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Notations

If C is a constant, the notation C(-) specifies the dependency of C on some quantities.

w.r.t with respect to

| end of a proof

N set of all nonnegative integers

R set of all real numbers

Ry set of all nonnegative real numbers

R% set of all positive real numbers

M, set of all real n x n-matrix

P probability measure

E expectation w.r.t. P

Var variance w.r.t. P

14 indicator function of the set A

Card(A) cardinal of the set A

A€ complementary of the set A

dim(F) dimension of the linear space E

E+ orthogonal space to the linear space FE

Span{vy,...,vr} linear span of the vectors vy,...,v; € R

|z | largest integer smaller or equal to x

log x natural logarithm of x € R’}

|| absolute value of z

zVy maximum of x and y

TNy minimum of x and y

Ty positive part of z, i.e. 0V x

T_ negative part of x, i.e. 0V —zx

argmin f(x) argument of the mimimum of f on the set A
rEA

argmax f(x) argument of the maximum of f on the set A
€A

1, unit matrix of size n

=)
=

m null matrix of size n x m
Tr(A) trace of the matrix A
) rank of the matrix A
spectral norm of the matrix A (see (3.1.16) in chapter 3)

2 R
N

iii
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‘A transpose of the matrix A
Im(A) image set of the matrix A
ker(A) kernel set of the matrix A
L?(A, dx) set of functions f: A C R — R such that [, f(z)*dz < oo
(t1,. .. tn) transposed version of the vector ¢ € R”

" 1/2
It L?norm of t € R, d.e. ||t|| = (Z tf)

i=1
Lo 1/2

2]l normalized L?-norm of t € R", i.e. [|t]|, = <n Z )
(t, t"), normalized canonic scalar product of R™, i.e. (t,t') Zt it
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CHAPITRE 1

Introduction

“The time has come,” the Walrus said,
“to talk of many things.”

LEwis CARROLL

Les derniéres décennies ont connu un fort essor des interactions entre les statistiques mathéma-
tiques et de nombreux domaines de recherche (génétique, écologie, imagerie médicale, finance, ...). De
la modélisation a ’analyse de données complexes, ces relations ont permis de meilleures approches de
certains phénomenes. Cependant, elles ont aussi grandement étendu le champ de recherche des statis-
ticiens. Ce lien entre les statistiques et le milieu des sciences appliquées trouve souvent sa source dans
le souhait du non-statisticien d’avoir acces a des outils et des procédures lui permettant de formaliser
son étude dans un cadre mathématique et de pouvoir traiter convenablement les données observées.
Cela se traduit pour lui par la construction de modeles simples & expliquer mais assez riches pour
prendre en compte la complexité du phénomene observé. C’est dans cette recherche de compromis
entre adéquation aux données et relative simplicité du modele que la théorie de la sélection de modele
trouve, entre autres, un vaste champ d’application.

Lors des interactions entre statisticiens et expérimentateurs, une des premiéres étapes consiste
a prendre les probabilités comme langage commun. En particulier, ils doivent s’accorder sur une
modélisation probabiliste satisfaisante pour les uns comme pour les autres. A la base de tout ce qui
se construira ensuite, cette étape est cruciale et doit rendre compte de la connaissance du phénomene
dont disposent les expérimentateurs.

Bien que les récents progres des statistiques aient permis d’envisager des modeles de plus en
plus généraux, le parametre de variance des variables aléatoires introduites lors de cette étape de
modélisation reste encore souvent supposé connu et constant. Dans le monde de 'expérimentateur,
cette quantité est, malheureusement, bien souvent inaccessible et doit étre approchée pour mettre
en place les procédures proposées par le statisticien. Cela donne lieu a des méthodes utilisées en
pratique mais dont les propriétés mathématiques peuvent étre difficiles (voire impossibles) & établir.
Ce constat fait apparaitre la nécessité de prendre en compte la nature inconnue et potentiellement
variable de la variance dans la construction de nouveaux outils statistiques.

Cette these se situe dans le cadre de la théorie statistique de la sélection de modele. Elle propose
une étude non-asymptotique de plusieurs problemes liés a ’hétéroscédasticité. Les applications des
résultats, obtenus dans des cadres généraux, sont axées sur 'estimation de parametres en régression.
Afin d’illustrer ces applications, des études de simulations sont réalisées a la fin de chaque chapitre.
Cette introduction présente les principales idées développées dans la these. Le chapitre 2 traite
de l'estimation simultanée de la moyenne et de la variance d’un vecteur gaussien & composantes
indépendantes. Dans la suite de la thése, nous nous intéressons au cas de données inter-dépendantes.
Nous représentons la structure de dépendance des observations au moyen d’une matrice connue a
un facteur multiplicatif o preés. Dans ce cadre, au chapitre 3, nous présentons des résultats sur
I’estimation d’une composante dans un modele additif pour ¢ connu ou inconnu.
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2 CHAPITRE 1. INTRODUCTION

1.1. Cadre de la régression

1.1.1. Régression hétéroscédastique. L’analyse des modeles régressifs est un sujet mathéma-
tique ancien. Les premiers travaux dans le domaine sont dus & Legendre [Leg05] et & Gauss [Gau09]
pour l’estimation des orbites de certains corps du systéeme solaire. Etant données deux variables
X eX CcRletY €Y C R, les modeles régressifs permettent d’expliquer les variations de Y en
fonction de celles de X. De fagon générale, ces modeles se présentent sous la forme

Y = s(X) + o(X)e (1.1.1)

ol € est un terme de bruit (ou d’erreur), s : X — Y est appelée fonction de régression et o :
X — R% s’appelle le niveau de bruit. La variable ¢ est supposée centrée et de variance unitaire
conditionnellement & X (mais pas forcément indépendante de X), ce qui donne une autre définition
de la fonction de régression,
s(x) =EY|X =z], z€e X .

Ainsi, expliquer comment Y fluctue en fonction de X revient & déterminer des fonctions s et o de
telle sorte que (1.1.1) décrive au mieux la réalité du phénomene. D’un point de vue statistique, étant
données des observations Xy,...,X,, € X et Yq,...,Y, € Y, le probléme consiste & construire de telles
fonctions uniquement & partir des couples (X;,Y;). Nous supposons donc qu'il existe deux fonctions
s et o inconnues telles que

Y. =s(X;)+0(X)ei, i=1,...,n, (1.1.2)
et 'objectif est d’en donner des estimateurs construits a partir des observations. Lorsque les X; sont
des variables aléatoires, ce probleme de régression est dit a support aléatoire. Inversement, lorsque les
X; sont déterministes et connues, nous parlons de support fize. Les résultats présentés dans la suite
de cette these sont tous établis dans le cadre de la régression a support fixe. Pour plus de précisions
sur ces deux situations, le lecteur pourra consulter [Bar00] et [Bar02].

Désormais, les variables du support seront notées en lettres minuscules afin de garder a I’esprit leur
nature déterministe. Considérons donc les observations (x1,Y1),..., (z,,Y,) € X x Y et supposons,
dans un premier temps, qu’elles sont indépendantes et que le niveau de bruit (-) = o > 0 est constant.
Un tel cas est appelé régression homoscédastique. 11 est possible de reformuler (1.1.2),

Yi=s;+tog, i=1,...,n, (1.1.3)

ol s; = s(x;) et € = (g1,...,6,)" est un vecteur aléatoire dont les composantes sont indépendantes,
centrées et de variance 1. L’estimation de la fonction s a partir de (1.1.3), que o soit connue ou
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FiGure 1.1. Exemple de données d’une régression homoscédastique gaussienne a
coordonnées indépendantes (n = 128, X = [0, 1], s(z) = sin(27z), 0?(x) = 1)
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FiGURE 1.2. Exemple de données d’une régression hétéroscédastique gaussienne a
coordonnées indépendantes (n = 128, X = [0,1], s(x) = sin(27rx), o%(z) = 1 —
3.962(1 — x))

inconnue, a été le sujet de nombreux travaux. Dans un cadre asymptotique (i.e. pour un nombre
d’observations n tendant vers 'infini), citons, par exemple, les travaux de Shibata [Shi81] dans le
cas ot les g; sont gaussiens, Li [Li87] si les ¢; admettent un moment d’ordre 8 et Polyak et Tsybakov
[PT90] pour un moment d’ordre 4 seulement. Le cadre non-asymptotique (i.e. pour n fixe donné) a
été étudié, entre autres, par Barron, Birgé et Massart [BBM99] pour le cas gaussien et par Baraud
[Bar00] sous I'hypothese que les €; admettent un moment d’ordre plus grand que 2.

Nous parlons de régression hétéroscédastique des lors que le niveau de bruit o n’est plus supposé
constant. Dans ce cas, (1.1.2) devient

Yi=s;4+0g, i=1,...,n, (1.1.4)

ou les 0; = o(x;) dépendent maintenant du support des observations et sont, a priori, inconnus. Les
résultats théoriques d’estimation des fonctions s et/ou o dans le modele (1.1.4) sont peu nombreux
et relativement récents. Dans un cadre gaussien, Comte et Rozenholc [CR02] estiment s puis ¢ dans
une procédure de sélection de modele en deux étapes et Galtchouk et Pergamenshchikov [GP05] ont
construit un estimateur adaptatif de s avec o inconnue. Dans le chapitre 6 de [Arl07], Arlot propose
une procédure d’estimation de s dans un modele hétéroscédatique pour des données bornées. Enfin,
de récents travaux de Cai et Wang [CWO08] et Wang [Wt08] ont porté sur estimation de o avec s
inconnue ainsi que des effets de la régularité de s sur cette estimation. Une discussion plus étendue
sur le modele (1.1.4) ainsi qu’une procédure d’estimation de s et o feront I'objet du chapitre 2 de
cette these.

1.1.2. Modele additif. Afin de décrire la fagon dont Y varie en fonction de la variable explicative
T = (x(l), .. .,x(d))’ EX =X x--x X; C RY un modele particulier est depuis longtemps étudié,
celui de la régression linéaire. Dans ce cadre, les observations se mettent sous la forme

d
Y;' :ﬁ0+2ﬁj$§]) + o¢gy, 1= 17...,’I’L7
j=1
ou les f; € R sont inconnus. Ce modele présente ’avantage d’étre simple & interpréter en pratique et
permet un analyse composante par composante des effets de x sur Y. Cependant, ce modele demeure
trop simple dans de nombreux cas et ne permet pas de modéliser des relations plus complexes que
la seule linéarité. Afin de palier a ce manque de flexibilité, on considere des modéles additifs pour
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lesquels les observations sont
d
)/i:ﬁo+2fj (;L’Z(.J))—&—aei, i=1,...,n, (1.1.5)
j=1

ol les fonctions inconnues f; : X; — R sont appelées les composantes de la fonction de régression. Les
premiers travaux dans ce cadre furent ceux de Leontief [Leo47] et de Scheffé [Sch59] qui qualifiaient
ces modeles de séparables additifs et additifs sans interaction respectivement. Ces modeles sont,
aujourd’hui encore, tres répandus en économie théorique et en économétrie car ils y jouissent d’une
grande interprétabilité. Pour de nombreux exemples d’applications des modeles additifs a ’économie,
on pourra consulter les références données en fin du chapitre 8 de [HMSWO04].

Pour le statisticien, étudier ces modeles signifie estimer les composantes f; a partir des observa-
tions (z1,Y1),..., (2, Ys). Depuis les travaux de Stone [Sto85], il est bien connu que la vitesse de
convergence optimale pour estimer la fonction de régression s dans un cadre général homoscédastique
(1.1.3) est de I'ordre de n =/ 2+ ot o > 0 est un indice de régularité de s. Cette vitesse est d’autant
plus faible que la dimension d de la variable explicative est grande (ce phénomene est appelé fléau de la
dimension). Stone [Sto85] a montré que dans un cadre additif (1.1.5), la vitesse optimale d’estimation
d’une composante f; est de I'ordre de la vitesse unidimensionnelle n~/(2e+l) En d’autres termes,
Iestimation de la composante f; & partir de (1.1.5) peut étre faite avec la méme vitesse optimale que
celle atteignable par une procédure construite a partir des observations Y; = f; (ﬂcgj )) +og;. Ce fait no-
table a grandement motivé les études statistiques d’estimation de composantes dans un modele additif
depuis le début des années 80. Les travaux de Buja et al. [BHT89], Hastie et Tibshirani [HT90], en
particulier, ont largement contribué a ce domaine. Il existe deux approches populaires pour estimer
ces composantes, le backfitting et intégration marginale. Les résultats théoriques obtenus par I'une
ou par 'autre sont de nature asymptotique et il existe peu de résultats non-asymptotiques sur le sujet.
En utilisant des méthodes de sélection de modele, Baraud [Bar02], Comte et Viennet [BCV01] ont
proposé des méthodes d’estimation de la fonction de régression dans des modeles additifs sous des
hypothéses de moment sur les €;. Plus récemment, Brunel et Comte (voir [BCO06] et [BCO08]) ont
obtenu des résultats similaires pour des modeles additifs censurés.

Dans le chapitre 3 de cette these, nous présentons une nouvelle méthode d’estimation non-
asymptotique d’une composante dans un modele additif. Le principe de celle-ci consiste a projeter
convenablement les observations (1.1.5) sur un sous-espace de R™ de fagon & réduire I'impact des
composantes supplémentaires. Idéalement, pour estimer la composante f; par exemple, 'opération
correspondrait & la donnée d’une matrice de projection P telle que E[(PY);] = fi (xgl)). Les com-
posantes étant inconnues, une telle matrice n’est pas disponible pour le statisticien. En revanche, il
est possible de construire explicitement une matrice ayant des propriétés similaires a partir des points
du support. Plus généralement, si P est une matrice quelconque, nous établissons des résultats de
sélection de modele dans le cadre régressif donné par

(PY), =Y/ =s,4+0(Pe);, i=1,...,n. (1.1.6)

Notons, en particulier, que ces observations hétéroscédastique ne sont pas indépendantes contraire-
ment au cas (1.1.4).

Les schémas de régression (1.1.3), (1.1.4) et (1.1.6) admettent, par définition, des structures
probabilistes différentes. Les figures 1.1, 1.2 et 1.3 illustrent cette différence de nature entre les
phénomenes mis en jeu. La prise en compte de ces structures pour la construction de procédures
d’estimation fut un des principaux objectifs de cette these.

1.2. Sélection de modele

Les travaux présentés dans cette these sont basés sur des méthodes de sélection de modele dans un
cadre non-asymptotique. Afin d’introduire les concepts de base de cette théorie, nous présentons ici la
problématique de la sélection de modeéle dans le cadre de la régression a composantes indépendantes.
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FiGURE 1.3. Exemple de données d’une régression hétéroscédastique gaussienne a

coordonnées dépendantes : projection des observations sur un espace trigonométrique
(n =128, X =[-1,1], s(z) = —sin(rx), 0% = 1)

Nos principales références pour cette introduction sont le cours de Saint-Flour de Massart [Mas07]
et introduction de la thése d’Arlot [Arl07].

Par souci de lisibilité, nous identifions implicitement les fonctions s et o aux vecteurs (s1, ..., S,)’
et (o1,...,0,)" respectivement. De plus, nous notons génériquement 6 € O le parametre & estimer
qui pourra étre s (0 = R"™) ou (s,0) (@ = R™ x R™) selon le cas dans lequel nous nous placerons.

1.2.1. Motivations. Un contraste empirique ~y, pour 'estimation de € est une fonction réelle
définie sur © a partir des observations Y; telle que

0' € © — E[y,(¢")]

admette un minimum en 6. Etant donné un espace linéaire S C © que nous appelons modéle, une
approche classique pour estimer 6 dans S est de définir ’estimateur # de § comme un minimiseur de
v sur S. A tout contraste empirique, il est possible d’associer une fonction de perte définie par

00.0) = Epa(0)] — Elra(0)] >0, 0' € 5.

Pour l'estimation de § = s dans le cadre homoscédastique (1.1.3), un contraste populaire est celui

des moindres carrés,
n

’}/,,L(t) = Z(}/l - ti)2a teR"” )
i=1
et sa fonction de perte associée vaut
n
Us,t) = |ls —t]]> = (si — 1) . (1.2.1)
i=1
Dans ce cas, I'estimateur de s est appelé estimateur des moindres carrés et correspond a la projection
orthogonale de Y sur S,
§=7Y = argmin~y,(t) .
tes
Si les termes de bruit €; sont gaussiens, la fonction de vraisemblance peut étre utilisée comme
contraste pour estimer § = (s,0) dans une régression hétéroscédastique (1.1.4),

1 - (Y;_t’i)z 2 n n
7"(t’T):§ZT_Hn 272, t € R, 7€ (0,00)" .
i=1 i
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La fonction de perte associée est la divergence de Kullback-Leibler

1 i (Si — ti)Q Ti2 O'Z-2
(((s,0), (7)) = 5 > S tlh - (1.2.2)
i=1 2 K3 K3

et Iestimateur 6 = (8,62) € S obtenu par minimisation de 7, sur S est Uestimateur du mazimum de
vraisemblance.

L’heuristique motivant le choix d’un estimateur par minimisation de contraste empirique consiste
a dire qu'un minimiseur de 7, (0) sur S ne doit pas étre trop “éloigné” de celui de E[y, (0)], au moins
dans le cas ou # appartient & S. En d’autres termes, nous espérons que le risque E[¢(6, é)] de 6 soit
relativement petit. Dans les situations qui nous intéressent ici (et sous certaines hypotheses dans le
cadre hétéroscédastique), ce risque est de 'ordre de la somme

inf ((0,0) + 02D
0’eS

ou D est la dimension de S. Le premier terme, dit de biais, représente la capacité de S a approcher 6.
Le second, dit de variance, est proportionnel & D et correspond a la “taille” du modele. La quantité ¢
étant inconnu, nous pourrions étre tenter de prendre un “gros” modele S (i.e. de grande dimension)
afin d’espérer avoir un petit terme de biais mais cela donnerait un bien mauvais risque du fait de
la taille du terme de variance. A 1’opposé, choisir un petit modele S (une constante par exemple,
D = 1) assure une faible variance mais un mauvais biais deés lors que 6 est trop éloigné de S. Nous
comprenons ainsi pourquoi choisir un “bon” modele revient a trouver un compromis entre le terme
de biais et celui de variance.

Afin d’illustrer ce probléeme & la base de la sélection de modele, considérons 'estimation de s
dans le cadre de la régression homoscédastique (1.1.3) pour un modele S,, d’histogrammes sur une
partition réguliere m de {1,...,n} & D,, blocs de méme taille,

Sy = {Z a)ly : YAem, ay € R} . (1.2.3)

AEM

L’estimateur des moindres carrés de s s’écrit alors

1
Am _ N S S Y,Z
S /\;na)\ A avec Q) Card()\) ZEZ)\

]E a 2 : f t 2 2D ] 2 1
|| 7”” te s || || m ( )

La figure 1.4 montre trois choix possibles pour la partition m. Si D,,, = 1, le modele n’est visiblement
pas assez riche pour approcher s et, pour D,, = 42, ’estimateur donne trop d’importance aux données
et explique s par du bruit. Visuellement, le cas D,,, = 8 semble étre un bon candidat pour le compromis
biais-variance abordé précédemment.

1.2.2. Estimation par critére pénalisé. Considérons, plus généralement, une collection de
modeles {S,,, m € M} au plus dénombrable et un contraste empirique 7,. Pour chaque m € M,
nous définissons ’estimateur ém comme un minimiseur de 7y, sur .S,,, D, la dimension de S,, et m,,
la projection orthogonale sur S,,. Suivant la problématique décrite dans la sous-section précédente,
nous souhaitons construire une procédure basée sur les observations Y; qui nous permette de choisir
un estimateur parmi la collection {ém, m € M} qui ait un risque minimal.

Parmi M, il existe un indice m(#) € M tel que

m() € argmin E[¢(6, 6,,)] .
meM
La variable ém(g) est appelé 1'oracle par référence & [DJ94]. Notons que ém(g) n’est pas un estimateur
de 0 car le choix de m(6) dépend de @ lui-méme. Cependant, son risque étant minimal parmi ceux
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FIGURE 1.4. Estimation de s par un histogramme régulier sur 1, 8 et 42 blocs de
gauche & droite (n = 200, s(z) = sin(rz) et 0% = 1)

des estimateurs ém, il servira de référence a notre procédure de sélection de modele, I'objectif étant
de choisir un estimateur dont le risque est aussi proche que possible de celui de 'oracle.

Pour faire ce choix, nous procédons par pénalisation. Soit une fonction de pénalité pen : M — R,
nous définissons 'indice m € M comme un minimiseur du critére pénalisé

m € argmin {%(ém) + pen(m)} , (1.2.5)
meM

et nous posons 0 = 0,;,. Les premiers résultats obtenus par critére pénalisé sont dus & Akaike [Aka73]
pour l'estimation de densité par vraisemblance pénalisée et & Mallows [Mal73] pour 'estimation
de la fonction de régression dans un cadre gaussien homoscédastique (1.1.3) & variance o2 connue.
Dans les deux cas, I’heuristique consiste a prendre une pénalité de 'ordre du risque de 0,,. Pour
pen 4paike(m) = Dy, Akaike obtint le critere AIC et, pour pen uiows(m) = 202Dy, le critere
s’appelle C}, de Mallows. Shibata [Shi81] et Birgé et Massart [BMO1a] ont montré que ces critéres
sont asymptotiquement optimaux a condition que la taille de M ne soit pas trop grande. Dans un
cadre non-asymptotique, Birgé et Massart [BMO1a] ont introduit des pénalités plus générales que
celle de Mallows et ont obtenu un controle sur le risque de 6 quelque soit la taille de la collection de
modele. La construction de leur procédure se base sur des résultats de concentration de la mesure
gaussienne.

A Texception de AIC, ces criteres nécessitent la connaissance de la variance o2 dans (1.1.3) et ne
sont plus directement utilisables dans le cas ou celle-ci est inconnue. En pratique, une solution consiste
& remplacer o2 dans la pénalité par un estimateur 62. Apparait alors le probleme d’estimation de o2:
ne connaissant pas, a priori, de “bon” modele pour estimer s, lequel choisir pour estimer la variance?
Récemment, Baraud, Giraud et Huet [BGHO9] ont étudié la minimisation du critére suivant,

1 € argmin {||Y — 7, Y||*(1 + pen(m))} , (1.2.6)
meM

afin d’estimer s & partir de (1.1.3) avec un bruit gaussien de variance inconnue. Notons que, dans ce
critere, la pénalité est multiplicative et ||Y — m,,,Y||? sert d’estimateur de la variance dans le modele
Sm. Baraud et al. raménent des criteres classiques tels que FPE (voir [Aka70]), AIC ou BIC (voir
[Sch78]) & une forme (1.2.6) et, dans chacun des cas, étudient d’un point de vue non-asymptotique
le risque quadratique de 7,3 Y en fonction de la taille de M. En se basant sur des quantiles de Fisher,
ils introduisent aussi de nouvelles pénalités capables de prendre en compte la taille de la collection
de modeles. Pour I’estimation non-asymptotique de s en régression hétéroscédastique (1.1.4), Arlot a
donné des pénalités construites par rééchantillonage mais leurs descriptions sortent du cadre de cette
introduction.

1.2.3. Propriétés de 'estimateur. La qualité d’une procédure de sélection de modele corre-
spond & sa capacité & choisir un estimateur 6 parmi une collection {6,,, m € M} qui ait un risque
faible. Afin d’évaluer cette qualité, nous pouvons considérer deux propriétés: les inégalités de type
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oracle et 'adaptativité. Nous présentons maintenant ces notions dans le cas ou la fonction de perte
est celle des moindres carrés (1.2.1) ou la divergence de Kullback-Leibler (1.2.2).

Afin de valider théoriquement la qualité de I’estimateur 0 , nous chercherons a établir des inégalités
de la forme

meM | 0'eS
ou C est une constante universelle et R un terme de reste. Pour une pénalité linéaire en la dimension
du modele, la quantité dans I'infimum est de 'ordre du risque de ’estimateur O,y Ainsi, de telles
inégalités permettent de comparer le risque de 6 & celui de loracle ém(e) qui sert de référence a notre
procédure. Sous certaines hypotheses sur la collection de modeles, ce type de résultat donne lieu a
des inégalités dites oracles,

E[0.0)] <c inf E [6(6,6,)] = CE [0(6,0,00))]

E[e(e,é)] < C inf { inf (9,9')+pen(m)}+R

Reprenons l'exemple de Pestimation de s en régression gaussienne (1.1.3) a variance connue et
constante. Birgé et Massart [BMO01a] ont montré que si la pénalité est de la forme

pen(m) = Ko?D,, (1 + \/2Lm)27 m e M,

avec K > 1 et {L,,, m € M} une collection de poids positifs, alors 'estimateur § obtenu par
minimisation du critére des moindres carrés pénalisé est tel que

E[l|s-3|*] <C injfvl {lls = mms|> + pen(m)} + o°% (1.2.7)
me
ou C ne dépend que de K et le terme de reste est donné par
Y= Z exp(—LmDyy) -
meM

Cette quantité dépend de la collection de modeles et des poids L,,,. Pour déduire une inégalité oracle
a partir de (1.2.7), il faut donc exhiber une majoration générale de . Pour D € N, nous notons Np
le nombre de modeles de dimension D dans la collection,

Np =Card{me M : D,, =D} .

Le seul modele de dimension nulle étant {0}, nous supposerons qu’il n’est pas présent plusieurs fois
dans la collection de modeles et donc que Ny < 1. En prenant des poids {Lp, D € N} identiques
pour les modeles de méme dimension, nous obtenons

In N
$< Y Npexp(~LpD)=1+ Y exp (— {LD - DD] D) Inp>o -
DeN D>0

Pour majorer la série indépendamment de la forme des modéles, il suffit de prendre des poids vérifiant,
par exemple, Lp > 2(In(Np)/D)1x, >0, pour tout D > 0. Notons que la pénalité dépend alors de la
taille de la collection de modeles (i.e. du fait qu’elle contienne plus ou moins de modeles de méme
dimension). Si, pour tout D > 0, Np < 1 (c’est le cas de la sélection de variables ordonnées, voir
le chapitre 4 de [Mas07]), la collection est petite et nous pouvons prendre tous les Lp égaux a une
constante L > 0. En faisant de sorte que K (1 +v/2L)? = 2, on retrouve d’ailleurs ainsi le critere de
Mallows. Dans ce cas, 3 est majoré par (e& — 1)~! et I'inégalité (1.2.7) mene a

02

el —1

< C inf — mms||? + a2(Dy V1Y .
¢" nf {lls = mms|® +o*( )}

Pour les modeles de dimension non-nulle, la quantité dans l'infimum est le risque de §,, et cette
inégalité est donc de type oracle. Dans le cas d’une plus grande collection de modeles, il se peut que
In(Np)/D ne soit pas majoré par un terme indépendant de la taille n de I’échantillon. Considérons
le probleme de la sélection de variables compléete. Le nombre Np de modeles de dimension D vaut

Ells—3]*] < C%gjfw{||sf7rms||2+202Dm}+
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n!/(D!(n — D)!) ~ nP et, pour majorer ¥, nous sommes donc amenés & prendre des poids Lp de
lordre de Inn. Le coefficient de D,,, dans la pénalité étant, a priori, grand, les modeles de grandes
dimensions sont défavorisés dans la procédure de choix de modele (on parle de phénomene de sur-
pénalisation). Avec ce choix des poids, I'inégalité (1.2.7) donne alors une inégalité de type oracle a
un facteur logarithmique pres

o2 = _ 2 2
E [[|s — 5]I7] gC’mlgjfw{Hs Tms||* + 0*(Dp, V1) Inn} .

Cependant, nous savons que ce facteur est inévitable dans le cas de la sélection de variables complete
(voir le chapitre 4 de [Mas07] pour une plus longue discussion sur le sujet).

Les inégalités de type oracle présentent 'avantage d’étre valables quelque soit la véritable valeur
de 6. Néanmoins, elles ont aussi I'inconvénient de comparer le risque de 6 uniquement avec les risques
des estimateurs de la collection {f,,, m € M}. Nous aimerions aussi pouvoir comparer ce risque avec
d’autres estimateurs de #. Naturellement, nous souhaitons des comparaisons relativement uniformes
en 6 puisque une constante 6y est toujours un estimateur (parfait si § = 0 et trés mauvais sinon). Une
méthode classique pour cela est de considérer le risque maximal sur certains espaces 7, caractérisés
par une propriété dépendante d’un parametre o € A (la régularité de la fonction de régression, par
exemple). Il s’agit du point de vue minimax: un estimateur est “bon” si son risque maximal sur 7,
est proche du risque minimax défini par

Roo (T, €) = inf sup E[0(0,T)]

T ¢eT,
o l'infimum porte sur tous les estimateurs de 6 (en particulier, ceux dépendants de «). La qualité
de l'estimateur 6 est donc mesurée par le rapport

E [e(a, é)}
vt Roo (Tar 1)

et plus il est proche de un, meilleur est 6. Nous dirons que l'estimateur 6 est adaptatif (au sens
du minimaz) au parameétre « si, pour tout o € A, ce rapport est borné indépendamment de n. En
d’autres termes, 6 est adaptatif & « si

Va € A, 30, > 1 tel que sup E {e(a, é)} < CaRoo (T, 0)
0eT,

ou C, est un facteur numérique pouvant dépendre de certains parametres tels que a ou o2 mais pas
de n.

Dans le cadre de la régression, un avantage connu des inégalités oracles est de permettre rela-
tivement aisément d’obtenir des propriétés d’adaptativité au sens du minimax a la régularité de la
fonction de régression des lors que la collection de modeles a une bonne capacité d’approximation
(voir [BM97]). Prenons le cas de la régression gaussienne homoscédastique sur le support fixe donné
par les points i/n, i = 1,...,n. Le cadre statistique est (1.1.3) ol les éléments s; sont les valeurs de la
fonction de régression, notée s par identification, aux points i/n. Pour D,, € {1,...,n}, considérons
le modele S,,, des histogrammes construits sur la partition réguliere de [0,1] & D,, blocs de méme
taille. Puisque, pour tout D € N, Np < 1, nous savons que par minimisation d’un critere de Mallows,
nous pouvons obtenir une inégalité oracle pour le risque quadratique normalisé,

E [|s — 5|2 2D
M <C inf {HS — Tms||2 + Unm} (1.2.8)

n 1<Dp<n

E [||s —3ll7] =

ou C est une constante numérique ne dépendant pas de n. Pour « €]0, 1], considérons la boule unité
de Holder de coefficient «,

Ho ={f:00,1] =R : Vo,y € [0,1], [f(2) = f(y)l < le—y|} .
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La capacité d’approximation des fonctions de cet ensemble par les éléments de S,, est bien connue
(voir [DL93)) et, en particulier, si s € H,, nous avons

Is = mmsln < DR .

Ainsi, pour tout « €]0, 1], I'inégalité (1.2.8) nous donne

’D
sup Ef|[s—3|2] < C inf {sza + Um}
seH. 1<Dm<n n
Coa 42 |pl/(142a)
< C (Lnl/(ma) |7+ ULnJ>
n

< O, 1+0_2)n—2a/(1+2a)
1+ 02)ROO (Hm || : ”i)

ou |z] est la partie entiere de z € R et C,, > 1 ne dépend que du parametre «. L’estimateur §
construit par cette procédure est donc adaptatif au coefficient de Holder de la fonction de régression.

I
2

1.3. Contributions de la thése

Le chapitre 2 est consacré a ’estimation simultanée de la moyenne s et de la variance o dans le
cadre de la régression hétéroscédastique (1.1.4) & partir de deux copies indépendantes d’un vecteur
gaussien Y. Ce chapitre a fait I’'objet d’une publication [Gen08] dans Electronic Journal of Statistics.
Pour chaque m dans un ensemble d’indices M, nous considérons un modele S,, x 3,, ou S,, et X,
sont des espaces linéaires dévolus & estimation des vecteurs s et o respectivement. Le couple (s, o) est
estimé par les estimateurs (§,,,, 6,,) du maximum de vraisemblance légérement modifiés de telle fagon
que I'estimation de la moyenne soit indépendante de celle de la variance dans chaque modele. Notons
o* (resp. o) le supremum (resp. infimum) de o sur le support des observations. En supposant connue
une quantité v > 1 telle que 0* /0. < 7y, nous proposons une méthode de sélection de modele basée
sur un critere de vraisemblance pénalisé. Une majoration non-asymptotique du risque de Kullback
de D'estimateur selectionné est fournie ainsi que des vitesses de convergence sur les boules de Holder
dans le cas de la régression. Ces résultats ainsi que les performances de l'estimateur sont illustrés par
plusieurs simulations a la section 2.3.

A partir du chapitre 3, nous nous concentrons sur la régression hétéroscédastique basée sur des
observations inter-dépendantes. A partir d’un jeu de donnée (1.1.6), nous construisons une procédure
de sélection de modele non-asymptotique pour estimer une composante dans un modele additif (1.1.5)
& variance o2 connue ou non. Nous proposons des pénalités similaires & celles de Birgé et Massart
[BMO1a]. En minimisant un critére des moindres carrés pénalisé, nous obtenons des majorations du
risque quadratique de notre estimateur sous I’hypotheése d’un bruit gaussien et sous une condition de
moment semblable & celle considérée par Baraud [Bar00]. S’en déduisent des vitesses de convergence
et des résultats d’adaptativité de nos estimateurs sur les boules de Hélder. Des simulations sont
proposées afin de décrire les performances de nos estimateurs en pratique.

Le lecteur pourra trouver l'intégralité des codes sources des simulations ainsi qu’une bibliotheque
C relative aux procédures statistiques du chapitre 3 sur la page de 'auteur. Celles du chapitre 2 sont
basées sur le logiciel R!, les autres utilisent la bibliotheque scientifique GSL2.

Loir [R DO7]
2yoir [GSL]



CHAPITRE 2

Simultaneous estimation of the mean and
the variance in heteroscedastic
Gaussian regression

REsuME. Considérons un vecteur gaussien Y dans R™ de moyenne s et de matrice de covariance
I' diagonale. Dans ce chapitre, notre objectif est d’estimer s et les quantités o; = I'; ;, pour
i =1,...,n, a partir de ’observation de deux copies indépendantes de Y. Notre approche ne
nécessite aucune hypothese sur s mais demande la connaissance d’une borne supérieure v sur
le rapport max; o;/ min; o;. Par exemple, le choix v = 1 correspond au cas homoscédastique
ou les composantes de Y sont supposées avoir la méme variance inconnue. D’un autre coté, le
choix v > 1 correspond au cas hétéroscédastique dans lequel les variances des composantes de
Y peuvent varier dans une certaine proportion. Notre procédure d’estimation est basée sur des
méthodes de sélection de modele. Nous considérons une collection de modeles {Sm, X Xy, m €
M} ol les Sy et les 3y, sont des espaces linéaires. A chaque m € M, nous associons un
couple d’estimateurs ($m,dm) de (s,0) a valeurs dans Sy, X Xp,. Ensuite, nous décrivons une
procédure de sélection de modele pour choisir un i dans M de telle sorte que le risque de
Kullback de (8,,04) soit aussi proche que possible du minimum des risques de Kullback des
estimateurs de la collection {(8m,dm), m € M}. Des vitesses de convergence sur les boules de
Holder sont alors déduites pour la paire d’estimateurs (8,65 ). Nous finissons par présenter

des simulations pour illustrer les performances de nos estimateurs en pratique.

2.1. Introduction

Let us consider the statistical framework given by the distribution of a Gaussian vector Y with

mean s = (81,...,8,) € R"™ and diagonal covariance matrix
o 0 - 0
T, = 0
: .0
0 -~ 0 o,
where 0 = (01, ...,0,) € (0,00)". The vectors s and o are both assumed to be unknown. Hereafter,

for any t = (t1,...,t,) € R™ and 7 = (71,...,7,)" € (0,00)", we denote by P, the distribution of
a Gaussian vector with mean ¢ and covariance matrix I'; and by K(Ps , P;,r) the Kullback-Leibler
divergence between P; , and P ;,

1 - Siftiz Ti
IC(PS,U)Pt,T) = 52% +¢ <> )

i=1

where ¢(u) = logu+1/u— 1, for u > 0. Note that, if the 0;’s are known and constant, the Kullback-
Leibler divergence becomes the squared L?-norm and, in expectation, corresponds to the quadratic
risk.

11



12 CHAPITRE 2. SIMULTANEOUS ESTIMATION ...

Let us suppose that we observe two independent copies of Y, namely Y = (Ylm, . 7Y,P])’ and
Yl = (Yl[z], e 7Yn[z])’ . Their coordinates can be expanded as

v =+ yoed, i=1,... nand j=1,2, (2.1.1)

where elt] = (5[11], . ,E[nll)’ and e = (5[12], . ,egl)’ are two independent standard Gaussian vectors.

We are interested here in the estimation of the two vectors s and o. Indeed, their behaviors contain
substantial knowledge about the phenomenon represented by the distribution of Y. We have par-
ticularly in mind the case of a variance that stays approximately constant by periods and that can
take several values in the proceeding of the observations. Of course, we want to estimate the mean
s but, in this particular case, we are also interested in recovering the periods of constancy and the
values taken by the variance o. The Kullback-Leibler divergence measures the differences between
two distributions P, , and P; ;. Thus, it allows us to deal with the two estimation problems at the
same time. More generally, the aim of this chapter is to estimate the pair (s,0) by model selection
on the basis of the observation of Y1 and Y2,

For this, we introduce a collection F = {S,, X ¥,,, m € M} of products of linear subspaces
of R™ indexed by a finite or countable set M. In the sequel, these products will be called models
and, for any m € M, we will denote by D,, the dimension of S,, x ¥,,. To each m € M, we will
associate a pair of estimators (8,,,6,,) that is similar to the mazimum likelihood estimator (MLE).
It is well known that, if the o;’s are equal, the estimators of the mean and the variance factor given
by maximization of the likelihood are independent. This fact does not remain true if the o;’s are
not constant. To recover the independence between the estimators of the mean and the variance, we
construct them separately from the two independent copies Y!* and Y. For the estimator §,, of
s, we take the MLE based on Y and for the estimator &,, of o, we take the MLE based on Y2,
Thus, for each m € M, we have a pair of independent estimators (5,,,0m) = (8, (Y, 6,, (Y1)
with values in S, X £,,,. The Kullback risk of (3,,,6,) is given by E[K(Ps,», Ps,, 5., )] and is of order
of the sum of two terms,

inf K(Pso,Pir) + Dy . (2.1.2)

(t,7)ESm XTm

The first one, called the bias term, represents the capacity of S,, x ¥,, to approximate the true
value of (s,0). The second, called the variance term, is proportional to the dimension of the model
and corresponds to the amount of noise that we have to control. To warrant a small risk, these
two terms have to be small simultaneously. Indeed, using the Kullback risk as a quality criterion,
a good model is one minimizing (2.1.2) among F. Clearly, the choice of a such model depends on
the pair of the unknown parameters (s,o) and make good models unavailable to us. So, we have to
construct a procedure to select an index m = (Y, Y[?l) € M depending on the data only, such
that E[IC(Ps , P )] is close to the smaller risk

R = inf E[K(Pso,P;,60)] -
(s,0,7) = inf E[K(Pso, P50, )]

The art of model selection is precisely to provide procedure solely based on the observations in
that way. The classical way consists in minimizing an empirical penalized criterion stochastically close
to the risk. Considering the likelihood function with respect to Y,

g ()

i—1 i

vt e R", 7 € (0,00)", L(t, T)= +logT; ,

DN | =

we choose m as the minimizer over M of the penalized likelihood criterion
Crit(m) = L(8m,6m) + pen(m) (2.1.3)
where pen is a penalty function mapping M into Ry = [0,00). In this work, we give a form for the
penalty in such a way to obtain a pair of estimators ($y,, 6,3 ) with a Kullback risk close to R(s, o, F).
Our approach is free of any prior assumption on s but requires that we know some upper bound
v = 1 on the ratio
0" /o <y
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where o* (resp. o.) is the maximum (resp. minimum) of the ¢;’s. The knowledge of v allows us
to deal equivalently with two different cases. First, “y = 1” corresponds to the homoscedastic case
where the components of Y and Y2 are independent with a common variance (i.e. o; = o) which
can be unknown. On the other side, “y > 1”7 means that the ¢;’s can be distinct and are allowed
to vary within some range. This uncommonness of the variances of the observations is known as the
heteroscedastic case. Heteroscedasticity arises in many practical situations in which the assumption
that the variances of the data are equal is debatable.

The research field of the model selection has known an important development in the last decades
and it is beyond the scope of this chapter to make an exhaustive historical review of the domain. The
interested reader could find a good introduction to model selection in the first chapters of [MT98].
The first heuristics in the domain are due to Mallows [Mal73] for the estimation of the mean in
homoscedastic Gaussian regression with known variance. In more general Gaussian framework with
common known variance, Barron et al. [BBM99], Birgé and Massart ([BMO01la] and [BMO1b])
have designed an adaptive model selection procedure to estimate the mean for quadratic risk. They
provide non-asymptotic upper bound for the risk of the selected estimator. For bound of order of the
smaller risk among the collection of models, this kind of result is called oracle inequalities. Baraud
[Bar00] has generalized their results to homoscedastic statistical models with non-Gaussian noise
admitting moment of order larger than 2 and a known variance. All these results remain true for
common unknown variance if some upper bound on it is supposed to be known. Of course, the bigger
is this bound, the worst are the results. Assuming that v is known does not imply the knowledge of
a such upper bound.

In the homoscedastic Gaussian framework with unknown variance, Akaike has proposed penalties
for estimating the mean for quadratic risk (see [Aka70], [Aka73] and [AkaT74]). Replacing the vari-
ance by a particular estimator in his penalty term, Baraud [Bar00] has obtained oracle inequalities
for more general noise than Gaussian and polynomial collection of models. Recently, Baraud, Giraud
and Huet [BGHO09] have constructed penalties able to take into account the complexity of the col-
lection of models for estimating the mean with quadratic risk in Gaussian homoscedastic model with
unknown variance. They have also proved results for the estimation of the mean and the variance
factor with Kullback risk. This problem is close to ours and corresponds to the case “y = 17. A
motivation for the present work was to extend their results to the heteroscedastic case “y > 17 in
order to get oracle inequalities by minimization of penalized criterion as (2.1.3). Assuming that the
collection of models is not too large, we obtain inequalities with the same flavor up to a logarithmic
factor

E[K(Ps o, P, 6 )] (2.1.4)

<C inf inf K (P.y Pr.)+ D, log D, L4+ R
’m%gM{(t’T)elngEm ( 094t )+ m Og m} _|_

where C' and R are positive constants depending in particular on 7 and € is a positive parameter.

A non-asymptotic model selection approach for estimation problem in heteroscedastic Gaussian
model was studied in few papers only. In the chapter 6 of [Arl07], Arlot estimates the mean in
heteroscedastic regression framework but for bounded data. For polynomial collection of models, he
uses resampling penalties to get oracle inequalities for quadratic risk. Recently, Galtchouk and Perga-
menshchikov [GP05] have provided an adaptive nonparametric estimation procedure for the mean in
a heteroscedastic Gaussian regression model. They obtain an oracle inequality for the quadratic risk
under some regularity assumptions. Closer to our problem, Comte and Rozenholc [CRO2] have esti-
mated the pair (s,0). Their estimation procedure is different from ours and it makes the theoretical
results difficultly comparable between us. For instance, they proceed in two steps (one for the mean
and one for the variance) and they give risk bounds separately for each parameter in Lo-norm while
we estimate directly the pair (s,o) for Kullback risk.

As described in [BM97], one of the main advantages of inequalities such as (2.1.4) is that they
allow us to derive uniform convergence rates for the risk of the selected estimator over many classes
of smoothness. Considering a collection of histogram models, we provide convergence rates over
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Holderian balls. Indeed, for a;,as € (0,1], if s is a;-Holderian and o is ap-Holderian, we prove that
the risk of (85,65 ) converges with a rate of order of

( n > —2()4/(2l1+1)
log'™n

where @ = min{ay, as} is the worst regularity. To compare this rate, we can think of the homoscedas-
tic case with only one observation of Y. Indeed, in this case, the optimal rate of convergence in the
minimax sense is n 2%/ (22+1) and, up to a logarithmic loss, our rate is comparable to this one. To our
knowledge, our results in non-asymptotic estimation of the mean and the variance in heteroscedastic
Gaussian model are new.

The chapter is organized as follows. The main results are presented in section 2.2. In section 2.3,
we carry out a simulation study in order to illustrate the performances of our estimators in practice
with the Kullback risk and the quadratic risk. The last sections are devoted to the proofs and to
some technical results.

2.2. Main results

In a first time, we introduce the collection of models, the estimators and the procedure. Next, we
present the main results whose proofs can be found in the section 2.4. In the sequel, we consider the
framework (2.1.1) and, for the sake of simplicity, we suppose that there exists an integer k,, > 0 such
that n = 2k».

2.2.1. Model collection and estimators. In order to estimate the mean and the variance,
we consider linear subspaces of R™ constructed as follows. Let M be a countable or finite set. To
each m € M, we associate a regular partition p,, of {1,...,2%"} given by the |p,,| = 2*= consecutive
blocks

{(i—1)2knFm 1, a2k =1 il
For any I € p,, and any © € R", let us denote by z|; the vector of R™/IPm| with coordinates
(z;)icr- Then, to each m € M, we also associate a linear subspace F,, of R™/1Pm| with dimension
1 < dy, < 2F2%m This set of pairs (pm, Em) allows us to construct a collection of models. Hereafter,
we identify each m € M to its corresponding pair (pm,, Em)-

For any m = (pm, Em) € M, we introduce the subspace S,, C R" of the E,,-piecewise vectors,

Sm = {z € R" such that VI € p,,, z|r € Ein}

and the subspace ¥, C R™ of the piecewise constant vectors,

Sm=9 > grls, VI €pm, g1 €R

Iepm

The dimension of Sy, x 3, is denoted by Dy, = |pm|(dm + 1). To estimate the pair (s, o), we only
deal with models S,, x ¥,, constructed in a such way. More precisely, we consider a collection of
products of linear subspaces

F ={Sm X T, m € M} (2.2.1)
where M is a set of pairs (pm, Fm) as above. In the chapter, we will often make the following
hypothesis on the collection of models:

(Hp): There exists § > 1 such that

0

This hypothesis avoids handling models with dimension too great with respect to the number of
observations.

Let m € M, we denote by m,, the orthogonal projection on S,,. We estimate (s,o) by the pair
of independent estimators (8,5 ) € Sm X L, given by

Sm = 7"'m)/[l]
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and 1 2
Gim="> Gmrls where VI € pp, s = — Z (v = (my™®) )
Iepn, i ’
Thus, we get a collection of estimators {(3,,,6m ), m € M}.

2.2.2. Risk upper bound. We first study the risk on a single model to understand its order.
Take an arbitrary m € M. We define (s, 0.m) € Sy X X, by
Sm = Tm S
and

Z om,11; where VI € py,, Om,1 = |I| Z Sm,i>2 +0; .

I€pm, el
Easy computations proves that the pair (8,,, 0., ) reaches the minimum of the Kullback-Leibler diver-
gence on Sy, X X,

inf K:(Ps,o'y Pt,T) = IC(PS,O'7 Psm,om)
(t,7)ESm XEm,
= = Z > log ( ) . (2.2.2)
I€p icl

The next proposition allows us to compare this quantity with the Kullback risk of (8, 61, )-

PROPOSITION 2.1. Let m € M, if the hypothesis (Hy) is fulfilled, then
D,
IC(PSOWPSM,O'M)\/EgE[]C(PGOWPGmO'WL)] ]C(Psoaps

where k > 1 is a constant that can be taken equal to 1+ 2e~1

) + ky26°D

m0m

As announced in (2.1.2), this result shows that the Kullback risk of the pair ($,,, d,,) is of order
of the sum of a bias term K(P; ., Ps,, o) and a variance term which is proportional to D,,. Thus,
minimizing the risk E [ (Ps,¢, Ps,, 6,,)] among m € M corresponds to finding a model that realizes
a trade-off between these two terms.

Let pen be a non negative function on M, m € M is any minimizer of the penalized criterion

m € argmin {L (8, 6m) + pen(m)} . (2.2.3)
meM
In the sequel, we denote by (5,5) = (84, 65) the selected pair of estimators. It satisfies the following
result:

THEOREM 2.2. Under the hypothesis (Hy), suppose there exist A,B > 0 such that, for any
(k,d) € N2,

Mj,q = Card{m € M such that [pm| = 2" and d,, = d} < A(1 +d)” (2.2.4)

where M is the set defined at the beginning of the section 2.2.1. Moreover, assume that there exist
6,e > 0 such that

Dy, < 5(171?, Vme M. (2.2.5)
log""“n
If we take
VYm € M, pen(m) = (70 + log'** Dy,) Dy, (2.2.6)
then
E[K (Pso,Ps5)) < C inf {K(Pso, P, 0,)+ Dmlog™ Dy} + R (2.2.7)

meM
where R = R(7,0, A, B,¢€,0) is a positive constant and C' can be taken equal to

(k0 + 1)79)
C=2(14+——2L—) .
( log' T2
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The inequality (2.2.7) is close to an oracle inequality up to a logarithmic factor. Thus, considering
the penalty (2.2.6) whose order is slightly larger than the dimension of the model, the risk of the
estimator provided by the criterion (2.1.3) is comparable to the minimum among the collection of
models F.

2.2.3. Convergence rate. One of the main advantages of an inequality as (2.2.7) is that it gives
uniform convergence rates with respect to many well known classes of smoothness. To illustrate this,
we consider the particular case of the regression on a fixed design. For example, in the framework
(2.1.1), we suppose that

V1<i<n, si=s-(i/n) and o; = 0,.(i/n),
where s, and o, are two unknown functions that map [0,1] to R.
In this section, we handle the normalized Kullback-Leibler divergence

1
]Cn (PS,O'v Pt,T) = E’C (Ps,aa Pt,T) 5

and, for any « € (0,1) and any L > 0, we denote by H, (L) the space of the a-Holderian functions
with constant L on [0,1],

Ho(L) ={f:[0,1] = R : Vo,y € [0,1],|f(z) - f(y)| < LIz —y|*}

Moreover, we consider a collection of models FF¢ as described in the section 2.2.1 such that, for
any m € M, E,, is the space of dyadic piecewise constant functions on d,, blocks. More precisely,
let m = (pm, Em) € M and consider the regular dyadic partition p/, with |p,,|d,, blocks that is a
refinement of p,,. We define S,,, as the space of the piecewise constant functions on p/ ,

Sm — f: Z f[]l] such that VIEp:n, fI eR P

Iep),

and Y, as the space of the piecewise constant functions on p,,,,

Zm — g = Z g[]h such that VI &€ Pm,y 91 ceR
Iepm

Then, the collection of models that we consider is
FPC = {8, x S, me M} .

Note that this collection satisfies (2.2.4) with A = 1 and B = 0. The following result gives a uniform
convergence rate for (3,) over Holderian balls.

PROPOSITION 2.3. Let ay, a9 € (0,1], L1, Ly > 0 and assume that (Hy) is fulfilled. Consider the
collection of models FF'C and 6,e > 0 such that, for any m € M,

55vn

1+e€ n

Dy, <
log

Denoting by (8,5) the estimator selected via the penalty (2.2.6), if n satisfies

20‘2 2 2
D e V. 4(1+4¢€)
" (L%a* +L3) ‘

then

n

1
+en

—2a/(2a+1)
log )

sup E Ky (Pys Pis)] < C (
(ST,O',»)E’)'{Q1 (Ll)XH(XQ (Lg)

(2.2.8)

where « = min{aq, aa} and C is a constant which depends on o, ag, L1, La, 0, 7, 0., 6 and e.
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For the estimation of the mean s in quadratic risk with one observation of Y, Galtchouk and
Pergamenshchikov [GP05] have computed the heteroscedastic minimax risk. Under some assump-
tions on the regularity of o, and assuming that s, € He,(L1), they show that the order of the
optimal rate of convergence in minimax sense is Cahgn_zal/ (2e1+1)  Concerning the estimation of
the variance vector ¢ in quadratic risk with one observation of Y and unknown mean, Wang et al.
[Wt08] have proved that the order of the minimax rate of convergence for the estimation of o is
Cay o, MAX {n‘40‘1,n_2“2/(20‘2+1)} once 8, € Hea,(L1) and o, € Ha,(La). For aj,as € (0,1] the
maximum of these two rates is of order n~2*/(2¢+1) where o = min{ay, as} is the worst among the
regularities of s, and o,. Up to a logarithmic term, the rate of convergence over Hélderian balls given
by our procedure recover this rate for the Kullback risk.

2.3. Simulation study

To illustrate our results, we consider the following pairs of functions (s,,o,.) defined on [0, 1] and,
for each one, we precise the true value of ~:

o Ml (y=2)
4 if0<a<1/4
= § AR oo {2 1152222
1 if3/4<a<l
e M2 (y=1)
sp(z) =1+sin(2rz +7/3) and o.(z)=1,
e M3 (y=17/3)
sp(x) =3x/2 and  op(z) =1/2+ 2sin(dn(z A 1/2))/3
o M4 (y=2)

sp(z) =1+sin(dr(zA1/2)) and o.(z) = (3 +sin(27z))/2 .

In all this section, we consider the collection of models FF'¢ and we take n = 1024 (i.e. k, = 10).
Let us first present how our procedure performs on the examples with the true value of ~ for each
simulation, € = 1072 and § = 3 in the assumption (2.2.5) and the penalty (2.2.6) with § = 2. The
estimators are drawn in plain line and the true functions in dotted line. In the case of M1, we
can note that the procedure choose the “good” model in the sense that if the pair (s,,o,) belongs
to a model of FPY this one is generally chosen by our procedure. Repeating the simulation 100 000

25

% T e ————

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 2.1. Estimation on the mean (left) and the variance (right) in the case M1.
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FIGURE 2.2. Estimation on the mean (left) and the variance (right) in the case M2.
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FIGURE 2.3. Estimation on the mean (left) and the variance (right) in the case M3.
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FIGURE 2.4. Estimation on the mean (left) and the variance (right) in the case M4.
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times with the framework of M1 gives us that, with probability higher than 99.9%, the probability for
making this “good” choice is about 0.9978 (£4x 10~%). Even if the mean does not belong to one of the
Sm’s, the procedure recover the homoscedastic nature of the observations in the case M2. By doing
100 000 simulations with the framework induced by M2, the probability to choose an homoscedastic
model is around 0.99996 (+1 x 107°) with a confidence of 99.9%. For more general framework as
M3 and M4, the estimators perform visually well and detect the changements in the behaviour of the
mean and the variance functions.

The parameter v is supposed to be known and is present in the definition of the penalty (2.2.6).
So, we naturally can ask what is its importance in the procedure. In particular, what happens if we
do not have the good value? The following table present some estimations of the ratio

E Ps o, Ps 5 inf E Ps 5, P;, 5
K (Pors Pss)l/ inf EIC(Po Py,

for several values of . These estimated values have been obtained with 500 repetitions for each one.
The main part of the computation time is devoted to the estimation of the oracle’s risk. In the cases

¥ 1 1.5 2 2.5 3
M1 ]0.98|1.02|1.02|1.04|1.01
M2 |1.49|1.59|1.88|2.29|2.89
M3 |1.77|1.78]1.81 190|194
M4 |1.25(1.26|1.27|1.32|1.33
TABLE 2.1. Ratio between the Kullback risk of (5,5) and the one of the oracle.

M1, M3 and M4, the ratio does not suffer to much from small errors on the knowledge of . The
more affected case is the homoscedastic one but we see that the best estimation is obtained for the
good value of v as we could expect. More generally, it is interesting to observe that, even if there is
a small error on the value of ~, the ratio stays reasonably small.

In the regression framework with heteroscedastic noise, we can be interested in separate estima-
tions of the mean and the variance functions. Because our procedure provide a simultaneous estima-
tion of these two functions, we can ask how perform our estimators 5§ and & individually. Considering
the quadratic risks E [||s — §[|?] and E [||c — &[|*] of § and & respectively, it could be interesting to
compare them to the minimal quadratic risk among the collection of estimators. To illustrate this,
we give below two sets of estimations of the ratios

=2 . a2 2 - a2
E[ls 3%/ inf E[ls—snl?] and E[lo -5/ inf E[lo - onl’]

in the frameworks presented in the beginning of this section. We can observe on the following es-
timations that the quadratic risks of our estimators are quite close to the minimal ones among the
collection of models.

v 1 [15] 2 [25] 3
M1 [ 0.98 [ 1.01 | 0.95 [ 1.04 | 0.98
M2 [1.52 [1.67 | 2.04 | 2.43 | 3.04
M3 [1.73[1.76 | 1.82 [ 1.88 | 1.96
M4 [ 1.47 [ 1.48 | 1.47 | 1.47 | 1.49

TABLE 2.2. Ratio between the Ly-risk of 5 and the minimal one among the §,,’s.
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v 1 [15] 2 [25] 3
M1 [1.00 [ 1.06 | 1.03 [ 1.02 | 1.01
M2 [ 1.11 [ 1.56 | 1.68 | 2.21 | 3.36
M3 [2.02[2.07 [2.13[2.20 [ 2.23
M4 [ 1.18 [ 1.37 | 1.34 [ 1.44 | 1.49

TABLE 2.3. Ratio between the Ly-risk of ¢ and the minimal one among the &,,’s.

2.4. Proofs

For any I C {1,...,n} and any z,y € R™, we introduce the notations

(@y)r =)z and Izl =) a7

i€l i€l
Let m € M, we will use several times in the proofs the fact that, for any I € p,,,
6t > oy (1] = d — 1) (24.1)

where x*(|I| — dp, — 1) is a x? random variable with |I| — d,,, — 1 degrees of freedom.

2.4.1. Proof of Proposition 2.1. Recalling (2.2.2) and using the independence between §,,
and 6,,,, we expand the Kullback risk of (8,,,6m),

E[K(Pso, Pip6,) = = ZZE[ — i)’ +¢<"’“>} (2.4.2)

IEp icl UrnI
LI LIS
Ieprn

nI g; I
4= ZZE[ -l }+1 Zj

Om,I Um,I

IE;D,,L 1€l
= KB Popn) 3 X 1[0 (220)]
IEp
1 o; +(8; — Sm,i)2 — Om,I
Y ZE[
Iep, €1 ’
+3 3 B || & [Imary2i]
Iep
= K(Pso,Ps,0,)+E +Ey (2.4.3)

where

El:% Z |I|E |:¢ <im,[>:| and EQ Z E|: Tﬂ[]zﬂmzzaz .

I1€pm m.T IEpm iel

To upper bound the first expectation, note that
VIGpm, E[J’Inl] Om,] — ‘I‘Zﬂm,lio—zfo—mf(l*p])
el

where

ml’L 1 01
mamIZ” i ) -
el
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We apply the lemmas 2.10 and 2.11 to each block I € p,, and, by concavity of the logarithm, we get
elo(Ger)] < e T2 ] -
< log(1p1)+1_1m<1+|l|_2lzl’i_2> -1
1 2ky?
s (” -, —2> -

1 9 2ry?
1—PI <p1+|1|_dm_2 ’

Using (Hp) and the fact that p; < vd,,/|I|, we obtain

1 1] 2 2k7*
E < =
! 221—p1<p1+|1|—dm—2

N

N

—pr +

Iep
1 242 262 |12
< = Z Tl + aaitd
2 rep |I| Ydm, (|I| - ’7d7n)(|l| —dpy — 2)
29
< 2 |me| ™t 5y20% P (2.4.4)

The second expectation in (2.4.3) is easier to upper bound by using (2.4.1) and the fact that d,, > 1

E, = ZE[ m]:|Z7Tmzsz

IEp el
7|I|d
g —
0 2 a5
0 dﬂ’L
< % . (2.4.5)

We now sum (2.4.4) and (2.4.5) to obtain
Ey + By < 5°0|pm|dm + £7°0%|pm| < £7°0° D,

For the lower bound, the positivity of ¢ in (2.4.2) and the independence between §,, and 6, give

us
E[K(Pso,Ps, 5.)] > EZEM
$,0) SmsOm = 2 OA_"l B
Iep, ’
\8 - SmH E[lls — sml?]
> -
> 3% o]
IEpm
2 = = 8m||1 (H] = dm)o*
It is obvious that the hypothesis (Hy) ensures d,, < |I]/2. Thus, we get o.d,, < (|I| — dyp)o™ and

1 |I|U* |pm|dm Dm

E[K(Pso, Ps,6)] 2 5 Z - > >
2 o= ([ =dn)o 2y dy

To conclude, we know that (8,,,,5) € S X Xy, and, by definition of (s,,, 0y ), it implies

E[’C(PS 0'7P5m70m)] ’C(PS 0'7P5m70m) .
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2.4.2. Proof of Theorem 2.2. We prove the following more general result:

THEOREM 2.4. Let o € (0,1) and consider a collection of positive weights
{Zm}tmem. If the hypothesis (Hy) is fulfilled and if

Ym € M, pen(m) = ~v0D,, + x,, , (2.4.6)
then
(1= a)E[K (P50, Ps,5)]
< il {E[K (Pog. Pay )] + pen(m)} + Ba(M) + Ra(M)

where Ry (M) and Ry(M) are defined by

2C02v+\/|pm|dm log(1 + d,n)
_ 2 m|Wm m
Ri(M) =CO > V/Ipmldm ( .

[21log(14+d.m)]
meM m >

and

Ry(m) = 2latrf)+1 3" [Pl exp (- " og (1+“'”’”|mm)) :

! ey ? 20|pp, | yn(o + 2)
In these expressions, || is the integral part and C is a positive constant that could be taken equal to

12v/2¢/(v/e - 1).

Before proving this result, let us see how it implies the theorem 2.2. The choice (2.2.6) for the
penalty function corresponds to z,, = D, log't D,, in (2.4.6). Applying the previous theorem with
a =1/2 leads us to

E [’C (PS,m P§,5)}
<2 inf {E[K (P, Ps,n6,)] + pen(m)} + 200°yR1 +8(70 + 1) R,

with

2002/ Il 10g(1 + d,y
Ri= ) vpmldm< 2V |Pm | Log(1 + )

T
meM m

) [21log(14+dpm,)]

and

n |Drm| T
Ry = - - log (1 .
2 Z P eXp( 20|pm| Og( - 5yn ))

meM
Using the upper bound on the risk of the proposition 2.1, we easily obtain the coefficient of the
infimum in (2.2.7). Thus, it remains to prove that the two quantities Ry and Rs can be upper
bounded independently of n. For this, we denote by B’ = B + 21og(2C6%y) + 1 and we compute

[2log(14-dm)]
2C0%Y\/|Drm|dm log(1 + d,p,
R = E V |Pm|dm ( [P ( )

[Pm|(1 + din) 1Og1+6<‘pm‘(1 +dm))

meM

N

[21og(1+d)]
DD Mia2"d (20672747 log(1 + d)
k>0d>1 ) (k10g2+10g(1 +d))1+e

[2log(1+d)]

: 27%/21og(1+d

< AE § (1+d)B 2k/2 Og( + ) —
k50051 (klog2 +log(1l + d))

< AR+ RY)

We have split the sum in two terms, the first one is for d = 1,
25’

25" log 2 1
= - € < 00 .
1 kz>o (klog2+log2)'™*  log"2 lgj (k + 1)Lte
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The other part R is for d > 2 and is equal to

1210g(1+d)
Zz(l + @B 9—k((21os(14a)] ~1)/2 ( log(1 +d) i ) .
k>0 d>2 (klog2 +log(1 + d)) e

Noting that 1 < log(1 + d) < [2log(1 + d) |, we have

R! < ZQ"‘/QZ (1+d)" exp (—e|21og(1 + d) ] loglog(1 + d))

k>0 d>2
f Z 1 +d B’ —cloglog(1+d) < 00 .
\/> d>2

We now handle Ry. Our choice of z,, = D,, log'*® D,,, and the hypothesis (2.2.5) imply

1— (8lpm| +1)~"
Olpm|+1)~1

We recall that, for any a € (0,1), if 0 <t < (1 — a)/a, then log(1 +¢t) > at. Take a = (§|pm| + 1

to obtain
log (1+ pmxm) > ( |pm|xm S Tm

[P | T
5Yn

< 6|pm| =

5yn 58|pm| + 1)yn = 5(6 + 1)yn
For any positive t, 1 +t1T¢ < (1 +¢)17€ then we finally obtain
|pm|$m
Ry = Pm | €XD ( log (1 4+ —
? mgvt [pmle 20|pm| 5yn
< Z [pm | exp (109;7"1)
= V(0 + 1)pm|
(1+d)log'*e (25(1 + d))
< S anton-
=i 106~v(6 + 1)
< ARLR!

where we have set

klog2)'te
R, =) exp klogQ—(i < 0o
2 g} < 50~(0 + 1)

and

1+ d)log"™(1 +d)
h = Blog(1+d) — .
R2 ;eXp< og(1+d) 1007(5 + 1)

We now have to prove theorem 2.4. For an arbitrary m € M, we begin the proof by expanding
the Kullback-Leibler divergence of (8,5),

IC(PS,G'a Pg,&)

1 i (81' 751')2 52
2 Z T +e (Uz‘>

- ]C(Ps aaPsm Jm)+[£(§ma&m)_’C(Ps crvPsm D'»m)}
+[L(8,6) — L(8m,6m)] + [K(Ps,0, Ps,5) — L(5,0)] .

By the definition (2.2.3) of m, the inequality

L(5,6) — L(8m,0m) < pen(m) — pen(m) (2.4.7)
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is true for any m € M. The difference between the divergence and the likelihood can be expressed as

K:(Ps vasm am) - ‘C(ém; 6'm)

_ 2 Z 3 (Um I > (1 - gE]Q) (2.4.8)

IEpm i€l

Q(Si — §m,i) 0'18[1]

Om,1

%Z( —Hogal) .

n
i=1

Using (2.4.7) and (2.4.8), for any « € (0,1), we can write
(1= a)K(Ps0, Ps55) (2.4.9)
< K(Ps,5,Ps,, 5,,) + pen(m) + G(m)
+Wi(m) + Wa () + Z () — pen(i)

where, for any m € M,

Walm) = 3 = [ty
Iepm m.T
1 o}
Wam) = 37 = ((sm = s T/%) — o = sl) -
I€pm ’

A (Ot
S EE(( 1) 0= oo (%)

_ U /oo preay _1 (CM‘ _> 2
G(m) Iezp: (&m’, (5= 13/20), 2; P (1=<")) -

We split the proof of theorem 2.4 in several lemmas.

and

LEMMA 2.5. For any m € M, we have
E[G(m)] <0 .

PROOF. Let us compute this expectation to obtain the inequality. By independence between ¢!l
and £[?, we get

B[om]c] = 3 -k [(muryzei,ryz) ]

g
I€pm m.1

-3 Gw )]
I€pm, I

Om,I
It leads to E[G(m)] = E [E [G(m) |5[2}H <O0. O

In order to control Z(m), we split it in two terms that we study separately,

Z(m)=Zi(m)+ Z_(m)

) o)
)l

where

2 (6

Iepm iel

zz((

IEpm el

and
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LEMMA 2.6. Let m € M and x be a positive number. Under the hypothesis (Hy), we get

(20} 51 < 2]y (2 Dl 2l )

2[pm| n

PROOF. We begin by setting, for all 1 < i < n,
(0i/0mi—1),

T;(m) =
(2?21 (05/6m.; — 1)3)

1/2
and we denote by

ZT (1—5 ]2) .

We lower bound the function ¢ by the remark

2
Va € (0,1), Yu € [a, 1], <i - 1> < ng(u) .

Thus, we obtain

1/2
1 (& ( o 2 a Gmi
= -1 - 5 ’ Om. i <O
Zim) = 1 <§i_f(&m,i )+> s0m - 5300 (%24) 1o, <o

N
[N}

2
=
2
+

\
(] e}
INgE
<
7 N

Q>

3

N————
=
q
3
A
N

1 g; 2
1o (rlngag( &m’i> S(m)% .

To control S(m), we use the inequality (4.2) in [LMOO], conditionally to €. Let u > 0,

P ((mgar)f UZ) S(m)2 > u> = E [IP’ (S(m) > . [u/ max

i<n O, K

u Gmi
INERY)
By the remark (2.4.1), we can upper bound it by

() ) o )

where the X;’s are 4.i.d. random variables with a x? (|I| — d,,, — 1) /|I| distribution.
For any A > 0, we know that the Laplace transform of X is given by

~(11]=dm—1)/2
2)
E[e ] = (1+ III> :

Let t > 0, the following expectation is dominated by

E[(ZJr(m);at)J - /OOOIP<Z+() ;+u)du
<, =l (- (5 2) ) o
J® e (- (5 2) ) o

=)

N

N

(2.4.10)
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Using (Hy) and (2.4.10), we roughly upper bound the maximum by the sum of the Laplace transforms

and we get
E {(Z+(m) - ;lt)J

—(M|=dm—3)/2
V| ( t )
<y (14—
I%;m O‘(‘I‘ - dm - 3) ‘I‘
9 m - dm ™m t m
<vlplexp n—( +3)\p|10g 1+|p| .
@ 2|pim| n
Take t = 2az/v to conclude.

LEMMA 2.7. Let m € M and x be a positive number, then

E[(Z-(m) — (2o + l)x)Jr] < QQJ 16_(“ .

PRrROOF. Note that for all u > 1, we have

2> (2-1)’

Let ¢ > 0, we handle Z_(m) conditionally to £? and, using the previous lower bound on ¢, we obtain
2 1
P <Z_(m) >ty ‘5[2])

2

Let us note that

0;
max | — -1 <1,
i<n \ Om,i _

thus, we can apply the inequality (4.1) from [LMOO] to get

P (Z(m) > 20‘22 lt) < exp(—1/2) .

This inequality leads us to

(Z(m)—2aJ1t)] < /(+Oo P(Z_(m) > u)du
+

2a4+1)t/a
20+ 1
o

E

e b,

Take t = ax to get the announced result. O
It remains to control W1 (m) and Wa(m). For the first one, we now prove a Rosenthal-type inequality.

LEMMA 2.8. Consider any m € M. Under the hypothesis (Hy), for any x > 0, we have
E[(Wi(m) — 70D, — 2)-]

T

[21log(14+dm)]
< 6/ |pmld (20927\/1”7% log(1 + dm))
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where || is the integral part and C is a positive constant that could be taken equal to
12+/2e
\[ _
PrOOF. Using the lemma 2.10 and the remark (2.4.1), we dominate W;(m),

|| dm Z
M/ W — Fry = F
(m) < Wi(m 7Z|I| -1 n—|pm|1—|—d !

Iepm Iepm

~ 43.131 .

where the Fy’s are i.i.d. Fisher random variables of parameters (du,, n/|pm|— dm —1). We denote by
F,,, the distribution of the F;’s and we have

2 D < pialdm < EW{(m)] < 10lpm|dyn < 40D,

Take z > 0 and an integer ¢ > 1, then

E [(Wi(m) — E[W{(m)])%]
(g =Dzt '
We set V = W{(m) — E[W/{(m)]. It is the sum of the independent centered random variables

E [(W(m) — E[W{(m)] - 2),] < (24.11)

yndm
n— |pm|(1 + dm)

To dominate E [Vf], we use the theorem 9 in [BBLMOS5]. Let us compute

Xr=

(F] 7E[F[]), I€p,.

29*n2dn (1 = 3[pm|)|[pm] 203
E[X7] < 29°6% i
IEZ = = ol + 30200 — [l (7 5)) < 27 1
and so,
1/q
E[VI]"* < /1267263 ppn|ding + g’ V2B [HEI%X |X1|q}
Ve
here 1/ = — Y&
where K 2(\/6_1)

We consider ¢ =1+ |2log(1 + d,,)| where |-] is the integral part. For this choice, ¢ < 1+ d,, and it
implies
2|pm|q <n-— |pm|(1 + dm) :

The hypothesis (Hy) allows us to make a such choice. We roughly upper bound the maximum by the
sum and we use (Hyp) to get

E [max |X1|q} < (70d,)'E [max |Fr — IE[FIH"]
I€pm, Icpm
< (W0dy) 29 (B[F]? + |pm|E[F2))
o 284" [pal ( (290d,) (1 +2(q — 1)/d,) )
= 2 2 \1=2[pmlg/(n = [pm|(1 + dm))
< (6'762dm)q [pm| -

Thus, it gives
E[VYY < 462 (\/12H’\pm\qu + GK’ﬁ\pm\l/qqu)

< 6K'V290° (\/ [pm|dimg + \pm\”qqu)
< 126'V2902/|pmldm (1 + [210g(1 4 d,n)]) -
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Injecting this inequality in (2.4.11) leads to
E [(W{(m) — E[W{(m)] — z), ]

0%/ |pm|dm (1 +21og(1+d
< 0792 /|pm|dm (C’Y ‘p + Og + ))

[2log(1+dm)]
2z >
O
LEMMA 2.9. Consider any m € M and let x be a positive number. Under the hypothesis (Hp),

we have
Welpml ( n— (dm+3)|pm| ( 2a|Pm|$)>
E [(Wy(m) —x < exp | — log(1+ —— .
[( 2( ) )-‘,-] a p 2|p7n| g ’yn

PROOF. Let us define
Z l|s — 5m||1
I€pm Om.1

The distribution of W5(m) conditionally to £[? is Gaussian with mean equal to
—aA(m)/2 and variance factor

2
-
s [ el
~ 2 .
Iepm, Tm,1
If ¢ is a standard Gaussian random variable, it is well known that, for any A > 0,

P(¢ > V2\) <e ™. (2.4.12)
We apply the Gaussian inequality (2.4.12) to Wa(m) conditionally to [,

1/2 2

]

¥ >0, B | Wolm) + 2Am) > |20 3 T
) 9 = =

’5[2} < et

gz]) <ot

5[21> <ot

where the X;’s are 4.i.d. random variables with a x? (|I| — d,, — 1) /|I| distribution. Finally, we
integrate following £[? and we get

P(Wz(m) >t) <E {max exp (ijj)] .

I€pm

It leads to

P (Wg(m) + SAm) > \/2tA<m) max -

i<n O g

and thus, by the remark (2.4.1),

P <W2(m) lt max X, ’ [2]> <P <W2(m) > v max AUZ

o I€pm, Q iSn O g

We finish as we did for Z, (m),
M
E |:<W2(m) B 20ét> +:|
oo au
< / E[maxexp( (+ >X1>}d
0 Iepm v 2

—([I|=dm—3)/2
6 t
— 1
o < " |I|>

Iepm

76|pm|exp _n—(d +3)‘pm‘ log 1+t|pm| .
« 2|pm| n
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O

In order to end the proof of theorem 2.4, we need to put together the results of the previous lemmas.
Because v > 1, for any « > 0, we can write

2a|pm,
e Lexp | — n log | 1+ 70¢|p i .
2|pm| n

We now come back to (2.4.9) and we apply the preceding results to each model. Let m € M, we take

Tm
22+«
and, recalling (2.4.6), we get the following inequalities

(1 = )E[L(Ps 0, Ps.5)]

xr =

o
< E[K(Ps, Ps,, 6 E n) — 0Dy, — = —
[K(Ps.0; Ps,,.5,,)] + pen(m) + (Wl(m) 79 2(2+a)>+]

() - Q(LQ)L (20~ 2(2x+a)u

<Z(m) - (1+2a)2(2xj:a)> ]
+
< E[K(m)] + pen(m) + R1(M) + Ra(M) (2.4.13)

where R;(M) and Rp(M) are the sums defined in the theorem 2.4. As the choice of m is arbitrary,
we can take the infimum among m € M in the right part of (2.4.13).

+E +E

+E

2.4.3. Proof of Proposition 2.3. For the collection F7¢ we have A = 1 and B = 0 in (2.2.4).
Let m € M, we denote by &,, € ¥, the quantity

. _ 1
O = Z Om, 1 1; With VI € pp,, Om,1 = m Zai .
Iepm, i€l

The theorem 2.2 gives us

E [Kn(Ps,aa P§,&)]

C 1 R
<* inf ICPsaaPs o Dml +€Dm -
— inf {K(Pso,Ps, o) + Dimlog b+
C R
< — inf {K(Ps,Ps,.5,,) + Dinlog' ™ Dy} + —
— inf {K(Pso,Ps,.5,) + Dimlog f+

. s —smllz | llo—amll3 1+ R

< C inf D,, log't¢ D =

WgrelM{ 2no, + 2no? + Pmlog m n

because, for any x > 0, ¢(x) < (z — 1/z)2.
Assuming (s,,0,) € Ha, (L1) X Ha,(L2), we know (see [DL93]) that
Is = smll3 < nLI(|pmldm) >
and
lo = Gmll3 < nL3|pm|~2 .
Thus, we obtain
E [’CH(PS,O'7 PE,&)]

L2 L2 log' ™ n R
< C inf { =2 (|pmldm) 72 + =2 |pp| 722 + —=——D,, —.
meM {20*(“’ [dm) ™" 5 g om0 = t
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If oy < s, we can take

1/(142a
i = | (i)
e 20, log' ™ n

>1/(1+2a2)J

and
Lin
Pm| = (221+6
202log " n

Qg, this choice is not allowed because it would imply d,,, = 0. So, in this case, we take

For a; >
(Lo, + L%)n) Y ““C‘”J

dym =1 and |p,| =
[P {( 202log'tn

In the two situation, we obtain the announced result.

2.5. Technical results

This section is devoted to some useful technical results. Some notations previously introduced
can have a different meaning here.
LEMMA 2.10. Let X be a positive symmetric n X n-matriz and o1, ...,0, > 0 be its eigenvalues.

Let P be an orthogonal projection of rank D > 1. If we denote M = PX. P, then M is a non-negative
., TD are its positive eigenvalues, we have

symmetric matriz of rank D and, if T,

min T7;
1<i<D

min o; < and max 7; < max o; .
1<i<n 1<i<D 1<i<n

PROOF. We denote by /2 the symmetric square root of . By a classical result, M has the

same rank, equal to D, than PX'/2. On a first side, we have

(PYPzx, z)
max 7; = sup 5
1<i<D 2C€R™ ||3;H
z#0
= <sz27 l‘2>
= sup ! 5
(21,32)cker(P)xIm(P) 1Z1 1% + |22
(x1,22)7#(0,0)
%
g sup M X max oj .
zo €Im(P) Hx2H 1<i<n
x2#0
On the other side, we can write
: . (Mz, x)
min 7, = min max
1<i<D R™ zEV ||$L’||2
dim(V)=n—D+1 z#0
. HZUQPQTHQ
= min max
Ve ST
dim(V)=n—D+1 z#0
. ||El/2x||2
P min max ——
VCR" zeVnim(P) ||z
dim(V)=n—D+1 2#0
. ”21/2xH2 )
> min - max —-—o—— = min o; .
V'cR™ eV’ ||z 1<i<n

dim(V’)>1 z#0
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LEMMA 2.11. Let € be a standard Gaussian vector in R™, a = (ay,...,a,) € R" and by, ..., b,
0. We denote by b* (resp. b.) the mazimum (resp. minimum) of the b;’s. If n > 2 and Z

St (ai + V/bigi)?, then
2] (0 227)

where k > 1 is a constant that can be taken equal to 1+ 2e~1 ~ 1.736.

v

PrROOF. We recall that E[Z] = Y% (a? 4+ b;) and, for any A > 0, the Laplace transform of

(ai + Vhie:)? is

Aa? 1
E |:eXp (—)\(ai + \/Egl)2>} = exp (—1;“21)\@ -3 log(1 + 2)\bi)> .

Thus, the Laplace transform of Z is equal to
Y(\) = El[e ]
- \a? 1 &
= — —_— — = log(1 + 2Ab;
o (=30 3 Dot )

i=1

n n

2X2a2b; 1
_ _—)E[Z] i 4 ‘
= e X exp < E Lo 2 ;:1 7"(2/\1),))

=0

where r(x) = log(1+z)—a for all z > 0. To compute the expectation of the inverse of Z, we integrate
1 by parts,

=
N =
|

/0 T (A

2)\2a2b' 1
—AE[Z] E i R E ' )
/O ‘ P ( 14 2Xb; 2 — T(Q)\bz)) “

=0

1 1 >
= m"‘m/{) Jap (M) (A)dA

where

“L20? 4Xa2b; (1 + Ab;)
Jar N =2 1+ 2Xb; (1+2Xb;)2

i=0
We now upper bound the integral,

E[Z] e exp (= 355ty Aa?/(1+2Xb;))
E[Z—l} _ /0 Fas ) A

/°° 2nAb*?
< -
o (14 2Xb,)1+n/2

O 4b*(1 + N\b* _

dX

where we have set

n

Aa?
TOEDY T2,
i=1
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For any ¢ > 0, te™* < e~!. Because g, is a positive function and n > 2, we obtain
E[Z] = 2nb? /°° 4b*(1 4 Ab*)
El=7 1] s T o iFaa A dX
[ z ] /o (1+2Xb, )1 Hn/2 o e(1+ 2Xb, ) 1+n/2

n—2 en(n — 2)
< n—2 (1 T en )
< 2142 )E

n—2



CHAPITRE 3

Estimation of a component in
an additive model

RiESUME. Considérons un vecteur aléatoire Y € R™ de moyenne inconnue s et de matrice
de covariance 2P, tP, ol P, est une matrice connue quelconque. L’objet de ce chapitre
est l'estimation du vecteur s sous des hypotheses de moment sur les coordonnées de Y ou

2 connu ou inconnu. Notre

bien pour un bruit gaussien. Les deux cas sont étudiés pour o
approche ne nécessite aucune hypothése sur s et est basée sur des méthodes de sélection de
modele non-asymptotiques. Etant donnée une collection {S;,, m € M} d’espaces linéaires,
pour chaque m € M, nous considérons l’estimateur des moindres carrés 3,, de s dans Sp,.
A partir de pénalités non-linéaires en la dimension des modeles, nous proposons un choix de
m de telle facon que §,;, ait un risque quadratique aussi proche que possible du minimum de
ceux des estimateurs §,,. Des inégalités de type oracle et des résultats d’adaptativité sont
prouvés pour §,; d’un point de vue non-asymptotique. Un intérét particulier est donné au
probléme d’estimation d’une composante dans un modele additif. Nous présentons comment
nos procédures peuvent étre utilisées dans ce cadre. Enfin, les performances de nos estimateurs

sont illustrées sur des données simulées.

3.1. Introduction

3.1.1. Additive models. Regression analysis is a very old mathematical subject and the first
studies have occurred at the beginning of the 19th century with the works of Legendre [Leg05] and
Gauss [Gau09] about estimation of the orbits of astronomical bodies. The general form of a regression
model can be expressed as

Z=f(X)+o¢e (3.1.1)

where X = (X(l), . ,X(’“))’ is the k-dimensional vector of explanatory variables that belongs to some
product space X = X} x - -- x X, C R¥, the unknown function f : X — R is called regression function,
the positive real number o is a variance factor and the real random noise ¢ is such that E[¢|X] =0
and E[e?|X] < oo almost surely. In such a model, we are interested in the behavior of Z in accordance
with the fluctuations of X. In other words, we want to explain the random variable Z through the
function f(z) = E[Z|X = z]. For this purpose, many approaches have been proposed and, among
them, a widely used is the linear regression

k
Z=p+Y BiXY+oe (3.1.2)
i=1
where p and the [; are unknown constants. This model benefits from easy interpretation in practice
and, from a statistical point of view, allows componentwise analysis. However, a drawback of linear
regression is its lack of flexibility for modeling more complex dependencies between Z and the X ()’s.
In order to bypass this problem while keeping the advantages of models like (3.1.2), we can generalize
them by considering additive regression models of the form

k
Z=p+Y fi(XD)+o0e (3.1.3)
=1

33
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where the unknown functions f; : X; — R will be referred to as the components of the regression
function f. The object of this chapter is to construct a data-driven procedure for estimating one of
these components on a fixed design (i.e. conditionally to some realizations of the random variable
X). Our approach is based on nonasymptotic model selection and is free from any prior assumption
on f and its components. In particular, we do not make any regularity hypothesis on the function to
estimate except to deduce uniform convergence rates for our estimators.

Models (3.1.3) are not new and were first considered in the context of input-output analysis by
Leontief [Leo47] and in analysis of variance by Scheffé [Sch59] who called them additive separable
models and additive models without interaction respectively. This kind of model structure is widely
used in theoretical economics, in econometric data analysis,... and leads to many well known economic
results. For more details about interpretability of additive models in economics, the interested reader
could find many references at the end of Chapter 8 of [HMSWO04].

As we precise above, regression models are useful for interpreting the effects of X on changes
of Z. To this end, the statisticians have to estimate the regression function f. Assuming that we
observe a sample {(X1, Z1), ..., (Xn, Z,)} obtained from model (3.1.1), it is well known (see [Sto85])
that the optimal L? convergence rate for estimating f is of order n=®/(2¢+%) where o > 0 is an index
of smoothness of f. Note that, for large value of k, this rate becomes slow and the performances
of any estimation procedure suffer from what is called the curse of the dimension in literature. In
this connection, Stone [Sto85] has proved the notable fact that, for additive models (3.1.3), the
optimal L? rate of convergence for estimating each component f; of f is the one-dimensional rate
n~®/(at1) In other terms, estimation of the component f; in (3.1.3) can be done with the same
optimal rate than the one achievable with the model Z’ = f;(X (1)) + ge. Components estimation in
additive models has received a large interest since the eighties and this theory benefited a lot from
the the works of Buja et al. [BHT®89], Hastie and Tibshirani [HT90]. Very popular methods for
estimating components in (3.1.3) are based on backfitting procedures (see [BF85] for more details).
These techniques are iterative and may depend on the starting values. The performances of these
methods deeply depends on the choice of some convergence criterion and the nature of the obtained
results is usually asymptotic (see, for example, the works of Opsomer and Ruppert [OR97] and
Mammen, Linton and Nielsen [MILN99]). More recent noniterative methods have been proposed
for estimating marginal effects of the X on the variable Z (i.e. how Z fluctuates on average if
one explanatory variable is varying while others stay fixed). These procedures, known as marginal
integration estimation, were introduced by Tjgstheim and Auestad [TA94| and Linton and Nielsen
[LN95]. In order to estimate the marginal effect of X (¥, these methods take place in two times. First,
they estimate the regression function f by a particular estimator f*, called pre-smoother, and then
they average f* according to all the variables except X (*). The way for constructing f* is fundamental
and, in practice, one uses a special kernel estimator (see [RW94] and [SLS99] for a discussion on this
subject). To this end, one needs to estimate two unknown bandwiths that are necessary for getting
f*. Dealing with a finite sample, the impact of how we estimate these bandwidths is not clear and,
as for backfitting, the theoretical results obtained by these methods are mainly asymptotic.

In contrast with these methods, we are interested here in nonasymptotic procedures to estimate
components in additive models. The following subsection of this introduction is devoted to introduce
some notations and the framework that we handle but also a short review of existing results in
nonasymptotic estimation in additive models.

3.1.2. Statistical framework. We observe a sample {(Z1, (z1,y1)),---,(Zn, (®n,yn))} where
the (z;,y;) are distinct deterministic design points with values in some product space X x ). These
observations are such that

Z; = s(x;) +t(y;) +og; , i=1,...,n, (3.1.4)

where s : X — R and t : ) — R are unknown functions, ¢ is a positive variance factor and
e = (e1,...,&n) is an unobservable centered random vector with i.i.d. components of unit variance.
This framework is derived from the model (3.1.3) by denoting s for the component that we plan to
estimate and ¢ for the sum of x and the other components. Moreover, to avoid identification problem
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in the sequel, we assume
/ s(x)dx = / t(y)dy=0. (3.1.5)
X y

This hypothesis is not restrictive since we are interested in how Z fluctuates with respect to the z;’s.
A shift on the components does not affect these fluctuations and the estimation proceeds up to an
additive constant. The results described in this chapter are obtained under two different assumptions
on the noise terms ¢;, namely

(Hgaug): the random vector ¢ is a standard Gaussian vector in R™,
and

(Hptom): the variables e; satisfy the moment condition
dp > 2 such that 7, = E[|e1]P] < 00 . (3.1.6)

So, our aim is to estimate the component s on the basis of the observations (3.1.4). For the sake
of simplicity of this introduction, we assume that the quantity o2 > 0 is known (see Section 3.5 for
unknown variance) and we implicitly identify the functions s and ¢ with the vectors (s(z1),. .., s(x,))’
and (t(y1),-..,t(yn)) respectively. Moreover, we assume that we know two linear subspaces E, F' C
R™such that s € F,t € F and E®©F = R". Of course, such spaces are not available to the statisticians
in practice and, when we handle additive models in Section 3.3, we will not suppose that they are
known. Let P, be the projection onto E along F, we derive from (3.1.4) the following regression
framework

Y =P, Z=5s+0P,e (3.1.7)
where Y = (Y1,...,Y,)" belongs to E = Im(P,) C R™. This framework is similar to the classical
signal-plus-noise regression framework but the data are not independent and their variances are not
equal. Because of this uncommonness of the variances of the observations, we qualify (3.1.7) as an
heteroscedastic framework. The object of this chapter is to estimate the component s and, to this
end, we handle (3.1.7). However, the results that we introduce in the sequel consider the framework
(3.1.7) from a more general outlook and we do not make any prior hypothesis on P,,. We only assume
that it is a projector when we handle the problem of component estimation in an additive framework.

We now describe our estimation procedure in details. For any z € R™, we define the least-squares

contrast by
n

() = IV =2l = (V- 22 (3.1.8)
i=0

Let us consider a collection of linear subspaces of Im(P,) denoted by F = {S,,, m € M} where
M is a finite or countable index set. Hereafter, the S,,’s will be called the models. Denoting by
T, the orthogonal projection onto .S,,, the minimum of ~, over S, is achieved at a single point
Sm = mmY called the least-squares estimator of s in S,,. Note that the expectation of §,, is equal to
the orthogonal projection s,, = m;,s of s onto S,,. We have the following identity for the quadratic
risk of §,,’s,

PROPOSITION 3.1. Let m € M, the least-squares estimator §,, = m,,Y of s on S, satisfies

Tr(*P, P,
E (s — 2] = s — 3 + T 2TmP) g2 (319)
n
Proor. By orthogonality, we have
Is = 8mlls = lls = smll7 + o | Puclly - (3.1.10)

Because the components of € are independent and centered with unit variance, we easily compute

Tr( Py Pp)
E [m Pac2] = TFammEn)
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We conclude by taking the expectation on both side of (3.1.10). O

A “good” estimator is such that its quadratic risk is small. The decomposition given by (3.1.9)
shows that this risk is a sum of two terms that can be interpreted as follows. The first one, called bias
term, corresponds to the capacity of the model S;, to approximate the true value of s. The second,
called variance term, is proportional to Tr( ‘P, ,, P,,) and measures, in a certain sense, the complexity
of S,,. Indeed, if P, is the identity matrix, for example, then Tr( ‘P, 7, P,) is equal to the dimension
of S,,. If S, is the space of constant vectors of R™, then the variance term is small but the bias term
is as large as s is far from a constant. Conversely, if S, is a “huge” model, whole R™ for instance, the
bias is null but the price is a great variance term. Thus, the formula (3.1.9) illustrate why choosing
a “good” model corresponds to find a trade-off between bias and variance terms.

In the particular case of Gaussian errors with possibly unknown variance factor o and invertible
matrix P,, another popular way to proceed is to minimize some likelihood criterion. Such approach
leads to the maximum likelihood estimator given by

st = paP p-ly

where 74 is the orthogonal projection onto P, 1S,,. Thanks to the invertibility of P,, the basic

idea to estimate s in this case is to consider the classical homoscedastic data given by P, 1Y. The
mean vector P, ls is estimated in the models of the collection {P,1S,,, m € M} and the estimators
are next transposed to the S,,’s. For simultaneous estimation of s and o2 with the Kullback risk
in such a framework, we refer to the works of Baraud, Giraud and Huet [BGHO09]. Indeed, their
procedures can easily be generalized to any invertible matrix by the slight change on the collection
of models precised above. The quadratic risk of the maximum likelihood estimator can be computed
likewise the one of §,,, and we obtain a similar decomposition

T P’n 7(’”Pn)t -
r(Pnm )02

E([lls = s512] = lIs = Par{T P2 + (3.1.11)

Note that the orders of the variance terms in the risk of §,,, and 8% are similar. Since Porly ")P,L’ls €
S, the bias term of ,, is always no larger than the one of 3% . Our present aim is to construct
estimators with a small quadratic risk and thus, in the sequel of this chapter, we only focus on the
least-squares estimators §,,. For a further discussion, see Appendix A that is devoted to illustrate
the behaviours of the quadratic risks of 5, and % on an example.

Clearly, the choice of a model that minimizes the risk (3.1.9) depends on the unknown vector
s and make good models unavailable to the statisticians. So, we need a data-driven procedure to
select an index m € M such that E[||s — 3,,|2] is close to the smaller L? risk among the collection of
estimators {8,,, m € M}, namely

R(s,}"):mlrelwa[Hs—émHi] .

To choose such a m, a classical way in model selection consists in minimizing an empirical penal-
ized criterion stochastically close to the risk. Given a penalty function pen : M — Ry, we define m
as any minimizer over M of the penalized least-squares criterion

m € argmin {7y, (5,) + pen(m)} . (3.1.12)
me
This way, we select a model Sy and we have at our disposal the penalized least-squares estimator
5§ = §;. Note that, by definition, the estimator § satisfies

Vm € M, v,(8) + pen(m) < v, (8m) + pen(m) . (3.1.13)

To study the performances of §, we have in mind to upperbound its quadratic risk. To this end, we
establish inequalities of the form

R
E[lls—3|?] < C inf — S$mll? = 1.14
[ls = 2) <C inf {lls = sl +pen(m)} + — (3.1.14)

where C' and R are numerical terms that do not depend on n. Note that if the penalty is proportional
to Tr( ‘P, 7P, )o?/n, then the quantity involved in the infimum is of order of the L? risk of 5,,.
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Consequently, under suitable assumptions, such inequalities allows us to deduce upperbounds of order
of the minimal risk among the collection of estimators {§,,, m € M}. This result is known as an
oracle inequality

£ [lls ~ 32] < CR(s, ) = C int E[ls ~ éml3] - (3.1.15)

This kind of procedure is not new and the first results in estimation by penalized criterion are due
to Akaike [Aka70] and Mallows [Mal73] in the early seventies. Since these works, model selection
has known an important development and it would be beyond the scope of this chapter to make
an exhaustive historical review of the domain. We refer to the first chapters of [MT98] for a more
general introduction. Nonasymptotic model selection approach for estimating components in an
additive model was studied in few paper only. Considering penalties that are linear in the dimension
of the models, Baraud, Comte and Viennet [BCV01] have obtained general results for geometrically
[-mixing regression models. Applying it to the particular case of additive models, they estimate the
regression function. They obtain nonasymptotic upperbound similar to (3.1.14) on condition € admits
a moment of order larger than 6. For additive regression on a random design and alike penalties,
Baraud [Bar02] proved oracle inequalities on the estimation of the regression function for polynomial
collection of models and a noise that admits a moment of order 4. Recently, Brunel and Comte
[BCO06] have obtained results with the same flavor for the estimation of the regression function in an
censored additive model and a noise admitting a moment of order larger than 8. Pursuant to this
work, Brunel and Comte [BCO08] have also proposed a nonasymptotic iterative method to achieve the
same goal. Combining ideas from sparse linear modeling and additive regression, Ravikumar et al.
[RLLWO08] have recently developed a data-driven procedure, called SpAM, for estimating a sparse
high-dimensional regression function. Some of their empirical results have been proved by Meier, van
de Geer and Bithlmann [MvBO09] in the case of a sub-Gaussian noise and some sparsity-smoothness
penalty.

The methods that we use are similar to the ones of Baraud et al., Comte and Viennet and are
inspired from [Bar00]. Nevertheless, the objects of the procedure differ. The works cited above are
all connected to the estimation of the whole regression function by estimating simultaneously all its
components. Since these components are each treated in the same way, their procedures can not focus
on the properties of one of them. The procedure that we purpose in this chapter estimates one of the
components and is based on penalties that are not linear in the dimension of the models. Moreover,
under mild assumptions on F, we obtain oracle inequalities under Gaussian assumption on the noise
or only under a weak moment condition. Then, we deduce uniform convergence rates over Holderian
balls and adaptivity of our estimators. Up to the best of our knowledge, our results in nonasymptotic
estimation of a nonparametric component in an additive regression model are new.

The chapter is organized as follows. In the section 3.2, we study the properties of the estimation
procedure under the hypotheses (Hgaus) and (Hnyom) with a known variance factor o2. As a
consequence, we deduce oracle inequalities and we discuss about the size of the collection of models.
In Section 3.3, we apply these results to the particular case of the additive models and, in the next
section, we give rates of convergence for our estimators over Holderian balls. The case of unknown
variance factor is presented in Section 3.5 and the results of the first section are extended to this
situation. Finally, in Section 3.6, we illustrate the performances of our estimators in practice by a
simulation study. The last sections are devoted to the proofs and to some technical lemmas.

Notations: in the sequel, we denote by p the spectral norm on M, as the norm induced by || - ||,

VA eM,, p(A)= sup | Azl .
verr\{0} T]ln

(3.1.16)

In particular, for any A, B € M,,, the norm p satisfies these properties:
1. p(AB) < p(A)p(B) (sub-multiplicativity),
2. p(A) = p(*A) (self-adjoint),
3. p('AA) = p(A'A) = p*(A),
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4. p(A) = max{V/X: X is an eigenvalue of ‘AA}.
For more details on p, see Chapter 5 of [HJ90].

3.2. Main results

Throughout this section, we assume that the variance factor o2 in (3.1.7) is known. Moreover, in
the sequel of this chapter, for any d € N, we define Ny as the number of models of dimension d in F,

Ng=Card{m e M : dim(S,,) =d} .
We first introduce general model selection theorems under hypotheses (Hgaus) and (Hatom)-

THEOREM 3.2. Assume that (Hgaug) holds and consider a collection of nonnegative numbers
{Lm,m € M}. Let 0 > 0, if the penalty function is such that

Tr( Py Py)
n

pen(m) = (1+ 6+ L,,) o? for allme M , (3.2.1)

then the penalized least-squares estimator § given by (3.1.12) satisfies
1312 < (15 5) int, s sl 5 pentm) - Bl 2 Pl

n n
where we have set

2(1 + 0) 2L, Tr('PurmmPy)
Ra(0) = =5~ > exp (— 53X~ :
) 2(1+0) 2(Py)

R, (0) (3.2.2)

If the errors are not supposed to be Gaussian but only to satisfy the moment condition (Hyom),
the following upperbound on the gth moment of ||s — 5|2 holds.

THEOREM 3.3. Assume that (Hnmom) holds and take ¢ > 0 such that 2(¢ + 1) < p. Consider
0 > 0 and some collection {L,,, m € M} of positive weights. If the penalty function is such that

Tr(*Pr,, P)
n

pen(m) = (1+ 6 + Ly,) o? for allme M , (3.2.3)

then the penalized least-squares estimator § given by (3.1.12) satisfies
2 P 2
E[ls — 5207 < € inf {lls — sl + pen(m)} + ZT R, .0 (320

where we have set

T tPn mPn Lm T tPn mPn q—p/2
Ru(p.q.0)=C'ry [No+ D <1+ T(2( 7TP ) )) ( r(z(PW) )>
meM:S,#{0} primEn i

and C = C(q,0), C' =C'(p,q,0) are positive constants.

The proofs of these theorems give explicit values for the constants C' that appear in the upper-
bounds. In both cases, this constant goes to infinity as 6 tends to 0 or increases toward infinity. In
practice, it does neither seem reasonable to choose € close to 0 nor very large. Thus this explosive
behavior is not restrictive but we still have to choose a “good” 6. The values for 8 suggested by
the proofs are around the unity but we make no claim of optimality. Indeed, this is a hard problem
to determine an optimal choice for 8 from theoretical computations since it could depend on all the
parameters and on the choice of the collection of models. A solution to calibrate it in a particular
case could be a simulation study.

For penalties of order of Tr('P,m,, P,)o?/n, Inequalities (3.2.2) and (3.2.4) are not far from being
oracle. Let us denote by R,, the remainder term R, () or R, (p, ¢,0) according to (Hgaus) or (HMom)
holds. To deduce oracle inequalities from that, we need some additional hypotheses as the following
ones:
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(A1): there exists some universal constant K > 0 such that

Tr( Py Pp)
n

pen(m) < K o?, forallm € M |

(Az): there exists some constant R > 0 such that

sup R, < R,
n=1

(As3): there exists some constant p > 1 such that

sup p*(P,) < p°
n>1

Thus, under the hypotheses of Theorem 3.2 and these three assumptions, we deduce from (3.2.2) that
Tr( ‘P, P, Rp?c?
r(‘Pam )02}_|_ p-o

n

- (3.2.5)

<112 : 2

B (I - 512) < € int {Is -l +
where C' is a constant that does not depend on s, 02 and n. By Proposition 3.1, this inequality
corresponds to (3.1.15) up to some additive term. To derive similar inequality from (3.2.4), we need
on top of that to assume that p > 4 in order to be able to take ¢ = 1.

Assumption (Aj) is subtle and strongly depends on the nature of P,. The case of oblique
projector that we use to estimate a component in an additive framework will be discussed in section
3.3. Let us replace it, for the moment, by the following one

A%): there exists some factor ¢ € (0,1) that does not depend on n such that
3
ch(Pn)dim(Sm) < Tr(tPnﬂ'mPn) .

By the properties of the norm p, note that Tr(*P, 7, P,) admits an upperbound with the same flavor
Tr('Py 7 Pr) Tr (7 P (7t Pr))
< plmm Py t(ﬂ'mpn))rk(ﬂ'mpn t(ﬂ'mpn))
< P2 (T P )Tk (707,)
< pA(P,) dim(S,,) .

In all our results, the quantity Tr( ‘P, m,, P,) stands for a dimensional term relative to S,,. Hypothesis
(A%) formalizes that by assuming that its order is the dimension of the model S,,, up to the norm of
the covariance matrix ‘P, P,.

Let us now discuss about the assumptions (A;) and (Az). They are connected and they raise the
impact of the complexity of the collection F on the estimation procedure. Typically, condition (As)
will be fullfilled under (A1) when F is not too “large”, that is, when the collection does not contain
too many models with the same dimension. We illustrate this phenomenon by the two following
corollaries.

COROLLARY 3.4. Assume that (Hgaus) and (A%) hold and consider some finite A > 0 such that

log N,
8T <A, (3.2.6)
deN:Ng>0  d

Let L, 0 and w be some positive numbers that satisfy

(1+6)3

2
L> A . 2.
0 (A+w) (3.2.7)
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Then, the estimator § obtained from (3.1.12) with penalty function given by

t
pen(m) = (1+6 + L)WU2

is such that

Tr{( Pt P) V (cp*(Py)) 2}

E[lls—3|2] < C inf —Sml2 + (L V1
s =312) < € inf {lls = 502+ (£ 1) .
where C' > 1 only depends on 0, w and c.

For errors that only satisfy moment condition, we have the following similar result.

COROLLARY 3.5. Assume that (Hnom) and (A%) hold with p > 6 and let A > 0 and w > 0 such
that

Ny
W A aprae sS4 3.2.8
d>O:NI()1>0 (1 + d)l)/2—3—w ( )

Consider some positive numbers L, 0 and ' that satisfy
L> W' A%/ (P=2) ,

then, the estimator § obtained from (3.1.12) with penalty function given by

No <1 and

pen(m) = (146 + L)M(ﬂ
n
is such that
Tr(‘Py7m P, 2(P,
E[ls—5l7] < Cn igﬁA{lls—SmIIiﬂLvl) WP T)LV(C”( ))02}

where C > 1 only depends on 0, p, w, W' and c.

Note that the assumption (Aj%) guarantees that Tr( P, 7, P,) = cp?(P,) dim(S,,) and, at least
for the models with positive dimension, this implies Tr( P, 7, P,) = cp?(P,). Consequently, up to
the factor L, the upperbounds of E [[|s — §||2] given by Corollaries 3.4 and 3.5 are of order of the
minimal risk R(s, F). To deduce oracle inequalities for § from that, (A1) needs to be fullfilled. In
other terms, we need to be able to consider some L independently from the size n of the data. It will
be the case if the same is true for the bounds A.

Let us assume that the collection F is small in the sense that, for any d € N, the number of
models Ny is bounded by some constant term that neither depends on n nor d. Typically, collections
of nested models satisfy that. In this case, we are free to take L equal to some universal constant.
So, (A1) is true for K = 14 6 + L and oracle inequalities can be deduced for §. Conversely, a large
collection F is such that there are many models with the same dimension. We consider that this
situation happens, for example, when the order of A is logn. In such a case, we need to choose L
of order logn too and the upperbounds on the risk of § become oracle type inequalities up to some
logarithmic factor. However, we know that in some situation, this factor can not be avoided as in the
complete variable selection problem with Gaussian errors (see Chapter 4 of [Mas07]).

More generally, note that the assumption on Ny in Corollary 3.5 is more restrictive than the one
in Corollary 3.4. Indeed, in the Gaussian case, the quantity Ny is limited by e? while the bound is
only polynomial in d under moment condition. Thus, the Gaussian assumption (Hgaug) allows to
obtain oracle inequalities for more general collections of models.

3.3. Application to additive models

In this section, we focus on the framework (3.1.4) given by an additive model. To describe the
procedure to estimate the component s, we assume that the variance factor o2 is known but it can
be easily generalized to the unknown factor case by considering the results of the section 3.5. Let
{(x1,%1),- -, (Tn,yn)} be deterministic design points of [—1,1]? and s and ¢ be two unknown functions
that belong to L?([—1,1],dz) and that satisfy (3.1.5). We recall that we observe

Z; = s(x;) +t(y;) + oy, i=1,...,n,
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where the random vector ¢ = (e1,...,&,)" is such that (Hgaug) or (Hnom) holds. For legibility,
we identify the functions s and ¢ with the vectors (s1,...,s,)" and (t1,...,t,)’, respectively, where
s; = s(x;) and t; = t(y;).

Let S, and 8/, be two linear subspaces of L?([—1,1],dx) with finite dimension D,, = dim(S,,)
and D!, = dim(S})) such that D, + D!, < n. We consider two orthonormal bases {¢1,...,¢p, } and
{¥1,...,9¥p: } of S, and S;, respectively. The linear spans E, F' C R" are defined by

E = Span {(¢;(x1),...,di(xn)), i=1,...,Dp}
and
F = Span{(¥i(y1),..-,%i(yn))’s i=1,...,D,} .

We make the mild assumption that £ N F = {0}. Note that we do not assume that s belongs to E
neither that ¢ belongs to F. Let G be the space (E + F)*, we obviously have E® F @© G = R" and we
denote by P,, the projection onto E along F'+ G. Moreover, we define mg and g4 the orthogonal
projections onto F and F + G respectively. Thus, we derive the following framework from (3.1.4),

Y =P, Z=5+0P,¢ (3.3.1)
where we have set

s = P,s+P,t
s+ (P, —I,)s+ Pyt
= s+ (P, —I,)(s—7gs)+ P.(t —pigt) =s+h .
Let F = {S,,, m € M} be a finite collection of linear subspaces of F, we apply the procedure described
in the previous sections to Y given by (3.3.1), that is, we choose an index m € M as a minimizer
of (3.1.12) with a penalty function satisfying the hypotheses of Theorems 3.2 or 3.3 according to
(Hgaus) or (Hnpom) holds. This way, we estimate s by 5. From the triangular inequality we know
Is = 8lln <[5 = 5[l + 2]l
and we derive that
Eflls — 5112] < 2B[|5 — 52] + 20/AJ2 .
As we discussed previously, under suitable assumptions on the complexity of the collection F, we can
assume that (A;) and (A,) are fullfilled. Moreover, we suppose in this section that (Ag) is satisfied.
Note that, for any m € M, m,, is an orthogonal projection onto the image set of the oblique projection
P,. Consequently, we have Tr(‘P,7,, P,) > 1k(m,,) = dim(S,,) and Assumption (A3) implies (A})
with ¢ = 1/p?. Since, for all m € M,
5 = mmslln < [Is — Tmslln + 1B — Tmhlln < |[s — wmslln + (2],

we deduce from Theorems 3.2 or 3.3 that we can find, independently from s and n, two positive
numbers C' and C” such that

Te( Py P 22
E[|s — 3|2 < C inf {||s A [ (”)02} el (|h||i + ”"R) . (3.3.2)
meM n n

To derive an interesting upperbound on the L? risk of 3, we need to control the remainder term.
Because p(-) is a norm on M, we dominate the norm of h by

1Pl < p(In = Pu)lls = waslln + p(Pa)llt = mrictn
< (4 pBo))(ls = meslln + It = mrictln)
< (+p)ls =mesln + It = mriatln) -

Note that, for any m € M, S,,, C E and so, ||s — 75|, < ||$ — Tm$||n. Thus, Inequality (3.3.2) leads
to

Ells—5l2) < C(+p)* inf {Hs_ﬂms”gl +r<7r>02}
meM n

2
+C'(1 + p)? (||t —mrygtl? + ZR) : (3.3.3)
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Under assumption on the regularity of the component ¢, the quantity |t — 7rgt||2 is reasonably
small. It mainly remains to understand the order of the multiplicative factor (1 + p)? in practice.
Thus, we now discuss about the norm p(P,) and the assumption (As). This quantity depends on
how we construct the spaces E and F', i.e. on the choice of the functions ¢; and v; and the structures
of S,, and S/, inherited from these bases. Let us consider the two following particular sets of functions.

(T): Assume that D = D,, = D), are even integers. The spaces S,, and S, are generated by
the trigonometric basis on [—1, 1] given by the functions

Dok (t) = or(t) = sin(knt), k=1,...,D/2

and
(ﬁgk,l(t) = ’L/Jgkfl(t) = COS(kﬂ't), k= 1, ey D/2 .

(P,): Let K be a positive integer and consider the regular partition {I1,...,Ix} of [-1,1].
For some positive integer r, the functions ¢; and ; are polynomials of degree less than r
on one of the I; and zero outside such that S, and S), are spaces of piecewise polynomials
functions of the form

f(t) = ZPj(t)]lfj7 te [_1’1] ;

where the P;’s are polynomials of degree less than r given by linear combinations of the ¢;
(resp. ;) for S, (resp. S),). In this case, we have D,,, D] < (r + 1)K.

As we described above, the spaces S,, and S/, are constructed on the design given by the points
(x1,91)- -+, (Tn,yn) € [—1,1]%. Hereafter, the (x;,y;) will be assumed to be known realizations of
an uniform random variable on the square [—1,1]2. In other terms, these points are random and we
proceed conditionally to them. We have to choose D,, and D!, with a good order for ensuring that
(A3) occurs for some reasonable value p (i.e. of order of one). Let us illustrate it by the figures
3.1 and 3.2 that show estimations of the fluctuations of the mean value of p(P,) according to n for
several choices of D,, (D), is of the same order) in the frameworks obtained from (T) and (P3). For
getting a p(P,) close to some constant, these simulations suggest empirical upperbounds on D,, that
are similar to the ones given by Baraud [Bar02]. Indeed, p(P,) seems to be harder to control for
a basis as (T) than for a localized basis like (P2). In the trigonometric case, taking D,, of order of

n/log(n) appears to be a reasonably choice to allows p to be close to 1. On Figure 3.2, we see that
the polynomial case is more flexible and let us take D,, of order y/n to empirically satisfy condition
(Aj3). These bounds are not theoretical but give good results in practice as it is illustrated in Section
3.6.

3.4. Convergence rates

The previous sections have introduced various upperbounds on the L? risk of the penalized least-
squares estimators 5. Each of them is connected to the minimal risk of the estimators among a
collection {§,,, m € M}. One of the main advantages of such inequalities is that it allows us to derive
uniform convergence rates with respect to many well known classes of smoothness (see [BM97]).
In this section, we give such results over Holderian balls for the estimation of a component in an
additive framework. To this end, for any « € (0,1) and L > 0, we introduce the space H, (L) of the
a-Holderian functions with constant L on [—1, 1],

Ha(L) ={f:[-L1] =R : Vo,y € [-1,1], [f(z) = fy)| < Llz —y|*}

Considering the framework (3.1.4), we define the projector P,, constructed via the basis (P3)
with D,, = 3 x 2%~ for some positive integer k,. By applying P, to the data vector Z = (Z1,...,Z,)’,



3.4. Convergence rates 43

\
— D, =n/4 -
—————— D,, =n/logn i
777777777 D, =+/n 4

FIGURE 3.1. Estimation of p(P,) for random design points uniformly taken in
[—1,1]? and collection of functions (T)
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FIGURE 3.2. Estimation of p(P,) for random design points uniformly taken in
[—1,1]2 and collection of functions (P5)

we handle the framework (3.3.1) and we have in mind to estimate the component s. The image set
of P, is the space of piecewise polynomials of degree 2 constructed on the regular partition of [—1,1]
whose blocks are given by
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Let M be the set of integers {0, ..., k,}, for any m € M, we define the model S,, as the space of
piecewise polynomials of degree 2 based on the Qkn—m regular blocks
i2m
™ = U Li=1... 20,
j:(i—1)2"”

We denote by FPF the collection of models S, constructed in this way.

PROPOSITION 3.6. Assume that (Hgaus) or (Hymom) holds with p > 6 in the second case. Let
17 > 0 and § be the estimator selected by the procedure (3.1.12) applied to the collection of models
FPP with the penalty

Tr( P, 7 P,
pen(m) = (1+ 77)%02 :

Suppose also that (As) is fullfilled with the dimension D,,, we define

¢, = logn —log D,,
" 2logD,

For any a € (¢n,1) and L > 0, the penalized least-squares estimator § satisfies

sup E[l|ls—3]7] < Cyn =2/ (241 (3.4.2)
(s;t)€Ha (L) xHa (L)

(3.4.1)

AN1>0.

where Cy, > 1 only depends on «, p, 0%, L, 0 and p (under (Hnaom) only).

Note that the supremum is taken over Holderian balls for the two components of the regression
function, i.e. the regression function is itself supposed to belong to an Hélderian space. As we mention
in the introduction, Stone [Sto85] has proved that the rate of convergence given by (3.4.2) is optimal
in the minimax sense. The parameter « belongs to (¢,,1) that depends on the dimension D,,. For
the empirical bound év/n with § > 1, discussed in the previous section, ¢, < 1/2.

2

3.5. Estimation when ¢- is unknown

In contrast with Section 3.2, in this section, the variance factor o2 is assumed to be unknown in

(3.1.7). Since the penalties given by Theorems 3.2 and 3.3 depend on o2, the procedure introduced
in the previous sections does not remain available to the statisticians. Thus, we need to estimate o
in order to replace it in the penalty functions. The results of this section give upperbounds for the
L? risk of the estimators 3 constructed in such a way.

To estimate the variance factor, we use a residual least-squares estimator 62 that we define as
follows. Let V' be some linear subspace of Im(P,) such that

Tr(‘P,mP,) < Tr(*P,P,)/2 (3.5.1)
where 7 is the orthogonal projection onto V. We define
A2 nHY_WY”%
- T (tP,(I, —7)P,)

First, we assume that the errors are Gaussian. The following result holds.

(3.5.2)

THEOREM 3.7. Assume that (Hgaug) holds. For any 6 > 0, we define the penalty function

tPnT‘—mPn)
n

Vm e M, pen(m) = (1+0) T 62 . (3.5.3)

Then, for some positive constants C, C' and C" that only depend on 6, the penalized least-squares
estimator s satisfies

Blls-s12) < ©( jnf Bl snl2] + s - nsl? ) (3.54)

+22T R (6) (3.5.5)
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where we have set

Ru(0) = ' K“pz(l]salggz) P (‘W)
-3 exp< o(pp(;)P)>

If the errors are only assumed to satisfy moment condition, we have the following theorem.

THEOREM 3.8. Assume that (Hyiom) holds. Let 6 > 0, we consider the penalty function defined
by

Ym € M, pen(m) = (1+0)

Tr( Py P,
T PammPn) 52 (3.5.6)
n

For any 0 < g < 1 such that 2(q+ 1) < p, the penalized least-squares estimator § satisfies
Blls = 3120177 < € (it Blls = sl + 2 = 2 ) + (R0 Rapr0.6)
me

where C' = C(q,0) and C' = C'(p, q,0) are positive constants,

, /a=2/p
: _ B 0 g, (sl P (Pa)
Fu(p,4,0) = n + O p2(P,)o? R Tr(tP, P,)Pr

with Ry, (p, q,0) defined as in Theorem 3.3, (Kn)nen = (kn(p, q,0))nen is a sequence of positive numbers
that tends to k = k(p,q,0) > 0 as Tr('P,P,)/p*(P,) tends to infinity and

=(@/2-1)V1and B, = (p/2—-1)A1.

Penalties given by (3.5.3) and (3.5.6) are random and allow to construct estimators § when o2 is

unknown. This approach leads to theoretical upperbounds for the risk of §. Note that we use some
generic model V' to construct 2. This space is quite arbitrary and is pretty much limited to be an
half-space of Im(P,,). The idea is that taking V" as some “large” space can lead to a well approximation
of the true s and, thus, ¥ — 7Y is not far from being centered and its normalized norm is of order
02. However, in practice, it is known that the estimator 62 inclined to overestimate the true value
of 0% as illustrated by Lemmas 3.12 and 3.13. Consequently, the penalty function tends to be larger
and the procedure overpenalizes models with high dimension. To offset this phenomenon, a practical
solution could be to choose some smaller § when o2 is unknown than when it is known as we discuss

at the end of Section 3.6.

3.6. Simulation study

In this section, we study simulations based on the framework given by (3.1.4) with Gaussian
errors. First, we introduce the collections of models that we handle and, next, we illustrate the
performances of the estimators in practice by many examples.

3.6.1. Collections of models. To perform the simulation study, we consider four collections of
models with various complexities. Let us begin with the two collections based on the trigonometric
space generated by the functions (T). The dimensions D,, and D) of E and F, respectively, are
positive even integers and such that, for some 6 > 0, D, = D] < d§y/n/logn. The space E is
generated by the vectors

¢ar = (sin(kmrzy),...,sin(krxy,)) and ¢op_1 = (cos(kmxy),...,cos(kmzy)), k=1,...,D,/2,
and F by

Por = (sin(kmyr),. .., sin(kry,)) and o1 = (cos(kmy1), ..., cos(kmyy))’, k=1,...,D., /2.

As we discuss at the end of Section 3.3, the projection P, onto E along F + (E + F)* admits a
spectral norm p(P,) that is supposed to be close to 1 (we give explicit values below). Let MT be the
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set of integers {1,...,D,}, for any subset m C M7, the model S,, C E = Im(P,) is the linear span
of {¢;, i € m}. For any k € {1,...,D,/2}, we set

my Tt ={1,00,2k) 0 my P =20 1<i<k}y , my P ={2i—-1:1<i<k},
and we define the collection of models F¥7 by
FNT — {Smgm ck=1...,Dn/2 i= 1,2,3} .

Note that, for any 7 € {1,2,3} and k € {1,...,D,/2 =1}, S, ~nr.: C S, ~ri, i.e. the models are
k k+1

nested. In particular, it implies that this collection has a small complexity since Ny < 3, for any

d € N. Concerning our estimation procedure, Corollary 3.4 allows to take some penalty function of

the form

penyp(m) = (1+ C’)WU2 (3.6.1)
where C' is some positive constant. In contrast, we also consider the larger collection
F = {Spn, mc M}
that has an higher complexity since Ny = D,,!/(d!(D,, — d)!) is roughly of order e?!°8 P Thus, we
need to take a larger penalty as
pengp(m) = (1 + C+logDn)w(ﬂ . (3.6.2)

Similarly, we construct a small and a large collections of models based on the functions (P2) as
follows. As suggested by Figure 3.2, to get a small spectral norm p(P,), we take D,, = 3D/, /2 < d+/n,
for some 6 > 0, such that D,, = 3K where K € N is the number of blocks of the regular partition of
[—1,1]. To construct F and F', we use the three first Legendre polynomials defined on [—1, 1], namely

_3x2—1

Lo(z) =1 , Li(z) =2 , La(x) 5 ,

and we define their scaled and translated versions

W, | Liy(K(x+1)—-2i+1) ,ifzel . .
L; (x){ 0 " otherwise vi=1,....K, j=0,1,2,
where the regular blocks are given by
2(i — 1) 2
I = |-1 I ) R T
[ + K +K 1

So, the polynomials given by (P3) can be written

Ssirj(x) =LV (2), i=1,...,K, j=0,1,2
and

Yoirj(x) = L) (x), i=1,...,K, j=0,1.
Thus, the vectors that generate £ and F' are given by

¢k:(¢k(xl)a“~a¢k(xn)),a kila-“aDn and wk:(wk(xl)a“w?/)k(yn))/a k:]‘??D;L .

The image set Im(P,) is the approximation space of piecewise polynomials of degree no larger than
2 on the regular partition IT = {I3,...,Ix}. Let us denote by m a pair (Il,,,d,,) where II,, is a
partition of [—1, 1] finer than II and d,, € {0,1,2}, we define the model S, as the linear subspace of
Im(P,) of the piecewise polynomials of degree d,,, on the partition II,,. Note that, a priori, we do not
suppose that the partitions II,,, are regular. Let M2 be the set of such pairs m and assume that II
is the dyadic regular partition of [~1,1] with K = 2'% blocks. We introduce the following elements
of Mz,

mlNP’i: (nyadai)v l:07-~'7lK? i:0’1’2’
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I [ T
12 ommmmmmmm e ~ s(x) = sin(rzx) |
A s(z) = sin(nz) 4+ 2 cos(6mz)/3 ——-——-

FIGURE 3.3. Estimation of the dimension of Sy, according to the value of C' (100 repetitions).

dyad
Hl

where is the dyadic regular partition of [~1,1] with 2! blocks. Thus, we define the collection

of models
fN”:{Smivp,i N ¢:0,1,2} .

This collection is nested and have a small complexity since, for any I € {0,...,lx} and i € {0,1,2},
the dimension of the model S ~r.i is 2/(i 4+ 1) and, so, Nq < 3, d € N. Again, we can consider the
l

penalty given by

T tPTL T)’LPn
r( T )02 )
n

penyp(m) = (1+C) (3.6.3)

If the partition II is only assumed to be regular with K blocks (and no longer supposed to be a power
of 2), we introduce the set M2 = formed by all the elements (IL,,,d,,) of M2 such that the blocks
of II,,, are consecutive,

(Hma dm) € MP2

cons

<= for all distinct blocks I, J € I1,,,, supz < inf y or supy < inf = .
zcl yeJ yeJ zel
Finally, we define the collection
FOP = {Sm, me Mfgm}
that has a large complexity. Indeed, for any d € N, Ny is around (K — 1)!/((d — 1)!(K — d)!) that is
of order e?1°8(Pn/3)  To deal with this collection, we will consider a penalty function of the form

Tr(‘PymmPn) o
—_—0 .
n

pengp(m) = (1 4+ C +log(D,,/3)) (3.6.4)

3.6.2. The choice of C. To apply our procedure, we need to consider some explicit penalty
function. For each collection introduced above, we give a penalty up to some positive constant C'
that we have to choose in order to proceed. As we mention in the introduction of this chapter, the
aim of a model selection procedure is to find some trade-off between a bias term and a variance term.
The last one corresponds to the complexity of the model and measures a quantity similar to the
dimension. Taking a small value for C will favour the “large” models because the bias term would be
more significant than the variance term. In opposite, a large value of C' would put the large models
at a disadvantage.

Let us illustrate that by considering the estimation of the component s in the framework (3.1.4)
with the collection FNT' | n =200, § = 2, t(y) = 2y* — 2/3 and a known variance factor 02 = 1. The
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figure 3.3 depicts the value of the selected dimension dim(Sy;) when C goes from 0 to 7. When the
component s belongs to some small model (namely Smiw,s for s(z) = sin(wx)), the selected model
has a dimension as small as C is large. Conversely, if s is in some model with a large dimension
(s(z) = sin(mz) + 2 cos(6mx)/3 belongs to Smé\lT,l), the procedure will ignore the large models for the
benefit of the small ones as C' grows.

This phenomenon is well known in model selection theory and, from a theoretical point of view,
finding an optimal C' is a very hard problem. In order to perform in practice, one usually consider a
value slightly larger than 1 for overpenalizing a bit. This choice is empirical and does not claim for
optimality. We discuss further about several choices of C'.

3.6.3. Numerical simulations. We now illustrate our results and the performances of our
estimation procedure by applying it to simulated data

Zi=s(x;) +t(yi) +oei, i=1,...,n,

where (1,91), - - -, (Tn, yn) are known realizations of an uniform random variable on the square [—1,1]2
and the errors ¢; are i.i.d. standard Gaussian random variables. We handle this framework with known
or unknown variance factor o2 according to the cases. The unknown functions s and ¢ are chosen
among the following ones.

£1(t) = sin(rt) fot) = cos(mt) + cos(3mt)  f3(t) = sin(nt) + cos(3t)

fa(t) =2t2 —2/3 f5(t) = 3sin(2m(t v 0))/2 fo(t) = 21jy<o.2 — 0.4

fr(t) =2t fs(t) =2 (Mec1/o — D1 /2ct<0) — Doctcayo + Lijoce

fo(t) = €' —sinh(2)/2 fro(t) =24([t] = 3/t + 1 fiai(t) =41+ 2t)Ngcpcr/3 — 8/9
[ 27(t+1) —67/9 Jift < —1/3

ha(t) = { 95/9 + (9t +3)(2t —3) ,ift>—1/3

When the variance factor is assumed to be unknown, we estimate it by the procedure described in
Section 3.5 and we substitute the quantity o in the penalties (3.6.1), (3.6.2), (3.6.3) and (3.6.4) by its
estimator 62. Moreover, in the sequel of this subsection, we take samples of size n = 200, a variance
02 =1 and a factor § = 2. On all the following figures, the true function s is plotted in dotted line
and the estimator § in plain line.

Let us begin with the trigonometric collections of models FNT and F¢T. In both cases, the
second component ¢ is taken equal to the function f;. To proceed with FNT, we use the penalty
(3.6.1). A Mallows’ heuristic suggests to take a factor equal to two. As we discussed previously, it
is usual to slightly overpenalize and we take C' = 1.5. The figure 3.4 shows the estimator § of the
first component s for the choices fi, f2, f3 and f4 with known and unknown variance factor o2. The
estimator performs visually well in the known variance case for functions that belongs to one of the
models (f1, fa, f3) or not (f4). When the variance is unknown, the third case gives a poor estimation
of the component s. This particular case illustrates the drawback of estimating o2 in some general
half-space V. Indeed, it is known that least-squares estimators like 52 overestimate the true value of
o2. Consequently, the penalty is large and the procedure does not select model of high dimension as
Smé\fT,l. Only the low-dimensional part of the signal (the sinus term) is detected, the remainder part
is considered as noise by the procedure. In the other case, we see that the method does not suffer
from the fact that the variance is unknown.

We next handle the collection F¢T with the penalty (3.6.2). Since log(D,,) < 2.51, we take some
C > 0 such that 1+ C + log(D,,) = 3.5. Figure 3.5 illustrates estimations of fs, f4, f5 and fg for
known and unknown 2. This time, the collection contains a model of adapted dimension to estimate
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FIGURE 3.4. Estimation of the component s = f1, fa, f3, fa (from top to bottom) in
FNT with t = f4 for known (left) and unknown (right) variance factor o2 (3 in plain
line, s in dotted line).

f3 and the procedure select it even if the variance is unknown (i.e. the capacity of approximation
compensates the overpenalization). As for the nested collection, the quadratic function f4 is visually
well approximated. Moreover, the estimation procedure is able to take into account the changes in
the behavior of the component s like in the cases f5 and fg. Another time, we note that the method
does not suffer from an unknown variance factor.

We now turn to the piecewise polynomials collections FN* and FEF with component t = f.
For the nested one, we consider the penalty (3.6.3) with C' = 1.5 again and we estimate the first
component when it is equal to fy, f7, fs and fo (see Figure 3.6). In the three first situations, we see

that we choose the good model for polynomials of degree 0, 1 or 2 for known or unknown o2. For
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FIGURE 3.5. Estimation of the component s = f3, f4, f5, f¢ (from top to bottom) in
FOT with t = f4 for known (left) and unknown (right) variance factor o2 (5 in plain
line, s in dotted line).

some more general function like fg, the true function is correctly approximated for known or unknown
.

Finally, we estimate fo, fi0, f11 and f1 with the collection F¢F and the penalty (3.6.4). Since the
quantity log(D,,/3) is not larger than 2.24, we take the constant C' > 0 such that 1+ C +log(D,,/3) =
3.5. As with the nested collection, the procedure performs well for fg. The discontinuities of the
components fip, fi1 and fio are detected even in the unknown o2 case. Again, we can note that
the procedure selects models of lower dimension when the variance is unknown. This is due to our

previous remark about the tendency of 62 to overestimate o2.

3.6.4. Estimation of L? ratio. In Section 3.3, we discussed about assumptions that ensure a
small remainder term in Inequality (3.3.3). This result corresponds to some oracle type inequality
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FIGURE 3.6. Estimation of the component s = fy, f7, fs, fo (from top to bottom) in
FNE with t = f5 for known (left) and unknown (right) variance factor o2 (3 in plain
line, s in dotted line).

for our estimation procedure of a component in an additive framework. Thus, to quantify the perfor-
mances of our estimator, we are intersted in the value of the factor C(1+ p(P,))?. To illustrate that,
we estimate the ratio

E [lls — 5[I7]

B Tr( Py P '
inf {|ssmi+r(ﬂ)02}
meM n

We proceed by repeating each of the above simulations 100 times with a penalty function of the form

Te('PymmPrn) o
— T "y

pen(m) =C "
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FIGURE 3.7. Estimation of the component s = fo, f10, f11, f12 (from top to bottom)
in F¢P with t = f, for known (left) and unknown (right) variance factor o2 (5 in
plain line, s in dotted line).

with various values of C' > 0. We estimate r(5) by the mean value of the 100 experiments. The
obtained results are given for samples of size n = 200 and n = 500 with known and unknown variance
in each situation in Tables 3.1, 3.2, 3.3 and 3.4. When n = 500, we restrict our procedure to § = 1.25
in order to keep the computation time reasonable.

These results show that taking some penalty factor close to 1 is not a good thing, at least in known
variance case. When o2 is unknown, we recover the phenomenon introduced previously. The values
of C that give the small ratios inclined to be smaller than when ¢? is known. Indeed, to compensate
the overpenalization due to large estimation of o2 by 62, we need to consider some smaller factor C.
Moreover, the critical estimation of s = f3 with F¥7 and unknown o2 is now clear. The half-space V/
is not large enough to correctly approximated the mean of Y and leads to a (very) large value of 62.
More generally, we see that the ratios admit order reasonably small for C' ~ 2.5 in the nested cases
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| Parameters | s(z) [1.0]1.5][20[25[3.0[35[4.0[45]5.0]

Known o2 Fi(z) (915940 312820151312
(P = 1104 | L@ 2721161312 [T1[10[10]10
g_"%g ' f3(@) |15 1212|1110 1.0[09 09|09
- Fi(z) (2820 (18|17 |16 |L7|L7 |18 L7

) filz) [7T4[43[33 (282424232220
U(I;f]goi”iqm Fo(z) 0908|0808 1.7| 27 | 30 | 30 | 30
p—n206' foz) (10|14 (15 |15 |15 | 15 | 15 | 15 | 15
"= Fi) (2116|1414 (1515161616

) Fi(z) | 11 |78 4735 ]24]23[20]20]18
Iirjlfv)”:‘l%g fo(z) 3902820141212 111010
P fs(@) (23 [17 (1412 1111111111
- Fiz) (2921191817 1515|1516

) fi(z) [81[5.1(38 3328 24[22]22]21
U(r]lfr;ofnlfm fo(z) |38 242017161413 13|12
P fa(x) |20 |14 (12|12 11|11 |11 |11 11
- Fi(z) (2418161515 (16|16 |16|L7

TABLE 3.1. Ratio r(3) for the estimation of s with F¥T and § = 2.00.

| Parameters | s(x) [1.0]1.5[2.0[25[3.0[35]4.0[45][50]

Known o2 fs(x) (2724222118 ]1.7]16]14]13
(P = 1056 | J4@) 2020 L9 [T9 1920 [20[20]20
p_"zog ' fo(z) (171615 141413131313
"= fow) [T0 [ 11|10 | 11|11 | L1111 |11 11

) F5(z) |09 091848 10 | 19 | 38 | 51 | 51
U(f;‘joynlg% fi() [ 1716 17|17 |18 [18]1.8 18|18
Z—nzog' fs(z) |36 | 48|64 10 | 13 | 15 | 16 | 16 | 16
- fo(z) [12 18232932 (33333333

) F3(z) 38 332925221918 17|15
Ii‘ﬁv)vn_"l ooy | Ja@) [25[24[24[23[22[22[21[21]20
p_"506 ' fo(@) (212120 181716161615
"= Jox) [T1| LI |L1 11| L1|L0| 10| 11|11

) f3(x) [08[08[08[08[08[08[08[32][93
U(I;“;OY?%W fi(x) | 2220 (2019|1820 192022
p_"506 ' fo@) (13|12 (12 11|11 |14 |17 [3.047
= fow) |11 | 11|12 |12[12|13]|14]16] 10

TABLE 3.2. Ratio 7(3) for the estimation of s with 7T and § = 1.25.

FNT and FNP and C ~ 3.0 for FET and FF when o2 is known. In the case of unknown variance
factor, taking smaller values for C could be a way for bypassing the overpenalization in practice.

3.7. Proofs

In the proofs, we repeatedly use the following elementary inequality that holds for any o > 0 and
z,y € R,
2zy| < az® +a Yy . (3.7.1)

3.7.1. Proofs of Theorems 3.2 and 3.3.
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Parameters [ s(z) [1.0[1.5]2.0[25]3.0[35[4.0[45][5.0]
) Fi(z) [ 12 [ 956042332523 ]22]21
Iir]l;w;r:“l 903 | Jr(@) | 16 | 11 |68 [48[ 403127 2424
”_"206 ' fs(z) |87 (6.7 (45 3.7 |32 27242017
"= foz) |60 [47 3124 (22 2122|2122
) Fi(z) 6.6 |44 36 312624232220
Ug}f?ﬁ”};% Fo(x) [ 10 [5.7 [43 332623222221
A fo(x) |61 38332824 |22[1.9]1.7|1.6
"= folz) (372523 222122222323
) Fi(z) | 11 |80 |54 [34[26]24[20]18]18
Iirjlfv)”:"m& Fr(x) |16 | 11 [6.1]3.7 3220|1616 |14
P fs(z) |88 |65 4228242219 [1.7]16
"= foz) |52 |41 (3.0 (2310|1717 |17]17
) Fi(x) | 6.0 |43 3530251918 17|16
U(r]lfr;ofnlgw fr(x) | 10 |54 4130|2018 1.7]1.6 |15
P fs(z) [49 3328|2521 (2019|1817
"= folz) (32|24 21 212121222223
TABLE 3.3. Ratio r(3) for the estimation of s with FN¥? and § = 2.00.
| Parameters | s(z) [1.0[15]2.0[25[30[35[40][45][5.0]
) fg(a“) A4[41[38][35][33][31]29][29]29
I%fv)m_ol los | Jw0(@) [27[26] 242321 21202020
A fu(@) (121212121111 [11]12]12
"= Fio(z) [20 1.9 [ 191817171615 14
) fg(x) 10(32]29[29[29[29]29][30]30
U(rllfr;‘)ivnl‘izg) fio(@) |26 2221|2121 2121|2123
A fll(x) 16|21 21|21 |21 27405154
"= Fia(z) | 2129303030 3.0(3030]30
) fg(.’L‘) 80| 7.3]65]|5.7]5.1]49]47]42]41
I?;’V)m_"l 000 |Jw0(@) [54 5.0 47 [42]37[34[32[30[29
P Fu(z) [18 1.7 1716|1514 [13]13]13
"= Fi2(z) [ 9286766860 5145|4036
) fg(ﬂ?) 6.0 45|37 |34[33 3536|3942
U(I}frioivnl%go fio(x) [44 3326|2322 [22]22]23 24
P fu(z) [12 12152022 24242941
"= Fio(z) [29 201716 16|16|16]16]16

TABLE 3.4. Ratio r(3) for the estimation of s with Z¢¥ and § = 1.25.

Proof of Theorem 3.2. By definition of v, for any ¢ € R™, we can write

f”n - ’7’”( ) + 2U<t

-Y, Pn5>n + 02||PIL€HEL :
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Let m € M, since 8, = Sy + 07 Pre, this identity and (3.1.13) lead to

Is =35 = lIs = sml7 + 7 (3) = ¥ (sm) +20(5 = sm, Pae)n
= s = smll2 + m(B3) = mBm) = oI 7m Pl
—20(8 — 8, Pue)n + 20(s — Sim, Pne)n
< |Is = sml2 + pen(m) — pen () + 20| ms Pael|? (3.7.2)

—20(5 — 84y Pne)n + 20(5 — 5, Pu&)p — 02| T Prcl|? .

Consider an arbitrary a,, € S;- such that ||am,||l, = 1, we define

= (S_Sm)/HS_S’mHn 1f57é71'm5
= { am otherwise . (3.7.3)
Thus, (3.7.2) gives
ls =312 < s = smll3 + pen(m) — pen(ri) + 20%|m Pac2 (3.7.4)

+20 |5 — Sl | (Wi, P€)n| + 20(5 — 8y Ppe)n — 02| Prcel|? .
Take a € (0,1) that we precise later and we use the inequality (3.7.1),
(I=a)lls =37 < s = smllz + pen(m) — pen(rn) + (2 — )0 [mn Prclly (3.7.5)
+a o (U, Poe)? +20(s — 81, Pue)p — 02 || Tm Prcl|?
We choose o = 1/(1+6) € (0, 1) but for legibility we keep using the notation c. Let us now introduce
two functions p1,ps : M — Ry that will be specified later to satisfy, for all m € M,
pen(m) = (2 — a)p1(m) + a 'pa(m) . (3.7.6)
We use this bound in (3.7.5) to obtain

L-a)ls=3l7 < s —sml} +pen(m) + (2 — a) (o°||mm Pacll;, — p1(h))
+a~t (02 (Ui, Pre)? — pg(fn)) +20(s — Sm, Pné)n
_02||7rmpn5‘|721
< Is = smll2 4+ pen(m) + 20 (s — sm, Pug)n — 0| mm Prcl?;
+(2—a) sup (0?7 Pell2 —pl(m’))+
m’eM

+at sup (0 (ume, Prg)i — pa(m'))

m’eM
Taking the expectation on both side, it leads to
(L=a)E s = 512] < s = sml2 + pen(m) — Te(Pam Pa)o/n

+(2-a)E [ sua/[ (02||7rm/Pn5||i —pl(m'))+]
m’e

+a 'E [ sua/1 (c;’2<um/,Pns>fl —p2(m’))+]
m’e

< |Is = sml|2 + pen(m) — Tr(*Pymp Po)o? /n

+2-a) 3 E[(lmm Pl — pi(m)) |
m’'eM

+a7! Z E [(02<um/,Pn5)i —pg(m/))+:|
m’eM
< Is = smlln + pen(m) — Te(*Pymy Po)o® /n

+(2—Oz) Z El,m’ +a71 Z Eg’m/ .

m’eM m’/eM
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Because the choice of m is arbitrary among M, we can infer that

(1-a)E[|s—3]2] < 1nf {lIs = sml|2 + pen(m) — Tr( ‘P, Py)o? /n} (3.7.7)
—|—(2 - O[ Z El,'m + 0(71 Z ]EQ,m .
meM meM

We now have to upperbound E; ,,, and Eg,, in (3.7.7). Let start by the first one. If S,, = {0},
then 7, P, = 0 and pi(m) > 0 suffices to ensure that E;,, = 0. So, we can consider that the
dimension of S,, is positive and 7, P,, # 0. The Lemma 3.10 applied with A = 7,,, P,, gives, for any
x>0,

P (7’L||7TmPn€||2 Tr(*Pomty Pn) + 24/ p2(Py) Tr( Py, Py ) + ,02(Pn)33) Le™® (3.7.8)
because p(mm Pr) < p(7m)p(Pn) < p(Py). Let 3 =6%/(1+26) > 0, (3.7.1) and (3.7.8) lead to
P (n||TmPrells = (14 B)Tx(‘Pomtm Po) + (1 + 8710 (Po)z) < e ™. (3.7.9)
Let § = 62/((1 + 6)(1 + 260 + 262)) > 0, we set

npi(m) = ((1+3) + (1 + ﬁ71)5Lm)Tr( tpnﬂ'mpn)a2
and (3.7.9) implies

Bni = [ B((PlmnPl — pilm), > €) de

/0 P ([ Pacll%. — np1 (m)/o® > né/o?) de

00 SLnTr(*Pourty Py) né
< /o eXp(‘ 2By ‘<1+ﬂ1>p2<Pn>cr2)d5
14 8-1p2(P,)o2 5L, Tr( 1P, 7 P
< ! zlp( )7 exp (— ;g(PS )). (3.7.10)

We now focus on E,, ». The random variable (u,, Phe)y, = ("Pyum, )y is a centered Gaussian
variable with variance || P, um,||2 /n. For any z > 0, the standard Gaussian deviation inequality gives

nz? nz?
Pl Pl > 9) < oxv (g gz ) <o (- 5507
that is equivalent to
P (n(um, Pae)s > 2p°(Py)z) <e ™. (3.7.11)
We set
npa(m) = 26 Ly, Tr( Py, Py) o
and (3.7.11) leads to

o0

Boa = [ P Pacl? —pa(m), > €) de
= /OOO]P’ (U, Pre)2 — npa(m)/o® > n§/02) d¢
e L, Tr(P, P,
< [ e (T )
< 2B n")a exp (— MmT;gzI;SmP")) . (3.7.12)
We inject (3.7.10) and (3.7.12) in (3.7.7) and we replace «, § and § to obtain
FogElls=312) < int {lls — sml3 + penm) — Tr(‘Pumn Pa)o? /)

Q(Pn)0.2

—|—Cgp Ry
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where we have set

B 0% Ly Tr (P Pr)
Ry = ) exp (_ (1+6)(1+20+ 292)p2(Pn))

meM
02 L, Tr( Py Pr)
< Y e ey
meM 2(1+0)%p*(Pn)
and
(14 6)(1+20+20%) _ 2(1+06)>
Cy = < .

62 = 02
Finally, (3.7.6) gives a penalty as (3.2.1) and the announced result follows.

Proof of Theorem 3.3. In order to prove Theorem 3.3, we show the following stronger result.
Under the assumptions of the theorem, there exists a positive constant C' that only depends on p and
0, such that, for any z > 0,

9 2 Pn 2
P (0 M > P(n)"z) <Cr, [NO (1 A Z—m) + Rp, ,(F, z)] (3.7.13)

where the quantity H is defined by

+4 2(0 + 2)

= s a2 = S it flls = sl + 20D pentm) |

and we have set

TI‘( tPnTrmPn) LmTr( tPnﬂ-mPn) o

R = 1 °

Pop(F2) Z ( + p( Py Pr) ) < p*(Pr) e
meM:S,, #{0}

Thus, for any ¢ > 0 such that 2(¢ + 1) < p, we integrate (3.7.13) via Lemma 3.9 to get

E[HL] = / gt P (Hy > t)dt
0
0 2 2Pn 2\ 4 ') 0 2Pn 9
(AR [ g (0,5 P ),
2(Py)o* )
< C'pg.0)mp <p(n)0) R o (F) (3.7.14)

where we have set

Tr( tPnﬂ'mPn) LmTT(tPnﬂ'mPn) q—p/2
Ry ,(F) =No+ S <1+ : >< 2 |
meM:S,, #{0} p( Pnﬂ-mpn) 14 (Pn)

Since
qq1/a
2112¢ 1/q< 9+8 . _ 2 2(9+4)
B (1s =20 < B[ (152 snt s = sl 4 2D pen 492, ) ]

it follows from Minkowski’s Inequality when g > 1 or convexity arguments when 0 < g < 1 that

E[|ls — 8)24]"/*

< 2(q’1—1)+ (0”(9) lgﬁ/[ {Hs — SmHEL + pen(m)} +E ['Hi] 1/q> . (3.7.15)

Inequality (3.2.4) directly follows from (3.7.14) and (3.7.15).
We now turn to the proof of (3.7.13). Inequality (3.7.5) does not depend on the distribution of €
and we start from here. Let o = a(6) € (0,1), for any m € M we have

L=a)lls =35 < s = sl + pen(m) — pen(iir) + (2 — &)o? || mm Pucl;,

Fa o (g, Pue)? +20(s — s, Pre)n
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where u,, is defined by (3.7.3). Use again (3.7.1) with « to obtain
(L=a)lls =35 < s = smllz + pen(m) — pen(in) + (2 — &)o? |7 Pacll7
+04710'2<Umypn5>31 + 205 = Smlln|(Um; Pre)nl

< (L4 a)lls = smll7 + pen(m) — pen(in) + (2 — a)o® || Pacll7

+a o (U, Poe)? 4+ a7 o (U, Pre)? . (3.7.16)
Let us now introduce two functions p1, ps : M — R that will be specified later and that satisfy,
VYm € M, pen(m) > (2 — a)p1(m) + o 'pa(m) . (3.7.17)

Thus, Inequality (3.7.16) implies
L—a)lls =3l < (L+a)ls—snl?+pen(m)+a™'pa(m)
+(2 — @) (0®[|m Pl — p1 ()

+at (02 (up, Pag)? — pa(in))
+a ™ (0 (um, Poe)2 — pa(m))
< (1+a) (s = smll7 + 2pen(m) /(1 + )

+(2 - a) sup (02||77m’Pn5||721 _ﬁl(m/))+
m'eM

+2a7! sup (02<um/,Pne),2l —pg(m’))+ )
m’eM
Because the choice of m is arbitrary among M, we can infer that, for any £ > 0,

P(l—-a)Hy=¢) < P ((2 —a) sup (0°||mmPacll? —ﬁl(m))+ > g)
meM

_ _ €
+P (2a 1 TSIEIJI\)A (0'2<Um7Pn5>i —pg(m))Jr > 2)
S Z P <‘72||7TmPn5||i > p1(m) + 2(2504)>
meM
+ Z P <02<um7 P’VL€>$L = ﬁQ(m) =+ O:f)
meM
< Z Pl,m(f)"’ Z PQ,m(f) . (3718)
meM meM

We first bound Py ,,,(§). For m € M such that S,,, = {0} (i.e. m,, =0), p1(m) > 0 leads obviously
to P1,,(¢) = 0. Thus, it is sufficient to bound Py ,,(§) for m such that 7, is not the null matrix.
This ensures that the symmetric nonnegative matrix A = P,m,, P, lies in M, \ {0}. Thus, under
hypothesis (3.1.6), Corollary 5.1 of [Bar00] gives us, for any z,, > 0,

P <n||7rmPns||i > Tr(A) + 24/ p(A)Tr(A)z, + p(,zl)xm> < W

where C1(p) is a constant that only depends on p. The properties of the norm p imply

p(A) = p((Tm Pp) (T Pr)) = p(mm Pn)? < p*(Pn) - (3.7.19)
By the inequalities (3.7.19) and (3.7.1) with /2 > 0, we obtain
0 : 2 Ci(p)7, Tr(A
P <n||7rmpns||i > (1 + ) Tr(A) + (1 + ) pQ(Pn)xm) < %/g) : (3.7.20)
2 0 p(A)zh;
We take a = 2/(0 +2) € (0,1) but for legibility we keep using the notation a.. Moreover, we choose

p1(m) = I
ApLm) = 2 200+1)

> Tr('P, 7 Py)o?
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and
N 0 " Ly Tr(Pym Py + né o
200+ 1)(0+2) p2(P,) '
Thus, Inequality (3.7.20) leads to
P = P(o”|mmPellr >p S
i@ = B (Pl > rlm) + 55 )

_ P (a?ﬂwmpnsni > pu(m) + 028 )

10+ 1)

N

P <n||7rmPn5||3L > <1 + Z) Tr('Pymm Prn) + (1 + Z) pz(Pn)xm>

TI‘( tPnTrmPn)Tp LmTr( tpnﬂ'mPn) + nﬁ/O’Q ~#/2
p(Pumtm Pr) pz(Pn) .

We now focus on Pa ,, (§). Let vy, be some positive real number, the Markov Inequality leads to

P (|(tm, Pu)nl > Ym) < Y E [[(tm, Pae)nl’] = 4o E [|{ Potim, €)a] - (3.7.22)

N

Ca(p, 0) (3.7.21)

Since p > 2, the quantity 7, is lower bounded by 1,
=E[al] >E[2]"*=1. (3.7.23)

Moreover, we can apply the Rosenthal inequality (see Chapter 2 of [Pet95]) to obtain
E [|<tpnuma 5>n’p] < Cs(p)n™” (Tp Z |(tPnum)i|p =+ np/ZH tpnu’fn'fL) (3.7.24)
i=1

where C3(p) is a constant that only depends on p. Since p > 2, we have

n

n P/2
> | (Poum)i]” < (Z(tPTLum)z?) = P2 || ‘Prug|f, < 0?2 pP(P) .
=1

i=1

Thus, the Inequality (3.7.24) becomes
E [[("Prtim, ) |'] < 2C3(p) P (Po)rpn "2

and, putting this inequality in (3.7.22), we obtain

P (| (tms Pre)n| = ym) < 2C3(p)pP (Po)yn P2y P . (3.7.25)
We take
= 1 2 t
= L Tr( Py Py
and
9 1

=——  (L,Tx(*P,m,, P, né .
Ym 2(9+2)n<’” (Futtm ")+a2)

Finally, (3.7.25) gives

Pan(®) = B (% Pacl] > patm) + 55 )

= (PPt > palm) + 5555 )
P ((wm, Pac)? = y)

(LmTr( Pt Py) + né /o ) ~p/2
P2 (Py) '

N

N

Ca(p, )7 (3.7.26)
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Putting together Inequalities (3.7.18), (3.7.21) and (3.7.26) leads us to
P((1—a)yHy =€)
< Z Pl,m(€)+ Z ]P)Q,m(g)

meM meM
< Z P2,m(£) + Z ]P)l,m(&) + Z ]P’z,m(f)
meM:S,,={0} meM:S,, #{0} meM:S,, #{0}

n -p/2
< > 1A {04(17,9)717 (tjgpgfpn)> }

mMmEM:Spm={0}

Te(PatimPr)\ [ LnTr( Pt Pa) + né /o "/
. 1
O Q)TpmeM§¢{0}< " PPt Po) p*(Fn)

-p/2
< No(1V Ca(p0)) 7y (1 : (pg(f)ag> )

Tr( tPnﬂmPn)) (LmTr( thﬂTmPn) + nf/az ) —p/2
Z (1 + p(tPymm Py) P2 (P,) .

+C5(p, 9)7-:0
MEM:Sm#{0}

For z > 0, take & = p*(P,)o%2z/n to obtain (3.7.13). We conclude the proof by computing the
lowerbound (3.7.17) on the penalty function,

@ apim)+ap0m) = 20D )+ 2 )

012
62 + 80 + 8 Tr(‘PummPr) o

— (1490 - .
( Tt e+ ) d

n
Since (6% 480 +8)/(4(6 +1)(0 +2)) < 1, the penalty given by (3.2.3) satisfies the condition (3.7.17).

3.7.2. Proofs of Theorems 3.7 and 3.8.

Proof of Theorem 3.7. Given § > 0, we can find two positive numbers 6 = §(f) < 1/2 and
n = n(0) such that (14 60)(1 —25) > (1 + 2n). Thus we define

Q, ={6">(1-28)0"} .

On Q,,, we know that
t
VYm € M, pen(m) > (1 + Qn)w(ﬂ ‘

Taking care of the random nature of the penalty, we argue as in the proof of Theorem 3.2 with L,,, = n
to get

1 Te( Py, P,
E (s —3l20q,] < ”: n}g%{||s—sm||§+1a[pen(m)]_Waz}
2 P 2
AL NG (3.7.27)

where Rp,  (F) is defined by

2(1+n)* < n3 Tr( tP,ﬂrmPn)>
f = ex - X .
WP =T 2 e S X (e

/1
Rp,

n
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We use Lemma 3.11 and (3.5.1) to get an upperbound for E[pen(m)],

Tr(‘PymmPrn) o Tr(*Pymm Po)|s — msl|?
n AR e T N Ay

Te('Pu Pl — )12

Tr (P, (I, — 7)Pp)

E[pen(m)] < (1+90)

< (1+9) o+ (1+0)

Tr(*PommPr)
n

Tr( Py P,

o2 +2(1+0)|s — 7|2 .
The Proposition 3.1 and (3.7.27) give

E[lls - 8lR1a,] < C(0) inf Ells = smlz] +2(0 + 1)lls — s

2 Pn 2
+MR’IQM(JF) (3.7.28)
where C'(6) > 1.
We now bound E[||s — §[|2 e |. Note that
Is =317 = lIs = sala + o®llmaPuclly

< Isll + o® 1 Paell
and thus, by the Cauchy—Schwarz Inequality,
Ells —llag] < [IsIZP(Q7) + o®E[l| Pacl7 1o
< (Il + o Bl Paclli]/2) P (026) /2

Moreover, the eigenvalues of the matrix P, P, are nonnegative and so

1/2
E[l| Paclln]/? = (Var(|Pucll2) + E[|[ Pacl2]?)
1
< E\/Tr( P Py) (Tr("P Pn) + 2p%(Fy))
o Tr('P, P,) + (Tr (1P, P,) + 2p2(P,))
h 2n
o Tr('P, P,) + p*(P,)
~ n .
Finally, the Lemma 3.12 gives
Eflls — 57 1ag ]

Tr('P,P,) + p*(Py) 0*Tr (P, P,)
< 2 nin n) 2 _ nin
<o) (It + e L

2(P)(n+1) 0*Tr (P, Py,)
< / 2 P ( n 2 _ nin
<) (sl + D0 ) e (- E T
02 Tr (P, P,)
2 2 2 nin
< C'(0) (512 + 22(P)o?) exp (W) (3.7.29)

where C’(6) > 1. The inequality (3.5.4) follows by collecting (3.7.28) and (3.7.29).

Proof of Theorem 3.8. Given 6 > 0, we can find two positive numbers 6 = 6(6) < 1/3 and
1 =n(#) such that (1 + 0)(1 —39) > (1 + 2n). Thus we define
Q, ={6">(1-38)0"} .
On Q,, we know that

Tr(*P,mm Py,
Ym € M, pen(m) > (1+ 277)M02 .
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Let m be any element of M that minimize ||s — s,,/||2 + 02 Tr( P, 7, P,)/n among m’ € M. Taking
care of the random nature of the penalty, we argue as in the proof of Theorem 3.3 with L,, = 7 to
get

Tr( Py P, a1t/
B (ls - 812000, < Cla0)E | (s sl + TR g2 )
p

2(Pn)0'2
n

+ Ry(p,q,0)"1

where

Tr(tinmPn)> (Tr(tPnﬂ'mPn)>q_p/2

Rn(pa%e) = C/(p7Q79)TP NO + Z (1 + p(tP T P ) pQ(P )

meM:SA{0}
Since ¢ < 1, by a convexity argument and Jensen’s inequality we deduce

- 1 Tr(*PormPn) ..
B [ls - 5120,)" < C(0.0) (s -l + T gl )

2 Pn 2
AL NOPXIRCE (37.30)
Lemma 3.11 and (3.5.1) give
Tr(tPnﬂmPn)E[Az] Tr(PyrmPn) o  nTr(PummP,)|s — sl
—— " 2E[‘] = o
n n nTr(tP, (I, — m)Fy)
Tr(Pymm Pr)
n

< o? +2|s —ms|? .

Thus, by the definition of m and Proposition 3.1, (3.7.30) becomes

~ 1 . A
E[|ls - 81210,]"" < C(q,0) <mlé1ijE[||ssm||i]+257rs||i>

2 Pn 2
+¥Rn(p,q,0)l/q . (3.7.31)

We now bound E[||s — §[|21g< |. Note that
Is =3l = s —saly + o lmnPaelly
< sllz + o[ Pl -
Since ¢ < 1, we have
Eflls - 33 1o ] < Is[7P(Q7,) + o*E[[| Prcl[7 1ar ] -
Holder’s inequality with exponent p/2q > 1 gives
E[|| Prell3 lors] < E[]| Pac|[2]*9/PR(Q,)! ~29/7
and, since
E[| Pclf]24/7 < p?(Pa)E[|le|[5 1247 < p*(Py) 7
we obtain by using Lemma 3.13 that
E[l|s — 33" 1ar¢]
< (IslI37 + 0 p* (P )/ PYP(QY7,) 1 ~29/P
< O, 0.9)50y (0. 0.0) (I3]0 + 02157 (P)729/7) (7o (P Te(PP, P) ) 27

where
ap=(p/2—1)V1land B, =(p/2—-1)A1.
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Thus, we get
E[lls — 3] 2ar]"/

20, (P 1/q=2/p
”(”)ﬁp> . (3.7.32)

1 2 2 2
< OO Il + o (P)o?) (o O
The announced result follows from (3.7.31) and (3.7.32).
3.7.3. Proofs of Corollaries and Propositions.

Proof of Corollary 3.4. Let us begin by applying Theorem 3.2 with constant weights L,, = L,
Tr( Py Pn) o 02 (P,)o?
n 7 n

B (ls - 512) < @407 int flls= sl + 0+ 1) - Fa(6) . (37:33)

We now upperbound the remainder term. Assumption (Aj) and bounds on Ny and L lead to

Rae) < 2O Zexp( 0L xTr(thmPn>>

S 1707 * T 2P
2(1+6)* ch’L .
< —2 -
< 03 m%;vl exp ( 30+ 0) dim(S,,)
4
< 2(1;9) ZNdef(Aer)d
deN
2<1 + 9)4 —wd
< — Z e .
deN

The last bound is clearly finite and we denote it by R = R(f,w). Thus, we derive from (3.7.33)

]

B (s = 512) < 407 ot Ll sl 4 (04 DT Ram ) + g2 (P (5, v 1) % |
and hypothesis (A}) gives

2

E [||s - §||,21] <(1+ 9*1) 1g/fw {s - smHi +@+L+R/c (Tr( tinmPn) vV cpz(Pn)) Un}

that concludes the proof.

Proof of Corollary 3.5. Since p > 6, we can take ¢ = 1 and apply Theorem 3.3 with constant
weights L,, = L to get

pQ(Pn)O.Q

+ R.(p,1,0) . (3.7.34)

t
Ells—3[%] <C inf {s—sm|i+(1+9+L)Wg2}
meM n

To upperbound the remainder term, we use Assumption (A%) and bounds on N, and L to get

Te('PurnPa)\ (LTx('Pomn )\ ' 72
(pa ) ) Tp + Z ( + p(tPn'/TmPn) )( pZ(Pn)
meM: S, #{0}

< Cn 1+ ) (1+dim(Sy))(Ledim(S,,)) /2
meM:S,, #{0}

11—p/2
T o) i > Na(1+ d)le/Z]
L d>0

N
Q
5

< C/Tp 1+ (cw)’l_p/Q Z(l + d)P/Q—Q—wdl—p/Z] )
L d>0
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The last bound is clearly finite and we denote it by R7, = R(6,p,w,w’, ¢)7,. Thus, as we did in the
previous proof, we derive from (3.7.34) and (Aj)

2
B [lls— 53] <€ it {|s — Sl2 4 (L4 0+ L+ Bryfe) (Te("Pumn P) V cp*(Py)) f;} :

Since 7, > 1, the announced result follows.

Proof of Proposition 3.6. The collection FP is nested and, for any d € N, we have Ny < 1.
For Gaussian errors, Condition (3.2.6) is satisfied with A = 0 and, under moment condition, (3.2.8)
is fullfilled with A = 1. In both cases, we are free to take L = 6 = n/2 and (A1) is true for K = 7.
Assumption (Aj) is fullfilled with ¢ = 1/p? and, since dim(S,,) > 0 for any m € M, we can apply
Corollary 3.4 or 3.5 according to, respectively, (Hgaus) or (Hyom) holds. We argue in the same
way than in Section 3.3 and we use (Aj) to get

Tr( Py Py)
n

R
Ells-32] < C igfvl{|s—smi+ 02}+C’(1+p)2 (IIt—WF+ctIIZ+n02)

di 'm
< O inf {|ssmiJrlm(S)p202}+C”(1+p)2<t7TF+thL+R02) .
meM n n

Thanks to the approximation properties of S,, and F 4+ G, the following inequalities hold for any
s,t € Ho(L) (see [DL93]),

Ils — Sm”i < C(a, L) dim(S,,) 2
and, since F | G = (E + F)*,

It =mpictly = ltl7 — I7etl; — Imatl?
= |t —7ptl} — It = 7o+ rtl7
< it —mpt?
< C(a, L)D; .

Consequently, we obtain
dim(Sy, 1
E[)s—32] <C” ( inf {dim(sm)2a i lm(s)} LDy > '
meM n n

Since a > (,, we can consider some model in FP with dimension D,, of order n/(22+1) and derive

that
1

B [HS B §||$L] < o <2n2a/(2a+1) +D;2a + ) < Cvoén72a/(2a+1) )
n
3.8. Lemmas
This section is devoted to some technical results and their proofs.

LEMMA 3.9. Let p,q > 0 be two real numbers such that 2q < p. For any 8 > 0, the following
inequality holds
e’e) qzq—l B 5
= _dz < C(p,q)b? p/
/O 01 S CPa)
where C(p,q) =p/(p — 2q).

PROOF. By splitting the integral around 6, we get
gt /6 gzt /°° qz?t
———dz = ——d ——=d
| @em = ) gt ot
6 [e%S)
9_1’/2/ qzq_ldz—i—/ gz 1P/2 g
0 0

(1 + 2q> 9a—P/2
p—2q

N

N



3.8. Lemmas 65

The next lemma is a variant of a lemma due to Laurent and Massart.

LEMMA 3.10. Let A € M, \ {0} and € = (e1,...,e,)" be a standard Gaussian vector of R™. For
any x > 0, we have

P (n||Ag||3 > THA'A) + 21/p(A)2 Tr{AA)z + p(A)Qx) <e™® (3.8.1)
and

i (n||Ae||i < Tr(A'A) -2 p(A)QTr(AtA)z> <e ™. (3.8.2)

ProOF. It is known that Ae is a centered Gaussian vector of R™ of covariance matrix given by
the positive symmetric matrix A?A. Let us denote by ai,...,a, > 0 the eigenvalues of the A%A.
Thus, the distribution of n| Ae||2 is the same as the one of > | a;e?. We have

i=1,...,n

p(A)? = max |a;] and Tr(A'A) = Zai .
i=1

Because the a;’s are nonnegative
)
n

> a? < p(A)*Tr(A'A)
i=1
and we can apply the Lemma 1 of [LMOO] to obtain the announced inequalities. O
We now introduce some properties that are satisfied by the estimator 62 defined in (3.5.2).

LEMMA 3.11. In the Gaussian case or under moment condition, the estimator 62 satisfies
nlls — sl
P,(I, — m)P,)

E[6°] =0 + T

PROOF. We have the following decomposition
|V = 7Y|]2 = ||s — ws||2 + 0?||(I, — 7)Pruel|2 + 20(s — 75, Pue)p . (3.8.3)
The components of ¢ are independent and centered with unit variance. Thus, taking the expectation
on both side, we obtain
2 Tr(P, (I, — ) Py) .

E[IlY —nY|3] = lIs — sl + o

LEMMA 3.12. Consider the estimator 62 defined in the Gaussian case. For any 0 < & < 1/2,
2 Tr(P,P,)
P(6° < (1—-26)0%) < C, s

(< =2") < G ( 160°(P,)

where Cs > 1 can be taken equal to 1+ exp(d/2).

PROOF. Let a € V* such that |al|2 = 1, we set

u:{ (s—ms)/||s—ms|ln ifs#ms,

a otherwise .
We have
20((s — w8, Ppe)n| = 20|(u, Ppedn| X ||s — 7$||n
< s = sl + o (u, Pae)y,
and we deduce from (3.8.3)
IY 7Yl > o®(In = m)Puclly — 0*(u, Pue);,
o? (I1Paelln = (ImPaelly, + (u, Pue)7))
o? ([ Paclly, = Il Puell7) (3.8.4)
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where 7’ is the orthogonal projection onto V' & Ru. Consequently,
P(6<(1-28)0%) < P(n||Pucl —n|n' Puellz < (1=28)Te(*Py(I, — 7)P))
< P (n||Puelz — Tr("PuPy) < —0Tx("Py (I, — m)Py))
+P (n||7' Poel|2 — Te('PonPy) = 0Te('Py (1, — m)Py))
= P +P,. (3.8.5)
The Inequality (3.8.2) and (3.5.1) give us the following upperbound for Py,

82Tr( P, (I, — 7)P,)? 8?Tr( P, Py,)
P, < — < —_ 8.
oo (-Smmmr ) <o (“many) (359
By the properties of the norm p, we deduce that
Tr('P,7'P,) = Tr('P,nP,) + Tr( Py Py) < Tr('‘PumPy,) + p2(Py) (3.8.7)

where we have defined ,, as the orthogonal projection onto Ru. We now apply (3.8.1) with A = 7n'P,
to obtain, for any = > 0,

P (n||n’ Pucllz — Tr("PumPy) = 6Tr('PymPy) /2 4+ (14 6/2)p*(Po) + (1 +2/6)2)
<P (n|7' Peell? = (1+6/2)Tr("Pyr' Py) + (1 +2/6)z)
<P (n||7r'PnaH72L T (P’ Py) = 2/ Tr( P By)z + x)
<exp (—z/p(n' Pn)?)
<exp (—a/p*(Py)) -
Obviously, this inequality can be extended to = € R,
P (n||n' Pocl|2 — Te("PumPy) = 6Tr('PumPy) /2 4+ (14 6/2)p*(Pn) + (1 +2/6)2)

< exp <IO§(VPS)) (3.8.8)

and we take

‘ -

5 STr(Py (I, — m)Py) — gTr(tinPn) - (1 + g) pQ(Pn))

<
- 5 ((m(tpnpn) = %Tr(tPnWPn) - (1 + g) pQ(Pn)>

+
(B (1))

exp ( (6 + 2)5p2(Pn) <5Tr(tfnPn) B <1 " g) pz(Pn)>+>
(4 (R )

= {65/2 exp (—W)} Al (3.8.9)

To conclude, we use (3.8.6) and (3.8.9) in (3.8.5). O

(o9
&

(%)

WV

)
Finally, we get

Py

N

N

LEMMA 3.13. Consider the estimator 62 defined under moment condition. For any 0 < § <

1/3, there exists a sequence (Ksn)nen of positive numbers that tends to a positive constant ks as
Tr(tP,P,)/p*(P,) tends to infinity, such that

P (6% < (1 —38)0?%) < C(p,0)ksntpp P DV2(P,) Tr( ‘P, P,)~(P/27DAD
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PROOF. We define the vector u € V+ and the projection matrix 7/ as we did in the proof of
Lemma 3.12. The lowerbound (3.8.4) does not depend on the distribution of € and gives

B (67 < (1-30)0?)
< P (n||Pagllz — n||n' Prel|2 < (1= 38)Tr("Pu(L, — m)Py)) . (3.8.10)
Since the matrix ‘P, P, is symmetric, we have the following decomposition

n||Puell2 — Tr('P,P,) n('P,Pue, )y, — Tr('P,P,)

= i i(tpnpn)ijgisj —Tr(*P,Py)

i=1j=1
= Z tp P ” 1)+222(tpnpn)m€lé‘] .
i=1 i=1 j>i
Thus, (3.8.10) leads to
P (6% < (1-38)0%) <Py +Py+ Py (3.8.11)

where we have set

P =P (an ("PuPu)ii(ef —1) < 6Tr(tPn(In‘”>P")> ’

=1

Py =P (2> > ("PuPn)ijeic; < —6Tr('Po(l, — m)Py)
i=1 j>i
and
P3 =P (n[|7'Pe||? — Tr(‘PonPy) = 0Tr('Pu(1, — 7)Py))) -
Note that P; concerns a sum of independent centered random variables. By Markov’s inequality
and (3.5.1), we get

IF’1<IP’<

< 07P2Te(*P, (I, — ©)P,) PR

n

Z(tpnpn)”.(g? —1)

=1

> 0Tr('P, (I, — w)Pn)>

n p/2

Z(tpnpn)ii(ff? -1)

i=1

n p/2

Z(tpnpn)ii<5z2 -1)

i=1

If p > 4 then we use the Rosenthal Inequality (see Chapter 2 of [Pet95]) and (3.7.23) to obtain

p/2 n n p/4
<o [ S (P + (z<tpnpn>a)

i=1 i=1

< 2257 P2Ty( P, P,)P2E (3.8.12)

n

Z(tpnpn)ii(szz —1)

i=1

E

Since, for any i € {1,...,n}, (P, P,)s < p?(P,), by a convexity argument, we get
i p/2

n

Z( tljnlgn)ii(gz2 - 1)

i=1

E < 20" (p)1ppP 2 (P,) T (P, P, )P/ .

If 2 < p < 4, we refer to [vBEG5] for the following inequality

i p/2

n

z:(tpnpn)ii(sz2 - 1)

i=1

E < 22 [(PuP)i(e? — D[P?

i=1

< C"(p)Tpp” 2 (Po)Tr("PoPy) -
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In both cases, (3.8.12) becomes
P, < C(p)6 P/ %7, pP/%(P,)Tx( P, P,) " (3.8.13)

with 8 = (p/2 — 1) Ap/4.
Let us now bound Py. By Chebyshev’s inequality, we get

n
Py < P2 ("PuPn)ijeic;| = 6Te('Po(l, — ) Py)

i=1 j>i

< 0TT(Pa(ly — m)Py) PE | | 2) ) ("PuPn)ijeie;

i=1 j>i

< 467%Ix('P,P,) 22222 P Pn)ii(PPaPn)paBleicicpey] -

i=1 j>i p=1q>p

Note that, by independence between the components of ¢, the expectation in the last sum is nonnull
if and only if i = p and j = ¢ (in this case, its value is 1). Thus, we have

4672 Tr('P, Py) QZZ ("PaP)%;
=1 j>1

< 407 2Te('P,P,) 2T (('P.PL)?)
< 452 p*(P)Te('P.P) Y (3.8.14)

P,

N

We finally focus on P3. Recalling (3.8.7), we apply Corollary 5.1 of [Bar00] with A = 'P,z'P,
to obtain, for any = > 0,

P (n||7'Pyel|? — Tr(‘PomPy) = 6Te('PynP,) /2 4+ (14 6/2)p%(Pn) + (14 2/6)x)
<P (n|n' Pl = 1+ 6/2)Te("Por'Py) + (14 2/6)x)
<P (n||7r'Pns||$L — Te('Pur’ Py) > 24/ Tr( Por Pz + g;)
< C(p)7p Te("Pur’ Po)p(' Po)P 22 P/?
< C)rpTr("PuPo)p? 2 (Py)a /2 .

Thus, for any = € R, we define

W(z) = C(p)7pyTe(*P, Py)pP~2(Py)x P2 A1 if 2 >0
11 ifz <0

and ¥(z) is an upperbound for
P (n||n' Puel|2 — Te('PamPy) = 6Te('PomP,) /2 4+ (1+6/2)p%(Po) + (1 +2/6)z) .

If we take

‘ -

z = <5Tr( (I — ) Py) — gTr(tinPn) — (1 + g) pQ(Pn))

[e9)
> +

(%)
[\

<6Tr(tPnPn) - %Tr(tpnﬁpn) - (1 + g) pQ(Pn))

+
(1 5) )

WV

4]
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then we obtain
_ Tr(*P,P,)pP~2(P,
Pg < C/(p, 5)Tp - ( )p ( )2 p/2
(6Tr("PoPpn) /4 — (1+6/2) p?(FPn))Y
t 1-p/2 p—2
< Ou(p, 6)7}, Tr('P,P,) PP (Py,) — (3.8.15)
(1 -2 (1 + 2/6) pZ(Pn)/TI‘( tPnPn))+
To conclude, we use (3.8.13), (3.8.14) and (3.8.15) in 3.8.11. O






APPENDICE A

Quadratic risk of the LSE and the MLE
in a Gaussian framework with
dependent data : an example

In this appendix, we consider the framework (3.1.7) given by the n dimensional vector

Y =s+o0P¢
where s = (s1,...,8,)" € R® and o > 0 are unknown, P is some known square matrix of size n and
e =(e1,...,6,) is an unobservable standard Gaussian vector. The estimation of the vector s in such

a framework for a general matrix P was one of the objects of Chapter 3. In the introduction of this
chapter, we mentioned some differences between the risks of the LSE (Least-Squares Estimator) and
the MLE (Maximum Likelihood Estimator) of s in the case of an invertible matrix P. This appendix
is devoted to illustrate these different behaviours on a particular example.

A.1. Notations and recalls

Hereafter, we mainly use the same notations than in Chapter 3. Let us introduce some known
square matrix A = (a;j)i j=1,2. We assume that A is invertible and we denote by Al = (0ij)ij=1,2
its inverse. Thus, we define the square matrix P of size 2n by the matrix with n times A on the
diagonal, namely

A 0O32 -+ 029

p— 022
: . 022
020 -+ 020 A

where 0y 5/ stands for the null matrix of size k x k’. The invertibility of A implies that of P and we
have

A7V 032 -+ 092
p-1_ 022 . :
; . 022
022 -+ 095 A1
For any m € M = {0,...,n}, we consider the model S, generated by the m first coordinates,

S ={(x1,--,Tm,0,...,0) €R™ : zy,...,2, €R} .
Clearly, the dimension of \S,, is equal to m and we denote by m,, the orthogonal projector onto S,,.
The LSE of s in S, is the projection of the data, s, = m,,Y. Proposition 3.1 gives its quadratic risk

. Tr(*Prm,, P
E[ls = 4m]2] = [ls — sm]l2 + ZCETmP) o

(A.1.1)

where s, = m,,s. Since P is invertible, we also can consider the likelihood function according to Y.
Denoting by ) the orthogonal projection onto P~1S,,, we derive from an easy computation that

71
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the MLE of s in S,, is equal to
st = pr(P)p=ly
The identity (3.1.11) corresponds to its quadratic risk,
P
2 Tr(Pr') tP) 2

E {Hs — §mHi} = Hs — PrlP p~ls
n n

(A.1.2)

A.2. Study of the risk

In both cases, the order of the risk is a sum of two terms. The first one is called the bias term
and corresponds to the capacity to approximate the true value of s. The other one, called variance
term, is similar to a dimensional term and measures the complexity of the underlying model. We saw
in Chapter 3 that we need to find some trade-off between these two quantities in order to get a small
quadratic risk. Note that, since Pwﬁf)Pfls € Sy, the bias in (A.1.1) is always no larger than the
bias in (A.1.2). We also claimed that the variances terms in (A.1.1) and (A.1.2) are similar. Indeed,
in our example, if 0 < p; < pg are the two eigenvalues of the symmetric matrix A %A, then we know

pim < Tr(*Pr,,P) < ppm  and  pym < Tr(tPﬂg)P) < pam .

Consequently, up to some known multiplicative factor, the variance terms are comparable. These
remarks led us to restrict our study only to the LSE in Chapter 3. In order to clarify this compar-
ison between the risks of the LSE and the MLE, we now explicitly compute them in our particular
framework.

To this end, we introduce the vector

1
) .f 0 )
(0421/0111) if o #

<(1)) , otherwise.

Let us first assume that the dimension of S, is even, namely m = 2k. In such a case, note

that P~18y;, = Sy, and, thus, moy, = Tdéll:). So, the variance terms are both equal to kTr(A‘A)o?/n.

Moreover, we easily obtain that the bias terms are the same. Consequently, for an even dimensional
model, we have

~ ~L 1|12
E [||s — soill7] = E [HS - Szan} :
We now focus on the odd case m = 2k + 1. The projection matrices can be expanded as follows
in the canonical basis,

_ Top4+1 02%4+1,n—2k—1 Ax? = Iy, O2k42,n—2k—1
T2e+1 = | g 0 and Tor+1 = \ g 0
n—2k-12k+1 On_2k—1n—26—1 n—2k—22k+1 On_2k—2n 261

where I, is the matrix of size (2k 4+ 2) x (2k + 1) given by

i = Io;, Ogp
020, v ’

Thus, we can compute the trace in the variance term of (A.1.1),
Tr('Props1 P) = EkTr(A'A) + (A'A)y,
= kTr(A'A) + a3, +ai, .
Note that the condition a;; = 0 is equivalent to ass = 0. So, by classical linear algebra results, we
obtain the value of the trace in (A.1.2),
(P)

a1
TPy P) = KTe(AM) +

KTr(AA) + aii(aiiazy — ajzaszn) .
ay — a1 lq,,—0
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Since A is invertible, the denominator is not null. These identities illustrate the fact that the variance
terms of the LSE and the MLE in an odd dimensional model are both of order of kTr(AA)o?/n up to
some additional term. Consequently, according to the matrix A, we can compare the variance terms
in the decomposition of the risks of S9;41 and §§k 41

To conclude, we give some examples of matrix A that lead to various comparisons between the

quadratic risks,
10 2 1 -2 1
w=(h) we() w=(7)

and we denote by Py, P> and Pj, respectively, the corresponding square matrices of size 2n. For these
matrices, we have

T\I'(Al tAl) =3 TI"(AQ tAQ) =7 TI’(Ag tAd) =7
and so, for m = 2k + 1,
TI'( tP17T2k+1P1) =3k + 1= Tr(Plﬂg:ii-)l tpl) ,

Te(Pomrapr1P2) = Tk +5 > Tk + 2 = Te(Pomgy ), 'Py)
and

TI‘( tP37T2k+1P3) =Tk+5<T7k+6= TI‘(PgWéfi)l tPg) .
For the choice Ay, the MLE has a smaller variance term. Since the bias term is unknown, we can
not compare the quadratic risks. For the matrices A; and Ags, since we know that the bias term of
the LSE is not larger than the one of the MLE, we deduce from the above inequalities that, for any
m € {0,...,n},

E[ls - sml2] <E[||s—s5]7] -
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Estimation par sélection de modele en régression hétéroscédastique

Résumé : cette these s’inscrit dans les domaines de la statistique non-asymptotique et de la théorie
statistique de la sélection de modele. Son objet est la construction de procédures d’estimation de
parametres en régression hétéroscédastique. Ce cadre regoit un intérét croissant depuis plusieurs
années dans de nombreux champs d’application. Les résultats présentés reposent principalement sur
des inégalités de concentration et sont illustrés par des applications & des données simulées.

La premiere partie de cette thése consiste dans 1’étude du probleme d’estimation de la moyenne
et de la variance d’un vecteur gaussien a coordonnées indépendantes. Nous proposons une méthode
de choix de modele basée sur un critere de vraisemblance pénalisé. Nous validons théoriquement cette
approche du point de vue non-asymptotique en prouvant des majorations de type oracle du risque de
Kullback de nos estimateurs et des vitesses de convergence uniforme sur les boules de Héolder.

Un second probleme que nous abordons est I’estimation de la fonction de régression dans un cadre
hétéroscédastique a dépendances connues. Nous développons des procédures de sélection de modele
tant sous des hypotheses gaussiennes que sous des conditions de moment. Des inégalités oracles
non-asymptotiques sont données pour nos estimateurs ainsi que des propriétés d’adaptativité. Nous
appliquons en particulier ces résultats a I’estimation d’'une composante dans un modele de régression
additif.

Mots-clés : statistique non-asymptotique, sélection de modele, pénalisation, inégalité oracle, régres-
sion non-paramétrique, hétéroscédastique, modele additif, adaptativité, vitesse minimax, risque de
Kullback.

Model selection in heteroscedastic regression

Abstract : this thesis takes place within the theories of nonasymptotic statistics and model selec-
tion. Its goal is to provide data-driven procedures to estimate some parameters in heteroscedastic
regression. This framework is receiving a large interest in various domains of applied mathematics.
Our procedures rely in particular on some concentration inequalities and their practical efficiency is
assessed on simulated data.

The first part is devoted to simultaneous estimation of the mean and the variance of a Gaussian
vector with independent coordinates. To this end, we introduce a model selection procedure based on
some penalized likelihood criterion. We prove nonasymptotic results for this method, such as oracle
type inequalities and uniform convergence rates over Holderian balls.

We also consider the problem of estimation of the regression function in an heteroscedastic regres-
sion framework with known dependencies. Model selection procedures are constructed for Gaussian
errors and under moment conditions. Nonasymptotic oracle type inequalities and adaptivity are
proved for the estimators. In particular, we apply these procedures to estimate a component in an
additive regression model.

Keywords : nonasymptotic statistics, model selection, penalization, oracle inequality, nonparametric
regression, heteroscedastic, additive model, adaptivity, minimax rate, Kullback risk.
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