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Abstract

We study a variational Ginzburg-Landau type model depending on a small parameter € > 0
for (tangent) vector fields on a 2-dimensional Riemannian surface. As ¢ — 0, the vector fields
tend to be of unit length and will have singular points of a (non-zero) index, called vortices.
Our main result determines the interaction energy between these vortices as a I'-limit (at the
second order) as € — 0.

1 Introduction

Let (S,g) be a closed (i.e., compact, connected without boundary) 2-dimensional Riemannian
manifold of genus g. We will focus on (tangent) vector fields

u:S—=TS, e, u(x)e€T,S for every z € S

where T'S = U,esT,S is the tangent bundle of S. It is well known that there are no smooth vector
fields X'(S) (or more generally, of Sobolev regularity X12(S)) of unit length |ul, =1 on S (unless
g = 1). In fact, vector fields of unit length have in general singular points with a (non-zero) index.
Our aim is to determine the interaction energy between these singular points in a variational model
of Ginzburg-Landau type depending on a small parameter ¢ > 0 where the penalty |u|, =1 1in S
is relaxed.

Model. For vector fields v : S — T'S, we define the energy functional
1 2 1 2
E.(u) = [ ec(u)voly, ec(u):= §|Du|g + FF(|u|g),
S 9

where |Du|? := |Drul? + |Dryul? in S, vol, is the volume 2-form on (S, g) and D, denotes co-
variant differentiation (with respect to the Levi-Civita connection) of w in direction v and {7y, 72}
is any local orthonormal basis of T'S. The potential F' : Ry — Ry is a continuous function with
F(1) = 0 and there exists some ¢ > 0 such that F(s?) > ¢(1 — s)? for every s > 0; in particular,
1 is the unique zero of F. The parameter ¢ > 0 is small penalizing |u|, # 1 in S; the goal is to
analyse the asymptotic behaviour of E. in the framework of I'-convergence (at first and second
order) in the limit ¢ — 0. This is a “toy” problem for some physical models arising for thin shells
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in micromagnetics or nematic liquid crystals (see e.g., [4, 5]).

Connection 1-form. On an open subset O C S, a moving frame is a pair of smooth, properly
oriented, orthonormal vector fields 7, € X(0), k = 1,2, ie., (Th,71)g = ke, k.1 = 1,2, and
volg(71,72) = 1 in O, where (-,-)4 is the scalar product on T'S. (We will use the same notation
(+,-)g for the inner product associated to k-forms, k = 0,1,2.) Defining ¢ : 'S — T'S such that ¢
is an isometry of 71,5 to itself for every x € S satisfying
i*w = —w, (tw,v)g = —(w,iv)y = volg(w,v),

then every smooth vector field 7 € X(O) of unit length provides a moving frame {71, 72} := {7,i7}
on O. Moreover, if {71, 72} is any moving frame in O, then 7 = i7;. ! Given a moving frame
{m1, 7} on an open subset O C S, the connection 1-form A associated to {71, 72} is defined for
every smooth vector field v € X(0):

A(v) == (Dy72,71)g = —(DuT1,T2)g in O.

In particular, D,71 = —A(v)m2 and D,72 = A(v)7; in O. In complex notation, it yields for any
smooth complex-valued function ¢ on O:

Dy(¢rm) = (dop(v) —iA(v)d)m in O.

The definition of A depends on the choice of the moving frame. However, the exterior derivative dA
of the connection 1-form is independent of the moving frame, in particular, the following identity
holds

dA = Kk volg,

where & is the Gaussian curvature of S (see [7] Proposition 2, Chapter 5.3). We recall the Gauss-
Bonnet theorem that states

/ kvoly = 2mx(S),
S

where x(S) is the Euler characteristic, related to the genus g of S by x(S) = 2 — 2g.

Vortices. We will identify vortices of a vector field u with small geodesic balls centered at some
points around which « has a (non-zero) index. To be more precise, we introduce the Sobolev space
X1P(S) of vector fields u : S — T'S such that |u|, and |Dul, belong to LP(S) (with respect to the
volume 2-form), p > 1. Given u € X1P(S) N L4(S) such that % + % =1, p,q € [1,00], we define
the 1-form j(u) by 2

J(U) = (Dua iu)g'

In particular, j(u) is a well-defined 1-form in L'(S) if u € X»!(S) with |u|, = 1 almost everywhere
in S; the same is true if u € X1P(S) for p > %. To introduce the notion of index, we assume that
O is a simply connected open subset of S and u € X12(N) is a vector field in a neighborhood N
of 9O such that |u|y > % a.e. in N; then the index (or winding number) of u along 0O is defined

by
1 J(w)
deg(u; 00 —(/ —+/KV01>
8 ) 2 \Joo |ul? o) I

n general a moving frame exists only locally on S.

2Note that if {71, 72} is a moving frame on an open set O C S, then the connection 1-form A associated to the
moving frame is given by A = —j(71) on O. In particular, dj(u) = —kvoly in O for every smooth u € X(O) of unit
length.




(see [7] Chapter 6.1). In particular, if w is defined in O and has unit length on dO, then one has

w(u) = 27 deg(u; 00) where w(u) is the vorticity associated to the vector field w:
(@]

w(u) := dj(u) + K volg. (1)

Sometimes we can identify the index of u at a point P € S with the index of u along a curve around
P. Note that every smooth vector field u € X (O) (or more generally, u € X12(0)) of unit length in
O has deg(u; 00) = 0; moreover, a vortex with non-zero index will carry infinite energy E. ase — 0.

We will prove a I'-convergence result (at the second order) of E. as ¢ — 0. In particular, at
the level of minimizers u. of E., we show that u. converges in X11(9) (for a subsequence) to a
canonical harmonic vector field u* of unit length that is smooth 3 away from n = |x(S5)| distinct
singular points a1, ..., an, each singular point ay carrying the same index djy, = sign x(S) so that 4

> di = x(S). (2)

k=1

The vorticity w(u*) detects the singular points {ax}}_; of u*:
wu*) = 27TZ di0gq, in S, (3)
k=1

where g, is the Dirac measure (as a 2-form) at aj. The expansion of the minimal energy E. at
the second order is given by

E (u.) = nﬂ'logl + lim (/ 1|Du*|2 voly + mrlogr) +nyp +0o(1), as € = 0,
e =0\ Js\ur_ B, (ar) 2 g

where yp > 0 is a constant depending only on the potential F' and B, (aj) is the geodesic ball

centered at ag of radius r. The second term in the above RHS is called the renormalized energy

between the vortices a1, ..., a, and governs the optimal location of these singular points as in the

Euclidian case (see the seminal book [3]). In particular, if S is the unit sphere in R® endowed with

the standard metric g, then n = 2 and a; and ay are two diametrically opposed points on S.

Outline of the note. The note is divided as follows. Section 2 is devoted to characterize canonical
harmonic vector fields of unit length. In Section 3, we determine the renormalized energy between
singular points of canonical harmonic vector fields. The main I'-convergence result is stated in the
last section. The proofs of these results are part of our forthcoming article [9].

2 Canonical harmonic vector fields of unit length

We will say that a canonical harmonic vector field of unit length having the singular points
ai,...,a, € S of index di,...,d, € Z for some n > 1, is a vector field u* € XL!(S) such
that |u*|g =1in S, (3) holds and

Ij(u)=0  inS. (4)

3Tn the case of a surface (S, g) with genus 1 (i.e., homeomorphic with the flat torus), then n = 0 and u* is smooth
inS.
4In fact, deg(u*;~) = dj, for every closed simple curve v around aj and lying near a.



Here, d* is the adjoint of the exterior derivative d, i.e., d*j(u*) is the unique 0-form on S such that
/ (d*j(u*),¢)g volg = / (j(u*),d¢)g vol,  for every smooth O-form (.
S S

If u* satisfies (3), then the Gauss-Bonnet theorem combined with (1) imply that necessarily (2)
holds.

We will see that condition (2) is also sufficient. Indeed, if (2) holds, we will construct solutions
of (3) and (4), as follows: let ¢ = v(a,d) be the unique 2-form on S solving:

—AY = —k volg + QWZ di04q, in S, / P =0, (5)
k=1 s

with the sign convention that —A = dd* + d*d. The idea is to find u* such that j(u*) — d*¢ is an
harmonic 1-form, i.e.,

Harm?!(S) = {integrable 1-forms n on S : dn = d*n = 0 as distributions}.

The dimension of the space Harm!(S) is twice the genus (i.e., 2g) of (S, g) and we fix an orthonor-
mal basis 11, ...,m24 of Harm!(S) such that

/(nkﬂ]l);; VOlg :5kl for k,l: 1,...,2g.
S

Therefore, it is expected that

2g
ju)=dp+Y P in S (6)
k=1
for some constant vector ® = (®1,...,P,) € R?9. These constants are called fluz integrals as they
can be recovered by
Dy :/(j(u*),nk)gvolg, fork=1,...,2g.
s

Note that (6) combined with (5) automatically yield (3) and (4). One important point is to
characterize for which values of ® the RHS of (6) arises as j(u*) for some vector field u* of unit
length in S. For that condition, we need to recall the following theorem of Federer-Fleming [8]:
there exist 2g simple closed geodesics v¢ on S, £ = 1,...,2g, such that for any closed Lipschitz

curve v on S, one can find integers c; ..., cog such that
29
~ is homologous to Z ceYe
=1

i.e., there exists an integrable function f : S — Z such that

29
/C — Z Cg/ ¢ = / fd¢  for all smooth 1-forms (.
v =1 Ve S

Having chosen the geodesic curves {7¢}2, and the harmonic 1-forms {7 };2,, we fix the notation

Qg ::/ Nk k,€:1,...,29. (7)
e



Theorem 1 Letn > 1 and d = (di,...,d,) € Z" satisfy (2). Then for every a = (ai,...,a,) €
S™, there exists
Ce = G(a;d) € R/27Z, {=1,...,2g

such that if a vector field u* € XV1(S) of unit length solves (3) and (4), then j(u*) has the form
(6) for constants ®1,...,Pag such that

29
ZQEkq)kJFCZ(aad) € 27TZv = 17---;297 (8>
k=1

where (cuy) were defined in (7). Conversely, given any ®1,...,Poy satisfying (8), there exists a

vector field u* € XV1(S) of unit length solving (3) and (4) and such that j(u*) satisfies (6). In
addition, the following hold:

1) ¢o(+;d) depends continuously on a € S™ for every £ =1,...,2g. More generally, if °

e no
ut = QWdeéalt -l = 27‘(‘2 d?éa? in W1 ast 0,
1=1 =1

{dl}; are integers with (2) and >, |dt| is uniformly bounded in t, then (o(at, d') — (o(a®, d)

ast ] 0.

2) any u* solving (3) and (4) belongs to X P(S) for all 1 < p < 2, and is smooth away from
{arti:-

3) If u*,u* both satisfy (6) for the same (a,d) and the same {@k}iil, then @* = e"Pu* for some
B eR.

The constants {Q(a;d)}?il are determined as follows. For every £ = 1,...,2g, we let A\, be

some smooth simple closed curve such that A, is homologous to 7, (the geodesics fixed in (7)) so
that {ax}}_; is disjoint from A,; for example, A is either v, or, if ~, intersects some a, a small
perturbation thereof. We now define (y(a, d) to be the element of R/27Z such that

Ce(a, d) :=//\ (d*+A) mod2r, (=1,...,2g, (9)

where ¥ = 9(a,d) is the 2-form given by (5) and A is the connection 1-form associated to any
moving frame defined in a neighborhood of Ay. The integral in (9) is independent, modulo 27Z, of
the choice of moving frame and of the curve Ay homologous to 7,. In examples in which it can be
explicitly computed, in general (;(a,d) #0 mod 27 for £ =1,...,2g.

3 Renormalized energy

For any n > 1, we consider n distinct points a = (a1,...,a,) € S™. Let d = (d1,...,d,) € Z"
satisfying (2), {Ce(a;d)};2, be given in Theorem 1 and ® € R?% be a constant vector inside the

set:
29

L(a,d) :={P® = (P1,..., Poy) €R*® : Y Py + (o(a,d) € 27Z, L =1,...,2g}.
k=1

51f 1 is a 2-form (possibly measure-valued) then we write for p, ¢ € [1, co] with % + é =1:

llelly—1.p :=sup {/S fu o fEeWDISR), [ fllwra = Ifllze + lldfllze < 1}-



We define the renormalized energy between the vortices a of indices d by
1 n
W(a,d,®) := lim </ —|Du*|? vol, + mlogr di),
r20 N Js\up, Brlar) 2 ! ;

where u* = u*(a,d, ®) is the unique (up to a multiplicative complex number) canonical harmonic
vector field given in Theorem 1 and B, (ax) is the geodesic ball centered at ay of radius r. Our
arguments show that the above limit indeed exists. As in the euclidian case (see [3]), we can
compute the renormalized energy by using the Green’s function. For that, let G(z,y) be the
unique function on S x S such that

—AL(G(-,y) voly) =6, 7% distributionally in S, / G(z,y)voly(z) =0 for every y € S.
oly(5) s

with Voly(S) := [ voly. Then G may be represented in the form (see [2] Chapter 4.2):
G(z,y) = Golz,y) + H(z,y), with H € C*(S x S),

where Gy is smooth away from the diagonal, with
1 . . o . 1. . .. :
Go(z,y) = ~5- log(dist(xz,y)) if the geodesic distance dist(x,y) < 5(1n3ect1v1ty radius of S).
7r

The 2-form 9 = 1(a,d) defined at (5) can be written as:
) :27r2de(-,ak)volg + 1o vol, in S,
k=1

where 1y € C*°(S) has zero average on S and solves

2mx(5)
Vol(S)

1
—Atpg = —K + R, for & = —/ Kvol, = (10)
S

Vol(S)
In other words, the 2-form z — (x) + dj logdist(x, ai) vol, is C! in a neighborhood of aj, for
every 1 < k < n. We have the following expression of the renormalized energy:

Proposition 2 Given n > 1 distinct points ai,...,a, € S, integers di,...,d, with (2) and
o € L(a,d), then

n 1 d 2
W(a,d,®) = 47> Z didiG(ay, ar) + 2772 [7dy H (ak, ar) + ditbo(ar)] + §|<I>|2 + /s % voly ,

I£k k=1
(11)
where g is defined in (10).

In the case of the unit sphere S in R3 endowed with the standard metric (in particular, v
vanishes in S), if n = 2 and dy = dz = 1, then the second term in the RHS of (11) is independent
of ay, (as z — H(x,x) is constant, see [14]); moreover, ® = 0 and so, minimizing W is equivalent
by minimizing the Green’s function G(a1,az2) over the set of pairs (a1,a2) in S x S, namely, the
minimizing pairs are diametrically opposed.



4 [I'-convergence

Given the potential F' in Section 1, we compute the energy E. of the radial profile of a vortex of
index 1 inside a geodesic ball of radius R > 0:

R 2
1F<R,s>:inf{}rj€ 7o+ B G rar :f<o>o,f<R>1}.

2¢2
Then Ir(R,c) = Ir(AR, \e) = Ir(1, §) =: Ir(§) for every A > 0, and the following limit exists
(see [3]):
VF o= }%(Ip(t) + mlogt).

We state our main result:

Theorem 3 The following I'-convergence result holds.

1) (Compactness) Let (uc )0 be a family of vector fields on S satisfying Ec(us) < N7|loge|+C
for some integer N > 0 and a constant C > 0. Denoting by

0 = ( [ )y w0l [ G0c) )y 0ty ) € 2,

then there exists a sequence € | 0 such that

w(ue) — QWdeéak in W as e =0, (12)
k=1

where {ar}7_, are distinct points in S and {di}}_, are nonzero integers satisfying (2) and
Sohildi] < N. Moreover, if Y p_, |dg| = N, then n = N, |di| =1 for every k =1,...,n
and for a subsequence, there exists ® € L(a,d) such that ®(us) — ® as e — 0 (in particular,
n = x(S) modulo 2).

2) (U-liminf inequality) Assume that the vector fields u. € X%2(S) satisfy (12) for n distinct
points {ar}}_; € S™ and |dp| =1, k =1,...n that satisfy (2) and ® € L(a,d). Then

lim '51f [E-(uc) — nwllogel|)] > W(a,d, ®) + nyp.

e—>
3) (T-limsup inequality) For every n distinct points ai,...,a, € S and dy,...,d, € {£1}
satisfying (2) and every ® € L(a,d) there exists a sequence of vector fields u. on S such that

(12) holds and
E.(u;) — nm|loge| — W(a,d,®)+nyr as € = 0.

This theorem is the generalization of the I'-convergence result for E. in the euclidian case
(see [6, 11, 13, 1]) and it is based on topological methods for energy concentration (vortex ball
construction, vorticity estimates etc.) as introduced in [10, 12].
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