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Abstract

We study the existence of particular traveling wave solutions of a nonlinear parabolic
degenerate diffusion equation with a shear flow. Under some assumptions we prove
that such solutions exist at least for propagation speeds ¢ €|c,, +00[, where ¢, > 0 is
explicitly computed but may not be optimal. We also prove that a free boundary hy-
persurface separates a region where v = 0 and a region where u > 0, and that this free
boundary can be globally parametrized as a Lipschitz continuous graph under some
additional non-degeneracy hypothesis; we investigate solutions which are, in the region
u > 0, planar and linear at infinity in the propagation direction, with slope equal to
the propagation speed.

1 Introduction
Consider the advection-diffusion equation
T —V-(AVT)+V-(VT) =0, (t,X) € RT x R¢ (1.1)

where T > 0 is temperature, A > 0 is a diffusion coefficient and V = V(zy,...,74) € R? is a
prescribed flow. In the context of high temperature hydrodynamics, the diffusion coefficient
A cannot be assumed to be constant as for the usual heat equation, but rather of the form
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A= ANT) = \T™ for some conductivity exponent m > 0 depending on the model, see [17].
We will consider here the case m # 1. In Physics of Plasmas and particularly in the context
of Inertial Confinement Fusion, the dominant mechanism of heat transfer is the so-called
electronic Spitzer heat diffusivity, corresponding to m = 5/2 in the formula above.

Suitably rescaling one may set A\g = m + 1, yielding the nonlinear parabolic equation

oOT — A (T™)+V-(VT) =0. (1.2)

When temperature takes negligible values, say T = ¢ — 0, then the diffusion coeffi-
cient A(T') = M\gT™ may vanish and the equation becomes degenerate. As a result free
boundaries may arise. We are interested here in traveling waves with such free boundaries
I'=0{T > 0} # 0, and in addition T'— +oc in the propagation direction.

When V =0 ((1.2) is usually called the Porous Medium Equation - PME in short -
T —A(T™) =0 (PME)

and has been widely studied in the literature. We refer the reader to the book [16] for
general references on this topic and to [I}, 2, 3] for well-posedness of the Cauchy problem and
regularity questions. As for most of the free boundary scenarios, we do not expect smooth
solutions to exist, since along the free boundary a gradient discontinuity may occur: a main
difficulty is to develop a suitable notion of viscosity and/or weak solutions; see [13] for a
general theory of viscosity solutions and [6] in the particular case of the PME, [16] for weak
solutions.

The question of parametrization, time evolution and regularity of the free boundary for
is not trivial. It has been studied in detail in [, [9, [10]. When the flow is potential
V=Vo has recently been studied in [I5], where the authors investigate the long time
asymptotics of the free boundary for compactly supported solutions.

We consider here a two-dimensional periodic incompressible shear flow
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for a sufficiently smooth a(y), which we normalize to be mean-zero [ «(y)dy = 0. In this
0

setting ((1.2) becomes the the following advection-diffusion equation

OT — A(T™) + a(y)0,T =0 (AD-E)
with 1-periodic boundary conditions in the y direction.

For physically relevant temperature 7" > 0 it is standard to use the so-called pressure
variable u = mTHTm, which satisfies

O — mulAu + a(y)d,u = |Vul>. (1.3)



Remark 1. When m = 1 pressure u is proportional to temperature T', and this particular
case will not be considered here.

Looking for wave solutions u(t,x,y) = p(x + ct,y) yields the following equation for the
wave profiles p(z, y)

—mpAp + (¢ + a)p, = |Vp|?, (z,y) € R x T (1.4)

In the case of a trivial flow o = 0 it is well-known [I6] that for any prescribed propagation
speed ¢ > 0 there exists a corresponding planar viscosity solution given by

p(l’, y) = pc(il') = C[x]Jra (1’5)

where [.|T denotes the positive part. This profile is trivial for x < 0 and linear for z > 0,
with slope exactly equal to the speed ¢. The free boundary I' = {z = 0} moves in the
original frame with constant speed z(t) = —ct + ¢st, and the slope at infinity therefore fully
determines the propagation.

In this particular case the free boundary is non-degenerate, Vp = (¢,0) # 0 in the “hot”
region p > 0. The differential equation satisfied by the free boundary I' in the general
case was specified in [10], where the authors also show that if the initial free boundary is
non-degenerate then it starts to move immediately with normal velocity V' = — Vp|;.

In presence of a nontrivial low o # 0 a natural question to ask is whether
can be considered as a perturbation of . More specifically we are interested here in
the following questions: (i) do y-periodic traveling waves behaving linearly at infinity and
possessing free boundaries still exist? (ii) If so for which propagation speeds ¢ > 0, and is
it still true that the slope at infinity equals the speed ¢? (iii) Is the free boundary wrinkled
by the flow and how can we parametrize it? (iv) Is the free boundary non-degenerate and
what is its regularity?

We answer the first three questions above, at least for propagation speeds large enough.

Main Theorem 1. Let ¢, := —mina > 0: for any ¢ > ¢, there exists a nontrivial traveling
wave profile, which is a continuous viscosity solution p(xz,y) > 0 of (L.4) on the infinite
cylinder. This profile satisfies

1. if Dy :={p > 0} denotes the positive set, we have DT # 0 and p|,+ € C>(D5),
2. p is globally Lipschitz,
3. p is planar and linear p(x,y) ~ cx uniformly in y when x — +o00.

Moreover there exists a free boundary T' = 9(D™) # () which can be parametrized as follows:
there exists an upper semi-continuous function I(y) such that p(x,y) > 0 < = > I(y).
Further:

e Ifyo is a continuity point of I then T N{y =10} = (I(y0),vo)-

o If yo is a discontinuity point then I' N {y = yo} = [L(yo), I(y0)] X {y = wo}, where
I(yo) := liminfI(y).
Y—Yo



The question 4 is sill open. The non-degeneracy of the pressure at the free boundary
Vplr # 0 and the free boundary regularity are closely related. For the PME it was dis-
cussed in [8, O 10]. We have, however, a partial answer under some strong non-degeneracy
assumption.

Proposition 1.1. With the same hypotheses as in Theoreml[], assume that the non-degeneracy
condition p, > a > 0 holds in DT for some constant a. Then the function 1(y) defined in

is Lipschitz, and T' = 0{p > 0} = {(x, y), x= I(y)}

Remark 2. The condition of linear growth at infinity is natural because it mimics the planar
traveling wave (1.5) for the PME. Let us also point out, a posteriori, that this linearity
appears very naturally in our proof, see Section [J

Recalling that we normalized [ a(y)dy =0 ,we will always assume in the following that
Tl

the propagation speed ¢ > 0 is large enough such that
O<ep<c+a<qg (1.6)

for some constants cg, ¢;. This is indeed consistent with ¢ > ¢, = —mina > 0 in the main
Theorem [11

The method of proof of Theorem (1] is standard. We refer the reader to [4] for a general
review of this method and to [§] for the special case of the PME. The proof relies on a
simple observation: if p > > 0 is uniformly elliptic; we shall refer in the sequel to any
solution p > ¢ > 0 as a d-solution. The main steps are the following.

We first regularize by considering its d-solutions with § < 1 on finite cylinders
[—L, L] x T', L > 1 with suitable boundary conditions. In Section [2| we solve this regular-
ized uniformly elliptic problem, and derive monotonicity estimates of its solution in the x
direction. In Section [3| we take the limit L — +oo for fixed § > 0, and establish

Theorem 1.1. For any 6 > 0 small enough there exists a smooth d-solution p > d on the
infinite cylinder such that lim p(z,y) =6 and p(z,y) ~ T uniformly in y.
T—r—00 T—r+00

The linear behavior will be actually proved in section [5| for the final viscosity solution, but
the proof can be easily adapted for the d-solutions. We complete the proof of parts 1. and 2.
of Theorem [1}in Section 4| by taking the degenerate limit 6 — 0%. Section [4]also contains the
analysis of the free boundary and the proof of Proposition [I.I} In Section [f] we investigate
the linear growth and planar behavior at infinity. We refine part 3. of Theorem (1] as

Theorem 1.2. Both for the viscosity solution of Main Theorem [1| and the &-solution of
Theorem the following holds when x — +o00:

1. p(z,y) ~ cx, py(x,y) ~ ¢ and py(z,y) — 0 uniformly in y

2. If 1 <m ¢ N and N := [m], there exist ¢1...qn and ¢* € R such that

p(xa y) =cr+z (qlx_# + ...+ qu_%> +q + 0(1)



The second part is novel compared to the PME, for which the planar wave is exactly linear

= cx at infinity. Once again, we prove this statement for the final viscosity solution, but
the proof extends to the d-solutions. Section [0] is finally devoted to uniqueness of the wave
profiles, and we establish

Theorem 1.3. The §-solutions of Theorem[I.1] are unique up to x-translations.

2 oO-solutions on finite domains

Here we solve (1.4) on truncated cylinders Dy = [—L,L] x T', L > 1 with a uniform
ellipticity condition p > ¢ > 0. We show in this section that this ellipticity can be achieved
by setting suitable boundary conditions, and we therefore consider the following problem

—mpAp + (c+ a)p, = |Vp[*>  (Dy),
0<d<A<B, p=A, (x=—L), (2.1)
p =B, (x=+L),

where the constants A and B are specified later.

We will show that any solution of must satisfy p, > 0, and therefore p > A > 0 on
Dy. Thus is uniformly elliptic. We prove this x-monotonicity of p using the following
non-linear comparison principle, which relies on the celebrated Sliding Method of Berestycki
and Nirenberg [5].

Let a < b, Q =]a,b[xT! and for any function f € C?(©2) N C(Q) define the nonlinear
differential operator

O(f) :=—mfAf+ (c+a)f, — |[Vf] (2.2)
Theorem 2.1. (Comparison Principle) If u,v € C*(Q) N C(Q) satisfy u,v > 0 in Q and
u(a,y) < u(z,y) <u(by)
T EX o) < o(ey) < olb.y) 29
then
O(u) = v) ()
u > v (092) = u>v (ﬁ) )
mg)l u > maxv

The proof is easily adapted from [5]: the fact that the equation is invariant under -
translations and that the domain is convex in this direction allows to compare translates of
u and v.

Condition ([2.3) may seem quite restrictive at first glance, as it requires u, v to lie strictly
between their boundary values: the following proposition ensures that this holds for any
positive classical solution of problem ([2.1)).

Proposition 2.1. Any positive solution p € C*(Dy) NC(Dy) of problem (2.1)) satisfies

V(z,y) € D p(—L,y) < p(z,y) <p(L,y).



Proof. Assume that p is such a solution: since p > 0 on the (compact) cylinder [—L, L] x T?,
equation —mpAp + (¢ + a)p, — |Vp|* = 0 can be considered as a uniformly elliptic equation
Lp = 0 with no zero-th order term: the classical weak Maximum Principle therefore implies
on Dy that A = Iggil p<p< Iggz( p = B, and the classical strong Maximum Principle

ensures that the inequalities are strict in Dy,. O

Corollary 2.1. There exists at most one positive solution p € C*(Dy) NC(Dyr) of problem

D).

Proof. Assume p; # po are two different solutions: ®(p;) = ®(p2) = 0, mi? p;=B>A=
Tr=

max p; and by previous proposition pq, ps satisfy condition ({2.3): Theorem [2.1yields p; > p,

r=aqa

and therefore p1 = Da.

We recall that a function p* € C2(Q)NC(Q) (resp. p~) is a supersolution (resp. subsolu-
tion) if ®(p*) > 0 (resp. ®(p~) < 0), and construct below two different types of planar sub
and supersolutions.

An elementary computation shows that a planar affine function p*(z,y) = Atz + Bt
is a supersolution (resp. p~(z,y) = A~z + B~ is a subsolution) if and only if 0 + (¢ +
a)AtT > (AT)? (resp. A, <). Due to hypothesis this condition is satisfied as soon
as 0 < A' < ¢ (resp. A~ > ¢; or A~ < 0): any affine function with positive slope A1 < ¢
(resp. A~ > ¢1) is hence a supersolution (resp. subsolution).

We will also use some additional planar sub and supersolutions. For any zqg € R, M >
0 > 0 and C > 0 consider the following boundary value problem

—muu” + Cu' = (u')?,
uc(x) - u(—o0) = 94,
u(zg) = M.

Using ODE techniques one easily shows that there exists a unique solution u¢, which satisfies
uc > 6, C' > up >0 and uf, > 0 for € R. Defining p*(x,y) := uc(x) one easily computes
for 0 < C' < ¢y (hence ¢+ a(y) > O)

O(p™) > —mucul + Cul — (up)* = 0,

and p* is therefore a planar supersolution. The same computation shows that if ¢ + a(y) <
¢1 < C then p~(x,y) = uc(x) is a planar subsolution ®(p~) < 0.

This allows us to build planar sub and supersolutions tailored to as follows. Let
0 > 0 be a small elliptic regularization parameter, and define

—muu” + cou’ = (u)?,
u(0) = 1.
If
B = p+(L), (25)



similarly define

—muu” + au’ = (u)?
p () = ug, (), u(—o0) = 9, (2.6)
uw(L) = B.
As discussed above p~, p* are a planar sub and supersolution on Dy, = [—-L,+L] x T!'. They

satisfy all the hypotheses of our Comparison Theorem 2.1 and therefore p~ < p*.
We prove below that, choosing

pr(=L)+p (-L)

A= ,
2

(2.7)

there exists at least one solution p of problem ({2.1)) lying between p~ and p*.

Theorem 2.2. Fix 6 > 0 small enough: for L > 0 large enough and A, B defined by

R.7)-[2.5) there exists a unique positive classical solution p € C? (D) N C* (D_L) of (2.1).
Moreover, it satisfies p~(x) < p(x,y) < pT(z) on Dy, and p € C>® (D).

Proof. Uniqueness is given by corollary . It was shown in [IT] that if there exist strict sub
and supersolutions p~ < p* then there is a classical solution p satisfying p~ < p < p*. Note,
however, that we set C' = ¢y, ¢; in —. This corresponds to non-strict inequalities
®(p*) > 0 and ®(p~) < 0, meaning that these particular sub and super solutions are not
strict ones. It is however easy to approximate p* by strict sub and supersolutions pZ, where
pS > pt and p- < p~ are such that p* — p* uniformly on Dy when ¢ — 0F; this can be
done setting ¢y — ¢ instead of ¢y and ¢; +¢ instead of ¢; in (2.4)-(2.6) (and also approximating
boundary conditions).

All the hypotheses of Theorem 1 in [I1] are here easily checked, and we conclude that
there exists at least one solution p. € C>*(Dy) NC'(Dy) such that p- < pe <pfon D; and
satisfying boundary conditions p.(—L,y) = A, p.(+L,y) = B. By uniqueness (corollary [2.1]
this solution is independent of ¢, i-e p. = p; taking the limit ¢ — 01 yields p~ < p < p* on
Dy, and p is smooth on Dy, by standard elliptic regularity. O]

As we let L — oo in the next section, we need monotonicity of p in the = direction, as
well as an estimate on p, uniformly in L, the size of the cylinder Dy.

Proposition 2.2. The solution p(z,y) of (2.1)) satisfies
0<p,<c (2.8)
on Dr, where ¢; > 0 is given in (1.6).

Proof. p € C*(Dr)NC! (D_L) is smooth enough to differentiate (1.4) with respect to x, and
q=:p, €C®(D)NC (D) satisfies

—mpAq + [(¢c+ a)g. —2Vp - Vq| — (mAp)g = 0. (2.9)

We first prove the upper estimate p, < ¢;. Since we set p(—L,y) = A < B = p(L,y)
there exists at least a point inside D where p, > 0; any potential maximum interior point
for ¢ = p, therefore satisfies ¢ > 0, and of course Vg = 0, Ag < 0. Using ([2.9) we compute
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at such a positive interior maximum point (mAp)q = —mpAq > 0, hence mAp > 0 and
mpAp > 0. The original equation (1.4]) satisfied by p > 0 yields now

0<mpAp=(c+a)p, — |Vp]* = (p)> <|Vp|* < (c+ a)ps,

and since ¢ = p, > 0 at this maximum point we obtain ¢ = p, < (¢ + «a) < ¢1.

We just controlled any potential maximum value for p, inside the cylinder, and we control
next p, on the boundaries using sub and supersolutions as barriers for p. Recall that the
boundary values are flat, p(—L,y) = A and p(L,y) = B.

On the right side we use the previous subsolution p~(x) as a barrier from below: recalling
that p, < ¢y and that p~ and p agree at x = L we obtain p,(L,y) < p, (L) < ¢;.

On the left we use a new planar supersolution as a barrier from above: let p(z) be the
unique affine function connecting p(—L) = A and p(L) = B, with slope s = £=4. Using
- it is easy to see that B ~ ¢gL and A ~ § when L — +o0o for fixed §. As a
consequence s ~ ¢y/2 < ¢y for L large enough, and p is indeed a supersolution. Since p
agrees with p on both boundaries our comparison Theorem ensures that p < p on Dy,
thus p, < s < ¢y < ¢q on the left boundary.

The lower estimate ¢ = p, > 0 is inside D a classical consequence of the Sliding
Method [5]. In order to establish this strict monotonicity up to the boundaries we consider
—mpAp+ (c+a)p, — |Vp|? = 0 as a linear elliptic equation Lp = 0 with trivial zero-th order
coefficient. Proposition and flatness of the boundaries show in addition that p attains a
strict minimum at any point of the left boundary, and also a strict maximum at any point

of the right boundary. Hopf Lemma then implies that p, > 0 on both boundaries.

N o

Proposition 2.3. (Uniform Pinning) There exists large constants K > 0, K; ~ K —
and Ky ~ K + VK such that, for any L large and any § small enough, there exists x*
x*(L, ) €]0, L[ such that

1. lim (L—2")=+o0,
L—+o00

2. Ky <p(a*,y) < K.

The constants K, Ky, Ky depend on the upper bound c¢1 in (1.6) and m > 0, but not on L or
J.

Proof. The idea is as follows. When z increases from —L to L the map x — f p(z,y)dy

increases from A ~ §d < 1to B ~ ¢yL > 1. For fixed large K and L large enough thls integral
has to take on the value K at least for some x €] — L, L[. The equation for p then allows
us to control the y-oscillations of p along this line by O(v/K). If K is chosen large enough
these oscillations are small compared to the average, and p along this line will therefore be
of the same order O(K) than its average [ pdy. This will be our pinning line x = z* (up to
some further small translation).

e Choose a large constant K > 1, and for z € [—L, L] define F(z fp x,y)dy: since

p(0,y) < p*(0) = 1 we have that F(0) < K. By convexity p~ lies above its tangent
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plane ¢t (z) at x = L, and we recall that we had set p~(L) = p(L,y) = p*(L) = B. For

L large and ¢ small t7(z) = K has a unique solution z = xx given by xy = L+ z%’
and F(rgk) > p~(vx) > tr(rkx) = K. Remarking that F' is increasing (p, > 0), there

exists a unique x5 (L, 0) €]0, xx] such that

F@%w=/p@%ymy=K:

T
Manipulating (2.4))-(2.6) it is easy to check that for K,¢ fixed and L — +oo there
holds L) Ko
B=p"(L) ~ ¢l } — ( co)
_ = o =L+ ~|1——]L;
(L) ~ «a “ Py (L) ¢
as a consequence of (|1.6]) the line x = 2%(, L) stays away from both boundaries.

Let us now slide the whole picture to the left by setting p(z,y) = p(x + %, y), so
that x = 2}, corresponds in this new frame to x = 0; for simplicity of notation we
will use p(z,y) instead of p(z,y) below. The corresponding domain still grows in both
directions when L — +o00, and by definition of x% we have that

/@mwmy:K.

Tl

We claim now that there exists a constant C', depending only on m # 1 and the upper
bound for the flow ¢y, such that

Vo > 0, / IVp|?dady < C(K + ). (2.10)
[0,z] xT?

Indeed, integrating by parts the Laplacian term in —mpAp + (¢ + a)p, = |Vp|* over
a subdomain = [0, 2] x T! and combining the resulting |[Vp|? term with the one on
the right hand side yields

(m — 1)// |Vp|*dzdy + m/ppz(O, y)dy — m/ppz(x, y)dy + //(C + a)p,dzdy = 0.
Q T T1 Q
(2.11)

L Ifm—1>0weusem [ pp,(0,y)dy > 0 and [[(c+ a)p,dzdy > 0 in (2.11)). This
! 0
leads to (m — 1) [[ |VplPdzdy < m [ pp.(z,y)dy, and since 0 < p, < ¢;
0 !

mcy

2 < :
/ Vp[dady < —— 1/p(x,y)dy

Q T1

Our monotonicity estimate 0 < p, < ¢; again yields

/p(-’rf,y)dy = /p(O,y)der //pxdxdy <K + ¢,
Q

T! T!
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and together with the previous inequality

Va > 0, / IVp|*dzdy < <
[0,2] xTL

2. If 0 <m < 1 we use pp,(x,y) > 0 in (2.11) to obtain

- m)// (VP dedy < m/ppz(O,y)der //(c+ a)p,dzdy.
Q T1 QO

Since 0 < p, < c¢; and 0 < ¢+ a < ¢; this leads to

/ |Vp|?dzdy < %/ (0,y)dy + —// 2dzdy
Q

< C(K+x)

1(K+clx) < C(K +x).

with C' = ﬁ max(mcy, c7) depending only on m and c;.

e In the spirit of [12] we control now the oscillations O(z) = ‘mmf:p(x, y) — minp(z,y)
yeT yeT

in the y direction: by Cauchy-Schwarz inequality we have that
2

/Ipy(x,y)ldy é/Ipy(af,y)IQdyS/IVPIQ(w,y)dy,
Tl T T

and integrating from x = 0 to x = 1 with - leads to
(1 —0) min O*(x)

) mi z) < /02
z€[0,1]

< / Vpldedy < C(K +1).
[0,1] X T

Let now z* € [0,1] be any point where O?(z) attains its minimum on this interval;
along the particular line x = z* the last inequality yields

O(z*) < VOK + 1) (2.12)

and these oscillations are therefore controlled uniformly in L (C' depends only on m
and ¢;). Moreover, x* € [0,1] and 0 < p, < ¢; control p in average from below and
from above

K = /p((),y)dy < /p(x*,y)dy <K+arr<K+a. (2.13)

T
For K large enough but fixed (2.12)), (2.13]) imply 0 < K7 < p(a*,y) < K, as desired,
with K; ~ K — O(VK) and K, ~ K + O(vVK) up to constants depending only on
c; and m. Finally z* € [0, 1] may depend on L, d,¢; (and actually does) but stays far

enough from both boundaries, so that the new translated domain still grows to infinity
in both directions when L — +4oc.

O
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3 o-solutions on the infinite cylinder

From now on we will work in the translated frame Dy =] — L — z*, L — 2*[xT!, where
x* = z*(L,d) is defined as in proposition above. Since the domain depends on L, the
solution depends on L as well. We emphasize that by writing p = p* (6 > 0 is fixed so we
may just omit the dependence on d), and let also set D = R x T to be the infinite cylinder.

Theorem 3.1. Up to a subsequence we have p* — p in C2 (D) when L — +o0, where
p € C* (D) is a classical solution of —mpAp + (¢ + a)p, = |Vp|?. This limit p satisfies

1. 0<p, <
2.p>0
3. p is nontrivial: K; < p(0,y) < K
where K1, Ky are the pinning constants in proposition [2.5,

Proof. Using interior L elliptic regularity arguments for fixed ¢ > d = 2 we will obtain W34
estimates on p”, and this will allow us to retrieve the strong convergence p* — p in C7 .

The most difficult term to estimate is |Vp|?. We handle it using a different unknown
which appears very naturally in the original setting , namely

1
m2 m+1 m—+1 i
— o — - Tmtl 3.1
v m + 1]? m m (3.1)

An easy computation shows that this new unknown satisfies on D}, a classical Poisson equa-
tion

Aw* = f*, (3.2)

where the non-homogeneous part

FEo= (et a) (p1) " pt (3.3)

involves only p’ and pZ, on which we have local L> control uniformly in L. Indeed, p* is
pinned at x =0 by K; < pL(O, y) < K, and cannot grow too fast in the z direction because
of 0 < p£ <.

If m < 1 the exponent % —1lin is positive and we control f¥ uniformly in L on any
compact set. However, if m > 1, this exponent is negative and we need to bound p; away
from zero uniformly in L. For 6 > 0 fixed this is easy since we constructed p* > p~ > § > 0,
but this will be a problem later when taking the limit 6 — 0 (see next section).

As a consequence, for any fixed ¢ > d = 2, fL is in L? on any bounded subset Q C D
and we control

1 o) < C

uniformly in L (C' may of course depend on €2, ¢ and §). Since w’ is defined as a positive

power of p” and p* is locally controlled in the L® norm uniformly in L the same holds for
L

w )

||wL||Lq(Q) < C.
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Let Q =] —a,a[xT' € D and K = ; let also Qy =] — 2a,2a[xT" and Q3 =] — 3a, 3a[xT"
so that Q CC Qy CC Q3. By interior L7 elliptic regularity for strong solutions (the version
we use here is [14], Theorem 9.11 p.235) there exists a constant C' depending only on 2, Q3
and ¢ such that

o) < € (0 lzeu + 1 )

As discussed above we control w” and f*, hence
[w"|[w2a(a,) < C (3.4)

for some C' > 0 depending only on €23, )y and gq.
The next step is using (3.1)-(3.3) to express f£ only in terms of w’

fL = ¢ —:_Oi(wL)"ﬁle,
m

8

Expressing V f¥ only in terms of w”, Vw" and D*w"’ (which are controlled by ||w”||w2q(ay)),
using the lower bound p* > § > 0 and uniform control on p~, (3.4 implies that

IV llzags) < €
for some C' depending only on the size a of 2. Differentiating implies
A(Ow*) = o f*, i=1,2.
Repeating the previous L? interior regularity argument on 2 CC 5 yields
|0iw" | lw2a(0) < C ([10:w0" || Las) + 110if ]| og)) < C,
and our previous estimate for V ¥ together with finally yield the higher estimate
[lw*|lws.ag) < C.

The set K = Q = [~a,a] x T! is bounded and the exponent ¢ was chosen larger than the
dimension d = 2. Thus compactness of the Sobolev embedding W*4(Q2) CC C?(K) implies,
up to a subsequence, that
L C(K)
w” — w

when L — +o00. By the diagonal extraction of a subsequence we can assume that the limit
w does not depend on the compact K. It means w* — w in C3, on the infinite cylinder D.
The algebraic relation (3.1)) and p© > § > 0 imply that

1 Cioc(D)
It implies that we can take the pointwise limit in the nonlinear equation. The limit p solves
therefore the same equation —mpAp + (¢ + a)p, = |Vp|? on the infinite cylinder.

The remaining estimates are easily obtained by taking the limit in 0 < pZ < ¢}, 0 < p~ <
pP and in the pinning proposition . Lastly, p is smooth by classical elliptic regularity. []

12



Proposition 3.1. We have lim p(z,y) = 0 uniformly in y.
Tr—r—00
Proof. The previous lower barrier § < p* on Dy immediately passes to the limit L — +o0,
and
V(z,y) € D, p>0. (3.5)

In order to estimate p from above let us go back to the untranslated frame z € [—L, L]
and remark that by definition p* does not depend on L, see . An easy computation
shows that p*(—L) — § when L — 400. The subsolution p~ actually depends on L through
boundary condition, see , but using the monotonicity d,p~ > 0 is is quite easy to prove
that p~(—L) ~ d when L — 4o00. The left boundary condition consequently reads

+ —
L pr(=L)+p (-L)
p ( 7y) 2 L——+4o00 5
However, the limit lim p(z,y) z Llim p*(=L,y) is not clear because the convergence
Tr——00 —+00

pY — pis only local on compact sets (and also because we translated from one frame to
another).

In order to circumvent this technical difficulty we move back to the translated frame and
build for x €] — L — x*,0[xT! a family of planar supersolutions p.(x) independent of L such
that p.(—o00) = § + €. The construction is the following: fix ¢ > 0 and define p.(x) as the
unique solution of Cauchy problem

—muu” + cou’ = (u')?
p.(z): uw(0) = 2K, (3.6)
u(—o0) = d+¢

where K5 is the constant in proposition such that pZ(0,y) < K,. As already computed
the setting C = ¢y < c+ain implies that p, is a supersolution. By monotonicity both
p! and p. satisfy condition , and for L large and 0, € small it is easy to check that p < p,
on the boundaries x = —L — 2*,0: Theorem [2.1| guarantees that

V($,y> 6]_L_I*7O[XT17 pLSZ_je'
For ¢, ¢ fixed, p, is independent of L: taking the limit L — 400 yields
V(z,y) €] =00, 0[xT!,  p(z,y) <p.(z). (3.7)

Taking now the limit ¢ — 0 in (3.6)), it is easy to show that p.(z) — P(x) uniformly on

| — 00, 0], where p is the solution of the same Cauchy Problem as p, - except for p(—oc) = §

instead of p.(—o0) = 6 + ¢ - and satisfies lim p(z) = J. Combining the limit ¢ — 0 in (3.7))
Tr——00

with the lower barrier (3.5 we finally obtain

V(z,y) €] — 00,0l x T', 6 <p(z,y) S@

—4

as desired. ]
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Remark 3. The proof above actually implies a stronger statement than lim p(z,y) = 6,

r—r—00
namely 6 < p < P for x — —oo: just working on the ODE —mpp’ + cop = () it is
straightforward to obtain the exponential decay |p — 6| = O (600‘”/ mé). The exponential rate
co/md degenerates when § — 01, which is consistent with the fact that a free boundary
appears in this limit (see next section).

As stated in Theorem the limit p is non-decreasing in the z direction (as a limit of
increasing functions p%). We establish below the strict monotonicity.

Proposition 3.2. p, > 0 on the infinite cylinder.

Proof. The argument is very similar to the proof of Proposition differentiating the
equation for p with respect to z yields a linear uniformly elliptic equation satisfied by ¢ =
pz > 0. The classical Minimum Principle implies that either ¢ > 0 everywhere either ¢ = 0,
and latter would contradict p(—oo,y) =0 < Ko < p(0,y). O

4 Limit 0 — 0 and the free boundary

In the previous section we constructed for any small § > 0 a nontrivial solution p = Llim pt
—+00

of —mpAp + (¢ + a)p, = |Vp|? on the infinite cylinder D = R x T, satisfying the uniform
ellipticity condition p > § > 0. Let us now write p = p° in order to stress the dependence on
d. The next step is now to take the limit 6 — 07 (J is an elliptic regularization parameter),
yielding the desired viscosity solution.

Viscosity solutions are defined as follows: for § > 0 let E5 C C°(D) be the set of positive
smooth solutions p satisfying

1. lim p(z,y) = 0 uniformly in y.

T—>—00
2. p(z,y) ~ cx uniformly in y at positive infinity.

According to our Comparison Theorem such solutions satisfy p > 9, and let us recall
that we refer to those as d-solutions or d-approximations. We define viscosity solutions as

Definition 1. A function p € C°(D) is a viscosity solution if there exists a sequence (p‘s) €

>0
Es such that lim p® = p in C2 (D).
§—0t

Let us comment on this definition, which is not the standard definition of viscosity
solutions for second order equations: we will see below that this choice ensures uniqueness
(see last section), but also regularity. Adapting the previous L? interior regularity argument,
any viscosity solution p will turn to be C* on its positive set DT = {p > 0} (see proof of
Theorem[f.1|below) which is not clear with the usual definition (in addition to being a difficult
question, see e.g. [7]). This definition can be seen as a particular case of the evanescent
viscosity method, where we do not regularize the problem by modifying the equation itself
as it is usually done. The regularization is actually performed through boundary conditions

p°’(—o00,y) = d > 0 and p°(z,y) ol thus ensuring uniform ellipticity p’> > 6 > 0. The

delicate point is of course the loss of ellipticity when 6 — 0%,
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Our definition [1] includes boundary conditions: any proper setting should consider the
definition of the notion of solutions independently of boundary conditions. For the sake of
simplicity we keep this definition, but let us point out that it can be relaxed into a proper
definition.

Anticipating that p = (lsin% p° will have a free boundary, we cannot hope convergence to
%

hold in any C* topology (k > 1) because of a potential gradient jump across the interface.
In order to apply Arzela-Ascoli Theorem we need bounds for p°, Vp? uniformly in 6. At this
stage we have pinned 0 < K; < p5(0, y) < Ky, and 0 < pi < ¢4 holds on the infinite cylinder:
we therefore control p° and p? uniformly on any compact set, but we still have no control at
all on pg:

Proposition 4.1. For any a > 0 there exists C, > 0 such that, for any small § > 0,

r<a= |pi(m,y)| < (.

Proof. We will first establish this estimate for p® on finite domains [—L — x*,a] x T! by
controlling ¢ = pﬁ at the boundaries and estimating the value of any potential interior
extremal point. Taking the limit L — +o0o will then yield the desired estimate for p° =
li E
Lﬁufoop
e Fix a > 0: the uniform pinning K; < p¥(0,y) < K, and monotonicity 0 < pZ < ¢
allow us to control p” uniformly in §, L from above and away from zero on any small
compact set K = [a—e,a+¢| x T'. Applying the previous L4 interior elliptic regularity
for w = n:flpMTH on the slightly larger set Qy =]a — 2¢,a + 2¢[xT! DD Q := K we
obtain

[w™|w2a) < C (Jw"||La@s) + 1f a@s) < Ca = |IP"|lerx) < Ca

for some constant C, depending only on €2, €y and ¢ > 2 fixed, hence on a. It is
here important that p” is bounded away from zero uniformly in § on €y, see proof of
Theorem for details. In particular

py (a,y)| < Ca (4.1)

and the monotonicity estimate 0 < pZ < ¢; combined with the pinning yield

r<a = 0<pi(z,y) <C,. (4.2)

Differentiating with respect to y we see that ¢~ := pé satisfies the linear elliptic
equation

— mp*Aqgt + [(c+ a)gl —2vph - VqL} — (mApL) q" = —a,pk. (4.3)

Let Q, =] — L — 2%, a[xT": on the left x = —L — 2* we had a flat boundary condition

ph(—x x —L,y) = cst so that ¢*(—L — 2*,y) = 0, and on the right boundary = = a
(4.1 holds. We therefore control ‘qL‘ = ‘ pﬂ < (), on the boundaries.
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e In order to control p,ﬁ inside €2, we remark that any interior maximum point satisfies
g > 0 (unless by periodicity pé = 0, which is impossible if the flow a(y) is nontrivial),
and of course A¢l <0, V¢* = 0. At such a maximum point ([4.3) immediately yields

— (mAP") ¢F < —aypk;

using —mp*Ap"t = |[Vp¥|*> — (¢ + a)pk as well as the monotonicity estimate

2
(¢")? —ci¢h < [!VpLI —(C+a)p£] q*
— (mp=Ap*) ¢* < —auptpt < .

VAN

Since at a maximum point ¢¥ > 0 this controls any potential maximum interior point

(Iﬂ)@u}g{2 q"(z,y) < C, uniformly in L,6. A similar computation controls ¢* at any
z,y)€8a

potential negative minimum point ( m)in ¢"(z,y) > —C,, and combining with the
z,Y)EN,

previous boundary estimates yields

(z,y) €[-L —a2*a| xT" = \pé(az,y)] < C,. (4.4)

Theorem ensures that the convergence p© — p° holds in C2_(D): taking the limit L —
400 in ([4.4) finally yields the desired estimate for p°. ]

We can now state the main convergence result when § — 0%:

Theorem 4.1. Up to a subsequence we have p° — p in CL (D) when § — 0%, where p > 0
is continuous and nontrivial ) # DT := {p > 0}. Further:

1. p is Lipschitz on any subdomain | — oo, a] x T (the Lipschitz constant may depend on
a).

2. p solves —mpAp + (c + a)p, = |Vp|* in the viscosity sense on the infinite cylinder;
plp+ € C®(D™) is moreover a classical solution on D .

3. 0<p,<ci onDT.

4. p has a free boundary T := D™ # () and there exists an upper semi-continuous function
I(y) such that p(x,y) >0 < x> I(y).

5. If I(yo) == liminfl(y) < I(yo), then at y = yo the free boundary is a vertical segment
Y=Y
I'n{y =yo} = [L(vo): L(v0)] X {y = vo}-

Proof. The pinning K; < p°(0,y) < K, and monotonicity 0 < p} < ¢; control p° on any
fixed compact set K = [—a,a] x T uniformly in §. On this compact set pg is moreover
bounded by proposition Arzela-Ascoli Theorem guarantees that p° — p uniformly on
K (up to extraction). Once again by diagonal extraction we can assume that the limit does
not depend on the compact K, which means local uniform convergence

5 Cine(D)

loc

p is nonnegative as a limit of positive functions, and non trivial since for example we had
pinned 0 < K; < p°(0,y).
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1. Proposition and monotonicity 0 < pS < ¢; yield C,-Lipschitz estimates on | —
o0, a] x Tt uniformly in § for p°: this passes to the C) . limit § — 0%, and p is therefore
Lipschitz on any half cylinder | — oo, a] x T!.

2. p° € C*(D) was a classical solution of —mpAp + (¢ + a)p, = |Vp|*> on the infinite
cylinder: according to our definition |1f we need to check that p° grows as cxz when
s — 4o00. This is true but the proof is a long and technical computation: we will prove
instead that the limit p itself grows linearly (see section . The proof of the linear
growth is however exactly the same for p° and p, and we therefore admit here that the
0-solutions grow linearly: p is therefore a viscosity solution in the sense of Definition

@

Remark 4. Regardless of this linear growth issue, the limit p is a viscosity solution in
the classical sense as a consequence of usual stability theorems (see e.g. [13] §6). This
15 just the classical construction of evanescent viscosity solutions since we had uniform
ellipticity p® > § > 0.

In order to prove the convergence p® — p above we could not apply the same local L9
interior elliptic regularity argument as in the proof of Theorem [3.1], mainly because
we needed to bound p’ away from zero (cf. the negative p’ exponents % — 1 for the
non-homogeneous term in (3.2))). This is of course impossible on the whole cylinder
uniformly in § because the equation degenerates when 6 — 07 (this is indeed consistent
with p = 0 to the left of the free boundary, as claimed in our statement).

This strategy is however still efficient on the positive set DT = {p > 0}: indeed for
any fixed compact subset K C D™ we know a priori that the limit p is positive, and
therefore so is p? uniformly in 6 — 0*. This allows us to bound p’ away from zero
uniformly in § on any compact set K C DV as

Pl > Ck >0,

where C'x depends only on K. The interior L9 regularity argument in the proof of
Theorem [3.1] then applies to the letter, and

p’ =P inCrL(D").

The limit p € C?(D™) is moreover a classical solution on DT, and smooth by standard
c (D
§ “loc

elliptic regularity. The previous convergence p° = ) p finally implies that p|p+ =p €

C>(D™) is a classical solution on DT.

3. Convergence p° — p is strong enough on D to pass to the limit in 0 < p° < ¢y, so that
0 < p, < ¢ on DT. The strict monotonicity is obtained just as for the J-solutions:
differentiating the equation for p with respect to x yields and elliptic equation Lg =0
satisfied by ¢ = p, > 0 on D' (where p > 0 is smooth). Applying the Minimum
Principle shows that either ¢ > 0, either ¢ = 0. Item [4] below will show that p actually
vanishes far enough to the left: the pinning 0 < K; < p(0,y) then implies that p has
to increase at least somewhere in DY, therefore excluding the case ¢ = 0.
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4. In order to show the existence of the free boundary I' = d{p > 0} # 0 we build

new suitable planar sub and supersolutions p®~(z),p>*(z) for p’ as follows: defining

p>~, p®>* to be the unique planar solutions of the following Cauchy problems

—muu” + ' = (u')? —muu” + cou’ = (u')?
() u—oc) = 3 ) u(—o0) = 2

and we have of course ¢ (p‘s’*) <o (p‘s) =09 (p‘”). Let us moreover recall from
proposition that lim p°(x,y) = 6 uniformly in y, so that p>~ < p’ < p>* when
T——00

r — —oo. On the right boundary we set p>~=(0) = K; < p°(0,y) < K, = p>(0):
applying Theorem on | —00,0] x T yields

z<0 = p"(x) <p’(z,y) <P (2) (4.5)

(note that p%~, p>*, pS > 0 so that condition does hold). When § — 0% one can
prove that

P () = p(2) =K1+ az]t pPT(x) = pT(x) = [Ky + con]?

uniformly on R™, where [.]* denotes the positive part. Taking the limit 6 — 0 in (4.5)
yields
r<0=p (z) < pla,y) <p'(2).

In particular

T <z = = p(x,y) < pt(x) =0,
0
K

T > 1= —C—l = plz,y) >p (z) >0,
1

and p has a non-trivial interface of finite width I' := 9{p > 0} C {xy < 2 < 21} as
pictured in Figure [I}
For any y € T! the quantity

I(y) :==inf(z € R, p(z,y) >0) (4.6)

is well defined because p is nondecreasing in x, and by monotonicity there holds
p(z,y) > 0 & x > I(y). This function I(.) is upper semi-continuous, since its hy-

pograph
{(ﬂf,y), z < I(y)} = {(x,y), p(r,y) < 0} = {(w,y), p(r,y) = 0} =D\ D"

is a closed set (p is continuous).

5. Assume that yo € T is such that I(yp) := liminf < I(yo); we prove by double inclusion
Y—=yo

that, if I' = 0{p > 0}, then ' N {y = vo} = [L(vo), I(v0)] X {y = yo}. We write for
simplicity T'g := T'N{y = yo}, and let us point out that by definition p(x,ys) = 0 holds
for v < I(yo).
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Ky

» p(0,9)

Ky

Figure 1: Existence and width of the free boundary.

° ‘ I'o C [I(yo0),I(yo)] X {y = yo} ‘ If g > I(yo) we have that (zg,yo) € DT, there-
fore (z9,10) ¢ T = D*/D* and thus 'y C] — 00, I(y0)] x {y = yo}. If 20 < L(v0),
assume that there exists a sequence (2, y,) — (%o, yo) such that p(z,,y,) € D*:
by definition of I(.) we have that p(x,,y,) > 0 = z, > I(y,), and as a conse-
quence o > liminfl(y) = I(yo). This is impossible since we assumed xy < I(yo),

Y—¥Yo

hence 'y C [L(yo), I(v0)] X {y = Yo}

e | T'o O [I(yo),I(yo)] x {y = yo} | Choose any point (zo,y0) € [L(y0),!(y0)] x
{y = yo}: since p(zq,%0) = 0 and I' = D+/D* we only need to build a sequence
(Tn, Yn) — (z0,y0) such that (x,,y,) € DT. Let y, — yo be any sequence such

that I(yn) — I(yo). If g = I(yo) define x,, := I(y,) + 1/n: we have that x, >

I(yn) = p(xn,yn) > 0 hence (x,,y,) € DT, and clearly (z,,y,) — (L(%0),%0). If

now o > I(yo), define x, := xo: for n large enough we have again z, > I(y,)

hence (z,,y,) € DT, and (z,,yn) — (z0,%0). Therefore [I(yo),I(yo)] X {y =

y()} C Fo.

O
We prove now the Lipschitz regularity stated in Proposition [L.1}

Proof. Under the non-degeneracy hypothesis p,|,+ > a > 0 we prove that the graph of I(y)
can be obtained as the uniform limit of the e-levelset of p when ¢ — 07, and that these
levelsets are Lipschitz uniformly in e.

Let us recall that p|,. € C*(D™"): the strict + monotonicity and the Implicit Functions
Theorem show that, for any € > 0, the e-levelset of p can be globally parametrized as a
smooth hypersurface

plr,y)=¢ & x=1(y),
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where I, € C*°(T'). Moreover % = —@, and the non-degeneracy hypothesis combined with

proposition {4.1| guarantee that
dl.

dy
for some constant C' independent of €. By Arzela-Ascoli Theorem we can assume, up to
extraction, that I.(.) converges to some J(.) uniformly on T*. This limit is of course Lipschitz,
and we show below that J(y) = I(y), where I is defined as in Theorem (p(z,y) >0 <
v > I(y))
By continuity we have that p(I.(y),y) = ¢ = p(J(y),y) = 0. Chooss z¢ < J(y) and ¢
small enough: integrating p, > a > 0 from x = I.(y) < zp to z = xy leads to p(zg,y) >
e+ a(xg— I.(y)). Taking the limit ¢ — 07 yields p(xq,y) > a(zo — J(y)) > 0, and therefore

<C

(J(y),y) =0 . _
To > f;(y)g?;(xo’y) =0 } = J(y) = inf <xa p(x,y) > O> = I(y)

by definition (4.6 of I. Thus I = J is Lipschitz, and by continuity I' = {z = I(y)}. O

1
Proposition 4.2. The corresponding temperature variable v = (miﬂp) ™ € C(D) solves the
original equation A(v™) = (c+ a)v, in the weak sense on the infinite cylinder D: for any
test function ¥ € D(D) with compact support K C D we have that

// V"M AVdady + //(c + a)v¥,dzrdy = 0.
K K

Proof. We denote by v” and v° the temperature variable corresponding to our two successive
approximations p” and p°. Let ¥ € D be any such test function with compact support
K C D: let us recall that the finite cylinder grows in both direction, and consequently
K C Dy for L large enough. p’ > 0 was a smooth solution of —mpAp + (¢ + a)p, = |Vp/|?
so that vl was a smooth solution of A(v™) — (¢ + a)v, = 0, and therefore

//(UL)mHA\I/dxdy + //(c + a)vi W, dady = 0.
K K

When L — +o0 the C? (D) convergence p* — p° implies the C (D) convergence v* — v°,
hence

/ / (v°)™ ' AWdzdy + / / (v*)(c + a)v¥,dzdy = 0.

Using the C? (D) convergence p® — p the integrals above finally pass to the limit § — 0. O

loc
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5 Behavior at infinity

We prove in this section that the behavior at infinity is not perturbed by the shear flow,
compared to the classical PME traveling wave p(z,y) = c¢[z — 29]". As mentioned above
the results of this section are established directly for the final viscosity solution p = lim p°,
but easily extend to the d-solutions.

Theorem 5.1. p(z,y) is planar and x-linear at infinity, with slope exactly equal to the speed:

po(@,y) ~ e pyla,y) =0, pla,y) ~cx
uniformly in y when xr — 400.

We start by showing that p(x,y) grows at least and at most linearly for two different
slopes; using a Lipschitz scaling under which the equation is invariant, we will deduce that
p is exactly linear and that its slope is given by its speed ¢ > 0. This will be done by
proving that in the limit of an infinite zoom-out (x,y) — (X, Y) the scaled solution P(X,Y")
converges to a weak solution the usual PME (a = 0) which has a flat free boundary X = 0
and is in-between two hyperplanes. By uniqueness for such weak solutions of the PME our
solution will agree with the classical planar traveling wave P(X,Y") = [¢X]", hence the slope
for p(x,y) at infinity.

5.1 Minimal growth

Since p, < ¢; we have an upper bound at infinity p < ¢yx; we show in this section that we
also have a similar lower bound:

Theorem 5.2. There exists C > 0 such that

>0 = pz,y) > Cr.

Let us recall that we have pinned

Ky <p(0,y) < Ks, Ké/p(O,y)dySKJrC

’]1‘1

where K; > K — CVK and K, < K +C+vK. The constants C' above depend only on m > 0
and the upper bound for the flow ¢; > ¢+a(y), and K > 0 can be chosen as large as required
(see proof of proposition for details).

We will denote by

O(z) = max p(z,y) — minp(x,y)
y€eT! y€eT!

the oscillations in the y direction, which is a relevant quantity that we will need to control.
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Lemma 5.1. There exists a constant C > 0 and a sequence (), € [n,n + 1] such that

Oln) < C /p(n 1, y)dy

'I[‘l

Proof. Integrating by parts —mpAp+ (c+ a)p, = |Vp|? over K,, = [n,n+ 1] x T! we obtain

(m — 1)// |Vp[*dzdy + m/ppx(n,y)dy - m/ppx(n +1,y)dy + //(C + a)pydady = 0.
Kn T! T1 Ky

(5.1)
We distinguish again m < 1 and m > 1:

1. If m<1weusepp.(n+1,y) >0,0<c+a<c and 0 < p, < ¢; in (5.1)) to obtain
(1=m) [ [ 19pPasdy <m [ p.tnp)dy+ [ [+ @pdoty < mey [ ol )y+ et

Choosing K large enough we can assume by monotonicity that ¢f < me; [ p(n,y)dy,

and therefore )
mc
/ Vpl*dady < - _?;/p(n,y)dy-

Kn T!

If x, € [n,n + 1] is any point where O(z) attains its minimum on this interval, then

n+1

O(z,) < [ O(x)dx

< nf(fl !py(x,y)!dy> dr < C,/I[f!Vdey-

Using our previous estimate and monotonicity we finally obtain

O(z,) <C /p(n,y)dy <C /p(n + 1, y)dy,

T! T1
where C' depends only on m and ¢;.
2. If m > 1 we use pp,(n,y) >0, (¢c+ a)p, > 0 and p, < ¢; in (5.1)), yielding

(m — 1)// |Vp|*dady < m/ppx(n +1,y)dy < mcl/p(n +1,y)dy.
1

Ky T Tt

The rest of the computation is similar to the case m < 1.
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Corollary 5.1. There exists C > 0 such that

x>0 = O(z) < C /p(x,y)dy.

Proof. Since 0 < p, < ¢ the function O(x) is clearly 2¢;-Lipschitz, and by Lemma
ensures that

O(z) < O(x,) +2¢ < C /p(n +1,y)dy + 2¢4

’]1‘1

for any x € [n,n+1]. By monotonicity we can moreover assume that 2¢; < C\/f p(n+1,y)dy
if K is chosen large enough, and therefore

O(x) < C /p(n+ 1,y)dy.

’]Tl

For the same reason we can also assume that
/p(n +1,y)dy < /p(xay)dy +e < C/p(l’,y)dy,

and combining with the previous inequality yields the desired result. O
Proposition 5.1. For any x > 0 we have that

S [rE ) =" [ atph ey

Tl T!

Proof. We establish this equality for the uniformly elliptic solution p? > § up to a constant
Cjs, with C; — 0 when § — 0. The equation for p° can be written in the divergence form

V(07 ) = ((e+ ) () 7)

and integrating by parts over ) = [xy, x5] x T! yields

/(p‘s)”llpi(:vz,y)dy—/ (p‘s)%pi(wl,y)dy = /(C+O¢) (p‘s)% (xz,y)dy—/(c”ra) ()

T! T! T! T!

3=

(.771, y)dy

for any x; < x9. As a consequence, the quantity
F(x):= / (P°)™ p2(z,y)dy — /(c +a) (p°)™ (z,y)dy = C;s (5.2)
T! T!
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is constant. Let us recall from proposition that p°(—o0,y) = ¢ uniformly in y, and also
the uniform bounds ¢y < c+ a < ¢; and 0 < p‘fc < ¢;: taking the limit * — —oo in ([5.2))

1

leads to Cs = O <5E>.

Fix any z > 0: the strong C} _ convergence p° — p on DT = {p > 0} is strong enough to
take the limit 6 — in ([5.2]), which reads

/pipx(ﬂ:, y)dy — /(c + a)pmi(z,y)dy = 0
Tl Tl

Finally, p is is smooth for z > 0 (because p > 0), and the last equality above easily yields
the desired differential equation. O]

We can now prove the claimed minimal growth:

Proof. (of theorem . Define f(x) := fmeH (x,y)dy: Propositionreads
Tl

_m+1

@) == [(c+a)pndy (5.3)

Tl
for z > 0. By monotonicity [ p(z,y)dy > [ p(0,y)dy = K, and by corollary we control
T! T!

the oscillations O(z) < C/ [ p(x,y)dy. Choosing K large enough the oscillations of p are
small compared to its average along any line x = cst > 0, hence

sy
/(C+Oé)p“11dy > 60/pidy >C /pmﬂfldy = Cfmii(z).

T T! T
This estimate combined with (5.3) leads to f'(x) > C’fm%rl(x), and integration yields
fr¥i(z) > Cr.

Finally, since we control the oscillations of p,

g

3
£

m—+41

p(r,y) > C/p(%y)dy >C /pm(fv,wdy > Cfmti(z) > Ca.

Tt T

5.2 Proof of Theorem [5.1]

We start by estimating how fast p becomes planar at infinity:
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Proposition 5.2. Let as before O(x) := max p(z,y) —min p(z,y); there exists C' > 0 such

yeT! yeT
that when x — +00 N
Ox) < —.
(1) <°
Proof. For z large enough we know that p(x,y) > 0 is smooth; w := mm—jlmeH is therefore

smooth, and satisfies as before
Aw)=f.  f=(c+a)pnp.

We will first show that the y oscillations of w cannot blow too fast when x — 400, and then
deduce the desired planar behavior for p.

The Fourier series
w(x’ y) — Z wn(l.)eZMrny
nez

is at least pointwise convergent, and for n # 0 we have that

— () + At (@) = fu(e),  falz) = — / fay)e?™dy.  (5.4)

The oscillations of w in the y direction are completely described by its Fourier coefficients

wy(x) for n # 0, in which case (.4)) is strongly coercive. This coercivity will allow us to

control how fast w,(x) may grow when z — +o00, and therefore how much w can oscillate.
Since p is at least and at most linear and p,, c + «a are bounded we control

| ful(z) < Cam! (5.5)

uniformly in n. Moreover, taking real and imaginary parts of (5.4), we may assume that
wy (), fu(z) are real and that n = |n| > 0.

e We claim that there exists C' > 0 such that, for any n # 0 and x — 400, there holds
C 1y

wal)] < o

(5.6)

2
m
m+1p

Indeed, since 0 < w = o < C’meH, we have that

m—+1

|w,[*(z) < Hw(xa')H%?(Tl) < Cz¥m.
As a consequence w,, cannot have a component on the homogeneous solution e*™* of
(5.4) for n # 0, and it is then easy to see that it is explicitly given by

T “+o0

wn(x) _ e—27rn(z—a:o)wn(x0> +e—27mm/647rnz /6—27rntfn(t)dt dz. (57)

To z

Our claim (5.6)) is then easily obtained manipulating this explicit formula, the com-
putations involving several integrations by parts and the fact that w,(xg) is rapidly
decreasing in n (since w(zg,.) € C*(T")).
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e As a consequence of ({5.6)), the series

wh(z,y) = w(z,y) — /w(x,y)dy — an(x)emmy

T1 n#0

is uniformly convergent and |wk(z,y)| < Cazw L. This clearly bounds the oscillations
of w when z — 400 by

max w(z,y) — min w(z,y) < 2[|w(z,.)||zem) < Cam . (5.8)
yeT! yeT!

Translating the oscillations of w in terms of those of p = Cwm+T leads to

O(x) = Cx (max wmH (2, ) — min wﬂﬁl(x,y))

yeT! y€eT!

y€eT! y€eT! y€eT!

< C (min w(x,y)) e {max w(z,y) — min w(m,y)} .

2 m-+1 m—+1 1

1 — eean _m_ __ - __1
Smcew—m pm >Cxm andm+1 1= T

estimate (5.8) finally implies that

O(zx) <C <xmnt1>_m1+1 x Cam ! = g

xz

For any € > 0 let us introduce the Lipschitz scaling

1

PS(X,Y):€p<C(],y), ($7y>:g(X,Y),

when ¢ — 07 this corresponds to zooming out on the whole picture. Uppercase letters will
denote below the “fast” variables and functions, whereas lowercase will denote the “slow”
ones. Since we want to zoom out it will be more convenient to consider below the cylinder
D =R xT! as a plane R? with a 1-periodicity condition for p in the y