On the relation between minimizers of a I'-limit energy and
optimal lifting in BV -space

Radu Ignat* Arkady Poliakovskif

Abstract

We study the minimizers of an energy functional which is obtained as the I'-limit of a family
of functionals depending on a small parameter € > 0, associated with a function u € BV (2, S)
and a positive parameter p. We find necessary and sufficient conditions on p and the dimension
under which these minimizers coincide with the optimal liftings of u, for every u € BV (Q, S*).

AMS classification: 49Q20, 26B30
Keywords: functions of bounded variation, lifting, I'—limit.
1 Introduction
Let Q C RY be a bounded domain and u € BV (2, S1), i.e., u = (u1,uz) € L'(Q,R?), |u(z)| = 1

for almost every x € Q and the derivative of u (in the distributional sense) is a finite 2 x N —matrix
Radon measure. The BV-seminorm of u is given by

2 2
/ |Du| = sup {/ Zuk div ¢ dx @ ¢ € CHQ,R?), Z IC(z)]? < 1,Vz € Q} < o0,
@ Q=1 k=1

where | - | is the Euclidean norm in R2. A BV lifting of u is a function ¢ € BV (2, R) such that
u=e"% ae. in Q.

The existence of a BV lifting for any v € BV (Q, S*) was first proved by Giaquinta, Modica and
Soucek [5]. In general, we may have that

min{/ |Dg| : ¢ € BV(Q,R), ¢¥ = u a.e. in Q} >/ | Dul.
Q Q

The optimal control of a BV lifting was given by Davila and Ignat [3] who showed the existence
of a lifting ¢ € BV N L>*(Q, R) such that

| 1pel <2 [ pul. (1)

The constant 2 in the inequality (1) is optimal for N > 2 (for example, consider

(2)
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in the unit disc in R?, see [3] for details).
It is natural to investigate the quantity

E(u) = min { /Q |Dy| : ¢ € BV(Q,R), e = u a.e. in Q} : (3)

The case u € Wh! was previously studied in [2] while the more general case u € BV was studied
in [5, 7, 8]. We shall say that a lifting ¢ € BV(Q,R) of u is optimal if E(u) = / |De|, i.e., if
Q

© is a minimizer in (3). An optimal lifting of u always exists but in general it is not unique (i.e.,
there might exist two optimal BV liftings ¢1 and s such that ¢; —¢s is not identically constant).
For example, for the function u given in (2), every optimal lifting is an argument function whose
jump set is a radius of the unit disc, see [7]. The structure of an optimal lifting of v is described in
[5, 8, 7] using the notion of minimal connection between singularity sets of dimension N — 2 of u.

A natural way to approximate liftings of u is to consider, for a fixed parameter 0 < p < 400,
the family of energy functionals { Fs(u’p ) }€>O defined by

1 )
Fg(u’p)(SO) :E/ |V<p|2 + g/ lu—e|P, Ve Hl(Q,R). (4)
Q Q

Due to the penalizing term in (4), sequences of minimizers ¢, of Fg(u’p ) are expected to converge to
a lifting ¢g of u as ¢ — 0. More precisely, Poliakovsky [9] proved that for p > 1 and for bounded
domains  with Lipschitz boundary, any sequence of minimizers p. € H'(Q, R) of Fe(u’p ), satisfying
| [o el < C, converges strongly in L' (up to a subsequence) to a lifting ¢ € BV (€, R) of u as

€ — 0 and g is a minimizer of the I'—limit energy Fo(u’p) : LY, R) — R given by

., 9 P (et — ) dHN ! if ¢ is a BV lifting of u,
F" 7 (0) = st (5)

+00 otherwise.

Here, S(p) is the jump set of ¢ € BV (Q,R) and ¢~, ¢T are the traces of ¢ on each of the sides
of the jump set and £ : [0, +00) — R is the function defined by

0+t

(p) — is _ 1|p/2 >
fP(0) %gﬂg t e 11P/=ds, ¥6 > 0.

Notice that Fé“’p)(ap) < 400 for a BV lifting ¢ of u since f®) is an increasing Lipschitz function

(see Lemma 1). Due to the fact that the energies {Fe(u’p) }s>0 and Fo(u’p) are invariant with respect
to translations by 27k, k € Z, uniqueness of minimizers has a meaning up to additive constants in
217

The goal of this paper is to study the question whether the minimizers of Féu are necessarily
optimal liftings of u, for any p. Surprisingly, this turns out to be the case (in general) only in
dimension one, while in dimension N > 2 this holds only for p = 4. Our main result is the
following:

D)

Theorem 1 Let Q be a bounded domain in RY .

(i) If N = 1 then for every u € BV (2, S) and p € (0,+00), ¢ is a minimizer of Féu’p) if and
only if ¢ is an optimal lifting of u ;

(ii) If N > 2 then only for p = 4 it is true that for every u € BV (Q, SY), any minimizer of Féu’p)
is an optimal lifting of u.



We recall that for a function  in the smaller class W11(Q, S1), a lifting of u is optimal if and only

if it is a minimizer of Féu’p), for every p € (0, +00) (see [9]).

The paper is organized as follows. In Section 2 we recall some basic notions of BV spaces
that will be needed throughout this paper. Section 3 is devoted to the one dimensional case. In
Section 4 we treat the case p = 4, which was already studied in [9]. In Section 5 we construct
counterexamples needed for the proof of assertion (ii) of Theorem 1 in the case 0 < p < 4. For
any domain €2 we construct a piecewise constant function v € BV (2, S!) depending on p such
that Fo(u’p ) has a unique minimizer & (up to 27Z constants), u has a unique optimal lifting ¢y (up
to 2wZ constants) and &y — (o is not a constant function. In Section 6, we deal with the general
case p # 4. For any bounded domain G, we construct a family of functions {U;}¢e(—1/4,1/4) that
contains elements U; with a unique optimal lifting whose energy FéU" P) g strictly larger than the
minimal energy min FO(Ut’p ). (In addition, for those functions Uy, we will prove that FO(Ut’p ) has a
unique minimizer up to a 27Z translation.)

For the sake of simplicity of notations we shall often suppress the dependence on u and p when

referring to the energies {Fg(u’p )} Féu’p ) and f®),

e>0’

2 Preliminaries about the space BV

In this section we present some known results on BV functions that can be found in the book [1] by
Ambrosio, Fusco and Pallara (see also Giusti [6] and Evans and Gariepy [4]). Let v € BV(Q,R™).
A point z € Q is a point of approzimate continuity of v if there exists ¥(z) € R™ such that
0(x) = ap-lim v(y), that is:

Yy—x

lim 'HN(BT(x) N{yeN: |v(§/) —0(x)| > 6}) _0, Ve>o0.

r—0 HN(B,(x)
The complement of the set of points of approzimate continuity is denoted by S(v). It is known (see

[1]) that the set S(v) is a countably H”™ ~!-rectifiable Borel set, i.e., S(v) is o-finite with respect to
the Hausdorff measure H¥V~! and there exist countably many N — 1 dimensional C''-hypersurfaces

{Sk}72, such that HN_l(S(v)\ U Sk) = 0. Moreover, for HN"l-ae. 2 € S(v) there exist
k=1

v (z),v™(z) € R™ and a unit vector v, (x) such that

ap-lim v(y) =vT(z) and ap-lim v(y) = v~ (x). (6)
y—x, (Yy—z,vy () >0 y—x, (y—z,vy (2)) <0

In the sequel we shall refer to S(v) as the jump set of v, although (6) is valid only for H¥~!-a.e.
x € S(v). The vector field v, is called the orientation of the jump set S(v). Dv is a m x N matrix
valued Radon measure which can be decomposed as Dv = D% + DJv + D, where D% is the

absolutely continuous part of Dv with respect to the Lebesgue measure, while D7v and D are
defined by '
D’v=Dv.S(w) and D% = (Dv— D%)(2\ S()).

We shall call Div and D the jump part and the Cantor part, respectively, of Dv. We have:
1. D% = VuH"Y where Vv € L*(Q, R™*") is the approximate differential of v;
2. (D®v)(B) = 0 for any Borel set B C 2 which is o-finite with respect to HN ~1;
3. Div= (vt —v7) @ v, HN1LS(v).



Throughout this paper we identify the function v with its precise representative v* : {2 — R™ given
by
1

v = 0 N (B, (o)) /Bm) W

if this limit exists, and v*(z) = 0 otherwise. Note that v* specifies the values of v except on a
HN~1_negligible set.

We also recall Vol'pert’s chain rule. Let € be a bounded domain and assume that v €
BV (,R™) and g € [CY(R™)]? is a Lipschitz function. Then w = g o v belongs to BV (Q,RY)
and

Dw = Vg(v) VoHY, Dw = Vg(v) Dv, D'w = [g(v") — g(v7)] @ v, KV "1LS(v).  (7)

3 The one-dimensional case

In this section we shall show that the optimal liftings of u coincide with the minimizers of Féw’ )y
the one-dimensional case, for every parameter p > 0 and any function u € BV (2, S'). The proof
uses the same method as in [8].

Proof of (i) in Theorem 1. Let {2 be an interval in R and let ¢ € BV (2, R) be a lifting of w.
By the chain rule (7), it follows that

(©)"+ () = un (@ +(@)°) and () = Y (plat) —pla=))da+ Y (p(b+) = p(b=))d (8)

aeS(u) beB

n

where B C Q is a finite set such that S(u) N B = 0 and ¢(b+) — p(b—) = =27, ay € Z, for every
u(a+

u(a—)
of the unit complex number w. Since f®) is increasing and |p(a+) — @(a—)| > |da(u)| in S(u), it
follows that

FPp(at) = pla=)) = [P (|da(u)]) if a € S(u) and fP(jp(b+) —p(b-)]) 2 0ifbe B (9)

b € B. For any a € S(u), we denote d,(u) = Arg where Arg w € (—m, 7] is the argument

with equality if and only if
lo(a+) — p(a—)| = |da(u)| for a € S(u) and «ap =0 for b € B. (10)

According to (8), we have

[ (1@t = [ (16 + 1),

B = [ (@ +160°7) + 3 ot

a€S(u)

By [8], it follows that

i.e., ¢ is an optimal lifting if/ (@) | = Z |de(u)|. Therefore, by (9) and (10), we obtain that
Q aceS(u)

min Py =2 37 fO(|dq(w))).
a€S(u)

\P)

Finally, we conclude that ¢ is a minimizer of Féu if and only if ¢ is an optimal lifting of u. O



4 The case p=1

In this section we shall recall the proof from [9] of the result that states that for p = 4 minimizers
of the T-limit energy F{"“*’ coincide with those of the energy E(u) in (3) for every u € BV (€, S1).

We also derive an asymptotic upper bound for the minimal energy of Fgu’4 in terms of the mass
of the measure |Dul.

Proof of (ii) of Theorem 1 for p = 4. Let ¢ € BV (Q,R) be a lifting of u. Then |[ut —u~| =

+ _ —
%! HN~La.e. in S(u). A simple computation yields

2| sin
4 (p) — .0
f (9)—29—4|sm§{, Vo > 0.

This implies that

F"Y(p) =4 /

\g0+—<p_|dHN_1—4/ lut —u~ [ dHN T
S(¢)

S(u)
On the other hand, the chain rule (7) yields that
D% =uAD% and D% =uA D (11)

and therefore, the total variation of the diffuse part of Dy is completely determined by Du, i.e.,
[0+ 107 = [ (D%l + Dvu). (12)
Q Q

Hence, ¢ is a minimizer of Fo(u’4) if and only if ¢ is an optimal lifting of w. t

As a consequence, we deduce an estimate for the energy F,;-(u’4) which relies on some results
from [3] and [9].

Corollary 1 Let Q be a bounded domain in RY with Lipschitz boundary and u € BV (£, S1).
Then

min F(*4 < 4/ |Du| 4 o(1)
Q
where o(1) is a quantity that tends to 0 as € — 0.

Proof. By contradiction, assume that there exist a constant ¢ > 0 and a sequence {ej },>1 tending
to 0 as k — o0, such that

F{(pe) 24 [ 1Dul 45, (13)

Q
where ¢., € H'(Q,R) is a minimizer of FE(:A). Since the value of Fé:’4)(ap5k) does not change
by adding a constant multiple of 27 to ¢.,, we may assume that 0 < [, o, dz < 27HN(Q).

According to [9] it follows that, up to a subsequence,

fep =0 in L' and  lim F((p,) = By (o),
where g is a BV lifting of v that minimizes the I'—limit energy Fé"’4). Using (13), it follows that

F (09) > 4 / Dl +6. (14)
Q



On the other hand, by assertion (%) of Theorem 1 in the case p = 4, we know that ¢q is an
optimal lifting and

F (p9) = 4 /

|g08'—<p5|d’HN_1—4/ lut —u” [ dHN L
S(0)

S(u)

By (1) we deduce that [, [Dgg| < 2 [, |Du| and therefore, it implies by (12),

F (o) < 4 / |Du|

which contradicts (14). O

It would be interesting to have a direct proof of Corollary 1 which does not use the results in
[3] and [9]. That will lead to a new proof of the inequality (1).

5 The case p € (0,4)

In this section we prove the case p < 4 of assertion (%) of Theorem 1. We shall first construct, for

each 0 < p < 4, a piecewise constant function v € BV (R, S!) in a rectangle R C R? such that no

minimizer of Fo(u’p ) is an optimal lifting of u. Then, we shall adapt this example to the case of an

arbitrary bounded domain 2.
We start by two preliminary results about the function f®):

Lemma 1 Let 0 < p < oo. The function f®) is an increasing Lipschitz continuous function.
Moreover,

0/2
/ e — 1[P/2 ds if 0 € [2mk, 2m(k + 1)], k even,
o) = o (15)
[l eapds e ok 2e(ho DLk odd
—0/247

Proof. In the sequel we shall write for short f instead of f(»). The function
seR— e —1P/2 = 2’"/2‘ sing|p/2

is 2m-periodic, increasing on (0,7) and symmetric with respect to 7. Hence, if § € [0, 27|, then
0/2

f(o) = / le?® — 1|P/2ds. In general, if § = 27k + 0 with § € [0,27] and k € N, we have
s

f(8) = f(2rk) + f(A) and (15) is now straightforward. In particular, we deduce that
f2rk) =kf(2r), VkeN. (16)

From here, we conclude that almost everywhere in (0, 400), f is differentiable and 0 < f’ < 2P/,
O

f(p)(zﬂ —0) — f(p)(g)
T—0

Lemma 2 Let 0 < p < 4. Then the function 6 € (0,7) — is increasing.



Proof. Tt is sufficient to prove that the function g : (0,7) — R defined by
9(6) = 1(2n ~ 6) = 1(0) ~ (=~ 0) (' (2m - ) + 1))
is positive, where we denoted f = f(P) as above. Indeed, by Lemma 1 we have for every 6 € (0, 7),
/ " " /2—4 .0 /2—2 ¢ iop/2—2 0
gO)=(m—0)(f"(2r —0) — f"(6)) =p2? (m—0) sin o cos? Z—Slnp 1)
Since p < 4 it follows that ¢’(d) < 0, V8 € (0,7); hence g is decreasing. Since elim g(0) =0, we
deduce that g must be positive on (0, 7). (]

Construction of a counter-example u when () is a rectangle. Let p € (0,4). We first

T T
construct our function u in a certain rectangle R. Let 6, = & and 0y = Vi Thanks to Lemma, 2
we can choose Lz > L1 > 0 such that

) = (92 L3 f(p)(27T - 92) - f(p)(92)

17 7=6 " L f®@2r—0,) - [0

> 1. (17)
Set also Ly = L3 and Ly = L3. We consider the rectangle

R = {(m,y) €R?: —Ly<a <Ly, —Ls <y<L1}.

Ai(=Ls, L) Ay(La, Ln)
Al At
et - %4‘
Ry (a1
.ag @) U,
Z/{Q CLZ
A, ay, Ay
FQ Fg
AQ(_L27 _L3> Z/{S A3(L47 _L3)

Figure 1: The rectangle construction for p € (0,4)

Notice that the rectangle R depends on p by the choice of the edges; moreover, the choice
(17) is no longer possible for p > 4. In the rectangle R, we denote the vertices A; = (—Lg, Ly),
As = (—Log,—Ls3), A3 = (L4, —L3) and Ay = (L4, L) and also the interior full triangles Uy, =
A AOAg—1 and the segments I'y = (OAg) for 1 < k < 4 where O = (0,0) is the origin and we
use the convention that Ay = A4, see Figure 1.



Let ¢9 € BV(R,R) be the piecewise constant function defined by

g if 0<x< Ly, O<y<L1,

) &= if —Ly<ax<0, 0<y< Ly,
Po(@,y) = . if —Ly<a<0, —Ly<y<O0,
% if O<z<Ly —-L3<y<O

and set u = e¥° € BV(R, S').
In Lemmas 3 and 4 below we shall prove that ¢ is the unique optimal lifting of u (up to a 27Z

constant) and g is not a minimizer of Fé"’p ). Actually, we prove that the lifting g € BV (R,R)
of u defined as

g if 0<x<L4, O<y<L17

3T 3
_3x f —Le<z<0 O0<y<lL
_ f i 2 , Yy 1,
¢0(33ay) 7% lf —L2<I<O, *L3<y<07
o f 0<x<Ly —-Lzy<y<O

is the unique minimizer of Féu’p) (up to 27Z constants).

Lemma 3 The function ¢q is the unique optimal lifting of u (up to a 2wZ constant).

Proof. Let ¢ € BV(R,R) be a lifting of u. Then

4

/ Dol =) (/ | Dyl +/ ot —sOEkldﬁl)
R Uy, T

k=1

where golfk and ¢, are the traces of ¢ on I'y. Let us consider the one-dimensional sections

R: = {(tm,ty) : (z,y) € 873}, vt € (0,1)

where we denote the vertices of the rectangle R, by {A};}l <h<a’ By the characterization of BV

functions by sections (see Theorem 3.103 in [1]), the restriction @y = <p|Rt belongs to BV (R¢, R)
for almost any t € (0,1). We define the following rescaled variation of ¢; on R; as

4

a@t _
= L —_— L2 + 1?2 T (ALY — Al for a.e. ¢ 1
VieR) =30 (1 [ 1G4V Bl (4 o5, (4D ) forae. ve 0
so that

1
/V(%,Rt)dtﬁ/ | D
0 R

(here 7 is the tangent vector of straight lines). An easy computation yields

3 s 61 s
D =L1— +Lo—+L3— +Ly—.
/72' wol 14+ 24+ 35+ 4%

In order to prove that g is an optimal lifting, it is sufficient to prove that

3 6
Vg Re) > Llf + LQZ + ng + L4§ for a.e. t € (0,1). (18)



We shall use a method from [8]. Denoting the restriction of u to Ry by us = u’Rt , we have
for almost every t € (0,1): u; = et H! —a.e. in Ry and S(u;) = {al, : 1 < k < 4} where
al = Ry NU N {z =0} for k € {1,3} and a, = R, NU, N {y = 0} for k € {2,4}. The chain rule

(7) leads to
o\ _ ouy \* o A\ _ Oy \ —0-
(87‘) = Ut A\ (87‘) =0 and (87‘) = Ut A\ (87> = 0,

% N (6)8?) = Y (piat) = oe(a=))da + > _(i(b+) — i (b=))6p.

a€S(u) beB

hence,

Here, the Lipschitz curve R is considered oriented counterclockwise and the traces of y; are taken
with respect to this orientation. We have that

1. B C R, is a finite set such that S(u;) N B = § and ¢ (b+) — ¢ (b—) = —2mway where oy €
Z,Nb € B;
2. pi(a+) — pr(a—) = Arg % — 21, with a € Z,Va € S(uy).
Therefore, setting Ls = L1, it follows that

4
Ve, Re) = Z ( Z Lk’@t(a+)_¢t(a_)‘+\/ L% + Liﬂ |<P1J“rk(A§c)_<P1:k (Ai:)’) (19)

k=1 *ae(S(u)uUB)NUy

0
Since / o _ 0, we get
Rt a

.
1 ut(a+)
= — A =1 20
Z Yo = oo Z "8 u(am) (20)
a€S(ur)UB a€S(ug)
Obviously,
ug(at +
palt) — oulaf—)| = | Arg 24 vy <<y
ut(al,—)

By (19), the inequality (18) will follow from the surplus of the variation induced by the condition
(20), i.e.,

“t(afc‘i‘) ‘
u(al,—)

Indeed, suppose that there is b € B such that ap #£ 0. If b € Uy, for some 1 < k < 4 then by (17),

1
27

V(pe,Re) > Ls— + > Ly| Arg (21)
O

27
Li|pi(b+) — i (b=)| > 2m Ly > LBE'
If b = Al for some 1 < k < 4, then

_ 2
VIR + L b, (A0 — o, (4D 2 20 IR + L, > Lo

(here we used the fact that the traces of ¢; on T, coincide with cpljfk (AL) for a.e. t € (0,1)).
Otherwise, according to (20), there exists o, # 0 for some a = a}, and by (17), we easily check
that

u (afﬁ‘)‘

2 t
Li|ei(aj+) — ¢e(ag—)| > LB? + Ly | Arg w(ao)



with equality if and only if k¥ = 3. Therefore, (21) holds, i.e., ¢ is an optimal lifting of u.
It remains to prove the uniqueness of the optimal lifting o (up to a 27Z constant). Let ¢

be an optimal lifting. From above, we deduce that the restriction ¢; on R; satisfies for almost

t € (0,1) that

0 if ke {1,2,4},

22
1 if k= 3. (22)

S(p¢) = S(ug) and gt = {

It follows that

/\DsOIZ/ |<P+—s0_\dH12/ ot — | !
R S(e) S (u)

1 4
> / " Lilge(abt) — pulal—)| di = /R Dgol.

k=1
Since ¢ is an optimal lifting, we deduce that S(p) = S(u). By (11), we have D% = D¢ = 0. It
follows that ¢ is constant on each connected component of R \ S(u). By (22), we conclude that
© — g is a constant function, for some constant in 27Z. ]
Lemma 4 The function g is the unique minimizer of Fé"’p) (up to 27Z constants).
Proof. We use the same argument and notations as in the proof of Lemma 3. Let ¢ € BV (R, R)

be a lifting of u. By (11), we have D% = D% =0 and Dy = Dip = (¢T — o7 )u, H'LS(¢). We
define for almost every ¢ € (0,1) the following variation of ¢; on R;:

4
GlonR) =Y ( S L (piat) - pila))
k=1 " ae(S(us)UB) Uy
IR L 1P (6t (AL — e, <Az>|))

1
2/ G(pe, Ry)dt < Fo(u’p)(@)-
0

so that

)

In order to prove that 1)y is a minimizer of Féu’p , it is sufficient to verify that

F(“J’)
)= oﬁ(l/’()) for a.e. t € (0,1).
(23)
Indeed, suppose that there is b € B such that oy, # 0. If b € Uy, for some 1 < k < 4 then by (17)
and Lemma 1,

5 47 T
G(pt,Re) > Llf(p)(z) (= 5

m
+ LafP () + La f () + Laf P

51

Lif® (0 (0+) = ub=)D) + LS @ (o +) — oulad =)D > Luf @ ()
and then, we use that
P ulaict) = ala)) = 10 (| arg 08T )) 2 <<
ug(aj,—)

If b = Al for some 1 < k < 4, then

om

L2+ Ly 19 (101, (%) — 07, (ADD) + Luf P (fgu(a+) — en(ad =) > LufP ().

10



Otherwise, according to (20), there exists a,, # 0 for some a = a}. By Lemma 1, we notice that
the map 0 € (0,7) — f® (2 — 0) — fP)() is decreasing. Then, by (17), we easily check that

t t 5
Lf P elaioh) = puleho)) + L7 | rg 220 ) > 10| avg 2 ) 140

with equality if and only if k = 1. Therefore, (23) holds and we also deduce that if ¢ is a minimizer
of F{"") then for almost every t € (0, 1),

0 if2<k<d4,

24
1 if k=1. (24)

S(pt) = S(ue) and Qqt = {
The uniqueness of the minimizer ¢y (up to 27Z constants) follows by (24) as in the proof of
Lemma 3. (]

Proof of (ii) in Theorem 1 for p € (0,4). Let Q be an arbitrary bounded domain in RY, for
N > 2. Denote by D = (2R) x (-2,2)V=2 ¢ RM. By translating and shrinking homotopically the
rectangular parallelepiped D, we may suppose that D CC €. Let u, ¢o and 1y be the functions
in R constructed above and denote D; = R x (—1,1)V=2. We write = (z1,72,...,7n) =
(21, 29,2") € RN. We define in Q,

u(xy, x2) in Dy,
w(z) =11 in  (D\D1)N{x1 >0},
-1 otherwise.

Consider the liftings

wo(z1,2) in Dy,

Co(z)=<X0 in (D\Dl) N {xz; > 0},
T otherwise
and
Yo(z1,72)  in Dy,
&(x) =140 in (D\Dy)N{x, >0},
—T otherwise.

We prove that (j is the unique optimal lifting of w and &y is the unique minimizer of Féw’p ), but
Co — &p is not constant since

{50 in DN {z; >0},
Go =

o + 21 otherwise.

Step 1. The function (p is the unique optimal lifting of w (up to a 27Z constant).

Indeed, let ¢ € BV (Q, R) be a lifting of w. Obviously, [¢* — (7| > dgi (wt,w™) = |¢ — ¢y | HY -
a.e. in S(w) N (2\ Dy). The restriction of ( to R x {z'} is a BV lifting of u for almost every
2’ € (—1,1)N=2. Therefore, by Lemma 3, we obtain

/|D<|:/ |D<|+/ D¢
Q o\D; D,
2/ IC+—C’|dHN*1+/ d;v'/ (
S(w)N(A\D1) (-1,1)N-2 Rx{z'}

> / dgi (w*,w™) dHN 1 4 2N 2 / Do| = / DG,
S(w)N(Q\D1) R Q

11
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i.e., (p is an optimal lifting of w. Let now ¢ be an optimal lifting. From the above it follows that

/ | D¢ :/ dgi (wt,w™) dHN !
o\D, S(w)N(Q\D1)

and for almost every 2’ € (—1,1)V =2, the restriction of ( to R x {2’} is an optimal lifting of u,

ie.,
/ D¢| = / Dgy).
Rx{z'} R

As in the proof of Lemma 3, it follows that ¢ — {y = 2nm in Dy where m € Z. Since the size of
the jump of ¢ must satisfy 0 < dg1 (w™,w™) < 7 on D, we deduce that

(—C=2mm in Q.
Hence, (o is the unique optimal lifting of w (up to 277 constants).

Step 2. The function & is the unique minimizer of Féw’p) (up to 27Z constants).

As in Step 1, using Lemma 4, we have that for every BV lifting ¢ of w,

(w,p)
u :/ f(p)(‘CJr — AR ! +/ f(p)(\CJr — ¢ ) dHN !
S(ONEN\D)

2 S(0)NDy

> / FO(t — ¢ dHN
S(w)N(Q\D1)

+ / da’ / SOt — ¢y ant
(-1,1)N=2 S(ON(Rx{z'})

(w,p)
u F
2/ £ (d51 (w*,w*)) dHN-1 +21\/731[7(5 ,p)(%) _ 2o (&)
S(w)N(Q\D1)

2

i.e., & is a minimizer of Fo(w’p ). The uniqueness of the minimizer follows by the same argument as
above. 0

6 Proof of (i) in Theorem 1 for p # 4

In this section we shall complete the proof of our main result in the general case p € (0,4)U(4, +00).
The strategy will be to construct a family of functions U = {Ui}ic(_1 1) in BV(Q, S1) with the
following property: for every p # 4, there exists a function Uy in the family U such that U; has a
unique optimal lifting (up to translations in 277Z) and the energy FéUt P) of the optimal lifting is
larger than the minimal energy min FO(Ut ) First of all, we make that construction in the special

case of the two-dimensional disc
Q:={zeC: |z] <2}

Construction of the family ¢ = {Ui},c(_1 1) in the disc @ = B(0,2) C R2. For any
z € Q\ {0}, we denote the argument 6(z) € [0,27), i.e., a= e Let t e (=%, 1). We define
the set

Ay ={zeQ: z=re", re(1,2), O<9<(Z—|—t)lnr}

and we consider the function 6, : Q — R given by

0;(2) := 0(2) + 2mxa,(2), VzeQ, (25)

12



where x4, is the characteristic function associated to the set A;. Now let U, € BV(Q,S!) be
defined by

Ui(z) := eil%ét(z), Vz € Q. (26)
Set the liftings @1 ¢, w2+ € BV (Q,R) of Uy:
9 4 9 - 97 9 4 9.
=—0;=—0+ — d = —0; —2 =—0— —xa,- 27
vLe= 1% = 1o + 5 XA, and @2 i= 100 = 2TXA, = 10 5 XA (27)

We will show that:

Figure 2: The construction for the general case p # 4

Lemma 5
i) For anyt € (—1,0), p1 is the unique optimal lifting of Uy (up to 2rZ additive constants);
1 ;

(ii) For anyt € (0,%), o, is the unique optimal lifting of U, (up to 2nZ additive constants).
The conclusion of Theorem 1 (in the case of the disc) will then follow from the next result:

Lemma 6

(i) For every 0 < p < 4 there exists a positive number p, € (0, %) such that for any t € (—pp,0)

we have that FéUt’p) (p1.e) > FéU"’p) (p2.t), i.e., the optimal lifting p1 ¢+ of Uy is not a minimizer
of FéUt’p). Moreover, @2+ 1s the unique minimizer of FO(Ut P) (up to a 277 translation), for
every t € (—pp, pp)-

(ii) For any p > 4 there exists p, € (0,7) such that F{YP)(p2y) > FYP (p14), for each
t € (0, pp), i.e., the optimal lifting w2, of Uy is not a minimizer of FéUt’p). Moreover, 1, is
the unique minimizer of FéU"’p) (up to a 2wZ translation), for every t € (—pp, pp)-

Before proving the above Lemmas, we shall introduce some notations (see Figure 2). Set

Poi={2€C:z=r7€(0,1)} and Q;:={zeC:z=reB/4)mr (1 9)}, (28)
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Then the jump set of U; is given by
moreover, we have that

HY(P) =1 and HY Q) = /1+(3/4+1)2 (30)

We choose the orientation of the jump set S(U;) to be given by the unit normal vector vy, € S*
defined by
(O, 1) PSS Pt7

vy, (2) = 1 Al - .
|’Y£(‘Z|)|( 7t,2(| |)77t,1(| |)) th;

where v, (1) = 7.1 (r) + iy 2(r) == re!/AHOMT Then for any 2 € S(U;) we consider the traces
UF(2) = ¢59G) and Uy (z2) = e fo@@)+2m) _ ci(H0)-2)

We start by giving a useful characterization of a general lifting ¢ € BV (2, R) of U;. We can
choose the orientation of S(¢) to coincide with the orientation of S(U;) on S(¢) N S(U). Then,
we have

0T (2)— 9 (2) = g +2mn(z), V2 € S(U;) and ¢t (2) — ¢~ (2) = 2mn(z), Vz € S(p) \ S(Uy),

where n : S(p) — Z is an integrable function. We define the sets
Ly:={2€8(p): n(z) #0} and Lj :={re(0,2): I0€R, re € L,}. (31)
We next prove the following property:

Lemma 7 For any lifting ¢ € BV(Q,R) of U;, we have H*(L],) = 2.

Proof. By contradiction, assume that Hl(L;) < 2. Then, there exists a compact set K C (0,2)
such that H'(K) > 0 and L}, N K = (). Consider a sequence of open sets V; CC (0,2) such that
K C Vi, cC (0,2) and (2, Vi = K. Now take a sequence of functions oj, € C2((0,2),R) that
satisfy 0 < o, < 1, ox(r) = 1 for any r € K and oy(r) = 0 for any r € (0,2) \ V. Define the
functions & € C?(Q,R) by

2

5k(z) = / Uk(t)dt.
|2

For z = (z,y), we denote V16, := (—9,0), 00%). Then we have
/QVlék(z) d[Dy](z) = 0. (32)
Since U; = €', we obtain from the chain rule (7),
Dyp= D"+ Dip= %D“é + guUt H' S(Uy) + 2mn(-)vy H ' Ly,

Therefore, by (32) we infer

—2765,(0) + 27r/ n(2)V4er(2) - vp(2) dH (2) = 0. (33)

L,
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Define the sets Wy, := {z € Q: |z| € Vi \ K}, Vk > 1. Then by the construction of d;, we deduce
from (33),

0,(0) = /L . n(2)VE6,(2) - vp(2) dH(2).

Since |V+4;| < 1, it follows that

o< [ et <z [ jete e @l << [ Dl

™ Wi

Using N2, Wy, = 0, we get that
lim 6(0) = 0. (34)

On the other hand, according to the definition of d, we have

5k(0):/OQUk(t)dtz/Kldt:Hl(K)>O,

which leads to a contradiction to (34). This completes the proof of Lemma 7. O

We now present the proofs of Lemmas 5 and 6:

Proof of Lemma 5. The jump set of ¢, and 5 ; are
S(p1,e) = S(Ur) = RLUQLU{(0,0),(1,0)} and S(p2¢) = P UQUR,U{(0,0),(1,0)}, (35)

where R, :={2€ C: z=r,r € (1,2)}. Moreover, the size of the jump is

_ 97
(6f(2) ~ a2 = 7, Ve RUQ

and
9% if ze Pta
lp3.4(2) — w2, ()| = { % if 2€ @,
21 if ze€ Rt.
Therefore, by (30), it follows that
. 9 9
/ IDigr] = = + 2 /1+ (3/4+1)%
Q 5 5
97 w (36)
/ | DV o] = — + —/14+ (3/4+t)2 4 2m.
Q 5 5
Hence, we have
/ |Digy 4| < / |Digay|, Vte (—1/4,0),
Q Q
/ Digy,| > / Digs,], Vte(0,1/4), (37)
Q Q

/\Dj¢1,0|=/|Dj%02,0|-
Q Q
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Let now ¢ € BV (Q,R) be an arbitrary lifting of U;. From (11) it follows that / |D%p| = / | DUy |
Q Q

and / |Dp| = / |D°Uy| = 0. We choose an orientation of S(¢) that coincides with the orientation
Q Q

of S(Uy) on S(p) N S(U;). Put
o =H Ly NP), yy:=H (L,NQy),
w, =M (S(p) \ S(Ur)) = H' (L \ (P UQy)), (38)

Z<p = ’ll}(p +£L'¢+ 7%’

where P, and @ are defined in (28) and L, is given in (31). Consider the following decomposition
of L{, (defined in (31)):
L, =A,UB,UD; ae. in (0,2),

where
AL :={re(0,1): 30 R, re’ € L, NP},
Bl :={re(1,2): 30 R, re'? € L, NQ}, (39)
Dl :={re(0,2): 30€R, re® € L,\ (P,UQ)}.

Note that A7, N B}, = , but AL (resp. B;) and D¢, are not necessarily disjoint. We have

HY(A}) =z, and H'(B)= Yo

V14 B/4+1)?

where the last equality follows by the construction of @;. It is clear then that

wy > W (D)) = W (L \ (AL U BY)) = W (L)) — 2y — ——tt

Vit AT

By Lemma 7 we have H'(L[,) = 2. Therefore,

Ve 2o > 2. (40)

\/W7 ie., =

Wy 22— Ty, —
By (30), we deduce that
(T Yp, 2p) € My == {(2,y,2) ER?: 0< 2 <1, 0<y <1+ (3/4+1)2, z>2}. (41)
We define the function @, : M; — R by

2 N 21 (4y/1+ (3/4+ )2 —5)
5 51+ (3/4+1)?

It is easy to check that for ¢ > 0 the unique minimum point of ®; on the set M, is achieved
at the point (1,0,2). Similarly, if ¢ < 0 then ®; attains its unique minimum on the set M; at

(xvyWZ) = (17 V 1+ (3/4 + t)2a2)'
On the other hand, from (29) we infer
ez [ et | ot -1+ [ T
2 S(@\S(Ut) (LeNP)U(LeNQ:) (PUQ:)\ L,
> 2w, + (271'— %)(ac@—i-yg;) + g(l—k V14+3/4+1)2 -, —y<p>

= ‘I’t(%,yw%) (42)

Oy (z,y,2) = 2wz —

v+ T(Le VIT AT 07).
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Therefore,

/ DIg| > By, g 7) > Ou(1, /T (3744 1)2,2) = / Digul, ifte (~1/4,0),
Q Q
(43)

/ D] > B0, Yp 7) > Bi(1,0,2) = / Diga,|, ifte(0,1/4).
Q Q

We conclude that for ¢ € (—1/4,0), @1, is an optimal lifting of U; while for ¢ € (0,1/4), @2, is an
optimal lifting of Uy.

It remains to prove the uniqueness of the optimal lifting of U;. Let ¢ be an arbitrary optimal
lifting of U;. Then all inequalities in (42) and (43) become equalities.

(1) In the case of t € (—1/4,0), we deduce that z, = 1, y, = \/1+ (3/4+1)?, w, = 0 (hence,
S(p) = S(Uy)). Moreover, by (42),

9
lot — 7| = ?ﬁ H'-a.e. in S(p).
Since every lifting has the same diffuse part (see (11)), it follows that
D(p—¢14)=0 inQ.

Since € is connected, we conclude that ¢ — ¢; ; is constant in €.
(#1) In the case t € (0,1/4) we obtain z, =1, y, = 0, w, = 1. Moreover, by (42),

9

3

Hl-ae. in S(p)N P,
Hi-ae. in S(p)NQ:,
27 Hi-ae. in S(p) \ (P UQy).

Then, according to (11), it follows that

oy cn‘

lpt — 7| =

D(p — o) =27 (W,quLRt — v, H'C(S(9) \ S(Ut))> .

We deduce that for every function 6 € C}(€),

5
/ D g = / V45 v, dH! = 6(1,0),
s(eNS(y) 9Te S(EN\S(UL)

where 7, stands for the tangent vector to the H!'-rectifiable set S(¢) \ S(U:). Using the same
technique as in [7], since H'(S(p) \ S(U;)) = dist ((0,1),09Q) = 1, we conclude that S(¢) \ S(Us)
coincides with R; (which is the geodesic line between the point (0, 1) and 0€2). Thus, D(p—p2,:) =0
in Q, i.e., ¢ — w2 is constant in . This completes the proof of Lemma 5. (]

Proof of Lemma 6. Let p > 0. By Lemma 1 we compute

97/10
F"P(p10) = (1+ /1 + (3/4+1)?) / 20’ — 1|P/2ds
—97/10
97/20
= 2P/2F3(1 4+ /T + (3/4 + 1)2) / sin/2 s ds
0
97 /20 /2
— op/2+3 / sin?/? s ds 4 2P/23 /1 + (3/4 4 1)2 / cosP/? s ds.
0 /20
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On the other hand,

97 /10 ) /10 )
F{UP) (pg4) = / Ale’ — 1P/ 2ds + /1 + (3/4 + t)?/ e’ — 1|P/?ds
0 0

+/ 4le*s — 1|P%ds
0

97 /20 7 /20 w/2
2p/2+3< / sin?/? sds 4+ /1 + (3/4 4 1)2 / sin?/? s ds + /cosp/2sds).
0 0 0

Therefore, we infer that

27p/273(FéUt7p)(8017t) — FéUhp)(SOZ,t)) =

/2 /20
=(V1+(3/4+¢)2—-1) / cosP/? sds — /1 + (3/4+1)2 / (cosp/zs + sin?/? s)ds
0 0

7 /20

/4
:(\/1+(3/4+t)2—1)/(cosp/25+sinp/2s)ds—\/1+(3/4+t)2 / (cos?/? s + sin?/? 5)ds
0 0

1

=z /w/4 (cos?/? s + sin?/? 5)ds - (5( 1+ (3/4+1)2—1) - cpm), (44)
0

where we denoted
5 foﬂ/Qo (cosp/2 s + sin?/? s)ds

foﬂ/4 (cosr/? s+ sin?/? s)ds

Cp .

€ (0,5).

Since the function -
s € (0, Z) — (cosp/2 s+ sin?/? s)

is increasing for 0 < p < 4 and decreasing for p > 4, it turns out that
cp <1, ¥pe(0,4) and cp>1, Vpe(4,0).
Therefore, by (44), for any p € (0,4) there exists 0 < p, < 1/4 such that
Uy, U,
F P (o10) > B (000) - VEE (<o) (45)
Similarly, for any p € (4, 00), there exists 0 < p, < 1/4 such that
Ut, Ut1
E P (o10) < B (020)  VEE (o) (46)
Now we prove that for any ¢ € (—pp, pp), ©2,1 (resp. ¢1,) is the unique minimizer of FO(U“p) if
p € (0,4) (resp. p > 4). Let ¢ € BV(Q,R) be an arbitrary lifting of U;. We choose an orientation

on S(p) that coincides with the orientation of S(U;) on S(¢) N S(U:). In the following we use
the same notations as in the proof of Lemma 5 (see (38), (39) and (41)). We define the function
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\I’tIMt%Rby

Wil y,2) = FP (20 = (10m) + 10 (F) - £ () )a

T ®) (27 T T
N (f(p>(95) __fPem f<p>()>y+ O 0) (14 VIt @t 07)

1+ (3/4+1) 5

= 19 @m)z - (19 + £9(T) - f@)(%ﬂ))x

L (R (1) = B (020) + 19 (5) (1+ VI+ B/A+ 7).

T (3/4+1)2

By (45) and (46), it can be easily checked that: if p € (0,4) and ¢ € (—pp, pp) then the unique
minimal point of ¥, in the set M, is achieved in (1,0,2), while if p > 4 and ¢ € (—p,, pp) then

U, has also a unique minimal point in M; for (z,y,2) = (17 V14 (3/441)2, 2). Using the same
argument as in the proof of Lemma 5, it follows that

Us,
Fo

FP (ot — o7 ]) ant

7@2/ f(p)(\QOJr—gO*l)dHl—&—
2 S(\S(Uy)

/(mePt)u(Lvat)
4 / FP (o — o) an?
(PtUQ¢)\ Ly
T T
> [0 @mw, + O (27— 2 ) @ +3,) + /0 (5) (1+ VIFBA+07 — 2, —yp)
= Uy (Ty, Yy, 2)- (47)

Therefore, for every ¢t € (—pp, pp),

FT 7 () 2 202, Y, 2) > 204(1,0,2) = B (i02,0) if p € (0,4).
(48)
It follows that for any t € (—pp, pp), 1.+ is & minimizer of FO(U”)) if p > 4, and 2+ is a minimizer

{Féu,,,zn(@) > 2W (T, Yps 25) > 20, (1, /T4 B/4+6)2,2) = F\"P (p14) it p>4,

of FéUt’p )if p e (0,4). Tt remains to prove the uniqueness of the minimizer of FO(Ut’p ) for any

t € (—pp, pp). Let ¢ be a lifting of U, that minimizes the energy FéUt ) Then all inequalities in
(47) and (48) become equalities. Next we distinguish two cases:

(1) In the case of p > 4 we deduce that z, =1, y, = /1+ (3/4+1)2, w, = 0 (hence, S(¢) =
S(Ut)). Moreover, by Lemma 1 and (47),

9
lot — | = g H'-a.e. in S(p).
Since every lifting has the same diffuse part (see (11)), it follows that

D(p—¢14)=0 inQ.

Since € is connected, we conclude that ¢ — 5 ; is constant in €.

(i1) In the case p € (0,4) we obtain that z, =1, y, = 0, w, = 1. Moreover, by (47)

9?” Hl-a.e. in S(¢)N P,
ot -] ={ = Hl-a.e. in S(¢) N Qy,
2t Hl-ae. in S(p) \ (P UQy).
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Then, by the same argument as in the end of the proof of Lemma 5, we conclude that ¢ — g, is
constant in (. O

In the following, we shall adapt our construction of the family U to the general case of an
arbitrary domain G:

Proof of (ii) in Theorem 1. Assume that G is an arbitrary bounded domain in RY for N > 2. We
construct a family of functions U = {Ut}te(_1/471/4) in BV (G, S1) that will have the same behavior
as the family U = {U, }1e(—1/4,1/4), defined in (26) over the set Q@ = {(z1,22) € R? : 27 + 23 < 4}.
Let us introduce the sets
Q= {(x1,20) € R?: 2% + 22 < 16},
G1:=0x(=1/2,1/2)" 2 cRY and Go:=Q x (-1,1)V"2 c RV,

For t € (—1/4,1/4), set also
Hy = {(x1,22) € Q1 : (z1,20) =7, r € (1,4), 0< 0 < (3/4+t)Inr},

and define H, := H, x (—1,1)N=2 c RN. As before, by translating and shrinking homotopically
the set G2, we may suppose that Gy C G. We write v = (71, %2,...,2n8) = (¥1,22,7') € RY.
Next we define the function U; € BV (G, S') by

Ut(SCl,l‘Q) IEGl,
U(z) =<1 xe Hy\ Gy, (49)
-1 otherwise.

Recall the liftings ¢1 ¢, 2, € BV (2, R) of U, defined in (27). Then, consider the liftings @ 4, P2, €
BV(G,R) of U; given by

o1,¢(r1,22) z € Gy, ©2.¢(r1,22) x € Gy,
Dy 4 (z) == ¢ 27 z € H\ Gy, and Po4(x) =<0 x € Hy\ Gy, (50)
T otherwise T otherwise.

The jump part of these liftings enjoys the following property: for every j = 1,2, and every t €
(—=1/4,1/4) we have

S(®;,0)\G1 = S(U)\ Gy and |, (x) — @, (z)| = dg: (U] (2), U (x)) HN '-ace. in S(2;,)\Gy.

(51)
In the sequel we will prove that the analog results to those of Lemmas 5 and 6 hold for the functions
O, 5=1,2.

Step 1. For j = 1,2, ®;; is the unique optimal lifting of U, (up to 27Z constants) if ¢ is between
0 and (—1)7/4.

Indeed, let @ : G — R be an arbitrary lifting of U; on G. First notice that by (12), we have that

/ |D“<I>|+/ |DC<I>|:/ |D“Ut|+/ |DU,| = 0.
G\G1 G\G1 G\G1 G\G1
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Using Lemma 5 it follows that

/|D<I>|:/ |D<I>|+/ DD
G G\Gl G1
:/ |cI>+f<I>*\dHN’1+/ |D®|
S(®)\G1 Gy
od od

> dsi (U}, U7 )dHN / da’ / o® o®
a /S(ﬁz)\Gl s ( ! v * v ‘(8x1 Bxg)’

(-1/2,1/2)8-2  Ox{a'}

> [ an @O0 [ 1Dgsl = [ D) (52)
S(U)\G1 2 G

i.e., ®;; is an optimal lifting of Uy if ¢ is between 0 and (—1)7 /4. Tt remains to show the uniqueness
of the optimal lifting. For that, let ® be an arbitrary optimal lifting of U;. Then we must have
equalities in (52) and therefore we obtain:

S(®)\Gy = S(T]})\Gl and |<I>+(w)f<I>*(x)| =dg (Uf(m), Ut_(:c)) HN"1ae. in S(®;4)\G1,

(53)
and for almost every 2’ € (—1/2,1/2)V =2 the restriction of ® to Q x {2’} is an optimal lifting of
U;. Therefore, the jump set of ® satisfies:

S(®) NGy = S(pjr) x (—1/2,1/2)N 2 = S(®,,) N G.

By (11), it follows that D(® —®;;) = 0in G1\ S(®;.), i.e., @ — &, ; is constant on all j connected
components of G1 \ S(®,+), j = 1,2. The optimality of ® does not allow any jumps for & — @, ,
on S(®,,) N Gy. Hence, by (53), we conclude that ® — ®,; is constant in G.

Step 2. For every p € (4,00) (resp. p € (0,4)), there exists p, € (0, 1) such that for any 0 < ¢ < p,
(resp. —pp <t < 0), we have

FSUP (@) > BV P (@14)  (resp. FyUP (@14) > BT (@a) ),

FéUtvp)

i.e., the optimal lifting of U, is not a minimizer of for the above ranges of p and t.

Indeed, let us prove the claim for p > 4 (the other case follows using the same argument). Take
pp € (0,1/4) as given by Lemma 6. Then, by Step 1 and Lemma 6, we deduce that for ¢ € (0, p,),

F()(Uf,,p)(q,lt) _ / f(p)(|‘1>2+,t _ q’itD dHN-1 +/ f(p)(|<1)2+,t _ (I)g’thHNq
S(®2,:)\G1 G1NS(P2,¢)
= / . f(p) (dsl(UtJrv Uti))dHNil +/ f(p)(|90;t - @ithlHl
S(U)\G1 QNS (p2,t)
S [ s @O [ el gl e
S(U)\G1 QNS(e1,t)
= F7P (@)

As before, one can also obtain that for any t € (—pp, pp), ®2,+ (resp. ®1,) is the unique minimizer
of F{UP)if p € (0,4) (resp. p > 4). O
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