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Abstract

We consider in this paper the thermo-diffusive model for flame propagation, which
is a reaction-diffusion equation of the KPP (Kolmogorov, Petrovskii, Piskunov) type,
posed on an infinite cylinder. Such a model has a family of travelling waves of constant
speed, larger than a critical speed c,. The family of all supercritical waves attract a
large class of initial data, and we try to understand how. We describe in this paper
the fate of an initial datum trapped between two supercritical waves of the same
velocity: the solution will converge to a whole set of translates of the same wave, and
we identify the convergence dynamics as that of an effective drift, around which an
effective diffusion process occurs.

1 Introduction

1.1 Statement of the main results

The topic of this paper is to estimate how fast the solutions of:

{ut — Au+a(y)u, = f(u) ((z,y) € R x TV

lim w(t,z,y) =0, liIJP u(t,z,y) =1, (1.1)
with suitable initial data, will converge to travelling wave profiles. Here « is a suffi-
ciently smooth function (C* to avoid technical difficulties), and TV~ denotes the (N — 1)-
dimensional torus. The function f will always be supposed to be smooth enough, and positive
on (0, 1); moreover it will be assumed to be concave in u, and

F(0) = F(1) =0, f(0)>0, f(1)<0.

This model is sometimes known, in the mathematical theory of flame propagation, as the
‘thermo-diffusive model’. It is indeed the simplest model with nontrivial flow may be derived
from the reacting fluid dynamics equations; the (shear flow) field V(z,y) = (0,(y)) is
imposed and only the chemical and heat transfer processses are conserved. The model was
the object of numerical studies - see for instance [6], [19] - as a relevant preliminary account
of the wrinkling of a flame front. See also [7] for its mathematical justification, and [1] for



large shear asymptotics. The model has from then remained an important tool to understand
the interplay between a flow field and reaction-diffusion processes, see for instance estimates
on the burning rate (see [17]) or existence theorems for systems (see [15]).

Travelling waves propagating at the speed ¢ are solutions of the form ¢(x + ct,y), where
the function ¢(&,y) solves

—Adp+ (c+ a(y)de = f(9) ((£,y) e Rx TN
Jim o(&,y) =0, Jim P(&y) = 1.

Their existence and qualitative properties are given by the following

(1.2)

Theorem 1.1 (Berestycki-Nirenberg [8]) There is c. such that (1.2) has no solution if ¢ <
¢y, and a unique - up to translation in & - solution if ¢ > c,. Moreover we have O¢¢. > 0.

Some stability results have been proved before by Mallordy and the second author [21]:

Theorem 1.2 (Mallordy-Roquejoffre [21]) Consider ¢ > c. and ¢. a solution of (1.2).
Choose an initial datum ug satisfying

Uo(xa y) — O(erac)

Ge(,y)
Consider the solution u of the Cauchy problem

{W—Au+a@mf=ﬂm ((z,y) e R x TV,
w(0,z,y) = uo(x,y).

as r — +00.

(1.3)

Then u(t, z,y) = ¢(x + ct,y) + O(e™") as t — +oo, uniformly in (z,y) € R x TN-1.

The goal of this paper is to study what happens when the initial datum wug is trapped
between two supercritical waves of the same velocity, a slightly more general assumption
than that of Theorem 1.2. We are going to prove the following (rather drastic) change in
asymptotic behaviour:

Theorem 1.3 Let ug(z,y) be a Cauchy datum for (1.3). Assume the existence of ¢ > c,
and M > 0 such that

V(,y) € Rx TV, dolw — M,y) < uolz,y) < ¢elx + M, y).
Define the initial shift mo(z,y) as
V(@,y) € Rx TV, de(a +mo(z,y),y) = uo(z,y).
Then there ezist D.(c) > 1 and V.(c) > 0 such that: if sP*(t,&) is the solution of
5" = Du()sgg + Vale)sg” = 0, wuaw=/”“WMWMw%w (14)
y

where r_(c) > 0 and 1, is the (positive) principal eigenfunction associated to some explicit
elliptic operator, and if

m*P(t,§) =

1
In sPP(t
then we have

1

sup ‘U’(tv xvy) - ¢c(x +ct+ mpp(t,x + Ct)vy)‘ = O(m)

(x,y)ERXTN-1



It is known - see [10], [26] - that very simple equations like (1.4) can exhibit complex be-
haviours. In particular, the w-limit set (in the sense of uniform convergence on every compact
- can be a whole interval.

Our result extends and completes in several directions some of our earlier results. Before
explaining this, let us add some comments.

e The advection-diffusion (1.4) can be solved explicitely. Hence we may find reasonably
sharp conditions ensuring the convergence of u to some translate of the travelling wave

Pe-

e We have D,(c) > 1 as soon as « is nonconstant; this is a manifestation of the well-
known ’convection-enhanced’-diffusion - see [12].

e When a = 0, Vi(c) = /c® — ¢2; and the proof breaks down when ¢ = ¢, (the reason
being that we have V.(c,) = 0).

The main step of Theorem 1.3 will be the computation of the effective dynamics (1.4),
by a Fourier argument combined with some classical functional analysis.

1.2 Comparison with earlier results

In [4], we studied the more general equation of the same type

{ut —div(A(x,y)Du) + B(z,y).Du = f(z,y,u), ((z,y) € R x TN, (L5)

lim wu(t,z,y) =0, lir+n u(t,z,y) =1,

a model that contains as particular cases the one-dimensional equation w; — u,, = f(u) and
the thermo-diffusive model (1.3). Under suitable periodicity and smoothness assumptions
on A, B and f, we proved the existence of pulsating waves ¢.(t,z,y) having a precise
asymptotic behaviour and increasing in time, and then that the family of all these pulsating
waves provides an attractor for a large class of initial data to (1.5):

Theorem 1.4 (Bages-Martinez-Roquejoffre [4]) Let ug(z,y) be a Cauchy datum for (1.5).
Assume the existence of ¢ > ¢, and M > 0 such that ¢.(—M,z,y) < ug(x,y) < ¢ (M, z,y).
There exists a smooth function m(t,x,y) such that th+m | (m¢, Dm, D*m)(t, ., .)||ee = 0, and

such that

sSup |U<t,$,y>—¢c(t+m(t,$,y>,$,y>| —0 as t — +00.
(z,y)ERXTN -1

This shift m(t, z,y) satisfies - up to a Hopf-Cole transform - a linear diffusion equation. Our
result completes that of [14], which proves the asymptotic stability of all the waves under
fatly decaying perturbations. However, at this level of generality, we were not able to provide
an effective one dimensional equation, nor an estimate of the rate of attraction of the family
of translates of the pulsating waves. The goal of the present paper is to prove such results
in the context of the thermo-diffusive model.



1.3 Additional comments and open questions

We hope that the ideas developped here will not only provide a better understanding of
the dynamics of super-critical KPP waves, but will also help to understand how the critical
wave is attained from fastly decaying initial data. In a forthcoming work [20] we will see
how this works for the 1D homegeneous model - already proved by Bramson [9] but where
a deterministic proof is still unknown - and on the multi-D model with special cases of
advection. The general case is an important issue that goes far beyond scalar reaction-
diffusion equations, see [11].

There are several questions close to this work whose answers would be very interesting:

e We concentrated our study in the case where the initial condition of the Cauchy prob-
lem is trapped between two translates of the same pulsating wave. It would be very
interesting to investigate the behaviour of the solutions under weakened assumptions
on the initial condition. An important first step is taken in Hamel-Nadirashvili [13],
where it is proved that (almost) every time-global solution of the N-dimensional ho-
mogeneous model

w — Au = u(l — u), t>0, zeRY, 0<u<l1
is a (possibly uncountably infinite) convex combination of one-dimesional waves.

e The case of initial conditions trapped between two critical waves (¢ = ¢,) is not treated
here. We do not know if a result similar to Theorem 1.3 exists and can be proved.

1.4 Description of the proof of Theorem 1.3,plan of the paper

Since the travelling wave ¢, is strictly increasing in its first variable, we are able to define

n*(t2,y) = (0, ) (ult,2,y)),

which satisfies
u(t’ z, y) = ¢C<n*(t’ xz, y), y)7

hence informations on n* give informations on u. And to have informations on n*, we write
the differential problem that it satisfies. Unfortunately, this problem is fully nonlinear, but
it admits an “approximate” solution n(t, z,y), obtained linearizing the problem at —oo. The
final task is then

e to obtain informations on the approximate solution n,
e tostudy the difference between u and its “approximation” u?(t, x,y) := ¢.(n(t, z,v),y).

These two things are in fact closely related.
The plan of the paper is the following:

e in Section 2 we explain how to construct the approximate solution n, and we study the
difference between v and u*P admitting some properties of n; some parts of section 2
are directly adapted from [4], where a more general case is considered, but we included
them in a sake of completeness and clarity for the reader;



e in Section 3 we prove the admitted properties of n, given in Proposition 2.3; it is
specific for the thermo-diffusive paper and is the heart of the present paper; the proof
of Theorem 1.3 lies on it.

e finally in Section 5 we give some applications of our results.

2 The construction of the approximate solution u“”

2.1 The moving frame

First we note that our assumption on the initial condition uy and the maximum principle
imply that the solution u(t, z,y) of (1.3) satisfies:

¢C<x+0t_ ny) S U(t,l‘,y) S ¢C(aj+6t+M?y)7

hence it is natural to consider the problem in the moving frame given by the classical change
of variables (t,z) — (t,€ = x + ct). Now if u(t, x,y) is a solution of the Cauchy Problem for
(1.3), the function w defined by

u(t, &, y) == u(t,§ —ct,y)

satisfies u(t, z,y) = u(t,z + ct,y), and thus is solution of the Cauchy problem

u + cug — Au+ a(y)ue = f(u), t>0,§eR, 2.1)
Then consider
Ay) = c+a(y),
and the differential operator
NL.[U] == U, — AU + 8(y)Us — £(0) -
then the function u is solution of the differential equation of (1.3) if and only if
NL.[u] = 0. (2.2)

A travelling wave ¢, satisfies

NLC[¢C] = 07 ¢C(_Ooa y) = 07 ¢C(+Ooa y) =1

2.2 Specific behaviour of travelling waves

The behaviour of a travelling wave at —oo is of course by now well-established. Linearizing
(2.2) at 0, we obtain
—AU + [(y)ve — f(0)v = 0. (2.3)

An exponential solution to (2.3) is a solution of the form

(& y) =eMY(y), (eRyeTV



where A > 0 is called a characteristic exponent. The function 1 (y) has to solve

LY = =AY+ AB(y)Y = (X + f(0))d, y € TV, (2.4)

and because ¢. has to be positive, 1) has to be positive. Hence, given A > 0, it is natural to
consider the operator £(\) defined by

L) = =By + AB(y)¢, (2.5)

and acting on the space C*(TV~!). Denote () the first eigenvalue of £()\) and 1, an
associated eigenfunction, problem (2.4) amounts to solving

vi(\) = A2+ (0). (2.6)

It is well known that v (\) is a simple, nondegenerate eigenvalue for £(\) and Kato-Rellich’s
Theorem implies the existence of an analytic extension of 7, in a complex domain containing
the right half-line. In particular, A — v;(\) is C'. The more special features of the function
vy are summarized in the following

Theorem 2.1 ([8]). The function vy is concave, and equation (2.6) has solutions if and
only if ¢ > ¢,. For ¢ > ¢, there are two solutions 0 < r_(c) < ry(c).

This implies, in particular:

. dVl

Vi(e) == ﬁ(r_(c)) —2r_(c) > 0. (2.7)
Moreover, we have an integral formula for 24 (r_(c)): let ¢\ be the unique principal eigen-
function of £(A) such that i, (y) > 0, / Y3 = 1; then
TN-1
dVl 9
Ty [ et (25)

(This follows from an asymptotic analysis similar to the one performed in the proof of Lemma
3.1.)
The additional information that we need for ¢, is the

Theorem 2.2 ([8]) If ¢ > c., there is § > 0 such that the wave ¢. has the following asymp-
totic behaviour as & — —o0o:

Oe(&,y) = P (y) (1 + O(™)). (2.9)

2.3 Exact local shift

Motivated by [4], we will look for an approximation of the solution of (2.2) with initial datum
ug as in Theorem 1.3 under the form

ﬂapp(t,ﬁ,y) = d)c(g + m<t7§7y)7y)7

where the (approximate) shift m will satisfy a suitable parabolic problem.
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First consider a general shifted wave: given a sufficiently smooth function m : (0, +00) x
R x TN=! — R, consider

T be(t, €,y) i= de(€+m(t, €, y), ).

Of course, when m is identically zero we have T(V¢, = ¢., and NL [T ¢, = 0. Let us

compute in the general case NL[T' )qbc]: some computations lead to
Do . Oge e

NLC[T(m)¢C] = (mt — Am + B(y)me — 2——— e .Dm — Lgb[DmF)agqﬁc,
Ocpe Ocpe

where, in the right handside, m and its derivatives are evaluated at (¢,&,y), and O¢¢. and
its derivatives are evaluated at (¢ +m(t,&,y),y). Hence NL [T ¢.] = 0 if and only if

DO: ¢, Ogebe
Dm — —=—
afgbc 8§¢c

This is the problem satisfied by the exact shift

m*(t,&,y) == oo, y) (Ut &, y) — &,

which is well defined since 0,¢. > 0.

To study the properties of the solution of this problem seems difficult, hence our strategy
will be to find a parabolic problem that will be: as close as possible of the previous one,
but simpler. This will permit us to study the properties of its solution m; of course in this
case the functlons u and T ¢, will have no reason to coincide. Then we will consider
the difference @ — T™¢,, and estimate its asymptotic behaviour as t — +o0o. What came
as a surprise to us is that this very simple and natural strategy actually enables us to say
something about very general models, see also [4].

Even if we cannot say many things on the exact shift m*(¢,&,y), we can see that it has
the following property: for all t > 0, m*(¢,-,-) is of class C1(R x TV~1) and is bounded in
the natural C''-norm: indeed,

- first, it is clear that m* is bounded, and more precisely, m*(t,&,y) € [—M, M]; this
follows from the assumption that ug(&,y) € [p.(§ — M, y), ¢.(§ + M,y)], using the weak
maximum principle;

- next, from parabolic regularity, m*(t, -, -) is of class C*(R x TN1);

- at last,

— Am + B(y)mge — 2 |Dm|?* = 0. (2.10)

ult&y) o uet&y)  dU&y)
T A+ m (6,6, y)) (& y) P&+ m*(t,€y))

hence m; *(t,-,-) is bounded if and only if =% ¢, is bounded; and it follows from local parabolic
estimates that this is true, once again using the fact that the weak maximum principle
implies that ¢.(& — M,y) < u(t,€,y) < ¢(E+ M,y) for all t > 0 and all £ € R, y € TV L.
The same property holds for D,m*.

Hence, in particular, m*(1,-,-) is of class C'(R x T¥~!) and is bounded in the natural
C'-norm. We will use this remark in the following.



2.4 The approximate shift and the associated shifted wave

Now we are going to approximate the nonlinear parabolic problem (2.10) satisfied by m*.
Due to elliptic regularity, the exponential deviation in O(e"=(99¢) of ¢, from e (%), (y)
also holds for the derivatives. Using this, let us study the asymptotic behaviour of the
coefficients as & — —oo: neglecting in a first approach the residual term, we obtain

Dee(&,y) = r- ()™ Pvh (y) + ...,

a€§¢0(£> y) =T- (C)Qet(c)gwrc (y) +...
DOcoo(&,y) = r_(c)’e 4, (y)er + r_(c)e" Dy, (y) + . ...

Hence we are driven to consider the approximate problem

Dyw"’c
Yr,

and to define the approximate shift m as the solution of this nonlinear parabolic equa-
tion, coupled with a suitable initial condition: m(0) = m*(0) (hence such that ¢.(§ +
m*(0)(&,y),y) = up(&,y)) if m*(0) is C* and bounded in norm C*, or m(1) = m*(1), which
is always C' and bounded in norm C%, as a consequence of the assumption that the ini-
tial condition wug is trapped between two translates of ¢.. In the following we assume that
m(0) = m*(0).

We will prove in section 3 the following properties of the approximate shift m:

my — Am + (B(y) — 2r_(c))me — 2 .Dym —r_(c)|Dm|* =0, (2.11)

Proposition 2.3 The approzimate shift m solution of the Cauchy problem (2.11) has the
following properties:
(i) m is bounded on (0,400) x R x TN~ and more precisely

Vt>0,YE e RV € TV, m(t,€,y) € [=[|m"(0)l|o, [Im" (0)l|oc];

(ii) m is C* on (0, +00) x R x TN and (¢,£,y) — Dm(t,€,y) is bounded on (0, +00) X
R % TN_l,'
(ii1) ||Dm(t, )| Lo v -1y = O(EH4).

Admit Proposition 2.3 for a moment. Then considering the associated shifted wave

uP(t, &, y) = o (E+m(t, €, y),y), (2.12)

we are in position to study the difference u — u?.

2.5 The difference between the solution and the approximate so-
lution, admitting Proposition 2.3

2.5.1 Preliminary result

Given § € (0,7,(c) —7_(c))), let Y5 be the space of all continuous functions @ on R x TN*
such that

e~ =€, y) s a bounded uniformly continuous function,



endowed with the natural norm [|@ly, ;==  sup  |a(,y)| e =@
(&,y)ERXTN -1

The following (by now standard) result is useful to study the asymptotic behaviour as
t — +o00 of solutions of parabolic equations decaying sufficiently fast in space, and we will
use it to study the difference u — u*?:

Lemma 2.4 Consider the equation
Uy — AU+ B(y)ve — f(0)v = 0. (2.13)

Then, given § € (0,7 (c) —r_(c)), there is Cs > 1 and ws > 0 such that, if ©(0,.) := g is in
Ys, then the solution v of (2.13) emerging from vy satisfies: for allt > 0, v(t,-,-) € Y5, and

15t - )lvs < Cse™ " | ollys- (2.14)

Proof of Lemma 2.4. 1t follows from the construction of a suitable positive super-solution
to (2.13), exponentially decaying in time: first, given A > 0 and w > 0, let us consider

VL€, y) = daly)e ™" (2.15)
Then the definition of ¢, immediately implies that
VD = AVOD) 4 5y V) = POV = (11(A) = 2 = F(0) =)V (2.16)

Since we want V%) to be positive and we want it to be a super-solution to (2.13), we need
to find A and w such that
vi(A) = A2 — f(0) —w > 0.

This can be done, noting that it follows from Theorem 2.1 that, given A € (r_(c),r.(c)), we
have
vi(\) — A% — £/(0) > 0.

Hence consider
A=Xs:=7_(c)+ 0, and w=w;s:=v1(r_(c)+9)— i — f(0).

Then we obtain that V?® := V() is solution of (2.13). Now, since ¢, is positive on the

compact TV=!, denoting Cj : m, we have for all 09 € Y

190(&,9)| < Cstr_(0)15(y)e ™5 |ly; = Csl|ao]lv; V2 (0, &, v).

And then, the weak maximum principle implies, for (¢,£,y) € Ry x R x TN-L:

|7~J(t7 ga y)| < é{iHijO”Yavé(tv 57 y) - C~15”60HY(squ)7L(c)-‘:-t5(y)€(T7(C)—~_(5)§_w5t7

which implies that o(t,-,-) € Y5 for all ¢ > 0, and that (2.14) is satisfied with Cs5 =
suppN w'r_ (c)+6 |:|
infoN Yr_ ()45



2.5.2 Convergence, admitting Proposition 2.3

Now, admitting Proposition 2.3, we have everything to prove the convergence result of
Theorem 1.3: due to elliptic regularity, the exponential deviation of ¢, from e™ (%), (y)
also holds for the derivatives, and it follows from the choice of the approximate shift that

N Deo. Decbe
NL[i%7) = (my — Am + B(y)me — 2 a;;f Dm — aifc DmP) 2o
Dy Tec Da c 3 c
= (2r,(c)m5 +2 wjﬁ .Dym +1r_(c)|Dm|* — 2 a;;f .Dm — 5;;1 |Dm|2>85¢c
_ 8€a£¢c Dy¢Tc Dyaf ¢c 355 Qsc
= (207-(0) = o Ime + 2257 = S Dy + (1 (0) = ZEE) Dl ) 2o

= O(M)(IDM(t) | Lo (sry-1) + [1Dm(E) | ] 1)) €™ e

Since Dm is bounded, and 0¢¢. goes exponentially fast to 0 as { — +o0, there is some r > 0
such that

NL[u""] = O(e(r,ic)+6)5)HDm(t)HLoo(RxTN_l) for £ <0,
= 0O(e Tg)HDm(t)HLOO(RxTN—l) for £ > 0.
Now denote ) )
u\t, g, - Ua , &,
a’(ta 57 Z/) = y Y )

u(t,&,y) —urr(t, &, y)
Since f is concave, we have
—f(0) <a(t,&y) < —f(1). (2.17)
Of course, the interest in introducing this function a comes from the following fact:
NLJT) = NLJT] = (@ — 77), — A~ 77) + B(0)(T — T)e + alt, &) (7 — 7).
hence
(U —a®) — A(u = u™) + By)(u — u™)e + a(t, §, y) (w — ™) = —NL[u™].  (2.18)
Let us denote by g(t,&,y) the right-hand side, and w the solution of the Cauchy problem

wy — Awge + By)we — f/(0)w = [g(t,£)], (2.19)
w(0,&,y) = |[u—u"P[(0,&,y) = |uo(§,y) — de(§ +mg(&,y),y)| = 0.

We are going to prove the following facts:

e Claim 2.5 : for allt > 0 and all £ € R, y € TN, we have |u — uP|(t,£,y) <
/l’l\}/(t? 67 y);

e Claim 2.6 : forall§ € R,  sup  @(t, & y) = O™,

£<Eo,yeTN 1

e Claim 2.7 : there exists £ € R such that — sup  |u — a™|(t,&,y) = Ot~ V4.
§>&0,yeTN 1

10



It is clear that Claims 2.5-2.7 imply Theorem 1.3: by Claims 2.5 and 2.6,

sup |u—a|(t,&,y) < sup  w(t, & y) = O MY,
£<&o,yeTN 1 £<&o,yeTN -1

and adding Claim 2.7, we obtain that

sup [u—u?|(t,&,y) = Ot /*).
EER,yeTN -1

Hence it remains to prove these claims.
Claim 2.5 is a consequence of the weak maximum principle. Indeed, first w is nonnegative;
next, u — u®? — w satisfies

(@ TP~ )y AT T D)+ B(y) (T T~ D)ee-+a(T—T7 ~T) = g|g|—(a+f/(0))T < 0,

and
(u —u" —w)(0,§,y) =0,

hence u — 4P — w < 0. In the same way, u — u™? + w > 0, hence Claim 2.5 is proved.
Claim 2.6 is a consequence of Lemma 2.4: by Duhamel’s formula:

t
(t,&,y) = / e (=)D S O g5, )| s
0

but it follows from the definition of g, the properties of ¢. and Proposition 2.3 that there is
some ¢ € (0,7, (c) —r_(c)) and Cy > 0 such that, for all t > 0, £ € R and y € TN™! there

holds
C 1

0 .
|g<t7 67 y)| S 1 + t1/4 1 + ef(r_(6)+5)§’

then Lemma 2.4 implies that

/ C
—(t—5)(—0ge+B0:—f'(0)) (r—(c)+6)€ ,—w(8)(t—s) 0
: g5, () < -9ttt o
Then
~ < Cl (r—(e)+96)¢ ! —w(d)(t—s) ds
|w(t,§,y)] > 0Gpe 0 € 1 +81/4'
Since

/t 6w(5)s J 1 6u.)(é)t
o L st/a O T ) T 1 A

we obtain the following bound, valid for all (¢,£,y) € R, x R x TV~

(L, y)| < 521/460_@)%)5’
hence Claim 2.6 is proved.

Claim 2.7 is a consequence of Claim 2.6, using the following classical argument: first,
there is some qo > 0 and 1 > 0 such that —f/(y) > o for all y € (1 —n, 1); choose &, such
that ¢.(&o — M,y) > 1 —n for all y € TN, next, because uy is trapped between two waves
of the same speed, this order is preserved for all time; hence u(t, &, y) > ¢.(§ — M, y) for all
t>0andall £ € R,y € TV=!; at last, since we already know that the shift m is bounded

11



between —M and M, the mean value theorem implies that a(t,&,y) > qo for all ¢ > 0 and
£> &),y € TV And thus the difference 7 — u%? satisfies

(@ — ), — AT — TP + B — T™)e + alt, €) (@ — T) = O(yrkm), > 0,6 > &,
(@ — @) (1, &,y) = O(im), £ >0,
(@ —0)(0,6,9) = 0, &> &.

W is a super-solution if C' and e are well chosen (C sufficiently large, e sufficiently

small), hence the weak maximum principle implies Claim 2.7, and the proof of Theorem 1.3
is complete. ([l

3 Asymptotic behaviour of the approximate shift:
preparation

3.1 Hopf-Cole transform of the approximate shift

The Hopf-Cole transform s(t,¢,y) = e (©mEEY) allows us to transform the nonlinear prob-
lem (2.11) into a linear parabolic equation: s is solution of

Dyibr,

Tc

51— As + (B(y) — 2r_(¢))se — 2

Dys =0, 5(0)=e~mO), (3.20)

Then standard theory on linear parabolic equations imply (i) (weak maximum principle)
and (ii) (regularity) of Proposition 2.3. Concerning (iii): consider

q(t, & y) = . (y)s(t, €, y):

then some computations allow us to check that g satisfies the parabolic problem

@+ Lrg=0, q(0) =1, (y)e O, (3.21)

where

Ly.q=—=Aq+ (8 —2r_(c))ae + (r—(0)B(y) —r-(c)* = £(0))q
= (=g + L(r-(c) = (r—(c)* + f'(0)))a + (B — 2r_(c))ge
= —Deq + (L(r-(¢)) =n(r-(e))g + (6 = 2r(¢))ge. (3.22)

For commodity, define the operator £, acting on C?(TV~1) as
Ly :=L(r_(c)) —wvi(r_(c)) : (3.23)

Ly is symmetric, and its first eigenvalue is 0, associated to ..

Let us describe our startegy. Because the variable £ does not appear explicitly in the
coefficients of (3.21), we may perform a Fourier transform in £, analyze the resulting equation
in one less space variable, and transform back. We are going to do it on the heat kernel (or
fundamental solution) of (3.23), i.e. the solution 7 (t,&, &'y, y') of the equation with initial
datum &¢—¢r y—y, in other words e=*fre§e_er ,—\s. It is obvious to give a precise meaning to
this with test functions, because we will work with Fourier transforms we will not do it.
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Observe also that e~*f7e§¢_¢ ., regularizes immediately and that it has unifom H* bounds

at t = 1. This will also be used without further mention.

We note that, in general, it is not at all obvious to estimate heat kernels in the full range
of (t,x,2',y,y"). Quite precise expressions are known for self-adjoint operators [23] or, for
general operators, in the homogenisation range - i.e. |2 — /| of the order v/#; see [22]. None
of them are totally useful for our purpose.

3.2 The fundamental solution and its Fourier transform

Given ¢ € R, y' € TN=1, consider the solution 7(t, &, &y, ) of
w4+ Ly,m=0, 7(0,&&,y,y") = 0e—edy_y. (3.24)

Then we have a formula for the solution ¢ of (3.21):
o) = [ [ el ) i dy. (3.25)
£/€R y/ETN_l

Moreover, since the equation (3.24) is translation-invariant in £, we have

m(t, &,y y) =7t - E,0,u,9);

hence
&)= [ [ w0y g dy (3.26)
&eR Jy'eTN-1
Now consider the Fourier transform in & of 7:
A6 ) = [ G €y de (3.27)
£€R

The function 7 is solution of the following problem:
7A"'t + EOﬁ- + Zé(ﬁ —2r_ (C))ﬁ' + 527% = 07 7%(07 é? 5,7 Y, y/) = eiiééléy:yU (328>

and we will study this problem in the following. The Fourier inversion formula says that

~

1 s ~
W(t7€7€/7y7yl) = 5 / elffﬂ-(t,f’é‘”y’y/) dé?
27T éer

and then it allows us to transform (3.26) into

1 T )
q(t, &, y) = —/ / (/ R (,€,0,9,9) dﬁ)qo(é’vy’) d¢' dy'. (3.29)
27T &eR y/GTN_l £eR

Hence, informations on 7 will provide informations on q. We begin by studying the spectrum
of the operator that appears in (3.28), and in particular its principal eigenvalue.
Consider

Le:=Lo+il(B—2r_(c)) + & (3.30)

The operator L is symmetric and its first eigenvalue is 0. Denote w; its second eigenvalue
(wq is positive). By analyticity, there exists some &, > 0 such that, for all complex numbers
¢ of modulus less than 2&), we have:

13



o Li= Lo+ (6 — 2r_(c)) + €2 has a simple eigenvalue 1, ¢ analytic in ¢, with eigen-
function eé(y) such that ||e£HL2(TN_1) =1

e the rest of the spectrum of £; has real part larger than %

We are going to compute an expansion of I ¢ and e¢ in the neighborhood of é = 0. This
will be the key to analyze (3.28).

Lemma 3.1 Denote (-,-) the scalar product on L*(TN~'). We have the following asymp-
totics:

= Un + i) + €02 + 0(E), (3.31)
¢ = 1€Vi(c) + D)8 +0(€), (3.32)
where
e V.(c) is given by
V;(C) = <ﬁ(y) —2r- (C))¢ch¢rc>7 (333)
° ¢,(,1) 18 solution of
Lotpfy) = Vi(e)thr, — (B = 2r-(0))br., (3.34)
e D.(c) is given by
D.(c) = 1+ (LoD, D), (3.35)
e and wﬁf) s solution of
Lop? = V() + (8= 2r ()9 + (Dulc) = V)i, (3.36)

PRrOOF. The existence of the asymptotic expansions (3.31) and (3.32) follows by ana-
lyticity, hence what we have to prove is that the coefficients appearing in (3.31) and (3.32)
are given by the formulae (3.33)-(3.36). We already know that ey = 1., hence we know the
first term of the expansion of eg. Next, writing Eéeé =y g€ hence

(Lo +i€(B — 2r_(c)) + ) (Wr, + i€ + &P + O(£%))
= (i€V.(c) + Di(c)6? + O(EM)) (¢, + i) + &P + O(€?)),
we obtain

Lot — (8 — 2 () + 46y, = —Va(@6D + ()t (3:37)

Take the scalar product of the first equation of (3.37) with ,.:

{cw”<ﬁ 2 (c))tbr, = Va(€)tbr,,

V;(C) = <V:f< (C)wrca wrc> = <£0¢7(«1) + (ﬁ —2r_ (C)Wm wrc>
= Wﬁi)’ EO¢T¢> + <<6 - 27’*(6))1@%7 wrc> = <<ﬁ - 27’7(6))%071?%%
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hence Vi (c) is given by (3.33). This implies that V.(c)y,.. — (8 — 2r_(c))y,, is orthogonal
to 1., hence it belongs to the image of £j, which implies the existence of wﬁi) solution of
(3.34). Now the scalar product of the second equation of (3.37) with ¥,

D.(c) = (D(c)thr,, ¥r,) = (Lop? — (B = 2r_ ()W) + v, + Vil br,)
=14+ @) V(). — (8= 2r_(c))h.) = 1+ (1, Loy,

hence (3.35) is proved. At last, this implies that (3 — 27’,(0))1#7(&) + 1, — Vi(c) D4 D, ()i,

is orthogonal to ¢, which implies the existence of wﬁ? satisfying (3.36). O
Note that § can be chosen small enough such that the asymptotic expansion of f, ¢
satisfies D.(0
.2 o N #(C) 2 o
¢ = V(€)= [D(e)€” + O(E)] € [ =€, 2D (e)¢7].
O

This result brings several remarks:

o first, the expression V,(c) given by (3.33) is consistent with the one given in (2.7),
thanks to the value of v{(r_(c)) given in (2.8);

e next, although z/J,(ni) is defined up to a multiple of v, , there are enough orthogonality
relations so that the quantity D, (c) is uniquely defined;

e at last, notice that we have D,(c) > 1 as soon as « is nonconstant, this is a manifes-
tation of the well-known ’convection-enhanced’-diffusion.

3.3 Decomposition of 7 in high and low frequencies, study of the
high frequency part

The analysis of 7 is broken in two parts: ’high’ frequencies ]é | > fo, and 'low’ frequencies
=0 &

|I§| < &. Take a C™ function 'y(é), supported in [—éo, éo], equal to 1 in [T’ 5] Set

F =)+ (1— ()7 = 7 + 7.
The function 7" satisfies
A+ Lo +i€(B — 2r_ (o))" + &7 =0, #(0,£,8,y.y) = e (1 = (€)= (3.38)

Denote || - ||z the norm associated to the scalar product (-, -).

3.3.1 Main results concerning 7" and its inverse Fourier transform 7"

Lemma 3.2 The function 7" has the following property: given k, k' € N, there exists Cy >
0, Wi > 0 such that
|05 DE 725 < Cppewe™, (3.39)

This will imply the following
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Corollary 3.3 The inverse Fourier transform of #":

1 Sle gINE o 2
™ (t, €, y, ) = — / e CEE (1 €0, y,y) dE
2 £cR

has the following property: given k, k' € N, there exists Cyr > 0, wyr > 0 such that, for all
t>1, for all £,& € R, for all y,y € TVN=! we have

(1+ (6 = €)2)|OEDE 7" (1., €, y,y/)| < Cpperwdt, (3.40)

This implies in particular that there exists C' > 0, w > 0 such that, for all t > 1, for all
EER, for ally,y € TN! we have

/g R(‘W’W + 106" + | Dyt ) < Ce8, (3.41)
e

3.3.2 Proof of Lemma 3.2.

First we prove (3.39) for k = 0 = £/, hence that the Lz—norm of " goes exponentially to 0

as t — +oo. Multiply the equation satisfied by 7, by its conjugate ﬁ, integrate on TV~!
and take the real part of this expression:

0= ?Re/ (7 + Lort" +i€(6 — 2r_(c))7" + EaM)ah
TN-1
We study all the terms in this expression: first,
— 10
R Ny ~h
[ AT = S
next,

e [ Lo#FE— / (Lo(Rer™) ) Rer” + (Lo(Sma™))Sma,
TN—I

TN-1

and all this is nonnegative, since £, is symmetric and its principal eigenvalue is zero; next

%eAN_lié(6—2r_(c)>ﬁhﬁ:@Re(i/w_lg( B2 (@)A"?) =0

at last,

Re [ 80T =&,
TN-1 Y

Then we obtain that
10

20t

b &h|2 12 Is nonincreasing, which implies that

717 + E 1717 <0,
which implies that t — o2
#1235 < Coe~2,

hence (3.39) holds true for k =0 = k'.
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Let us prove now that (3.39) holds true for £ = 1, ¥’ = 0. We remark that Géﬁh
solution of the nonhomogeneous parabolic equation

(Dei™) + Lo(Deit™) + (5 — 2r—(e))(9ei") + E2(9ei™) = —i(B — 2r_(e))7" — 267",
then we proceed in the same way:
Re / ((aéfrh)t + Lo(07") +i€(8 — 2r_ () (0:7") + 52(857%"))@
TN-1
~ Re /T (-5 - 2@yt - 28t )T,

hence

S arI0cH 2 + 10671 < Re [ (=il0 - 2r-(0)i" — 2éa") i

TN—I
£2
< Cll#* I3y + S 107" I3,
which implies that
8 ~ n ~ ~ _of2
Eﬂaﬁhﬂig + 2|07 172 < 20| 7"(|7, < CTe™*,

hence

0

at( gtha AhHL2) < C'e 72“

which implies that
N _f2
|93 < Cre<™

In the same way, the same property holds for Dyfrh since it is solution of a similar
nonhomogeneous parabolic equation.

Finally, since (8 is smooth enough, we can repeat the argument, and the same property
holds for all the derivatives of 7" of the form 8§D’;ﬁh. [

3.3.3 Proof of Corollary 3.3.
First we prove (3.40) for k =0 = k": we have

I+ (E=))r"t.6€yy) =1+ (€~ §)>/s (M1, €,0,,y) d€

= / e (1 €,0,y,y) — 7L(1,€,0,y,) dE.
3
Now, Sobolev’s embeddings ensure the existence of C' and w such that

SUP(|7T (t€0yy)|+| (tSOyy)|<Ce“ :

hence

1+ (=P, &.¢ v, 9)| < /£|>é , Ce &t gé < O(&y)e S,
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The same property holds for all the derivatives of 7", by the same argument. This proves
(3.40), and (3.41) follows from (3.40):

o e’ - .
‘Wh’ S/ 00706_“}0’060t — _00706_‘00’05015,
foat1= L A E-op) 2

and the same property holds for d¢7" and D,7". O

4 Influence of the low frequencies

4.1 Part 1: decomposition of 7’

The function ¢ satisfies
il + Lot +i€(B—2r_ ()7 + &7 =0, 70,68, y.9) = e Y )dymy.  (4.42)

Note that both F, and F, depend on f , we will have to keep this in mind but, in order to
reduce the complexity of the different expressions, this dependence will not be mentionned
explicitely.

Since p, ¢ is an isolated eigenvalue of L, {lh,g} is a spectral bounded set. Then there exist a
projection E; associated to this spectral set, and a projection Fs associated to the spectral
set given by the complement of 4, ; in the spectrum of £ (Theorem 1.5.2 of [16]), such that

7t = By (7%) + Ey(7h).

The images of Ey and Ej are stable under Lg, hence E; (7%) and Ey(7*) will satisfy similar
parabolic equations. In the following we study these projections. We start by studying the
projection E;(7*), that will give the more important contribution in the behaviour of the
Hopf-Cole transform gq.

4.2 Influence of the low frequencies, part 2: study of E(7‘) and
its inverse Fourier transform 7!
4.2.1 The “principal parts” of E;(7‘) and %!

First, we note that since everything depends analytically on f, the projection E; can be
written:

Ei(g) = (g, ®1(£,v))ee,

where £ — @1(5 ,y) is analytic. Moreover, the operator Ly is symmetric, hence its eigenspaces
are orthogonal, hence ®;(0,y) = v, (y). This implies that, in a neighborhood of £ = 0, we
have

O, (&, y) = ¥, (y) + O(E).

Next we note that the projection E;(#%) satifies the following (simple) equation:

OB (7°) + py ¢ Br (7)) = 0,
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thus the formula:

El (ﬁj)(t? éa 5/7 Y, y,) = e_ul’étEl (7?‘1)(05 é: ’5/7 Y, y/)
= e M (Y (E)e ™ Gy, B1 (6 y))eg = e 1E(E)e D1E Y )egly). (4.43)
This implies, taking into account the asymptotic expansions (3.31) and (3.32) of ¢ and p, ¢
in the neighborhood of £ = 0, that

~

Ey(7) (1,6, y,y) = e " 0VOTPOF 0N ()0 € (4, (yf) + O(€)) (. (y) + O(E))-
Let us call the “principal part of Ei(#%)” the following:

o~ - 77;A*C *CA2 7iA/
(€, €y, y) = e EVEOTDOD) =iy, (y1Yh, (y). (4.44)

The associated inverse Fourier transform will be

1
™P(t, &, ¢y, y) = 2—/ (%t £0,y,y) dé
T Jéer

1 —1\ 2 C C

= Sl () [ RO g (4.45)
n éeR

2,19

This is what we call the “principal part of 7%'”. In a classical way, we have

™ (.6, &y y) _ 1 / €€tV (D) g
¢Tc(y)¢7"c<y/) 27-(_ £eR

_ L[ see-moépaad g
27T EAGR
1 /
L eemr/anen (4 46
A D, (c)t

This allows us to give a simple interpretation of the so-called principal part 7#PP: 7PP satisfies
the transport-diffusion equation

" = Du(e)mg + V(o) =0, 7(0,6,6',4,9) = . (1)t0r. (1) De=c' (4.47)
It remains to prove that we have the right to use that terminology of “principal part”: we
are going to study the difference between 7%! and its principal part 7?.
4.2.2 The difference between 7%' and its principal part 7?P: statement of the

main results

Lemma 4.1 Denote ©%! the inverse Fourier transform of Ey(7*):

1 Ay N ~ A
WWM@%M:—/S“”Mﬁwm%w&
21 £eR

and

(6,8 y,y) =m0 (866 ) — 7466y, Y).
Then there exists My such that we have the following estimate: for allt > 1, for all £,&' € R,
for all y,y € TN,

(t+ (& =& = Vi(ot))Im"(t,€,6" y.y)| < Mo. (4.48)
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This implies the following important integral estimate on 7'

Corollary 4.2

4 M,
vt Z 1,\V/§ € Ravyay/ € TN_I: / |7TR(t7§)§,7y7y/)| S _0
¢'eR \/E

Finally, we will need similar estimates on the first order derivatives of 7%*: we will prove
the following

(4.49)

Lemma 4.3 (i) Concerning O¢w®: there exists some My such that for all t > 1, for all
£, R, forally,y € TN, we have

(t+ (€ =& = V(o)) |Vioer™(t,£,¢y. )| < My; (4.50)
this implies that
/ N—-1 R / / 4M1
Vt>1,VE €R,Vy,y € TV, [Oem (8,6, .y < ——- (4.51)
¢er

(ii) Concerning Dym®: there exists some My such that for allt > 1, for all £, & € R, for
all y,y' € TN, we have

(=& —Vi(e)t)? 't &,¢,y,y)
v ey

(t+ )| < My; (4.52)

this implies that

> 1 R "eTV ! / :
Vit = aVS € 7vy7y € ) wrc(y> — /4

¢eR
4.2.3 Proof of Lemma 4.1.

First we prove that t7f(t,£, & y,y') is bounded. Remember that we are dealing with low
frequencies, and we have in fact

1

b . .
T (86 € ) = o / SRR () (46,0, ') dE.
—&o

Next, fo has been chosen so that the asymptotic expansion of I ¢ satisfies

. N A D.(c) » 2
|y ¢ — i€Vil(e)] = [Du(c)€? + O(&7)] € [%52, 2D, (c)&?.

Now consider a function p : Ry — R, nondecreasing, and p(t) — +oo as t — +oo and
20 0 as t — 4o00. (We will choose p(t) = t1/4.) Then, first

Vi
‘2_ / B (7)(1,€,0,9,9) dﬁ‘ <c [ ¢~ D-(OE/2 g
T JIé1=p(t)/VE o
do e—D* (c)p(t)?/2
e i Violt)

20



next, in the same fashion,

1 o ) .
b / R, E,0,y, ) dE]
27 J\é>p(t) /v
. —Da()p(t)?
< 0/ e DO gé — O(1) . (4.55)
€120(6)/VE Vip(t)

Let us finally consider the last term

1 ; Y3 A o 2 1 W(E—ENE ~ o o
= /. CETERE (7)€, 0, y/) dE - / TR (L, €, 0, y/) dE -
T JIE<p(t)/ Ve T JIEI<p(t)/ VT
- p(t) : .
Since Vi — 0 as t — +00, we have for [£] < p(t)/V/t:

e LB (7)(1,€,0,9.1/)
— D OEOEN (5 1 OE))(t, + O())
— 6NtV (D) (1 OEN) (8ymyr, Ur )y, + O(E))
= % (1,6,0,,4/)(1+ O€) + O(t€),

hence

1 ; ¢ N '\ A 1 i(e—¢' N o o
> / TR (7 (1 €,0,y,9/) dE — o / TR (L €, 0,,y) dE
T JIE1<p(t)/VE T JIEl<p(t)/VE

<[ 0@+ O PO i
El<p(t)/VE

ORI do 1
— o VO 47 e @207 _ (). (4.56
) [ e S —0G). (456)

Finally, choosing for example p(t) = t'/4, we see that (4.54)-(4.56) imply that 7%(¢, £, &, y,y') =
1

O(;), uniformly in £, £, y, ¥/, hence the first part of (4.48).
For the second part of (4.48), first we integrate by parts (twice) to kill the factor (£ —

& — V.(c)t)%: we have
(£ =& = Vilo)t)*n™(t,6,€ y,Y)

1 F i(6—€NE —t(i€Vi(c o)é A
_ %1%5@)@/%6(?/,)/ (QtD*(C> _ 4D*<C)2t2€2)el(f 13 )fe t(i€Vi(c)+Dx(c)€2) d€7
£eR

next, in the same way:

(€ =& = Vi(e))*m"' (.6, y.)

1 o . §2 R — R
_ = i(e—¢ fv*<c>t)s_<_ WVe(Di=t1 Dty ( £V Mo )
e ~(—e Y(&)P1(&, ¥ )es(y) ) dE,
5 ) > ()21(E /)eelw)
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and some easy computations show that

~

32 ) R R s e
g (—e IR )ecty)

= MOy (€)1, (1)1, () (2Da(0) — ADL(e)H2E? + O(t8) + O(%6%))

Vi(c éi )t 3
GG O(t)X 1e (o /2.0

where X|éle(éo/2.60) 18 equal to 1 if |é| € (50/2,50) and 0 elsewhere. Now we can proceed in

the same way: we estimate separately the integrals on |€] > p(t)/v/? and €] < p(t)/V/1 as
we did in (4.54)-(4.56), and we obtain

(f - 5/ - V:k(c)t)ﬂ’/ré’l (ta g? 6/7 Y, y/) - ’/Tpp(ta 57 6,7 Y, y/)‘
< O()tp(t)e P=PW*/2 L O(1)tp(t)e P-@P®* L O(1), (4.57)
these last three terms being respectively the estimates corresponding to (4.54), (4.55) and
(4.56). With the same function p(t) = /4, (4.57) allows us to complete the proof of the
estimate (4.48), and the proof of Lemma 4.1. O
4.2.4 Proof of Corollary 4.2.

The estimate (4.49) directly comes from (4.48): indeed, (4.48) implies that

M. M,
0.6 €] < (5

hence
| mteeepiae = g+ | =] ¢’
¢rer e Va(opl <V e Va2V
MO MO
< g [ e
Afs/v*(@uwi t e—e—Vi(o=vi (€ — & = Vi(c)t)?
_ 2MoVt L2y AM,
-t N
This concludes the proof of Corollary 4.2. OJ

4.2.5 Proof of Lemma 4.3.

(i) The expression of v/tdemft is similar to the expression of 7%, with the additional mul-
tiplicative factor iv/t¢ inside the integrals. Hence, proceeding in the same way, we obtain
(4.50), and in the same way as in Corollary 4.49, this implies that (4.51). (ii) Next we see
that

Dy(ﬁR(tf,f’,y,y’)) _ Dy(ﬂ"’l(t,&f’,y,y’) —pr(t,f,ﬁ’,y,y’))

Ur(y) ¥r.(y)
_ 7T£71<t7 5) g/’ Y, y/) o 1 z‘(g—g’)é —pq gt o f eé(y) "
D) T fo P @ m ) g )
_ L[ ek me o Enp. (EYY g
=0 )¢ €€ =11 ¢ 7(5)@1(§,y)Dy<¢rc(y)> dE.
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Since eo(y) = ¥, (y), we have

p,(<0) _ og9),

Ur.(y)
hence R(t e ) .
™ 1SS Ys Y o -
DZ/( %c(?/) ) _O(t)v

which is the first part of (4.52). Next

(E-¢~- K(c)t)QDy(rR(t’f»g, v, y’))

Ur.(y)
__1 82i—/—*cf (iVi(c)é—p, A* eé(y) 2
- (Gt (12
___1 e —viené O ( wai-m ot fra . (&Y
= g e T (O 7(£)¢1(£,y)Dy(¢rc(y)>)d£
1

& Ve 2 A gé
=5 [ et <zV*<c>€*“Lé>t(O(t)+O(t2€2)+0(t£)) de,
m

hence, thanks to the same change of variables o = téz, we get

(€= ¢ = viln, (T o),

which is the second part of (4.52). Finally, as in Corollary 4.2, (4.52) implies (4.53), which
completes the proof of Lemma 4.3. U

4.3 Influence of the low frequencies, part 3: study of the projec-
tion F,(7) and of its inverse Fourier transform

4.3.1 Statement of the main results concerning F,(7‘) and of its inverse Fourier
transform 72

We are going to prove the following

Lemma 4.4 First,
1 Ea(7) |2 < Cet. (4.58)

Moreover, given n, there exists éo > 0 small enough, and C' > 0, such that, given k, k' €
{0,--- ,n} such that k+ k' > 1, we have

|05 DY Ea(#)|| 5 < CHFHF e P2, (4.59)
It will imply the following

Corollary 4.5 Denote %% the inverse Fourier transform of Ey(7*):

1 Ay R ~ A~
€)= 5 [ OB 10 d
£eR

Then there exists w > 0 and C > 0 such that, for all t > 1, all € € R, all y,y’ € TV ! we
have

/é/ R(IW“(t,&f’,yw’)l + [0em? (t,6,€ y )| + | Dy (2, 6,6y, y)l) de' < Ce . (4.60)
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4.3.2 Proof of Lemma 4.4.

First we have
(0 + L) Ex(7°) = 0.

Since |é | < &, the spectrum of Le, except p, ¢, lies in the half-plane of complex numbers of

real part larger than w;/2. Hence, multiplying by F,(7¢), integrating and taking the real
part, we obtain that

A w1 A
S o 1B (FOIE + LI B <0,
which implies that
|Eo(#)]125 < Coe™,

hence (4.58) holds true.

Now, let us study the f—derivatives of Ey(7%), the main reason being that, as in the proof
of Corollary 3.3, we will need integrability bounds of 7%2, which derive from L* bounds
of a§E2(ﬁf). Hence we have to study first 6£E2(7Ar€): it is solution of the nonhomogeneous

parabolic problem

0

(5; + L) (0 Ea(7)) = —i(B(y) — 2r-(0)) o) — 2 Ex(").

Now decompose 85E2(7Ar€) into
O Ey(7t") = Er(0¢Ea (7)) + Ea(0: E(7")).

First, it is easy to verify that HEQ(@EEQ(’/ATZ))H 1z goes exponentially fast to 0: indeed,
Eg(aéEg(fré)) is solution of

(% + L) (By(0:Eo(7"))) = Eo(—i(Bly) — 2r_(c)) Ex(7") — 26 Ex(71)),

and we already know that the right hand side goes exponentially fast to 0; integrating and
taking the real part, we obtain that

10 R w . .
QaHEz(@gEz(We))Hig + jHEz(agEz(ﬂe))Hig < O Bo(7°)II7s.

which implies that
|\E2(85E2(7%€))H%5 < Cement/?, (4.61)

Concerning El(aéEQ(’YAlj))l it is solution of

(% + 11 ¢) (B1(0:Ex(71))) = Er(—i(B(y) — 2r—(c)) Ba(7") — 2 Es(7Y)),

hence
E1(0¢Eo (7)) (8, €,€,y.y) = E1(9:Ea(7))(0,€, &y, ¢/ )e e

i /0 e I B (—i(B(y) — 2r-(0)) Ba(7) — 26 By(7")) ds.

24



Using the asymptotic expansion (3.32), we have

I e =i(3) = 2 () Ealr) = 2 Ba(A) g

. . t . . . N
< Cel-D- @+ MEN / (DO LME)s =5 g o (1(-DoOE+MEN
0

if & is small enough so that D,(c)&2 + M&3 < w,. Hence
| B4 (0 Ba(7) 15 < Cel PO HMEN, (4.62)
Hence (4.61) and (4.62) imply that

H@éEz(,/ATE)HLg < C«e(—D*(c)é2+Mé3)t < Ce—D*(c)EQt/2 (463)

if & has been chosen small enough. This proves (4.59) when k =1, k' = 0.
Next we can repeat the procedure: its derivative D, Fy(7*) satisfies

(0 + L¢)(DyBy(7")) = —iE D, BE, (7). (4.64)

Multiplying by D, Es(7*), integrating and taking the real part, we obtain that

10 . £2 . .
5 51 Dy B2l + 55 1D, B2 175 < CllEa(7) 2,

20t
hence, thanks to (4.58), there exists C; such that

1Dy Eo(7°)II7> < Cre*, (4.65)

which is an estimate similar to (4.59) with & = 0, ¥’ = 1. To obtain exactly (4.59), it is
sufficient to decompose

DyEx(7) = Er(DyEa(7")) + Ez(Dy Es(7")),

and proceed as previously for agEQ(frz).
Next we turn to 8§E2(7%£): it is solution of the nonhomogeneous parabolic problem

0

(5 + L OEES(T)) = ~2i(3(y) — 2r_(e))0; Fali) — 206 Ea(7") — 2Ea("),

and the Lz norm of the right hand side goes to as 0 as e(~Dx () +ME Then, we decompose
into a sum of projections, and we see that

1B (8% Ba (7)) |7, < Cem 2. (4.66)
Concerning the other projection E1<8§E2<7%£))3 Duhamel’s formula gives that
El (8§E2<7%Z))(t, éa 5/7 Y, y/) = El(agEQ(ﬁ-e))(Oa 57 5,7 Y, y/>6_ul'ét

+ / t e eI B (=2i(B(y) — 2r_(0)0:Ba(7°) — 2£0:E(7") — 2E(7")) ds,
0
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which easily implies that

| BV (@2 Ba(7)) |15 < Gl +MEN
! 2 s
+ C’e(‘D*(C)52+M€3)t/ o(D=()E2+ME)s (= Di(e)?+ME)s g
0

< Cel~DAOE+MEN | 1 (~Du(@E+3MEN

)

hence .
2
102 Ex(7) || 12 < CemP-O2 (4.67)

if & is small enough, which proves (4.59) when k =2, k' = 0.
The same strategy and a suitable induction argument leads to the validity of Lemma 4.4.
O

4.3.3 Proof of Corollary 4.5.

Sobolev’s embeddings imply that HY(TV~!) ¢ L>°(TN~1), and there exists some 6 > 0 and
C > 0 such that, for all f € HN*(TV~!), we have

1Ly < O ey + 1 s [DY F o).

Then (4.58) and (4.59) imply that there exists w > 0 and C' > 0 such that, for all ¢ > 1, all
£,¢ eR, ally,y € TV we have

|Ex(7°)(, €, y.y/)] < Ce™", (4.68)

In the same way, Sobolev’s embeddings imply that in fact all the y-derivatives of Ey(7%) go
exponentially fast to 0, uniformly in &, &', y, 4. Then, since Ey(7*) is compactly supported
in &, this implies an L> bound for 7%2:

12 (t, &, 8y, )| < Cem™t,

Now, as in Corollary 3.3, we consider

(€~ EPrt2 (6,6 yy) = — o

27T éER
(4.59) and Sobolev’s embeddings imply that there

OZEo(7)(1,€.€',y,y/)| < Ct¥ e P2,

ei(E—E’)fagEQ(fre)(t, £,0,y,y/) dé.

Then
(€ = &P |m"2(1.6,€ g ) < CEVH2,
This seems a rough estimate, but as we did before:
vo 2 et
! / : —W . —w
[T, €, €y, y)| < inf{e 7m} < inf{e 7m}a
which implies that
| eyl < oo
§'eRr

The same strategy yields that the same estimate holds for the first order derivatives 97>
and D, "2, hence (4.60) holds true. O

26



4.4 Application of these estimates to the Hopf-Cole transform gq.

We decomposed successively 7 into

4

7=a" 4+ 7t = 7h 4 78 4 782 = 7P 4 7P 4 7R 4 282

and this yields
=4 7P 4 7l 4 12

and
¢=q"+q"+q"+¢"

with the natural definition:
Ft.E&y) = / / (6,8 y, 0 )ao(€y') dE' dy.
E’GR y’ETNfl

We are going to study these four terms, and prove the following

Lemma 4.6 (i) ¢*? has the following property: it is the solution of the advection diffusion
equation

qi" = D:(c)gee +Vile)gg” =0, ¢”(0,&,9) = ¥r.(y) / W&y ) (y)dy.  (4.69)

(ii) ¢" has the following property: for all k, k' € N, there exists Cypr > 0, wypr > 0 such that

we have:
Vt>1,VE e R Vy € TV, |0FDY ¢"(t,€,9)| < Cae ™| qo] - (4.70)

(iii) q™ has the following property:

4 M,
Vi > 1,¥6 e R Yy € TV7L |gfi(t, €, y)| < Tjuqonoo. (4.71)

(iv) ¢“? has the following property: there exists C' > 0 and w > 0 such that
Vt > 1,VE e R, Vy € TV ¢824 (¢, €, y)| < Ce™. (4.72)
PROOF. Part (i) is a consequence of (4.47). Part (ii) follows Corollary 3.3. Part (iii) follows

from Corollary 4.2, and Part (iv) is a direct consequence of Corollary 4.5. O

4.5 Application of these estimates to the Hopf-Cole transform s.

Now let us consider the decomposition of the Hopf-Cole transform s

er—(c)m(tvévy) =g = Sh + Spp + SR + S£’2

with the definition:

s (t,€,y) == 7 (t,&y) = !

1
e (y) U, (y)

We are going to study these four terms, and prove the following

/ / (& y, v (€, y) dE dy.
§/€R y/E'H‘N—l

27



Corollary 4.7 (i) The function sPP is solution of the advection diffusion
= DAL + VO =0, (0.60) = [ ale)on )y, (@1
y/

hence it does not depend on y and is bounded between two positive constants.
(ii) s" converges exponentially fast to 0: there is some w > 0 such that

sup 50, €.0)| = O(c ) (.74
Y
(iii) s* converges uniformly to 0 as t=/2;
R 1
aup |57t €, 9) = O(L). (1.75)

&y \/Z

(iv) s“2 converges exponentially fast to 0: there is some w > 0 such that

sup s“2(t, &, y)| = O(e™"). (4.76)
Y

PRrROOF. (i) follows from the parabolic equation (4.69) satisfied by ¢”” and the weak maximum

principle, (ii) follows from (4.70) of Lemma 4.6. (iii) is a consequence of Corollary 4.2, and

(iv) comes from Corollary 4.5. O
Finally, we need estimates on the first order derivatives of s.

Corollary 4.8 (i) Ds?P = 05" = O(t~/2) uniformly in &, y.

(ii) There is w > 0 such that Ds" = O(e™*') uniformly in &, y.

(iii) Dsf = O(t=Y4) uniformly in & y. More precisely, 9¢s® = O(t™') and D,sf =
O@t=4).

(iv) There is w > 0 such that Ds*? = O(e %) uniformly in £, y.

PROOF OF COROLLARY 4.8. Part (i) follows from the advection diffusion equation (4.73)
satisfied by s*P. Part (ii) follows from Corollary 3.3. Part (iii): first we derive from (4.51)
that

! ! ! ! ! / 1
Des(t,&,y) = / / e (t, &, €y, v )qo(€,y) dE' dy = 0(;)||q(>||oo;
{'GR y’ETN_l

1
Ur(y)

next we see that

et = [ [ o (TSI e ag

hence (4.53) implies (iii).
Part (iv) comes directly from Corollary 4.5. 0
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4.6 Application to these estimates to the approximate shift m

We derive from Corollary 4.8 the following

Corollary 4.9 Denote

mPP(t,&) = In sPP(t,§) (4.77)

1
r—(c)

Then the approximate shift m has the following properties
1

L& y) —mPP(t,€)] = O(—), 4.78
S;5|m(t€y) mP?(t, )| (ﬂ) (4.78)
and ] 1

Sgylvlms(tf,y)| = 0(%), S;5|Dym(t,£,y)l =O0(): (4.79)

PROOF. It derives immediately from Corollaries 4.7 and 4.8: by the mean value theorem,

1 1 1
m —m?’ = Ins — Ins?? = O(s — s7) = O(s" + s + s4%) = O(—=);
o (s — 5) = O )=0(—)
next s
L se 1 sgtsftsdtsg 1
me = ~ = O(_)7
r_(c)s r_(c) s Vit
and in the same way D,m = O(t~1/4). O

5 Conclusion and examples

Corollary 4.9 gives us that ||Dm||o, = O(t~*/*), and this completes the proof of Proposition
2.3. Now we have a quite precise description of the asymptotic behaviour of the solution u
of the Cauchy problem associated to (1.3): Proposition 2.3 gives that the approximate shift
m satisfies || Dm|s = O(t~/*), and in subsection 2.5, we have seen that this implies that
the difference between u and the approximate solution u™? satisfies u(t, &, y) — u™?(t,£,y) =
O(t~/*) uniformly in ¢ and y. But then it is natural to introduce the “principal part” of wu:

uPP(t, &, y) = @& +mPP(t,€),y), (5.80)

and we have immediately

a<t7 57 y) - ﬂpp(tv ga y) = a(t’ ga y) - ﬂapp(t’ ga y) + ¢c(§ + m(tv ga y)’ y) - gbc(g + mp;IJ(t’ g)v y)

= Oli7) + O(m = m") = () + O(—2) = Oli).

t1/4
The main gain is that sPP(t,&) = '~ (™"t gatisfies the very simple one dimensional
advection diffusion equation 4.73, whose solution is explicit, using the classical heat kernel.
As a consequence, let us mention these two simple examples, extracted from a more complete
study given in [4]:
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assume that mo(&,y) — mo(—o0,y) as £ — —oo; then, considering
So(—00) = / eIy, () dy,
y/
the explicit formula of sPP allows us to prove that

PP E.) = 06+ 5 man(=00).)

converges uniformly to 0 as t — 400, uniformly in ¢ and y (with an explicit decay
rate, depending on the convergence of mg(&,y) —mo(—o00,y) to 0); hence, the solution
u converges to some translate of the travelling wave:

S;lyp |u(t7 57 y) - gbc(g + r (C)

In SO(_OO)v y)| —t—4o00 07

assume now that s”?(¢,0) “slowly oscillates” at —oo (see [4] for a precise definition);
then uPP, and consequently u, does not converge to any translate of the travelling wave

Pe-
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