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ABSTRACT. — The main result of this paper is a general Hélder estimate in a class of singularly
perturbed elliptic systems. This estimate is applied to the study of the well-known Burke-Schuman
approximation in flame theory. After reviewing some classical cases (equidiffusional case; high
activation energy approximation) we turn to the non-equidiffusional case, and to nonlinear diffusion
models. The limiting problems are nonlinear elliptic equations; they have Holder or Lipschitz
maximal global regularity. A natural question is then whether this regularity is kept uniformly

throughout the approximation process, and we show that this is true in general.
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1. Introduction and main results

The goal of this paper is the proof of a Holder estimate for a special class of singularly
perturbed elliptic systems, and its applications to the mathematically rigorous study
of singular limits in the theory of diffusion flames.

1.1. The estimate

Consider the following elliptic system, with unknowns (Y3, ...,Y,):

(11) Vk € [O,p], LY, = — F(Y),

where the notations are the following:

e the variable z is in an open set of R, N > 3, and the functions A, are smooth
and nonnegative.

e The function F(Y) - here the vector Y is the vector of all components (Y7, ...,Y,)
is smooth, nonnegative, and nonzero except if one of the components of Y is zero.
Moreover, F' is homogeneous: there is a p-uple (ax)1<x<p such that

P
(1'2) V(Yi, 7Y;>> = (]RJr)k’ F<}/177}/;’) = H Ykak‘
k=1



In the applications we will have, most of the time: p =2 and F(Y) = Y} Y.

e The operator Ly, is the operator Ly = —d;(af;d;) + bfd; where the af; and b} are

bounded, measurable, and satisfy the usual ellipticity condition a;;¢;&; > C|€|?.
The parameter ¢ may go to 0; in the applications to diffusion flames it will

represent the inverse of the Damkohler number, a parameter accounting for the

strength of the chemical reaction. Our main result is the

Theorem 1.1 AssumeY = (Y1,...,Y,) to solve (1.1) in By, and that0 < Y3,...,Y, <
1. There is a €]0,1] and C > 0, uniform in €, such that

(1.3) 1Y llca(B, ) < C oscp,Y.

As usual, we denote by B,.(z) the ball with centre x and radius r, and B, the same
ball but with centre z = 0. We note here that N > 3 is a commodity assumption
that could easily be relaxed.

Estimates of the type of Theorem 1.1 can be found in [10], where a singularly
perturbed system of the form

u.
A =25
J#i

is analysed. The singular limit is a free boundary problem, and the solution U® =
(u1, ..., up) is shown to be Lipschitz independently of the small parameter €. Liouville
type results, similar to the ones in Section 4 below, are a main step in the proof of
the result.

The difference between Theorem 1.1 and [10] is in the fact that a uniform Lip-
schitz regularity needs not be true in system 1.1, unless some compatibility as-
sumption between the matrices AF = (afj) is made; see Section 5 below. As a
consequence Holder and Lipschitz regularity - the former always being true - are
two distinct steps, contrary to what happens in [10].

1.2. Diffusion flames and Burke-Schuman approximation

As opposed to premixed flames, where the oxidizer and reactant are considered as
mixed, a diffusion flame is characterized by the fact that oxidizer and reactant mix
on a thin sheet, where the flame precisely occurs. This is the basis of the celebrated
Burke-Schumann assumption - [5]; see also Fendell [12]. A way to justify it is to
introduce a large Damkohler number - the parameter that measures the intensity of
the reaction- in the reaction term. Then, a chemical reaction is described by

O (Oxidizer) + F' (Fuel) — P (Products).

Let © € R”Y be a bounded smooth open subset; let us consider velocity field in
Q2 denoted by v(z) - known, as smooth as needed. The simplest description is as
follows: the mass fraction of the oxidizer, Yy, and the fuel mass fraction, Yr, satisfy
the system

(1.4) (—A +v(x).V)Yo = (A +v(2).V)Yr = —DaYoYr (v €9)
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with, for instance, Dirichlet conditions of 9€). Here, Da is the Damkohler number
that we assume to be large. Let us check the Burke-Schumann assumption: the
equation for 7" uncouples from the rest of the system, and the relevant quantity to
introduce is the (commonly called) mixture function: g(x) = Yo(x) — Yr(z).

Set Q. = {8 > 0}. In Q4 the fuel mass fraction Yr is a then subsolution to the
equation LY = —DafY; a super-solution of which being y +— e=Da'?b(@)(p(e)~ly—a])

with p(x) > 0 chosen so that B(z, p(z)) C Q4, and b(z) = B(in% ))ﬁ. Hence
z,p(x

(E) 0< Yp(z) < e—Da'/3b(x)p()

Therefore, assuming that {# = 0} is a smooth hypersurface - which is generically
true - we have the convergence DaYyYr — |3,|d1s=0y. This very simple argument
will be called the complete combustion principle in the sequel.

The Burke-Schuman assumption has been made very sophisticated, for instance
by the introduction of the high activation energy assumption. The fundamental
paper is Linan [19]. A summary can be found in Williams [21]. For more recent
applications to triple flames, see Dold [11] and the references therein.

1.3. Further results

In the remainder of the paper, we not only want to prove convergence result to the
Burke-Schuman equations - in most cases, standard weak convergence arguments
would do the job - but we also wish to keep track of the maximal global regularity
available. This is a question of mathematical interest, but also an issue as far as nu-
merical simulations are concerned: the maximal available regularity indeed assesses
the quality of the approximation of the free boundary problem by the singularly
perturbed one.
In the very simple example given in the preceding pargraph, the maximal global reg-
ularity is Lipschitz. This regularity, however, is not really difficult to prove because
the function 3 does not depend on e. This does not seem to be so obvious in more
general cases, where (3 truly depends on ¢, although the limiting ( is nice - it usually
satisfies a nonlinear elliptic equation with possibly discontinuous coefficients. The
obvious a priori estimates for Y§ are indeed H' and L* ones; this yields - at most -
C“ regularity for 4°. Although this is quite sufficient to pass to the (pointwise and
strong L?) limit, it is not enough to keep track of the Lipschitz regularity.

A first nontrivial case is given by the following configuration. Let €2 be a smooth
bounded subset of RN - N > 3 - and, for d > 0, let Ly be the linear operator

(1.5) Ly=—dA+v(x).V

We are dealing with a reacting mixture in which we also want to observe the tem-
perature variations. Consider a Lipschitz continuous function f of the ’ignition
temperature’ type:

f=0onR_and f >0on R;.

(1.6) There is « > 0 such that f(u) ~ au™ around 0.



The second condition is a nonessential commodity assumption. Consider some real
number € > 0; the system under consideration is

1 T—-0
(17) LlT - —Ldll/z] - —Ld2YF = gYOYFf(W)

As for boundary conditions, partition 92 as 0£2 = ¥; U ¥y, and impose

(T, Yo,YF) = (To(l'),YO,()(m),YF’O(ﬁ)) on 21,

(
(1.8) 0,(T,Yo,Yr)= 0 on Yo

Also impose the following condition:
(19) YO7[) - YF,O 7é 0 on 21 N 22.

For fixed ¢ > 0 and bounded reaction term f, a solution (7°,Y5,Ys) to (1.7-1.8)
can easily be found. An H' bound for (7¢, Y}, YZ) is also easily found, allowing
therefore for L? convergence.

Theorem 1.2 Consider a sequence of solutions (T¢,Y5,Yg) to (1.7-1.8).
[i]. Let (T, Y5°,Y°) be a possible limit. There are two Hélder functions f(x) and

(), and two measures py and po, respectively carried by the sets {3 = 0} N {y >
20 + |B|} and {~v = 20 +|3|}, such that

LT = =L, Yy® = —La,Yr" = 1 + 2
Moreover the functions 3 and v are CY* away from the (possibly empty) set

(1.10) Fy={8=0}n{y=20+|3]}.

[ii].  The sequence (T¢,Y§,YE) is uniformly Lipschitz with respect to €, on every
compact not intersecting Fy.

We see that two types of flames coexist: a classical diffusion flame, supported by
{# = 0}, and where the temperature is above 6 - just as in the classical Burke-
Schuman setting - and a premixed flame, where (i) at least one of the two species
is in excess, and (ii) the temperature has exactly the value 6. This effect is well-
known in the context of high activation energies - [19], but does not seem to have
been rigorously described in this setting. The set F{, is nongeneric, it corresponds
to possible interactions between the diffusion flame and the premixed flame.
We revert for our second application to a pure Burke-Schuman system

1
( ) - (Ao(YO, YF>VYO) +U($)VYO = _EYOYF
1.11

1

with the conditions (1.8). The matrices Ap and Ap have smooth, symmetric entries,
and satisfy the usual uniform ellipticity condition. Dirichlet-Neumann conditions
(1.8) are imposed, and it is once again easy to obtain a - uniformly H' - sequence
(Y5, Yz) of solutions.



Theorem 1.3 The following properties hold.

[i]. The sequence (Y5, Y§) is uniformly Hélder with respect to €.

[ii] For any converging sequence (Y5",Yi") there is a (weak) solution (3 of the fol-
lowing problem:

(1.12) —+(ABVB) +V(2).VB=0 (Q)

with the boundary conditions (1.8) such that Y5 — B, Yi — 57. We have denoted
by A(B) the matriz function equal to Ao(3,0) if 8> 0 and Ap(0,—3) if B8 < 0.
[iii].  Assume the existence of d > 0 such that dAy(0,0) = Ar(0,0). Then the
sequence (Y5, YE) is uniformly Lipschitz with respect to e.

The paper is organized as follows. In Section 2 below, we prove Theorem 1.1.
We review in Section 3 the classical diffusion flame approximations: equidiffusional
case, where we give an ’elementary’ proof; high activation limit. Sections 4 and 5
are devoted to applications of Theorem 1.1: proof of Theorem 1.2 in Section 4, proof
of Theorem 1.3 in Section 5. We conclude with some general remarks on Properties
[i] and [ii], which are indeed optimal in general.

2. Uniform C“ regularity
We are studying in this section a general singularly perturbed system of the form
(2.1) LYy = =25(V) = [,
with L; any uniformly elliptic operator under divergence form:
L, = —@(afjﬁj) + Vi (x).V

with afj bounded, measurable, satisfying the usual ellipticity condition; and b as
smooth as needed. The function f is nonnegative, smooth, and vanishes only if
one of the components vanishes. We assume that we have managed to construct a
nonnegative vector solution Y to (2.1).

Note that, because the only assumption on the Ay in (1.1) is their positivity and
boundedness, system (2.1) contains (1.1) with

(2.2) Vkelp, Aux)=1,

and with an additional parameter: the constant p might indeed tend to 0 as well,
independently of . We introduce it in order to allow ourselves rescalings.
The key result to the proof of Theorem 1.1 is the following lemma.

Lemma 2.1 If Y solves (2.1) in By, and if oscp, Yy = g for all k, there exist
po < 1 and ro < 1 such that, for some ko € {1,...,p} we have:

(23) OSCBTOYkO S /,LOA]CO.

Remark 2.1 In the above lemma, the Ay can be of arbitrary size; in particular they
may depend on . Thus we will in particular keep to ourselves the possibility of
renormalizing the Yy ’s in small balls.



The following three facts about the operator
L = —0;(a;;05)

with bounded measurable coefficients, satisfing the ellipticity condition, will be of
constant use. Note that the above form encompasses the operators L, above, at
the only expense of modifing the diffusion matrix into a - still uniformly elliptic -
nonsymmetric problem.

e (de Giorgi’s oscillation lemma). 1If |Lu| < C in Bj, then there is @ > 0
depending only on C' and ellipticity, such that u € C*(By). Moreover there is
A €]0, 1] such that

1
(2.4) Vr €]0, 5[, oscp,u < \oscp, U + 1%

o (Littman-Stampacchia- Weinberger [18] capacitary estimate). If G(z,y) is the
(Dirichlet) fundamental solution of L in By there is C' > 0 such that we have,
for (QJ,y) € B1/2 X 81/22

1 B B
(2.5) el yI* N < G(x,y) < Clz —y V.

e (Mean value theorem) Let u solve Lu = 0 in By. There is K > 0, depending

1
only on ellipticity, such that: for all r €]0, 5[ and & € B/, there is a Borel
set S,(x) and K > 0 such that

B,(xz) C S,(z) C Bg,(x)

and such that

1
(26) ) = T oo™

See [17]. The equality is replaced by a < sign if Lu < 0.

The proof of Lemma 2.1 requires the following intermediate step.

Lemma 2.2 Denote by Ain (1€5p. Amag) the minimum (resp. the mazimum,) of the
Aj’s. Let kin, and ky,qq denote the corresponding indices. There is og > 0 depending
only on ellipticity such that the conclusion of Lemma 2.1 is true for kg = kyar as
S00M a8 Aax = 00 Amin -

PROOF. For every k € {1, ...,p} we write Y = vy + wy, where

e if G}, (x,y) is the Dirichlet fundamental solution of Ly in B,, then:
= [ Gra@y)fy) dy
By )2

e and wy, solves Lywy, = 0 in By, with Dirichlet datum Y}, at the boundary.
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Because LY, < 0 for all k&, the de Giorgi oscillation lemma plus the capacitary
estimate imply:

Vk e {1,....,p}, oscpu, < g Gra(z,y)f-(y) dy
1/2
< [ Gl yfy) dy
1/2
1
Hence we have oscp, /2 Ukimaz < iAmax’ as soon as
1

1
Take now 7y < 57 we have, from (2.7) and the de Giorgi oscillation lemma:

max

0SCB, Vi < + CApaaT -
Choosing ry small enough yields
)\max
(2.8) 08CB,, Yimae < 5
which ends the proof. 0

Corollary 2.1 If A\az = 00Amin, and if v satisfies (2.7), then

(i). The conclusion of Lemma 2.1 holds for all k such that A\, > coAmin-

(11) For such a \g: either the quantity oscBron 15 comparable to A = 1, or there
1s C' > 0 independent of € such that
HlaJXBTOYIC

(2.9) <C.

IIlll’lBTO Y

PRrROOF. The proof of (i) is obvious; the proof of (ii) comes from the fact that the
oscillatory part of Yy, namely the quantity

Vr = /Br Gk,ro(xvy)f5<y) dy

is comparable to 1. Consequently, either Y;, — v, is comparable to 1, or the Harnack
inequality applied to Y; — vy yields (2.9). 0O

ProOOF OF LEMMA 2.1. We may now assume the existence of oy independent of €
such that, with the notations of Lemma 2.2:

)\ma,m

S aggp-
/\min
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Moreover we may normalize the Y,’s so that A,;, = 1. Let K be the dilation

constant in the mean value theorem; for A > 0 (to be large) and k € {1,...,p} we
define

1
(2.10) Qk,A = {ZL’ c Sl/K : Yk(l’> < K}

See the definition of S,k in the above statement of the mean value theorem. We
consider an integer m that will be chosen in due time, once again large. The proof
is broken into two cases.

Case 1. There is kg € {1, ...,p} such that

1
(2.11) Qa2 —

We have, if Ty (TeSp. Zmin) is a point in By x where Y} reaches its maximum
(resp. its minimum) over By k:

08, Yio = Yio (Tmaz) = Yo (Zmin)
< (Y (:C{nax) — /1\) + </1X — Y, (fﬁmm)l) 1
- Wl Sl/K<wmaz)(Yk°(x) IR
S =t g e

Hence, because A, > 1, we only have to choose A and m large enough.

Case 2. For all k € {1,...,p}, we have - A and m are now chosen at least large
enough so that the above case holds:

1

2.12 Q < —.

(212) il < -

Set »

(2.13) Z = By \(J un);
k=1

if m is large enough we have

(2.14) 12| > Bk — L >c>0.
m

The upshot is that

e the quantity mljn gﬁn Y. is uniformly controlled from below, and is compa-
k,A

rable to 0p. Hence we may throw it into the parameter p, and, due to the
homogeneity assumption, assume that f(Y') is bounded;

e an O(1) fraction of the total mass of f. is bounded independently of p and e.

The first point is obvious. As for the second one, by the theorem of the mean we
have
vk € {1,...,p}, Gra(z,y) fe(y) dedy < oscp, Yy, < oo;

By/kXB1/k



on the other hand we have, by the capacitary estimate and assuming without loss
of generality that K > 2:

/ Gralz,y)fe dedy > C %

( ) Bi/gxBi1/k C|§i/{;(|><Bl/K|’x —5}y|’

2.15 <o 17 N
= f
B (diamz)¥-2 7 % f

Cpet

dxdy

v

as soon as d > 0 is small enough: indeed, Z N {|z — y| > J} is nonempty and its
measure is at least C(1 —6"). By (2.15) we have

(2.16) pe~! < C independent of € and p

1

Hence pe™" is bounded, and we get once again an oscillation decrease. 0O

Remark 2.2 The above case 2 is the only place where we use the particular struc-
ture of the nonlinearity in order to get the oscillation decay. The other oscillation
decays only result from the fact that we have LY < 0.

Proor or THEOREM 1.1. The goal is to get the conclusion of Lemma 2.1 true for
allk € {1,...,p}. To reach this conclusion, we use the following induction argument,
whose n'" step is

e If the assumptions of Lemma 2.2 are true, then apply it: there is a universal
ro €]0, 1[ and a universal py €]0, 1] such that

2.17 max 0sC Y. < max 0SC Y.
( ) 1<k<p o Drgnt R = po i<k<p g P
Also,
2.18 max 0SC Y. ~ 0¢ min osc Ye.
( ) 1<k<p Bro’"’l ¥ 0 1<k<p BTJ" g
Stop.

e If the assumptions of Lemma 2.2 are not satisfied, there is a k, 41 € {1,...,p}
and a universal constant A €]0, 1] such that

(2.19) 0SCB__ 41y Yeups < A0SCB,_, Vi, -

Assuming that, at step 1, a real number p; €]0, 1], close to 1, has been chosen
so that

(2.20) p PN < 1,

check the inequality

2.21 max o0SCpg Y., <p1 max oscg __ Y.
( ) ke{l,...p} rg (D) =P ke{l,...p} o™

If true, then stop.



e If (2.21) is incorrect, go to the first point above point and make a step n + 1.
We claim that, in a finite number of steps n,,q., then
e cither an inequality of the type (2.21) occurs; in which case we have

max  0sCp Y. < p1 max oscg, Y}
ked{l,...,p} (m‘“”+1) p ke{l,...,p} 1

(this does not express Holder continuity yet),

e or the assumptions of Lemma 2.2 become true in B, -nmaz .
0

Indeed, if the algorithm still runs at step n = Ip, there is at least one ky € {1, ..., p}
that will be have been concerned at least [ times by the second point of the algorithm.
For that particular ky we have:

0scp _,, Yi, < )\loscBlYkD
T
0

A

!
< 0o maxpeqi,...p) 05Cp, Yy
—py\!l
< oo(pr"N) maxyeqy,.. p} 0SCR Yk
T
0

Consequently, if
(2.22) I = Ly — ['LOg"O'}
[Log(p1 ")l

the assumptions of Lemma 2.2 are true in B rolp Moreover, all oscillations in B oty
become controlled by 1 - the minimum oscﬂlatlon in B - by virtue of Corollary 2 1,
(ii). Moreover, the smallest oscillation in B rotp is a small constant.
Now, we claim that the oscillation decay for all the components of the vector Y is
obtained by applying our algorithm one more time. Indeed, by corollary 2.1, the first
application of this algorithm has yielded a - possibly empty - subset I; of {1, ..., P}
such that (2.9) holds for all k € I;. Also, all k& € I, satisfy the oscillation decay
property. Set

Yi=iker o pt=p [T min ¥

kel

Y,

ming, Y,*

Ag(z) =
kel
and consider now the system for the new unknown Y!. Recall that, by Corollary
2.1, the functions Ay, - that depend on ¢ - are uniformly bounded and bounded away
from 0.
Renormalize the unknowns once again to have the minimum oscillation in Brazp

to be 1. This means changing p', but our lemmas work at all scales of p and ¢.

So we may apply our algorithm a second time. This yields a subset I of
{1, ..., P}\11, enjoying the same properties as I;, outside which the maximum os-
cillation in B, 2, is controlled by minoscp _, Y. By construction, this is an O(1).

0

Undoing the normalization, this leads to

maxoscp _,, Yp << 1.
"o
Hence Lemma 2.1 is true for all the components of the vector Y, and Theorem 1.1

follows by a standard iteration argument. 0
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3. The special case of equidiffusion

3.1. Large Damkohler number

In this section the set €2 is the cylinder {(z,y) € (—L, L) X w}; we are interested in
the solutions (7, Yy, Yr) of

(3.1) LT = —LYy = =LYy = YoYrf(T), z €9

with the mixed conditions (1.8) where ¥y = {—a,a} X w, 33 = (—a,a) X dw. The
function f has an ignition temperature 6; see (1.6). The functions

(3.2) B =Yo—Yr, v=2T+Yo+YF

solve L3 = Ly = 0.
We will in this section make the assumption

(H) The sets {# =0} and {7y = 26 + |5|} are nonempty smooth connected
hypersurfaces that do not intersect ;. Moreover we have

{6=0} c{y>20+|5]}.

A lot of easy cases where (H) is satisfied are available. For instance, take v(z1,y) :=
v(y) and the following assumptions:

To(—
0< Yo(—

a,y) < 0 <<To(a,y),

a,y) < Yp(—a,y), Yo(a,y) >0, Yr(a,y) =0

Then we have 0,,6 > 0, 0., (v — ) > 0in {8 < 0} hence, if Ty(a, .) is large enough,
{6 =0} c{y>20+0]}.

We now replace f by e7'f, and our goal is to prove Theorem 1.2. Here the
measures p; and gy can be computed explicitely.

Proposition 3.1 Under Assumption (H), the conclusions of Theorem 1.2 hold true.
Moreover, let Q@ = {v > 20 + |B|}, QT = {v > 20+ |5|}. Let Ty be the unique
solutions of

LT, =0 inQy, Ty =60 on{y=20+|06|}
with the conditions (1.8) on 00+ N (X1 U Xs). The measures g and pg read
p = (0,14 = 0T )0¢y=204i51y,  t2 = |[80]]65-0)
where the vector v points is chosen such that v.e; > 0.

The sequence (Y§,Y5). is, as usual, bounded in H}.(Q2). Hence, because 27° =
v—Y5—Y§, there is a subsequence - that we relabel (7%,Y5, Y£) converging strongly
in L2 (Q) to a triple (T, Yp, Yr) satisfying

loc
(3.3) LT >0, LYp<0, LYr<O.
Let us introduce the relaxed semi-limit

(3.4) T(z) = liminf T°(x).

e—0, ©/—x

11



From the Barles-Perthame lemma [1] the function T satisfies LT > 0 in the viscosity
sense. This implies T = T take r > 0 small; for all z € Q such that d(z,9Q) > r

and all 2/ close to @ we have T¢(z) > | B, (/)" / T 4 O(r); hence due to the
L? . convergence of T¢ to T
T(x)> liminf —— T+ O(r)
T iminf ———c r
T e—0, 'z |B ( )‘ B, (z')

T° + O(r)

lim,_,g

|B.(z)| /Br(r)

= B o T OO0

Lebesgue’s Lemme implies T > T almost everywhere. On the other hand the
definition of T implies T < T. This implies in turn that (i) the set {T" > 6} is an
open subset, (ii) if zp € {T" > 0}, then there exists § > 0 such that T¢(x¢) > 0 + 6,
for all £ > 0 small enough. As a result we have the

Lemma 3.1 Let xy € Q be such that $(x¢) > 0 and T(xg > 6 (resp. $(xo) > 0 and
T(xg > 0). Then Yr(zg) =0 (resp. Yo(xg) =0).

PRrROOF. Consider, as is allowed by the above remark, p > 0 and § > 0 such that

Vo € B (v0), [(T(x)) >4, B(x) =46
Hence Y5 > Y5 + 6 > ¢ and we have
LYE+6%YE <0 in B, (), 0<YE<1 ondB,(xg).

The complete combustion principle leads to Yr(zg) = 0. 0O

Proposition 3.2 Let xy € Q be such that T(x¢) > 0. Then v(xo) = 2T (xg) +
|8(o)]-

PrOOF. If B(x¢) > 0, the above lemma shows that Yg(zo) = 0, hence the result;
same argument if 5(zo) < 0. It remains to see what happens if 5(z() = 0.

To prove the proposition, it is enough to prove the continuity of Yz and Yy
across the surface {# = 0} - which is, by the way, the core of the Burke-Schumann
assumption. Parametrize a point  in a tubular neighbourhood by its projection v,
on {8 = 0} and its (signed) distance t(x) to y,; for definiteness assume that ¢(z) > 0
if B(x) > 0. Consider a strip

Sre={reQ: |y | <L, —L <t(zx)<d}

parallel to the surface {3 > 0} enclosing the point zy - with ¢(zy) = 0 and y,, = 0,
with J having a vocation to become small. Then Yz <Y, where

L? =0in SL75
Y=tlin ({lyl=L ~0<t(®)<suftlx)=-L}), Y=0in({t(x)=25))

12



The function Y is Lipschitz in S s 5, independently of 6. Hence we have
. L
Ve(w) <00 i o] < 2. )] <.

This implies the (Lipschitz) continuity of Yr across the interface {3 = 0}. 0O

Corollary 3.1 We have O({T > 0}) = {y =20+1|0|}, and T < 6 in {y = 20+|0|}.

ProOOF. That 0({T > 0}) C {y = 20 + |3|} comes from the preceding proposition.
For the converse statement we argue as follows: if it was not so, there would be two
points x and y and a continuous path 7 connecting x and y such that

o T'(z) <0 <T(y)
e 1) does not meet {y =26 + |3|}.

However n does have to meet ({7 > 0} C {y =26 + |5|}, a contradiction.
Assume now that a point xq is such that v(zg) < 260 + |3(zg)|. Then, because
|8] < Yo + Yr we have T'(xq) < 0. O

PrRoOOF OF PROPOSITION 3.1. There is a nonnegative measure p such that
-Y5Y:f(T°) — p in the measure sense.
€

The theorem will be proved when we have proved that 1 — |[3,]|d¢s=0} is supported
on {v = 20 + |5|}. To see this, recall that the function v + (3, considered as a
function in €2_ - the notation is given in Proposition 3.1, is maximal and equal to 26
on 0({f > 0} Nn{y = 20 + (}); by the Hopf Lemma it has a nontrivial linear decay
in the vicinity of this portion of boundary. Consequently, there is § > 0 such that

Vz € OF s.t. d(z,09) <4, T (z) < I%EiXTE — Cd(z,0Y);
we use the fact that T goes to # on 00, - as a consequence of the preceding corollary
- to infer: f¢(T'(x)) = 0 for € > 0 small enough; hence the result.
From then on, we have LT = LYy = LYp =0 in (QT\{8 = 0}) U Q~; the inten-
sity of p is therefore the jump of derivatives of T - resp. Yj across {y = 20 + |5} -
resp. {7 > 26+ |3\ {5 = 0}. .

3.2. The high activation energy limit

We are still solving (3.1)-(1.8) where € is still the cylinder (—L, L) x w, but we now
replace the nonlinearity f in (3.1) by

(3.5) fury = 2 g r 1

g3 €

)7

where 6 > 0 will be made to run through IR, . Introduce the additional assumptions
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(H1) ¢ is Lipschitz-continuous and has —1 as an ignition temperature.
(H2) We have 0,,4 > 0 in €.

In this model, as opposed to the previous one, the temperature is not supposed to
exceed the value 1 too much. In some sense, model (3.1)-(1.8)-(3.5) may be under-
stood as the limit, as the burnt gas temperature tends to the ignition temperature,
of model (3.1)-(1.8). Therefore we assume that the Dirichlet data are chosen so that
v is close to 2; namely:

(3.6) v=2+ev(x); with vy > —1.

where 7; is smooth. We have implicitely assumed 0 to be in 2; the particular values
of 41 will be of no importance; the assumption v; > —1 is meant to ensure that the
temperature may rise above the ignition temperature.

Theorem 3.1 There are two real numbers 07 > 65 > 0, such that:

o the sequences (65). converges, as € > 0, to some constants §; > 0;

o for 0 < &f the only solution to (3.1)(1.8) is the solution of LT = LYy =
LYr =0 in Q with the conditions (1.8); we call this problem the ‘extinguished
problem’.

e for 6y < & < 01, there exists a family of stable solutions (T,Y5 ,,Yf ) such
converging to the unique solution (T,Yo 1 Yr+) of

IT =-LYy=—-LYr=0 (Q\{5=0})

(3.7) T =1; Yo=Yp=0 ({8 =10})

with the conditions (1.8). We call this problem the "burning problem’.

o There is a family of stable solutions (Tj, 175’+, ?ﬁ,Jr) converging to the unique
solution of the extinguished problem, and there is a family of unstable solutions
(T2,Y5, ., Y ) converging to the unique solution of the burning problem.

Notice that (T <, }7057 " }71?7 ) is really an extinguished solution: the strong maxi-

mum principle indeed implies that, if T+ is the limiting solution, we have T L <1lin
Q.

Corollary 3.2 There is 65 > 65 for which there is a unique solution to (3.1), (1.8)

o T¢—1
as soon as § > 05. Moreover we have  lim (—* ) = |Bu]0g5=0}

§—+00,e—0 g3 €

This corollary really stems from Theorem 3.1 and Proposition 3.1.

Remark 3.1 [ij. We believe that 65 = 5, and also that the found solutions are
the only ones. Because this is not the main topic of the paper, this aspect will not
be investigated any further.

[ii]. The apparition of the unstable solution comes from a classical topological degree
argument.
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[iii].  We have retrieved (a sketch of) the classical picture [19], [21]: for small
Damkholer numbers, only the extinguished solution exists. For large Damkholer
numbers, only the burning solution exists. To prove this, just use Proposition 3.1.
[iv]. The fact that the burning solution is equal to 1 on the whole set {3 = 0} is not
obvious, except from physical arguments. It will be checked in Proposition 3.3 below.
[v]. A slightly non-equidiffusional model is allowed; and could be treated by the same
arguments pertaining to Theorem 3.1. Namely, the system would be

Ll-l—ale = _L1+5d2YO = _Ll+£d2YF = YOYFfE(T)

If we were interested in a truly non-equidiffusional model, with the same features,
we would have to define a possibly inhomogeneous flame temperature. If not, the
system under consideration behaves as the one studied in Section 4 (System (1.7).
Such a model, however, seems to have more physical relevance to us.

As is usual, the term f.(7) is nontrivial only when 7" — 1 is of order . Because the
function 7 is of order 2, the temperature is e-close to 1 only if Yy + Y is of order ¢;
this may only occur near the set {3 = 0}. Hence we meet again the Burke-Schumann
assumption.

If we believe that the limiting problems in Theorem 3.1 are the right ones, then
we will have to match the derivatives of the solution of (3.7) with the ones of the
inner problem described below. This implies in particular that

(3.8) T,] > 18, on {3 =0}.

The hypersurface {5 = 0} being a graph, there exists b > 0 such that any point
x in the tubular neighbourhood

(3.9) S = {dist(x, {8 = 0}) < b}

is described by its projection z; on {# = 0} and its projection along the normal
v(xy1), namely © — x1 = zov(x1). Without loss of generality assume that 5(0) = 0,
and blow up the coordinates: set

ry=¢€€ x9=2¢6(

(3.10) T<’5<5§>>‘1 aro(€,0) =

Yro(e(¢,¢))

3

p(&, Q) =

In the new coodinates (¢, () the surface {# = 0} is a smooth open subset O° of
RN, with diameter of order O(¢™).
In the coordinate system (&, (), System (3.1) reads

(3.11) Lfp = —L°q0 = —L°qr = qoqro(p),
where
d? u
12 L=—A¢—
(3 ) 3 dc? +e <5)

and where the operator M(e) is a first-order differential operator with smooth co-
efficients and no zero-order terms. Take any point & € OF; in the vicinity of &, we
have

6(57 <) = 50(6507 5()(7 7(57 C) =2+ €N (5(67 C))
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where [y is smooth and [y(&p,0) # 0. We always may assume

(313) ﬂo(&), 0) > 0.

Hence we have, at the order 0 in ¢, and omitting the arguments:

(3.14) q0qr9(p) = —(n + BoC — p) (11 — BoC + p)d(p) := feo (¢, p).

This leads to the family of one-dimensional problems, parametrized by ¢, Gy and «

") = fe(Cp)  (CER)
(3.15) P (—00) = Oi P (+0) = —«

This problem is analyzed in the Appendix below.

Let (7). be a sequence of solutions of (3.1). We have 0 < LT¢ < S175;_;
hence by [6], the Lipschitz constant of T° is bounded independently of e, and the

sequence (7). is relatively compact in C(€2). Let T" be the limit of a subsequence;
obviously 7" satisfies LT = 0 in Q\{3 = 0}.

Proposition 3.3 Assume the existence of a nontrivial closed subset of {3 =0} on
which T'=1. Then T =1 on {f = 0}.

PrOOF. We work in the original coordinates. Assume the result is false, i.e. there
exists a closed set set F' of {# = 0} such that

e we have T' < 1 outside F',
e the open set of {5 =0}: {# =0}\F is non void.

Let us therefore choose a (geodesic) ball By of {3 = 0} touching OF at some point
zg. Call Fy its complement in {3 = 0}. Consider the function T'(z) solution of

(3.16) LT=0in Q\Fy, T=Ty,on000 T=1onkF,

We have, for all z in By close to zq [14]: T(z) < 1 — C|z|'2. On the other hand we
have T' < T and T'(zo) = T(x¢) = 1. Hence T cannot be Lipschitz. O

Any sequence (7°). of solutions of (3.1)-(1.8) converges to the extinguished state
as soon as 0 is small. The next proposition leads us to the characterization of the
first 6 when a truly burning flame appears, and implies Theorem 3.1 as an easy
consequence.

Proposition 3.4 Set

(317) (51 = sup 6cr<ﬁ0(€07 O)a Tl/(an O))

&eRN !

where T,(&o,0) is the normal derivative of the limiting burning solution at the point
(£0,0). Then, for all § < 1, any sequence (T¢). of solutions of (3.1)-(1.8) converges
to the extinguished state. For all § > 6y, there is a sequence (T¢). of solutions of
(3.1)-(1.8) converging to the upper burning state.
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Proor. Assume first that 6 < d;, and assume the convergence of a - possibly
relabelled - subsequence (7). to the upper burning state. Then, in the straightened
out and rescaled coordinates (£, (), there is a ball B of O, of radius O(e™'), such
that

v£ S Baa o< 5cr(ﬁ0(£70))
Let p® be the rescaled function. Then, for € > 0 small enough, we have gég p°(£,0) >

—1. If this were not true, then (7°). would indeed converge to the extinguished
state by the preceding proposition. Therefore the function p(¢) = maxp(¢, () is
- ¢eB

a nontrivial subsolution to (3.15), with the corresponding «. Since 0 is a super-
solution, there exists a solution to (3.15), a contradiction.

If 6 > 61, a sub-solution 7°(zx) to (3.11) is constructed in the following fashion.
Let us choose n > 0 so small that

(3.18) 6= sup e (50(%0,0), T (0,0) + 7).

goeRN !

Define ¥ = (—A, A) x O%; the implicit functions theorem argument yields the
existence of a solution p© (¢, () to

Lp= fe(Cp) ()
(319) an(€> _A) = TV(fO? O) + n, an(gv A) = TV(&)? 0) -0
P(&,C) = D501 (€004 (C) (€ € OO7)

A sub-solution 7° is defined in the following way:

o for (£,() € X° we set p(, () :Bi(§7<);

e if 5S¢ is the image of ¥¢ in undoing the change of coordinates let 7" (z) represent
the function Qi in S°. We take for T° the unique solution of LT = 0 outside
S¢, with values T° on 05°.

For 1 small enough and € — 0, the function 7° is a sub-solution. And we know that
1 is a super-solution. 0

The proof of Theorem 3.1 is now straightforward: once the upper solution is
constrcuted, one only has to prove that a sequence of intermediate solutions will
converge to the limiting burning one; this, however, can be proved by blowing up
the solution around a burning point: the profile can then only be the 1D stable, or 1D
unstable solution constructed in Proposition A1 of the appendix. The temperature
has to be e-close to 1 on the whole set § = 0; Proposition 3.3 implies that the
temperature is strictly below 1 everywhere.
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4. Non-equidiffusional models with constant dif-
fusion

4.1. Pure Burke-Schuman non-equidiffusional models

We mean by the above appellation diffusion flame models where the chemical pro-
duction term is assumed to be temperature-independent. An immediate application
of Theorem 1.1 is indeed the following system: investigate systems of the form

1
(41) LYo = L;Yr = _gYOYF (l’ S Q)

with the mixed conditions (1.8). A sequence of solutions (Y5, Y7) to (4.1,1.8) can
easily be constructed. Theorem 1.1 yields a uniform Hoélder bound for (Y5, Y5); we
will see that it implies a uniform Lipschitz bound.

Let us introduce the function [ solution of

LG+ (d—1)v(x).VE~ = 0, (zr€Q)

(4.2) B=Yoo—dYry, (z€%) 9,6=0 (reX)

It is in every W?P(£2); moreover - see for instance [16] - the set {3 = 0} is a smooth
hypersurface in the vicinity of all its nondegenerate points.

1
Theorem 4.1 [i/] We have, in the measure sense :=Y5Y5n — Al|B|. If Yo and Yr
£

1
are the respective limiting value of Y5 and Y&, then Yo = 81 and Yr = gﬁ’. In

particular, at a nondegenerate point of {# = 0} we have the Burke-Schuman jump
condition
[0,+Ys] = d[0,-YF|.

[ii]. The family (Y5, YE) is uniformly Lipschitz - independently of ¢ and the function
B°:=Y§5 — dYE is - independently of € - in each W*P(Q2).

The singular limit is once again almost obvious and does not need Theorem 1.1: the
sequence (Y5, YE) is uniformly in H'(Q); the equation

(4.3) L3 = —V(2).V(YS + YE)

implies a Holder bound on (3%, hence the compactness of the sequence (3°). in C(€2).
Part [ii], i.e. the Lipschitz bound, relies - as is classical - on a Liouville type result.

Lemma 4.1 There is no positive locally bounded solution of
(4.4) —Ap+p* =0, z e RN,
There is no positive locally bounded solution of

—Ap+p*= 0 (¢,2y) e RV xR,

(4.5) Oenp= 0, (2€ RY L oy = 0)
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PROOF. Let us first study (4.4). If p is such a solution, then

(4.6) q(r) = sup p(z)
z€S,(0)

is a Lipschitz sub-solution to (4.4); integrating once between 0 and r we have:

r B 77,—1 r
(47) o> [[(Origdp=0-""2) [ ¢ dp
0o r r 0

the last inequality being obtained by an integration by parts. Multiplying by ¢ and
integrating from ry > 0 large enough to r yields, for some A\ < 1 and C' > 1 - the
latter depending on p(0), which is assumed to be positive:

qZZ/\</rq2 dp+C’>

hence we have / q dp > Q(r), where @ is the solution of
To

2
;

Q=XQ*+C), Qrg)=0

which blows up for finite r > .
As for Problem (4.5) we introduce the sub-solution

q(r) = sup  p(x)
z€Sr(0)N{zn>0}

and the proof follows the above lines. 0O

Lemma 4.1 may be strengthened into the following

Lemma 4.2 Consider a bounded function V(x). For § > 0 small enough, there is
no positive C? solution of

A

0, reRY
1

(4.8) —Ap+6V(x).Vp+ (p— 62)]))

(

The same result is valid for

~Ap+6V(z)Vp+(p—0)p< 0 (2/,on) e RN xRy
(4.9) Oeyp= 0, (@ € RV 2y =0)
p(0)= 1

PRrROOF. It is enough to prove the result for the inequation
(4.10) —Ap = V|| VD] + (p = 6)p <0, p(0) = 1.

The upper envelope ¢, defined by (4.6) satisfies inequalities of the following form,
for all 6 > 0 small enough

i A,
0 1L G|V || seedVlleer

(4.11) ¢ = (1 — ps) q(q — 0) dp.
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where ps > 0 is close to 0. If § > 0 is small enough, the RHS of (4.11) becomes
larger than

n—1

r 1
(1—2ps5) > (1 )/ ¢* dp aslong as Pz 3
0

r

Then - simple modification of the computations - the new function ¢, blows up at r
close to the radius rg of Lemma 4.1. 0

PROOF OF THEOREM 4.1. Only Point [ii] needs a proof. For this, notice that
equation (4.3) implies a uniform C** bound on (3°; hence this function becomes
amenable to the natural scaling of the equation. Consider A > 0 large, and let z°
be such that
(4.12) G (2°) € [—Ael/?, Act/?).

We point out that it is enough to do so: indeed, outside this set, the complete
combustion principle implies the Lipschitz bound trivially.

Rescale around z°:
1 1
(4.13) po(§) = EYOE(%’E +e'8¢), pR(6) = EYI?(:CE +el/3¢).

Our main task will be to prove that the family (p§), p%) is uniformly bounded. We
have

(4.14) —Apy + e PVp, = —(0F + O(E) +1p)o,  o(0) = 47

Case 1. The sequence dist(z°, 092). goes to +00 , and assume that liII(l) e85 (2F) =

+00. Due to Theorem 1.1 we have, for some o < 1:

(4.15) Po(€) = Pp(€) = O~V lg — €|
therefore we may assume

(4.16) e85 (1) = O(el V73,

Indeed, if x° is above that order of magnitude, (4.15) implies that it is so in a large
5 (w0 + 21%€) —
-1/3
is Lipschitz - due to the invariance of Lipschitz norms under the scaling (4.13) - and
because of the equality Yi = Y5 — 3° we have p% = O(xf) in B1(0). On the other

hand we have, in B;(0):

neighbourhood of 0. Examine the equation for p%: because £ —

—ApG + ' PV < — 1 pi.

This implies - complete combustion principle - p%.(0) = O(use’(“g)l/g); contradicting

the boundedness of (3°(xy). Hence (4.16) is true.
Rescale now pg, and & as

(4.17) £= VIECG  ol0) = uﬂpg(ﬁo.
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Equation (4.14) becomes

bg +O £ £ g
ME@ +05)r5,  4p(0) = 1.

(4.18)  —Agh +eAVEEV.P, = —(
Recall that £¥/3,/uf — 0 due to the uniform Holder bound for Y§5. By Lemma 4.2
there is &%, with norm controlled from above, such that ¢5(£°) = +oo. This is of
course impossible.

Case 2. dist(z¢, 09). is bounded. This can only occur near a boundary point with
either a Neumann condition, or a point where we have exactly Yo — Yr = 0. In the
first case, one may work exactly as in Case 1, and arrive - once a suitable change of
coordinates has been performed - to equation (4.5); this is also an impossibility. In
the second case, remember that we have chosen a Lipschitz boundary datum; hence
the sequence p%(0) is globally bounded.

From then on, Point [i] is easy: we may as well assume that b* = 0 and set,
up to a rotation of the coordinates: V() = le; with [ > 0. The family (p§)-(¢)
converges to a solution of

(4.19) —Apo + (po — b —1&)po = 0,

a continuous family of sub-solutions of which being: & — a&;, 0 < a < I. Hence we
have, by the maximum principle: u(¢) > I£. However, the function p — p — 1€ is
strictly increasing as soon as p > [£;; hence (4.19) has a unique nontrivial solution
- to see this, just examine the difference between two possible solutions and realize

l
that the usual maximum principle applies - namely the function u(= ), where u is

1
the unique nonzero solution of the ODE —u” = —(u — [&;)u. This ends the proof of
the theorem. 0

4.2. Putting the temperature equation back in

This section is basically devoted to the proof of Theorem 1.2. Having Section 3.1
in mind, let us immediately deal with the functions § and . The function 3 was
already accounted for; define ~¢ as

(420) ’)/6 = 27—“5 + dlyz)e —f- dQY;:v

An equation for 7 is
(4.21) A V.V = —v.v<(1 Cd)YE 4 (1 dz)yg).

An immediate consequence is a uniform estimate of 4* in Holder norms; hence, in
particular, a bound on the temperature that is also independent of £. To go to C1®
we need to improve the regularity of at least two of the three unknowns. This is
given by the following

Theorem 4.2 The triple (T¢,Y5,Y5) is uniformly Hélder away from the set Fy
defined by (1.10).
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ProOF. The assumptions of Theorem 1.1 concerning the functions Ay can be relaxed
a bit: namely, we may assume them to be nonnegative - Lemma 2.2 is still true under
that assumption -; however, in order to keep Lemma 2.1 true we need to say a few
more words. Scanning the proof of this lemma we see that only Case 2 has to
be re-examined; and only around the points where 7T° is close to 6. Then we set
u® = T° — 6; the situation is the following: in a set of B;(0) that we call 2, with
measure as close to |B;(0)| as we wish, we have

LlT’6 = —LcthOE = _Ld2Y}<€ = pg_IYSYFEfE(TE)
(4.22) Yo Yz

1 <oscp Yy, oscp, Yr < 0y

where p > 0 accounts for some possible normalisation.

Because the functions ¢ and ~° are uniformly Hoélder, they converge - up to a
subsequence - to Holder functions § and ~. Also, the results of Corollary 3.1 are
true in our case.

1. Assume that we have
(4.23) v(0) > 20 + |5(0)].

Then there is § > 0 such that
Ta Z 0 + (5 n Bl.

We are then in the situation of Lemma 2.1, and the oscillation decay is automatically
valid for Y5 and Yj. The oscillation decay of 7 follows from the expression of 7°
in terms of v and Yo p.

2. Assume that we have

(4.24) 7(0) = 26 + |5(0)| and 3(0) > 0.
Let us set A
(4.25) V=

VE

2.1. Assume that the sequence (rgax v°). is unbounded. Then we may find . ,,
1/2

that we denote by u, and 0 > 0 independent of € and p, such that we have, in Bj:
1 T — 0 —

(A + pVV)T > ~(0 +p— TE)(M) |

H K +

In particular we have arranged that
c4 B T—-6
VT € 0,0+ /], Va € By, EYFU 5 )y —)

(4.26) 2 I
. 1 T-06
> M(9+M—T)<)+

and that (T° — 0)(0) > /p. Setting
W) = (T (1) ~0).
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we have

(4.27) —Aw® > Cpu(—w (1 —w) 4 + p| V).

Now, argue as in lemma 4.1: set

(4.28) pi(r) = igf w*;

T

then p° satisfies (4.27) in the viscosity sense - except that V should be replaced by

9. This implies (just integrate the ODE as in Lemma 4.1) that p® decays from 0

at most like —pur. Scaling back, we end up with a nontrivial balliBTo, ro bounded

away from 0 independently of p and e, such that inf v blows up. This implies that
T0

pe~! is bounded; hence the oscillation decay.

2.2 Assume now the existence of a uniform constant C' such that v* is bounded by
C in B;. We might as well assume that C' = 1. Let us set

(4.29) o= /B ()

Define the sets i, k > 0, as

1 .1
(4.30) Y= {gm < <
and

Equality (4.29) implies existence of a constant C' such that:

p ik .
(4.32) @(Mo +> 27;) > Cp”.

k>1

In €2, rescale the coordinate x as x = u,i,/ Nf - if Q, is the so obtained transformed
set we have || = 1. If 9f is the rescaled function we have, by assumption of f:
2/N

Hi P o
£3/29k+1 "

(=A+pV.V)op >

This implies in turn, taking into account the values of u® in Q) - here we have k > 1:

2/N C

Hig P
(4.33) a€3/22k+1 < o

The constant « is defined in (1.6). Inequality (4.33) implies, together with (4.32):

3/2 N/2
(4.34) )< (J(gp) .

Now, let us come back to the equation

(—A + pV.V ) = 0(a§v€).
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From (4.34) there is p > N such that
B”UEH Lr(By) is controlled independently of €.
£

Therefore u° has a uniform Hoélder bound in Bj, hence the oscillation decay once
again.

3. Assume that

(4.35) ~(0) = 26.

This implies, due to the uniform Hélder bound on ~¢, that v¢ ~ 26 in B;. Assume
that || # 0; then we have, once again from the Hélder bound for :

}/E]€+Y1§‘250 in31

for some uniform positive constant dy. As a consequence, T¢ is uniformly below 6 in
By; and we conclude, for the last time, to the uniform Holder bound for the triple
(T°,Y5,Yg) in B;. The remaining case is the set [}, that we have excluded. 0

PrROOF OF THEOREM 1.2. Let zy be a point outside F{; once again we may translate
it to 0. the functions 3° and +¢ are now uniformly C'%® in a vicinity of this set. Let
(T, Yo, Yr) be a possible limit for (7¢, Y5, Yz).
1. Assume that v(0) > 26 + 3(0). We already saw that there was nothing to prove
if 3(0) # 0; if 5(0) = 0 we are in the situation of Theorem 4.1.
2. We have v(0) = 20 and 3(0) # 0. If T'(0) < 0, this evidently implies the Lipschitz
bound in a vicinity of 0. The remaining case to discuss is 7'(0) = 6; however the
argument essentially the same as in Theorem 4.1: the only change to be made is
the equation for which we prove the Liouville theorem. Let us sketch the argument,
leaving the complete proof to the reader.

Assume for definiteness that we have 3(0) > 0. Thus Y§ is bounded away from
0, uniformly in €, in a - uniform - vicinity of 0. The equation for T¢ writes

T-0
VE

LT = {6 + = 2T) (3¢ — 5 — 2T°) f(

The natural scaling is

v=vel, T(Veg) = Vep (§).

Under this scaling, and due to the C® character of 3° and 7¢, and because 5(0) > 0,
there is 0 > 0 independent of £ such that the function p° satisfies

(4.36) —Ap® +VEV.VPT < —dpf(p)

in an e~ /2 neighbourhood of 0. Arguing as in the proof of Lemma 4.1 we first prove
that there is no nonzero solution of

—Ap+pf(p) =0,
then finish the proof as in the proof of Theorem 4.1. 0

Remark 4.1 We point out here the similarity between the above case 2 and the
singular perturbation problems studied in, for instance, [2] and [6]. This emphasizes
the fact that we are studying a point where the flame is premized.
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5. Nonlinear diffusion

In this section we concentrate on pure Burke-Schuman models, but the additional
effect that we want to observe is nonlinear diffusion. This is, as a matter of fact,
the natural assumption in flame theory; see [21]. We need, however, maximum
principles that we are not able to ensure in systems with cross-diffusion effects.

Part [i] of Theorem 1.3 follows from Theorem 1.1; hence the uniform convergence
of (Y§,YF) is granted. Part [ii] follows from standard weak convergence arguments.
Hence we only need to say something about Part [iii], and this the object of the
next paragraph.

5.1. Uniform Lipschitz regularity

In this case, it seems to be less easy to derive a global equation for the function (¢,
that would imply a C'® estimate for it. Let us, however, notice that the limiting
function § - due to (1.12) - satisfies an equation of the following type:

- Z Aii(8)0i8 + Z B;(B)0:8 = 0.

We have set A = (A;;)1<ij<n; because Ap(0,0) = Ap(0,0) the functions A;;(3) are
Holder in €. The functions B; are L™; consequently we have 3 € W?2?(Q) for all

p € (1,+00). Hence 3 € Ch*(Q).
1
In the sequel, o will be a small number; in any case much smaller than 3 Choose
any point xg in €.

Case 1. We have Yj5(zg) > €?. Therefore there is C' > 0 such that

Y5(z) >

e
? m Bea/a/c(x(]>.

The complete combustion principle implies

Yi(z) < Ce =" in B.o/a joc(T0);

hence a bound of the same sort in VYj. This implies, by rescaling, a uniform C'
bound for VY and D?*Yp.

The same argument would hold if we had Yj5(z) > £°.
Case 2. We have Yj5(z0), Ya(xo) < e?. Set, once again

1

5 () = Y5(a) - Vi)

rescale x once again as

ro €, (€L IE) = &Y, VE 87 o+ %),

Case 2.1. We have lir% b°(0) = +o0. Same argument as in Case 1.

Case 2.2. The sequence (b°(0)). is bounded. Then, an equation for b° in the vicinity
of xy can then be written as - we set Bo r = Aor — Ao r(0,0):

(5.1) — = (A0(0,0)Vb7) = +(Bo(Y5, Yr) Vo + Br(Y5, i) ViE).
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The matrices Bp and By are denoted by (Bg)i<ij<n and (BE)i<ij<n- Set
OF = [Yo > 7} U{Yr > ") Q5 = Q\CF.

Let (71(€),72(€)) be a partition of unity in e/3(Q—z¢): 11+72 = 1in e V/3(Q—x0);
suppy, C {Yp > €7/2}. In particular, v, and 7, have uniform C?® estimates - in &.
Next, we set

.. PO ..
MG po,b) = [ BE( 0o, iy — 1) dbly
.. PF ..
WW@—K-%W%M@ﬁ%WM

We have then

(5.2) By (Yo, Yr)0ip = 0, Ng — '295050,0°

BR (Yo, Yr)Oiph = ¢, N — e /305 30;b°
In the functions AY . we have - in order to alleviate the notations - omitted the

arguments (YO,YF).7 Equation (5.1), together with (5.2), implies, with the Einstein
summation convention:

(5.3) — = (A0(0,0)V* = £'/20,(05(AE + NE)0;0°)—0;(AY + A%)

Let b] be the unique solution of
~ = (Ao(0,0) 8 = —0, (A8 + A)m))

in e71/3(Q — ), with the corresponding boundary conditions. If G(¢) is the Green
function of the operator — <+ (4o(0,0)V) in RY, we have

(5.4) b ~ =Gy * 0,5 ((Aioj + A?)Vl))

in an e~?/2-neighbourhood of 0. We notice that b5 is uniformly C> on ¢, in an
e~?/2_neighbourhood of 0.
Now, we set

b = b — b5

There are N? functions ¢;(¢), such that ||¢j[|cas ) is uniformly bounded with

respect to €.

0/2)

— = (A0(0,0)Vb5 = —c'730;(05(A + AD)9;b5)+e7 03¢5,

Hence we have
(5.5) 5| cas_, ) < Ce72.

Consequently, the function b° decomposes into a uniformly C?® function and a small
one. The proof of Theorem 4.1 from then on applies. 0
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5.2. Concluding remarks
5.2.1. Error estimates

The theory developped in the preceding section readily implies readily error esti-
mates. For the sake of simplicity we formulate them in the context of Problem
(1.11), accounted for in Theorem 1.3. Also assume

e that we are in the cylinder case, i.e Q = {(x,y) € (=L, L) X w};

e the velocity field V' only depends on y:
Thus the limiting steady problem for 8 has a unique solution. This can be seen by
the sliding method [3]. Let (Y5, Y2°) be the limiting solution.

1
Theorem 5.1 Assume Ap(0,0) and Ap(0,0) to be proportional. For every a < 3

there is C,, > 0 such that

(5.6) Y5 = B+ [Yi — 87| < Cac”.

1
ProoF. Consider any o < —.

1. In the area {3° < &®} we notice that 0,0° > § for some § > 0 independent of .
This, together with the uniform Lipschitz bound for Y ., implies the error bound.

2. In the area {#° > £} we have Yz < Ce== *"*. Hence
1
EYSYFE << g9, ”YF||02,a({ﬁe>5a}) << g°.

The area 0({#° > £“}) has a nonempty intersection with 3 - i.e. where the values
of Yo and Yr are imposed. Setting

- 1
A (z) = /0 Oy Ao(YE + LY, 0) dt

we have
| = (A5 =Y5)) +u.V(Y5 = Y5)| << e

with Dirichlet conditions on ¥,, Neumann boundary conditions on X; and Y —
Y5 = O(e*) on 0({5° > €*}) N Q. From the global Lipschitz bound for Y§, the
operator — = (A°V) can be written as a nondivergence elliptic operator with L
coefficients; hence [4] it has a first eigenvalue that is bounded away from 0 indepen-
dently of €. This implies once again the error bound in the considered region.

3. In the area {#° < —c} we argue as above. 0

5.2.2. Monotonicity formula

Another tool to prove the global Lipschitz regularity - once Hélder is known - in the
cases where it is possible is the monotonicity formula, as presented in [7] and used
in [8]. Let us consider System 1.11 with the assumption that Ao (0,0) and Ar(0,0)
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are proportional. Once the function b° is proved to be a small quantity plus a O
function we may prove an equality of the form

(5.7) (Yo — A3 (Y — Ac'/®)* = 0.

Also, recall that Yy and Y are uniformly a-Holder, for some o > 0: this implies
that, up to a change of coordinates, we are in the conditions of application of Lemma
2.1 of [7]. The function

dx

T =

1 / |V (Yo — Ac'/3)F| / |V (Yr — A/3) 7|
B,(0) B,(0)

rde—re |J}|N_2 |g;|N_2

is nonincreasing. Arguing as in Step 1 of Theorem 5.1 of [8] implies the boundedness
of e71/3(Yp p — Ae'/3); hence the result in a straightforward way.

In the general case - i.e. Ap(0,0) and Ar(0,0) are not proportional - the mono-
tonicity formula is not guaranteed. See a counter-example in [9)].

APPENDIX: the flame layer in the high activation
energy model

Proposition Al. Assume v; > —1 and o > [y. There is dq-(Fo, &) > 0 such that
Problem (3.15) has at least two solutions ps 5, o < Py go.0 < 0 for d > 0er(Bo, @), and
no solution for & < d.(5o, ). Moreover

o We have p*(¢) +v1 < —f[¢|,
e the branche 0 — pf;'fﬁma are smooth,

e consider 6 > 3. (o, ) >0, and A > 0 large enough so that pfﬁo,a(ifl) < —1.
Also consider the operator

d2
(58) L(Si,ﬁo,a = _TCQ - apfﬁo(‘vpgc,ﬁo,a)?

defined for all H*([— A, A]) functions with zero derivative at +A. Then its first
eigenvalue ul(ngfﬁW) is positive - resp. negative.

ProoF. First, notice that it is enough to assume 7; = 0. Then, assume o =
until step 4.
1. Estimates. Let us first carry out the proof for the stable branch. For all
a € [0, 1], the function ¢ — —al(] is a super-solution to (3.15). Hence any solution
of (3.15) is below ¢ — —[|C].
2. Existence and stability for large §: a standard geometric singular pertur-
bation argument (see Jones [15]) shows that pg, s(¢) ~ —0|¢|. Moreover, it yields
uniqueness for large §’s.

On the other hand, the function gg, s := Js5pg,,s satisfies, because of Step 1:

Lggys > 0, q/ﬁo,é(iA) =0.
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Hence f11(g,,5) > 0.

3. Continuation. The implict functions theorem implies the existence of a smooth
branch pg, s down to some d.,(5y) > 0. Let us prove that d.,(8y) > 0; to see this let
us notice that any solution p of (3.15) satisfies

p" 2 =0]9l,

hence p/(400) cannot reach —|fy| if 0 is too small. This also proves that we cannot
have 511%1 Pgo,s = 0.

4. Uniqueness. If 6y > ..(6o) > 0 is given, any solution p of (3.15) is below ps g,
if ¢ large. Then decrease 0 to get a contact point between p and ps g, .

5. o > . Let us notice that any solution ps g,  is below —(o|¢|. It is certainly true
for large negative (; consider then the first point ¢, when ps g, o and —0|¢| meet;
at that point (i) the two functions are differentiable - strong maximum principle -
and (ii) the derivatives are strictly ordered. Hence pj 4 ,(¢) is increasing; hence is
always above —[3,. This contradicts the condition at +oc.

Once we have this estimate, we may follow steps 1 to 4.

6. Unstable branch. We first notice that the solution is now decreasing with
respect to 0. We may get some help from the singular profile min(—«|¢|, —1). What
may occur is that the branch is degenerate at some 0y > J.7(5p, @) and hence might
lose its smoothness. However, for § € (.., dg) there has to be a solution, by a stan-
dard - see [20] - topological degree argument. 0O

Remark 5.1 We believe that the solutions p+ constructed in Proposition Al are
the only ones, and that the branch p_ is smooth - at least in most cases of interest.
Should this fact be true, this would open the way to a much more precise description
of the multi-D solutions constructed in Section 3.2, and would render the complete
S-shaped solution curve claimed in the classical physics textbooks.
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