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ABSTRACT. Letting Aut[C2] act on a tree, we classify the subgroups of Aut[C2],
and show that the Tits alternative is true. Further we get another formulation for
the notion of the Green function for a Hénon type automorphism.

1. INTRODUCTION.

This article contains the detail of the results announced inthe note [7].

It is well known that the group Aut[C2] of polynomial automorphisms of the
complex plane can be described as an amalgamated product. More precisely fol-
lowing [5] we set:

E = {(x,y) → (αx+P(y),βy+ γ); α,β,γ ∈ C,αβ 6= 0,P∈ C[X]};

A = {(x,y) → (a1x+b1y+c1,a2x+b2y+c2); ai ,bi ,ci ∈ C,a1b2−a2b1 6= 0};

S = A∩E.

We call E the group of elementary automorphisms; of courseA is the group of
affine automorphisms. Then Aut[C

2]= A∗SE. In the sequel by abuse of notation
we always notef = ( f1(x,y), f2(x,y)) to refer to an elementf ∈ Aut[C2] (instead
of f : (x,y) → ( f1(x,y), f2(x,y))).

Following a strategy already used by Wright [12] (in the context of the study of
abelian subgroups), we want to study subgroups in Aut[C

2] by means of the action
of Aut[C2] on a tree, which is provided by the theory of Bass and Serre [9]. The
idea is that questions such as “Dof andg commute?” or “Dof andg generate a
free group?” will be easier to tackle by considering the actions of f andg on the
tree.

Friedland and Milnor [5] classified the elements of Aut[C
2] up to conjugacy.

For f ∈ Aut[C2] we have two possibilities:

(1) f is conjugate to an element inE;
(2) f is conjugate to a composition of generalized Hénon mapsi.e.

ϕ f ϕ−1 = gm◦ · · · ◦g1
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whereϕ ∈ Aut[C2], gi = (y,Pi(y)− δix) with δi ∈ C
∗, andPi ∈ C[X] has

degree≥ 2.

We say respectively thatf is of elementary or Hénon type.

This alternative may be rephrased as follows: forg∈ Aut[C2] let us define the
dynamical degreed(g) = limn→+∞ (d◦gn)1/n whered◦gn is the ordinary degree of
gn. A good feature of the dynamical degree is its invariance under conjugacy, and
we have:

d(g) = 1 ⇔ g is conjugate to an element inE;

d(g) ≥ 2 ⇔ g is of Hénon type.

The article is organized as follows.
According to Bass-Serre theory [9], we can canonically associate a tree to any

amalgamated product. We recall this construction in Section 2, and we rephrase
once again the above alternative, this time in terms of fixed subtrees. We also
introduce some normal forms which will be useful for computations. Then, we
state our main theorem, from which the Tits alternative follows immediately.

In Section3 we consider automorphisms of (dynamical) degree 1. We first show
that, except for some very special rotations, the fixed tree under the action of an
automorphismf with degree 1 is bounded; in particular this gives an obstruction to
a relationf ◦g= g◦ f with d(g) ≥ 2. Similarly if we consider a group all elements
of which have degree 1, we show that except for some special cases of the same
nature as above, this group is conjugate to a subgroup ofE or A.

In Section4 we consider the case of groups which contain elements of Hénon
type. We characterize some pairsf , g of such automorphisms which generate a
free group, and we show that the centralizer of an automorphism with degree≥ 2
is a semi-direct productZ⋊Z/pZ. This terminates the proof of the main theorem.

Finally in Section5 we establish a relation with the point of view developed for
instance by Bedford, Smillie and Sibony ([1, 2], [10]): we characterize the auto-
morphisms with the same Green function, as well as the automorphisms which
preserve an attracting basin. The resolution of these questions with a dynamics
flavor was the main motivation to start this work.

2. PRELIMINARIES AND STATEMENT OF THE MAIN THEOREM.

In the beginning of this section we explain how the general construction in [9]
works in our particular case.

We construct a simplicial treeT as follows: we take the disjoint union of
Aut[C2] /A and Aut[C2]/E as the set of vertices, and Aut[C

2] /S as the set of
edges. All these quotients must be understood as being left cosets; the cosets ofg
∈ Aut[C2] are noted respectivelygA, gE andgS. By definition, the edgehS links
the verticesf A andgE if hS⊂ f A andhS⊂ gE (and sof A = hA andgE = hE).
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In this way we obtain a graphT ; the fact thatA andE are amalgamated alongS is
equivalent to the fact thatT is a tree (see [9]).

This tree is uniquely characterized (up to isomorphism) by the following prop-
erty: there exists an action of Aut[C

2] on T , such that the fundamental domain of
this action is a segment,i.e. an edge and two vertices, withE andA equal to the
stabilizers of the vertices of this segment (and soS is the stabilizer of the entire
segment). This action is simply the left translation:g(hS) = (g◦h)S.

ea’ E

e’a E

e’a’ E

ea E

e’ A

Id E

a Ee A

Id A

a’ E

ae A

ae’ A

a’e A

a’e’ A

FIGURE 1. A few vertices in the treeT (a,a′ ∈ A\E;e,e′ ∈ E \A).

There exists a natural metric on the set of vertices ofT : if p, q are two vertices,
dist(p,q) ∈ N is the number of edges of the shorter (that is, without going back and
forth) path fromp to q. We will see in Section3 that the left translation induces a
faithful representation of Aut[C2] into the isometry group ofT . Thus in the sequel
we will identify an elementf in Aut[C2] with the corresponding isometry onT .

It is easy to see that if the action off admits two fixed points, then all points on
the path that links these two points are also fixed byf ; so it makes sense to define
the subtree Fix(f ) fixed by f (do not confuse this set with the set of fixed points of
f as an automorphism ofC2...). Note that, by construction,E is the stabilizer of
IdE. This immediately implies that for anyg∈ Aut[C2], gEg−1 is the stabilizer of
gE (idemwith A andS).

Take now f with Fix( f ) = /0. Consider the set of vertices which realize the in-
fimum infpdist(p, f p); these vertices define an infinite geodesic on whichf acts
as a translation (see [9], p. 88). We note Geo(f ) this geodesic, and lg(f ) (’length
of f ’) the number infpdist(p, f p). Note that the action off naturally induces an
orientation on Geo(f ); however we will not use this notion of an oriented geodesic
before Section5.

Terminology. Given an elementf in Aut[C2] it is therefore equivalent to say that
f has elementary type, (i.e. is conjugate to an elementary automorphism), or that
d( f ) = 1, or that Fix(f ) is non empty. Similarly, the following three properties are
equivalent: f is of Hénon type,d( f ) ≥ 2 and Fix(f ) is empty. In the text we use
these three points of view.
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Remark that an affine automorphism is always of elementary type (by the trian-
gulation of matrices).

Finally, we say that a subgroup of Aut[C
2] has degree 1 if all its elements have

elementary type.

We gather some straightforward properties in the followingproposition:

Proposition 2.1. (1) If g has Hénon type then lg(g) is always even, because a
vertex of typeϕE (resp.ϕA) is always sent on a vertex of same type by g;

(2) If d(g) ≥ 2, and n∈ Z, then Geo(gn) = Geo(g) and lg(gn) = |n|.lg(g).
(3) If d( f ) = 1 andϕ ∈ Aut[C2], then Fix(ϕ f ϕ−1) = ϕ.Fix( f ).
(4) Similarly, if d(g) ≥ 2, Geo(ϕgϕ−1) = ϕ.Geo(g).
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FIGURE 2. Action of an elementf with Fix( f ) = { IdS}.
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FIGURE 3. Action of an elementf with Fix( f ) = /0 and lg(f ) = 2.

We now come back to the notion of an amalgamated product. The fact that
Aut[C2] = A∗SE means that for eachf in Aut[C2] we have a decomposition of the
form f = an◦en ◦ · · · ◦a1 ◦e1 whereai ∈ A\S, ei ∈ E \S(possibly f starts with an
ei or ends with anai ), and this decomposition is unique up to change of the type
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(ai ◦s−1)◦ (s◦ei) instead ofai ◦ei (wheres∈ S). In particular the “size” off , i.e.
the number ofei andai necessary to writef , is well defined (for instance here this is
2n). We say thatf is cyclically reduced iff has minimal size in its conjugacy class.
So we see that a difficulty in working with the notion of an amalgamated product
is that we do not immediately have a normal form for each element in Aut[C2] (as
it would be the case for a free product). However if we choose(ai)i∈I and(ej) j∈J
some representatives of the left cosetsA/SandE/S, we obtain a normal form for
each element in Aut[C2], and for each vertex and edge ofT as well.

Given such system of representatives, consider the setM of all (reduced) words
obtained by juxtaposition of a finite number ofai andej :

M = {aioej1...ejnain; where allaik,ejk are non trivial except possiblyai0 andain}.

Then we have a bijection ([9], p. 9):

M×S → Aut[C2]

(aioej1 · · ·ain,s) → aio ◦ej1 ◦ · · · ◦ain ◦s.

hence the bijections:
M → edges ofT ;
Me → vertices of typeϕA in T ;
Ma → vertices of typeϕE in T .
where byMe (resp.Ma) we denote the subset of words inM the last (non trivial)
element of which is anej (resp. anai).

All this will be particularly useful since, following Wright [12], one can produce
very simple systems of representatives(ai) and(ej) in our setting. For allλ ∈ C,
and for allP ∈ Y2

C[Y] \ {0} (i.e. P is a non zero polynomial such thatP(0) =
P′(0) = 0), we define:

a(λ) = (λx+y,x);

e(P) = (x+P(y),y).

Then the(a(λ))λ∈C
(resp. the(e(P))P∈Y2C[Y]\{0}) are systems of representatives of

the left cosetsA/S(resp.E/S). Therefore an automorphismϕ ∈ Aut[C2] admits a
unique factorization as a composition ofa(λ) ande(P) (corrected on the right by
an automorphisms∈ S): we shall say that this is the normal form ofϕ. Similarly
we will speak of a normal form for a vertex or an edge inT .

Example 2.2. Consider the Hénon mapg = (y,y2 + δx). We have

g = a(0)◦e(y2)◦ (δx,y).

The automorphismg corresponds to an edgegSand to two verticesgE, gA which
admit respectivelya(0)e(y2)S, a(0)E anda(0)e(y2)A as normal forms.

Remark 2.3. (1) Giveng of Hénon type, it is equivalent to say thatg is cycli-
cally reduced or that Geo(g) contains the edgeIdS. Indeed it is clear that
dist(IdE,gE) = dist(IdA,gA) if and only if IdS⊂ Geo(g), and in this situ-
ation this distance coincide with the size ofg.
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(2) All the a(λ) ande(P) fix the origin inC
2, in consequencef ∈Aut[C2] fixes

0 if and only if its normal form isf = ai0 ◦ej1 ◦ · · · ◦ain ◦s with s(0) = 0,
i.e. s= (a1x+b1y,b2y).

We now state our main theorem. The proof will be the subject ofthe next two
sections:

Theorem 2.4. Let G be a subgroup ofAut[C2]. One, and only one, of the following
possibility occurs:

(1) G is a group of degree 1 conjugate to a subgroup of E or A.
(2) G is group of degree 1 but is not conjugate to a subgroup of E or A. Then

G is abelian.
(3) G contains elements of Hénon type, and all such automorphisms in G share

the same geodesic. Then G is solvable.
(4) G contains two elements of Hénon type with distinct geodesics. Then G

contains a free subgroup over two generators.

From this we easily deduce the

Corollary 2.5. The groupAut[C2] satisfies the Tits alternative: If G is a subgroup
in Aut[C2] then one of the following possibilities occurs:

(1) G contains a solvable subgroup with finite index;
(2) G contains a non abelian free group.

Proof. In cases 2, 3 or 4 of the theorem the result is clear. We are leftwith
the case 1, that is with a subgroup ofE or A. It is easy to compute the derived
subgroups ofE:

E(1) = [E,E] = {(x+P(y),y+ γ);P∈ C[X],γ ∈ C};

E(2) = {(x+P(y),y);P∈ C[X]};

E(3) = {Id}.

ThusE is solvable. On the other handA is clearly a subgroup ofGL3(C) via the
injective morphism:

A → GL3(C)

(a1x+b1y+c1,a2x+b2y+c2) →





a1 b1 c1

a2 b2 c2

0 0 1



 .

We conclude using the classical Tits alternative in the context of linear groups, see
[6] for a presentation of this difficult result.2

Note that there exist groups which act faithfully on a tree but do not satisfy the
Tits alternative. We refer to [11] for such an example: it is an infinite group, of
finite type, all elements of which are finite (thanks to E. Ghysfor this reference).
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3. AUTOMORPHISMS OF ELEMENTARY TYPE.

In this section we focus first on automorphisms with (dynamical) degree 1. In
particular we characterize the automorphismsf which admit a non bounded fixed
tree Fix(f ). Such automorphisms appear naturally when we consider thecommu-
tator of two Hénon type automorphisms which share the same geodesic (case 3 of
the main theorem), or when we consider automorphisms which fix an end of the
tree (this will occur in the case 2).

Then we study the subgroups of degree 1, which correspond to cases 1 and 2 of
Theorem2.4.

Note that it is nota priori completely clear that there exist some automorphisms
(except the identity map) which fix a non bounded subtree ofT . The following
lemma allows us to produce many such examples.

Lemma 3.1. Let f , g ∈ Aut[C2], with d( f ) = 1 and d(g) ≥ 2. Suppose that
f ◦g = g◦ f . Then Geo(g)⊂ Fix( f ).

Proof. Let p be a vertex in Fix(f ). Then for anyn∈ Z

f (gn(p)) = gn( f (p)) = gn(p)

i.e. gn(p)∈ Fix( f ). Thus for alln the subtree Fix(f ) contains the path fromgn−1(p)
to gn(p), and each of these paths contains lg(g) edges of Geo(g). The result follows
(Fig. 4). 2

(g)Géo

g g¯¹(p) (p)p

FIGURE 4. Fix(f ) contains thegn(p) ⇒ Fix( f ) contains Geo(g).

We remark now that for some very simple automorphisms we can apply the
previous lemma:

Example 3.2. If f = (αx,βy) with α, β roots of the unity of the same order, then it
is easy to construct examples ofg with d(g) ≥ 2 such thatf ◦g= g◦ f . Lemma3.1
applies: Fix(f ) is a subtree ofT with infinite diameter, because it contains Geo(g).

• If α = β andαn = 1, we can takeg = (y,yn+1 +x).
• If α 6= β then there existsp, q ≥ 2 such thatαp = β, βq = α. Setg1 =

(y,yp +x), g2 = (y,yq +x), then we can takeg = g1 ◦g2.

The aim of the following proposition is to show that the examples listed in3.2
are the only one (up to conjugacy). This is a crucial result for the proof of Theorem
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2.4; we would like to emphasize that the result is not a mere consequence of Bass-
Serre theory but is very particular to the group Aut[C

2]. In fact we show that if
Fix( f ) is bounded then Fix(f ) is small (diameter at most 6), which allows us to do
a proof by brute force:

Proposition 3.3. Let f in Aut[C2] with degree 1. Then the diameter of Fix( f ) is
infinite if and only if f is conjugate to a rotation(αx,βy) with α, β roots of the
unity of the same order.

Proof. Sinced( f ) = 1, up to conjugacy we can assumef ∈ E. Conjugating
insideE we can assume thatf has one of the following form (see [5]):

(1) (αx,βy) with α,β ∈ C
∗;

(2) (x+1,βy) or (βx,y+1) with β ∈ C
∗;

(3) (βdx+ βdyd,βy) with d ≥ 1, β ∈ C
∗;

(4) (βdx+ βdydq(yr ),βy) with d ≥ 1, q non constant with higher coefficient
equal to +1,β rth root of the unity.

We study now each of these cases, from the less to the more complicated Fix(f ).
In case 4, and in case 3 withd ≥ 2, even if we allow conjugacy in Aut[C

2]
we cannot decrease the degree off (Lemma 6–7 in [5]). In particular f is not
conjugate to an element inS, so Fix(f ) is reduced to a unique vertex (of typeϕE).

In all the remaining cases we havef ∈ S, thus Fix(f ) contains the edgeIdS.
Recall that Fix(f ) is a tree, so iff fixes another edge it fixes also the whole path
from this edge toIdS. The idea is now to use the normal forms to obtain some
equations that must be satisfied byf in order for a neighbor edge to be also fixed.
For instance we have:

f fixes the edgea(λ)S⇔ f ∈ a(λ)Sa(λ)−1 ⇔ a(λ)−1 f a(λ) ∈ S.

SId
(P)e S

a(λ) (Q)e S

a(λ) S

a(µ)(P)e S
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FIGURE 5. Normal forms of the edges next toIdS.

Consider Case 3 withd = 1, i.e. f = (βx+ βy,βy). We have:

a(λ)−1 f a(λ) = (y,x−λy)◦ (βx+ βy,βy)◦ (λx+y,x)

= (βx,βy+ βx);

e(P)−1 f e(P) = (x−P(y),y)◦ (βx+ βy,βy)◦ (x+P(y),y)

= (βx+ βy+ βP(y)−P(βy),βy).

Thus f does not fix any edge of the forma(λ)S, because(βx,βy+ βx) 6∈ S. More-
over f fixes an edgee(P)S only if P(βy) = βP(y). In such a caseβ is a root
of the unity, and we note thate(P)−1 f e(P) = f . So by the previous computation
a(λ)−1e(P)−1 f e(P)a(λ) 6∈S, that is f does not fix any edge of the forme(P)a(λ)S.
Finally Fix( f ) contains only the edgeIdSif β is not a root of the unity, and contains
IdSplus some edges of the forme(P)S if β is a root. Thus Fix(f ) has diameter at
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most 2.

Consider now Case 2,i.e. f = (x+1,βy) (the casef = (βx,y+1) is similar, up
to conjugacy by(y,x)). We have:

a(λ)−1 f a(λ) = (βx,λ(1−β)x+y+1).

So f fixes a(λ)S if λ = 0 or if β = 1, and in both cases we havea(λ)−1 f a(λ) =
(βx,y+1). Conjugating bye(Q)−1 we obtain:

e(Q)−1◦ (βx,y+1)◦e(Q) = (βx+ βQ(y)−Q(y+1),y+1).

This automorphism is inSif and only if β = 1 andQ(y) = ay2. In this case we have
e(Q)−1◦ (x,y+1)◦e(Q) = (x−2ay−a,y+1). A third conjugacy yields:

a(µ)−1 ◦ (x−2ay−a,y+1)◦a(µ) = (x+1,y−2ax−a−µ)

and this automorphism cannot be inS, regardless of the choice forµ. So f does not
fix any edge of the forma(λ)e(Q)a(µ)S. Consider now the edgese(P)S:

e(P)−1 f e(P) = (x+1+P(y)−P(βy),βy).

We see thatf fixes e(P)S as soon asP(y) = P(βy) and in this case we have
e(P)−1 f e(P) = f ; that is we are reduced to the previous computation We conclude
again that Fix(f ) has finite diameter. The caseβ = 1 gives the maximal possible
diameter; the computations above show that in this case Fix( f ) contains edges of
the forma(λ)e(Q)S,a(λ)S, IdS,e(P)S,e(P)a(µ)S ande(P)a(µ)e(Q)S: we see that
Fix( f ) has diameter 6.

Finally let us study Case 1,i.e. f = (αx,βy). We compute as before:

a(λ)−1 f a(λ) = (βx,λ(α−β)x+ αy);

e(P)−1 f e(P) = (αx+ αP(y)−P(βy),βy).

Thus f fixesa(λ)S if α = β or if λ = 0, and in both cases we havea(λ)−1 f a(λ) =
(βx,αy). Moreover f fixese(P)S if P(βy) = αP(y), which impliesα = βn, where
n is the degree ofP. Note that in this casee(P)−1 f e(P) = f .

Soe(Q)−1a(λ)−1 f a(λ)e(Q) ∈ S impliesβ = αm wherem is the degree ofQ. It
is clear that the existence ofn,m≥ 2 such thatαm = β andα = βn implies thatα
andβ are roots of the unity of the same order. We are in the setting of the examples
3.2, and we have seen that all such examples admit an unbounded fixed subtree.2

Remark 3.4. The computations made in the above proof (in Case 1) allow us
to make precise which edges belong to Fix(f ) when this subtree is unbounded.
Let f = (αx,βy) with α, β roots of the unity of the same order, and letϕS=
a(λ1)e(P1) · · ·a(λn)e(Pn)Sbe an edge. We distinguish two cases:

(1) α = β: ϕS∈ Fix( f ) if and only if all Pj satisfyPj(αx) = αPj(x) (the λi

can be arbitrarily chosen). In other wordsf commutes with eacha(λi) and
e(Pj).
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(2) α 6= β: ϕS∈ Fix( f ) if and only if all λi are null and thePj satisfyP2k+1(αy)=
βP2k+1(y) andP2k(βy) = αP2k(y). In other wordse(P2k+1) (resp. e(P2k))
commutes with(βx,αy) (resp.(αx,βy)).

We have similar results when the factorization ofϕ begins with ane(P) or ends
with ana(λ).

Remark 3.5. It is now clear that the action of Aut[C
2] on the treeT is faithful.

Indeed if f ∈ Aut[C2] acts trivially on the tree, by Proposition3.3 f is conjugate
to a rotation(αx,βy) with α, β roots of the unity of the same order, and by the
remark above such a rotation fixes the whole tree if and only ifit is the identity
map. Note that there exist amalgamated products where the induced action is not
faithful: for instance inSL(2,Z) ≃ Z/4Z∗Z/2Z Z/6Z the matrix−Id acts trivially
on the Bass-Serre tree.

Corollary 3.6. Take f = (αx,βy) with α, β roots of the unity of the same order,
and take g∈ Aut[C2] with degree≥ 2. Assume that Geo(g)⊂ Fix( f ). Then there
existsϕ ∈ Aut[C2] such that

• ϕgϕ−1 is cyclically reduced;
• ϕ f ϕ−1 = (αx,βy) or (βx,αy).

Proof. One can takeϕ such thatϕ−1S∈ Geo(g). Indeedϕ−1.Geo(ϕgϕ−1) =
Geo(g), soIdS∈ Geo(ϕgϕ−1) and we apply Remark2.3. Moreoverϕ f ϕ−1 is still
diagonal by Remark3.4. 2

We will need the following elementary lemma:

Lemma 3.7. Let f1, f2 ∈ Aut[C2], with Fix( f1) ∩ Fix( f2) unbounded. Then f1 and
f2 commute; moreover they both admit the same unique fixed point(in C

2).

Proof. Up to conjugacy we can assume thatf1 and f2 are inE (since they
both fix a vertex of typeϕE, in fact they even fix infinitely many such vertices).
Then the commutatorh:= f1 f2 f1−1 f2−1 has the form(x+P(y),y+ γ); since Fix(h)
is unbounded by Proposition3.3h has finite order. We conclude thath = Id.

Since f1 and f2 have unbounded fixed subtree, they are both conjugate to a ro-
tation (αx,βy) with α, β roots of the unity of the same order. In particular each
one has a unique fixed point inC2, and since they commute their fixed points must
coincide.2

We are now in position to describe the subgroups of degree 1 inAut[C2]. A first
idea could be that such a group must be conjugate to a subgroupof A or E. We will
see that this is not the case in general (examples of Wright),but only true under
additional assumptions. We will need the following three lemmas:

Lemma 3.8. Let G be a subgroup of degree 1, and let f , g∈ G. Then Fix(g)∩
Fix( f ) 6= /0.

Proof. The idea is to considerp∈ Fix(g◦ f ), andq the middle point of the path
from p to f (p). Thenq∈ Fix( f )∩ Fix(g) (see [9], Proposition 26 p. 89).2
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Lemma 3.9. Let X be a tree, and X1, ...,Xn some subtrees with non empty pairwise
intersection. Then

T

i Xi 6= /0.

Proof. See [9], Lemma 10 p. 91.

Lemma 3.10. Let X be a tree, and(Xi)i∈I a family of subtrees of X, such that:

(1) Xi ∩Xj 6= /0 ∀i, j ∈ I;
(2) There exists Y a bounded subtree of X, such that∀i ∈ I ,Xi ⊂Y.

Then
T

i Xi 6= /0.

Proof. We proceed by induction on the diametern of Y. If n = 0 (i.e. if Y is
reduced to a single vertex), then for alli we haveXi = Y and so

T

i Xi =Y. If n≥ 1,
then either there exists a terminal vertex ofY (i.e. a vertex which belongs to only
one edge) contained in allXi, and we are done, or there is no such vertex and we
can do the same reasoning onY′:= Y \ { terminal vertices and edges ofY }, X′

i :=
Xi ∩Y′. 2

We can now state

Proposition 3.11. Let G be a subgroup of degree 1 ofAut[C2]. Assume that one
of the following assumptions is satisfied:

(1) G is finitely generated;
(2) G contains an element f with Fix( f ) bounded.

Then G is conjugate to subgroup of A or E.

Proof. Suppose first thatG is finitely generated, and writeG = 〈g1, · · · ,gn〉,
gi ∈ Aut[C2]. We setXi = Fix(gi ). Lemma3.8 says that the pairwise intersection
of theXi are non empty, and so by Lemma3.9 their global intersection contains at
last one vertexP. This vertexP is equal toϕA or ϕE (with ϕ ∈ Aut[C2]), andG is
contained in the stabilizer ofP, i.e. G⊂ ϕAϕ−1 or ϕEϕ−1.

Consider now Case 2,i.e. there existsf ∈ G with Fix( f ) bounded. Forg∈ G
we setXg = Fix(g) ∩ Fix( f ). If g1, g2 ∈ G, Lemma3.8 applid three times (to the
pairs (g1, f ), (g2, f ) and (g1,g2)) implies thatXg1 ∩Xg2 6= /0. Since each element in
the family (Xg)g∈G is contained in the bounded tree Fix(f ), we are exactly in the
setting of Lemma3.10. ThusG is again contained in the stabilizer of a vertexP
(whereP∈

T

g Xg). 2

With respect to the existence of subgroups of degree 1 which are not conjugate
to a subgroup ofE or A, we refer to [12] where an explicit example is given. In the
following proposition we characterize such subgroups:

Proposition 3.12. Let G be a subgroup of degree 1 which is not conjugate to a
subgroup of A or E. Then:

(1) G is abelian;
(2) G is equal to the union of an increasing sequence of groups Hi , i ∈ N,

where each Hi is conjugate to a finite cyclic group generated by a rotation
(αx,βy) with α, β roots of the unity of the same order;

11



(3) Each element of G admits a unique fixed point (as an automorphism ofC2)
and this point is the same for all elements of G;

(4) The action of G fixes an end of the treeT .

Proof. SinceG is not conjugate to a subgroup ofA or E, it does not fix any
vertex By Proposition3.11we obtain that each element ofG admits an unbounded
fixed subtree,i.e. is conjugate to a rotation(αx,βy) with α, β roots of the unity of
the same order. Moreover, iff , g∈ G then Fix(f ) ∩ Fix(g) is unbounded, indeed
otherwise we could apply Lemma3.10 with Y = Fix( f ) ∩ Fix(g), Xgi = Fix(gi)
∩Y, and this would contradict the fact thatG is not contained in the stabilizer of
any vertex. By Lemma3.7, we get (1) and (3).

Let us now show the assertion (2). Again by Proposition3.11 the groupG is
not finitely generated. Moreover iff , g∈ G have the same order then there exists
n∈ Z such thatf n = g. Indeed otherwise one could assume (up to conjugacy) that
f ,g∈ E and we could findm∈ N such that

f m◦g = (αx+P(y),βy+ γ) 6= Id

with α = 1 or β = 1. But this is impossible because on one handα andβ are roots
of the same order, soα = β = 1, and f m◦ g must be of finite order. Thus there
exists a strictly increasing sequence of integers(ni)i∈N such thatni is the order of
an element inG. DefineHi as the subgroup ofG generated by all elements with
order less or equal toni . This groupHi is finite and contains at least one elementfi
with maximal order. Let us show thatfi generateHi. Let g∈ Hi; there existsn∈ N

such thatf n
i andg have the same order. By the previous reasoning we havef n′

i = g
for somen′ ∈ N.

Finally it is clear that Fix(fi+1) ⊂ Fix( fi), moreover
T

i Fix( fi) is empty, and we
obtain (4) (see [9, p. 92–93]).2

4. AUTOMORPHISMS OFHÉNON TYPE.

Giveng∈ Aut[C2] of degree≥ 2 we want to characterize allf which commute
with g, or on the contrary allf such that there is no relation betweenf andg.

To make precise the relative positions of two geodesics (associated with auto-
morphisms) we will use the following

Proposition 4.1. Let f , g∈ Aut[C2] with d(g)≥ 2 and d( f ) = 1. Suppose Geo(g)
∩ Fix( f ) is unbounded. By Proposition3.3we can writeϕ f ϕ−1 = (αx,βy) with α,
β roots of the unity of the same order, and then:

(1) If α 6= β, αn = β, βn = α and lg(g) = 2 mod 4, then g f g−1 = ϕ−1(βx,αy)ϕ =
f n (and so f and g2 commute);

(2) In all other cases f and g commute.

In particular Geo(g) ⊂ Fix( f ).
12



Proof. Conjugating byϕ we can assumef = (αx,βy), and sof (0) = 0. Recall
that Fix(g f g−1) = g.Fix( f ), and so:

Geo(g)∩Fix( f ) unbounded⇒ Fix(g f g−1)∩Fix( f ) unbounded.

By Lemma3.7we deduce thatg f g−1 fixes 0, and sog also fixes 0.
So we can writeg = m◦ s, wherem = a(λn) ◦ e(Pn) ◦ · · · ◦ a(λ1) ◦ e(p1) and

s = (a1x+ b1y,b2y) (precisely we can assumem of this form up to conjugacy).
Up to conjugacy again, the edgesmSand msa(λn)S are in Fix(f ), and we have
msa(λn)S= ma(µn)Swhereµn is such thata(µn)

−1sa(λn) ∈ S.
If α = β then f commutes withs (easy) and withm (Remark3.4), and so also

with g.
If α 6= β then in the expression above we haveµn = λn = 0 (Remark3.4), hence

s= (a1x,b2y). Thus f still commutes withs. Moreover, again by Remark3.4, we
haveg◦ (αx,βy) ◦g−1 = (αx,βy) (resp. (βx,αy)) when lg(g) = 0 mod 4 (resp. 2
mod 4). Finally, in the second case, one checks that there existsn such thatαn = β
andβn = α. 2

Corollary 4.2. Let f and g be two automorphisms of Hénon type. Then either
Geo( f ) = Geo(g), or Geo( f )∩ Geo(g) is bounded (possibly empty).

Proof. Assume that Geo(f ) ∩ Geo(g) is unbounded. Then by taking powers of
f andg (this does not change the respective geodesics), one can assume that lg(f )
= lg(g), lg( f ) = 0 mod 4 and thatf andg induce the same orientation on Geo(f ) ∩
Geo(g).

Then the automorphismf g−1 fixes an infinite number of vertices in Geo(g), so
by Proposition4.1we get thatg and f g−1 commute, and so

g( f g−1) f−1 = ( f g−1)g f−1 = Id

In other wordsf andg commute, and by looking at the action on the tree we check
easily that Geo(f ) = Geo(g) (figure6). 2

P

Pg

Pf

(f)Géo

of gP

g fo P

Géo(g)

FIGURE 6. Geo(f ) 6= Geo(g) and Geo(f ) ∩ Geo(g) unbounded
⇒ f ◦g 6= g◦ f .
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If we have f , g∈ Aut[C2] of Hénon type with Geo(f ) = Geo(g), we deduce from
Proposition3.3that there exists a relation betweenf andg. Indeedf g f−1g−1 fixes
Geo(g), so there is an such that( f g f−1g−1)

n
= Id. We now study the case Geo(f )

6= Geo(g):

Proposition 4.3. Let f , g∈ Aut[C2] with degree≥ 2, with Geo( f ) 6= Geo(g).
Assume lg( f )> N and lg(g)> N where N is the diameter of Geo( f )∩ Geo(g).

Then f and g generate a free group, moreover all elements (except the identity)
in 〈 f ,g〉 have degree≥ 2.

Proof. We must check that for anyh defined by

h = f np ◦gmp ◦ · · · f n1 ◦gm1

where theni , mi are inZ\{0}, we haved(h) ≥ 2 (and so in particularh 6= Id). This
is equivalent to check that such anh does not fix any vertex inT .

LetQbe a vertex inT . We introduce the following notations: distf (Q) is the dis-
tance fromQ to Geo(f ) (and similarly forg), andT f (resp.Tg) is the subtree ofT
containing all verticesP such that distf (P) ≤ distg(P) (resp. distf (P) ≥ distg(P)).
We deduce the result, by induction onp, from the two following assertions. Take
n, m∈ Z\{0} and setQ′ = ( f n ◦gm)Q.

(1) If Q∈ T f , thenQ′ ∈ T f and distf (Q′) > distf (Q).
Indeed the assumption lg(g) > N implies gm(Q) ∈ Tg along with the

strict inequality:

distg(g
m(Q)) < distf (g

m(Q)).

The assumption lg(f ) > N then impliesQ′ = f n ◦gm(Q) ∈ T f . Moreover
we have

distg(g
m(Q)) = distg(Q) ≥ distf (Q);

The equality is clear, the inequality comes fromQ∈ T f . Thus

distf (g
m(Q)) > distf (Q) ⇒ distf ( f n ◦gm(Q)) > distf ( f n(Q)) = distf (Q).

(2) If Q∈ Tg andQ′ ∈ Tg, then distg(Q′) < distg(Q).
It is clear thatgm(Q) 6∈ Tg (otherwisef n◦gm(Q) ∈ T f ); in other words

distg(g
m(Q)) > distf (g

m(Q))

and the result comes from the relations

distg(Q) = distg(g
m(Q));

distf (g
m(Q)) = distf ( f n◦gm(Q)) ≥ distg( f n◦gm(Q)). 2

Remark 4.4. This proof is essentially a “ping-pong” argument, which a classical
technical tool in this kind of problem (see [6]). However it seemed interesting to
us to make a few more computations to obtain thatall elements ofG have Hénon
type. In particular in Section5 we use the fact thatd( f g f−1g−1) ≥ 2.

We obtain the two corollaries:

Corollary 4.5. Let f , g be of Hénon type. If Geo( f )6= Geo(g), then〈g, f 〉 contains
a non abelian free group.
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Proof. Let N be the diameter of Geo(f ) ∩ Geo(g). If we taken such that lg(f n)
> N and lg(gn) > N, then we have〈 f n,gn〉 = Z∗Z. 2

Corollary 4.6. Let f , g be of Hénon type. If g◦ f = f ◦g, then Geo( f ) = Geo(g).

Our next aim is to compute the centralizer

Cent(g) = { f ∈ Aut[C2]; f ◦g = g◦ f}

of an automorphismg of Hénon type.

Lemma 4.7. Take g∈ Aut[C2] with degree≥ 2. We set

H = { f ∈ Cent(g); d( f ) = 1}.

Then H is conjugate to a group generated by a rotation(αx,βy) with α, β roots of
the unity of the same order.

Proof. Note first that for eachf ∈ H the tree Fix(f ) is unbounded, in fact by
Lemma3.1)it contains Geo(g). Thus by Proposition3.3 f has finite order. More-
over the order off is bounded by the (dynamical) degree ofg. Indeed f induces
a permutation on the set of fixed points (inC

2) of g, which has cardinal equal to
the degree ofg if we count multiplicities (see [5]). Let f0 ∈ H be an element of
maximal order. We now use similar arguments as in the proof ofProposition3.12.
If h∈ H then the order off0 is a multiple of the order ofh, moreover ifh1 andh2

are two elements inH with the same order, then there existn andm∈ N
∗ such that

hn
1 = h2 andhm

2 = h1. Finally H = 〈 f0〉 which gives the expected result.2

Proposition 4.8. Take g∈ Aut[C2] of degree≥ 2. Then Cent(g) is generated by
two elements h and f satisfying:

(1) d(h) ≥ 2 and Geo(g) = Geo(h);
(2) f is conjugate to a rotation(αx,βy) with α, β roots of the unity of the same

order;
(3) There exists n such that f◦h = h◦ f n.

In particular Cent(g) is isomorphic toZ⋊Z/pZ, where p is the order of f .

Proof. The automorphismf is given by Lemma4.7, and among all automor-
phisms of degree≥ 2 in Cent(g) (which all share the same geodesic by Corollary
4.6) we chooseh which minimizes lg(h).

If ϕ ∈ Cent(g) has degree≥ 2, then lg(h) divides lg(ϕ) (use an euclidean divi-
sion), so there existsq∈ Z such thatϕ◦hq have degree 1,i.e. ϕ◦hq ∈ 〈 f 〉 and so
we haveϕ ∈ 〈h, f 〉.

The integern comes from Proposition4.1, son is equal either to 1 or to(p+
1)/2. 2

Remark 4.9. (1) We should compare this situation with the case of an auto-
morphism of degree 1 which always admits an uncountable centralizer.
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(2) Most of the time the integern of the proposition is equal to 1,i.e. the group
Cent(g) is often isomorphic toZ×Z/pZ (or even toZ).

(3) Be warned that the converse of Corollary4.6 is false. For instance, if we
takeg = (y,y2 + x) and f = ( jx, j2y) where j is a cubic root of the unity,
theng andg◦ f are both automorphisms of Hénon type which share the
same geodesic but do not commute.

To finish the proof of Theorem2.4 it only remains to consider the case of a
subgroup all elements of which have Hénon type with the same geodesic. Such
subgroups are always solvable as the following propositionshows.

Proposition 4.10. Let Γ be an infinite geodesic, such thatΓ = Geo(g) for some
g∈ Aut[C2]. Then there exists a unique subgroup G ofAut[C2], maximal for the
property: “All elements of Hénon type in G admitΓ as a geodesic”.

Moreover G is solvable, and contains a subgroup of finite index isomorphic to
Z.

Proof. If G exists it must contain all iterates ofg. Note first that anyψ1 in
such a groupG must globally preserveΓ. Indeed assumeψ(Γ) 6= Γ, then we would
haved(ψ ◦ g◦ψ−1) ≥ 2 with Geo(ψ ◦ g◦ψ−1) = ψΓ 6= Γ, which contradicts the
assumption onG.

So we are lead to setG equal to the group of all automorphisms which globally
preserveΓ. We want to show thatG is solvable. For this, let us find some generators
for G. We distinguish three subsets inG which form a partition:

(1) The setTΓ of automorphisms that act onΓ by a (non trivial) translation;
(2) The groupFΓ of automorphisms that fixΓ;
(3) The setSΓ of automorphisms that act onΓ by symmetry with respect to a

vertex.

Note thatFΓ is isomorphic toZ/pZ, indeedFΓ ⊂ Cent(g2) (Proposition4.1) and
we can apply Lemma4.7.

Chooseh ∈ TΓ which minimizes lg(h), f ∈ FΓ a generator ofFΓ and ϕ ∈ SΓ
arbitrary (ϕ = Id if SΓ = /0). We claim thatG = 〈h, f ,ϕ〉. Indeed ifψ ∈ TΓ, then
lg(h) must divide lg(ψ), soψ = hn ◦ f q. On the other hand ifψ ∈ SΓ, eitherψ and
ϕ have the same center andψ ◦ϕ ∈ 〈 f 〉, or ψ andϕ do not have the same center
andψ◦ϕ ∈ TΓ. In both casesψ ∈< h, f ,ϕ >.

Let us show thatG is solvable. We have:

[TΓ,FΓ] ⊂ FΓ,

[TΓ,SΓ] ⊂ TΓ,

[FΓ,SΓ] ⊂ FΓ,

where[TΓ,FΓ] is the set of commutators of the formh0 f0h−1
0 f−1

0 with h0 ∈ TΓ and
f0 ∈ FΓ.

ThusG(1) = [G,G] ⊂< TΓ,FΓ >, andG(2) ⊂ FΓ is abelian.

1 In the original paper this is aφ. I was young and nobody told me that we are not supposed to
use both\phi and\varphi in the same paper...
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Finally the quotient ofG by the finite group〈 f ,ϕ〉 is isomorphic toZ (the gen-
erator is the class ofh in G/〈 f ,ϕ〉). 2

Remark 4.11. If G is a group where all elements of degree≥ 2 share the same
geodesicΓ, if there existsϕ ∈ G that acts by symmetry onΓ, let us show that all
elements ofG have a Jacobian determinant of module 1.

According to the proof of the proposition aboveG = 〈h, f ,ϕ〉 with Geo(h) = Γ,
Γ ⊂ Fix( f ). Note that|detDϕ| = 1, indeedϕ2 ∈ 〈 f 〉 and |detD f | = 1. But we
can also writeG = 〈 f ,ϕ,ϕ ◦h〉, andϕ ◦h acts by symmetry onΓ. Thus all three
generators admit a Jacobian determinant of module 1.

A summary of the proof of Theorem2.4. Cases 1 and 2 have been taken care of
in Section3. Precisely Case 2 corresponds to the “groups of Wright” which are
described in Proposition3.12.

Case 3 is given by Proposition4.10, we see that these groups are solvable groups
of a very particular form.

Finally Case 4 corresponds to Corollary4.5; note that this result is a mere corol-
lary of Bass-Serre theory, on the contrary the more precise statements4.2and4.3
are particular to Aut[C2].

In the way through the proof we obtained to auxiliary resultsinteresting in their
own rights:

(1) Description of allf ∈ Aut[C2] with Fix( f ) unbounded (Proposition3.3);
(2) Description of the centralizer of an automorphism of Hénon type (Propo-

sition 4.8).

5. GREEN FUNCTIONS ANDFATOU-BIEBERBACH DOMAINS

We first review a few facts and definitions about the dynamics of automorphisms
of degree≥ 2; for more details we refer to [1, 2] and [10].

Considerf ∈ Aut[C2] of Hénon type; we have seen that we can writef = ϕgϕ−1

whereϕ ∈ Aut[C2] andg is a composition of generalized Hénon maps. We set:

K+
g = {(x,y) ∈ C

2 such that{gn(x,y)}n∈N
is bounded};

J+
g = ∂K+

g (∂ is the topological boundary).

The setJ+
g ⊂ C

2 is the (positive) Julia set ofg. We introduce also the Green
function associated withg:

G+
g = lim

n→+∞

1
d(g)n log+ ‖gn‖.

The mapG+
g is continuous, positive and plurisubharmonic, and satisfies the prop-

erties:

• K+
g = {G+

g = 0};
• G+

g ◦g = d(g).G+
g ;
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• G+
g is pluriharmonic onC2\K+

g .

The Green current associated withg is the positive closed(1,1)-current with po-
tentialG+

g :

µ+
g =

i
π

∂∂G+
g = ∑

∂2G+
g

∂zi∂zj
dzi ∧dzj .

ts support is exactly the Julia setJ+
g . Note thatg∗µ+

g = d(g).µ+
g .

We obtain similar notions by considering the backward iterations: we define
in this wayK−

g ,J−g ,G−
g andµ−g . It is interesting to consider the extension ofg to

CP
2; there is two particular points on the line at infinity. One the one hand we

havep− = [1 : 0 : 0] which is an indeterminacy point, on the other hand we have
p+ = [0 : 1 : 0] which is a superattracting fixed point with basin equal to{G+

g > 0}
in C

2.
We define the mass of a currentT onCP

2 by mean of the standard Kähler form
ω:

||T|| =
Z

CP
2
T ∧ω.

The currentµ+
g (or more precisely its trivial extension toCP

2) has mass 1.
One can extend the definitions and properties above tof by taking

G+
f = k.G+

g ◦ϕ−1 = k.ϕ−1∗G+
g ;

µ+
f = k.ϕ−1∗µ+

g = k.
i
π

∂∂(ϕ−1∗G+
g ).

wherek > 0 is chosen in order to get||µ+
f || = 1.

We have the following remarkable result (see [10]):

Theorem 5.1 (Sibony). Let T be a positive closed(1,1)-current inCP
2 with mass

1 and with support contained inK+
g . Then T= µ+

g .

From this we are able to deduce the following result:

Proposition 5.2. Let f be of Hénon type, and h∈ Aut[C2]. Assume that G+f ◦h =

G+
f . Then d(h) = 1.

Proof. Suppose thatd(h)≥ 2. We know (see [1]) thath admits a periodic saddle
point p and thatJ+

h (resp. J−h ) is the closure of the stable variety (resp. instable)
associated withp. We deduce from the relationG+

f ◦h= G+
f thatJ+

h andJ−h belong
to a same level{G+

f = c}.
If c = 0 then the theorem of Sibony impliesµ+

h = µ+
f , henceh∗µ+

f = d(h).µ+
f .

But the assumptionG+
f ◦h = G+

f impliesh∗µ+
f = µ+

f : a contradiction.
If c > 0 we also want to get a contradiction. First the setP of periodic saddle

points ofh does not contain any isolated point, indeed the closure ofP is the sup-
port of the equilibrium measureµ+

h ∧µ−h (see [3]), and the support of this measure
is nowhere locally polar ([1]). Now G+

f is pluriharmonic in a neighborhood ofp, so
locally G+

f is the real part of an holomorphic functionϕ. Up to a small perturbation
of p one can assume thatϕ is a submersion or then power of a a submersion in a
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neighborhood ofp. Thus locally{G+
f = c} is diffeomorphic to a real hyperplane

or to n real hyperplanes meeting atp, and each one of these hyperplanes contains
only one complex direction. In particular the stable and unstable varieties associ-
ated withp cannot be contained in the level{G+

f = c}. 2

Remark 5.3. It might be well known that all levels of the Green function are
smooth (except of course the level 0): this would simplify heend of the proof
above. However I do not know any simple demonstration of thisfact.

We can now state the main theorem of this section: we establish an equivalence
between the notions of (oriented) geodesics and of Green functions associated with
an automorphism of Hénon type.

Theorem 5.4. Let f , g∈ Aut[C2] of Hénon type. The following assertions are
equivalent:

(1) Geo( f ) = Geo(g) with the same orientations;
(2) There exist n,m∈ N

∗ such that fn = gm;
(3) G+

g = G+
f .

Proof. Assume that Geo(g) = Geo( f ) = Γ. In vienw of the proof of Proposition
4.10we know that there exist two automorphismsh andesuch that:

• h is of Hénon type and Geo(h) = Γ;
• ehas orderr and fixesΓ;
• f = hn1ep1, g = hn2ep2, with n1,n2, p1, p2 ∈ N.

By taking the square off andg we can assume thatn1 andn2 are even, this by
Proposition4.1 e commutes withhn1 andhn2. Taking n = rn2 andm = rn1, we
obtain:

f n = gm = hrn1n2.

We just proved(1) ⇒ (2); moreover(2) ⇒ (3) is immediate. Let us show(3) ⇒
(1). AssumeG+ := G+

g = G+
f . If Geo(f ) 6= Geo(g) then up to taking powers of

f and g (which does not changeG+), one can assume thatf and g generate a
free group all elements of which (exceptId) have degree≥ 2 (Proposition4.3) In
particular f g f−1g−1 has degree≥ 2. The two relations

G+ ◦ f = d( f ).G+

G+ ◦g = d(g).G+

imply G+ ◦ f g f−1g−1 = G+. But then Proposition5.2 impliesd( f g f−1g−1) = 1,
hence a contradiction.2

Remark 5.5. In the same spirit it is possible to show that two automorphisms
Hénon type share the same geodesic if and only if they have thesame Julia sets,
or if and only if they admit the same invariant measure; however for the proof we
need to study more closely the notions of Green functions andGreen current, in
particular in the case whereg andg−1 have the same indeterminacy points (see [8],
Theorem 2.24).
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Consider nowg ∈ Aut[C2] of degree≥ 2; assume thatg admits an attracting
periodic pointp. Up to taking a power, and up to conjugacy by a translation, we
can assume thatp = 0 is an attracting fixed point. DefineΣ the attracting basin
of 0: this is Fatou-Bieberbach domain,i.e. a domain biholomorphic toC2 strictly
included inC

2. In the following proposition, which makes precise a resultin [4],
we compute the group Aut[Σ] of all f ∈ Aut[C2] preservingΣ:

Proposition 5.6. With the notations above, Aut[Σ] contained exactly all automor-
phisms which fix 0 (inC2) and which preserve globally Geo(g). Moreover Aut[Σ]
does not contain any automorphism acting by symmetry on Geo(g). Finally Aut[Σ]
is isomorphic to a semi-direct productZ⋊Z/nZ pour some n∈ N

∗.

Proof. To show that all elements in Aut[Σ] preserve Geo(g) it is sufficient
to show that for anyf ∈ Aut[Σ] of Hénon type we have Geo(f ) = Geo(g) (see
poof Proposition4.10). Up to taking powers off and g it is sufficient to show
thatd( f g f−1g−1) = 1. Note thatf g f−1 admits an attracting fixed pointp = f (0)
with basinΣ, whereJ+

g = J+
f g f−1 = ∂Σ (see [2]). Then by the theorem of Sibony

µ+
g = k.µ+

f g f−1 (with k > 0), henceG+
g = k.G+

f g f−1 (indeed∂∂(G+
g −k.G+

f g f−1) = 0,
so we have a pluriharmonic map null overΣ, hence everywhere null). Finally we
obtain the relationG+

g ◦ f g f−1g−1 = G+
g , hnced( f g f−1g−1) = 1 by Proposition

5.2.
Note that f cannot act by symmetry on Geo(g); otherwise by Remark4.11 g

would have a Jacobian determinant of module 1 and this would contradict the ex-
istence of an attracting fixed point.

Let us show now that anyf ∈ Aut[Σ] fixes 0. We just showed thatf preserves
Geo(g), which implies thatf commutes withgm for somem (if d( f ) = 1 then we
can takem= 2 by Proposition4.1; and if d( f ) ≥ 2 we know thatf n = gm for some
n andm). Considerw∈ Σ, we havef (w) ∈ Σ, and

lim
k→+∞

gk( f (w)) = 0⇒ lim
k→+∞

gkm( f (w)) = 0⇒ lim
k→+∞

f (gkm(w)) = 0⇒ f (0) = 0.

Conversely assume thatf (0) = 0, and thatf globally preserves Geo(g). There
existsm∈ N such thatf commutes withgm, so f preservesK+

g , in particular f acts
on the connected components of the interior ofK+

g . Since f (0) = 0, we deduce
that the connected component ofK+

g containing 0 is fixed byf , in other wordsΣ is
fixed by f .

The group of automorphisms that preserve Geo(g) without reversing the ori-
entation on Geo(g) is isomorphic toZ ⋊ Z/pZ for somep ∈ N

∗ (see proof of
Proposition4.10). The group Aut[Σ] is a subgroup of this group, and so is also a
semi-direct productZ⋊Z/nZ (in fact it is easy to show thatn = 1 or p). 2

During the redaction of this article I benefited from numerous discussions: I
thank M. Nicolau, W. Dicks, N. Sibony and more particularly D. Cerveau who
proposed me the problems studied in Section5. The idea to use the Bass-Serre
theory to study the subgroups of Aut[C

2] was suggested by E. Ghys.
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