A regularizing property of the 2D-eikonal equation

Camillo De Lellis * Radu Ignat T
December 17, 2014

Abstract

14+1,3

We prove that any 2-dimensional solution ¥ € W, of the eikonal equation has locally

oc

Lipschitz gradient V) except at a locally finite number of vortex-points. A related regularizing
effect is also obtained for general solutions of the Burgers’ equation.
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1 Introduction

Let © C R? be an open set. We will focus on (locally) Lipschitz solutions v : Q — R of the eikonal

equation, namely such that
V| =1 ae in Q. (1)

Since all our results will have a local nature, this amounts to investigate curl-free L}, . vector fields
w :  — R? of unit length or, equivalently, L}, . vector fields u = w = (—ws2,w;) : @ — R? that
satisfy

luj=1ae inQ and V-u=0 in D'(Q). (2)

Typical examples of stream functions v satisfying (1) are distance functions ¢ = dist (-, K) to
some closed nonempty set K C R? (see Figure 1). In general such 1 are not smooth and generate
line singularities or vortex-point singularities for the gradient V1.

u(x):l‘%

Figure 1: Vector fields V-+ dist (-, K) when K is a point (left) and a rectangle (right).

We denote by W7:P(€2,S') the Sobolev space of order s > 0 and p > 1 of divergence-free
unit-length vector fields, namely

WiP(Q,8) = {u € W2P(Q,R?) : u satisfies (2) },

div loc

and we show that elements in the critical spaces u € Wd%p P(Q,S!) have, for p € [1,3], only
vortex-point singularities, i.e. they gain more regularity.
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Theorem 1 If u € Wdllap’p(Q,Sl) with p € [1,3] then w is locally Lipschitz continuous inside
Q except at a locally finite number of singular points. Moreover, every singular point P of u

corresponds to a vortex-point singularity of degree 1 of u, i.e., there exists a sign o = £1 such that

(z = P)*

u(z) =« TP

for every x # P in any convex neighborhood of P in Q.

Following the same strategy we can also show a related regularizing effect for solutions of the
Burgers’ equation

w+ (%) =0, (3)
where (t,5) = (z1,22) will be used for the time-space variables. The link between (2) and (3) is

discussed in the next section.

Theorem 2 Let Q =1 x J with I,J C R two intervals and v € L*(Q) be a distributional solution
of (3) which belongs to the space L*(I, W/33(.J)), namely

3
// vt s) = vt O 4t < o (4)
IxJ s —of?

Then v is locally Lipschitz.

Remark 1 i) Theorem 1 was proved by Ignat [22] for p € [1,2]. Moreover, by standard
interpolation we have the inclusion Wd/pp(Q SY ¢ Wl/ee(Q,S') for any p < ¢ (the target
of such maps being S!, they are always in L>).

(ii) Note that the W1/PP assumption naturally excludes “jump-singularities” but allows “oscil-
lations”. For instance, if p = 2, then the function ¢ : (—1,%) — R defined as ¢p(z1) =
log|log |z1|| for m1 # 0 belongs to HY?((—3%,3)) = WY22((—3,1)). So, setting Q =
(—=3.3)? C R2, then the functlon u(z1,29) = €% belongs to H/?(Q,S') and obvi-
ously, L = {(0,z2) : 22 € (—3,%)} C Q is an "oscillating” line-singularity of u. Theo-
rem 1 excludes, however, this type of behavior exploiting the additional assumption that u

is divergence-free.

One interesting point is the fundamental role played by a commutator estimate from Constantin,
E and Titi, which was used in [8] to prove that C'/3*¢ solutions of the incompressible Euler
equations preserve the kinetic energy. Our proof uses a similar argument to show that the u of
Theorem 1 and the v of Theorem 2 both satisfy some additional balance laws. Such laws hold
obviously for smooth solutions but are false in general for distributional solutions. The question
of which threshold regularity ensures their validity can be surprisingly subtle. In the case of the
incompressible Euler’s equations a well-known conjecture of Onsager in the theory of turbulence
claims that 1/3 is the critical Holder exponent for energy conservation: the “positive side” of
this conjecture was indeed proved in [8] (see also [18]), whereas the “negative side” is still open,
although there have been recently many results in that direction (see for instance [7, 11, 16, 26]).

1/3 for scalar conservation

A nice result on the optimal regularizing effect in the Besov space Bj'
laws was recently obtained by Golse and Perthame [20] in the case of weak entropy solutions (see

also a previous result of Otto [32] on the regularizing effect in B, / with a logarithmic failing rate).

2 Entropies and kinetic formulations

The main feature of both problems relies on the concept of characteristic. Assume for the moment
that u is a smooth solution of (2) and fix a point = € ; then the characteristic of u = V¢ at x



is given by .
X(t,z) =ut(X(t,z)) (5)

with the initial condition X (0,2) = z. The orbit {X(¢,2z)}; is a straight line (i.e., X(¢t,2) =
x+tut(z) for ¢ in some interval around 0) along which u is perpendicular and constant. A similar
conclusion can be drawn for smooth solutions of Burgers’ equation, considering the corresponding
characteristics, cf. for instance [10]. Observe that (5) does not have a direct proper meaning in
the case u € W'/PP because a-priori there is no trace of u defined H'-a.e. on curves {X (¢, x)};.
To overcome this difficulty, the following notion of weak characteristic was introduced (see e.g.
Jabin-Perthame [28]): for every direction ¢ € St, the function x(-,&) : Q — {0, 1} is defined as

(@ 6) = {1 for wu(x)-& >0, (©)
0 for wu(z)- ¢ <0.
When u is smooth around a point = € €2, then for the choice ¢ := ul(x) either Vx(-,¢) locally
vanishes (if u is constant in a neighborhood of z), or Vx(-,{) is a measure concentrated on the
characteristic { X (¢, z)}; and oriented by ¢+ (see Figure 2). In other words, we have the following
“kinetic formulation” of the problem:

£ Vx(x,6) = 0.

Note that the knowledge of x(-, &) in every direction ¢ € S! determines completely the vector field
u due to the averaging formula

u(z) = % /sl Ex(z,§)ds  for ae. x €. (7)

A similar approach can be used to capture the corresponding characteristics for solutions of
Burgers’ equation and in fact the work of [28] originated from ideas applied first in the theory of
scalar conservation laws: inspired by the classical work of Kruzkov, cf. [10, Section 6.2], a similar
“kinetic formulation” was introduced first by Lions, Perthame and Tadmor in [31] for entropy
solutions of scalar conservation laws (in any dimension).

Figure 2: Characteristics of u.

The key point in the proof of Theorem 1 consists in showing an appropriate “kinetic formula-
tion” for Wd%p P8, S1)-vector fields. Indeed Theorem 1 follows from the following Proposition via
an argument of Jabin, Otto and Perthame [27].

Proposition 1 (Kinetic formulation) Letu € W;Z—/f’p(ﬂ, SY) with p € [1,3]. For every direction
£ €St the function x(-,€) defined at (6) satisfies the following kinetic equation:

§-Vx(»§) =0 in D'(Q) (8)



Remark 2 i) In Ignat [22], the above result was proved for p € [1,2] and it was conjectured
that (8) still holds for any p > 2. Proposition 1 answers partially to that question for the
case p < 3.

ii) A “kinetic averaging lemma” (see e.g. Golse-Lions-Perthame-Sentis [19]) shows that a mea-
surable vector-field u : Q — S! satisfying (8) belongs to Hllo/c2 (due to (7)). This property
can be read as the converse of Proposition 1 for the case u € H'/2(£,S'). A-posteriori, such

a vector field has stronger regularity since it shares the structure described in Theorem 1.

The main concept that is hidden in the kinetic formulation (8) is that of entropy coming from
scalar conservation laws. Indeed, for each direction £ € S! we introduce the maps ®¢ : S — R?
defined by

9)

13 for z€ S, z-£€>0,
0 for z€ S 2-£€<0,

which will be called ”elementary entropies”. Clearly
D¢ (u(x)) = Ex(x, &) forae. z€Q
and (8) can be regarded as a vanishing entropy production:

V[0 ()] =¢-Vx(,€) =0 in D(Q).

The link between (2) and scalar conservation laws is the following. If u is a solution of (2) of the
form u = (v, h(v)) (for the flux h(v) = £v/1 — v2) then the divergence-free constraint turns into
the scalar conservation law

v+ (h()), = 0. (10)

From the theory of scalar conservation laws, it is known that, when h is not linear, there is in
general no global smooth solution of the Cauchy problem associated to (10). This leads naturally
to consider weak (distributional) solutions of (10) but in this class there are often infinitely many
solutions for the same initial data. The concept of entropy solution restores uniqueness, together
with good approximation properties with suitable regularizations (see Kruzkov [30]). To clarify
this notion we recall that an entropy - entropy flux pair for (10) is a couple of scalar (Lipschitz)
functions (7, ¢) such that % = %%, which entails that every smooth solution v of (10) satisfies
the balance law (n(v)): + (¢(v))s = 0. A solution v of (10) (in the sense of distributions) is
called entropy solution if for every convex entropy 7, the entropy production (n(v)): + (g(v))s is a
nonpositive measure. We summarize all these concepts in the following definition for the particular
case of Burgers’ equation:

Definition 1 An entropy - entropy flux pair (n,q) for (3) consists of two (locally) Lipschitz func-
tions (n,q) : R — R? such that ¢'(w) = wn'(w) for a.e. w € R. A distributional solution
v e L2 () of (3) is an entropy solution if (n(v)): + (q(v))s < 0 for every such pair (n,q) with n

loc
CONVET.

The main point of Theorem 2 is to show that W'/P weak solutions of Burgers’ equation are

in fact entropy solutions. !

!Heuristically, the link between (2) and (3) can be understood by approximating h(v) = —v1 —v2 = —1 +
% + O(v?) for small v in (10). Therefore, the link between Theorems 1 and 2 is the following: in the framework of
Theorem 2, if v is a function with ¢y = 1— % and 95 = v, then 1 is a C1+1 viscosity solution of the Hamilton-Jacobi

2
equation ¢ + % = 1. Obviously, in the approximation v taken very small, the last equation approximates the
eikonal equation |V1)| = 1.



Proposition 2 (Entropy solutions) Let v be as in Theorem 2. Then v is a (locally bounded)

(2)(5) -

Indeed we will focus in showing only the identity (11), since it implies that v is an entropy
solution by [14, Theorem 2.4] (see also [33]).
In the case of Burgers’ (or more generally for conservation laws v+ (h(v)), = 0 with a uniformly

entropy solution and moreover

convex h), entropy solutions v are functions of bounded variation by Oleinik’s estimate (see [10]).
The chain rule of Volpert (cf. [3, Theorem 3.99]) shows then that the entropy production measure
= (n(v)):+(q(v)), concentrates on lines (corresponding to ”shocks” of v): in fact we can use such
chain rule to show that (11) rules out the existence of shocks and then Theorem 2 can be concluded
from the classical theory of hyperbolic conservation laws, cf. [10, Section 11.3]. Alternatively we
could argue as for Theorem 1 using the corresponding kinetic formulation, as it is done in [9,
Proposition 3.3].

The link between (2) and (10) suggests to use quantities similar to the entropy - entropy flux
pairs (1, q) to detect "local” line-singularities of u. This idea, which we will explain in a moment,
has been used when dealing with reduced models in micromagnetics, e.g., Jin-Kohn [29], Aviles-
Giga [5], DeSimone-Kohn-Miiller-Otto [17], Ambrosio-DeLellis-Mantegazza [2], Alouges-Riviere-
Serfaty [1], Ignat-Merlet [23], [24], Ignat-Moser [25]. However in these cases the corresponding
entropy production measures usually change sign. This raised the question of proving the concen-
tration of the entropy production measures on 1-dimensional sets for those weak solutions with
entropy productions which are signed Radon measures. Partial results are available, see [4, 13, 15],
but the general problem is still widely open.

In the sequel we will always use the following notion of entropy introduced in [17] for solutions of
the eikonal equation (see also [12, 24, 29]). It corresponds to the entropy - entropy flux pair from
the scalar conservation laws, but here the pair is defined in terms of the couple (v, h(v)) and not

only on v.

Definition 2 (DKMO [17]) We will say that ® € C*°(S',R?) is an entropy if

d ,
@q)(z) 2z = 0, for every z =€ = (cosf,sinf) € S'. (12)
Here, £&(z) := L[®(e')] stands for the angular derivative of ®. The set of all entropies is

denoted by ENT.

The following two characterizations of entropies are proved in [17]:

1. A map ® € C*(S',R?) is an entropy if and only every u € C°°(Q,R?) as in (2) has no
entropy production:
V- [®w)]=0 in D'(Q). (13)

2. A map ® € O°(S',R?) is an entropy if and only if there exists a (unique) 27-periodic
function ¢ € C°°(R) such that for every z = % € S,

B(z) = p(0)z + fl—z(o)zl. (14)
In this case,
50(2) = ()2 (15)

where v € C*°(R) is the 27-periodic function defined by A = ¢ + ddT22<p in R.



As shown in Ignat-Merlet [24], these properties can be extended to nonsmooth entropies, in partic-
ular to the special class of elementary entropies ®¢ of (9), which are maps of bounded variations.
Although ®¢ is not a smooth entropy (in fact, ®¢ has a jump at the points +£+ € S), the equality
(12) trivially holds in D’(S'). Moreover, as shown in [17], there exists a sequence of smooth en-
tropies {®x} C ENT such that {®;} is uniformly bounded and limy, ®4(2) = ®*(2) for every z € S!
(this approximation result follows via (14)). Therefore, in order to have the kinetic formulation in
Proposition 1, we will prove the following result:

Proposition 3 Let ® € C*°(S!,R?) be an entropy. Then for every u € Wdllép’p(Q,Sl), p € [1,3],
the identity (13) holds true.

Note that this result represents an extension to the class of W'/PP-yector fields of the characteri-
zation (13) of an entropy.

3 Proofs of Proposition 2 and Proposition 3

Proposition 3 was proved in [22] (see also Ignat [21]) for p € [1,2] using a duality argument that
cannot be adapted to the case p > 2. We will present the strategy used in [21] for the case p = 2,
together with a very elementary argument for p = 1 (cf. Steps 4 and 5 in the proof below) and
then we will present a new method that enables to conclude in the case p < 3. However the easier
cases p € (1,2] can be conclude directly from the latter (cf. Step 7 in the proof below).

Proof of Proposition 3. Let ® € C*°(S',R?) be an entropy, i.e., (12) holds. Let B CC Q be a
ball inside and {p.}.~0 be a family of standard mollifiers in R? of the form

pe(@) = Elzp (E)

g

with p : R? — R, smooth, fR2 p(z)dr =1 and supp p C By where Bj is the unit ball in R2. For
€ > 0 small enough, we consider the approximation of u € W;i/vp P(©,SY) in B by convolution with
Pe:

Ue =uxp. in B.

Then u. € C®(B,R?), V-u. =0 and |u;| <1 in B.

Step 1. Extension ® of the entropy ® to R2. We extend the entropy ® to a “generalized” entropy ®
on R?. For that, we consider a smooth function 7 : [0,00) — R such that n = 0 on [0,1/2] U [2, 00)
and 7(1) = 1 and define ® € C°(R?,R?) by

B(2) = n(|z|)®(é) for every z € R2\ {0}.

By (12), we have that

2 Dd(:)2t = [elz - 90 (2) = [eln(l=))= - T @0 ser, (16)

with the usual notation (D®); ; = ‘g%’?.
J

Step 2. Decomposition of D®. We show that there exist ¥ € C2°(R2,R?) and v € C2°(R2, R) such
that
D®(z) = —2U(2) @ z + y(2)Id for every z € R2,



where Id is the identity matrix (see [17]). Indeed, one considers

2t 2)zt
v(z) = z - Do(z)zm and U(z) =

|22

—D®(2)z + v(2)z

L , zeR%

(Here, v is indeed an extension to the whole plane R? of the function given in (15).) Denoting

P=

2 and 0 = % for z # 0, one checks, using the spectral decomposition, that

Dd(2) — y(z)Id = (DcIS(z)f_ W)F) ®F+ (DcIS(z)é_ "y(z)g) ®0=-20(z)®z Vz£0.

=0 by (16)

Step 3. The entropy production V - [®(u.)]. For the smooth approximation u., we obtain the
entropy production (as in [17]):

Vo [B(ue)] = Tr(Déwg)DuE) i —m(wua ® ue Dug) + (1) V- e

= =2 (u) - (Due)Tue = —W(u.) - Vl|ue|?
=U(u.) V(1 - |ucf’) in B. (17)

Step 4. Proof of (13) for p = 1. The final issue consists in passing to the limit in (17) as ¢ — 0.
On one hand, the chain rule implies that ®(u.) — ®(u) = ®(u) in W1 (B), in particular,

V- [®(u:)] — V- [@(u)] in L'(B). (18)
On the other hand, the chain rule leads to 1 — |uc|[? — 1 — |u|? = 0 in WH1(B), in particular,

V(1 - |uc)?) — 0in LY (B).

Since {¥(u.)} is uniformly bounded, the duality < -,- >y~ (p) 11(p) leads to

U(u.) - V(1 —|ucl?) — 0in L*(B),
which by (17) and (18) yield V - [®(u)] = 0 (in L*(B)).
Step 5. Proof of (13) for p = 2. We repeat the above argument using the duality

ST THAVA(B)HY(B)

where H~1/2(B) is the dual space of Hy\*(B):

Hy)*(B) = {¢ € HV*(B) : /B/Bimﬁ:;'(f)' d:cdy+/B|€i(§;))|

dz < oo}

with d(x) = dist(z,dB). In fact, Hé(f(B) can be seen as the closure of C°(B) in H'Y/?(R?) (see
e.g. [22] for more details). More precisely, on one hand, the chain rule implies that &)(ug) —
®(u) = ®(u) in H/?(B), in particular,

V- [®(ue)] — V- [®(u)] in HT/2(B). (19)
On the other hand, the chain rule leads to 1 — |u.|?> — 1 — |u[? = 0 in HY/?(B), in particular,

V(1 — |uc|?) — 0 in H-Y2(B).



Since W(u.) — W(u) in H/?(B), we conclude that for every ¢ € C2°(B),

< V(L = |uel?), C¥(ue) > =0,

H-1/2(B),H}}*(B

which by (17) and (19) yield

<V [‘I’(U)LC >H*1/2(B),H362(B): 0.
Hence, V - [®(u)] = 0 in D'(B).
Step 6. Proof of (13) for p = 3. In this case, we use the estimate of Constantin, E and Titi, cf.
[8]. Let ¢ € C°(B). By (17), we write:
[ v @tulds = [ @) V(- uf) da
B B

:/Bg(;c)v- [@(ue) (1 — uel)] dw—/BC(w)(l = [uel)V - [®(ue)] dz

—I. =II.

Passing to the limit for I. as e — 0. By dominated convergence theorem, we have that ¥ (u.)(1 —
|uc|?) — 0 in L'(B) so that, after integrating by parts, we conclude I. — 0 as & — 0.

Passing to the limit for I1. as € — 0. This part is subdivided in three more steps.
(1) First, we write for € B and for small :

1= Jue(@)]* = [ul* » pe(2) — |ux pe(2)]?

= [ o= otz — ([ ute—2ptra) - ([ ate - wptw)aw)

— / / w(x —2) - (u(z — 2) —u(z — w))pe(2)pe(w) dz dw
R2 JR2

Zi=w, wi=z 1 5
T2 /R2 o |u(z — 2) = u(e — w)|"pe(2)pe (w) dz dw

<2 ’u(m—z)—u(m)fpa(z) dz
R2

2||pll = 2
< —= . ’u(:z: —z)— u(x)‘ dz,
where we used the inequality §|u(z — z) — u(z — w)’2 < Ju(z — z) — u(@)]? + |u(z — w) — u(z)|?
and the properties of the mollifiers, i.e., supp p. C Be (that is the ball of radius € centered at the
origin) and [, pe(z)dz = 1.

(i1) Second, we write the last term in I1. as V - [U(u.)] = Tr(D\If(ug)Vug) Moreover, since
J5. 0jp(2)dz =0 for j = 1,2, we observe that

Ojus(x) = ux0jps(x) = E%/E u(z — z)ajp(g) dz = 5% . (u(z —z) — u(m))ajp(g)dz

< %/Es ‘u(a:—z) —u(x)‘dz,

for j =1,2.



(#1) Third, using Jensen’s inequality, we deduce by (i) and (ii):

|II|<—/ ][|ux—z — |dz ]Z|ux—z —u(z )|2dz)da:
<_/ ][|ux—z — |3dz ]Z|ux—z —u(z )|3dz) " g
-9 /B ]{B e =) — e d= (20)
:;03// lu(z — 2) — u(@)[? dz dz
B R e I e G

Since u € W'/33(B), the integral

[ el

ly — af?

is finite and thus the last integral in (21) converges to 0 as ¢ | 0. Therefore, we conclude that (13)
holds for p = 3.

Step 7. Proof of (13) for p € (1,3). By Gagliardo-Nirenberg embedding: L> N W/P» ¢ Wt/3:3
(see [6], Lemma D.1) and thus, one concludes by Step 6.

Since B C ) was an arbitrarily chosen ball, (13) follows in Q. O

Proof of Proposition 2. We use computations very similar to those of Step 6 in the previous
proof to show that (11) holds. More precisely consider a family of standard mollifiers p., but this
time in the space variable s only: p € C°(] — 1,1[) and p-(s) = L1p(£). We still use the notation
ve = v * pe for the convolution of v and p in the space variable only, namely

vk pe(t,s) = /U(t, s—o0)pe(o)do.
Fix a smooth test function ¢ € C°(Q). Our goal is to show that

i [ ($6+56) —o. (22)

=:J.

This in turn would imply that (11) holds and the Proposition would then follow from [14, Theorem
2.4]. Observe that, although we are only mollifying in space, we can conclude from (3) that

(v)s + ( *Ps) =0 Q= {(s,t) € Q:dist((s,1),00) > e} (23)

In particular, for ¢ sufficiently small, v. turns out to be C! on the support of (. Integrating by
parts, using the chain rule and then subtracting (3) we easily reach

Jo== [oc(wan+ (%) ) =5 [ vtz = .

= %/(UE)SC(UE —v? * Pe) —i—% /UECS(UE — 2 * Pe) - (24)

=:1c




Observe that the second integral in (24) goes to 0 because v, is uniformly bounded in L3 (indeed
by assumption it is bounded in L*) and v? — v?  p. converges to 0 strongly in L3/2 (in fact by
assumption it converges even in L?). We thus need to show that I. converges to 0. Following the
same computations of the Step 6 in the previous proof we can easily show that:

2

g

¢ ( lo(t, s — o) — v(t, s)|? do) v

E/(v(t, s— o) —o(t,s—')2p (g) P (%) dodo’

_8|(v(t, S — o’) — ’U(t, S)|2 do

(009 =2 | (wlt.s =) = ot () do

IN

g
v — 0% pel(ty s) = @

5 2/3
<C ( lo(t,s — o) — v(t,s)|? da) .

—E

Recalling that supp (¢) C I x K CC I x J for some closed interval K, we conclude

L << /// s—0) = u(t, s)|* do ds dt
—€
s+e 3
<C/// loit,8) = v DI 4 g ar.
s S_O'|

t 3
// Is 0T2 2 o ds di < oo,
KxK -

we obviously conclude that I. — 0. 0

Since by assumption

4 Proofs of Proposition 1, Theorem 1 and Theorem 2

Proof of Proposition 1. For every £ € S!, the non-smooth ”elementary entropies” ®¢ : S! — R?
given by (9) can be approximated by a sequence of smooth entropies {®;} C ENT such that {®;}
is uniformly bounded and with limy, ®4(z) = ®(2) for every z € S'. Indeed, this smoothing result
follows by (14): if one writes ¢ = ¢ with 6y € (—m, ], then the unique 27-periodic function
¢ € C(R) satisfying (14) for ®¢ is given by:

@(9) = f . Zl{z.5>0} = COS(9 — 90)1{9—906(—7r/2,7r/2)} for z = eie, 0 S (—ﬂ' + 90, T+ 90)
By (14) for ®¢, the choice of ¢’ is fixed at the jump points +¢+ € St
©'(0) = —sin(0 — 00)Lig_gyc(—n/2,x/2)y for 0 € (—m + 0p, m + bo).

Now, one regularizes ¢ by 2w—periodic functions ¢, € C°(R) that are uniformly bounded in
Whee(R) and limy, @5 (0) = ¢(0) as well as limy, ¢}, (6) = ¢/() for every 6 € R. Thus, the desired
(smooth) approximating entropies ®j are given by ¢y via (14). Therefore, Proposition 3 implies
that for every u € sz/vp P(Q,S) (with p € [1,3]), one has [, Px(u)-V( dz = 0 for every ¢ € C°(9Q)
and by the dominated convergence theorem, we pass to the limit £k — oo and conclude that

0=V-[@(u)]=V-[Ex(§] =& Vx(,§) in D'(Q).

10
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Proof of Theorem 1. It is a consequence of Proposition 1 combined with the strategy of Jabin-
Otto-Perthame (see Theorem 1.3 in [27]). For completeness of the writing, let us recall the main
steps of that argument: let u :  — S! be a measurable function that satisfies (8) for every
¢ € S*. Notice that the divergence-free condition is automatically satisfied (in D’(£2)) because of
(7). The first step consists in defining a L>°-trace of u on each segment ¥ C . More precisely, if
¥ = {0} x [-1,1] C €, then there exists a trace @ € L>(%,S') such that

o1
lim —
r—07r

T 1
/ / |u(z1,x2) — U(x2)| dradzy =0
—rJ—=1

and for each Lebesgue point (0,z2) € ¥ of u, one has u(0,z2) = @(x2). Observe that this step is
straightforward in the case of u € Wdll-’i (€2,S1); however, it is essential for example in the case of
p > 1. The second step is to prove that if the trace @ of u is orthogonal at 3 at some point, then @
is almost everywhere orthogonal at ¥ (which coincides with the classical principle of characteristics
for smooth vector fields u). The key point for that resides in a relation of order of characteristics
of u, i.e., for every two Lebesgue points z,y € Q of u with the segment [z,y] C Q, the following
implication holds:
u(z) - (y—z) >0=u(y) (y —z)>0.

The final step consists is proving that on any open convex subset w C Q with d = dist (w,9Q) > 0,
only two situations may occur: either two characteristics of u intersect at P € Q with dist (P,w) < d

and u(z) = :l:(glc;_PP)‘L for x € w\ {P}, or w is 1/d-Lipschitz in w, i.e.,

1
lu(z) — u(y)| < E|:v —yl, forevery z,y € w.

(In this last case, every two characteristics passing through w may intersect only at distances > d
outside w). Note that u may have infinitely many vortex-points Py and any vortex point has degree
one, but the orientation ay of the vortex point Py could change or not in €. O

Proof of Theorem 2. As shown in Proposition 2, v is an entropy solution. As such, we conclude
from the classical Oleinik’s estimate (cf. [10, Theorem 11.2.1]) that v, is a Radon measure and
hence that v is in fact Ly°, and BVj,.. On the other hand the equality (11) implies that v is
shock-free in Q (cf. for instance the proof of [14, Corollary 2.5]). In particular it follows from [10,
Theorem 11.3.2] that v is everywhere continuous and therefore from [10, Theorem 11.3.5] that it
is locally Lipschitz. O
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