UNIVERSITE M2 MAT-RI

TOULOUSE I EIMARA4E1
PAUuL SABATIER inives Advanced Course B3

Theoretical and numerical analysis
of dispersive PDEs.

S. LE COZ’s Exam.

Duration : 1.5 hours. No documents, no calculator, no cell-phone.

In this exam, S(t) = 2 will denote the Schrédinger group, i.e. S(t)ug is the solution of

u: Ry x RS = C.

1us + Au = 0,
u(0) = wo,

Exercise 1. We consider the nonlinear Schréodinger equation
g+ Au+ [ufPlu =0, u:R; xRS C, 1<p<oo. (1)

in dimension d = 2. Given z € R?, we use the notation # = (21, 72) and the partial derivatives with
respect to z1 and zo are denoted by 01 and Js. We define the angular momentum by
X(u) =Im [ (21020 — x2011)udz.
R2

We denote by S(R?) the Schwartz space of functions v : R? — C smooth and rapidly decaying.
1. Let v € S(R?).

(a) Express 01 ([v[P™) in terms of dv and v (do not forget that v is complex valued !).

Solution: To avoid the possible singularities at 0, we write

P! = (v2)"E

Differentiating using the usual rules, we get

1 p— 1
o (oY) = p‘; o1 (v7) ()T = 1% (0100 + v915) [o]P~" = (p+1)Re ([v]"~ vy 7)

(b) What is the value of

/ 2201 (|v[P™) dz ?
R2

Solution: Since v € S(R?), we can integrate by part without boundary terms and obtain

/ 2201 (|v\p+1) dx = —/ (O129) [v[PTidz = 0.
R2 R2
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(c) Show that

Re/ 11000Avdx = —Re Orv01vdx.
R2 R2

Solution: Expanding the Laplace operator, we have
Re/ 21000 Avdx = Re/ 11020011vdx + Re/ 21020099vdx. (2)
R2 R2 R2

We treat each part in the second member separately, starting by the first one. Integrating
by part in z1, we obtain

Re/ 11020011vde = —Re O2001vdx — Re/ 11012001 vdx.
R2 R2 R2

Remark that ]
0120010 = 582 (‘810‘2) ,

Therefore, after integrating by part in xo we obtain
- 1 2 1 2
Re xlamvalvdx = —Re .75182 (|U‘ ) dr = ——Re (82%1) ‘U’ dr = 0.
RQ 2 RQ 2 RQ
As a consequence, we have

Re/ 21090011vdx = —Re O 001 vdx.
R2 R2

We now show that the second part of the right hand side of (?7) is 0. Indeed, integrating
by part in x9, we obtain

/ 21 020009vdx = —/ 21092009vdx
R2 R2

which implies that
QRG/ 21020099vdx = 0.
R2

This ends the proof.

2. Let u € C1(R,S(R?)) be a solution of (1). Show that the angular momentum X is a constant of
motion for u, i.e. that

X(u(t)) = X(u(0)) forall t € R.

Solution: To obtain the result, we simply show that X (u(t)) is constant by differentiating with
respect to . The solution u being smooth and rapidly decaying, all the following calculations

2/2



are justified. We have

QX(u(t)) = Im/ (1020 — xoOhu)udx +Im [ (21020 — x2010)urde
ot R2 R2

=Im RZ(—xlﬂtﬁgu + zotOru)dz + Im - (21020 — 22010 )urdx
= 2Im /R2 (21020 — x201U)urde
= —2Re /R2 (1020 — 2901 0)iupdx
= 2Re /R2 (21091 — 29010) (Au + [ulP~ u)dz.

‘We remark now that

1
o P—1,) — p+1
Re(@alul”tu) = =01 (lul*?)

Therefore 1
Re wauupludx:/ 2201 (JulP™) dx = 0.
[ w0 a0 ()
And similarly we also have

Re/ 21020 ulP " udz = 0.
R2

We have already seen that
Re/ r100uAudr = —Re Orududr,
R2 R2
and from similar arguments we have
Re/ z901uAudr = —Re hudsudz.
R2 R2

Therefore
Re/ (21020 — 22010) Audzr = 0.
RQ

Combining all previous equalities, we infer that

0
S X((®) = o,

which gives the desired result.

Exercise 2. Let ug € H(R?) and A > 0. We define uj by u}(z) = uo(\z).

1. Show that S(t)uy is given by
(St)ug)(x) = (S(N*t)uo) (Az).

Solution: Several approaches are possible. Here, we show that the function u* defined by

uM(t, ) = (S(A2t)ug) (\x)
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indeed solves the linear Schrodinger equation with initial data ué. First, when ¢ = 0, we have
W0, 2) = (S(0)uo) (Az) = uo(Ax) = ud ().
Moreover, differentiating in ¢, we obtain
o (t, z) = B (S(N*)ug) (Ax) = A2(9:S(AN2t)up) (Az) = N2(1AS(N2t)ugp) (\z).
Now, differentiating in x we have
AuMt, ) = AS(A2t)ug)(Az) = N2(AS(A2t)ug)(Ax) = —idpu (¢, z),

which concludes the proof.

2. Express |lug| 2 in terms of |[ugl| 2 -
T x

Solution: By a change of variable, we obtain

_d
gl 2 = A2 [luoll 2.

3. Given q,r € [2,00], express HS(t)u()\HL?LT in terms of ||S(t)u0|\L§;Lr.

Solution: Using the expression of S (t)u()\ previously given, by a change of variable (in time
and in space), we obtain

2. 4
IS@uglizgr, = A" I1S®)uoll -

4. Give a necessary condition (the answer should be justified) on ¢, r and d for the following property
to hold: there exists C' > 0 such that for any ug € H'(R?) we have

15()uollpazy < Clluollzz-

Solution: Since the inequality should be valid for any ug, it should in particular be valid for
any ué, hence necessarily

ISEEN
RERSY

d
>

Exercise 3. In this exercise, the space dimension is d = 2. We recall the dispersive estimate: there

exists C' > 0 such that for all ¢ € [2, 0], for ug € LY (R?) (where 1/q+ 1/¢' = 1) and for all t > 0 we

have ,
1ol g < Clel ™+ ol
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We define the function f : C — C by
f(z) = 22

Let A > 0. Let W, H : [0,00) x R? — C be such that
MW

Wl e s +

Ly

Define the functional ® for 7 : [0,00) x R? — C by
<0 [T 8= (V) +a(s) ~ FOV () + H()ds

<1,
Ly

®(n) =

Define the ball
B= {n  [0,00) X B2 = C: |[eMIn(®)] 4

Endowed with the norm
A
s = eIl

y
oo
Lt

the ball B is a complete metric space.
1. Preliminary: Show that there exists C' > 0 such that for any z7, 29 € C we have

1f(21) = f(22)| < Clz1 — 22| (|21]* + |22]?) -

Solution: We have
121721 = |22 22| < [|21]? (21 — 22)| + |(|21]? = |22[*) 22

Moreover

[l21? = |22?| = 2l = leall - [l2a] + [z2ll.

and
[[21] = [22]| < [21 — 22l

Thus

|[21°21 — |22 22| < |21 — 22| (|21] + 22| (|21] + |22])) < 3|21 — 22|(J21]* + |22]?).

2. Let n € B and t > 0. Show that there exists C > 0 such that

e ®llg <C [ = sl e as,
t

Solution: We have, using the dispersive estimate

1@ () ()]s < /OOHS(t —8) (F(W(s) +n(s)) = F(W(s)) + H(s))|| pads
< C/t"o It — 5|2 || F(W(s) +n(s)) — F(W(s)) + H(S)Hﬁd&
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As we have seen,

[F(W(s) +n(s)) = f(W(s)] < Cln()[(IW (s)]* + ()

< CllnIW P  + )Pl 3

4 >

IF(W(s) +n(s)) = FW () 4

Therefore

We have |||n(s)]?]| 4 = In(s)||34 and by Hélder inequality
L3 @

WP, g < Clln(s) g IW PP < Clln g IW (I

Gathering the previous inequalities and using the assumptions on W and H we get
)ds

| 4
L3

o _1
12 (n) ()| 4 SC/t [t =172 (In() | o [IW () 175 + In(s) 174 + |1 H (5)
< c/ [t — 5|7 2(e ™ 4 e 4 e M) ds < c/ It — s|"ze *ds.
t t

3. Given any C' > 0, show that there exists \* sufficiently large such that if A > A\* then for all ¢ > 0

we have
> Lo At
C/ [t —s|72e ¥ds < e .

¢

Solution: By changes of variables, we have
o0 1 o0 1 1 o0 1
/ |t — 5|72 ds = / lo] 7227 Aldg = e MA2 / |z| 2e %dz
¢ 0 0

Hence choosing A large enough gives the desired result.

4. Show that ® maps B into B for A > \*.

Solution: Combining the previous results, if A > A*, then for any n € B we have

mmwwmsc/’u—ﬂéeﬁwge&
v t

Thus
1D () pallpoe <1

and ®(n) € B.

5. Show that there exists A** > 0 such that ® is a contraction mapping on B for A > \**
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Solution: The proof that @ is a contraction follows similar lines. Let n,n72 € B. Then, at
fixed ¢, we have

190) = Bm)ll < C [ = sl HIFOV +m) = SOV + )]y

o0
_1
SC/ [t = s|2[[lm =l (W + [m* + |n2*)]| ads
t Ly
<o [ s — W2 2 2.)d
SC [l =73 = el g (IWIZ + Il g + el ds
At At * 1 _2x
SC”e H771_772HL3HL§06 / ’t—S’iiei Sds
p ]

< [l = mall gl e ™.

6. Let n € B be such that ®(n) = 7. Assume that W verifies the equation
W + AW + f(W) = H.

What is the equation verified by u defined by u =W +1n ?

Solution: Differentiating n in time, we observe that
O = i(fW +n) — f(W) + H) +iln.
Therefore, n verifies the Schrédinger equation
i0m + An+ f(W +n) — f(W) = —H.
Summing up with the equation of W and using u = W + 7, we obtain for u the equation

iug + Au+ f(u) = 0.
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