V = VIME@R  Then, for allw € T(A*T* M ®IR),
we have

0 ... 0 ... 0 0 Veaw
n . PP oo e “ee o e “ee Vew
dw(z,y) = Zej AVew,y)=1 0 ... 0 ... 0 0 i (z).
* * * venw
ean .. gN ..oegN 0 0,

Let A denote the (n+ 1) x (n + 1) operator-valued matrix before (Vw, d,w). Then

dw(z,y) = AVw(z,y).
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Hence, the It6 integral I, can be reformulated as a martingale transform given by

I, = / ea<s—7>MT,HIM;,;HAWQG,W(XS,Bs).(UdeS,dBS). (36)
0

By the Burkholder-Davies-Gundy inequality, we have

Hyllp < Gy

where (cf. Shigekawa [61] p. 50)

Note that
[[dwl] oo

A = |A|| = sup
wel (ART* M), Vw0 || VW0

- 1/2
{/ |e“(5T)MT,k+1M;,i+1A|2|VQa,kw(Xs,Bs)|2ds}
0

)

p

< +00

is a positive constant depending only on k£ = 0,1,...,n. Moreover, under the curvature

assumptions Wy 141 > —a, we have

sup e My o M0 || < 1
s€[0,7]

Therefore
||Iy||p < AkaHJpr

where

T 1/2
Jy = {/ |VQa,kw(XS,BS)2ds} :
0

Proposition 6.2 Let p > 1. Then, for all a > 0, w € LP(A¥T*M, ) (with additional

assumption Hyw =0 if a =0), we have

. 1/2
lim {/ |an,kW(Xsa B5)|2d8} S Bp”w”P? (38)
Y 0 p
where 1/2
%a pE (17 2)3
Bp = 1, b= 27
a4 p>2
Norm

Proof. Let we(z,y) = Qarw(z,y). By the Bochner-Weitzenbock formula, as Wy i, > —a, we

have

2

02 — 0
(W n L) wale )P = 2Veu(y) 12 < (ay Ot W¢,k) wa<x,y>,wa<x,y>>

v

2(Vuw,(z,y)*.
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Therefore

V2J, <

)

{/T ( ; 2 N
+L> |wa (X5, Bs)] ds}
92
0 Yy »

Let Ny = |wa(Xrnt, Brnt)|? — |wa(Xo, Bo)|?. Then N; is a continuous submartingale with
the Doob-Meyer decomposition Ny = M; + Ag, where M; is the continuous martingale

2
M, = N, - / (aaz + L> [wa(Xs, B)[*ds,
0

and A; is the bounded variation part of N; given by

TNt 82 )
A :/ (+L> wa(Xs, By)|?ds.
=] (g L) X )

(1) Let p =2. By Doob’s stopping time theorem, we have
E[Ax] = E[N] = ||Wa(XTvBT)||§ - ||Wa(XOaBO)||% < wl|2-
This proves (38) with By = 1.
(ii) Let p > 2. By the Lenglart-Lépingle-Pratelli inequality, we have

E [Aé} <p*E {sup Ntlg]
t>0

Moreover, using Doob’s martingale inequality, we have

o] < (G525) B[]

Hence
2
p
A2 < mHNoo”g

p2 2 2
= 5 XT - aXaB P
s M) — o (Xo, B

»?

2 2
" (I (Xl + lwa(Xo, Bo) 2llz )
_ p’ 2 2
= 5 (Xl + (X0 Bo)I})

2 2
= (el + eV T
p—2 p

By Theorem 3.1 and Theorem 3.4, we can therefore deduce that
lim J, < — lim

82 ) 1/2
L) |wa(Xs, By)|2d
y—o0 \fy%o {/0 (5‘2+ )'w ) s}
p

This proves (38) with B, = \/2(1;772)
(i4i) Let 1 < p < 2. By [71] (p. 641 Lemma 6.1) or [42] (p. 622 Lemma 4.5), we have

p

< ¥
2(p—2)

[wllp- (39)

for all p > 2.

2

1 0 p
< - - —p 2 2 5'
< Y |wa (2, y)[2~P lim 1nf (8 5 L> (lwa(Xs, Bs)|* +¢€7)

Vwe(z,y)|?
[Vwa(z,y)| e
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This implies

1 T 82 1/2
J, < —— {/ wa(Xs, Bs)|[> 7P lim inf <+L> wa(Xs, B)|? + €2 ‘éds}
Yy m ’ o | ( )| 250 8]/2 (| ( )| ) ,
1 2—p T 62 P 1/2
———— ||sup |wa (X5, Bs)| = {/ lim inf <2 —I—L) (|wa(Xs, Bs)|? +62)2d8}
Vp(p—1) |[s>0 0 e—0 \ Jy ,
Using the Holder inequality to 2/(2 — p) and 2/p, we get
1 2-p T 52 5 5 1/2
Jy < ——— || sup |wa(Xs, Bs)||lp % / lim inf <+L> wa(Xs, Bs)|? + %) %ds|| . (40
< el s (e Bl [t (7 1) Qe BOR + 2 0
We need to prove two preliminary results.
Proposition 6.3 For all 1 < p < 2, we have
T 82 9 o\ 2 ) p
im | [t (7 2) Gont B+ ] <2(CE0) ety @)

Proof. Similarly to Yoshida [71] (p. 644), we set f(z,y) = (Jwa|?(z,y) +£2)P/?, and N; =
f(Xt, Bt). Then Ny = M; + A; is a P, ,)-submartingale, where M; is the martingale part
given by

t 82
M; :Nt_NO_/ (2+L> f(Xs, By)ds,
o \9y

and A; is the bounded variation part given by

tAT 82
A :/ ( +L> X., B.)ds.
t o 8?}2 f( )

By the Lenglart-Lépingle-Pratelli inequality, we have

E[A/]

IN

2FE [sup |N; — NO@
>0
— 928 {sup (Jwal*(Xe, Be) + 52)”/1 +2E | (Jwal* (X0, Bo) +%)"°.
>0
Using the elementary inequality (a + b)?/2 < a?/? + b?/2 for p € (1,2), and a,b > 0, we have
E[A,] < 2E {sup walP(X1, Bt)} + 2F [Jwa P (X0, Bo)] + 4e”.

t>0

By Doob’s martingale inequality, we have

B [sup (e 8] < (25) B llal? (20

Therefore

E[A] <2 (L) E[|wal? (X7, By)] + 2 [lwal? (Xo, Bo)] + 4€P.
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Taking € — 0 and using Fato’s lemma, we have

Elimmt [ (2 41 (Jwa( Xy, Bo)[? + &%) ds
e—0 0 8y2 ’
< lmE /T > (|wa (X, Bs)[? + &%) ds
- e—0 0 6y2 ’
<

p b P p
9 (p—l) E [|wal? (X7, Br)] + 2F [|wa P (X0, Bo)]

p \’ ) ,
- 2(171) lw (X[ + 2E [Jwa (X0, Bo)]

p
2(]9?1) lwllf + 28 [lwal (Xo, Bo)] -

By Theorem 3.1 and Theorem 3.4, for all w € LP(AFT*M, ;1) (with Hyw = 0 in the case
a = 0), we have

p
lim F [|wa|P(Xo, By)] = lim He*y\/mwu =0.
Yoo Y—00 P
Hence

lim F |lim inf /T a—g—i-L (Jwa (X Bs)|2+52)p/2ds <o -P_ prHp.
0o \0y? 7 T o\p—1 b

Yy— 00 E—
This completes the proof of (41). O
Proposition 6.4 For all 1 < p < 2, we have

| sup |wa (X, Bs)lllp < |wllp- (42)

|
p—1
Proof. Using the semigroup domination inequality (23), as Wy ; > —a, we have
le"Bory(2)| < e¥et|w|(x), Vze M,t>0.
From this and using the Bochner subordination, we get
jwa(a,y)| = |e Ve Berw(a)| < eV w|(2) = ol ().
This yields that

[| sup ‘wa(Xm BS)|||17 < H sup |W|(X5a BS)‘HP'
s>0 s>0

Since |w|(x,y) = e ¥V~ Lw|(z) is a (83—:2 + L)—harmonic function, |w|(X;at, Brat) is a mar-

tingale. By Doob’s martingale inequality, we have

p p
| sup I Xrne Bradlllp < = I1wl(Xr, Bo)llp = = lwllp-

The maximal inequality (42) is proved. O

End of Proof of Proposition 6.2. It remains to prove (38) for 1 < p < 2. Combining (40),
(41) and (42), for all 1 < p < 2, we have

S e (
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This completes the proof of (38) for all 1 < p < 2 with

_ (2p*?
P(p—1)32

End of Proof of Theorem 6.1. By (35), (37) and Proposition 6.2, we have

_ 2pCp Ay,
ld(a+Og) 2w, < ﬁ”w”% Vp > 2,
— 20 Qp)l/QAk
ld(a + O k) 1/20.)”;7 < C;(_l)w(UIp, Vi<p<2.

Note that

1 D p 1/2
C,=<9=plp—1)( — .
{2p(p : (p - 1) }
Therefore, for all p > 2,

_ G P ' P@-Y _ o e,
\/W_\/(pl) o3 S Vel =D+ o)),

and for all 1 < p < 2,
20p(2p)1/2 D 1+p/2 1 3/2
=2 <2 _— 1 1)).
b 17 1 <2Ve o—1) (o)

This finishes the proof of (33) in Theorem 3.4.
It remains to prove (34). Let ()} denote the L*-adjoint of the operator in () with

respect to dy = e~ ?dv. Then
dhpy(a+0pk) 2 = ((a+ O ) ?dec1)) = (dr—1(a+ Og k1))
Using the duality argument, for all p > 1, we have
15, -1 (a + Op.6) ™2 lpp = (@ + Do) ™ 2di-1llgyg = lldi-1(a + Og 1) "?[lgg  (44)

Indeed, for all w € LP(A*T*M, ) and all n € LI(A*=YT*M, 1), we have

I 5 1(a+Okg) 2w, = sup / < d gy (a+Opr) Y 2w,m > dp
lInllq=1J M
= sup / <w,(a+0yx) Y 2dp_1n > du
lInllq=1J M
< | S”ulo1 wllpll(@+ Okp) ™ 2di—1nllq
Nig=
< |(a+ Dtﬁ,k)_l/Qdkleq,q”W”p

= [ldk-1(a+Tpe-1) "2 lgqllwlp-

Thus
15— 1(a+Ogk) "2 lpp < lldr—1(a+ Opp—1)"""?llg.q-

Similarly, we can prove that
dk—1(a+Opp-1)""?lq.q < 145 11 (a+Tgr) " pp-
This proves (44). By (33) and (44), we finish the proof of (34) in Theorem 3.4. O
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6.2 Proof of Theorem 1.6 and Theorem 1.7

By (36), the It6 integral I, can be reformulated as a martingale transform on M x IR:
I, = / e TIM, i M AUU T NVwa (X, By) - (UsdWs, dBy).
0

By the Burkholder sharp LP-inequality for martingale transforms, cf. Theorem 4.3, we get

1Ll < (" —1) sup ™) M g1 Mo AU lop
se|0,7
X / U;'Vw.(Xs, Bs) - (UsdWs, dBy)
0 p
Under the curvature assumptions Wy 41 > —a, we have
sup ||e“(S*T)M7.7k+1Ms_;+1AUSHop < Ag.
s€[0,7] ’
Therefore
1l < 0 = DA | [ U7V (X B - (VW dB) (45)
0 P
By It6’s formula, we can prove that
U 'wa(X,, By) —wa(Xo, By) = / U7 'Vwa(Xy, B)(UydWy, dBy)
0
T 1 82
_/O U <8y2 LA v¢> wa(Xs, By)ds.
By the Bochner-Weitzenbock formula Oy, = —Ag + Wy i, we have
82
(8y2 + A~ V(b) wa(x, y) = (D¢,k +a+ A — v¢) wa(xvy)
= (FAs+Wyr+a+A—Vo)wa(r,y)
= (a+ Wyr)wa(z,y).
Therefore, as Wy 1. = —a, it holds that
/ U 'WVwa(Xy, B)(UpdWy,dBy) = U wo (X5, Br) — wa(Xo, Bo). (46)
0

Combining (45) with (46), we obtain
||R¢11(D¢,k)pr < 2(p* - 1)Ak HU.,__lwa(XT,B.,—) - wa<X07BO>Hp

= 2(p" = DARNU w(X7) — w(Xo, Bo)llp
2(p" = D A[[|w(X7)lp + llwa(Xo, Bo)llp]-

IN

Since X, has the law u, we have
[w(Xo)lp = llwllp-
On the other hand, by Theorem 3.4 and Theorem 3.1, for all p > 1, and w € LP(A*T* M, p)

(with the additional condition Hyw = 0 when a = 0), we have

—0. (47)

p

lim |wq(Xo, Bo)|l, = lim He—y\/mw
y—0o0 Y00
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Thus
IR (Opp)wllp < 2(p" = 1) Ag[lwllp-
This implies that
ld(a + )~ 2llp.p < 24k(p" — 1)
From this and using (44), we have
d5(a + O es1) ™2 lpp < 2A1(0" = 1).

The proof of Theorem 1.6 is completed. Note that when k = 0, we have Ay = 1.
In the particular case where M = I'\IH"(—1), we have W}, = —k(n — k)Id. From this
and using Theorem 1.6, we can easily prove Theorem 1.7. ]

6.3 Examples

Example 6.5 Let M = R", ¢ = 0, and du(x) = dx. Then ||dD;1/2||p,p < Cr(p* —1) for
allp>1land k=0,1...,n. Let w=wrdz!, where I = (i1,...,ix), 1 <iy < ... <ip < n.
Then Oyw = —Aw;dz!, and

_ _ 0 _ ;
dd, 12, = d(—A) "V 2wpdat = Z T%(fA) V20 rdad A dat.
J¢l
By the estimate (1) of Pichorides [57], Iwaniec and Martin [34] and Banuelos-Wang [10],

—1/2
140 2], IR;wrllp

do;Y? =sup ——2~——= > sup —>—+ = ||R; =cot<7r>.
H k ||p’p w0 ”pr w120 HWH;D || JHP,P 2p*

Thus, when p — 1, we have
1/ 2 1
[0, lp.p = P—1 (L+0(1)).
Combining this with ||d0k||p.p, < Cr(p* — 1), when p — 1, we have

2 1 —1/2 Ck
—— (1 1)) < < .
7rp71( +0(1)) < |d3,, ||p,p—p71

Similarly, when p — oo, we have ||dD,;1/2||p,p > cot (ﬁ) > 2(p—1)(1+o0(1)). Hence

T

2 (b= 1)+ (1)) < 0, < Clp — 1),

By (44), we have ||d*D;1/2||p7p = HdD;_l{ZHq,q. The above estimates for dD,;l/2 lead to

/

similar estimates for the LP-norm of d*J, % More precisely, when p — 1,

2 _ o _
“(p= 17 (1 +o0(1) < [Tl < Comap 1),

and when p — oo,

2(p 1) (14+0(1)) < 4T, 2

pp < Croi(p—1).

Thus, in the Euclidean case, an upper bound of the form O(p* — 1) of the LP-norm of

the Riesz transforms dD;l/ % and d*D;l/ * are asymptotically sharp when p — 1 and when
p — o0.
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Example 6.6 Let M = R"™, ¢(z) = @, and p be the standard Gaussian measure on IR™.

Then L = A — x -V is the Ornstein-Uhlenbeck operator. The k-th Witten Laplacian on the
Gaussian space is given by
e =k—L, k=0,...,n,
and the k-th Weitzenbock curvature is
Wy r =k, k=0,...,n.
By Theorem 1.5, for allp > 1 and all a > 0, we have
ld(a +Og.) ™2 llp.p < Cul(p™ — 1)*2.

On the other hand, taking again w = wrdx! as in the above example, we get

Oy Pw = d(k — L) Pwrda! = Z 5 (k— L) 2wyda’ A da’,
J¢I i
from which we get
0, Pw 152 (k = L) 2w,
;2 = sup 1 Wl T2 - oy
w0 lwllp wi#0 lwrllp O; o

Forn =1, let D =d/dx. Then L = D? —xD. By Larsson-Cohn [37], for any a > 0, taking
falz) =x/a for |x| < a and f,(x) = sign(z) for |x| > a, where x € R, we have

D2 1/2
Ll A
A

Notice that D*(—~L)~'/2f, = D(1—L)~Y2f!. Taking wr(x1,...,2,) = fa(x;), we can prove
that when p — 1,

(I4+0(1)).

~1/2 2 1
14053 lpp 2 == (1+ o(1)).

Therefore, when p — 1, we have

2 1 1/2 “
wp—1 o) <140, oy < 557

Similarly, we can prove that, when p — oo, we have HdD_l/2||pp > 2(p — 1)(1 + o(1)).

Hence 5
~(r= D1+ 0(1)) < 43, Y5 < Crlp — 1)

By (44), we have ||d*D_1/2||pp = ||dD_l/2qu The above estimates for dUJ, 1/ lead to

similar estimates for the LP-norm of dj) ¢’/2 . More precisely, when p — 1,

(p— 17 (1 +0(1)) < |50, 5 [lpp < Crlp—1)7/2,
and when p — oo,

2 -

—(r =D (L4 o(1) < 50, %l < Calp — P2,

It would be very interesting to know whether we can replace (p — 1)3/2, (p — 1)73/2 in the

above estimates by (p — 1), (p — 1)t respectively.

30



7 LP-Hodge decomposition on complete Riemannian man-
ifolds

In this section we prove the Weak LP-Hodge decomposition theorem on complete Riemannian
manifolds with non-negative Weitzenbock curvatures.

First, we recall the Kodaira Weak L2-Hodge decomposition theorem on complete Rie-
mannian manifolds. Let M be a complete Riemannian manifold. Then, forallk =0,1,...,n,
the Kodaira Weak L2-Hodge decomposition theorem holds (cf. De Rham [19]):

L2(A*T* M, v) = Ker(y, @ dj,_ 1 QF—1(M) ® d;QF1 (M),

where

QM) =CP(AN'T*M), i=k—1k+1.

In the case if either 0 is a isolated point of the L2-spectrum o9(J;) or 0 ¢ o2(CJ;), the
Green operator [ exists on (Ker(J;)*. In this case, the Strong L?(v)-Hodge orthogonal
decomposition holds: every w € L?(A*T*M,v) has the unique L2-orthogonal decomposition:

w=Hw+dd'O'w+d"d0 'w,

where Hw denotes the harmonic component part of w in L2(A*T* M, v).

The above results remain valid for the Witten Laplacians on complete Riemannian man-
ifolds equipped with weighted volume measures. More precisely, the following Weak L?(u)-
Hodge decomposition holds

LX(APT* M, p) = KerOy . @ di 1 Q1 (M) & d Q5+ (M),

Moreover, in the case if either 0 is a isolated point of the L%-spectrum o2(Cg;) or 0 ¢
02(04,:), ¢ = k—1,k, k+1, the Green operators D;i exist on (Ker(y )t i =k—1,k k+1.
In this case, for every w € L?(A*T*M, ), we have the Strong L?(u)-Hodge orthogonal
decomposition:

w = Hw + dd;0, 'w + d3d0, w, (48)

where Hw denotes the harmonic projection of w from L2(AFT* M, ) to KerOg xNL2(A*T* M, p).
Using the commutation formulas dlg = Ugd and di0, = Ugdj, we have

* —— —1/2 —1/2 % —1/2 —1/2 \«%
day0;L = 0,2 0002 d s = (dOg ) Ao, 2
* -1 w«r——1/2 —-1/2 «r——1/2 wr——1/2 \%x

dyd0y, = dy0g 002 d = (a0, /20 (d0; 2 )

Therefore, the Riesz transforms dD;i/_Q , and d;D;L/fl are naturally involved in the L2-

Hodge orthogonal decomposition formula on L2(A*T*M, ;1) whenever they make sense.
Suppose that the Riesz transform dD;}C/ % is a bounded operator from LP(AFT*M, 1)

into LP(A¥1T*M, i) for a fixed p > 1. By the duality argument, we can easily prove

that O )/*d; = (d0,}/*); is bounded from LI(A1T*M, ) into LI(AFT*M, i), where

¢k o,k
q= %. Moreover,

—1/2\4 —-1/2
1@ )5l = 14053l
Since dZD;ZEl = D;;/Qd;, we obtain

* —1/2
[Fmpets

—1/2
b, k+1 |p,p = ||dD¢,k/

9,9
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Hence, if the Riesz transforms dlJ, k/ p and d, / are bounded in LP(u) and in L%(u),
where 1 + 2 =1,1<p,q < oo, then, for all w € LP(AkT*M 1), we have

1/2 1/2
o = Holly < {10552 a0 52|

1/2 1/2
v 14053 A P o] Nelly (49)

Now we are able to give the proof of Theorem 1.8.

Proof of Theorem 1.8. By Theorem 1.5 and using the fact that \\(dD¢k D¥llpp =
—1/2

||dD¢k 1llq.q: Where ¢ = SE5, we get
* —1/2 —1/2 \«
ldd5 05 wll, = 11(d3; 520,02 5wl,

—1/2 —1/2 \x

< 140, 2 ol d3, 2
—1/2

= (1dT; 32 ol d05 % g wup

< CE (" =132 — 1)*2|w],

Ciea (@™ = 1?[|wllp-
Similarly, we have

1/2 1/2
140,52 1 p 14335 3 2 a1
C2(p* = 1)*|wllp.

Therefore, the operators dd;D;i and d;dlﬂ;}c are bounded in L? for all p > 1. Consequently,

ld5d0; kel

IN

IN

Op 0y, = dd30, % + did0 5« LP(A*T*M) — LP(A*T*M)

is a bounded operator for all p > 1.
Let P, = e~ Hex. Since Wy, > 0, by Theorem 3.4, for all w € LP(A*T*M, 11), it holds
that
Hw = tli>nolo Pw in LP(A*T*M, ).

Writing
t
Pw—w= / QPSwds in LP(AFT*M, ),
0 88

and letting t — oo, we have
<9
Ho—-—w= / a—Pswds in LP(A*T*M, p).
0 S

Note that
0

% swW = 7‘:|PSUJ

Hence -
Ho—w= —/ OP,wds.
0

Therefore, we have the following decomposition in LP(AFT* M, p):
(oo}
w=Hw —|—/ OP,wds.
0

Equivalently, for all w € LP(A*T* M, ), we have
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oo
w=Hw+ / (dd + d3d) Pswds.
0
By the definition of the Riesz transforms, we obtain the following decomposition in LP (A¥T* M, p):
w = Hw+dd;0, 3 + djd0, w. (50)

Moreover, from (48), (49) and (50), we can deduce that

(= H)wlp, = [lddj0, 5w+ djd0g el
< |lddg 05 iewllp + ld5d0 el
< (CRa+ GO = P(lwllp

Thus, the Hodge harmonic projection H : LP(A*T*M, ) — (KerOg)L N LP(ART* M, ) is
bounded. The proof of Theorem 1.8 is completed. O

The argument used in the proof of Theorem 1.8 goes back to [65] and has been indi-
cated in our earlier papers [40, 42]. It can be considered as a natural extension of the heat
equation approach initiated by Milgram-Rosenbloom [54] for the Hodge decomposition the-
orem on compact Riemannian manifolds and developed by Gaffney [24] for the L2-Hodge
decomposition theory on complete Riemannian manifolds.
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